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Semi-global stabilization of a nonlinear transport equation with
nonlocal velocity™

Sylvain Ervedozal Zhigiang Wang? Jiacheng Zhang®
March 9, 2023

Abstract

In this paper, we establish the semi-global feedback stabilization for a class of nonlinear transport
equations with nonlocal velocity, which models a highly re-entrant system encountered in semi-conductor
manufacturing. We design two new time-varying feedback laws: one yields a semi-global exponential
stability of the corresponding closed-loop system, the other one a local exponential stability result for
the corresponding closed-loop system. The crucial assumption on the velocity function A(-) and the target
equilibrium p is strongly reduced compared to the previous results. Numerical simulations are also provided
as illustration of the theoretical results.

1 Introduction

In this paper, we study the stabilization of a nonlinear transport equation with nonlocal velocity
Ohp+ AW (t))0zp =0, (2,t) € (0,1) x (0, 00), (1.1)

in which W denotes the total mass of p:

W(t) = /o p(x,t) de, t € (0,00), (1.2)

and A : R+— R% is a smooth positive function.
For problem (?7)—(??7) to be well-posed, since the velocity A is positive, we further need to impose some
boundary conditions at = 0. Here we choose to impose the boundary condition through the influx:

AW (£)p(0,t) = u(t), te(0,00), (1.3)

and u : R — R will be a control function. Furthermore, our goal is to design the control v from measurement
made on the outflux

y(t) = AW (t))p(1,t), te(0,00). (1.4)
To be more precise, given p € R, our goal is to design a feedback control « in terms of y, of the form
u(t) = Fly()l, t€(0,00), (1.5)

where F is a suitable function of the measurement y, such that the closed-loop system (??)-(??)-(?7?)-(??)-(?7)
is exponentially stable towards the state p.

The nonlinear transport equation model we study arose from the semiconductor manufacturing systems and
was firstly introduced by Armbruster et al. in [?]. The performance of the wafer fabrication stage of integrated
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circuit (IC) production is closely related to the profits. These manufacture systems are characterized by their
highly re-entrant feature with very high volume (number of parts manufactured per unit time) and very large
number of consecutive production steps as well. The continuum model introduced in [?] has the advantage
that it is more accurate with more parts, machines, and re-entrant such as Discrete Event Simulation method
[?] and Queueing Networks method [?].

Control problems for conservation laws and general hyperbolic systems have been widely studied, see [?, 7]
and the references therein. Regarding the controllability of nonlinear hyperbolic equations (or systems), one
can refer to [?, 7, ?] for the context of classical solutions, and to [?, ?] for the context of entropy solutions.
Asymptotic stability and stabilization of hyperbolic systems have also been studied in the literature, and three
main strategies have been used. The first one relies on the analysis of the solution along the characteristic
curves; see in particular [?, ?]. The second one is the Lyapunov function approach; see, in particular, [?, 7, 7, ?].
The third one consists in designing boundary feedback controls through the Backstepping method, which has
been used for instance to stabilize exponentially the inhomogeneous quasilinear hyperbolic system in H? norm
(see [?, ?]). Onme can also refer to [?] for many successful examples about feedback stabilization with this
approach.

Concerning the manufacturing model (??) itself, the well-posedness of the open-loop system for (??7)-(?7?)
was firstly established in [?]. An optimal control problem motivated by [?, ?] and related to the Demand
Tracking Problem is also considered in [?]. The objective of that optimal control problem is to minimize, by
choosing the influx u, the LP-norm (p > 1) of the difference between the actual outflux y and a given demand
forecast yq over a fixed time period. Another related work [?] gave a necessary condition for the possible optimal
controls. Based on the W1 P-regularity results of solutions of the adjoint system, the article [?] exhibits the
optimality conditions for a special type of cost functional, which is motivated by the L? tracking type cost
functional from [?, 7, ?]. Let us also point out that these results have been generalized: the well-posedness of a
coupled system of nonlocal conservation laws, modeling the highly re-entrant multi-commodity manufacturing
network, for LP-, BV- and W'P-data and the existence of minimizers that solve the corresponding optimal
control problem are proved in [?]. It is also worth mentioning that the exact controllability of the solution and
the outflux for (??)-(??) were obtained in [?].

The output feedback stabilization (i.e. with a closed loop control) for the system (??) under a suitable
feedback law is a natural and interesting problem. More precisely, the problem of asymptotical stabilization
can be described as follows: For any given equilibrium 7 € R and any initial data pg, can we find a feedback law
(?7) giving the control u in terms of y such that p is asymptotically stable for the corresponding closed-loop
control system (??)-(??)-(??)-(??)-(?7?), namely, the weak solution p to the system (??)-(??)-(??)-(?7?)-(?7)
converges to p asymptotically when time ¢ goes to +o0?

In order to achieve this goal, a natural way would be to propose a feedback law of the proportional form

u(t) - ﬁ)\(ﬁ) = k(y(t) - ﬁ)‘(ﬁ))’ te (07 00)7 (1'6)

for some k € (—1,1). With this feedback law (??), the authors in [?] give a sufficient and necessary condition
on the exponential stabilization for the corresponding linearized control system by spectral analysis. Then by a
Lyapunov function approach and perturbation techniques, local exponential stabilization were also proved for
the original closed-loop system in general nonlinear cases. In particular, the feedback law (??) with k € (—1,1)
provides local exponential stability if and only if

N0
A(P)
Note that this condition depends on the equilibrium p and the velocity function A. It is also important to
emphasize that if p > 0, the stabilization result (see [?], Theorem 4.2) for the nonlinear system is local in the
sense that the initial data, and consequently the solution, belong to a small neighborhood of the equilibrium
p>0. When p = 0, a global stabilization result in L2(0,1) has been proved [?, Theorem 4.1] where there is
no smallness limitation for the initial data and the solution.

Later on in [?], the stabilization results of [?] have been generalized upon using a Lyapunov function
approach. Firstly if p = 0, the global stabilization result in L?(0,1) for the closed-loop system (??)-(?7)-
(?7)-(?7)-(??) with a general velocity function A(-) € C*([0, +00); (0, +00)) is generalized to LP(0,1) (p > 1)
data. Secondly if p > 0, the global exponential stabilization result in L?(0,1) for the closed-loop system
(?2)-(?27)-(?72)-(7?)-(??) with a typical class of velocity functions

satisfies d > —1. (1.7)

A(s) = , s€f0,00) A>0, B>0 (1.8)



is obtained. That is, the smallness restriction on the initial data in [?, Theorem 4.2] is removed by using the
special feature of the velocity function (??). Additionally, stabilization results for the discrete counterpart of
system (?7?)-(??) are obtained by the eigenvalue decomposition method and by a Lyapunov function method,
and numerical examples are provided to show that if the velocity function A(-) is not of the form (??), the
solution of the closed-loop system might converge to a different equilibrium or even diverge as the time ¢ goes
to oo. Let us also remark that when p # 0, the global stabilization result in LP(0,1) (p > 1,p # 2) remains
an open problem even for systems satisfying (??). The situation for general systems with different velocity
functions other than (??) is widely open.

We also refer to [?] for a result on designing PI control to stabilize the linearized system of the nonlinear
model (??) by spectral analysis as in [?], or to the more recent work [?] for the design of event-triggered
boundary controls to stabilize this model. We also refer to [?] for a nonlocal model which has both local and
nonlocal nature, and to [?] for a nonlocal traffic flow model, which also shares the non-local feature of the
system (?7?) under consideration.

In this article, to design a suitable feedback law for (?7?)-(?7)-(?7?)-(??), our key observations are the
following:
e If we know the value of W for all time ¢ > 0, the natural feedback law

u(t) = pAW(t)) = k(y(t) = pA(W(2))), ¢ € (0,00), (1.9)
with k € (—1,1) will work, since it is equivalent to

p(()?t) —p= k(p(l,t) - ﬁ)’ ke (_17 1)5 (110)

which obviously stabilizes the system, as we will recall in Section ??.
e If we do not know the function W but only an approximation W on (0, co), the feedback control

o~ —~

u(t) = pAW(t)) = k(y(t) — pAW (1)), t € (0,00), (L.11)

for k € (—1,1) should work as well, at least if W converges to W as t — oo.
e The dynamics of the non-local term W is completely determined by the outflux and the influx, since

% =u—y in 2'(0,00). (1.12)

e If one wants to estimate W precisely, it is convenient to set u = y, so that the equation (??)-(?7)-(?7?)-
(?7) can be seen as an equation on the torus with constant speed, which thus satisfies several nice properties,
such as time periodicity for instance.

Based on these ideas and elements, we show a stabilization result by alternating two types of phases:
e Acquisition steps, in which we simply choose u = y and try to improve the approximation W of W
e Stabilization steps, in which we choose the feedback law (?7) for k € (—1,1), with W solving
AW
—_— =u— 1.13
o y (1.13)
during these steps.

We therefore propose two new closed-loop systems with time varying feedback laws for which we can establish
the local exponential stability of p under the weaker condition

g(s) :== sA(s) is a local C! diffeomorphism around p, (1.14)

which is in fact guaranteed if and only if ¢’(p) # 0, i.e.
G
A(p)

But as our first result is in fact a semi-global one, we will rather state in its more general version:

#—1. (1.15)



Theorem 1.1. Let p € R, X € CY(R;R%), and k € (—1,1). Let Ry > ro > 0 be such that the function g
defined by g(s) = s\(s) is a C' diffeomorphism of [p — Ro,p + Ro] on its image. Assume that py € LP(0,1)
for some p € (1,00) satisfies

lleo = PllLr(0,1) < 7o (1.16)

Then there exists T1 = T1(ro, Ro) and Tz = T2(ro, Ro) such that, introducing the sequence of times

To=0<T <Th < - <T; <Tj41 <+ — 400,
with T2i+1 — Tgi = 7—1 and T2i+2 — T2i+1 = 7—2, (1.17)

the feedback given for alli € N by

u(t) =y(t) fort € (T2, Tait1), (1.18)
and by N .
W' = (k= 1)y(t) + (1 = k)pA(W(t)) fort € (Tait1, Taiva),
_ T2i41
W(Taiy1) =g " <T21+11_T21/T y(7) dT) ; (1.19)
u(t) — AW (1)) = k(y(t) — AW (1)), for t € (Toit1, Toiva),

is an exponentially stable feedback law around p for (?77)—(27)—~(??)—(??). More precisely, for p € (1,00), there
exist Cp, = Cp(r9,Ro) > 0 and a = a(rg, Ro) > 0 such that, for any po € LP(0,1) satisfying (?7), the solution
p of (P)—(?)—(??)—(??) with initial datum py, with the feedback law given by (?7?) for t € (Ta;,Tai+1) and
by (?7) fort € (Tai41,Toito) satisfies:

lp(t) = Pll Lo (o,1) < Coexp(=at) [lpo = Pl o o,1y s VE € [0,00). (1.20)

Remark 1.1. Strictly speaking, the feedback law proposed in Theorem 77 is not of the form (?7), although
the control u can be computed only from the knowledge of y.

First, we alternate between acquisition steps, corresponding to the time intervals (Ta;, Tair1), ¢ € N, and
stabilization steps, corresponding to the intervals (Toiy1,T2i12), ¢ € N.  Thus, our feedback law is time-
dependent, alternating between two different laws. -

Second, it is important to notice that, for i € N, W (Ts41) depends on y on (Ta;, Teiv1). Therefore, to
compute the control function u at time t =Ty, |, one needs to know y at time t =Ty, | and y|(1,; Tpr.1)-

Third, let us remark that on time intervals of the form (Toiy1, Toiv2), @ € N, the state of the system becomes
augmented with the extra unknown /W, which is introduced to track W on the time interval.

Remark 1.2. The stabilization result in Theorem 77 is semiglobal, since Ry and o are not supposed to be
small.

For instance, the proof of Theorem 7?7 gives that, if A(s) = A/(B+s) for some A and B positive constants,
then for every p = 0, for every non-negative initial state pg, the feedback law proposed in 77 applies and the
corresponding solution p converges exponentially, ast — oo, to p.

In fact, in addition to the proof of Theorem 77, one should only check that the function s — g(s) := sA(s)
is a global C* diffeomorphism of (0,+00) on (0, A).

Remark 1.3. It is interesting to notice that, if the condition (??) holds, then Theorem ?? holds for Ry and
ro small enough. Accordingly, in this case, it provides a local stabilization result in the neighborhood of p.
Thus, the feedback law proposed here allows to consider situations in which the condition d > —1 (recall
the definition of d in (77?)) is not satisfied, which is the necessary and sufficient condition for the feedback law
of the proportional form (?7?) to work see [?].
Also note that Theorem ?? generalizes the stabilization result of [?] in space L*(0,1) to LP(0,1) spaces
(v € (1,00)).

One of the drawback of the stabilization law proposed in Theorem ?7? is that 77 and 75 should be large
enough and are not very explicit (see Remark ??). This might seem not very effective when considering the
acquisition steps (the time intervals of the form [T5;,T5;4+1)), in which there is no stability process involved.
Therefore, we propose below another approach for the acquisition step, in which the time for the acquisition
step is reduced, but which is effective only locally.



Theorem 1.2. Let p € R, A € CH(R;R%), pe (1,00) and k € (—1,1).

Set D)
pXN (p
d= , 1.21
A7) (21
and assume that d # —1.
Then there exists To > 0 such that, introducing the sequence of times
To=0<Ty <T2<"'<Ti<Ti+1<"'—>+OO, withT2i+2—T2i+1:7'2, (1.22)
the feedback given for alli € N by
u(t) = y(t) fort € (Toi; Tais1), (1.23)
with 1
Toip1 =Toi + ———, (1.24)
)‘(W(TQZ))
and by
W' = (k= 1)y(t) + (1= KAV (1)) for t € (Tai1, Taiva),
—~ — 1 P Taiq1
W(Toir1) = W(Ti) — —— | W(T2) */ y(s)ds |, (1.25)
1 + d To;
u(t) = AW () = k(y(t) = pAIV (1)), for t € (Tai1, Taiva),

is a locally exponentially stable feedback law around p for (77)—(?7?)—~(??)—~(??). More precisely, for any Ta
such that T > 1/A(p), there exist ro >0, Cp, > 0 and o > 0 such that for all po € L?(0,1) and Wy satisfying

10 = Pll Lo (0,1) + [Wo = Wol < 7o, (1.26)

the solution (p, W) of (?2)~(22)~(?2)~(22) with initial datum (po, W), with the feedback law given by (?7)
fO’f‘ te (TQi,TQi+1) and by (??) fOT’ te (T2i+17T2i+2) satisﬁeﬂ

1) = Bl o1y + W (&) = W(B)| < Cpexp(—at) (Ilpo = Bl o) +1Wo — Wal ), Ve€ [0,00).  (1.27)

Of course, in practice, one can alternate the acquisition steps proposed in Theorem 77 and Theorem 77,
keeping in mind that the one proposed in Theorem 7?7 is in principle effective only locally around the stationary
state p.

The organization of this paper is as follows: In Section 7?7, we prove the well-posedness of the closed-loop
system. In Section 7?7, we prove a stability result under the additional condition that the total mass Wy is
known. Then in Section 7?7, we give the proof of Theorem ??. In Section ??, we focus on the proof of Theorem
?7?. Finally, some numerical simulations are shown in Section ?77.

2 Wellposedness of the closed-loop system

In this section, we prove the well-posedness of the closed-loop system presented in Theorem 77.
The boundary condition y = u is classical and we refer to [?, Lemma 2.1] for the following well-posedness
result:

Proposition 2.1. Let T > 0, p € R. Then for all po € L'(0,1), there exists a unique solution p €
C?([0,T]; L'(0,1)) of

Op + AW (t))0zp =0, (x,t) € (0,1) x (0,T),

u(t) = y(t), t : (2.1)
p($70) = po(.’ﬂ), €z

1Properly speaking, W is defined only on the time intervals [T%;+1,T2;+2], and for convenience of notation, we simply set
W(t) = W(Tzl) for t € (Tzi, T2i+1).



where

Wi(t) = / (e t)dr, te(0.T).
w(t) = XW(£)p(0,8), te (0,T), (22)
y(t) = AW (t))p(1,t), te(0,T),

in the following sense: p € C°([0,T]; L*( u
s € (0,7, and every ¢ € C1([0,1] x [0, 5]) satisfying o(z,s) =0, for all z € [0, 1], one has

/Os/o p(z, 1) (Dyp(x, t) + MW (1)) dpp(x, t))dadt

s s 1
- [Cuwetois [ [ e 0t =0, 23)
0 0 0
Furthermore, if po € LP(0,1) for some p € [1,00), then the solution p of (?7) belongs to C°([0,T); LP(0,1)),
and (W,u,y) € WhP(0,T) x L?(0,T) x L?(0,T).

We then focus on the feedback law (??) for the system (??)—(??)—(??)—(??), and check that this corresponds
to a well-posed system. We first introduce the corresponding definition of weak solution.

Definition 2.1. Let T > 0, p € R, k € R, pg € L*0,1) and wy € R. A pair of functions (p,w) €
C°([0,T]; L*(0,1)) x WE(0,T) is a weak solution of the Cauchy problem

Dep + MW (£))up = 0, (z,1) € (0,1) x (0,T),
u(t) = ky(t) + (1 = k)pA(w(t)), t€(0,T),

w'(t) = u(t) — y(t), te(0,7), (2.4)
p(x70) = pO(x)v S (07 1)7

w(0) = wo,

where (W, u,y) are as in (?7), if the following properties hold: (p,w) € C°([0,T]; L*(0,1)) x Wi1(0,T),
(W,u,y) € WH(0,T) x L*(0,T) x L1(0,T), and for every s € (0,T), and every ¢ € C1([0,1] x [0, s]) satisfying

Ve e [0,1], ¢(z,s)=0,

one has
/Os/o p(z, 1) (Opp(,t) + AW (£)0pp(z,t))dadt

— /S y(t)p(1,t)dt + /S u(t)p(0, t)dt Jr/ po(x)(x,0)de =0 (2.5)
0 0 0
and
w=u—y in20,T). (2.6)

Remark 2.1. In the previous work [?, Eq. (3.26)], it has been observed that, when p satisfies the transport
equation (?7) )y the total mass W (t) of p, defined by (?7)q), satisfies

W' =u—y, in2(0,T).

where (W,u,y) € WH1(0,T) x LY(0,T) x LY(0,T) are defined in system (??). Accordingly, a solution (p,w)
of (??) should satisfy that w — W is a constant function. This motivates the choice done on (7).

Remark 2.2. Note that the problem (?7) is of course completely equivalent to the Cauchy problem

0up+ AW (£))9ap = 0, (@) € (0,1) x (0,T),
u(t) = ky(t) + (1 — KypA(w(), re(0.),

w(t) = (k — Dy(t) + (1 — K)pAG(t)), 1€ (0,T). (27)
p(f?)o) = po(l'), T € (07 1),

w(0) = wo,

where (W, u,y) are as in (??), which is of course completely similar to the feedback law given in (??) for the
system (27)—(72)—(?77)-(77).



We now give a well-posedness result for the system (?7).

Theorem 2.1. Let p € R and k € [—1,1] be given. For any initial data (po,wo) € L*(0,1) x R, there exists
a time T* > 0 such that the Cauchy problem (??) has a unique weak solution (p,w) € C°([0,T*); L*(0,1)) x
W0, 7)) with (Wyu,y) € W (10,7%) x Li.([0,7%)) x L, ([0, T°)).

Moreover, forp € (1,00), and py € L?(0, 1), the solution (p,w) of the Cauchy problem (??) belongs to the set
CO([0,T%); LP(0,1)) x WEP([0,T*)) with (W, u,y) € WEP([0,T%)) x LP. ([0,T*)) x LY. ([0,T*)). Besides, if we

loc loc loc
denote by T* the mazimal time of existence in this class, T* is finite if and only if limp 7+ [|p(t)|| Lr(0,1) = 00.

Proof of Theorem 7?7. We first prove the local result of Theorem 7?7, and show that there exists § > 0 depending
on (po,wo), such that the Cauchy problem (??) has a unique weak solution (p,w) € C°([0,6]; L*(0,1)) x
Wt1(0,6) with (W,u,y) € WH1(0,6) x L1(0,6) x L*(0,5). The proof of this local well-posedness result is
based on fixed point arguments, similarly as in [?] for a similar open-loop system and [?] for a similar closed-loop
system.

Clearly, since we are looking for W € W11(0,4) and since ) takes values in (0, 00), the system (??) can be
rewritten as

Orp + AW (t))0zp = 0, (z,t) € (0,1) x (0,0),
pl0.0) = kp(L ) + (1= bp 3. 1€ (0,0), .
w'(t) = u(t) —y(t), t € (0,0),
p(z,0) = po(x), x € (0,1).
with
W(t) = /0 (@, )dz, 1€ (0,0). (2.9)

As mentioned in Remark 77, this implies that
1
VEe (0,8), w(t) = W(t) = Wo+wo, with Wo— / po(z)dz. (2.10)
0
Therefore, for parameters § > 0, and M > 0, that will be chosen later on, we define the following subspace

of L(0,0):
Zg’M = {W S LOO(O,(S) with ||W||Loo(076) < M} (2.11)

We then introduce the mapping Fs : W € s ar — W where W is obtained by solving the linear system

05+ AW (1))0,7 = 0, (2,4) € (0,1) x (0,5),
50,8) = kp(1,1) + (1 — k)p)\(W(t)\)(;V‘?g)—i— w) e (0,0), (2.12)
p(z,0) = po(z), z € (0,1),
and setting
W(t) = /Olﬁ(m,t)dx, t e (0,0). (2.13)

Note that the equation (?7) is a classical Cauchy problem for a transport equation, and is thus easily seen to
be well-posed.
Let us first prove that there exists M > 0 and § > 0 such that the mapping Fs maps s 5s into itself. For
M >0, we introduce S(M) = sup[_ps p A and I(M) = inf{_pr A (which is positive by assumption). Now,
for 6 > 0 and M > 0 such that 6S(M) < 1, which guarantees that no characteristic has the time to cross the
whole domain during the time interval (0,6). It is then easy to check that:
e p(1,:) € L'(0,9) and
- 1
1,- 1 < — 11— .
p(1, )l (0,6) I(M)”PO“L (1-S(M)s,1)

e 5(0,) thus belongs to L(0,5), and setting

AW () — Wo + wo)
AW @)

gw(t) = (1-k)p te (0,9),



using |k| < 1, we have
- 1
1200, )l L1 (0,6) < WHPOHLl(lfS(M)é,I) + llgw L1 (0,5)-
e Accordingly p € C°([0,6]; L'(0,1)), and
121l oo 0,6:2 (0,1)) < llpollLr(0,1) + S0, )|l L1 (0,5)
S(M)
< (1 + I(M)) lpollzro,1) + S(M)[lgw |1 (0,6)-
e Also W satisfies, in 2/(0,68), W' = A(W(t))(p(1,t) — p(0,1)), so that
—~ 2
W1 (0,6) < WHPOHLl(lfS(M)é,l) + llgw L1 (0,5)-

Consequently,

2
||WHL°°(0 5) < [Wol + (M )HPOHLl(l sans1y + llgw ll L1 0,6)-

Since |k| < 1, for W € X5 a1,

lgw l22(0,6) < dllgw L (0,6) < 25/’( ( I|(]\;|) | 0)>,

we deduce that if
M > |W()|,
there exists 6 = 6(M) > 0 such that for all 6 € (0,5(M)], the mapping Fs maps X5 s into itself.

We then prove that Fs is a contraction in 5 5; endowed with the topology of L'(0,6) for § small enough.

In order to do that, let us consider W7 and W in X5, and call (p1, Wi), respectively (p2, Ws), the
corresponding solution of (??)—(??). We then compute:

5 (2= W2) = MWL) @ 0,1) = 71(1,8)) = AW(0) 72(0,0) — 7o(1,1)
t

dt )=
= (k= DAL)AL 1) = MWa(t)Ba(L,))

(
O UG PP LA ESYUAD)

1
)

+ (9w, () — 9w (1)) . (2.14)

Now, one one hand, there exists Cj; > 0 such that for all ¢ € (0, 0),

AWL(B)) + A(Wa(t))
2

(gwl (t) AL (t)>

< Cu|Wi(t) — Wa(t)]. (2.15)

‘)‘(Wl (t) — A(Wa(t))
2

(o (6)-+ 9w, (0) +

On the other hand, using the characteristic formula, for i € {1, 2}, for all 7 € (0, ),
T 1
| awomana= [ s
0 1-¢;(7)

where & (1) = / A(W;(t)) dt. Accordingly, for 7 € (0,9),
0

Py T T 9 1752(7—)
/ /A(Wl(t))ﬁl(l,t)dtf/ /\(Wg(t))ﬁg(l,t)dt‘ dTg/ / po(z)dz | dr
o |Jo 0 0 1—&1(7)
1
</ [po(z |/ 1 (o—&1 (r)(z—€2(r))<0 AT d
S(M)s
1
< Cu / Wit - Waloldt [ ppo(o)dn, (210
1-5(M)s



C)s being a constant depending on M only and not on 0, where we have used that for ¢ € {1,2}, 7+ &(7) is
strictly increasing with derivative bounded from below by I(M), and that

8
sup |§1(T)—§2(T)|d7<< sup IX>/0 (Wi (t) — Wa(t)] dt.

7€(0,9) [—M,M]

Accordingly we obtain from (??)—(??)—(??) that

5 5 1 5
Wi(t) — Wa(t)|dt < Car | |Wit) — Wa(t)] dt/ po(x)| da + Card | [Wi(t) — Wa(t)| dt. (2.17)
0 0 1-S(M)§ 0

It follows that for 6 > 0 small enough, the mapping F;s is a contraction on s 5 endowed with the topology of
L1(0,6). Thus there exists a unique fixed point W of Fs in X5 5. By construction, this fixed point corresponds
to a solution (p,w) of (??), and we easily check that (p,w) belongs to C°([0,4); L*(0,1)) x W11(0,4) with
(W,u,y) € WH(0,6) x L1(0,5) x L1(0,9).

Also note, for later use, that if po € LP(0,1) for some p > 1, M can be chosen as M = 2||po|z1(0,1), and
the contractivity of Fy is guaranteed by taking 6 > 0 such that

1
CM||PoHLp(o,l)(S(M)CS)l*l/p +Cumé = 3

Accordingly, the time of local existence is bounded from below uniformly for pg in bounded balls of LP(0, 1).
The fact that this solution is unique comes from the fact that M can be taken arbitrarily large in the above
process.

When po € LP(0,1) for some p > 1, of course the proof above applies and yields the existence and
uniqueness of a solution (p,w) of (2?) in C°([0,T*); L*(0,1)) x W21 ([0,T%)) with (W, u,y) € W2 ([0, T*)) x
Li,.([0,7%)) x L, .([0,T*)) for some T* > 0.

It is easy to check in the above proof that py € LP(0, 1) implies that, for W € X5 as, the solution (p, W) of
(22)—(2?) satisfies: p(1,-) € L?(0,8), p(0,-) € L?(0,6), p € C°([0,8]; L?(0,1)), and W € W?(0,6). Accord-
ingly, the solution (p, W) of (??) constructed above as the fixed point of Fs belongs to C°([0,d]; LP(0,1)) x
WLP(0,8) with (W, u,y) € WP(0,8) x LP(0,8) x LP(0, ).

Finally, if we denote by T* the maximal time of existence of the solution (p, W) of (??), if T* is finite,
then necessarily lim7 7« [|p(T')| £r(0,1) = oc. This is indeed a straightforward consequence of the fact, already
proved, that the time of local existence is bounded from below uniformly for py in bounded balls of LP(0,1). O

Remark 2.3. Note that in Theorem 77, we have stated that T* < oo if and only if limp_, 7«
for some p € (1,00).

The case L' is more delicate since the contractivity of the map Fs in the above proof is not quantified in
terms of the L* norm of po, recall (?7).

However, in the specific case k = 1, which corresponds to u =y in (?7), the situation is very degenerate,
as W and w does not depend on time. In this case, it is easy to check that the problem (?7) is globally well-
posed in L': the solution (p,w) belongs to C°([0,00); L*(0,1)) x WL1([0,00)) with (W, u,y) € W1 ([0, 00)) x
Llloc([ov OO)) X Llloc([o’ OO))

p(T)”LP(OJ) =00

For later use, we also give the following well-posedness result, which can be proved in a similar - and in
fact, easier - way as the previous result, whose proof is thus left to the reader:

Theorem 2.2. Let k € R. For py € L'(0,1) and h € L*>(0,00), there exists a time T* and a unique weak
solution (p, W) of

Bup + AW (£))8p = 0, (2,1) € (0,1) x (0,T),
ult) = ky(t) + HOAXW (), € (0,T), (2.18)
p(x’O)ZPO(I)v T e (031)7

where (W,u,y) are as in (7?), with (p, W) € C°([0,T*); L'(0,1)) x W21 ([0,T*)), and (u,y) € L}, ([0,T*)) x
L, ((0.7).

Moreover, for p € (1,00), and pg € LP(0,1), the solution (p,w) of the Cauchy problem (?7) belongs to the
set CO([0,T%); LP(0,1)) x W,5P([0,T*)) with (W,u,y) € W,uP([0,T%)) x LP ([0,T%)) x LF. ([0,T%)). In this

loc loc
case, T* is finite if and only if limr_,1- ||p(t)[|Lr(0,1) = 00.




3 An exponentially stable feedback law when the initial mass is
known

1
In this section, we assume that the initial total mass / po(x)dx is known and we design a suitable feedback
0

law in this case.

This provides some inspiration about the design of the feedback law proposed in Theorems ?7 and ??, which
alternates between a natural feedback law and some acquisition step to get knowledge, or rather improved
knowledge, on the total mass W.

Theorem 3.1. Let p € R and k € (—1,1). If po € L?(0,1) and

/0 po(x)dzx is known, (3.1)
then the closed-loop system
Oep + A(W(t))0zp = 0, (z,t) € (0,1) x (0, 00),
u(t) = ky(t) + (1 — k)pA(w(t)),  t€(0,00),
w'(t) = (1= k) (pA(w(t)) —y(t)), te(0,00),
,0(1’,0) - p10(x) HAS (07 1)7
w(0) = /0 p()($)d$,1 (3.2)
where W (t) :/ p(x,t)dz, t € (0,00),
u(t) = W (O)p(0.5), € (0,00),
y(t) = /\(W(t))p(lvt)v te (Oa OO),

admits a global solution (p,w), which converges exponentially to (p,p), i.e. there exist constants C > 0 and
a > 0 depending on k, p and |[poll2(g,1), such that

[w(t) =5l + [lp(-,t) = Bllr20,1) < Ce™lpo() = Bllzz0,1), t € [0,00). (3.3)
Furthermore, for all times t > 0, w(t) = W (¢t).

For sake of simplicity, we assumed in Theorem ?? that the initial datum pg belongs to L?(0, 1), but it is easy
to check that the proof of Theorem ?7? can be adapted to deal with initial data in L?(0,1) for p € (1,00), in
which case the exponential decay (??) of the L* norm |[|p(,t) — || 12(0,1) should be replaced by an exponential
decay of the L? norm || p(-,t) — p|l 1 (0,1)-

Proof of Theorem ?7?. Let us first denote by T* the maximal time of existence of the solution (p,w) of (?7).
Note that from Remark 77

W'(t) = u(t) —y(t), te0,T7). (34)
Using (77)(2,3), we get that w’ = W' in 2'(0,T*). Since we also have w(0) = W(0) by (??)(5), we get that for
all t > 0, w(t) = W(t). Consequently, the boundary condition (??)y simply reduces to

We then show that the solution of (??) is global, that is 7% = co. In order to do that, let us remark that
in 2'(0,T"),

([ vty —sar) = 3w o) [ (o) -5 ao »
AW (K1, 1) — 7) — lo(1,8) — 5) <0

since |k| < 1

10



1
Thus ¢ — / |p(x,t) — p|*dx is a non-increasing function and
0

1 1
e .1, [l ~pldr< [ (o) - s
0 0
Consequently, we obtain, for all ¢ € (0,7*),
1
WOl < [ Iote.0) = ide +7 < oo = Plizon +7 < oz + 20 (3.7)
0

These uniform bounds on W and the L? norm of py — p implies that T* = oo, i.e. that the solution of (?7)
exists for all ¢ € [0, +00).
For later use, let us also remark that

inf{\(W ()} > inf A(s)} = a, 3.8
REAOVO) > O6) (38)
where a is a positive constant depending on ||pg||z2(0,1) and 7.
We now introduce the Lyapunov functional
1
VO = [ e plat) - s, >0, (39)
0

where 8 > 0 is a constant to be determined. Clearly, the quantity V' (¢) is equivalent to ||p(-,t) — ﬁH%Q(O 1)
uniformly with respect to ¢t € (0, 00). Moreover, in 2'(0, ),

dV(t) _ . =1 ! _ .
——Z = = A\(W(t)e P" t) —p)? —)\Wt/ pa t) —p)%d
o (W(t)e " (p(z,t) = p)*|,_, — BAW (1)) c (p(x,t) —p)°dx (3.10)
= MW (O))(K* = e ") (p(1,1) = 5) = BAW () V().
Since k € (—1,1), we can take 8 > 0 such that
e P > k2 (3.11)
With this choice, that we keep up from now on, the above estimate yields
dv(t
T < oWV, i 2/0,%) (3.12)
Combined with (??), this yields
dv(t
dzE ) < —2aV(t), in 2'(0,00), (3.13)
with o = Sa/2. Consequently,
V(t) < e 2V (0), Vte [0, +o0), (3.14)
Using then that for all ¢ > 0,
e 2 p(-,t) = D22 (0,1) S V() < Nlp( 1) = Bll72(0,)
we conclude that
loC,t) = Pllzz01y < €7 *llpo() = Bllz2(0,1), Yt € [0, +00). (3.15)

This finishes the proof of Theorem ?7?, since we immediately have by Cauchy-Schwarz inequality that, for all
t >0,

|W(t) —pl = < (1) = pllz20,1)

/ (ple,t) — p) da
0

and we have already seen that w(t) = W (t) for all ¢ > 0. O
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4 Proof of Theorem 7?7

The goal of this section is to prove Theorem 77?.

As underlined in Section 7?7, the knowledge of W is critical to design a suitable exponentially stable
feedback law, and this is why the algorithm we propose alternate between two phases, one corresponding to an
acquisition step in which we try to estimate W at best, and another one corresponding to the natural feedback
law that one would use if W were known.

To make the proof of Theorem ?7? easier to follow, we split this section in several parts: Section 77 studies
the acquisition step, Section 77 focuses on the stabilizing step, and Section 77 put together the results obtained
in each section to give the complete proof of Theorem 77.

4.1 The acquisition step in Theorem 77

Here we focus on the acquisition steps in which the feedback law is given by u = y, recall (?7). For convenience,
we study this case in an infinite time horizon.
We therefore focus on the equation

Op + AW (2)0rp =0, (z,t) € (0,1) x (0, +00),
u(t) = y(t), t € (0,+00),
p(I,O) :p()(x)v T e (051)7
where W () :/ p(z,t)dz, te (0,+00), (4.1)
0
u(t) = )\(W(t))p(07t), te (07 +OO)7
y(t) = AW (#)p(1,1), t € (0,+00).
Note that the boundary condition (?7?)2) also reads
p(0,1) = p(1,t), € (0,+00). (4.2)

That way, we identify = 0 and z = 1, and the equation (??) can now be thought as taking place in the torus
T. We then easily get the following lemma, whose proof is left to the reader:

Lemma 4.1. The solution p of (??) with initial datum py € L'(0,1) is global in time and satisfies:
e forallt >0,

W(t) = W, :/0 podz and A(W(t)) = A(Wo). (4.3)

e if po € LP(0,1) for some p € [1,00), p belongs to C°(Ry; LP(0,1)) and for all constant p € R, for all
t>0,
() = Pll e 0,1) = llpo = Pll Lo o1y - (4.4)

Once we have noticed that the velocity ¢ — A(W(t)) does not depend of time according to (??), the solution
p of (?77) with initial datum py € L(0,1) is periodic in time of period 1/A(Wy), and y(t) = A(W (¢))p(1,t) has
the same period.
Our claim is that we can then recover \(Wy)Wj in the following way:

Proposition 4.1. Let pg € L'(0,1), and p the corresponding solution of (?7).
Then y is 1/A\(Wy) periodic and we have the following identity:

1/A(Wo)
A(Wo) / y(r) dr = (W)W (4.5)
0
Besides, setting, for allt > 0,
1t
FO = [ wr)ar, (16)
0
we get the following estimate:
1 1
0

12



Before going into the proof of Proposition 77, let us point out that this simple result is in fact crucial to
our approach, as it states that F in (?7) is an estimator of g(Wp) (recall that g is defined by g(s) = sA(s)).
In particular, if g is injective, one can recover Wy from F'.

Proof. The proof of (?77?) follows from the fact that the velocity A(Wy) does not depend on time, so that
y(t) = A(Wp)p(t, 1) and, from the characteristic formula,

y(t) = MWo)po(1 — tA(Wp)) for all t € [0,1/A(W)].

We therefore have

1/ (Wo) 1/X(Wo) 1
/ y(r)dr = )\(Wo)/ po(1 —tA(Wy)) dt = / po(x) de =Wy,
0 0 0

which immediately implies (?7).
Now, with F as in (??), using (??) we have

IF(£) — A(Wo)Wp| = / (y(r) — A(Wo)Wo) dr

< sup

t€[0,1/X(Wo)]

| = | =

/0 (y(r) — A(Wo)Wo) dr

1 YA
! / ly(r) — A(Wo)Wo dr

N

t Jo
1 1

é;/ lpo(z) — Wo de,
0

where the last identity comes from the formula y(t) = A(Wp)po(1 — tA(Wp)) and the change of variable
t — 1 — tA(Wy). This completes the proof of (?7?). O

Remark 4.1. During the acquisition step, we get an estimator of g(Wp) (recall the definition of g in (?7))
and thus g has to be at least injective to recover Wy from the knowledge of g(Wy). This is in fact a necessary
and sufficient condition to identify Wy when considering the system equation (?7)—(??). Indeed, if g is not
injective, we can find distinct Wy o, Wop such that g(Wo o) = g(Wop), and one easily checks that the constant
functions pa, py defined by pe(z,t) = Wo o and pp(x,t) = Wy for all x € (0,1) and t > 0 are solutions of
(??) for which the corresponding outputs yo(t) = A(Wo.a)pa(1,t) = g(Wyo) and yp(t) = AN(Wo ) pu(1,t) = g(Wh)
are the same.

4.2 The stabilizing step
In this subsection, we focus on the equations (??)—(??) completed with boundary conditions of the form
p(0,t) = kp(1,t) + h(t), te (0,+00), (4.8)
for some k € (—1,1) and in which we assume
h e L™(0, +00). (4.9)

Clearly, (?7?) is equivalent to
u(t) = ky(t) + h(t)AN(W (1)), t e (0,4+00), (4.10)

which thus corresponds to the Cauchy problem (?7).
Our goal is to prove the following result:

Proposition 4.2. Let k € (—1,1), h € L*(0,+00) and py € LP(0,1) for some p € (1,00).
Then the solution p of (?7), with initial datum po belongs to CY(]0,+00); LP(0,1)). Besides, taking 8 > 0,
e € (0,1) such that

e P > k(1 +¢), (4.11)

13



and introducing, for allt >0

Anin®) = gt DOVED] naalt) = sup AW (), (412)

we get the following estimates:

1
1Ol svt02) < O ol 1)+ (Co) 76 (145 ) Il (1.13)
where Cy(€) > 0 is a constant depending on € and p.
Proof. For p € (1,00), let T* be the maximal time of existence of the solution of (?7). We have, in 2'(0,T%),

1 1
di (/ e PP p(z, T)|P dx) zp/ e PP p(z, 7) P2 p(z, 7)Dp p(T, 2) dx
T \Jo 0

_ / e P8 \(W (7))0 (p(z, 7)|P) de
1

= AW ) ()P + AW )P lu(r)P — pBAW ) ( [ e PP p(ra) P da )
0

In particular, using (??), for all t € (0,7*) and 7 € (0,t), we obtain for some constant C),(¢) > 0 that

a lefpﬁz z,7)|P dx T lefpﬁx z,7)|P dx
([ e npas) soonw ([ el np i)
AW ()2 (e P ly(r)P -+ (1 + PRI + CNW () In)P)

Following, for all ¢ € (0,7*), we have, in 2'(0,1),

=(/ e o, Apde) + o) ( [ 1 P ol de ) < AV ICHE) 1l

This inequality yields, for all ¢ € (0, T*),

1 1
¢ 1
/ e PP p(z, t)|P dz < e PP o A(W(r))dr/ e PP po(2)|P d + 25" Cp(e) ||hHLOC(0 0
0 0

1
1

< e~ PBAmin(t) / e—p5r|p0(x)‘p dr + —
0 pp

/ exp< pﬂ/ )A(W(T))dT < piﬁ.

This proves in particular that for all ¢ € (0,7%*),

Cp(e) 1Al 0,1) »

where we used

1
e p@) | o 0,1y < €O €7 pol| 1,1y + (Col))'/” (1+6) 1Pl s 0 (4.14)

1 1/p 1 1/17 1
(w) <(ﬁ) sttg

According to Theorem ??, this implies T* = +oco. Besides, immediate bounds on e~#? in (0,1) immediately
yields (?7?). This concludes the proof Proposition ??. O

where we used that, as p € (1, 00),
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4.3 Proof of Theorem 77

We assume the setting of Theorem ??, with py € L”(0,1) for some p € (1,00) and satistying (??) for some ryg.

For later use, we introduce the notations

Amin = inf A(s)}, 4.15
se[ﬁ—Ro,ﬂRo]{ ()} (4.15)
Amaz = sup {A(s)}, (4.16)
s€[p—Ro,p+Ro]
Vg = min{|g(p + Ro) — g(p +70)|, [9(p — Ro) — 9(p — 10)1}, (4.17)
Moo = INll oo (55— Ro 74 o)) - (4.18)
—1 -1
6™ oo = 1™ | e g0 4 o1 - (4.19)
We then set for all 7 € N,
0p(i) = [lp(T3) = Pll 1o (0,1) - (4.20)
and, for ¢ € N, we denote by e(2i + 1) the error between W (75;11) and W(T2i+1) given by
L 1 Toiq1 -
e(2i+1) = |W(Toir1) — g | — / y(r)dr )| (= W (T - W(Tia)l) . (421)
Taip1 — 125 Jr,
We will construct the iteration such that for all ¢ € N,
5,(2i) < ro. (4.22)

(Recall the assumption (??), which can be rewritten under the form 4,(0) < 7o.)
In order to show that our construction makes sense, we fix some ¢ € N such that our solution p has been
constructed on [0, Ty;] and
5,(2i) < ro. (4.23)

which in particular implies that
[W(T2i) — p| < 7o,

and we show that for a suitable choice of 71 = Thi41 — To; and To = Thito — Thit1, we get 0,(2¢ + 2) < ro.

4.3.1 Iteration: The acquisition step
According to Section 7?7, we have
1p(t) =Pl Loo,1) = 9p(26)  for all ¢ € [To;, Trita], (4.24)

and in particular,
0p(2i + 1) = 6,(2i). (4.25)

Recall then that W (t) is constant on [Ta;, T5;11] from Lemma ??. We thus set
ng = W(Tzl) and )\Qi = )\(W(Tm))

Besides, if for t > T»;, we introduce

Fy(t) 1 / y(7) dr,

a =T Ta;

Proposition ?? then implies that for ¢ € (T5;, Thi+1),

1 1
Failt) — g(Wai)| < / (2, Tos) — Wi dae

t—"T5 Jo

1 1
< Tai) —p p— Wy

g (] ot gl + - wa)
2

—9,(217).

t_TQi P( Z)
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Taking
2r 0

Tojpr — 1o 2 —, (4.26)
g
where 7, is defined in (?7), and noting (??), we get immediately that
2

———0,(2¢) < 7y,
Ty — T P20 S0

and from the above that (??) that F(Tz;41) € 9([p — Ro,p + Ro]), and thus

- . 1 T2i41
W(Tzit1) =g m/T y(r)dr
X3 1 24

is well defined and belongs to [p — R, p + Ro)-
Moreover, using (??), we obtain

2

e(2i4+1) < =———— (g7 )| _ 6,(20), 4.27
(2i+1) < g |67V | 55020 (4.27)
where [|(g7!)'||_ is defined in (?7).
In the following, we also assume that
2 1\ RO —To
< 4.28
Toip1 — T IVl 4ro (4.28)
so that we have
[W(T2i+1) — Pl < 0,(20) <o
— Ry —rg —~ Ry + 3rg

and  [W(T2i41) — W(Toi1)| < and  [W(T2i41) — 7| < (4.29)

4 4

In the following, we always assume that Th;1 — T = 71 is chosen so that conditions (??) and (?7?) are

satisfied, i.e.
2rg 8 Yl
T >max{ To’?“oH(g)ll}. (4.30)
Vg Ro —ro

4.3.2 Iteration: The stabilization step
Setting

plz,t) = p(x,t) —p, forallz € (0,1) and t € (Tit1,Toit2),

A(s) = A(s +D), for s € R,
we easily check that p solves
0P+ AW)p=0  for (z,8) € (0,1) x (Toit1, Toisa), (4.31)

in which W denotes the total mass of o

1
W(t) = / ﬁ({L}t) dx for t € (T2i+1,T2i+2)7 (432)
0
with boundary conditions
/7(0, t) = kﬁ(l, t) + h(t) fort € (T2i+1, T2i+2), (433)
where .
_ (AW (1))
h(t)=(1—k —=—1]. 4.34
)= (1K) (A(W(t)) (134)



and W (t) is given by (??).
We then remark that, at least while the solution is well-defined, integrating the equation (?7), we also
have, forall t € (T2i+1, T2i+2)7

W' (t) = ult) —y(t) = (k — Dy(t) + (1 — K)pAW (t) = (W) (1),

i.e.

(W(t) = W(t)) =0 for t € (Tois1, Trira).
Since |W(Tgi+1) — W(T2i41)| = e(2i + 1), we therefore get

Vt € (Thipr, Toisa),  |W(E) — W ()| = e(2i + 1). (4.35)

e The solution is well-defined on (T;1, Ti+2) and W and W belong to [p— Ry, p+Ro] on [T 1, Tait2]-
Let us denote by Ty, , the largest time smaller than T3; 2 such that

[W(t) — 5 < Ro and [W(t) — 5| < Ry for t € (Tai41,T5;1,) and [P() | e (0,1) < 00 (4.36)

Our goal is to show that for suitable choices of Ty and Tz, T5; 5 = Thi1o.
Then using (?7?) and (??), (??) and (?7?),

ARV
_ 0=Vl

(1=8)5IN oo 2110 e < o,
||hHL°°(T2i+1,T2*i+2) S 0,(21), (4.37)

21 +1) <
e2i+1) Amin Toiv1 — T

)\min
where we used the notations (7?7)—(?7)-(?7?).

For 8 > 0 and ¢ > 0 small enough to satisfy e=# > |k|(1 + ¢), applying Proposition ?? for (?7)-(??)-(?7)-
(77), we get for all t € (Tpi11,T5;,,) that

(1= k)P 1N o 2/l
Amin Toip1 — 1oy

~ i (T . 1 )
Hp(t)”LP(O,l) < P Amin(t T21,+1))5p(22) + (Cp(s))l/peﬁ (1 + 5) 6,(21),
that is

lp(t) — ﬁHLP(o,l) < eﬁ(l*)\,nm(t7T21+1))5p(22‘)

== 21). 4.
S Ty — T, r (20 (4:38)

+(Cplentre? (1 T ;) (1= B)p ¥ 210~

Therefore for all t € (T2i41,T5;, ),

M.

W (t) =71 < [10(8) = Bl o) < €70 (20) + =3, (20), (4.39)
Toiv1 — T
where N (1 BBl
M. = (Cy(e)) /Pe? (1 + ﬁ) %2 ™). - (4.40)

According to the estimates (?7)-(??) and Theorem ?7?, the solution p is well-defined on the whole interval
(T2i+1,T2i42), and Ty, 2 necessarily equals to T»;; 2 if we manage to show that W and W cannot get outside
[0 — Ro,p + Ro] on the time interval (T5;41, T2i+2). This is the goal of the analysis below.

Now for fixed Ry > rg > 0, we take 8 > 0 small enough such that

Ro—1r9 1
fomindl4+2 9 — 4.41
e mln{ + 30 B , ( )
€ > 0 such that (??) holds, and, in accordance with (??), we choose 71 = To;11 — To; such that
219 8roll(g7H) |oo 3Mecrg }
T = max{ —, , , 4.42
! Vg Ry —ro Ry —ro (4.42)

where M. is given by (77?).
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Then it follows from (?7?) that for ¢ € (Ti41,T5;,5),

\W(t) — | < 6,(2i) <1 L 28— 7“0)) _ 2Ro + 1o

o~ < 3 < Ry for te [TQi—Q—laTQ*i—O—Q}'

On the other hand, we have from (??) that for all t € (Th;41,T5;,5),

(W(t) —p| < [W(t) — W)+ |W(t) -7l

= 2Ry +r
< W (Tzig1) = W(Tzit1)| + %

Ro —To 2R0 + To
4 + 3

< Ry.

N

Accordingly, T5;  » = Tz; when 3 is chosen as in (?7) and Ty = T;41 — T3; is chosen as in (?7).
e Decay of the LP-norms.
By (??) and (??), we have, with M, as in (?7?), that for all ¢ € [To;41, Toit2],

M. 5 (2i). (4.43)

) =70 =@l <eﬂ(l_/\vnin(t_T2i+1))6 2) +
lo(t) =2l (0,1) o)l (0,1) p(21) Toisr — T P

In particular, for t = Th;12 in (?7), we obtain by (?7?) that

M. §,(21).

6p(2i 4 2) < eB(l_)\m,in(TQz+2_T2i+1))5p(2i) + »
Tait1 — T4

Therefore, if To = To;19 — Toi11 and Tq = To;41 — To; satisfy, in addition to (?7),

1 M 1
B(l=AminT2) < — d € < Z
e < an T <1
ie.,
1 log 4
To> (1 + Og) and Ty > 4M., (4.44)
we get
1 1 1
9p(2i+2) < Z(Sp(%) + iép(%) < iép(%). (4.45)

4.3.3 Complete Iteration: From T5; to T5; 9

For fixed Ry > rg > 0 and k € (—1,1), we take 5 > 0 such that (??) holds, € > 0 such that (??) holds, and,
with M, given by (??), we set

2T0 87’0”(‘971)/”00 3M5T0
= — 4 4.46
77— ma { 20, B0 e S 4 ], (1.46)
1 log 4
= 1+—). 4.47

By Section ?? and Section ??, we obtain that for all ¢ € N, the solution p of (??)—(??)—(??)—(??) with the
feedback law given by (?7?) for ¢t € (T, To;41) and by (?7?) for t € (Thi+1, Toit2) satisfies, if the initial condition
po is such that ||po — pl/Lr(0,1) < 70, that for all i € N,

1
0p(2i+1) = 6,(2i) and 6,(2i +2) < 56,(20)-

In particular, we also get 4
VieN, 0,(21) <27°0,(0). (4.48)

Let us now explain how to obtain the estimate (??) from there. Recall that T = 0 and

TQH_l = (Z + l)ﬂ + 7/75 and TQH_Q = (’L + 1)71 + (’L + 1)75 for all 7 € N, (449)
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where 71,73 be given by (??) and (??). Then for any ¢t € [0,00), j = [t/(T1 + T2)] is the integer such that
ng <t < T2j+2. Ift e [T2j7T2j+1], we get from (??) and (??) that
— . —j —j _ _ Jog2 _
[p(t) — PHLP(o,l) = 6p(24) <2776,(0) =277 |lpo — p||Lp(0,1) <2 AR lpo — pHLP(O,l) :

If t € [Taj41,Toj+2], we get from (??7), (??) and (?7?) that

_ o 1
166) = Bl 01y < &7 ]|y < €°8,(23) + 8,(23)
1 . 1 _ _log2
< (e +5) 200 <2 (¢4 1) o~ plung

These last two estimates conclude the proof of Theorem ?7.

Remark 4.2. From the above proof, it is clear that Theorem 7?7 can be proven for any Ta > 1/Apin, by taking,
with the notations in the above proof,

2ro 8roll(g7") llc 3Mero 1 )Ms}

T = ) ) b
! max{ Yg RO —To Ro —To 2(1 — eﬂ(lf)‘"”’"T?)

5 Proof of Theorem 77?

Similarly as in Section 7?7, we will distinguish the study of the acquisition steps from the stabilizing steps.
Since only the acquisition step differs from the one in Theorem 7?7, we will focus on it before proving
Theorem ?77.

5.1 The acquisition step in Theorem 77?7

In this section, we still consider the Cauchy problem (?7).

Let us recall that the problem is that we only have an approximation /V[70 of Wy, and our goal is to get a
better approximation of Wy based on the outflux y.

In particular, our goal is to explain why the value

- 1 — To
Wy =W, — 1+ﬁ)\/(W0)/>\(W0) (WO —/0 y(s) ds) , (5.1)

—~ —~ 1 —~ To
W1 = WQ - W <W0 — /O y(S) d$> s (52)
with
Ty— — (5.3)
DA

is a better approximation of Wy than /V[70, at least if the initial data are close to p.
Theorem 5.1. Assume that pN (p) + A(p) # 0 (equivalently pN (p)/\(p) # —1). Let eg > 0 be such that for
all s € [p—€0,0 + €0], PN (s) + A(s) # 0. -
Then, for p € (1,00) there exists C > 0 such that if (po, Wp) € LP(0,1) x R satisfies
[Wo — 7l +1Wo — 7l < <0, (5.4)
setting (Wl,’MZ,To) as in (77)~(?7), we have

\Wl -y <C <|Wo - W\O\Q +1lpo = Pllzr(0,1)|Wo — W0|171/p) ; (5.5)

and

|W1 -Wol < C (\Wo - W0|2 + |W0 —7p1*+ llpo — PllLe(0,1)|Wo — Wo\lfl/p) : (5.6)
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Before going into the proof of Theorem ?7?, let us mention that although the estimate (?7?) is valid under
the only condition of |W0 — Wo| being small enough, it expresses that Wl is closer to Wy than /Wo only when
llpo — Pllzr(0,1) is at most of the order |WO — Wo|'/>.

This means that the estimate (?7?) on W1 can be used mainly when pg is close to p, in which case we can
also use W1 instead of Wl, thus yielding to the estimate (?7?).

Proof of Theorem ??. In order to prove Theorem ?7?, it is convenient to rewrite the system (?7) on R with a
initial datum pg extended by 1-periodicity to R. Indeed, since u =y in (??), W is independent of time (recall
Lemma ?7?), and the velocity A(W (t)) is thus constant equal to A(Wp), denoted by Ao up to the end. It is then
clear that, given py € L(0,1), the solution p of

Op+ X0zp =0, (z,t) € (0,1) x (0,+00),
p(o,t) = p(l,t), le (07 OO),
p(l’,O) = po(.’l?), UAS (0, )7

coincides, on (0,1) x (0,00), with the solution p of

{ Op+ X0zp =0, (z,t) € R x (0,+00),
p(xao) :/00(37)7 IER)

where, with a slight abuse of notation, we denote the same for py and its 1-periodic extension on R.
We then work on the solutions p of (??). It is obvious that

p(z,t) = po(x — tAo), (x,t) € R x (0,00).

Accordingly,

To T 1
/ y(s) ds:/ )\Opo(l—t)\o)dS—/ _ po(z)dx
0 0 1=x0T%
1 1-XoTo
:/ po(x)dx—/ po(x) dzx
0 0
R 1=xoTo
—Wo-p-XTo) - [ (o -p)ds
0
B AMWo) /1—>\(Wo)/>\("/‘70) B
=Wo—p(1-— — — (po — p) dx. 5.8
’ ( A(WO)> 0 0= 7) 58

We then estimate the two last terms. On one hand, we get

’ (1 o A(YD)) + )‘ (WO) (WO _ WO)
A(Wo) A(Wo)

Sup[ﬁ €0,p+¢0] N Wo — WOP-
nfi5_cy pieo) A

1-1/p
<1 _ )\(Wo)>
A(Wo)
1-1
SUP[5—¢0,5-+¢0)] X) v

< lloo = Plleqo) [Wo — Wo[ 7 ( infi5_c) 74eo) A
p—e0.p+e0

On the other hand, we have

< llpo = Pllizr o1

1-X(Wo)/A(Wo)
/ (po —p) d

0

By plugging these two estimates into the identity (?7?), we get

To (WO) - PN (
/0 y(s)d”TW@ Wo — Wo <1+W0 )
<

C (\Wo —Wol* + llpo — Pl (0,1 |Wo — Wo|171/p) - (5.9)
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We then immediately deduce the estimate (?7).
To prove the estimate (??), we proceed similarly, the only difference being in the estimate of the second
term in (??), which is now as follows:

A NG
|<1 A(WO)>+A(/)>(W° Wo)

AW up
< sup ()\> ‘WO_pHWO_WO“F%|WO_WO|2
[p—e0,P+e0] N5 —e0,p+¢0]

The end of the proof of estimate (??) then follows line to line the one of (?7). O

Remark 5.1. Considering the above proof, the estimate (7?) could be generalized for arbitrary Wo as follows:
for all e > 0, there erists a positive constant C' = C(e) such that for all Wy satisfying

Wo —Wo| +[Wo—p|<e

we have . e e e
(W1 —Wo| < Cfe) <|Wo = Wol* + Wo = p* + llpo — Pl v 0.1y [Wo — W0|171/p) : (5.10)

However, since in the following, we will have to restrict ourselves to local stabilization results to get the
exponential decay of the solutions of the system under consideration in Theorem 77, the restriction (?7) is
irrelevant in the proof of Theorem 77.

For later use, let us also remark that due to the estimate

Ya,b >0, ab< (p+1) a2/ (1) 4 (» — )b2p/(1” D
) 9 2p 2p

and [Wo—p| < [|po—pllLr(0,1), under the setting of Theorem 77, we get the existence of a constant C' depending
on p such that

(W1 = Wol < € (IWo = Wol? + llpo — 2l ) - (5.11)

5.2 Proof of Theorem 7?7

We assume the setting of Theorem ??7. We choose ¢ as in Theorem ??, and we introduce

Amin = inf {A(s)}, (5.12)
s€[p—eo0,p+e0]
Nl = sup  {N(s)} (5.13)

s€[p—eo,pt+eo]
We assume that pg € LP(0,1) and Wg € R are such that
[p(0) — p||Lp(o1 +|WO—WO| 70,
for a bound 7o > 0 to be determined, and we let (p, W) be the solution of (2?)~(??)~(?2)~(2?) with the
feedback law given by (??) fort € (Tgi7 T2i+1) and by (??) for t € (T2i+1, T21'+2).
We then set for all i € N,
p() = p(T3) = Pllpro,yy . and  e(i) = [W(T3) — W(T)]. (5.14)
We assume that rg < ¢, with g¢ as in Theorem ?7?, so that we get
05(0) +€(0) < rp < €. (5.15)

Let us take i € N such that
0p(24) + e(2i) < 7o (5.16)
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and let us show that, under suitable smallness assumption on rg, we can guarantee that
0p(21 +2) + e(2i + 2) < (6,(2¢) + e(21)), (5.17)
for some v € (0,1).
During the acquisition step, since W is constant on (T;, T2;41) from Lemma ??, we get from (?7?) that

e(2i+1) < C (6(21')2 + ép(2i)2p/<l’+1>) o and 6,20+ 1) = 5,(2i). (5.18)

During the stabilizing step, as argued in the proof of Theorem ?7, let us defined 7%;, , as the largest time
larger than 75,1 and smaller than T5;,2 such that

Vi € (Toit1: Toiga)s [1o(t) = Pll o0y +IW () =7l < <o
Then we have e
Vt € (Toiq1,To;10), |W(t) —W(t)| =e(2i +1). (5.19)

Besides, taking 5 > 0 and € > 0 such that (??) holds, applying Proposition ??, we get that for all ¢ €
(Toit1, T3;42),

_ . 1
16(0) = Bllarcosy < 20,21 + 1)+ (Cole) e (14 5 ) Il 7

1) (1= E)p Al

< €%6,(2i) + (Cp(e))V/Pe? (1 +3 e(2i + 1), (5.20)

)\min

where the second estimate comes from (?7?), and where the used the notations (??)—(??).
This guarantees that for all ¢ € (T2i41,75;,5),

B Amin
W (t) - 7| < e”6,(2i) + C (1 +(Cple))/Pe? (1 + ;) 1= 0P N lee ”X||°°> (e(20)? + 8,202/ @)

)\min

W)~ 7l < 2,20 + CGy(e) e (14 3 ) B2 I (cqaipe 4 i),

where the second estimate is deduced from the first one, together with (?7?) and (77).
Therefore, if ro > 0 is small enough (recall that ro quantifies the smallness condition in (??)), we can
guarantee that for all ¢ € (Taiq1,T5,5),

_ T — .~ €0
(W(t) =7l + [W(t) -7l < 5
Combined with (??) and Theorem ??, we deduce that T5;, 5 = T2;412. We also have
e(2i+2) =e(2i+1),

and, with 8 > 0 and € > 0 such that (??) holds, applying Proposition ??, we get that for all t € (T;11, T2i42),

1\ (1=k)p|N
10(0) ~ Bllzrcasy < 20ty i) 4 (€0 760 (145 ) B i ). )

Taking t = T2, we get
e(2i +2) 4 0,(2i + 2) < PUAminT2)§ (2)
1\ (1-k)p|N
+C <1 + (Cp(e))/Pe? (1 + B) (Gl LA P

It is then clear that, for 75 such that

) (e(?i)2 + 5,,(2z')2p/<1’+1>) .

/\min

)\mzn7—2 > 15

there exists ro small enough and v € (0, 1) such that, if the condition (??) holds at time Tb;, we have (?7),
and in particular the condition (??) holds at time T5(;41) = T2it2-
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Accordingly, by induction, we get that, if
e(0) + 6,(0) < 7o,
then, for all i € N, _
e(24) + 6,(2i) < (e(0) 4 6,(0))7*".

Since the times Th; 11 — To; are uniformly bounded from above by 1/Ain, we can conclude as in the proof of
Theorem ?? to show the exponential stability (?7?) for solutions of (??)—(??)—(??)—(??) with the feedback law
given by (??) for t € (T, Tai+1) and by (??) for t € (T2i41, Ti+2). Details are thus left to the reader.

6 Numerical simulations

In this section, we give some numerical simulations which illustrate our theoretical results established before.

6.1 Numerical implementations

The numerical scheme is implemented as follows.

For N € N*| the space interval (0,1) is divided into N points, corresponding to a mesh size Az = 1/N.
The corresponding time discretization parameter is At = Az /Ay, where Ay = max{\(s), s € R}.

The function p is then approximated by a sequence of vectors (0™ )nen = (p§, -+, PR )nen, in the sense
that p? denotes the discrete approximation of the value of p at (t,,z,,) where t,, = nAt and z,, = mAz.
Similarly, (W™),cn is a sequence of real number approximating W at time ¢,, and given by

N
W"zAmZpZ, (n eN).
k=1

The sequence (/W”)neN corresponds to the approximation of W at times (tn = nAt)pen-
Corresponding to the algorithm presented in Theorem 77, we use the following explicit solver, given for
n € N by

n+1 — At)‘(Wn)

m =P = A (P = Pno1); m=1- N,
s Pt - if ty 41 € [T2, Toit1),
P ket - k)P;\wv if thi1 € [Toiv1, Toiv2),
W", o if typ1 € [To, Toi41) for some i € N,
e g,l <W\7> , if t,, < T9i4+1 <ty for some ¢ € N, (6.1)

with v; € N such that Ts; < t,, < Ta; + At,
W™+ AAW™) (g — pPn)s I Toipr <o <tpp1 < Toiso,

po, = po(mAz), form =0,---,N,
Wo=5

N
with W" = Az sz,
k=1

Corresponding to the algorithm presented in Theorem ??, we do as in (??) when ¢,, belongs to intervals of
the form [T%;, T2;+1) and when t,, belongs to intervals of the form [T;y1, Thit2], except that:

e when t,, < T5;+1 < ty41 for some 7, we set
— — 1 — n
Wt =W — —— [ W =AY AW
1+d ];: (Wew |

where v; € N is such that Tb; < t,, < To; + At.
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e Th; 11 is computed when ¢,, becomes larger than T5; with the formula

1
Toiv1 = Toi + —
A(Wn)
We also fix a stopping time T, given by the stopping criterion ||5" —P€|l2, < 1072, where € = (1,--- ,1)
and the £2 norm of @ = (ag, - -+ ,ay) is defined as
l@lle, =

6.2 Example 1

We choose the velocity function A, the steady state p and the initial datum pgy as follows:

1

A(s) = m,

s ER, p=0.3, po(x) =sin(rz), x€(0,1).

With this example, we show that the feedback control (??)-(??) of Theorem ?? can stabilize the system
under consideration (Note that in this case, the proportional control (??) in [?] also applies locally, since
d=p\N(p)/A(p) = —18/109 > —1 in this case).

Since ||po —pllz1(0,1) < 2/7 < 0.65, Theorem ?? applies, with ro = 0.65 and Ry = 0.7, and we choose 7; = 6
and 72 = 5. Theorem ?? also applies, at least locally, with the same choice of T3 since T2 > 1/A(0.3) = 1.09.
Figure 77 left shows the convergence of ||5'— 0.3¢][,2, to O for various choices of the parameter k when using
the algorithm of Theorem 7?7, and Figure 77 right plots the same numerical experiments but when using the
algorithm of Theorem ?77.

pic/bar03smallloglh2-eps-converted-toppdfbar03smallloglh2second-eps-converted-to.pdf

Figure 1: Convergence as t — 0o of log || — 0.3¢]|42, for different values of k in Example 1 using, in the left,
the algorithm of Theorem 7?7, and in the right, the algorithm of Theorem ?7.

In Table ?? below, we also compare the different stopping time for the feedback proposed in Theorem 77,
Theorem ?? and the simpler proportional feedback (?7?) in [?] with the same value k, and we do it for several
choices of k.

k=03 | k=0.5 | k=0.7 | k=0.9
Tstop With the algorithm of Theorem 77 9.94 18.59 | 30.18 | 87.26
Tstop with the algorithm of Theorem 77 5.64 9.03 15.82 | 48.58
Tistop With the proportional control (?7) 4.4 7.61 14.5 48.23

Table 1: Stopping times Ts;0p for k = 0.3,0.5,0.7,0.9 in Example 1.

As expected since d = pX (p)/A(p) = —18/109 > —1 in this case, the proportional feedback controller (?7?)
stabilizes the system and provides a faster decay of the solutions of the system compared to the algorithms of
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Theorem 7?7 and 77, since these both algorithm use acquisition steps during which the stabilization process is
momentarily stopped.

However, as underlined in Figures 7?7, the stopping times for the algorithm of Theorem 77 are significantly
reduced compared to the ones of Theorem 7?7, in which the acquisition step is larger. Also note that in fact,
the performance of Theorem ?7? is rather close to that of the proportional feedback controller (??) in most
cases.

Also note that, as expected, for the three algorithms presented in Table 7?7, the convergence of the solution
is faster when taking |k| smaller.

Let us finally mention that the algorithm of Theorem ?7?, which theoretically should provide stabilization
only locally, is working well in all the above mentioned numerical experiments, although the initial datum is
not in a small neighborhood of 5 (recall ||po — || £1(0,1) < 2/7 < 0.65).

6.3 Example 2

We choose the velocity function A, the steady state p and the initial datum pgy as follows:

1

A(s) = m;

s €R, 5 =5, po(z) = 5sin (%x) . ze(0,1). (6.2)

In this case, explicit computations show that

NG 25
= = —— -1
e T Bl

so that the proportional feedback controller (??) does not stabilize the system (??)-(??)-(??)-(??) (recall [?]).

Despite this, the feedback control proposed in Theorem ?? and Theorem ?? still work. Note that ||pg —
pllLio,1) =5 —10/7 < 3, so we can choose 1o = 3, Ry = 4, and we choose T; = 45 and T2 = 50 (72 > 1/A(p)
with this choice) in the algorithm of Theorem ??. Similarly, we choose 73 = 50 in the algorithm of Theorem
?7?. Regarding the algorithm of Theorem 77, Figure 77 left shows how W approximates W and Figure 77
right shows the 3D plot of p; the stopping time is 169.51. Figure 7?7 shows the same plots for the algorithm of
Theorem ?7?; the stopping time is then 345.3.

pic/barbsmallWhatW-eps-converted-to pgfc/barbsmall3d-eps-converted-to.pdf

Figure 2: Example 2 with the algorithm of Theorem ?? and k = 0.25. Left, plot of W and its approximation
W versus time. Right, the 3-d plot of the solution p.
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pic/barbsmallWhatWsecond-eps-convertepitdbpitbsmall3dsecond-eps-converted—to.pdf

Figure 3: Example 2 with the algorithm of Theorem 7?7 and k = 0.25. Left, plot of W and its approximation
W versus time. Right, the 3-d plot of the solution p.

It might seem surprising that the algorithm of Theorem 7?7 performs worse than the algorithm of Theorem
7?7 on that example. In fact, to understand this, one should look at the way both algorithms approximate W,
that is Figures 77 and 77 left. Since the initial datum is rather far from the equilibrium, the algorithm of
Theorem ?7? has difficulty to suitably estimate W at the beginning of the process, while W computed with
the algorithm of Theorem ?7 catches W rather fast.

Note that this example is the one corresponding to Example 2 in [?, Section 5.2], in which the proportional
control (??) drives the solution p to the equilibrium p = 0.2 instead of the desired equilibrium p = 5. The
reason lies in the fact that the function g : s — sA(s) coincides at p and p, but the value of d = pN (p)/A(p)
at p is strictly less than —1, while its value at p is strictly larger than —1, which implies in particular that the
proportional feedback controller given by (??) is not locally stabilizing around p.

6.4 Example 3

We choose the velocity function A, the steady state p and the initial datum py as follows:

1
142
Note that example (?7) differs from example (??) from the choice of the initial datum. This example is the one
given in [?, Section 5.2], where it is shown that the proportional control (??) does not work and the solution
diverges.

However, the feedback control provided by Theorem ?? and Theorem ?7? still work provided that 73 is
large enough, as it is shown in Figure ?7? plotting p with k£ = 0.3. In both numerical tests, we choose 73 = 130,
so that it is larger than 1/A(p) and 1/A(W;) (Since po(z) < 11 for all z € (0,1), 1/A(Wp) < 1+ 112). The
stopping times are then 634.01 for the algorithm of Theorem ?7 and 606.04 for the one of Theorem ?77.

A(s) s€eR, 7=5, po(x) = 10 + sin (%) . (6.3)

pic/barbbigori3d-eps-converted-to.pdfpic/barbbigori3dsecond-eps-converted-to.pdf

Figure 4: Example 3. Left, the 3-d plot of the solution p provided by the algorithm of Theorem 7?7 with
k=0.3, 71 = 120, and 7> = 130. Right, the 3-d plot of the solution p provided by the algorithm of Theorem
?? with k = 0.3, and T = 130.
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