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Abstract. Random tensor networks are a powerful toy model for un-
derstanding the entanglement structure of holographic quantum gravity.
However, unlike holographic quantum gravity, their entanglement spec-
tra are flat. It has therefore been argued that a better model consists of
random tensor networks with link states that are not maximally entan-
gled, i.e., have non-trivial spectra. In this work, we initiate a systematic
study of the entanglement properties of these networks. We employ tools
from free probability, random matrix theory, and one-shot quantum in-
formation theory to study random tensor networks with bounded and
unbounded variation in link spectra, and in cases where a subsystem has
one or multiple minimal cuts. If the link states have bounded spectral
variation, the limiting entanglement spectrum of a subsystem with two
minimal cuts can be expressed as a free product of the entanglement spec-
tra of each cut, along with a Marchenko—Pastur distribution. For a class
of states with unbounded spectral variation, analogous to semiclassical
states in quantum gravity, we relate the limiting entanglement spectrum
of a subsystem with two minimal cuts to the distribution of the minimal
entanglement across the two cuts. In doing so, we draw connections to
previous work on split transfer protocols, entanglement negativity in ran-
dom tensor networks, and Euclidean path integrals in quantum gravity.
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More than twenty years after its discovery, the AdS/CFT correspondence [49]
remains the only known example of a theory of quantum gravity.! A crucial
feature of this correspondence is that the emergence of a (classical) spacetime
is closely related to the entanglement structure of the boundary theory. Tensor
networks appear to provide useful toy models for this aspect of AdS/CFT, mir-
roring many of its expected properties in a setting that can be made completely
mathematically rigorous [40,61,70,71]. A particularly powerful model is given

1Here, we are requiring any putative theory of quantum gravity to (a) be defined non-
perturbatively and (b) have strong evidence for the existence of a semiclassical limit con-
sisting of Einstein gravity coupled to quantum field theory.
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by random tensor networks, which have the advantage of being highly ana-
lytically tractable, while exhibiting remarkably precise agreement with grav-
itational calculations (even including certain exponentially small corrections)
[29,40,42,60,62-64,80]. Random tensors and tensor networks also arise in a
number of other fields of physics, including quantum information, where they
have been used to explore generic entanglement properties of quantum states
[2,5,9-11,17,18,20-22,37,39,46,50,57,79] and condensed matter physics, e.g.,
in the study of random circuits and measurements [44,47,48,53,55,77,81,82].
The most basic version of a random tensor network is characterized by
a choice of bond dimension D and a graph G = (V| E), where the vertices
V =V, UVy of G are partitioned into “bulk” vertices V;, and “boundary”
vertices V. To each edge e € E, we associate a maximally entangled state

1 D
\/—5; ) (1.1)

on two D-dimensional Hilbert spaces, one of which is associated with each
endpoint of e; each vertex v € V is therefore associated with a Hilbert space
H, of dimension D&(*) Finally, we project each bulk vertex v, € V; onto a
Haar random state [t),,) € H,,. The resulting “random tensor network state”
lives in the Hilbert space Hy = ®,,,H,, associated with the boundary vertices
vy € Vy, as shown in Fig. 1. Such states, obtained by projecting maximally
entangled edge states onto (not necessarily random) bulk vertex states, are
also known as projected entangled pair states (PEPS) in the condensed matter
literature [23,75,76].

To characterize the typical entanglement structure of random tensor net-
work states, we can compute the von Neumann entropy H(p4) of the reduced
density matrix p4 on a subset A C Vj of the boundary vertices. In the limit
where the bond dimension D is very large, this entropy can be shown to
converge with high probability to log(D)|yal|, where v4 is the set of edges

P52, lid)

(o, |

(b) A close-up picture of a random tensor network. We
(a) The skeleton of a random tensor network. We take  first associate each vertex v € V with a Hilbert space H.,
the green-colored vertices to be the boundary vertices Vo of dimension DI(") (here, deg(v) = 3). Then maximally
and the remaining, orange-colored vertices to be the bulk entangled states are distributed according to the graph’s
vertices Vi. We use this network for illustration throughout edges, after which the state at each bulk vertex vy, € Vj is
the remainder of this paper. projected onto a Haar random state [t)y,) € Ho.

FIGURE 1. The basic structure of a random tensor network
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crossing the minimal cut (for the moment, assumed to be the unique such
cut) in the graph separating A from its boundary complement Vy\A (see
Fig. 2a). This formula is closely analogous to the Ryu-Takayanagi (RT) for-
mula and its generalizations in AdS/CFT, in which entropies are given by the
area of minimal surfaces homologous to a subregion of the conformal bound-
ary [32,33,41,45,65,66]. Indeed, this connection is one of the primary reasons
for studying tensor networks as a toy model of quantum gravity. However, if
one goes beyond the von Neumann entropy and studies finer details of the en-
tanglement spectrum of random tensor network states, significant divergences
from holography begin to appear, as we will see shortly.

When studying entanglement in either random tensor networks or quan-
tum gravity, or more generally in quantum field theory, it is often convenient
to study kth Rényi entropies Hy(pa) = (1 — k)~ logtr[p%]. For integer k > 1,
these are more amenable to direct computation than the von Neumann en-
tropy, and one can extract the von Neumann entropy by analytic continuation
to k = 1. The computation of Rényi entropies in random tensor network mod-
els is very similar to holographic computations. In both cases, the idea is to
use the replica trick—essentially, this is the observation that tr[p4] = tr[rp%¥]
where 7 is an operator which permutes the k copies of A cyclically. In the holo-
graphic computation, this can be written as a path integral, on &k copies of the
theory, glued together in an appropriate way. By the holographic dictionary,
this path integral can then be computed by the action of a bulk geometry
with certain boundary conditions [45]. For random tensor networks, one finds
that tr[p¥] concentrates around its expectation and can be computed as the
partition function of a classical spin model on the bulk vertices, with boundary
conditions dictated by the choice of boundary subsystem [40]. This computa-
tion will be explained in detail in Sect. 2.1. From these computations, one finds
that holographic CFT states and random tensor network states behave quite
differently when &k # 1. For random tensor network states, the Rényi entropies
are approximately independent of k in the large D limit, meaning their entan-
glement spectrum is close to “flat”; the boundary state pa is approximately
maximally mixed within a certain subspace. On the other hand, CFT states
that are dual to semiclassical spacetime geometries have Rényi entropies that
vary non-trivially with k, meaning their entanglement spectrum contains a
wide range of eigenvalues that contribute significantly to the state. Recently,
it has been argued that the class of “fixed-area states” in AdS/CFT do have
flat spectra and more generally have an entanglement structure that closely
matches random tensor network states [8,14,27,29,54]. Fixed-area states have
a well-defined semiclassical geometry associated with a fixed spatial slice; how-
ever, thanks to the uncertainty principle, they cannot describe a single semi-
classical spacetime geometry [14]. We discuss the connection between these
states and random tensor networks in more detail in “Appendix A.”

In the random tensor network model, the flatness of the spectrum can
be traced to the maximally entangled states used as “link states” (see Eq.
(1.1) and Fig.1b) on the edges of the graph, which themselves have flat en-
tanglement spectra. To take results about random tensor networks beyond
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the fixed-area state regime, it is natural—see, e.g., discussion in [14,40]—to
replace the maximally entangled link states by general states

D
|pe) = Z Ve.ili). (1.2)

The variation in the entanglement spectrum . ; represents the fluctuations in
area in semiclassical gravitational states. We introduce this model in Sect. 2.
The goal of this paper will be to understand the entanglement spectra of
random tensor networks with such non-trivial link states and spectra in a
number of different regimes. In fact, a number of our results apply in an even
more general setting, where the product of link states ®.|¢.) is replaced by a
completely general “background state” density matrix ¢y . From a quantum
gravity perspective, random tensor networks with general background states
are needed to model bulk quantum fields in AdS/CFT, which yield significant
physical consequences when the bulk entropies are large [6,7]. Beyond hologra-
phy, they also play a central role in the quantum information processing tasks
of multiparty state merging split transfer [26], a connection we elaborate on
in “Appendix B.”

If one considers a random tensor network with non-trivial link states, if
there is a single minimal cut v, for a subsystem A, then the resulting density
matrix pa will have an entanglement spectrum that converges to that of |y4|
copies of the link state along the minimal cut as D — o0; indeed, this was
implicit in [40]. A more complex question, and the main focus of this work,
is the case where there are fwo minimal cuts, as in Fig.2b. This situation
is motivated by questions in holography: It can be used to study the phase
transition at the point where there are two competing minimal surfaces [6,54],
which has been relevant to recent advances on the black hole information
paradox [1,4,51,59,60].

For our first main result, in Sect.3, we consider a family of link states
with increasing bond dimension D as in Eq. (1.2). For each D, the link state
has an associated distribution

1 2
)= =3 "6pa,,
He D — DXe.i»

where §, is a d-distribution centered at z, so this is the discrete probability
distribution given by a uniform distribution over the spectrum of the link state.
Note that A.; = /\E,Di) also depends on D. We then require that the moments

D
m;ﬁD) — pk-1 Z)‘E,i
i=1

of the distributions ugD) converge to a finite limit as D — oo for all positive

integer k. We refer to this as the bounded spectral variation limit. This means,
in particular, that we must have A ; = O(1/D) for all but a vanishing fraction
of the eigenvalues A, ;. If we let 74 denote a minimal cut for a boundary
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(a) The boundary domain A has a unique minimal cut T'4.  (b) The boundary domain A has two minimal cuts I'4;
The set of edges crossing this minimal cut is denoted with cut-sets y4,;. In the notation of Section 2.2, the red
by va. region is T'a1 = Vi, the blue region is Ta2 \Ta1 = V2
and the green region is V \ I'4,2 = V3. Note that 'a1
has two connected components, while I' 4 2 is connected.

FIGURE 2. Tensor networks with one and two minimal cuts

domain A, then we may similarly define the associated distribution

1
(D) —
Koy 4 = Dhal Z 5D"YA|H€€’YA>\6)¢€'

{ie}eE’vA

By assumption, the moments of the distribution u(yg) converge to a finite limit

(because those of each distribution ,ugD) do), implying that u%)) converges
weakly to some distribution p,. Now, consider the empirical distribution of

the spectrum of reduced state p4, which is the (random) distribution

oy _ 1
FaA~ = Dhal Z Oplvaly:
A€spec(pa)

In the case where there are two non-intersecting minimal cuts v4,1 and 4,2,
we find that [LE4D) converges weakly, in probability, to a limiting distribution p 4
given by a free product MP(1) Xy, , By, ,, a notion from the theory of free
probability. Here, MP(1) is the Marchenko—Pastur distribution of parameter 1.
The situation is summarized by our first main result, which we state more

precisely as Theorem 3.4:

Theorem (Informal). Consider a family of link states in the bounded spectral
variation limit. If there is a unique minimal cut v4 for a boundary subsystem
A, then MEqD) converges weakly, in probability, to pi, , while if there are exactly
two non-intersecting minimal cuts ya1 and a2, it converges to MP(1) X

:U"YA,l & .u’YA,Q .

In Sect. 3.3, we briefly discuss the closely related problem of computing
the entanglement negativity spectrum in the same regime.
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For our second main result, in Sect. 4, we investigate a different regime, in
which link states are allowed to have unbounded spectral variation in the large
D limit. This is the more relevant regime for holography, where fluctuations in
the area of a surface (in Planck units) grow sublinearly but without bound in
the semiclassical limit. When the spectral variation is unbounded, there still
exists a reasonable notion of a minimal cut that determines the entanglement
spectrum of the boundary state, but the key difference is that minimality must
now be defined entropically, rather than geometrically. In fact, the underlying
graph essentially plays no role in this regime. A sensible way to formalize this
would be to use one-shot entropies: We might say that a cut is “minimal” if
the rank of the state along the cut is smaller than the inverse of the largest
element in the entanglement spectrum along any other cut. This condition,
while intuitive, is a little too restrictive, and one can use smooth conditional
entropies to get a weaker, but still meaningful, condition. In Definition 4.6,
following [6] we introduce the notion of a unique (g, K)-minimal cut T 4, where
I'4 C V is a subset of vertices such that the e-smooth conditional min-entropy
of I' 4 compared to competing cuts either contained in I' 4 or containing I' 4 is
lower bounded by K. Intuitively, we want K to be as large as possible, and
indeed, we show in Theorem 4.7 that the spectrum of a reduced density matrix
pa will be close to the spectrum along a unique (g, K)-minimal cut with an
error exponentially small in K.

The situation is more complicated if there are two non-intersecting (e, K)-
minimal cuts, defined in Definition 4.10 as both cuts satisfying an (e, K)-
minimality property for the same € and K. Here, we need to impose a regularity
condition on the link states, motivated by the example of a link state that is
a (large) number of copies of a fixed state:

|6e) = 160)°" (1.3)

where |¢g) is a bipartite state with local dimension d, so the total bond di-
mension is D = d™. In this case, if ¢ is not maximally entangled, the measure
,uéD) will not converge with increasing n as the spectrum is not concentrated
around %. However, using a different measure, the entanglement spectrum
of |¢.) satisfies a central limit theorem. Namely, if |¢.) has Schmidt coeffi-
cients {\;}, and |¢g) has entanglement entropy Hp, then the distribution of
the random variable X (™ which takes values ﬁ(log(%) — nHy) with prob-
ability \;, converges weakly to a centered Gaussian distribution as n — oo.
Since we subtracted the entropy nHo, the random variable X (™ has expec-
tation zero. Its variance can be thought of as a measure of the fluctuation of
log()%_) around the entropy and is relevant for second-order asymptotic rates
in quantum information processing tasks [72]. We take this central limit theo-
rem as motivation for a regularity condition on the spectra of general link and
background states, and we allow the states to have varying bond dimensions

D(n), e.g., D(n) ~ d™. To be more precise, we define the following measure
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along a cut va:

v = 3 ] Aewd 2 (S, los 32 —H(m)’

{ic}eeyq €€7A

where H(n) is a function of n (which one can think of as being approximately
equal to the entanglement entropy along the cut 74), and we assume that
I/E/Z) converges weakly to a continuous distribution. Note that the distribution
described above reduces to the distribution of X (™ if the link state is of the
form in Eq. (1.3) and is very different from the distribution ME4D)7 we study for

link states with bounded spectral variation. Similarly, we let

W= S A0 L (log(4)~ H(m)
A€spec(pa)

be the corresponding (random) distribution for the boundary spectrum. Knowl-
edge of this distribution allows computation of the entropy of pa (and fluc-
tuations) as a correction to H(n). In the random tensor network setting, we
find that in a situation with two competing minimal cuts, the random tensor
network will ‘select’ the minimal parts of each cut, in the following sense:

Theorem (Informal). Assume that we have a family of (states with) two non-
intersecting (e(n), K(n))-minimal cuts va1 and vyaz2, as defined in Defini-
tion 4.10. Suppose the entanglement spectra along the two minimal cuts are

(n)

such that 1/52)’1 and vy, , converge weakly to continuous measures v and
v, respectively, as n — oco. Then, VXL) converges weakly, in probability, to
min, (v, v2) which is the pushforward of v1 and vs along the function min: R X

R — R. In other words, for any bounded continuous function f € Cy(R)

DY <log(}\)\/ﬁH(n)) —>//f(min(xl’l’z))dV1(331)dV2(9U2)

A€spec(pa)

(1.4)
in probability.

We also show in Corollary 4.14 that, up to an error of size O(log(n)), this
allows us to compute the entropy of p4.

An analogous statement to (1.4) was previously conjectured in [54] to
be valid in quantum gravity and justified at a physics level of rigor in [6].
Our proof of (1.4) is closely related to the arguments in [6], but converting
the physical arguments into a mathematical proof and careful controlling the
relevant sources of error requires significant technical work, and constitutes
the majority of Sect. 4.

In “Appendix A,” we relate our results to the study of holographic grav-
ity computations, particularly in situations with competing minimal surfaces.
This is not needed to understand the results of this work, but provides addi-
tional motivation for the relevance of our results and clarifies the way in which
random tensor networks provide a useful toy model for holographic quantum
gravity. Then, in “Appendix B,” we discuss the relation of our results to split
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transfer and its relevance in holography. This is again not needed to understand
the main text, but rather pointing at topics our work is connected to. Next,
in “Appendix C,” we prove two technical lemmas on joint smoothing that are
necessary to analyze competing minimal cuts in the unbounded spectral vari-
ation regime. Finally, in “Appendix D,” we prove that a certain function on
the symmetric group is a metric; this is not directly used in the current work,
but may be of independent interest for the study of random tensor networks.

After the completion of this manuscript, we became aware of independent
work by Jinzhao Wang [78] on the use of free products to describe entanglement
in the toy model of quantum gravity introduced in [60] that has strong overlap
with the ideas in Sect. 3.2 and “Appendix A.”

1.1. Notation and Conventions

For k € N, we let [k] = {1,...,k}, and we denote by Sj the group of permu-
tations of this set. We denote by ||al|, the ¢,-norm of a vector a, defined
by llallp = >, la;|”. If a and b are vectors of different dimension, we ex-
tend the shorter vector by zeros and still write |la — b|, for their distance.
For example, if @ € C% and b € C% with dy > dy, we write ||a — b||; =
Zf;l la; — b;| + Zjidlﬂ |b;]. We also denote by ||Al|, the Schatten p-norm
of an operator A, defined as the £,-norm of the singular values {s;} of A; it
can also be computed by [|A[[} = tr((ATA)P/2). The operator norm is given
by ||A]|ec = max{s;}. If H is a Hilbert space, we introduce the notation P(H)
for the set of positive semidefinite operators on H. We often refer to positive
semidefinite operators as “density operators” or “states,” without requiring
them to be normalized to unit trace. We write P_(H) for the set of p € P(H)
with unit trace, tr[p] = 1, and we denote by P.(H) the set of subnormalized
states, that is, p € P(H) with tr[p] < 1. We use the convention that for a
vector |¢), we denote the corresponding pure state by ¢, so ¢ = |¢)(¢|. Given
a positive semidefinite operator p, we denote by spec(p) the vector containing
its spectrum in non-increasing order, and we write spec, (p) for the nonzero
part of the spectrum. It is a well-known fact that

[lspec(p) —spec(a) 1 = [[specy (p) —specy (o)1 < lp —olh (1.5)

. (In the second expression, we use the convention for the distance of vectors
of possibly different dimension introduced above.) If A is a quantum system
with Hilbert space Ha, we write P(A) = P(Ha), P_(A) = P_(Ha), and
P-(A) = P.(Ha), and we use subscripts, e.g., pa € P(A), to indicate which
system and Hilbert space a quantum state is associated with. For a bipartite
state pap € P(AB) defined on a tensor product of Hilbert spaces Hap =
Ha ®Hp, we obtain the reduced state or reduced density operator p4 € P(A)
by taking the partial trace over the complement: p4 = trg[pap], and similarly
in multipartite situations. Finally, we adopt the standard notation that if p,, is
some sequence of finite measures, we write p,, = p if p,, converges weakly (or
in distribution) to a finite measure p, meaning that for any bounded continuous
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[ t@dun@) — [ 1@)duta (1.6)

If p, is a sequence of random finite measures on R, we say that the sequence
Ly converges weakly, in probability, to a finite measure p, if, for any bounded
continuous function f € Cp(R), Eq. (1.6) converges in probability, i.e., if for
every € > 0 we have that

) 0.

o o[ ot - [ st

In this situation, we will also write p,, = pu, in probability. All logarithms are
to base 2.

function f € Cy(R),

2. Random Tensor Network States

We first review the random tensor network model, closely following [29,40].
Let G = (V, E) be a connected undirected graph, and let V' = VU V}, be a
partition of the vertices into a set of boundary vertices Vy and bulk vertices V},.
If A C Vy, we write A = Va\ A. We assign a bond dimension D, to each edge,
and we will consider families of states with increasing bond dimensions; for
example, we may take D, = D for all edges and let D increase. For each
vertex z € V, let 0{x} denote the set of edges e = (zy) € E connecting x
to some y € V. We define Hilbert spaces H., = CP¢ for e € 9{z}, and
Hy = Qeecofu) Henw We call the pair (e,x) a half-edge. Moreover, we write
He = Hepw ® Hey for an edge e = (2y) € E. Let D, = dim(H,). For a
subset A C V, we write Hy = ®IGA ‘H., and similarly, for a subset S C F
we write Hg = @, g He. Similarly, for a set T' of half-edges we write Hy =
(e.0)er Hew- At each edge e = (zy) € E, we place a pure state |¢.) € P_(H.)

|¢e> = Z V )\e,z|m> S He = He,x ® He,y7 (21)
=1

that we call a link state. Then, ¢c o = ¢e, = ZiD:1 Ae,i |#)(i| is the reduced
density matrix of the link state on either of the two subsystems. We refer to
the vector spec(de,») = spec(¢e,y), which is ordered in non-increasing fashion,
as the entanglement spectrum of ¢.. Let ¢ € P_(V') be the full state on edges

given by the tensor product of link states

~ Q.. (2.2)
ecE

At every bulk vertex z € V;, we place a random vector |¢,) € H,, where
the entries of |¢,) are independent standard (circularly symmetric) complex
Gaussian random variables: Each entry of the tensor can be written as %(m +
1y) where x and y are independent real Gaussian random variables of mean 0
and unit variance. We note that, in the model of [40], the tensors |t),) were
not chosen as random Gaussian vectors, but as uniformly random vectors on
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the unit sphere. However, for our choice of Gaussian |1),), the norm |[||),)]]
is independent of the normalized vector [¢),)/||[12)], and |1,)/||[1z)] will be
a uniformly random vectors on the unit sphere. Therefore, these two models
only differ by their normalization. We write [¢) = &) ,cy, |¢2). The resulting
random tensor network state p € P(Vp) is defined by

p) = (Iv, @ (¥)]9)- (2.3)

The random tensor network state is obtained by projecting the link states onto
random vectors, so that the final state lives in the boundary Hilbert space. We
can make this manifest by using the cyclicity of the trace to write the density
matrix:

p= (v, ®W)) ¢ (Iv, @) = try, [(Iv, @ ¢) ¢ (2.4)

Note that this state need not be normalized, but we chose the standard devia-
tion of the |¢,) such that p is normalized on average, given that the link state
¢ is normalized:

E tr[p] = tr[¢]. (2.5)

In Sect. 2.3.1, we prove the stronger statement that p is normalized with high
probability for appropriately connected tensor networks and large bond dimen-
sion. Note also, that in Eq. (2.1), we have chosen states which have a Schmidt
decomposition in a fixed basis (the standard basis). Since we project onto
uniformly random tensors, we can choose to do so without loss of generality.

2.1. The Replica Trick for Random Tensor Networks

We now consider a boundary subset A C Vj and use the replica trick to study
the Rényi entropies of the reduced density matrix p4. The replica trick for
random tensor network models was first studied in [40], and it is the key tool
we apply throughout this work. Let H be a Hilbert space. The Rényi entropies
of a (normalized) density matrix p € P_(H) are defined by

= 1 Toaftrlo)

for k € (0,1) U (1,00). For k = 0,1, 00, there are well-defined limits, given by

Hy(p)

Ho(p) = log(rank(p))
Hi(p) = —tr[plog(p)] (2.6)
Hoo := —log([pll0)-
In particular, we see that H(p) = Hi(p) is the von Neumann entropy. We

will also write H(A), := H(pa) and Hy(A), := Hi(pa) for reduced density
matrices. If p € P.(H) is subnormalized, we let

1wl
1ok trlp]

(2.7)
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Denote by R the representation of Sy on H®* which permutes the k copies

of H according to the action of Si. We will write R, (7)) when H = H, and

Ru(m) if H="Ha for A C V. We let 7 denote the standard k-cycle in Sk, i.e.,
T=(12...k).

The key idea of the replica trick is the observation that the kth moment of
p € P(H) can be written as

tr [p*] = tr [R(7)p®F] . (2.8)
Recall the notion of the cycle type of a permutation m: If # can be written
as a product of m disjoint cycles of lengths 1, ...,l,,, then 7 has cycle type

C(m) ={li,..., L} Then, for an arbitrary = € S,
tr [R(m)p®*] = H tr [p'] .
leC(m)

Note that this is the generalization of the well-known swap trick for two copies
of a state p. The other crucial ingredient is a property of the Gaussian random
vectors:

E[¢9¥] = D Relm). (2.9)

TESk

Using Eq. (2.4), we may then compute
Etr [ph] = Etr [Ra(m)p%"]
= Etr [(Ra(r) ® Ry, a(id)) p®*]
= Bt [(Ra(r) ® Ry, 4(0)) (T, © )% 9]
=tr [(Ra(7) ® Ry\a(id)) B [(Iy, ® ¥)®*] ¢%F] .

To further simplify this expression, we define the following set:

(2.10)

Sae = {{Wm}ggev iy € Sy, where m, = o for v € A and m, = id for v € /_1},
(2.11)

for any o € S, and A C Vy. An element of S4 , assigns a permutation to each
vertex in V subject to a “boundary condition.” Now, using Eq. (2.9), we find
that

Etr [pffl] = Z tr

{m=}€SA,~

(09 Rm(m)czb@’“] :

xcV
Finally, we observe that for e = (zy)
tr [R(me) © R(my)6™"] =[] trlee.]
lEC(ﬂ';l‘ﬂ'y)

where we recall that ¢, , is the reduced density matrix of the link state on
edge e = (zy). Thus, we conclude that

Bulpil= > ]I T el (2.12)

{re}€Sa,r e=(ay)EE 1€C (77 ' 7y)
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We can interpret the expectation as the partition function of a classical spin
model

Etr[ph] = ) 27 Ze=wernlelrem)
{r.}ESA.s

, (2.13)

where the site variables in the spin model are permutations m, € Sk, and the
interaction at the edges between sites is given by

Je(ﬂ'zyﬂ'y) = - Z log(tr [ le,z]) = Z (l - 1)Hl(¢e,a:)>

1eC(mytmy) 1€C (75 ty)

with H; being the [th Rényi entropy, and the model as boundary conditions
such that the permutation must be 7 on A and id on A. It turns out that J.
is a metric on the symmetric group Sy—see “Appendix D.” Similarly, we may
place an arbitrary permutation 7 on A instead of 7, which yields (by exactly
the same reasoning)

Etr [R(ﬂ)p®k] = Z H H tr [ f—zm] . (2.14)

{m2}€Sa,x e=(2zy)EE |€C(n; 'my)

2.2. Maximally Entangled Link States and Minimal Cuts

We will now discuss the special case where all the link states are maximally
entangled states of dimension D, which has been studied extensively in [40].
We will generalize the results we discuss here to a wider class of link states
in Sect.3. In this case, the entanglement spectra of the link states are flat:
For e € E, we have A\.; = % for i = 1,...,D. In particular, for all [ € N we
have Hj(¢.) = log(D) and hence

Je(mg,my) =log(D) > (I-1).

1eC(mytmy)

This leads to the so-called Cayley distance on Sk:
drem) = 30 (=1 =k—|C(x;'m,)], (2.15)

1€C(nz ' y)

where |C(m)| is the number of cycles in m. Moreover, d(7,, ) is a metric and
equals the minimal number of transpositions needed to transform 7, into .
We say that m € Sy, is on a geodesic between m; and o if d(my, 7) + d(m, m2) =
d(my1,m3). (Recall that d is a metric.) We can rewrite the spin model in terms
of this distance:

Balf]= Y Ot o
{m2}€SA

The physically inclined reader may observe that the logarithm of the bond
dimension has the role of an inverse temperature, and for large D, the dominant
contribution to the partition function will be the ground state of the spin
model, subject to the relevant boundary conditions.

To describe the dominant contribution to the sum in Eq. (2.16) for
large D, we need the minimal cuts for A in G. A cut for A is a subset of
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the vertices I'y C V such that I'y N Vy = A. Throughout this work, we will
denote the set of all cuts for A by C(A). We will use the convention of denoting
cuts (i.e., subsets of vertices) by capital Greek letters. Given a cut 'y € C(A),
we will denote the set of edges crossing the cut, that is, edges connecting a
vertex in I'y with a vertex in V\I'4, by lowercase Greek letters y4. (And by
an abuse of language, also refer to this set as a “cut.”) A minimal cut for A
is a cut such that the number of edges |y4] is minimal. We write m(A) = |y4]
for a minimal cut y4 € C(A). If T'y € C(A), we write I' = V\I'4. Note that
I is a cut for A = Vp\A.

In the simplest case, there is a unique minimal cut y4. For this case,
one can show that the dominant configuration is the one in which 7, = 7
for x € T'y and 7, = id for © € V\I'4, see [39], or Proposition 3.3. That is,
there are two domains in the spin model corresponding to 7 and id, and the
minimization of the domain wall corresponds to the minimal cut in the graph.

We will also be interested in the case of exactly two non-intersecting
minimal cuts I' 4 ;; and I' 4 2. In this case, we have that I'y; CT'a 2, 0r 'y C
I'4,1. After relabeling, we may assume that the first is the case, and define three
domains in the graph: V =V, U Vo U Vs given by Vi =T 41, Vo =T42\Ta
and V\I'4 2. If there are exactly two minimal cuts, then multiple dominant
configurations contribute equally to the partition function Eq. (2.16). These
dominant configurations can be constructed as follows: For each 7 on a geodesic
between 7 and id, set 7, = 7 for x € V;, m, = 7 for x € V5 and 7, = id for
x € V3. That these are the dominant configurations follows immediately from
the fact that d(7,7) + d(w,id) > d(r,1d), with equality if and only if 7 is on a
geodesic between 7 and id.

To understand this degeneracy, we use the following fact [56]: the set of
permutations ™ on a geodesic between T and id is in a one-to-one correspon-
dence with the set of non-crossing partitions NC(k) of [k]. See Sect. 3.1 for a
definition and properties of NC(k). Thus, the degeneracy for the kth moment

is [INC(k)| = C), where
1 2k
Or =5 ( k)

is the kth Catalan number. These are the moments of the Marchenko—Pastur
distribution MP(t)

MP(t) = max(1 —¢,0)dp + 4

At — (x—1—1)2 (2.17)
= \/ ( ) l(m—l—t)2§4tdxo

du () o
This allows one to show the folklore result (which we prove and extend to
more general link states in Theorem 3.4) that upon an appropriate rescaling,
the empirical distribution of the spectrum of ps converges to a Marchenko—
Pastur distribution. This is in line with the case of a single random tensor,
which precisely yields a Wishart matrix (see Sect. 3.1.1 for a brief introduction
to these objects). In the first case, where there is a unique minimal cut, the
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entanglement spectrum of p4 is flat, while, as we have seen, in the second case,
the degeneracy gives rise to a non-trivial spectrum in the right scaling limit.

2.3. The Replica Trick for General Background States

In Eq. (2.13), we computed the result of the replica trick for the kth moment for
a random tensor network state. We will also consider the more general setting
where the link state is replaced by some arbitrary state ¢y . In this setting,
there need not be a graph structure, and the Hilbert space at each vertex
x € V can be some arbitrary Hilbert space, rather than a tensor product of
Hilbert spaces labeled by half-edges. We will refer to ¢y as a “background
state” instead of a “link state” (as the interpretation of links along the edges
does not necessarily make sense in this situation). That is, where before we

had a link state
[6) = @) [¢e),

ecE

we will now consider some arbitrary possibly mixed and subnormalized ¢y €
P~ (V) in the tensor network construction. We can generalize Eq. (2.4) to also
apply for general background states to obtain a state p € P(Vy) given by

p = try, [(Iv, @) ¢v] (2.18)

where |¢) is a tensor product of random states at the bulk vertices. If ¢ is
pure, then so is p, since in that case

p) = (Iv, © (¥) [4)-

If ¢ is not pure, we can consider a purification ¢y € P<(VR) and consider R
as an additional boundary system; this leads to a random tensor network state
pv,r Wwhich is a purification of py,. This setup is illustrated in Fig.3, while
formally very similar, the resulting state is no longer a PEPS tensor network
state in general.

(e, O
(ta| O
(] O

Vi

) —O R

IXTYYYS

FIGURE 3. The structure of a (purified) random tensor net-
work with a general background state
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There are multiple reasons to also allow general background states. The
first reason is of a technical nature: They are useful for estimates based on
smooth entropies, which we discuss in Sect. 4. In this application, the full state
on edges is still pure, but is no longer a tensor product of link states along the
edges. A second motivation for considering general background states is that
they can be used as a toy model for holographic systems where there is “bulk
entropy” present. Finally, these states are closely related to protocols for the
quantum information processing task of split transfer [26]. We comment on
this connection in “Appendix B.”

Even for a general background state, a version of the replica trick still
applies. Consider a boundary subsystem A C Vj with corresponding boundary
state p4. Then, the computation in Eq. (2.10) is still valid, and we find

Q) Ra(m2) %k] (2.19)

zeV

E tr[p}] = Z try
{mz}€Sa,~

where 7 = (12...k). However, Eq. (2.19) no longer has the interpretation of a
spin model with local interactions.

For general background states, we will only need the replica trick for
k = 2. Since S has only two elements, each configuration of permutations
is completely characterized by the domain Ay = {z € V such that m, =
7}. Because of the boundary conditions in Sa ,, the collection of these sets
coincides with C'(A), and hence,

Etrlpil = > tldd,l= > tr[p2 2B, (2.20)
AAEC(A) A4€C(A)
Another useful fact is that by Eq. (2.9),
Epv, = ¢v,- (2'21)

We remark that if one only uses the k& = 2 replica trick, one could also
use tensors which are drawn from a projective 2-design, a distribution which
produces tensors with the same first and second moments as uniformly random
tensors of unit norm [35,43]. An example of a projective 2-design is the set of
uniformly random stabilizer states. For tensors |¢,) drawn from a projective
2-design of dimension D, it holds that

1 1

2 _

and hence,

D,
Bulpi] = 55 > ek,
* A4€C(A)

which is close to Eq. (2.20) for large D,. Thus, it is not hard to see that
all random tensor network results which only use the & = 2 replica trick are
also valid for states with tensors drawn from projective 2-designs. This was
already observed in [40], and random tensor networks with random stabilizer
tensors were further studied in [57]. The results of Sect. 4 only use the k = 2
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replica trick and thus will extend to states with tensors drawn from projective
2-designs. This will not be true for the results in Sect. 3, which requires usage
of the replica trick for all £ € N.

2.3.1. Normalization of Random Tensor Network States. One immediate con-
sequence of the replica trick for & = 2 is that the random tensor network state
p will be approximately normalized with high probability, so long as a mild
condition on the background state is satisfied: The bulk needs to be connected,
with sufficiently entangled edges. Let

1= Acvea# toa] = ACV A% irlg]2” (e, (222
If the state has enough correlations along each cut (or more precisely, if Ha(A)4
is large for each A), then 7 is small. Concretely, if we consider a random tensor
network state with maximally entangled link states of bond dimension D, we
will have n < %. We then have

Lemma 2.1. For any background state ¢ € P(V'), with associated p € P(Vy)
as in Eq. (2.18), it holds that for any e > 0
n
Pr(jtrlp] — trlg]| > €) < 2115
where 1 is defined in Eq. (2.22).

Proof. This follows from a special case of Eq. (2.20). In this case, the empty
cut contributes tr[¢]?, so we find
Var(tr[p]) = E |tr[p] — tr[8]]* = E |tr[p]? — tr[¢]?| < 2% tr[od],
ar(trlp]) = B Jerlp] - tlo]|” = B[erfol® — r{of?] < 2% | max_ erfed)
where we have used the normalization of p in expectation E tr[p] = tr[¢], as in
Eq. (2.5). The result follows by an application of Chebyshev’s inequality. O

We can improve this result by taking advantage of the fact that our
random projectors are random Gaussian vectors, allowing us to use Gaussian
concentration of measure rather than the Chebyshev’s inequality. For instance,
using a concentration bound for Gaussian polynomials (see [9], Corollary 5.49)
one can show that for any ¢ > (v/2¢)?Ven:

Pr{ely] — il > €) < exp (~gAeTTy )

where 7 is defined as in Eq. (2.22). We will not need this refinement.

3. Link States with Bounded Spectral Variation

In this section, we study random tensor network states with link states that
have bounded spectral variation, meaning that there is an effective bond di-

mension D such that the Schmidt coefficients of the link state are of the order
1

5.
We start by providing background material on random matrix theory
and free probability, which is a key tool in the study of products of random
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matrices. In Sect. 3.2, we will precisely define the notion of bounded spectral
variation and generalize the results in Sect.2.2 for random tensor network
states with maximally entangled link states to this wider class of link states.
This leads to the main result of this section, Theorem 3.4, which shows that
the asymptotic entanglement spectrum can be expressed in terms of a free
product of distributions. We will see that the results are similar to the quantum
gravity setup described in “Appendix A.3.” Finally, in Sect. 3.3, we investigate
the entanglement negativity for random tensor network states with link states
of bounded spectral variation.

3.1. Random Matrices, Free Probability, and Non-crossing Partitions

3.1.1. Random Matrix Theory and Wishart Matrices. We start by reviewing
relevant concepts from probability and random matrix theory that are relevant
for our analyses. This material can be found in any introduction to random
matrix theory, e.g., [3,15,58].

A fundamental question in random matrix theory is as follows: Given a
family of n x n matrices with entries selected according to some distribution,
what is the asymptotic distribution of the eigenvalues as n — co? This question
has been extensively studied and in many cases has an elegant and concise
answer. We discuss a basic example which is closely related to our purposes:
Wishart matrices. Consider an n x m matrix X whose entries are drawn i.i.d.
from a Gaussian distribution with mean zero and unit variance. The sample
covariance matrix of X is the n X n matrix defined as

1
Yom=—XXT, (3.1)
m

Such random matrices are called (real) Wishart matrices and can be thought
of as a sample second moment matrix (where one has m realizations of an
n-dimensional random variable). One can also consider complex Wishart ma-
trices: In this case, the entries of the n x m matrix X are complex i.i.d. stan-
dard (circularly symmetric) complex Gaussian random variables. We then let
Yom = %XXT. We would like to understand the spectrum of Y;, ,,,, and to
that end, we consider the empirical distribution of the eigenvalues. This em-
pirical distribution is itself random, depending on the particular realization
of Y}, . To characterize the convergence, we recall that if {u,}ren is a se-
quence of random finite measures on R, we say that the sequence pu,, converges
weakly, in probability, to a finite measure p, if, for any bounded continuous
function f € Cy(IR), it holds that for every £ > 0
> 5) =0.

The asymptotic distribution of the eigenvalues of Wishart matrices is
known to obey the Marchenko—Pastur law (see, for instance, Theorem 3.6 and
Theorem 3.7 in [15]):

lim Pr (\ [ 1@ - [ @)

n—oo
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Theorem 3.1. Consider (real or complex) Wishart matrices Y, m, and let

Hn,m = % Z 6)\

Aespec(Yi,m)

be the empirical distribution of its eigenvalue spectrum. Suppose that the ratio
of dimensions n/m converges to a constant t > 0 as n — oo. Then, finm
converges weakly, in probability, to the Marchenko—Pastur distribution MP(t)
with parameter t > 0, as defined in Eq. (2.17).

Generalizations to this result are possible. For example, one still has con-
vergence if the entries of X are chosen according to non-Gaussian distributions
with mean zero and unit variance. Also, one can prove weak convergence, al-
most surely (rather than just in probability); see [15].

Y, m= %X X1 is a complex Wishart matrix, X can also be interpreted
as a uniformly random pure quantum state on C" ® C™, and Y, ,,, up to
normalization, as the reduced density matrix on C™ [39]. Note that %Ynym is
normalized in expectation in the sense that ]E%Yn,m = 1. So, complex Wishart
matrices can be used as a model for the reduced state of a random bipartite
quantum state, and this allows one to quantify the “typical entanglement” of a
random state. Equivalently, in the tensor network setting, %X can be thought
of as a random tensor network state with a single bulk vertex, two boundary
vertices, and maximally entangled link states. We can then can interpret %Yn,m
as the reduced density matrix on one of the boundary vertices. We will provide
a generalization of Theorem 3.1 for the entanglement spectrum of random
tensor network states in Theorem 3.4.

3.1.2. Free Probability. The topic of probability distributions in random ma-
trix theory is closely related to free probability and, in particular, to the notion
of the free product. We provide a brief introduction here; the material in this
section is very standard, and we only review a few relevant aspects. For an
extensive treatment, see, for instance, Chapter 5 in [3] or the books [52,56,58].
As we will see later, the free product will allow us to concisely formulate replica
trick results involving multiple minimal cuts.

A non-commutative probability space is a pair (A,w), where A is a C*-
algebra and w is a state on A. An element a € A is called a non-commutative
random variable. The key example to have in mind is the space of n x n
random matrices, where the matrix entries are distributed according to some
probability distribution, and w(a) = E+ tra] defines a tracial state. If a € A,
the distribution (or law) p, of a is defined as a map on polynomials, which
evaluates on a polynomial p as p.(p) = w(p(a)). If a is self-adjoint, it has
real spectrum and we can extend the domain of u, to all bounded continuous
functions f € Cy(R), using the functional calculus to define f(a) and letting
ta(f) = w(f(a)). In this case, we can identify p, with a distribution such
that, for f € Cp(R), we have po(f) = [ f(z)dpe(z). In particular, if a is
an n x n self-adjoint random matrix, then y,(f) = 1E > respec(a) / (A), and
we may identify p, with the empirical measure of the eigenvalues of a. If A is a
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commutative algebra, these notions reduce to the usual notions of probability
theory, where w is the expectation.

We call a set of n non-commutative random variables {a;} on a non-
commutative probability space (A,w) freely independent or just free if, for
any set of k > 2 polynomials {p;}, the variables satisfy

w(pi(ai,) - prlai,)) =0

whenever w(pm,(a;,, )) = 0 for all 1 < m < k and no two adjacent indices i,
and i,,41 for 1 < m < k—1 are equal. One can see that two freely independent
variables aq, as satisfy:

0 =w((a1 —w(a1))(az — w(az))) = w(araz) — wlar)w(az), (32)

which, in the commutative case with random variables x1, x2, is the clas-
sical bivariate independence condition E[xjxze] = E[z;]|E[zs]. The definition
of free independence does not specialize to independence in the commutative
case. (Commuting independent random variables are only free when they are
constant.) However, the role of free independence is analogous to the role of
classical independence for commuting random variables: It allows one to, in
principle, compute the joint mixed moments of the variables.

We will be interested in the multiplicative free convolution or free product
(there also exists an additive convolution or just free convolution) of distribu-
tions. Suppose a, b are non-commutative self-adjoint free random variables on
(A,w) with distributions p, and pp. Then, we denote the distribution of ab
by ptap = pta X up. Note that, generally, ab need not be self-adjoint. However, if
w is tracial (as in the random matrix case) and a is positive, the distribution of
ab coincides with that of y/aby/a which is self-adjoint, and we can identify pqp
with a distribution on R. If p, and p, are compactly supported distributions,
then so is pg X pp.

As a concrete example of the freeness and the free product, let X,, and
Y,, be two families of random n X n positive diagonal matrices with uniformly
bounded norm, such that their spectrum converges weakly to probability dis-
tributions p and v, respectively. Let U,, be a family of Haar random unitary
n x n matrices. Then, as n goes to infinity, X,, and Y,/ = U, Y;, U} will be freely
independent (so they are asymptotically free), and we would like to study their
product. The product of positive matrices need not be self-adjoint, so we con-
sider Z,, = v/X,,Y,)\/X,, which is a positive matrix. One may then show that
the distribution of the spectrum of Z,, weakly converges in probability to uXwv.
See Corollary 5.4.11 in [3] for a precise statement and proof.

The free product may be analyzed using generating functions: Given a
(non-commutative) random variable a with distribution p,, let

Mk = /xkd,ua(z)
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be the kth moment of u,. Then, the moment-generating function is the formal
power series

M, (z) = Zma’kzk. (3.3)
k=1

We define the S-transform to be the formal power series

142z
Spa(2) = —= M (2),

where M *(z) is the power series corresponding to the formal inverse of M, (z)
under composition, which is well defined as long as mg 1 # 0. For compactly
supported distributions, the moment-generating function, and hence the S-
transform, uniquely determines the distribution.

If @ and b are non-commutative self-adjoint free random variables, then

SpaByu, (2) = Sy, (2) = Spa (2) Sy, (2)- (3.4)

This also provides a completely combinatorial interpretation of the free prod-
uct, without reference to the associated non-commutative probability spaces.
That is, given compactly supported distributions p and v, we can define pX v
by Eq. (3.4): It is the compactly supported distribution with moments pre-
scribed by S, ., (2), and hence, M, x,, (2). The free product is commutative
and associative.

As an example, we compute the S-transform of the Marchenko—Pastur
distribution g ~ MP(1). The distribution is given by

1
dp(z) = 7.V 4r—1 — 1da.

The moments can be computed directly:

mk_liii1<§> (kzl) (3.5)

i=0

After some work, one can show that the moments above lead to a closed-form
moment-generating function

2z —1—+1—4z

M =
(2) 5,
One may then invert the expression and obtain the S-transform
1
S(z) = .
(=) =1

Similarly, for the Marchenko-Pastur distribution M P(t) with parameter t,
which has distribution as given in Eq. (2.17), we find that

_ 1
Ttz

S(z)

See, for instance, [12].
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3.1.3. Non-crossing Partitions. Given & € N, let NC(k) denote the set of
non-crossing partitions of [k]. A non-crossing partition of [k] is a partition
[k] = X1 U...U X,, which is such that if i < j € X,, then there are no
kil e Xgfor B#awithk <i<l<jori<k<j<I Toany non-
crossing partition, we associate a permutation m € Sy by mapping each subset
{i1,...,4} to the cycle (i1,...,4;) with i1 < --- < 4;. In a slight abuse of
notation, we will write 7 € NC(k). For any m € Sk, and for a sequence of
numbers fi for k =1,2,..., we write

=TI # (3.6)
leC(n)
where C'(7) is the cycle type of m. We will need the following result, which is

a straightforward consequence of the combinatorics of the S-transform.

Theorem 3.2. Consider compactly supported probability distributions w,v,n.
Suppose that the moments of n are given by

mZ = Z mé’(’mZ*lTk
TeNC(k)
where T, = (12... k) is the full cycle. Then,
n=MP(1)X uXuv.

Proof. We let F be the transformation that sends a formal power series f(z)
to the power series 1 f~!(z). This is such that for some distribution x, the S-
transform is given by S, (2) = (14 2)F(M,,)(z). Moreover, given power series
f(z) =3, fxz" and g(z) = 3, gx2", define a convolution operation ® by

F@n@ =Y | D fgrrr |

k. \meNC(k)

where 7, is the full cycle in Si. Then, Theorem 18.14 in [56] states that for
any two f and g with f; # 0 and g1 # 0, it holds that

F(f®9)(2) = F(H)(2)F(9)(2).
Then, the S-transform of 1 can be written:
1
1+z
This implies the desired result, as the S-transform of MP(1) is given by ﬁ,

and the S-transform uniquely determines a compactly supported distribu
tion. 0

Sp(2) = (14 2)F(My)(2) = (1 + 2) F(M,,)(2) F (My)(2) = Su(2)Su(2).

We remark briefly that free independence can equivalently be formulated
in terms of the vanishing of free cumulants, which are themselves defined in
terms of sums over non-crossing partitions. We refer the interested reader to
any of the previously cited references for a more in-depth discussion on the role
of non-crossing partitions in free probability. For our purposes, the fact that
non-crossing partitions are intimately related to free independence will allow
us to later phrase random tensor network results in terms of free probability.
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3.2. Entanglement Spectrum of Random Tensor Network States as a Free
Product

We now return to studying random tensor network states. Consider a family
of states in P_(V) composed of the tensor product of link states |¢.) along
the edges e € F as in Eq. (2.1), and assume that along each edge, the bond
dimensions scale with a parameter D, so D, = ©(D). Our key assumption is
that the link states have bounded spectral variation—Dby this we mean that the
empirical distribution of the rescaled entanglement spectrum of the link states

D, 1
= —0 ) 3.7
; D, OPere. (3.7)

has all moments converging to the moments m.  of a compactly supported
probability distribution ., as D goes to infinity. We assume that the link states
are normalized, so m.; = 1. This condition implies that, up to a vanishing
fraction as D — oo, the elements of the entanglement spectrum of the link
state are of order D!,

For a minimal cut v4, let ,ugy]z) be the distribution for the spectrum of
the tensor product of the link states in vy4:

WE) = @ P = 5= 3 do 11

ecva VA {ie}

where i = 1,..., D, and D,, = Heem D.. We define the tensor product
of distributions as follows: If X; and X, are independent real valued random
variables with distributions px, and px,, then px, ® px, is defined as the
joint distribution of (X7, X2). The distribution u(ﬂ) has kth moment given
by mvi))k =1leeq, mg,)c), and we can see that mfg?k
moments of the distribution

@

ecva

converges to m., i, the

Let spec(pa) = {Aa,i}. (Recall that spec(pa) is ordered in non-increasing
order.) Let v4 be a cut for A. By a standard argument, the number of nonzero
eigenvalues of pa (that is, rank(pa)) is upper bounded by D, ,. If 74 is the
unique minimal cut, then we define

D,

ui) Z 8D Ans- (3.8)

If there are multiple minimal cuts, it is ambiguous which ~,4, and hence, which
D, ,, we should pick; we choose the cut for which D, , is minimal in Eq. (3.8),
and we will denote this minimal cut by y4,1. The moments of MEL‘D) are given
by
D’YA
miﬂz = /zkd,uA(z) = Df/;l ()\A,i)k.
i=1
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(D)

Note that the distribution p, "’ is random, and correspondingly, the mo-
ments mE4D13 are random variables. In contrast, the moments méDk) and m(wi))k

are numbers depending only on the bond dimension.

The theorem we want to prove will follow straightforwardly from a key
intermediate result: As D goes to infinity, all the moments of the boundary
distribution ,u(AD) converge to the moments of 11, . We use the notation in Eq.
(3.6) to write expressions like

Mysm = H Mgl
leC(m)

for a permutation m € Sg. We will then apply the method of moments to show
that convergence of moments implies convergence in distribution. As a remark
on notation, in the error bounds in both the current section and Sect. 4, when
we use (O-notation, the constants may depend on the graph underlying the
tensor network. (Typically our bounds scale as 2IVel where Vj, is the set of
bulk vertices.)

Proposition 3.3. If there exists a unique minimal cut y4 for A, then
lim Emfﬁg = My, k- (3.9)
D—o0 ’ |

If there exist exactly two minimal cuts ya1 and ya,2, which do not intersect

D
(50 va1 NYa,2 =0) and for which 5=+ converges to a constant t < 1, then
YA,2
lim Em )= > 4™ m m (3.10)
TeNC(k)

Moreover, in both cases the variance goes to zero as D goes to infinity: for

every k
E {(mfﬁz _E [mff,i})j 0 <11)) . (3.11)

Proof. We first provide a sketch of the proof. It proceeds via the following
steps:

1. Write the expectation of the moments of M(AD) as the partition function

for a classical spin model, as in Sect. 2.1.

2. Show that the contributions from terms of the form given in the statement
of the proposition dominate the partition function by carefully tracking
the powers of D, and showing that all other contributions are suppressed
polynomially in D.

3. Show that the variance of the moments vanishes in the limit D — oo by
direct computation.

We begin with Step 1. First, we observe that the kth moment of M(AD) is
given by mff,z = D’,j;l tr [p’j,]. Consider the expression in Eq. (2.14) for the
replica trick with permutation 7 on A:

Zyn=Etr [RA(TF)pgk] = Z H H tr [qbleyx] . (312)

{m2}€Sa,x e=(zy)EE |eC(n; 'my)



Vol. 25 (2024) Random Tensor Networks with Non-trivial Links 2131

Recall that the set Sa r, as defined in Eq. (2.11), consists of assignments of
permutations to each x € V, subject to m, = 7 for € A and 7, = id for
x € A. As in Eq. (2.12), if 7 = 7, then we indeed have Zj, , = Etr [pff‘], SO

Em(’) = D*1 2. (3.13)

On the other hand, if welet k =2nand 1 =7 = (12...n)(n+1n+2...2n),
then Zy . = E {tr [92]2}7 and hence,
D n—
E [(m(A ) ] — D27, . (3.14)
Recall that mg) =Dl r [ éx], and write

Zra= S Zulmd)
{TrT}ESA,-n-
where

s{m) = 1 T t[el.]

e=(zy)EE |€C (rs "my)

| )| =k (D)
= II o ’ I me (3.15)

e=(zy)EE leC(my tmy)
_ H .D (TI'L,TK'y) (D) .
e=(zy)EFE e Ty

This accomplishes Step 1: We have recast the problem of computing moments
into a question of computing a partition function for a classical spin model
with fixed boundary conditions.

For Step 2, we want to show that the dominant contribution(s) to Zy , as
D goes to infinity are those given in the statement of the proposition. This will
simply be a matter of checking powers of D, and using the triangle inequality

property of the Cayley distance. If I 4 is the unique minimal cut, then we let
min

T — 7 for ¥ € ['y and 7" = id for # € V\I'4, and we have
Zk({ﬂ_rznin}) — d(ﬂ- id) H m(D) _ d(ﬂ,id)mgg?ﬂ. (316)

eeva

If there are exactly two minimal cuts I'n; C 'y, we let V. = V3 U Vo U
Vi, with Vi = T'41, Vo = Ty N Fiu and V3 = Fil,? Now, consider the
permutations o € Sy that are on a geodesic between 7 and id (recall this
implies d(m,0) + d(o,id) = d(m,id)), and consider the configuration given
by 77 = w for x € Vi, 77 = o for x € Vo, and 77 = id for x € V3. By
hypothesis, v4,1 and 4,2 do not intersect, and hence, the edges in each cut
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are distinct. Then, this configuration has weight

gy = 11 o II wd II pa II md

€1€74,1 l,eC(n—1o) €2€74,2 l2eC(0)
d(o,id
_ pdtmit) (D) T, [ me
YA,1 Do, el m~lo €2,0
e1€7A4,1 €2€74,2
d(o,id)
d(m,id) (Pyaa (D) (D)
- D'YA 1 (D'm 5 m—yA‘l,n-*lomWA,zﬁ’ (3'17)

where D, 1/D., 2 converges to t, by assumption. Now, to show that these
configurations yield the dominant contributions, we will need to use that D, =
O(D), so let us write 5~ = cP = O(1). Then for general configurations
labeled by 7., we may rewrite Eq. (3.15) as

Zldmp = I prtmmehymm

€My Ty

e=(zy)EE

The configurations we claimed to be dominant satisfy Zj ({n}) = @(D~m(Ad(m.id))

where we recall that m(A) is the size of a minimal cut for A. Now, we will
show that all other configurations satisfy Zj({r}) = O(D~mNd(mid)=1) T,
this end, consider some arbitrary configuration {7} € Sa ». Let P be a max-
imal set of edge-disjoint paths in G from A to A. It is a well-known fact that
such a set has size m(A), by the max-flow min-cut theorem. Let

C’,gD) :< max k(CéD))l1>( max mé{?).

ecE,meSy

Then, we may bound

Ze({me}) < (CéD))\E\ H D d(mamy) < (CéD))\E\ H D™ Le=@yyep UTermy)
e=(zy)eE peP

(3.18)

The first inequality is clear from the definition of C,(CD), and in the second
inequality, we simply restrict to a subset of the edges we multiply over. Note

that CIED) = O(1). Then, by the triangle inequality for the Cayley distance d,
it holds that

Z d(mg, my) > d(m,id)
e=(zy)€p
with equality if and only if the only edges (xy) for which 7, # m, are on a
path in P, and each of the paths is a geodesic. Then, we conclude
Ze({ms}) < C’E‘D) H p—dmid) _ C«IED)D—m(A)d(w,id)7
peP

and we see that the weight of every configuration can be bounded by the
product of a O(1) number and a polynomial in D.
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Now, as promised, we show that if {m,} is not one of the minimal con-
figurations described above, we actually have

Zx({m,}) = O(D~mANd(mid) =1y (3.19)
To see this, we rewrite the triangle inequality for the Cayley distance as:

H D_d('“'w:ﬂ'y) S H D™ Zc:(zy)Ep (s, my) § D_m(A)d(ﬂ"id) (320)
e=(zy)EE peEP

with equality if and only if the 7, are on a geodesic path in P. We now show
that this is satisfied only for the configurations we claimed to be minimal. As-
sume that {7} € Sa r is such that the inequalities in Eq. (3.20) are equalities
and let

A, = {x € V such that d(m,,m) < n}.

Then, A,, € C(A) for 0 < n < d(m,id), and we denote by d,, the associated
set of edges crossing the cut. Each edge (zy) € §,, must be such that 7, # 7,
so it must be on a path in P, and because the permutations are geodesics
along the paths, they must be on different paths. Hence |9,| < |P| = m(A),
implying each A,, is a minimal cut. This immediately implies the claim if there
is a unique minimal cut, since we must have Ajxiq)—1 = Ag = ['4. If there
are exactly two minimal cuts, then we must have 7, = « for z € V;, 7, = id
for z € V3, and there must be some [ such that for all € V5 we have d(m, 7,) =
[ and d(7my,1id) = d(m,id) — [. Then in order to have equality in Eq. (3.20), we
must have that for all € V5, 7, equals some fixed permutation o, because
the assumption of having exactly two cuts implies that V5 is connected, and
we must have d(m,,m,) = 0 for all (zy) € E with z,y € V5. This proves Eq.
(3.19).
In conclusion, if there is a unique minimal cut, then by Egs. (3.16) and
(3.19), we find
Zk,ﬂ- _ D;Ad(w,id) (D) + O( m(A)d(m,id)— ), (321)

'YA‘ﬂ'

and if there are exactly two (non-intersecting) cuts, then by Egs. (3.17) and
(3.19), we find

—d(rid) (Praa M (D) D
Zk),ﬂ' = Z D’YA,(l ) (DA:;Q) m“{A,l,ﬂflam’(YA,)Lo
o, d(m, o’)+d(a id)=d(m,id)
+ O(D~mAdlmid) =1y (3.22)
Finally, we set m = 7 for the full cycle 7 and we use Eq. (3.13). For a
unique minimal cut v4, by Eq. (3.21)
Em,m = Dk7 Zy, e

— mD) +O(Dk 1 p—m(A)(k—=1)— 1)

’YATF

(D) 1
m“/A,k +0 (D) :

(3.23)
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using d(7,id) = k — 1 and D.,, = ©(D™). This proves Eq. (3.9) as m,(ylj?k
converges to M., -

For two non-intersecting minimal cuts, we saw that the dominant con-
tribution is due to configurations {7} for o on a geodesic between 7 and id.
Then, applying the observation that ¢ is on such a geodesic if and only if o is
a non-crossing partition similarly yields that by Eq. (3.22)

WY Dopn \ "0 (D) (D)
T Tya Dy y sy Yya1,m o VA 2,0
oceNC(k)

+ O(D’/;A—ID—M(A)(k—l)—l)

Doy \ "M (D) (D) 1
= Z (Dw::; ) m’YA,l,T*IGm’YA,mU + O 5 :
ceNC(k)

(3.24)

(D)

Since m_ 1, = My 110 mg’fj?m — My, ,0 and D, /D, , —t, this
proves Eq. (3.10).

This accomplishes Step 2: We have shown that the configurations {7}
(in case of a unique minimal cut for A) and {77} (in case there are exactly
two non-intersecting minimal cuts for A) dominate in the computation of the
expectation of the kth moment of p4 in terms of powers of D.

We complete the proof by showing that the variance of m 4 j vanishes as
D — oo. We use the observation in Eq. (3.14), applying the analysis of Zoy, ~
to the case where m = 7 = (12...k)(k + 1k + 2...2k). If there is a unique
minimal cut, then using Eq. (3.21) and the fact that d(7,1d) = 2k — 2, we find

2
B [(n02)7] = P22 = T i) oty 2pmmire-aiy
leC(7)

— (1 (D) 2 1
= (mwhk) + O (D) .

By Eq. (3.23), we know that (Em'{}))? = (m
that the variance obeys

B[ (m -8 [202])] =[] - (Enf2)" =0 (5)

For the case with exactly two minimal cuts, a similar argument holds. Here,
the key observation is that o is on a geodesic between 7 and id if and only if
o0 = 0109 where o1 is on a geodesic between (12...k) and id and o2 is on a
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geodesic between (k4 1k + 2...2k) and id. Using Eq. (3.22), this implies
E(m{))? = D22 Zo 2

_ Z D’YA’l d(Ul ,id)-‘rd(o'Q,id) m(D)
D’YA,Q ya,1,7 oy
01,020€NC (k)

I ) +@(1>

va,1,7Loo " va,2,01" V42,02 D
2
_ D’YA,l d(U:id) (D) (D) 1
B Z (D’YA,Z) My a1m= 10 Va2,0 +0 D/
oceNC(k)
By Eq. (3.24), we see that this coincides with (EquDZ)2, up to (9(%), and
hence, Eq. (3.11) holds. O

We now have the ingredients to prove that the entanglement spectrum of
random tensor networks with link states with bounded spectral variation can
be written in a simple fashion. We will use the method of moments to translate
the above result on convergence of moments to convergence in distribution.
The basic statement is that, given certain conditions on the distributions in
question, if the moments of a sequence of distribution pu,, converge to those of
u, then pu,, = p—see, for instance, Theorem 30.8 in [13].

The method of moments is valid, so long as a distribution p is completely
determined by its moments. This occurs if, for all £, the kth moment m,, ;, is
bounded as

My < ABPE! (3.25)

for constants A, B independent of k. If the distributions have compact support,
as in Proposition 3.3, then this condition is satisfied.?

Now that we have established the convergence of moments in Proposi-
tion 3.3, we have our main result of the (conditional) convergence in distri-
bution. As in Proposition 3.3, we consider a family of random tensor network
states with link states with bounded spectral variation with increasing D, as
defined in the beginning of this section.

Theorem 3.4. If there exists a unique minimal cut y4 for A, then ,uff) = Ly u s
in probability, as D — oo. If there exist exactly two minimal cuts ya1 and ya 2,

Dypyy (D)
Dy, = t <1, then uy ' =

MP(1) X i, , B p1y, ,(t), in probability, where ,u,my,z(t) = (L —=1)60 + tpiy,

which do not intersect and for which limp_,

2 A basic example of a distribution which does not have compact support, but is nevertheless
uniquely determined by its moments, is a standard Gaussian distribution. On the other hand,
a standard example of distributions that are not determined by their moments is the densities
on R with dui(z) = v2rz~le~ (o8 2)?/24z and dua(z) = (1 + sin(2w log z))duq (z), for
which it can be verified that the nth moments of both distributions are equal to e_”2/2,
while the distributions are clearly not identical.
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Proof. It is straightforward to see that the kth moment of p., ,(t) is given
by tkflmmvzyk, and then, the result follows immediately from Proposition 3.3,
Theorem 3.2, and the method of moments. Because we assumed that for any
minimal cut y4 for A, the limiting distributions p., are compactly supported,
they are uniquely determined by their moments. Hence, the method of mo-
ments is valid, and the convergence of moments implies convergence in distri-
bution. g

Remark 3.5. In Theorem 3.4, we assumed that the two cuts were non-intersecting.
What happens if there are still only exactly two minimal cuts, but y4.1 N7v42

is non-empty? This extension is straightforward. Let 71(4‘1) ‘= y4,1MN7v4,2 and let

b . . . . .
'Yﬁx,)i = ,YAJ\%(:) for i = 1, 2. In line with previous notation, let @) and uvi&

denote the corresponding limiting distributions of the entanglement spectra
along these sets, with moments m and m o - The only step in the proof
A > A,ir

of Proposition 3.3 where we used that the cuts were non-intersecting is when
we computed the value of Z({m,}) for the optimal configuration. If the cuts
do intersect, and we consider the configuration with 7, = 7 for x € V7 with 7
the complete cycle, 7, = o for x € V5 and 0 € NC(k), and 7, = id for = € V3,
then a quick calculation shows

Zr({ms}) _’Dy_,z(lmid)(DWA,l/DWAQ)d(U’id) H Me,k

(a)
I I Mey r-1o | | Mey,o-

ecy
() (b)

ele’YA,l 6267A,2

Apart from this modification, the proof of Proposition 3.3 is still valid, leading
to

Zpr =M (a E oid) m .
k.7 75k Wﬁ;bflﬁ‘lo "/(Ah,)%a
oceNC(k)

If, in Theorem 3.4, we do not assume that the cuts are non-intersecting, then
the partition function above leads to a limiting distribution given by

/JFY(AQ) & (MP(l) X ,LL’YI(Ab,)l X M’Y,(qb,)z (t)) .

3.3. Non-trivial Link States and Entanglement Negativity

As another application of the theory of free probability, we will compute the
entanglement negativity spectrum for random tensor network states with link
states with bounded spectra. In [29], it was shown how to compute the en-
tanglement negativity spectrum for a random tensor network state with max-
imally entangled link states using a replica trick. Using the methods from the
previous subsection, we can analyze the negativity for entangled link states
with bounded spectral variation. We remark that similar computations have
recently been performed in [28] in the context of replica wormholes, and our
assumption on the link states is a generalization of the “pairwise connected
regime” in [28]. Another work investigating non-trivial entanglement negativ-
ity spectra in random tensor networks is [42], where they focus on the effect of
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having multiple minimal cuts in the network. As our analysis will be a straight-
forward combination of the arguments in [29] and Sect. 3.2, we will be rather
concise; the main message of this section is to show that the language of free
probability applies to other random tensor network computations as well.
We first recall how negativity functions as an entanglement measure for
mixed states. Let 7 be the superoperator which maps an operator X to its
transpose X', and 7 be the identity superoperator. For pap € P(AB),

P = (T4 ® Tp)(paB)

is the partial transpose of p4p on the B system. The logarithmic or entangle-
ment negativity is given by
T
lpap

En(paB) = log Tulg]

Tt is a measure for the entanglement of the mixed state pap: if En(pap) >0
the state must be entangled. We call spec(‘pﬁ?3 ’) the entanglement negativity

spectrum. In analogy to the Rényi entropies, we can generalize the logarithmic
negativity to a one-parameter family of negativities. The kth Rényi negativity
is given by

Nilpa) = tr |(55)"]

If we let N{ve™ (paB) = Nam(pap), then the logarithmic negativity is ob-

tained as an analytic continuation in the Rényi index m — 3 of log(N,(,‘fven)
(paB)). More precisely, in the expression

log > A7,

T
Ae€spec(p,B)

we may take o — 1 to obtain En(pag) + log tr[p].

In the context of random tensor networks, we partition the boundary
in three regions: Vo = AU B U C, and we would like to compute the Rényi
negativities of the reduced state p4p. We will then use this to determine the
entanglement negativity spectrum and compute the entanglement negativity.
The idea is that the kth Rényi negativity can be computed using a replica trick,
by placing the full cycle 7, = (12...k) € Sy on Aand 7, ' = (kk—1...1) on
B:

Ni(pan) = tr [p35 (Ra(T) © Rp(r™1))]
= tr [P%%c (Ra(m) ® Rp(t™") ® Re(id))] .

Let us first discuss the case with maximally entangled link states, follow-
ing [29]. The same arguments as in Sect.2.2 show that one can compute the
expectation of Ni(pap) for a random tensor network state using a spin model,
now with boundary conditions of 7, on A, 7, !on B and id on C. We will as-
sume that the minimal cuts I' 4, I'p and ' are unique. Note that the minimal
cut for AB is given by I'ap = I'¢.. From the theory of multi-commodity flows,
it is known that there exist sets of edge-disjoint paths P = P4 U Pac U Ppc,
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/ e \ ' » Yc

id | { |
CI
4 id
A )
(a) Illustration of the case where yo = v4 U~p, where ) Illustration of the case where vo # v4U~p, where
the dominant configuration is given by 7 on T'a, 7, ! the dominant configuration is given by 7 on I'a, 7, -
on I'g and id on I'c. on I'p and id on I'c and some non-crossing pairing

71 on the domain V.

FIGURE 4. Tensor networks with one and two minimal cuts.
The relevant ground state configuration domains are denoted
by T'a

where Pap consists of paths from A to B, and similarly for Pac and Ppgc,
and which are such that

|PaB| + |Pac| = [val, |Pag| + |Pec| = |8, |Pac|+ |Pac| = el -

This can be used to show (in analogous fashion to the proof of Proposition 3.3)
that if & = 2n is even, any spin model configuration contributing to ENg(pap)
is of order O(D~(=D(valtlys=nlvel) If k = 2n 4 1 is odd, any spin model
configuration contributing to IENy(pag) is of order O(D~"naltlval+hel)),

In order to determine what happens as D — oo, we need to determine
the dominant configurations. Let r be the number of connected components of
VAT 4UT'pUT¢). There are two distinct cases. The first is when the minimal
cut for AB (which is the complement of the minimal cut for C') is the union of
the minimal cuts for A and B, so 'yp =1'4 UT'p and hence yap = v4 U 5.
Then, the minimal cuts naturally partition the bulk vertices into three cuts
I'4, I'p, and ', and we have r = 0. In this case, the dominant configurations
in the spin model are those where the vertices in I' 4 are assigned 73, those
in I'p are assigned 7, ! and those in I'c are assigned id. This is illustrated in
Fig. 4a.

The second case is when 'y UT'p C I'ap and hence yap # v4Uvp. Now,
we have again the domains I'4, I'g and ', but upon removing these vertices,
there may also be connected components Vi, ..., V, which are not connected
to A, B or C'. Here, the minimal configurations are those for which, again, the
vertices in I'4 are assigned 7y, those in I'p are assigned 7, I and those in T'c
are assigned id, and where in each component V; the vertices are assigned a
permutation 7; which is such that it satisfies three conditions: It must be on a
geodesic between 7, and 7, ! on a geodesic between 7, and id and on a geodesic
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between 7, Land id. If k = 2n is even, such permutations are given by non-
crossing pairings: permutations corresponding to non-crossing partitions in
which each cycle has length 2. The set of non-crossing pairings on 2n elements is
in bijection with the set of non-crossing partitions on n elements, so the number
of non-crossing pairings on 2n elements is given by |[NC(n)| = C,,. One way
to obtain this correspondence is as follows. If 7 is a non-crossing pairing, 7o, 7
will map even numbers to even numbers, and restricting to the even numbers
and relabeling 2i — i yields a non-crossing partition o € NC(n). Moreover,
restricting to the odd numbers and relabeling 2¢ + 1 +— ¢ yields the non-
crossing partition o~'r € NC(n). This leads to C” dominant contributions
to ENa,(pag) of size D~ (=D(val+lvsl)=nlvel gince we can choose a non-
crossing pairing m; for each component. Such a configuration is illustrated in
Fig. 4b.

For odd k& = 2n + 1, we similarly have permutations which correspond
to a non-crossing partition, and which have a single fixed point and all other
cycles with length 2. This leads to ((2n + 1)C),)" dominant contributions to
ENs,(pap), of size D~ (=D(valtlvsD)-nlrel We also note that rank(pz%) <
Dhval+hsl 1f spec(p’%) = {s;}, then we define the measure

1 plal+lvsl

(D) _

Has = Dhal+hvs] Z 5D%(‘7A‘+"YB‘+|’YC|>51.' (3.26)
i=1

This has moments given by
k_ k
mffﬁ?’k — /xdeEqDB)(I) — p(3 1)(|7A|+IVB|)+2\’valNk(pAB)_

If we take the expectation of the moments, we again need to distinguish the
two cases. If |ya| + |v8| = |7c|, we see that the powers of D cancel for the

dominant configurations, so mfﬁg_k — 1 for all k. On the other hand, for
|val + |vB| > |vel, we see that for D — oo with odd k, we have ]EquDB) x — 0.
For even k, we recover the degeneracy of the dominant configurations, leading

to

1 if [val +1vsl = lvel,
lim miy, =40  ifkoddand |yal +|vsl > hel, (3.27)
Ciy if k even and [val + [vB] > |vel,

where r is the number of connected components of V\(T'y UT g UT¢). In fact,

one can show that, as in Proposition 3.3, the variance goes to zero as well, and

hence, the method of moments allows one to conclude that /154[1)3) = [AB, In

probability, where

o®r if r > 0,
pap =1 360+ 36.1 ifr=0and |ya| + [y > hol, (3.28)
51 if r=0and |yal + |v8| = |vel,
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where o is the semicircle distribution with density

1
= —71_\/4 — 221 <o dx

Alternatively, one may study the empirical distribution of the squared entan-
glement negativity spectrum

(D)
Vap = m 26D|7A|+|73|+|“fc|s?‘ (329)

This distribution has kth moment given by mi‘DB) o> and in comparison with

the limiting moments in Eq. (3.27), one can conclude that 1/1(43) = V4B, in

probability, where

vaAB = MP(1)®T. (330)
The logarithmic negativity can be computed using the distribution /154[2 or
V) as

lgD

En(pap) = log / N deE) ) + 222 (lyal + 1] — hel) — logtr o] (3.31)

D 108;
—tog | VA ) + <52 (al + el ~ rel) - log e ).
(3.32)
The convergence of I/AB) to vap implies® that Enx(pap) —
[v¢|) converges in probability to

8
log/\F)\dVAB()\) =rlog 3
m

2 (lyal + |vs] -

See Appendix D of [29] for details and proofs.

A straightforward combination of the arguments in Sect.3.2 and [29]
shows that the same configurations are the dominant contributions for link
states with bounded spectral variation as in Sect. 3.2. To determine the limiting
distribution in this case, we can generalize Eq. (3.28) in the same fashion as
in Sect. 3.2. We assume the minimal cuts I'4, I'p and I'¢ are unique. We also
assume that y4 Nyp = 0, and in the case where y¢ = yap # Y4 U~vp (s0
[val+1vB| > |yvel), all pairwise intersections between v4, v5 and y¢ are empty.
This excludes the case where |y4| + [vg| > |vcl|, but r = 0. We let v4; and
vB,i denote the components of y4 and yp which are connected to V;, and we

let u,(ylz) and ,ugB) denote the distribution of the spectrum along these sets,

with associated kth moments m(A) ) mg) > Which we assume to converge to

the moments m., ; x, My, 1 Of compactly supported distributions p., , and
Hrp. ;- For convenience, we assume D, = D for all edges e € E.

We can now compute the dominant contributions to ENk(pag). If v¢ =
va U g, then there is a unique dominant configuration, which contributes

3The function f(\) = VA is not in Cy(R), but the method of moments actually shows a
stronger convergence, allowing test functions to have polynomial growth.
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D=k=Dhvelpy 3 T |ya| + |vs| > |7¢| and k = 2n is even, consider the con-
figuration which assigns m; to V;, where each 7; is a non-crossing pairing. For

each edge e € y¢, we have m.(ger) = (még))", so this configuration contributes
T
(-1 +lvs))— (D) \" (D) D
D=1 (al+hs)-nlve| (m%ﬂ) [T o om0
i=1

Recalling the construction of the equivalence between NC(n) and non-crossing
pairings on 2n elements, we see that

(D) —m®D P
YB,i T2n T YB,i i "/BmelTn

for some unique o; € NC(n). Similarly, one may verify

(D) — @D D)

m 1 o 1.
YA,i Tay Ti VA1 g 4,0, Th

This implies that the contribution of all dominant configurations is given by

O \"T D) (D) (D) (D)
(2 TS ot o) 2

i=1 \ceNC(n)

As in the maximally entangled case, upon rescaling, the odd moments vanish

as D — oo. In conclusion, the resulting asymptotic moments are given by
Mok i [yal + lyel = hel,

lim Em{), =<0 if k odd and |ya| + [v5| > |vel (3.33)
—00 ’

My if k even and |ya| + |yB| > |1c|

with

i
— n
Man = Mg 2 | I < E : m’YA,ivgm’YB,ivo-m’YA,iyo'1Tnm'YB,iaU1Tn>'

i=1 \ ceNC(n)

As before, one can also show, in similar fashion to the proof of Proposition 3.3,
that the variance of the moments goes to zero as D — oo. For the case |y4| +
|vB| > |vc|, we consider yffg similar to Eq. (3.29), but with an additional
rescaling by m., 2:

D) — 71 E )
AB T Dhvalthsl £ D"YA“""YB“*"'YC‘m;ést?'
K2

This has moments, which compute IV, ,Eeve“) (paB), converging to

T

: kg, (D)

DIE%OE i dvyp (JS)—H E My a,i,0Myp,i,0Mya 4,0 17, Myp 50717, |-
=1 \oeNC(n)

Thus, by the method of moments and Theorem 3.2, it holds that Vg[];) = Vapg,

in probability, where

T (3.34)
Mo ifr=0,
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and where v; is given by
Vi = (/J”YA,i ® /’L'YB,i)®2 X MP(l)

This reduces to Eq. (3.30) if the link states are maximally entangled. We can
use this to compute the logarithmic negativity, as we did previously. For r > 0,

logD
Ex(pan) = 1og [ VAR + 5L (14l + sl = o)

1
+ 3 log m.,, , — logtr[p],

log D

from which we find that Ex(pap) —
probability to

(Ival + |vB|l = |vel) converges in

1
log/\f)\duAB()\) + §logmyc,2.

For the case [ya|+|v5| = |vc|, it is more elegant to use the limiting distribution
of u(fg, as defined in Eq. (3.26). By the method of moments and Eq. (3.33),
,uEL‘DB) = [l , in probability. We may then compute the entanglement negativity

as

log D

Ex(pas) = log / M) + L (104 + sl — hel) — log e 4],

log D

and hence En(pap) — (|val + \’yB| |vc|) converges in probability to

log [ [Aldpan(N).

4. Link States with Unbounded Spectral Variation

We will now consider a different regime, where the link states have unbounded
spectral variation. Our methods in this section are distinct from the previous
one, and the two sections can be considered separately.

4.1. One-Shot Entropies

We begin by introducing one of our main tools for studying entanglement
spectra in random tensor network states: one-shot entropies. In quantum in-
formation theory, the rates of certain important protocols, such as compression
or state merging can be expressed as entropic quantities. One-shot entropies
are the appropriate analogs for settings where one would like to analyze a task
for a single or finite number of copies of the relevant state. Asymptotic rates
in terms of ordinary von Neumann entropies are then recovered in the limit
of infinitely many independent copies. For an extensive introduction to this
point of view, see [74]; here, we provide the basic definitions and introduce the
relevant concepts.

A random tensor network built from link states that are maximally en-
tangled (or more generally have bounded spectral variation) can be analyzed
using asymptotic tools. Indeed, if we have a maximally entangled state of
large dimension D = 2", then this is equal to the nth tensor power of a qubit
maximally entangled state, so we are effectively in an asymptotic situation.
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However, if we allow for link states with unbounded spectral variation or even
completely general background states, as in Sect. 2.3, then it is more natural
to use tools from one-shot quantum information theory.

We take the Rényi entropies as a starting point, which we defined in Eq.
(2.7) for subnormalized states. Let H be some Hilbert space and for p € P.(H)
we define the (unconditional) min-entropy and the maz-entropy by

Hmin(p) = - IOg ||p||00

Hinax(p) = log (tr[\/p]Q)
which coincide with the Rényi entropies Hoo(p) and H (p) for p € P_(H). As

usual, if p4 is the reduced density matrix on a system A, we write Hpmin(A4), =
Hmin(pA) and Hmax(A>p = Hmax(pA)~
Often, when applied to study quantum information processing tasks, it is
useful to allow a small error. This leads to the introduction of smooth entropies.
To define these, we use a distance measure known as the purified distance,
which is given for p,o € P-(H) by
P(p,O‘): 1—F*(p,0')2

where Fy(p, o) is the generalized fidelity between p and o, which is defined by

F.(p,0) = F(p,o) + /(1 = tr [p])(1 — tr[o])

in terms of the ordinary fidelity F(p,o) = ||\/pv/o||1. We define the smooth
min- and max-entropies of p € P.(H) as

HIEHIH( ): sup Hmill(ps)
peEP<(H),P(pc,p)<e
HE o (p) = inf Hinax (%)

pEEP<(H),P(pc,p)<e

The smooth entropies are such that one recovers the usual von Neumann en-
tropies in the limit of many independent copies. Indeed, the following asymp-
totic equipartition pmperty holds:

lim Hrim( ¥") = H(p) = lim_ Hf}lax( )

n—oo
for any 0 < e < 1. Varlatlons on this definition are possible. For instance, one
can choose a different distance measure, which will yield different entropies.
However, for the usual choices, the differences go to zero as € goes to zero,
so the particular choice is often immaterial. For instance, consider the trace
distance between p, o € P.(H), which is defined by

T(p,o) = *Hp—0H1+ [tr{p =]l

where the last term, which is absent in usual definitions of the trace distance,
accounts for subnormalized states. It is easy to see that T'(p,0) < ||[p— o1 <
2T(p, o). The Fuchs—van de Graaff inequalities (see Lemma 3.17 in [74]) relate
the trace distance and purified distance:

T(p,0) < P(p.0) < \/2T(p,0) (4.1)
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for p,o € P.(H).

There are also conditional versions of the Rényi entropies. Consider a bi-
partite quantum state pap € P_(AB). For the von Neumann entropy, the con-
ditional entropy can simply be defined as an entropy difference, namely H(A|B),
= H(AB),— H(B),. However, it turns out that this is not a good definition in
the Rényi case. There are various ways to define a Rényi conditional entropy
Hi(A|B); we use a version based on the so-called sandwiched Rényi relative
entropy. For k = 2, this gives a quantum conditional collision entropy, which
will be useful for defining minimal cuts and which is defined as follows. For
pap € P<(AB), let

Hy(A|B),), := —logtr {((I@)pB)_iPAB(I@pB)_i)T +logtr[p]. (4.2)

Finally, there are also conditional versions of the min- and max-entropy. For
paB € P<(AB) and o € P-(B), we define

Huin(A|B) o = —inf{X: pap < 2[4 @ 0}
Hmax(A|B)p|a = IOg ||\/mm”%
and we let

Hmin(A‘B)p = sup Hmin(A‘B)phT
oc€P<(B)
Hpnax(A|B), = sup  Huyax(A|B) o
O'E'PS(B)

We can also define their smoothed versions

mm(A|B) = sup Hmin<A|B)pE
peE€P<(AB),P(p,p)<e
Hiax(AlB), = inf Hinax(A|B) -

peEP<(AB),P(pc,p)<e

There is a duality between (smooth) max- and min-entropies. If p € P.(ABC)

is a pure state, it holds that
AlB), = A|C),. (4.3)

We will use the fact that for a normalized state pap € P_(AB) (Corollary
5.10 in [74])

IIlln ( de (

Hunin(A|B), < Ha(A[B),,- (4.4)

A final important property of conditional smooth entropies is the data pro-
cessing inequalities. Let ® and ¥ be completely positive and trace-preserving
(CPTP) maps, mapping systems A to A" and B to B’, respectively, and let
o= (P®T)(p). If & is also subunital, and 0 < ¢ < /tr p, then Theorem 6.2
of [74] states

A'|B)y > Ho (A|B), and HE

min max

HllIl( (A/‘B/) > HﬁlaX(A|B)P'

In fact, for the smooth min-entropy the data processing inequality is also valid
if ® is only trace non-increasing rather than trace-preserving, see [73].
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4.2. Recovery Isometries

Recall that we study random tensor network states with link states, pure states
placed on each edge whose tensor product forms the full state on edges ¢ =
X .cr @e € P_(V) for some graph G = (V, E). In Sect. 2.3, we considered more
general background states ¢y € P(V), where we no longer have a tensor
product structure along the edges of some graph, and applying the replica
trick does not yield a local spin model for the moments of the tensor network
state. This situation is of independent interest, but will also be useful as an
intermediate step when applying bounds based on one-shot entropies to link
states. In Sect. 3, we studied link states for which the entanglement spectrum
of the edge states ¢. had bounded variation, and we used the replica trick
to compute the moments of the spectrum of p4 for a boundary subsystem
A. For general background states, we saw that the replica trick for k = 2
extends as in Eq. (2.20). What are the minimal cuts in this setting? Based on
Eq. (2.20), a first guess would be that I'y € C(A) would be a minimal cut
(i.e., correspond to the dominant term in the replica trick) if for all other cuts
Ay € C(A) we would have Hy(T'4)y < Ha(A4)y. If the state is a link state,
this corresponds to adding weights to the edges of the graph corresponding
to the Rényi-2 entropies along the edges, and computing a weighted minimal
cut. Indeed, this would yield an accurate approximation of tr[p%] and hence
of Ha(pa). However, if the spectrum of p4 is not close to a flat spectrum, this
does not imply that spec, (p4) is close to spec, (¢r,). We would like to show
that for link states with unbounded spectral variation, and an appropriate
minimal cut condition for I'y € C'(A), it is still true that spec, (p4) is close to
spec (¢FA)'

We will adapt the k = 2 replica trick for general background states to get
a bound on the difference in trace norm between spec, (pa) and spec_ (¢r,)
in terms of conditional Rényi-2 entropies,* as defined in Eq. (4.2). In Sect. 4.3,
we will use this to formulate a condition for cut minimality in terms of smooth
entropies for link states.

The main result of this subsection is a tensor network version of one-shot
decoupling. Let ¢y € P (V). We allow ¢y to be a general state, which need
not be pure and also need not be a product state along the edges of some
graph. Let R be a purifying system and ¢y r € P<(VR) be a purification of
¢v. Then, we can construct the random tensor network state py, g where the
boundary systems are given by V3 U R, which is a purification of the random
tensor network state py, as in Eq. (2.18) by

ovor = try, [(Ivyr ® V)¢ (4.5)

where 1 is a tensor product of random tensors. We briefly recall our notation
for boundary subsystems and cuts: For a boundary subsystem A C Vy, we
denote its boundary complement by A = Vp\ A, and for a cut T'y € C(A4), we

4Note that while H(A|B)s = H(AB)s — H(B)y, in general H2(AIB)gy|¢ # H2(AB)gy —
H2(B) -
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let T = V\I'4, which is a cut for A. The purifying system R can be thought
of as an additional boundary system in the tensor network construction.

In Theorem 4.4, we will assume that we have a cut I'y € C'(A) which is
such that for all cuts Ay € C(A) for which Ay € TI'y we have
Hy (T A\A Al R)4|p > 1, and similarly for all cuts Ay € C(A) for whichT'y €
Ap we have Hy(Aa\I'a[TaR)4s > 1. We show that this condition im-
plies that with high probability there exist isometries V4 : Ha4 — Hr, and
Vi :Hja — Hre such that

(Va® Vi ® Ir)lp) = |9). (4.6)

The approximation accuracy will be measured in trace norm. In particular,
this implies that spec, (pa) ~ spec, (¢r,). If the state ¢ is a tensor product
of link states, spec, (¢r,) is precisely the entanglement spectrum along the
cut v4. The isometries V4 and Vz are recovery isometries, which allow us to
“recover” I' 4 from the A system, and similarly we can recover I'} from A.

The result is closely related to quantum error correction. One way to
interpret this is as follows: Consider a subspace Hg of Hy and let R be a
reference system of dimension dim(Hg), and ¢y g a maximally entangled state
between S and R. Then, Eq. (4.6) can be interpreted as saying that if we en-
code the subspace S by projecting onto random tensors, the information in I' 4
is protected, after encoding, against an erasure error on A. This idea is also
discussed in [61] for perfect tensor network models, and in [40] for random
tensor networks with maximally entangled link states. In holography, the no-
tion of local recovery isometries and their error correction interpretation goes
under the name of entanglement wedge reconstruction or subregion-subregion
duality. See [6,7] for a detailed discussion of entanglement wedge reconstruc-
tion in holographic systems with bulk entropy, relating to one-shot entropies.
We provide more details in “Appendix B.”

Our approach to showing Eq. (4.6) is that we start by projecting only on
the random tensors in I' 4, and not on the random tensors in I'}. This yields
a random tensor network state o on AI'S R.

We then show that, by a version of one-shot decoupling, the reduced
state on or¢r has not changed much from ¢r¢ g. By Uhlmann’s theorem,
this implies that there exists an isometry Va such that (V4 ® Ir< r)|o) = [¢).
Combining this with a similar result for I'4 we obtain Eq. (4.6), as will be
made precise in Theorem 4.4.

In our construction of o, we can relabel the vertices in the graph, and
think of the vertices in I" 4\ 4 as the bulk vertices V},, the boundary subsystem A
as the complete boundary Vjy, and relabel all other subsystems as the reference
system R. Then, we prove the following result, which is closely related to the
one-shot decoupling results in [24].

Proposition 4.1. Consider a random tensor network state py,r as in Eq. (4.5)
with a (purified) background state pyr € P<(VR). Let A=Vy and letT'y =V
and suppose that for any cut Ay € C(A) other than T 4

HQ(FA\AA‘R)¢|¢ > K
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then

Vel 1
Elpr — érli <272 /ur[p2 2K,

Note that since I'y = Vj, U A, the sets T4\Ay4 for Ay € C(A)\{T 4} are
exactly the non-empty subsets of V3. The formulation in terms of Ay € C(A)
will be natural when we apply this result in Theorem 4.4.

Proof. We closely follow the strategy in [24,26]. We first note a basic fact
(Lemma 3.7 in [24]): For any operator X and w a subnormalized density matrix,
it holds that

X1 < w3 Xw™ 5. (4.7)

The proof is an application of the Cauchy—Schwarz inequality. We use Eq. (4.7)
with w = ¢ and Jensen’s inequality to see that

Ellpr — érlli < \VEtr[(5r — or)?]

where py,p = (I ® qf)Rz_%pvaR(I@ or)"7 and dyr = (I © ¢r) " Tdyr(l ®
ér)" 1. Now, Epp = ¢r by Eq. (2.21), and the replica trick in Eq. (2.20)
yields

Etr[(fr — ¢r)? = Etr[pk] — trlo%]
= Z tr[(lz%FA\AA)R]

AAEC(A),AaCT 4
— Z tr[qg}Q—Hz(FA\AA\RMW
AAEC(A),AaCT 4
using the definition of ¢ and Eq. (4.2) and hence
(Ellpr — érll)? < 21Vl tr[g]27 .
O
Suppose that in the setup of Proposition 4.1, we would have equality
pr = ¢r. Then, by Uhlmann’s theorem, their purifications par and ¢r , r are

related by an isometry V4 from A to I'4. The following lemma is useful to
extend to the case where the reduced states are close in trace distance.

Lemma 4.2. Suppose pap € P(AB) and cac € P(AC) are pure states on
Hilbert spaces Ha ® Hp and Ha ® He, respectively. Then,

minl|(74 ® V)pap(Ia ® V1) = oacls < 2\/2||pA — ol +2llpa — oall.
where the minimum is over all isometries V : Hp — Hc.

Proof. Uhlmann’s theorem states that if pap € P(AB) and oa¢c € P(AC) are
pure quantum states with dim(Hp) < dim(H¢ ), then there exists an isometry
V . Hp — Hc such that

Plpa,o4) = P((Ix @ V)pap(Ia @ V1), 040)
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and, in particular, the isometry is the solution to an optimization problem:
P(pa,oa) =min P(I4 ® V)pap(Ia ® V), oa0).

Moreover, if both p and o are subnormalized, by Eq. (4.1), we can bound

min|[(Za @ V)pap(la ® VH —oac|i < min2P((Ia ® V)pap(la @ V), o40)
=2P(pa,04)
<2y2[|pa —oalh

From this, it follows that if ¢ is subnormalized and p has tr[p] > 1,

minl|(74 ® V)pap(Ia ® V1) = oacls < 2v/2tx[p]lpa — ol

Since tr[p] < tr[o] + ||p — o1 and tr[o] < 1, we conclude that

min|[(La @ V)pap(la ® V1) = oaclh < 2\/2||1)A —oalli +2[pa —oall.
for arbitrary p and subnormalized o. O

Finally, we will need a basic lemma relating tensor network states with
differing background states:

Lemma 4.3. Suppose we consider random tensor network states py, g and py,r
with (purified) background states ¢y g, dvr € P<(VR) and projecting onto the
same random tensors. Then,

Elpvor — pvorlh < léve — dvrli-

Proof. Let ¢—¢ = A, —A_ where both A, and A_ are positive semidefinite
and are such that ||¢ — @[y = tr[A; + A_]. Then, we can also consider the
random tensor network states o4 and o_ which take A, and A_ as back-
ground states, and by the linearity of Eq. (4.5) in the background state we
have p— p =04 —o_. By Eq. (2.21), Ecx = A;. We then estimate

Ellp - flh = Elloy — o_|ls < E(lox [y + lo—[l1) = Etrlos +o-]
= Ay +A_] = [l — .

where we have used that o, and o_ are positive semidefinite and hence
loxlln = tr[ox]. O

With all our tools assembled, we are ready to prove the main result of
this subsection. We again let ¢y r € P(VR) be a background state with R
a purifying system, and we let py, r be the associated random tensor network
state as constructed in Eq. (4.5). Let 'y be an arbitrary cut for the boundary
region A. In Theorem 4.4, we provide a criterion to determine whether IT"4
is a minimal cut in terms of conditional entropies. Informally speaking, the
following result shows that if I" 4 is a minimal cut in this sense, we can recover
the system I'4 from the boundary subsystem A, while we can recover I'Y from
the boundary subsystem A. For general ¢, Theorem 4.4 is closely related to
the task of split transfer, see “Appendix B” for a discussion. The following
result closely follows Proposition 18 of [26].
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Theorem 4.4 (Recovery isometries). Let pvr € P<(VR), and let py,r be the
associated random tensor network state as in Eq. (4.5). Let T'y € C(A) and
suppose that

Hy(Ta\AA[TGR) g1 = K (4.8)
for all cuts Ay € C(A) such that Ay C T4 and
Hy(AA\T AT AR) 46 > Ko (4.9)
for all cuts Ay € C(A) such that T4 C As. Then,
E vril,i\rfl,@”(VA RVi® IR)pVaR(V); ® Vj; ® Ir) — ¢vrlh
= O(tr[g]F (27151 4 271 K2)), (4.10)
where the minimum is over isometries Va : Ha — Hr, and Vi : Hgz — Hre, .

Proof. Let o AT R be the state where we have contracted along the tensors in
I'4 but not along those in I'}, and similarly let 74,z be the state where we
have contracted along the tensors in I'y but not along those in I' 4. We first
use Proposition 4.1 to show that ore g = ¢r¢ g and 70, g = ¢r, r. Indeed, for
o we simply apply Proposition 4.1 with V;, N T"4 as the set of bulk vertices, A
as the set of boundary vertices and I'4 R as the reference system. This gives

Ellore r — dre gl = O(V/tr[g]27#51).

A similar application of Proposition 4.1, with V,NI' as the set of bulk vertices,
A as the set of boundary vertices and I' 4 R as the reference system, shows

Elrrar — ¢ragl = (9( tr[¢]2_;K2>~
We note that for any isometries Va : Ha — Hr, and Vz : Hz — Hre
I(Va® Va® Ir)p(Vi® Vi® In) — dvalh
< ||(Iry ®Va® Ip)r(Ir, ® Vi © Ir) — dvrlh
+r = (Va @ Izp)p(V4 ® Lig)lh,

where we have applied the triangle inequality after adding and subtracting
(Ir, ® Vi@ Ig)r(Ir, ® Vg ® Ir), and then using the invariance of the trace
norm under isometries in the second term. We use this to estimate

E min [|(Va ® Vi ® Ir)p(V] ® Vi@ Ir) — ¢vrl:
Va,Va
< E(rr‘}i}lH(IpA @Vz®Ig)T(Ir, ® Vg ® Ir) — dvrll
A

+minr — (Va @ Lip)p(Vi® Lip)lh),
(4.11)
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where the minimum is over isometries V4 : Ha — Hr, and Vz : Hz — Hre,.
For the first term of Eq. (4.11), we apply Lemma 4.2 to get

n‘}ip||(IpA @ViIg)r(Ir, ® Vg ® Ir) — ¢vrll
A

< 2\/2HTFAR = érarlt +2lmrar = dranl?

< 2V2 (VImtar = 0ranlh + I70an = éraxlh)

and by Jensen’s inequality

Emin|[(Ir, ® Vz ® Ip)7(Ir, ® Vi @ Ir) — évrlh
A

<2V2 (VElrran = franll + Ellrear = dranlh)
= O(tr[¢]3271K2) (4.12)

For the second term of Eq. (4.11), we can think of 7 and (VA®IAR)p(V2®IAR)
as the random tensor network states with ¢ and (Va4 ® Ire R)J(Vj ® Ire r) as
the full state on edges, applying random tensors in I'};. Then, denoting by Ere
the expectation value over all random tensors in I'}, by Lemma 4.3
Ere, |7 = (Va ® Lig)p(VA @ Lig)lh = O(l¢ve — (Va ® Lig)o (VA @ Lig)lh)-
We thus estimate
Bainlr - (Va @ Lig)o(V] © Lig)
= O(Er, minllévr — (Va @ Lig)o (VA © Lig) 1)
for which we may argue exactly as in Eq. (4.12) and using Lemma 4.2 that
Er, H‘}in||¢VR - (Va® Ir;,R)J(Vj ® Irer)ll1 = O(tr[g]327 151,
A
We conclude that
E min |(Va® Vi ® Ir)p(Vi @ Vi@ Ig) — ¢vlh
A, Va

= O(trfg]t (2741 +274%)).
U

We hence find that the closeness of the boundary and background state
can be bounded via conditional Rényi-2 entropies of cuts. In particular, for
large K1, K5, the recovery isometries can recover states to good accuracy, and
we find that E|[spec, (pa) — spec (¢r,)| is small. However, this result is not
yet completely satisfying. The conditional Rényi-2 entropy is not a “robust”
quantity, in the sense that a small deformation of ¢ can drastically change the
values of the conditional Rényi-2 entropies in Eqs. (4.8) and (4.9). For this
reason, we would like a condition with smoothed entropies. We first note that
one can actually show that for the condition in Eq. (4.8), we can bound

Hy(Ca\AAITS R) 616 > Hunin(Ca\AAITGR) (4.13)
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and similarly for Eq. (4.9),
Hy(AA\TATAR) g > Huin(As\T4|TaR)y (4.14)

To make the condition “robust,” we would like to replace these by smoothed en-
tropies and express a condition in terms of HS; (TA\Aa|T4R)g and HE; (Aa
\['4|T4R)s. This will require simultaneous smoothing: finding a state ¢7 , €
P.(VR) which is close to ¢, such that Hupin(Ta\A4TGR) ¢ > HE i (Ta\A 4|
I'YR)y and Huyin(Aa\TA|TaR)ge > HS ) (As\T'4|TAR), for all relevant cuts
A 4. If we have a general background state, it is not known how this can be
done [25,31]. However, if the background state is actually a tensor product of

link states, we can perform the simultaneous smoothing.

4.3. One Minimal Cut

The primary result in this subsection is Theorem 4.7, which states that if the
background state is actually a tensor product of link states as in Eq. (2.2), then
the spectrum of the boundary state is well approximated by the spectrum of
the minimal cut link state in expectation, where the approximation accuracy
is controlled by smooth one-shot entropies. It is a straightforward application
of Theorem 4.4.

For a cut I'y € C(A) we define

Cl(FA) = {AA S C(A) Ay C FA}
Co(Tp) ={AA€C(A): T4 C A4}
The key result we need is the following lemma, which we prove in “Ap-

pendix C,” which shows that if we have a link state, we can perform the desired
joint smoothing.

Lemma 4.5. Let ¢ € P_(V) be a link state, A C Vy a boundary subsystem and
T'a € C(A) a cut for A. Then, there exists a pure state ¢° € P (V) which is
such that

P(6,¢°) <2 (VIG T + VIGT) VE
and it holds that for any Ay € C1(T'4)
Hnin(Ca\AAITG)ge > Hipin (Ta\AAIT )
and for any Ay € C2(T4)
Hunin(Aa\La[Ta)ge > Hyyin(Aa\Talla)g.
We now define the notion of a minimal cut for an arbitrary link state.

Definition 4.6. (Generalized minimal cut) A cut I'4 is an (e, K)-minimal cut
if for all Ay € C1(Ta)
min(FA\AATG)s = K

and for all Ay € C5(T4)
HE (AA\FA‘FA)(j) > K.

min
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This definition is consistent with the smooth entropy conditions for min-
imal surfaces in holography from [6]. The following is now a straightforward
consequence of Theorem 4.4 and Lemma 4.5. It justifies our notion of a gen-
eralized minimal cut, as it controls the degree to which the spectrum of the
corresponding cut link state ¢r, is close to the boundary state p4.

Theorem 4.7. Consider a random tensor network state p constructed with ¢ €
P_(V) a tensor product of link states as in Eq. (2.2). Let A be a boundary
region of the network, pa the corresponding boundary state, and T 4 an (g, K)-
minimal cut. Then, the spectra of pa and the state ¢r, on A are related as:

Eljspec, (pa) — spec, (¢r,)[l1 = 02755 4 V/z).

Proof. Let ¢ be a state as constructed in Lemma 4.5, and let p* be the random
tensor network state using this background state. Then, by Theorem 4.4

Elspec (p%) — spec (é1 )1
< E min ||(Va® Vz @ Ig)p* (V] @ VI® I) — ¢
Va,Vi
= O(tr[g]# (2717 4 273%))
where K is the minimal value over Ay € C1(I'4) of

Ha(TaA\A4[TY) pe1gs > Hunin(Da\A AT )ge — log tr[eF]
> Hy i (Ta\A4[LG ) g — log tr[¢f]

using Eq. (4.4), the defining property of ¢ from Lemma 4.5 and accounting
for the normalization. Similarly K5 is the minimal value over A4 € C5(T'4) of

Hy(AA\T AT A)pe 1 > Humin(Aa\T'a|Ta)gs — log tr[¢f]
> Hp i (Aa\la[la)g — log tr[ef]

and hence K1 > K and Ky > K, so
~ 1
El[spec (p5) — spec, (oF,)[1 = O277F).

Moreover, ||¢p—¢%||1 < 2T(¢, %) < 2P(¢, ¢%) = O(y/€) by Eq. (4.1) and hence
by Lemma 4.3

Ellp — p°ll1 = O(Ve).
We conclude that

Ellspec (pa) — spec, (¢r,)|l1 < Ellspec, (p%) — spec, (¢F,)[l1
+ Ellpa — palls + llér, — ¢r, 1
— 02 K 4+ e).
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4.4. Two Competing Minimal Cuts

We now consider the case of two minimal cuts for A, where the link states do
not have bounded spectral variation as in Sect.3. We cannot directly apply
Theorem 4.7 if there are two competing minimal cuts (note that we will need to
define what this means exactly), nor can we assume that the empirical measure,
or even a rescaling of it, will converge. Instead, we will see that the spectrum
can be approximated in trace distance in a way that allows one to compute
entropies, as well as showing convergence of certain measures depending on the
spectrum of the reduced state. In particular, under these regularity conditions,
we will prove the main result of this subsection: The distribution defined by the
boundary state converges to the measure defined by the pushforward along the
min-function acting on the distributions of the two competing minimal cuts.
The intuition behind this is that the state on the edges can be approximated
by a superposition of two states which both do have a unique minimal cut.
As a corollary of this result, we will then show how to approximate the von
Neumann entropy of the boundary state in such a situation.

We begin by introducing the relevant family of probability distributions
for our purposes. Given a probability distribution vector p € R? of d outcomes
and f(d) > 0 and g(d) € R, consider the random variable which takes value
f(d)[—1log(p;) — g(d)] with probability p;. It has distribution

d
Vp = D Pidf(d)[~ lox(p)—g(@)] (4.15)

i=1
Typically, we will have families of probability distributions with increasing d,
let f(d) = (logd)~! and choose g(d) such that it corresponds to the entropy of
p. We will also write v, = Vgpec(p) for a quantum state p. We may also consider
Eq. (4.15) for the case where p € R? is positive but normalized, in which case
v, is a finite measure. To motivate the study of the distribution in Eq. (4.15),
we note that it is closely related to the central limit theorem. Let d = d{j and

p= pgzm for some state pg on C%. Then,

v = D M o)t (po)

Aespec(p@™)

converges in distribution to a normal distribution by the central limit theorem.
We study this particular measure because the empirical measures we investi-
gated in Sect. 3 may not have good convergence properties if, for example, the
full state on edges consists of many copies of a single non-maximally entangled
link state. Moreover, the measure in Eq. (4.15) clearly captures information
about the entropy of the probability distribution, and turns out to capture
information about second-order asymptotics of information processing tasks
[38,72]. In fact, the example of many independent copies of a single link state
is not the only relevant situation. In [14,19], it was argued that the entan-
glement spectrum of conformal field theories with large central charge (which
are the motivating example to study random tensor networks) have similar
behavior.
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Before diving into more technical details, we can build some intuition for
how distributions of the form Eq. (4.15) will behave in the two-cut setting.
Consider the situation with a single random tensor. Let us take a single bulk
vertex x and two boundary vertices a and b, with edges (za) and (zb). There
is a single random tensor at x, and we take link states |¢1)®" along (za) and
|p2)®™ along (xb). We denote

03 = > /A i)

for j = 1,2 and we let h; := H({\;;}) be the entanglement entropies along
the two minimal link states. There are two separating cuts for the boundary
subsystem {a}: If hy < hg, then (xa) is the minimal cut, and if hy > ho, the
minimal cut is given by (ab). In these cases, for large n, the entanglement
spectrum of py,) can be approximated by the entanglement spectrum along
the minimal cut. What happens at the “phase transition” where hy = ho =
h? The intuition is that we can split |¢1)®" @ |p2)®" into a superposition
of the two states, one for which the minimal surface is at (za) and one for
which the minimal surface is at (ab). We find that in this case, if we let
07 =3 i (log(ﬁj) — h)2, then for any bounded continuous function f, the

quantity
S <10g(\/)% nh)

Aespec(piay)

_(@1-n)? h)2 _(zg ;)2
// 207 273 f(min(zq, 22))dzday

in probability as n goes to infinity. Our goal in this section will be to prove a
general version of this result for full random tensor networks.

In Sect. 3, we used the method of moments. (If all moments of a dis-
tribution converge, and the distribution is uniquely determined by its mo-
ments, then we have weak convergence.) However, convergence of moments is
a stronger condition than weak convergence, and it requires computation of
all moments. In this section, we will use that for distributions of the form Eq.
(4.15), convergence in distribution follows from convergence in trace norm:

converges to

27r01 o9

Lemma 4.8. Consider a sequence of increasing integers {d, }nen and for each
n, positive vectors p™, ¢ € R4 . Let o,h : N — R be such that o(d) > 0
for d € N and limg_. a(d)*1 =0. Let

V(") = Z Pln

[~ log(p{™)—h(dn))]

and similarly let

n) _ n
Zlql b5 [ log(a{™) ~h(d.)]"
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1. Suppose ||p™ — ¢ |1 goes to zero as n goes to mﬁmty, and 1/1(7")

for some probability distribution v. Then, 1/( NN

2. Suppose the vectors ¢\ and p'™) are random, 1E||p(") —q"™||; goes to
(n)

=V

zero as n goes to infinity, and vy ' = v in probability. Then, Vén) =vin

probability.

Proof. We need to show that

f@)dv( (z f(x)dv(z
[ s = [ s

for any f € Cp(R). In fact, it suffices to show this for f uniformly continuous
(see, for instance, Theorem C.10 in [3]). Let £ > 0, then if we assume f to
be uniformly continuous, there exists § > 0 such that for any x,y for which
|z —y| < 4, it holds that |f(z) — f(y)] < e. We use a triangle inequality to

bound
] [ @@ - [ e ] [ @@ - [ e @)
" ‘ [ @@ - [ s@ae)
(n)

Since vy ' = v, the second term on the right-hand side vanishes as n goes to
infinity. If we write g, (z) = U(d )(log — h(d,)), then the first term on the
right-hand side of Eq. (4.16) is given by

— 0

dn

S Flgala™)) - p§”>f(9n(p§”)))‘ :

i=1

This can be bounded by

dn
0" Fon(a™) = Fan )| <3 fa — "

i=1 i=1

+ Zp(n)

‘f (gn(q (n) )‘

a™) = Fon ™))

In this expression, the first term is bounded by

dn,
Sl A < Clla™ = p™; (4.17)
1

1=
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where C is a uniform upper bound for f (using f € Cy(R)). For the second
term, we partition the sum over [d,] into three sets

(n)
I, = {Z € [dy] such that 2-00(dn) < % < 25U(d")}
q;

(n)

(n)
I = {z € [d,] such that 2~ > 25U<dn>}
q;

(n)
I3 = {z € [dy] such that pzn) < 25”(d")} .
4;

The idea is that for ¢ € I, p; and g; are sufficiently close that we may use the
continuity of f, whereas I and I3 cannot have too much weight (using that
p™ and ¢™ are close in trace distance). Let us now make this precise. For
the sum over the elements in I;, we have

S| flon(@™) = Flan@™)] < 3 pMe < Ip™ e, (4.18)

i€l i€l

using the uniform continuity of f and the fact that for ¢ € I;, we have g(g (”))

(n)
g(pgn)) = U(im log (2@)), implying ‘g qi - g(pl(n))‘ < ¢ by the definition

of I. Next, we observe that

™ =g = Y "

( )
_ ()
p =gV = p ( (n)>
i€l i€l
3 (1),

i€ly

and hence for o(d,) > =1, we have

ST < 20p™ — ¢ (4.19)

i€ls

In analogous fashion, we see that

P =™ = >

- =

icls, p<")>0 i€ls,pi™ >0 P
> E p (250 1) ,
i€l3

so for o(d,) > 6~ we have

3P < [lp™ — g™, (4.20)

i€l3
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In conclusion, for o(d,) > 61, collecting Egs. (4.18), (4.19), (4.20) and using
that f is uniformly bounded by C, we can bound

Z p(n)

Together with Eq. (4.17), this implies that for o(d,,) > ¢, we obtain the bound:

‘/f )™ (@ /f )dw("

Since 1/( "=y, [p™ |1 — 1, and since € > 0 was arbitrary, we conclude that
as n goes to infinity

‘ / f(z du(”) / f(z)dv(x
proving 1.

To prove 2, we note that by Markov’s inequality, it suffices to show that

‘/f )™ (@ /f Ydv(z

where f € Cy(R) is a uniformly continuous function. By Eq. (4.16), it suffices

to show
E ‘ [ @@ - [ i@ @)

Let € > 0, and let ¢ such that if |z —y| < 4, |f(x) — f(y)| < e. Then by Eq.
(4.21), fora( n) > 671,

' [ @@ - [ e @)

Since £ > 0 was arbitrary, E[¢™ — p(™|; goes to zero, and E||p™]|; goes to
one, we conclude that Eq. (4.22) holds, proving 2. O

a™) = Flon @] < ellp™ s +3C1p" — ¢

<4C|q™ — p™ ||y +ellp™ 1. (4.21)

—

0, (4.22)

— 0.

< 4CE(¢"™ —p™ |1 + eE|p™ 1.

The value of this result is clear: So long as we restrict ourselves to mea-
sures of the form Eq. (4.15), then we can prove convergence results by proving
convergence of trace norms.

We will also need a basic lemma to help estimate overlaps of states.

Lemma 4.9. Suppose we have two bipartite pure states Yap,dap € P(AB).
Then,

ltrell¥) (¢l = F(¥B, ¢B).
Proof. For any operator M4 on H 4 it holds that
[Mall1 = sup [tr[UaMa]|
Ua
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where the supremum is over unitary operators Us on H 4, so

Itrslv)(@lllh = sup [tr{Ua trs{[v) o]

= sup [tr{Us ® L) {ol]] = sup [(p|Ua © I5[v)|

which equals F(¢¥ 5, ¢p) by Uhlmann’s theorem. O

With these tools in hand, let us now return to the random tensor network
setting. Let I'4 ; and I'4 2 be two cuts with associated sets of edges v4,1 and
va,2. We will assume these two cuts are non-intersecting: 41 N~vya,2 = 0, and,
without loss of generality I'4 1 C I'4 2. We will assume that the full state on
edges is a tensor product of link states along the edges, and that the associated
central limit measure for the spectrum along the cuts v4,1 and v4,» converges
to a continuous probability distribution. The most obvious application is where
the link states on each edge ¢. are many copies of some single state ¢, o, so
be = (¢e,0)®", in which case the spectrum is subject to a central limit theorem
and the assumptions of Theorem 4.12 are satisfied.

We will now formalize what it means for these two cuts to be competing
minimal cuts. We have fixed I'4 ; and I' 4 o with I'4 1 € I'4 2. Then, we consider
three sets of cuts: C1(I'4,1,I'4,2) is the collection of cuts strictly contained in
I's1,Ca(Ta1,T42) is the collection of cuts which strictly contain I'4 2, and
C3(T'a,1,T 4,2) is the collection of cuts which are “in between” I'4 1 and I'4 o.
That is,

Ci(Ta1,Ta2)={Asae€C(A): AsCTa1}
CoTa1,Ta2)={AaeC(A):TasC A4}
C3(Ta1,Ta2) ={Aa€C(A):Ta1 C A4 CTap}
and we let C =C1(I'a1,T42)UC2(T4,1,T42)UC35(T"41,4,2). As in the single
cut case, we would like to say that the surfaces I'4; and I'4 > are minimal

cuts if an appropriate set of conditional entropies are sufficiently large for all
A4 € C. We formalize this as follows:

Definition 4.10. A pair of cuts I'4 1 and I'4 5 for A is a pair of (e, K)-minimal
cuts if

Faa\Aally ) > K
for all cuts Ay € C1(T'a1,T a2
in(Aa\Ta2|Ta2) > K

rin(Aa\L 41T A1)

min (
)
(
for all cuts Ay € Co(T'a1,T 4, 2) and
( > K
n(FA 2\AallG o) > K
)

for all cuts Ayq € C3(T'a1,T a2
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We will need a joint smoothing result similar to Lemma 4.5 for the par-
ticular case where 'y ; = A and T'Y , = A. To this end we consider a graph
G = (V,E) with a set of boundarylvertices Vs, and a boundary subsystem
A C V. We denote by v4,1 the edges incident to A, and v4,2 the edges inci-
dent to A, and assume these sets do not intersect. We let E, = E\(y4.1 Uva,2)-
For a cut Ay € C(A) we let Y24 be the set of half-edges

VA4 = {(e,z): e = (zy),z € A,y € A}.

Lemma 4.11. Let ¢ € P_(V) be a pure background state which is of the form
¢ = ¢’)’A,1 & ¢'YA,2 & ¢Eb7 where

d)Eb - ® ¢e

ecly

is a product state and the ¢~ , , have a Schmidt decomposition in the standard
basis along the half-edges. Then, there exists a state ¢° which is such that

P(¢,¢7) <2v2Ve
and for all cuts Ay € C(A) it holds that
Hpmin(As\A|A)y > H,

m

m(AA\AJAY 24,

To state the main result of this section, recall that given a measurable
function f : X — ) between measure spaces, the pushforward of the function f
on a measure y on X is defined by (f. (1)) (A) = p(f~1)(A) for any measureable
set A C Y. We apply this to the function min : R x R — R in the result:

Theorem 4.12. Consider a family of random tensor network states on a graph
G with pure state on edges ¢, indexed by an increasing sequence of positive
integers n. We assume that T'a1,T a2 € C(A) are a pair of non-intersecting
(e(n), K(n))-minimal cuts for all n where e(n) = O(n~") for v > 4 and
K(n) = Q(log(n)?) as n goes to infinity. We let H : N — R, and we assume
that

Vo, = DL Mfog(d)-H0w)
Aespec(or, ;)
fori=1,2, is such that Vor, . = Vi, where v; is a probability distribution with
a continuous cumulative distribution function. Then, v,, = min, (v1, 1) in
probability.

Proof. Proving this result will require several intermediate results. We provide
a very high-level, enumerated sketch of our proof here, involving the following
steps:
1. Study a reduced problem on a subnetwork; this subnetwork is such that
the minimal cuts y4,; are incident to the boundary.
2. Approximate the background state with superpositions of maximally en-
tangled states by binning eigenvalues, and construct approximate tensor
network states with the approximate background states.
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(b) We show that the spectrum is almost preserved

(a) Consider a tensor network with a boundary region when removing the boundary regions; that is, the
A with two competing minimal cuts. spectrum of p4 is approximated by that of op.
o v I | ‘ | I
v — log(1) — log(<1-)
Hn) s Xy

(c) The distribution of the logarithms of the eigenvalues has width of order /n. We approximate the
spectrum of the state along the two minimal cuts by a superposition of maximally entangled states and
discard the tails of the spectrum.

Braa) 7
[$74,2)
[Fra) ]
[6va,1)
.
.
playye o eece
(k.b)
. |k
(d) We then discard the part of the state where the
maximally entangled states along the two cuts are of (e) We decompose the background state as a super-
almost equal dimension to get the approximate state position over |¢1¥) and |¢?). We denote the cor-
on edges |§). responding tensor network states by ¢ and o®).

FI1GURE 5. Illustration of the proof of Theorem4.12

3. Prove that the spectrum of the boundary state converges to the spec-
trum of the approximate tensor network state, which in turn converges
to the spectrum of the approximate background states. We write the
background state as a superposition of two states, one of which has y4 ;
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e

(f) For the state |¢"®)), the minimal cut is v4,1, and along 74,2 we have a maximally entangled state,

which gives og’“) = ¢g’“). Similarly, for |¢""?)), the minimal cut is 4,2 and we get o) ¢g‘b).

B
= _...uj.uu...__.uLUJlUJ.u..__u.U.l.m.”.l.Ll_

al .:nl alll _ulll”m_

il il
all ol ol g ol -
Ll ol 2

ul
TN al

(a)
9B

(b)
9B
(g) All the Ug’“) have the same eigenbasis, so we can add the spectra. We can do the same for the ag’b),

yielding Ug‘) and a'g), which has the same spectrum as ng Finally we argue that the Ug‘) and a'g') are
nearly orthogonal, so we can combine the spectra, as in Eq. (4.37). We complete the proof by showing
that the resulting spectrum converges to the pushforward measure of the min function applied to the
spectra of the two cuts.

FIGURE 5. (continued)

as its minimal cut, whereas the other state has 4 2 as its minimal cut.
We show that the resulting states are approximately orthogonal.

4. Show that the distribution of the approximate background states con-
verges to the min-distribution, and hence conclude that the spectrum of
the boundary state converges to the min-distribution.

Figure5 provides a more detailed visual sketch of the intuition behind our
proof strategy. Lemma 4.8 will be a key tool, as it implies that it will suffice
to show convergence in trace norm.

We assume without loss of generality that I'4; C I'4,2. We now define
the subnetwork that we will analyze in our proof. Let G' = (V', E’) be the
induced graph on V’ = V/ UV}, where V/ =T'42\I'4,1, and V), = BU B, with
B the set of vertices in I"4,; which are incident to Vb’ and B the set of vertices
in V\I'4 2 which are incident to V. The subgraph G’ is depicted in Fig. 5b.
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We also define the random tensor network state 7 as the state obtained
by applying random tensors only on bulk vertices in the complement of V.
Then for this state, by a slight variation on Theorem 4.7, it holds that

E min [[(Va® Vi@ DT(Vi@ Vie D) =gl = 02 " +/(n)),
A,V A

where the minimum is over isometries V4 : Ha — Hr,, and Vg : Hz —
Mre, ,. Let 7 = (Va® V4 @ )7(V] @ V] @ I) where the V4 and V; are the
isometries that realize the minimum.

Now, consider two random tensor network states on G’ obtained by ap-
plying the same random tensors on V; with background states 7 and ¢, re-
spectively. The state where we take 7 as the background state yields (V4 ®
Vi® I)p(VAJr ® V,} ® I). Denote the state where we take ¢ as the background
state by . Then by Lemma 4.3:

E|[(Va® Va)p(Vi®V}) = ol = 027 5K™ 1+ \/e(n)).

If we let E; denote the set of edges (zy) for which both =,y € I'4 1, and Es
the set of edges (zy) for which both z,y € ['% 5, then or, , = ¢p, ® op and
or,, = ¢E, ® op. This shows that

Elspec, (p4) — spec, (051 = 02 K™ 4 /() (4.23)

and spec, (0p) = spec, (0p), because o is pure, which follows because its
background state ¢ is pure. We will continue to study ¢ on the reduced graph
G’, as in Fig.5b, and at the end of the proof, we will see that Eq. (4.23) will
be sufficient to prove the desired properties of spec(pa).

We have accomplished Step 1 by reducing the full network to a subnet-
work, and we now try to construct an approximation to o. We will do so by
coarse-graining the spectrum of the background states along the two minimal
cuts: slicing the tails of the distribution, binning the remaining eigenvalues,
throwing away the smallest bins of the binned distribution, and then approxi-
mating the states as a superposition of maximally entangled states defined on
the bins. Consider the background states along the two minimal cuts in the
Schmidt basis:

JJ). (4.24)

|¢'7A,11> = Z vV >\i,J
J

Here, the |J) are a tensor product basis along the half-edges (which we again
may take to be the standard basis), so that

|JJ) = ® ‘ie,m> ® |ie,y>v
e=(zy)Eva,i

where the |i. ;) and |i. ,) are a basis for H. , and H. . First, we truncate the
allowed range of eigenvalues by slicing off the tails of the distribution, as in
the left side of Fig. 5c. Let

I, = [2~ H(W=CVilog(n) o= H(m)+Cyilog(n)]
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for some constant C, and let
60 )= > VAl
Ai, g €I,

Note that the entanglement spectrum of ¢.,, is given by the spectrum of
¢r, ;- This implies that

S Aoy = Vir, (00, ~C'log(n)) U (Clog(n), 50)) — 0

Ni,g&ln

and hence
Ipya, — &) [l — 0.

Next, for \; j € I,,, we define new S\i)J according to 1og(5\i’1) = n% [n*log(N;.J)],
effectively binning the values of log(); ;) into intervals of size n~%, as in the
right side of Fig.5c. We will choose « > 0 small (but other choices will be
useful for Corollary 4.14); to be precise, we choose a < (7 — 4). We can now
define the background state

6520,

1 J
Ai,g€l,
Then by Lemma C.4
||¢,(Y1A)1 »(YQA)J 1§2 Z )\ZJ AzJ‘a
J
which we may bound using the fact that 2~ < ’\f'j <1

e A,
; ZJ_ ’ ZA1J<1_7I>§H{?X<1_/\Z"§>

1
§1—2—nla:0(>.
nO{

Thus, H(b%) , _¢’m = (’)(n_%a). Since the interval I,, has length O(y/nlog(n))

and the distinct values A; ; are n=® apart, the \; s take O(n®"2 log(n)) dif-
ferent values. Denote these values by p; ;, and let d; ; be their multiplicities.
Setting

Gij = dijPijs
we can rewrite the state |(;5,y ;) using the collected eigenvalues:

%)) Z\/qz @7

where the \<I>;Z> are maximally entangled states of dimension d; ; which are
orthogonal, i.e., (@;Z@;‘)‘k) = §;%. Note that 0 < ¢;; < 1 and Zj gi; < 1.
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Now, we discard any bins that are too small: Let § > o + % and consider the
state

60 = D Valed) (4.25)
qi,j >n—~8

where we restricted the sum to terms for which g; ; is sufficiently large. (And

hence p; ; will be sufficiently close to d; jl.) Then, since the number of terms

is O(n®*z log(n)) and using Lemma C.4, we have
162), = 6% |l = O (nde+i-39 /log(n))

To summarize, qS(VSA)J is the state obtained from the original background state
¢~,4., by 1) removing the tails of the spectrum, 2) binning the eigenvalues, and
finally 3) dropping any of the bins that are too small. The first approxima-

- 1 .
tion incurs an error ||¢., , — qzﬁfy A) 1, which converges to zero, and the second

and third approximations incur errors of order (’)(n_%a) and O (n%““‘4 2
log(n))7 respectively.
Now, let quS be the background state for which we have replaced ¢, ; by

SP;) , for i = 1,2. Recall that o is the state on the random tensor network state

constructed with background state ¢ on the subgraph G’, as in Fig.5b. We
then define the approximation & to be the tensor network state on G’ which
uses ¢ as its background state instead of ¢. With these background states, we
see

16 = 9l = O (11630, = 6 I+ 0732 4 n3etd=30 log(m)) — 0. (4.26)
We then apply Lemma 4.3 to find:
Ello — &l = 0 (Jl¢ — dl1 ) — 0. (4.27)

We now make one final approximation to o, in which we discard the parts of
the background state where the maximally entangled states along each cut are
close in dimension, as in Fig. 5d. Consider the state

|<£"/A,17"/A,2> = Z Vv 41,k92,5

1/4 1/4
an/ P2,k <p2,j Oor 27" / P2,k >P2,j

D1 ) @ |P25),

where the sum is still only over those j and k for which ¢, > n~? and
g2, > nP. If we let

Dp={(m,y) ER*>:z—n"T—n 3 <y<az+nt+n 3% [z[<log(n)+1},

then as n increases, the measure of D,, converges to zero and since the measures
Vo, . = Vi and v; has continuous cumulative distribution function
i

Z 41,592,k < (V¢1"A11 X V¢FA12)(D71) — 0. (4.28)

nl/4 1/4
2-n py i <pap<2n A py
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Hence, if we let ¢ denote the background state with gb,, a1 ® QS.Y A.» Teplaced by
Gyaiyans We get that [|¢ — ¢|l1 — 0. By Lemma 4.3, if we denote by & the

state we obtain on G’ by using ¢ rather than ¢ as the background state, we
get

Elg — ol — 0. (4.29)

We pause here to note that we have accomplished Step 2: We have con-
structed an approximation & to ¢ by approximating the background state
along the cuts as superpositions of maximally entangled states. The utility in
doing so is that working with this approximated tensor network state allows
us to reduce to calculations where we restrict to a maximally entangled state
along one of the two surfaces. Our next major step is to then show that the
spectrum of @ can be used to approximate the spectrum of p, which will then
allow us to analyze the convergence of the corresponding distribution. As a
first intermediate step, we will show that & can be approximated as a super-
position of a state with minimal cut v4; and a state with minimal cut v 2.
This will allow us to more easily reason about how the background states are
related to the spectrum of &, in turn, o, and in turn, pa.

Let us write

0t = 2 Vamglel) @ |ef)

1
k s.t. p1,k>p2,;2™ /

690 aa) = > Vi@ ®7) ® [9F,),

1
k s.t. p2 k. >p1,;2™ /4

allowing us to write the background state (;_57 A1.v4.2 as adifferent superposition,
as depicted in Fig. 5e:

T _ b
‘¢’)’A,17'YA,2> - Z ’(y]Aa1,’YA 2 + Z |¢’(YJA ZWA 2

J

Let [¢®) and [¢U?)) denote the background states on G’ where we have

replaced |¢’YA 1,74, 2) by |¢’YjAa1)7’YA ») and |¢'YA 1,74, »), respectively, and let

67y =D _160), 18" = 1o,
J

J

Denote by |0(®), |07} the random tensor network states on G’ with back-
ground states [¢(9®) and |¢\:?)), respectively. Similarly, denote by |o(®)) and
|o(®)) the random tensor network states on G’ with background states |#(®))
and |¢®)), respectively.
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We start with the following bound on the rank of o (G,a),
rank(ag’a)) < rank((bg’a))

< Z dy

1
P1,k>P2,;2" /4

Z q1.k

1 PLE (4.30)

IN

1
P1,k>P2,i2™ /
_1/4
< Z Q1,k2 "
% P2
27711/4
b2,j

<

By the same reasoning we may bound the rank of 0(] *) as

2_n1/4
P15

rank(o¥") < (4.31)

Now, we will argue that the state o** has minimal cut Y41, and ol:b)
has minimal cut y42, as in Fig. 5f. Intuitively, it is sensible that for o(7:a)
the unique minimal cut is along v4 1, as for #79)  we have a fixed maximally
entangled state along v4,2, and a superposition of maximally entangled states
of lower dimension along v4 ;. Similarly, for o) the minimal cut is along
’YAQ To confirm this intuition, we will now show that o7 ~ ¢{7*
J b) ~ (ZS (4,b) .

and

We show this for ag’a). In this case, the “minimal” cut is simply B. Let
Ap be a cut for B unequal to B or to V;/ UB. We denote by A 4 the associated
minimal cut for A on the original graph G given by Ay = AgUT' 4,1. We let

Y28 = {(e,z):e= (zy),x € AG,y € B}.

Note that as ¢ is a product state we have HS, (Ap\B|B)y, = Hf;,(Ap\B|B
yAs )y. We can obtain ¢(/'%) from ¢ by acting with subunital CP maps on B
and B and therefore (by two applications of data processing)

Ap\B|BY®?) .0 > Hoy (Ap\B|BY 25), =
> HE. (AA\FA|FA)¢

min

mm( mm(AB\B|B>

We now consider Ag = V;/ U B (in which case Y22 is empty, since we assume
Y41 N7ya2 =0). Then,

Hy o (AB\B|B) y.0) = Humin(AB\B|B) 46.0) = Hin(B) 3.0) — Hmax(B) g0
using the product structure of ¢%%). Now, we compute

Hyin (B) yiser = —10g (69| 0) = —log(pa,),
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where we recall that ps ; is a binned eigenvalue. By Eq. (4.30), we can bound

) = —log(pz,;) — nt.

_pl/4

-

”» 2
Hypax(B) g0 < log(rank(p%™)) < log(
D25
In conclusion,

mln(AB\B|B)¢(J @ 2 n4

By Lemma 4.11, we can find ¢(7%) such that P(¢pU®), ¢(#7:2)) = O(,/2)
and for all cuts Ag # B we have

Huin(AB\B|B) gc.j.a) > Hy
and hence for Ap # V/UB
Hunin(AB\B|B)yc0r 2 Hyin (Aa\TalTa)g
and for Ag =V/UB

(A\B|BY*#) 4.0,

Honin(Ap\B|B) g .00 > nt.

Therefore, Proposition 4.1 allows us to conclude that if we l_et ole:d:a)
denote the random tensor network state with background state ¢(¢9:%) then

EHU(Bf:j,a) _ ¢§3€7j,a H -0 (2—2K(n) + 2—n4> :

and by Lemma 4.3 and the fact that T(¢\®) ¢(=52)) < P(¢pU:®) | ¢(=:3:2)) this

implies
IEHUg’a) (J a)H < E|ot (e.5,a) _ (E,Lﬂ)”
+Elog” = o +llo5 " - 05l

=0 (2—51((") + 2‘%"1 + \/E(n)> .
It follows that
Ellol) — ¢l < S Ello — 65|l

O (et togn) (24K 2740 4 VEG)) 0
(4.32)

using that the number of terms is O(n®*2 log(n)). This expression goes to
zero since we assume K(n) = Q(log(n)?) and e(n) = O(n~7). A completely
symmetric argument shows that

IEHO'(]’ _ J7b)|| -0 <22 (n) 4 2**”4 + \/7> (4.33)

and hence
1
Blloy’ — ¢ | = O(n*# log(n)(27#K( 273" 4 2(n))) — 0. (434)

We have hence shown that ag’a) ~ (;Sg’a) and Ug’b) ~ qbg’b) in expectation.
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We now show that we can approximate the state g on G’ by the sum
of these states. We first claim that we can sum over the j index to obtain the
ag) and ag). To see this, we introduce some notation: Given a self-adjoint
matrix X, let us write supp(X) for the image, or support, of X. In other
words, supp(X) is the space spanned by the eigenvectors of X with nonzero
eigenvalue. We let Hp ; be the support of the reduced state of |7 ;) on the
B system, and we similarly let Hp ; be the support of the reduced state of
| D3 J) on the B system. Then for j # k, the subspace Hp ; is orthogonal to
Hp . and similarly H g ; is orthogonal to H g ;. By construction, it is clear that

supp( G, a)) C Hp,; and supp(oy (7,6) ) C Hp,;. This orthogonality for indices
Jj#k then makes it clear that we can sum the reduced states, as in Fig. 5g:

a j,a b j,b
NONE P R Qe L)
J J

and by the purity of ¢(*), we have that o B) has the same spectrum as cr(f) We
remind the reader that the (a) and (b) indices indicate that the mlnlmal cut
for the state is given by v4,1 and 74,2, respectively. Naturally, this also holds
for the summed states, by orthogonality of the summands.

We now claim that o ~ a(a) +a(b) i.e., the spectrum of the approximate
state on G’, as in Eq. (4.29), is well approximated by the sum of two states
with differing minimal cuts. We estimate their difference by

b — e I,a
Elloy) + 0y —apllh = E|Y_ tra[lo¥) (@®D| + |o®D) (o)),

< 2ZEHtr* o) (e ™)1y

— 2ZEF (J a) 7(k b))
by Lemma 4.9. Now, if p, 01 and oy are positive operators, then by Lemma
B.9 in [34], we have
|[F(p,o1) = F(p,02)| < V/[lo1 — o2]|1 tr[p].
So, we find that

]EF(O,(77 a) (k b) < E‘F (J»a) o b)) F(G(Bj’a),qf)(ék’b))‘ +IEF(U(Bj’a), (BZ%b)))

a k,b) kb a) (kb
< Ey/ulo§ ol — 65l + EF @, 5")

j,a k,b) kb a) (kb
g\/ﬂ«]tr[ag )]\/Enag — SN + EF(0Y, o0,

where we used Cauchy—Schwarz in the last step. For the first term, we may
use Eq. (4.33) and Etr[o 3 @ a)] <1 to see

VEuloYEIG? — 637 = 0@ + 274 4 (o)),
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For the second term we use a basic estimate on the fidelity: If p and o are
positive operators, then

F(p,o) = Vvl < IV Ival
< Vrak()||/3lzlv/allo = v/rank(p) o]l o,

which follows by Holder’s inequality and the standard relation between Schat-
ten 1 and 2-norms. Then, the second term can be estimated as follows: Write
Pg ; for the projection onto Hp ;, then

I,a k,b j,a k,b
Flog™, ¢5") = Flog®, P5 ;65" P5 ;)

" a kb
< \/tr G:9)] vank(o YD) || Pg 6 Pg_ s

. 27n1/4
\/tr[og’a)]mpz,j
J

< y/tr[o ¥ V]2-ns

IN

(F.b)

using Eq. (4.30) and |[Pg ;65" Pp jllc < p2;. Thus

EF (oY, %) < \/]Etr[ag’”p—n”“ <o 't
and we may estimate

EF(o0®, o) = 0@ 5KM 1 275 4 (g(n))7).

and therefore

Elloy) + o — a5l <2Y EF@EYY, 647
7.k
= 02 log(n)2(27 3K 4 2737 4 (2(n))7)) =0

(4.35)

using that the number of terms is O(n2**!log(n)?), K(n) = Q(log(n)?) and
g(n) = O(n™), and our choice of « is such that O(n2° ! log(n)2n~17) goes
to zero.

To summarize, we have shown that we can approximate the random ten-

() + 053), and we can approximate 053) by

d)(a). MOI"eOVQI‘, we can approximate 0'(—b by 5 5 SO the spectrum of O'( ) can
B B B B

sor network state 6z on G’ by o

be approximated by the spectrum of qﬁg). Recall that ¢(® and ¢® are the
random tensor network states on G’ which take ¢(®) and ¢ as background
states, respectively. Furthermore, recall that our larger goal is to show that
the spectra of the reduced background states ¢§§) and (;5 p are, in some sense,
close to the spectrum of the approximate random tensor network state o on
the subgraph G’. This is a two-step process:

1. Show that ¢'% and o can be slightly deformed to ¢io )

states with support orthogonal to Supp( ) for all j.

and U(“ L)
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2. Use the slightly deformed states to show that spec, (¢ (a) ¢ ) is close
to spec, (0 (a) + ag’)), and follow the chain of approximations: Jg) +
ag)) X O0p & O’B along with spec, (o0p) ~ spec_(pa) to conclude that
spec (¢ Yo d’ ) ~ spec (pa)

Now, consider the state 053 Y 1t has support contained in Hp ; and by
Eq. (4.31), it has rank(o gb)) < 2 ' 1,]‘- Let @Q; be the projection onto

supp(og’ ), so supp(Q;) € Hp,; and rank(Q;) < 2*”1/41)1_7;. We find that

/4

1Q;0% 1 < rank(Q;)||Pp,;0% Psjlle < prj=2"

1.3
Ifwelet Q = Zj Q;, then we see that (I-Q)¢ (I -Q) is a small deformation
(a)
of ¢y’

165 = (I = Q)¢ (I = Q)llr < 2Qé | < 2D Q0% |
J

= 0nlog(n)2™"") = 0. (4.36)

With this property in hand, we can show that ag) can similarly be deformed.

Let a(a ) = (I-Q)o'™(I-Q). By construction, 053’ ) has support orthogonal
to that of 053), and hence, spec+(a(a ) a(b)) = spec, (o (1) & U‘(b)) We

observe that 053’ ) is a small deformation of 01(3):

Eloy) — o < Eloty) — 6% [h
+E|I - Q)0 (I - Q) — (I-Q)W (I —Q)s
+ 6% — (I = Q)6 (I - Q)|h

< 2E[0y’ — o3| +||¢(a><fcz>¢<a><f@>|(|1 |
4.37

which goes to zero, using Eq. (4.32) for the first term, and Eq. (4.36) for the

second term. By construction, (I — Q)¢(® (I — Q) has support orthogonal to

supp(o%)) This allows us to bound

E||spec, (¢ ¢<‘”> spec_ (o) + “’)>||1
a a,l a,l b
SJEnog) B, + Eljspec, (6% @ ¢'9)) — spec, (04 @ o)
a ,J_
= E|oly’ — ot + Ellspec_ (4%

- spec+<g§_;= ) +spec, (65)) — spec, (0@)]x

a a,l a,l a
<Ello%) — o5+ Ellgy) — ol |1 + Elspec, (6%5)) — spec, (051,

())

where we have used the bound on the difference of spectra by the trace distance
of the corresponding states Eq. (1.5). Each term on the RHS can be shown
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to converge to zero. The first term goes to zero by Eq. (4.37). Similarly, the
second term can be bounded by

a a, L a a a a,l
El¢s) — oyl < Ellgy — ol + Ellol) — ol

which goes to zero by Eq. (4.37) and Eq. (4.32). The third term can be esti-

mated by observing that spec, (o ® )) = spec, (o (¢ )) and

b
]E||spec+(¢g)) speC+(UB M < ]E||¢(“) _ 0%)||1

which goes to zero by Eq. (4.34). We conclude that E||Spec+(¢§§) ® qﬁ%’)) -
spec (o) + ) — 0.
We now follow a chain of approximations to get the desired closeness

between spec, (¢} @) & qﬁ(a)) and spec (pa). Using Eqs. (4.29) and (4.35), we
can see that

Elog — (08 + o)1 <Ellop — o5l + Eloy’ + 0% —&p]l — 0,

(a)

so Ellop — (o5’ + UB ))||l1 will converge to 0. This then implies

E|lspec, (op) — spec+<¢§§> @ o)
b
<Ellog - (0% + oW
+ E[lspec. ( <“>ea<z> ) —spec, (0 + @)1,

and as we have just shown, both terms on the RHS converge to zero. Together
with Eq. (4.23), this yields the desired relationship to the spectrum of p:

E||Spec+(q§g) ® d)%b)) —spec (pa)llx
< Blspec, (6% @ 6%)) — spec, (o) (4.38)
+ E[spec, (pa) —spec (o5)[l1 — 0.

We pause here again to note that we have accomplished Step 3: approx-
imating the spectrum of pa by the spectra of the (approximate) background
states. The final step will then be to consider the convergence properties of
the distributions on the background states, which will then translate to con-
vergence for the distribution on p4.

Explicitly, we want to relate the above result to min, (v, vs). First, we
observe that by Lemma 4.8 and Eq. (4.26), v; = 11 and Vg, = V2, and since
min is a continuous function, convergence holds for the pushforward measure:

min, (udSB,yq;é) = min, (v, v2). (4.39)
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We compute

min, (vg,,v5 ) = Zm,waﬁﬁ[ in(log(575)-108 (5,
ik

—H(n)]

= Z Z 91,692,590 2

i 1/4
J P1,k>2" / P25

Y k20 2 e )= H(n)]

1/4
p1,k<27" / p2,j

+ > 91,542,501 [min(log( 51 ) log(5-)) —H ()]

1/4 1/4
2= py i <prp<2n A pa

= Z(h £42,> k0 1 [log(

+ Z q1 >jq2,j [log( ) H(n)] + 0

)—H(n)]

plk

(4.40)
where we have written
qa1,>5 = Z a1,k
pre>2""ps
2,>k = Z 92,5
Pl,kS2_"1/4;D2,j
and
Vo = Z q1 k?q2,]6 1 [mm(log(pllk) log( (n)]-
—nl/4 /4
277 T p2 i <p1,k<2" " pa,;
Then by Eq. (4.28), we see that vy = 0. Using Eq. (4.39), we conclude
min, (vg, Vg ) — vo = min, (v, ). (4.41)

On the other hand, by construction, we have
Vepec(o @) = Vol T Vo)

We can explicitly write down

¢<a) + 1/¢(b) = Z q1,k92, k01 = [log(

+ Z Q1,>k92,5

Since the g1, and g ; are at least n~P (if the corresponding term is nonzero),
[log(g1,>;)] < flog(n) and |log(g2,>%)| < Glog(n). With these bounds in mind,

)—H(n)]

P1 k‘12 >k

mya ) HMI
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we can compare to the last line of Eq. (4.40). More precisely, if we let 1/(’5 =
min, (v, ,v5 ) — vo, then for uniformly continuous f € C(RR), we have

lim ’/f dz/ /f du¢(a /f dl/¢(b) =0
We conclude that
Vg + V400 = min, (v, v2). (4.42)
B B

Now, we can finally put all of our ingredients together. Recall the statement
of convergence in probability implied by the convergence of spectra, in ex-
pectation, as in the second part of Lemma 4.8. Then using Eq. (4.38) as the
vectors p(™ and ¢(™ in the statement of Lemma 4.8 and the convergence of
distributions in Eq. (4.42), we conclude

Vp, = min, (v, va) (4.43)

O

4.5. Computing Entropies with Two Minimal Cuts

Ideally, we would like to use Theorem 4.12 to compute von Neumann entropies
of random tensor network states. However, Theorem 4.12 alone is too weak to
allow us to directly compute entropies up to o(y/n) corrections, as weak con-
vergence of the spectrum does not directly imply convergence of the mean.
However, we kept track of various approximation errors in the proof of Theo-
rem 4.12, and we will use these to show that with slightly stronger assumptions,
these errors allow to compute the entropy up to O(log(n)) corrections.

To begin, we first bound the difference in the entropy of a sum of density
matrices and the sum of the entropies of the individual density matrices:

Lemma 4.13. Suppose {p;}7*, is a subnormalized distribution and {p; € P(H)}

1=

is a collection of (unnormalzzed) density matrices and let p =" . p;p; € P(H).
Suppose that C—1 < tr[p;] < C, and C~1 < tr[p] < C, then

’ sz

Proof. If the p; are normalized and ), p; = 1, then by the Holevo bound we
have

sz (pi) <H(szpz> sz pz +H {pz <sz (pi) + log(m).

Now let ¢; = tl“[pl} P = Z q;p; and let o; = q: y Ty = quz . Then, H(Z pzpz) -
H(PY ,rio;) = PH(Y,r0;) — Plog(P). On the other hand

PZTZ'H(UZ’) = ZPiH(Pi) +) " pilog(q:)

i

< C(log(m) + 21og(C)).
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so it follows that

‘H<z¢:pipi) - ;piH(Pi)

< Plog(m) + |Plog(P)| + max |log(q;)|

< C(log(m) + 21og(C)).
O

The idea is that for a random tensor network state, we will split up the
background state as a superposition of states which are maximally entangled
along the two minimal cuts and then use Lemma 4.13. This approach formalizes
an argument sketched in [6].

To state our result, we introduce a new function: For vectors of positive
numbers p € R%, g € R%, we let

* . 1 1
H*(p,q) := sz‘qj' min <log () ,log <)) )
i.j Di q;

A key tool we will need is the continuity of the entropy: If p,o € P.(H) are
quantum states on a Hilbert space H of dimension d with T'(p,0) < %, then
the Fannes—Audenaert inequality states that

[H(p) — H(o)| < T(p,0)logd —T(p,0)log(T(p, 0)). (4.44)

Let n be the function defined by n(x) = xlogx. Then, if we write spec(p) =
{p; };l:l and spec(o) = {g; };l:l for Eq. (4.44) one can actually show

d
|H(p) — H(0)| < Z In(pj) —n(g;)l < T(p,0)logd —T(p,o)log(T(p,0)).

We will use this to show continuity of H* as well. Consider p;, o; € P (H;) with
dim(H;) < dfor i =1,2. We let spec(p;) = {pi,j}ji:l and spec(o;) = {qi_’j}?izl.
For real numbers z;,y; we have

|min(z1,y1) — min(w2, y2)| < |21 — z2| + |y1 — 2|
Then, we see that

[H" (spec(pr), spec(p2)) — H" (spec(1), spec(a)))|

1 1
< P1,jD2,k Min <10g () ,1o <>>
Z ! P s D2,k

Jik

. 1 1
—q1,jq2, min ( log { — | ,log | —
q1,5 g2,k

< Z [p1jp2.kl0g P — ¢1,562,k 108 G1 5] + |P1,p2.k log P2k — ¢1,5G2,k 108 G2k -
Jik
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We may estimate the first term by

Z [p1,jp2,k l0g P1,j — 41,592,k 108 q1
J.k
< ZPQ k|p1,jlogpi; — a1 5logqi | — Z P2,k — a2,k 1,5 108 q1
ik
<Z (n(p1.5) = 1(p2,5)| + llp2 — o2ll1 H (01)

< T(p1,01) logd —T(p1,01)log(T(p1,01)) + 2T (p2, 02) log d

The second term may be estimated in similar fashion. We conclude that if
T(p1,01) <e<e !and T(pg,00) << et

|H* (spec(p1),spec(p2)) — H* (spec(oy), spec(oq))| < 6elogd — 2¢log(e).
(4.45)

We will now show that we can approximate the entropy as would be
expected from Theorem 4.12, if we make some additional assumptions (which
in particular are satisfied if the state along each edge is a copy of n states,

¢e = ¢§g)

Corollary 4.14. Let p be a random tensor network state satisfying the same
assumptions as in Theorem 4.12, and assume additionally that the Vo, s have
uniformly exponentially decaying tail probabilities and e(n) = O(n~7) for v >
10. Assume that for each edge e = (xy), the bond dimension is D, = 20(n)
and tr[@? ] < 279" Then with high probability

|H(pa) — H*(spec(¢y, ), spec(oy, )| = O(log(n)).

Proof. The basic proof strategy will be that of Theorem 4.12: We study a
slightly reduced problem on the approximated tensor network states ¢ with
approximate background states gb, work out the entropies for & and gb, and
then argue that the closeness of the resulting entropies will continue to hold
for the original tensor network state and background state, up to errors that
we carefully keep track of.

First of all, we note that we can reduce to the tensor network state o on
the reduced graph G’, with error as in Eq. (4.23); in particular

Ellspec, (pa) — spec (o)1 = O(n~%). (4.46)

Next we adapt the part of the proof of Theorem 4.12 where we modify
the state along the minimal cuts. In the proof of Theorem 4.12, we first ob-
served that if the (regularized) spectrum along each cut Vor , has uniformly
exponentially decaying tail probabilities, then for sufficiently large C, we can
slice off the tails with vanishing probability mass:

> A= Vgr, , (=00, =Clog(n)) U (C'log(n), o0)) = O <1) .

n4
AijEln
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We also binned the eigenvalues of ¢ in the reduced spectrum:

Gi,j = di,jPi,j,
where p; ; are the bins and d; ; is the multiplicity of each bin. We then removed
bins that were too small, leading to a state ¢. In the notation of the proof of

Theorem 4.12 we choose a and 3 such that & > 2 and 3 + a < 3 < 2(y—1).
By Eq. (4.26) this yields an error

I = ¢lls = o(n™1). (4.47)

Note that in the proof of Theorem 4.12, we performed one more approx-

imation of removing the “middle” or “diagonal” part of the spectrum and

obtained a state ¢; we will not need to do this here. Now, we recall that the

binning of eigenvalues allows us to write é as a superposition over maximally
entangled states along each cut:

| Pvataz) = Z \/ql,quk@iﬂ ® |(p;:k>a

J.k
and use this to decompose ¢~> as

|6) = Z V@),
Jik
where in [pUF)), we have replaced |¢-, arya2) With the maximally entangled
state |7 ;) © |#7,). The states |4pU*)) are normalized background states on
the graph G’. We let

(607 = Vars@xh)

which are subnormalized states. At this point, the key idea of the argument
is straightforward. We will consider the random tensor network states which
have (a smoothed version) of the background states |)U"*)). These will have
entropy close to min(log(ds ;),log(dsx)). Then, we will use Lemma 4.13 to
argue that the entropy of p, is approximated up to O(log(n)) terms by the
convex combination 3, q1,jq2,k min(log(ds ;),1og(da,x)), which we can relate
to the desired result. To make this easy argument precise, we will need to
take care of smoothing the background state appropriately and ensure that
the relevant states are close to normalized.

We will now argue that we can smoothen the states ¢7%). We may assume
without loss of generality that the states ¢U"¥) have nonnegative coefficients in
the standard basis |I) = [[.cp |icic) where I = {ic}ccps runs over all possible
basis elements over each edge, so we can write

|¢(j»k)> — Z \ /Agj’k),
I

By the same argument as in Theorem 4.12 we find a state

PEEIE \/W
1



Vol. 25 (2024) Random Tensor Networks with Non-trivial Links 2177

which is such that for any Ag € C(B) not equal to B or V;/ UB and Ay =
FA,l UAp

mln(AB\B‘B)¢(J k,e) > mm(AA\FA|FA)
while for A = B and A = BUV, we have

1
Hmin B (ko) = Hmin B k) = lo
( )¢Jk ( )quk s q2,kP1,5
_ _ 1
Hmin B (4,k,€) > Hmin B (G.k) = lo .
( )Wk ( )Wk ng,jpz,k

Moreover, ¢75:<) is close to ¢U*) in the sense that

||¢(j,k,s) _ ¢(j,k)||1 -0 \/Z |/\(j,k,s) _ )\(j,k)| — @(ﬁ)
I

By the remark after Lemma 4.11 we may assume that A\U*¢) < \UG:#),
By a chain rule (e.g., Theorem 5.13 in [74], proven in [30]) for any Ag €
C(B) it holds that

Hy(AB) ptike) 2 Hinin(AB\B|B) gi.k.e) + Hinin(B) pi.k.e) -
We now let
[6%) = D 16059).
ik
Then, by Lemma C.4

H(rz~5*¢€”1§ ZZ‘)\(]IC) ]ke)

= O(n* 27 log(n)) = O(n™?). (4.48)

Therefore, if we let 0% be the random tensor network state with background
state ¢°

— O(y/n?* Tog(n)e(n))

: - 1
Ello — 0%l <16~ dlh + 16 - o7 = o 3 ). (4.49)
Finally, let

|¢)(]ak)8)> — /ql,jq2,k‘|'¢](‘j’k78)>

By Eq. (C.2) in the remark after the proof of Lemma 4.11 we have

trfyphie)] 1‘ _ ’tr (k)] _ r[plh)]

q1,592,k

~0 ( c ) = 0¥ = O(nY).

q1,5492,k

using that q1 j,gax > n " and 8 < %(”y —1). We denote the random tensor
network states with background states 1% by (%) and the random tensor
network states with background states Zj \ /qujw(“k’s) by o).
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We introduce the event N, which entails that p,o and oU*) for all j, k
are close to normalized, that is

1 1 . . 1
[tr[p] — 1] < 3 and [tr[o] — 1] < e and |tr[oUP)] — tr[p@F9]| < 3

By assumption, for each edge e = (zy) we have tr[¢? ] < 272, Moreover,
using that q1 ;,q2., > n "

tr{(o8"9)?) < 7 2057 tr{6d] = O(poly(n)2~ ™)

and therefore the quantity 7 in Lemma 2.1 is O(2=%™) for p, o and oU-*).
So, by Lemma 2.1 and the union bound the event N has probability

1 1
py>1—| Pr <|tr[p] -1 > 712) +Pr (|tr[a] -1 > n2>

1
JerPr( Zn2>
s

=1 — O(poly(n)2~ M) =1 — O(27%"),

tr[o R — tr[yp ke

We denote by [En the expectation value over the random tensors conditioned
on this event.

We now use Lemma 4.13 to approximate the entropy of 0% conditioned
on N:

‘H@%) 3" @rH(0W)| = Olog(n)).
k

Because ¢ %) is pure, we have H(ag)) = H(Jg)). We apply Lemma 4.13 again,

this time to the decomposition of ag) to see:

H(oW) - quyjH(ag’k)) = O(log(n)).

Thus,
H(og) — > a1 a6 H(0S™)| = OQlog(n)).
7,k

Since rank(ag’k)) < min{d; j,ds 1} (and taking into account the normalization

of ¢(:k))
H(Ug"k)) < tr[oW*) ] min (log dy ;, log da 1) — tr[o7*)] log tr[oF)].
Conditioned on N and using [tr[y)0F®)] — 1| = O(n™!), this implies

H(og’k)) < min (logd; ;,logds i) + O(1).
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For a lower bound, we use that

]ENH(Ug’k)) >En tr[a(j’k)] (—logtr [(Jg’k)) ] + log tr[o (s k)]>

(tr[d)(j’k’f)] - %) ( log E tr [(cr 2 ] + log (tr[w(j’k’s)] - %))
—log Ex tr [(§™)?] — 0(1)

\%

A%

where in the first and second inequality we have used Jensen’s inequality, and
in the second and third inequality we have used tr{o G, k)] > tr[ypUke)] — % >
1— O(L). We use the replica trick to estimate

Etr|@§™)?] = > 6l@ly)
ApeC(B)

In this expression, we have contributions from Ap = B and Agp = BU V],
which yield contributions

trl(wg ™)’ < dy )
trl(wg ™)) < dy .
For any other cut Ap, we have a contribution at most
[(w (4.k, s)) ] = qf?q;i tr[¢(j,k,€)]2_Hmin(B)¢(j,k.s) —HZ (Aa\Talla)e

1o—Hmin(B) , (j.k,e -1
<q, jq2 2k2 el <dy

using that tr[p0%9)] < g1 jgop and 27 Pavke <o 1y 5 = q1,502,kd7 )-
Therefore
Ey tr [( (Jk€)> } <py YR tr [( (ka)) ]
=d; + d2 r+O0(d] )
S0

logEx tr [(Ug,k,e))ﬂ “log (max (dl 1d ,,1@) 2+ 0(1)))
> min(log d; j,logda k) — O(1).

We find that
Ex ’H(ag’k)) — min(log d ;, log dw)j = 0(1)
and hence
Enx qu,qu kH( qu)]qg rmin(logdy ;,logds )| = O(1). (4.50)

J.k J.k



2180 N. Cheng et al. Ann. Henri Poincaré

We collect the various estimates we have found:

— 1
Exlspec, (04) ~ spec. (o) < pa'Ellspec. (pa) = spec, (o) = o ( + )

_ 1
Enllog — o3l < le]EHaB —o3lli=o0 (n)

Ex qu,quH(og’k)) - ZQI,J‘CD,k min(log dy j,log da )| = O(1).
3k gk

Let M be the event that N holds and moreover

1
[spec, (pa) —spec (o)1 < -

1

15
— < —
lop —oplh < n

Z 0,ja2xH(0 YY) — Z 01,592, min(log dy ;, log dz 1) | < log(n).
Jk ik

By Markov’s inequality and the union bound, the probability that M holds
goes to one as n goes to infinity. Moreover, if M holds, it is easy to verify that
by the Fannes—Audenaert inequality Eq. (4.44) and the fact that p, o and o°
are close to normalized

PA e _
(i) (o)) e

Also, if M holds, by Eq. (4.50)

H(0%) =Y q1,jq2,k min(log dy j, log da 1)
7,k

= 0 g2 H(0ZY) - > 1,26 min(log dy ;,log dy 1)
J,k J.k
+ O(log(n)) = O(log(n))
so we conclude that

H(tf{;]) - Z(h,jqzk mln(log dl,j, long,k‘) = O(log(n))
7.k

Since ¢; ; = di jpi; > n~P from the binning procedure, we have the simple
observation

1 ) 1
< %i.j = dz 7 < )
Di.j

nPpi; T pij ’
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and hence ’min(log dy j,10g da ;) — log(min(;—, i))‘ = O(log(n)). We con-
clude that

H( pa ) qu k2.5 log (mln (1 1)) = O(log(n)).

tr[p] D1k D2,

Finally, we need to relate the result back to the original background state. In
the above approximation to H(&g), we see that

1

S o (win (1 L) ) opoctd ). spec(G)

ik Pk D2,j

Then by Eqgs. (4.47) and (4.45), this will converge to the appropriate quantity
on the non-approximated background state:

| H (5D0(d0. ), 5D€0(G2)) = H (5D0C(01., ), SDEC(D,02))| = 0,

proving the desired result. O
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A. Euclidean Gravity Path Integrals and Entanglement Spectra

In this appendix, we give a heuristic description of certain Euclidean grav-
ity path integrals in holography whose descriptions are in close analogy with
random tensor network models. This section serves as a motivation for the
random tensor network models we study, but is not needed to understand the
random tensor network results. In “Appendix A.1,” we review the replica trick
in quantum field theory and the role of Euclidean path integrals. We review
an application of such tools in “Appendix A.2,” and we discuss the problem of
studying the entanglement entropy near a phase transition between two min-
imal surfaces, which agrees with results in Sect.4. Then, in “Appendix A.3,”
we discuss a simplified model of quantum gravity which is in very close corre-
spondence to a random tensor network model with link states with bounded
spectral variation, as in Sect. 3.

A.1. The Replica Trick and Euclidean Path Integrals

In order to compute entropies in quantum field theory, one often uses a ver-
sion of the replica trick to compute the Rényi entropies, which can then be
analytically continued to deduce von Neumann entropies. We consider a pure
quantum field theory state |p) on a space M, which is prepared by a Euclidean
path integral on M X (—oo,0]. Correspondingly, (p| is prepared by the time-
reflected path integral on M x [0, 00). Let A be a subregion of M. The reduced
density matrix on A is given by taking |p) and (p|, then integrating over the
field configurations on the complement of A (the equivalent of the partial trace
for field theories), as shown in Fig.6a. Analogous to Eq. (2.8), we may now
compute tr[pfﬁl] by taking k copies of this path integral, and gluing the bound-
aries at the A system cyclically, then integrating over the field configurations
at each boundary. This operation is manifestly invariant under cyclic permu-
tations, a symmetry called replica symmetry. This is illustrated in Fig. 6b. We
conclude that tr[p%] is computed by a path integral Z4 ; on a manifold M, j,
allowing us to compute Hy(pa). The space M4y, is a k-fold cover of M x R,
branching at the boundary 0A of the subregion A.
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(a) Path integral representation
of the reduced density matrix on
a subsystem A.

Random Tensor Networks with Non-trivial Links

(b) For the replica trick the path
integral is glued cyclically along A
to obtain Ma k. The space Max
is a k-fold cover of M, branching
at the boundary dA. In this case
k=3.
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(¢) The holographic version of the
replica trick. The boundary mani-
fold is glued as M4 i, and the bulk
manifold is glued along a cyclic per-
mutation 7 adjacent to A, and along
the identity permutation along a re-

gion adjacent to the complement A.
These two regions are separated by
a brane ya k.

FIGURE 6. The path integral replica trick to compute tr[p4]

Of course, the path integral Z, j is formally infinite. One “normalizes”
the path integral by normalizing by Z; which can be thought of as tr[p]. We
have the expression for the kth Rényi entropy:

ZAk
zk

Hy(pa) = log (A1)
Note that this is a slightly different normalization convention (the denominator
is ZF instead of Z;) to match the standard convention in the quantum gravity
literature. To get a finite result, one has to impose a UV cutoff of size ¢, an
aspect we will ignore in our discussion. By employing such a cutoff, we will
pretend that the relevant Hilbert spaces are finite-dimensional Hilbert spaces
that factorize with respect to spatial decompositions of M.

What happens if the quantum field theory is a holographic CFT? In this
case, we have a correspondence between the path integral of the CFT on the
one hand, and a bulk quantum gravity path integral on the other hand, which,
for large effective central charge, we may approximate by its semiclassical
saddle point geometry. This can be used to derive the Ryu—Takayanagi formula
[45], by finding a bulk manifold B4 j which has My, as its boundary. In
other words, one obtains the gravitational dual by setting M4 ; as a boundary
condition, then allowing the system to evolve according to the gravitational
theory.

The saddle point solution will be such that the bulk copies are glued
along a cyclic permutation in an area adjacent to A and along the identity
permutation in an area adjacent to A, the boundary complement of A. The
boundary between these two regions is a surface 74, anchored at the bound-
ary at JA. After orbifolding with respect to the replica symmetry, this leads
to a bulk spacetime which has M as its boundary and a “cosmic brane” at the
surface 4 ;. The orbifold procedure gives rise to a conical deficit, correspond-
ing to the fixed points under the action of the replica symmetry. Comparing
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the action of B4 and Bj, we find that in the computation of Eq. (A.1), only
the conical deficit at y4,; does not cancel, yielding

vk
H N, A2
pa) = (42)
where |4 x| is the area of the brane in the saddle point solution. This can be

analytically continued to non-integer values, and in particular, continuation to
k =1 yields the RT formula:

_ |val
H(pa) = Gy (A.3)
where 74 is the surface of minimal area out of all bulk surface homologous to
A and anchored at 0A.

The spectrum of p4 can be recovered from the Rényi entropies. In Eq.
(A.2), we see that |4 x| depends on k, but is otherwise fixed as we let Gy go
to zero in the classical limit. It was argued in [14] that this behavior implies a
spectrum that is flat at leading order:

HEi(pa) = H(pa) — O(Gy?) = H(pa) — O(\/H(pa))

_1
Hax(pa) = H(pa) + O(G*) = H(pa) + O(VH(pa))

This is precisely the link state regime we investigated in Sect. 4.4, and shows
that the large c limit in a holographic CFT is similar to considering the many-
copy limit in quantum information theory.

A.1.1. Fixed-Area States. A useful variation on the derivation of the RT for-
mula is to consider fized-area states [27]. We consider the “area operator” 44
for a subsystem A, which measures the area of a minimal surface. The opera-
tor 44 actually has fluctuations when we consider a state with a semiclassical
gravity dual, and we may write

)= [ dalwa)

where 1, is an eigenvector of A with eigenvalue a. The state [¢,) is a fixed-
area state: While it is not itself a physical state, they form a basis with which to
construct physical states. These fixed-area states can be thought of as prepared
by a bulk path integral where we have restricted to bulk geometries for which
|74| = @. The same derivation as above now leads to

(%

Hi(pa) = @,

since the area of the minimal surface is fixed to be a. Thus, for fixed-area
states, all Rényi entropies are (to good approximation) equal, which implies
that the state has flat entanglement spectrum. This corresponds to a random
tensor network state with maximally entangled link states.
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A.2. States at a Minimal Surface Phase Transition

Consider, again, a holographic CFT state p4a on a boundary subregion A.
In the case where there is a unique minimal surface, the previous subsection
showed how the replica trick leads to the RT formula.

We would now like to investigate the entanglement spectrum of p4 when
there are two RT surfaces for A that have area of the same order of magnitude.
Let us denote the two competing minimal surfaces in the bulk by v4,1 and v 2.
In [54], it was shown how the entanglement entropy should behave at this
phase transition between the two minimal surfaces. A similar computation
was performed in [6] for the setting with two competing minimal surfaces and
bulk matter. We will briefly sketch their argument, referring the interested
reader to [6] for more details.

A.2.1. Fixed-Area States with Two Minimal Surfaces. We begin by consider-
ing bipartite fixed-area states p4 5 prepared by a Euclidean path integral, in
which we have fixed the size of the two competing surfaces v4,1 and v4.2. In
this case, saddle points of the path integral have to satisfy the equations of
motion everywhere except at the surfaces 4 ;, where there could be conical
singularities. The two surfaces divide the bulk into 3 regions: a1, as, and as.

The saddle points are states with smooth geometries in the regions where
the copies of regions a; are glued to each other—the k copies of region a; are
glued cyclically, while the copies of region as are glued along the identity
permutation. On the middle region ay, we are free to glue along an arbitrary
permutation 7, giving solutions that can break the replica symmetry. However,
it is often the case that the dominant solutions of the path integral are those
that respect the replica symmetry, and we assume this to be the case for all
solutions we consider.

Let us denote a saddle point solution of the path integral with permuta-
tion ™ by Ba », and let us write ¢; for the conical singularity angle at v4 ;. It
turns out that these saddle points lead to an action of the form

I(B) = Flaway (Bae) + (kn — 20 () L)

+ (k¢po — 27 |C(Tﬁlﬂ)|)%,

where Ioyay is the action away from the surfaces, |y4 ;| is the area of the surface
va,i, and we recall that |C(w)| is the number of cycles of 7, and 7 is the full
cycle (12...k). In particular, for £k = 1, we have

|74,2]
87TGN ’

|vA,1]
87TGN

+ (¢p2 — 2m)

I(BAJI') == Iaway(BA,ﬂ') + (¢2 - QW)
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so when we look at the normalized path integral and sum over all permutations

Zak 3 elemi- k)‘Zé;|+<|0(f1w>|—k>|12;§|
(ZA’l)k TESk
S atam Lt var.ry 22
TESK

Note that the areas v,4 ; are of the same order of magnitude, and are divergent.
As a result, only the permutations for which d(id,n) + d(w,7) is minimal
will contribute. In other words, only the configurations where @ € NC(k)
contribute, as all other permutations are suppressed by at least a factor of the
area of 4 ; in the action. We conclude that

ZA,k: d(id,m) 5
DI
(Za1) rENC(k)

|A1\ \A2|
)T

+d(m,T (A4)

This computation is in one-to-one correspondence with the computation
of the moments for a subsystem of a single random tensor, as observed in [60].
It also corresponds more generally to a random tensor network computation
with two minimal cuts and maximally entangled link states, as is clear from
the computations in Sects.2 and 3. This is in agreement with the claim that
random tensor network states are a model for fixed-area states. One can also
add bulk matter in this path integral computation, which will again be in
correspondence to a similar computation in a random tensor network [6] with
a background state, as in Sect. 2.3. From the moment computation in Eq. (A.4)
and applying the results for the entanglement of a single random tensor, we
observe that for two fixed surfaces of exactly equal size, the (appropriately
scaled) entanglement spectrum is a Marchenko—Pastur distribution, giving an
O(1) correction to the entanglement entropy, agreeing with the gravitational
replica trick computation in [54].

A.2.2. General States at the Minimal Surface Phase Transition. We now relax
the fixed-area restriction, and study similar calculations performed in [27], [54],
and [6]. Denote by Z4 i (a1, 2) the path integral where we have fixed the areas
of y4, to be ;. Then, following Section 2.3 in [27], the full path integral is
given by

ZA,k = /daldaz Zk(al,OéQ).

Again, we consider the semiclassical limit, so we take our saddle point approx-
imation of Z(aq, @) in Eq. (A.4), and we also take a saddle point approxima-
tion for the integral over oy and ap. This saddle point will be at the values for

«; where the deficit angles are ¢; = 27 (since then the saddle point geometry
is smooth), which leads to

ZA]g k |’71(4k,)1| —1 k |’Y1(4kv)2‘
Eon Y MOmIR (O -0 (A.5)

A
(Za1) TENC(k)
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where ’Y,(f; are now minimal surfaces, with a dependence on k. Analytic con-

tinuation to & = 1 yields the usual surface prescription. In particular, if there
are two surfaces that are of almost equal area, the contribution of the larger
term is exponentially suppressed for any O(1) or larger difference in areas.

To zoom in on the region where the two surfaces are nearly equal, we
write the state as a superposition of fixed-area states, as in Section 3 of [54].
We discretize the area size o1 and ag over poly(&) values and approximate
the full holographic pure state with boundary regions A and B = A€ as a
(finite) sum

|1/)>AB: Z Vp(a17a2)|'¢a1,0t2>

where [¢q,,q,) is the state where the areas are fixed as |ya,;| = «;, and p
is a probability distribution over the possible areas. Then, a straightforward
calculation of the reduced density matrix p4 yields a state of the form:

pa= > plor,02)paces+ D \/p(ahaz)p(a’l,a’g)trg

Qag,a2 o Faoh ,axFal,

(|¢a1,a2><%3,a;|) ’
= Z p(alaOLQ)pA@ll,Otz + ODA7

1,02

where OD 4 are the off-diagonal elements of p4. One can argue that the states
PA,ar,a, are all mutually orthogonal by entanglement wedge reconstruction—
the area operator can be reconstructed on A, and hence, each pa o, o, is per-
fectly distinguishable from each other by measuring the area operator. Then,
the entropy of the diagonal part of the state is easily computed as

H ( > p(a1;a2)pA,a1,a2> = > plar, 2)H(paor )

aq,0 Q1,02

— Z plag, as)logp(ag, as).  (A.6)

1,002

The second term is the so-called entropy of mixing, and it is a standard argu-
ment that this term is suppressed relative to the first term [54] as O(InGn) or
smaller. The entropies appearing in the first term can be computed using the

methods in the previous subsection, for which one finds that H(pa,a;,0.) =
min{a;,os}
iGN

Returning to the off-diagonal terms OD 4, [54] argued that such terms
should be subleading in the analytic continuation due to the relevant surfaces
breaking replica symmetry. At the same time, [6] argued that such terms should
be subleading due to reasons similar to those for the orthogonality of the
diagonal elements: Complementary entanglement wedge reconstruction implies
one may reconstruct the bulk area operator on B, and hence, such states are
perfectly distinguishable on B. Therefore, the partial trace over B vanishes for

ay # o), ag # o,
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One reaches the conclusion:

H(pa) = Z plon, a2)

Q1,02

minfar,as} | o6, (A7)
4G N
In this computation, the O(1) corrections due to the Marchenko—Pastur dis-
tribution along each pair of minimal cuts of equal size (or equivalently, the
degeneracy in the contributions to the saddle point approximation) is irrele-
vant, as the entropy of mixing already leads to O(In G ) deviations.

Our results in Sect. 4 can be seen as a rigorous version of the above result
for random tensor networks.

A.3. Replica Wormholes and JT Gravity

One of the most basic holographic models of quantum gravity is JT gravity,
a 1+ 1-dimensional model of gravity; see [67] for a review. JT gravity is also
a useful model for the near-horizon dynamics of extremal black holes in any
dimension. In this case, the dual theory should be 0 + 1-dimensional. In other
words, it should be regular quantum mechanics rather than a quantum field
theory. Indeed, in [68], it was shown that JT gravity theory is dual to a random
matrix model, where the Hamiltonian is a random self-adjoint matrix according
to some distribution, providing another strong connection between quantum
gravity and random matrix theory. It also appears that such gravitational
systems may be dual to an ensemble of boundary theories [16], rather than a
single one. Whether this is fundamental, a special feature of 1+1-dimensional
models, or due to averaging over microscopic features of the gravity theory, is
a line of active research [69].

We now sketch a variation on a calculation in [60], providing a proof of
principle that the free probability techniques used in Sect. 3 provide an elegant
framework to understand such results. We refer the interested reader to [60]
for more in-depth motivation and detailed computations.

We consider JT gravity with an end of the world (EOW) brane containing
a large number n of internal states. This model has action

I=1Iyr+ M/ ds,
brane

where the action of a manifold M with metric g, induced boundary metric h,
(trace of) extrinsic curvature K, and dilaton ¢ is given by

= [

_ B/M\/g¢(}z+2)+/aM\/ﬁ¢K}

The details of this action are not very important for us; we just note that we
will take the Sy parameter to be large, and that this suppresses contributions
where the manifold M has genus v > 0 in the Euclidean path integral.
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J J i J

(a) Path integral which pre- (b) Replica trick for JT gravity. On the left side two diagrams that show up when
pares the state |1;). computing matrix elements of wgfd, on the right a diagram contributing a factor
Z3ZyvmEma to tr[vfag)-

FI1GURE 7. Path integrals and the replica trick for JT grav-
ity. See [60] for a detailed explanation of the diagrammatic
notation

Such systems are of interest when studying a simple version of an evap-
orating black hole. Let

) = % > o))

where [¢p ;) is the state of the black hole with the EOW brane in state ¢, and
liraa) is a reference state, which can be thought of as the radiation system.
Notice that the entanglement spectrum of this state is flat. We generalize this
to

) = Z VPilYB,i)|iRad),
i=1

where the entanglement between the black hole and the radiation has some
non-trivial spectrum, which we will assume to be close to uniform, so that 2-
is bounded by a constant for all 7. In other words, we assume this distribution
satisfies the bounded spectral variation assumption from Sect. 3. We let

n

k—1_k
mkzg n-op;

i=1

be the (appropriately scaled) moments of the entanglement spectrum of the
EOW brane. Moreover, we write the path integral on a disk geometry with &
boundary components and k& EOW branes as e~%0 Z;,. Then following the ar-
guments of [60], one can compute the kth moment of the radiation system for
large n and large e (large n enforces a planar limit with only non-crossing par-
titions, while large e ensures that only genus v = 0 geometries contribute),
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as illustrated in Fig. 7b. The contributions of path integral configurations con-
necting different replicas are called replica wormholes. This diagrammatic com-
putation shows that

7T_1T 7d(7r,id) —Sod(m,T)
q/}Rad My —F5— Zk € . (A8)
TeNC (k)

In this expression, recall that Z, = HlGC(U) Z;, where C(o) is the cycle type
of o, and | € C(o) are the lengths of the cycles of . This expression implies
that if n > €50, the dominant contribution in Eq. (A.8) is given by 7 = 7. On
the other hand, if n < €%, the dominant contribution in Eq. (A.8) is given
by m = id. This corresponds to the situation where there is a unique minimal
surface (more precisely, a unique quantum extremal surface). We are interested
in the regime at the phase transition, which is analogous to the Page time of
an evaporating black hole, so we assume ne %0 — 1. The coefficients m,
correspond to the weight of the ¢ configuration, as determined by the number
and length of the cycles in ¢, and the probability distribution of eigenstates p;.
In the case of the flat entanglement spectrum, this number equals the number
of closed loops between the connected components. This will also be the case
for the non-trivial entanglement spectrum, but each loop will have a different
weight that depend on the p;’s

The my, are the (scaled) moments of a probability distribution. While
the explicit expression itself is not important for our purposes, the Z; can be
written as the [th moments of a probability distribution [60]. Hence, Eq. (A.8)
is a product of moments, summed over all non-crossing partitions of length k.
As a result, tr[y)k ] can be calculated in the planar limit very simply by way
of free probability theory.

More precisely, we may define moment-generating functions for EOW,
JT, and Rad:

A
MJT(Z) = Z %Zk,
Mgow (# kaz

Mgaa = Z o (T ELS
k=1

Given a moment-generating function M(z), which is a formal power series,
recall that its S-transform is given by

142
z

S(z) = M™(z).

We use this to define the S-transforms Sjr, Sgow and Sgra.q. From Theo-
rem 3.2, we see that the relation between the moments in Eq. (A.8) implies
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that these are related as
1
S z) =
Rad( ) 1+ 2
This means that, at the phase transition where n &~ €%, the spectrum of ¥aq
can be described as a free product of the spectra of the end of the world brane,
the JT gravity spectrum and a Marchenko—Pastur distribution.

Sy1(2)Spow (2). (A.9)

A.3.1. A Recursion Relation for the Resolvent. Given a moment-generating
function M(z), we may also define the resolvent function R(z) by

o=t (m (1)

To relate to previous results, we consider the case where the entanglement with
the radiation is maximally entangled. In this case, Sgow(z) = 1 and Sgaa(2) =

H%SJT(Z). By definition of the S-transform and setting z — MRgaq(2), this

implies
1 1 + Mgaa(2)
Sy (Mpag(2)) = —Radl)
1+ Mpaa(2) 11 (Mraa(2)) Mpaa(2)

which we may rewrite as (again using the definition of the S-transform):
MRraa(2) = My7[2(1 + MRaa(2))]-

In terms of the resolvent, this becomes

R(z) = 1+ Larg (1>

z z z
11
=-+ ;MJT(R(Z))
1 N Z R(2)"
T2 + Z zk oz
k=1

which is a recursion relation previously derived in [60] by a diagrammatic argu-
ment. More generally, we can interpret Eq. (A.9) as a (complicated) recursion
relation that directly generalizes the above recursion relation.

B. Random Tensor Network States and Split Transfer Protocols

Our results involving general background states are closely related to the
quantum-information-theoretic task of split transfer introduced in [26], which
can be understood as a variant of quantum state merging. The standard setup
is as follows: two parties, Alice and Bob, share a state ¢papc,..c,,, with Al-
ice controlling A, Bob controlling B, and the systems Ci,...,C,, being m
“helpers.” Let R be a reference system and ¢aprc,...c,, @ purification of ¢.
Initially, the state is shared not only by Alice and Bob, but also with all the
helper systems C;. The goal of split transfer is to try to redistribute the state
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to Alice, Bob, and R, using local quantum operations and classical communi-
cation (LOCC) between Alice, Bob and the helper systems, and possibly with
the assistance of additional maximally entangled states.

A split transfer protocol consists of

1. A partitioning of the set of the helper systems: T4 UTp = {C1,...,Cpn}.

2. For each C; € T4, a number K4 ; of shared maximally entangled qubits
between Alice and C}, and for each C; € Ty, a number Kp; of shared
maximally entangled qubits between Bob and Cj.

3. An LOCC operation between Alice, Bob and the helper systems, such
that after applying the protocol, Alice and Bob share a state Y aprc,...c,, s
which is close to ¢aBrc,..c,,, and is such that Alice possesses systems
A and Ts, while Bob controls B and Tg. Moreover, after applying the
protocol they may be in possession of a number L4 ; or Lg; of (approx-
imately) maximally entangled qubits between C;, and, respectively, A or
B.

In this case, we say that the split transfer protocol has entanglement costs
KA,,' — LAJ‘ for all C; € T4 and KBJ' — LBJ for all C; € Tp. A precise
definition can be found as Definition 14 in [26].

Intuitively, the helper systems need to transfer their correlations with R
to Alice and Bob, but without touching R. For instance, a simple protocol
would be that the helpers simply teleport their full system to either Alice
or Bob, consuming EPR pairs, leading to large entanglement costs. We can
construct a potentially much more efficient protocol by way of random mea-
surements, as detailed in Proposition 16 of [26]. Roughly speaking, such a
protocol functions because random measurements have the effect of decou-
pling the helper systems from R. The helpers perform simultaneous random
measurements on their systems and send the results of their measurements to
Alice and Bob. Then, Alice and Bob can use their share of the global state
and their portions of the maximally entangled states to perform a decoding
operation conditioned on the results of the random measurements. The state
they receive will be a purification of ¥ apc, ...c,,, which will then be equivalent
to the original ¥ aprc,...c,, up to local isometries. The way we set up the split
transfer protocol above was in a one-shot fashion: We get a single copy of ¢
and need to determine the optimal entanglement cost for the protocol.

One can also consider asymptotic variants of split transfer, where one
has many copies available and aims to achieve an optimal transfer rate. An
example application is the entanglement of assistance. Suppose that Alice,
Bob, and the helper systems C; get many copies of a pure state ¢. At what
rate can they distill maximally entangled pairs between Alice and Bob, if Alice
and Bob are allowed to perform LOCC operations with all the helper systems?
In this case, the answer is that the rate is given by

min S(AT4)e,
Ta
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that is, by minimizing the entanglement entropy over all bipartitions. This rate
is reminiscent of the importance of minimal cuts in a random tensor network,
and the connection was explored in [40].

To see how the task of split transfer relates to random tensor networks,
we consider three boundary regions, A and B, under the control of Alice and
Bob, and the purifying system R. Each of the bulk vertices on the network
correspond to a “helper” party. We would like to know whether there exists a
protocol in which the assisting parties are allowed to perform local operations
and classical communication (LOCC) such that the state ¢y g is redistributed
into a state papr held by Alice and Bob that can be transformed by local
isometries, acting only on A and B, to a state close to ¢y g. The protocol
given in [26] consists of simultaneous random measurements by each of the
helpers. This precisely corresponds to the random projections performed in
constructing the random tensor network state with this background state!

In this light, we can interpret Theorem 4.4 as a result on split transfer. Let
us assume that ¢ € P_(ABRC; ...C,), denote the associated random tensor
network state by papr, and choose a partitioning T4 U T of the assisting
(bulk) parties. Since Hy(A|B)g|¢ > Hmin(A|B)g, Theorem 4.4 directly yields

Theorem. Suppose that

Huin(S4|BRTg)y > K, (B.1)
for all non-empty subsets Sa C T4 and
Huin(SB|ARTA)y > Ko (B.2)

for all non-empty subsets Sp C Tp. Then,
I min |(Va® Ve @ Ig)p(Vi® V) © Ir) — dasre,..c.,
AsVB

— O((27 7K1 2k, (B.3)
where the minimum is over isometries V4 : Ha — Har, and Vp : Hp —
Hpry -

This result shows that if K7 and K5 are sufficiently large, then after
measurement in a random basis, the state possessed by Alice and Bob can,
with high probability, be used to approximately reconstruct ¢ by acting with
local isometries on the systems of Alice and Bob.

Suppose we fix values for K; and Ks. If the conditions in Egs. (B.1)
and (B.1) are not satisfied for the initial state ¢, we can use another state
where we have added an appropriate number of maximally entangled Bell pairs
between the assisting parties, increasing the entanglement cost of the protocol.®
An interesting open question in this context is whether one can generalize
this result using smooth entropies in Eqgs. (B.1) and (B.1). As alluded to in
Sect. 4, the problem is that for a general state ¢, one would need to perform

5In fact, the protocol in [26] is slightly more general than what we describe; rather than
measuring a random state one could also measure a random projection of rank greater than
1. This can be used to obtain EPR pairs between the helpers and Alice and Bob to get
nonzero Ly ; and Lp ;.
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simultaneous smoothing for all the relevant subsystems, which remains an open
problem.

There is an alternative approach, in which it is straightforwardly possible
to use smooth entropies [26]. In this approach, one merges each party in Ty
one by one, and similarly for Tz. That is, we choose some ordering T4 =
{1,...,m} = [m] and we apply a sequence of state merging protocols where
we merge the state in m steps, where a single step merges A U T4\[i — 1]
into A U T4\[7]. In this case, it is not hard to see that, if we allow some
error the entanglement cost is determined by the smooth conditional entropies
H: . ({i+1}BR[i]|TB)e. We perform a similar protocol for B and the assisting
Tp systems.

B.1. Split Transfer and Recovery in Holography

Split transfer is closely related to subregion-subregion duality, or entanglement
wedge reconstruction, in holography. Consider an asymptotically AdS, station-
ary semiclassical geometry which is dual to a boundary CFT state p. We fix a
time-reversal invariant spatial slice and partition the boundary into 4 and A.
Let 4 be the minimal surface for A, and recall that 9y4 = 0A. The region
enclosed by A and 4 is the entanglement wedge of A, which we denote by
I"4. The claim of entanglement wedge reconstruction is that if we act with a
low-energy local bulk operator in the entanglement wedge of A, we can recon-
struct the action of this operator as a corresponding operator acting on the
boundary system A.

One way to make this more precise is by considering a code subspace of
bulk states S, which can be thought of as a set of states obtained by acting
with low-energy operators on a fixed semiclassical spacetime. The action of the
operators is small, in the sense that they do not create a significant backre-
action that changes the geometry. We then introduce a reference system R of
the same dimension as S. In this framework, the AdS/CFT correspondence de-
scribes an encoding of the bulk into the boundary, taking a bulk state ¢r,re r
to a boundary state p4 zr. In this setup, the claim of entanglement wedge re-
construction is that we can act with an isometry on A to recover ¢r, . (And
I'4 is actually the maximal such region.) This situation corresponds to quan-
tum state merging—there is a single decoder A. However, in AdS/CFT, one
usually requires the stronger condition of complementary entanglement wedge
reconstruction, in which the entanglement wedge for A is also the complement
of I'4, so that ¢re¢ g is recoverable from A. This stronger requirement with
two decoders is closely related to split transfer. These ideas and the precise
relation to quantum information theory remain an active area of research, e.g.,
[6,7,36,40].

In particular, [6,7,14] have argued that one-shot quantum information is
the correct framework to understand entanglement wedge reconstruction, as
holography is fundamentally a one-shot setting—we are provided with a single
copy of a gravitational or CF'T state, rather than asymptotically many copies.
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The limit of large effective central charge, and hence small Gy, does
reproduce certain aspects of the many-copy limit, as we reviewed in “Ap-
pendix A.1.” However, the distinction between the one-shot and asymptotic
regimes becomes apparent in the presence of large bulk entropy, where the
bulk entropy, and hence R, is large. Such situations arise when studying, for
example, the black hole information paradox. In this case, where we assume we
have a bulk state ¢, the minimal surface prescription in Eq. (A.3) is replaced
by quantum extremal surface prescription:

H(pa) = minext.,, {lei\'[ +H(FA)¢},

where we minimize over extremal surfaces 4, and we minimize the joint con-
tribution of the area of v4 and the bulk entropy contained in the associated
entanglement wedge I'4. This formula has a natural tensor network inter-
pretation: Consider a random tensor network state with background state
O = dymp @ dyw, where ¢ p is a general background state (account-
ing for bulk entropy) and ¢y o) is a tensor product of link states on a graph
G = (V,E). Let us take maximally entangled link states with dimension D.
Then, for some cut I'4 with edge set v4, we have

H(ér,) = log(D) [yal + H(41)),

and we may hope that minimization over this quantity along the cuts gives
a good approximation to the entropy. Whether such a prescription is valid
depends on the structure of the background state ¢. A proposal put forth
in [6] is that the surface y4 with entanglement wedge I'4 gives the max-
entanglement wedge, if T 4 is the largest region such that, for any other surface
04 homologous to A, with A4 the region enclosed by A and 4, and where
A 4 is contained in I"4, it holds that

[yal — 194
4Gy

In this case, I'4 should be the largest region which can be (approximately)
reconstructed from A. Again, one can think of a random tensor network where
the background state is a tensor product of a bulk state and a maximally entan-
gled link state of dimension D with log(D) = ©(G'y') along the discretization
of the space. Then, this condition is (apart from the simultaneous smoothing
problem) equivalent to Eq. (4.13). Enforcing complementary reconstruction, in
which I' 4 is the max-entanglement wedge for A, and its complement I'} is the
max-entanglement wedge for A, allows us to interpret the holographic encod-
ing of the bulk state into the boundary as a version of one-shot split transfer.
See [6] for a detailed discussion of this proposal for holographic systems.

min(Ta\AA TG R) >

C. Joint Smoothing of Link States

In this section, we provide a proof of Lemma 4.5. In our application of one-
shot entropy estimates in Sects. 4.3 and 4.4, we needed to jointly smooth over
different subsystems for the background state ¢. For general background states,
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joint smoothing is an open problem [25,31]; however, if the background state
is a product of link states as in Eq. (2.2), we can straightforwardly do so. In
order to prove Lemma 4.5, we first need some intermediate lemmas. These
lemmas involve quantum states which can be expanded in some preferential
basis with positive coefficients. Therefore, for Lemmas C.1 to C.3 and C.5, we
assume that each quantum system has a preferential basis, which we assume
without loss of generality to be the standard basis.

Lemma C.1. Suppose that ¢ € P-(XST) can be written as
dxsr =Y _|i)(i] ® dsr.;

where each ¢gr,; is a pure state such that |psr;) can be written with positive
coefficients in the standard basis. If

(JBXST = Z |9) (i] @ QZEST,z'

is such that each Q;ST,i is a pure state satisfying |Q~SST,i> <|psr,:) elementwise,
then

Hinax(XS|T) 5 < Hax(XS[T).
Proof. We start by arguing that for the max-entropy
HmaX(XS|T)$ = max log F(éXST; Ixs ® or)? (C.1)
GPS (T)

or

we may choose or in the optimization problem with nonnegative matrix ele-
ments in the standard basis. Indeed, suppose that op realizes the maximum in
Eq. (C.1). Then, we can write a spectral decomposition o7 = >, pj |e;)(e;|-
Now let [&;) = >y [{e;lk)| |k). Then, 61 = 3>, p;|é;)(é;] € P<(T) has non-
negative matrix elements in the standard basis. Moreover,

F(dxsr,Ixs ®@or)” =Y  Flbsri Is @ or)’

<> p; ‘<<5ST,i|Is ® lej)(ejl| 1dsT,i)
0]
<Y pi(dsmalls © 1€;)(E5] 1ds,)
0]
= F(¢xsr, Ixs ® o7)2.
Let op be optimal for Eq. (C.1) with nonnegative matrix elements. It is clear
that if [¢s7) < [¢s7,:), then

F(éxsr.Ixs @ or)* =Y (bsr.ills @ or|dsr.)

7

< Z<¢ST,i|IS ® or|psT,i)

= F(¢xsr, Ixs @ or)?
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and hence

Hunax (X S|T) 5 = log F(pxsr, Ixs @ or)? <log F(¢xsr,Ixs @ or)?
< Hmax(XS|T)¢

Lemma C.2. Suppose that ¢ € P.(XYST) can be written as
¢XY5’T—Z‘ il @ 15) (i ® sy

where each ¢sr,i; is a pure state such that |¢sT,i;) can be written with positive

coefficients in the standard basis. If

¢XYST_Z‘ |®|.] ]|®¢ST1_]

is such that each éST’ij 18 a pure state satisfying |¢~53T,ij> < |¢ST,ij> element-
wise, then

Hinax(XSYT) 5 < Hyax(XS[YT).
Proof. Tf we have a state p € P.(XYST) which is of the form

D1l ®p;
J
where each p; € P.(XST), then (Proposition 4.6 in [73])

Hmax(XS|YT) = log ZQHmax(XS‘T)pJ_
J
Together with Lemma C.1, this implies the result. 0

The background states we consider are tensor products of link states, and
they can be expressed with positive coefficients in a product basis along the
half-edges. The following lemma will help us to show that when we perform
smoothing we can retain some of this structure.

Lemma C.3. Suppose that ¢ € Po(XST) can be written as
dxsT = Y )il ® psri

where each ¢sr,; is pure and has a Schmidt decomposition
|bsr.0) = Y v/ Aijlid)
in the standard basis. Then, J
Hiin (X S|T) g = Hinin(XS[T)
for a state ¢ € P_(XST) which is such that P(¢,$) < & and
bxsT = Z |i)(i| ® s
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with
|<Z~55T i) Z i.5133)-

for some 0 < /N\M <1.

Proof. Let Y be a copy of X and let R be an additional reference system of
sufficiently large dimension. Then, we let

bxvsrr) = Y /Aijlii) @ |jj) @ |0)
0,J

be a purification of ¢ xg7r. Now, by duality of smooth entropies
XS|T)p = —Hpax (XS[Y)g

mll’l ( max

By Lemma 6.13 of [74], we can find a state
bsxy = Z 17) (] ® dxv.;
J

such that P(¢, ¢) < e and HE,, (X S|Y )y = Hmax(XS[Y) ;. Now, an arbitrary
purification of ¢gxy will be of the form
bsTxvr) = Y _|ik) ® |dxv r k).
gk
We see that
[010)] = D 8/ X |((id] @ (0) [0y k)|

i3,k
so, optimizing over the choice of purification |¢), by Uhlmann’s theorem we
find a purification of the form

bsrxvr) =D 1id) @ [dxvr,)

such that F(¢xvys, dxys) = |(¢\g§> | We define the projector I xy = Zj l79) gl
Then for any oy € P-(Y) we note that (Is ® lIxy)Ixs ® oy (Is @ xy) <
Ixs ® oy where oy =3 (jloy|j) [7)(j] and hence
F((Is @ lxy)o(Is @ Ixy),Ixs @ oy)
= F((;S, (Is @ Ixy)Ixs ®oy(Is @ xy)) < F(&IXS ® o).

If we let |¢'yysrr) = (Hxy ® IsTr)|dxysrr) this implies that

Hipax (X S[Y )y < Hinax (X S|Y) 5.
Moreover, it is easy to see that |(¢/|¢)| = [(¢|¢)|. Again using duality, we find
that

mm(XS|T) < Hmln(XS|TR)¢’

Finally, let
6) = (IxysT © (0])|¢)
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then by data processing (Theorem 5.7 of [73], note that data processing for the
conditional min-entropy is valid for trace mon-increasing completely positive
maps) it holds that

Huin(XS|TR) g < Hunin(XS|T) 3.

By construction ’<¢~5|¢>‘ = |(¢/|¢)| and hence P(¢, ¢) < e. Finally, by construc-

tion ¢ is of the desired form

|psrxy) = Z Xijlit) @ 157)- 0

The following lemmas will be used in our joint smoothing construction
to bound the purified distance of the smoothed state.

Lemma C.4. Suppose ¢, € P.(H) are pure states, and suppose
=SVl =3 vl

for some \;, u; > 0. Then,

T(¢,9) < P(¢, 1) < /22|)\ — il

p=2~A>), o=A)

where A is the completely dephasing channel, so
p=D Nl o= mli
i i
Then, since p and ¢ are diagonal in the same basis

P(¢,1) = P(p,0),

we then estimate the trace distance by

T(p,0) < o= ol = 3 i — s

Proof. Let

and we apply the Fuchs—van de Graaff inequalities, Eq. (4.1), to estimate

T(¢,v) < P(¢, ) = P(p,0) < /2T (p,0) < /22 IAi — il

Lemma C.5. Suppose ¢,¢; € P-(H) are pure states for j € [n], and suppose
o)=Y _VNli) o) =D V/Auli)
for some A\, \; j > 0 and suppose P(¢, $;) < € for all j. Then, if we let

6) = ijin VAl)

O
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it holds that P(¢, ) < 2y/ne.
Proof. Let

p=> Nl =D Aaliil.
Then, P(p,p;) = P(¢, ¢;) and using the Fuchs-van de Graaff inequalities
> <D =Nl =D lle = pilh
Jj ot J

<2y T(p,p) 2 P(6,;) < 2ne.
J J

)\i - m_in )\j,i
J

The result now follows from Lemma C.4. O

Finally, we prove our main joint smoothing result. We again consider the
setting of a tensor product of link states on a graph G = (V, E), where we
consider some boundary subsystem A C Vj. Recall that for a cut T'y € C(A)
we define

C1(FA) = {AA S C(A) : AA g_ FA}
Co(Tp) ={AA € C(A): T4 C A4}
Lemma 4.5. Let ¢ € P_(V) be a link state, A C Vy a boundary subsystem and

T'a € C(A) a cut for A. Then, there exists a pure state ¢° € P (V) which is
such that

P(9,¢%) <2 (VIGTa) + VIGT)) vE
and it holds that for any Aa € Cr(T4)

Huin(Ta\AA|TY)ge > Hiin (Ta\AAITG) g
and for any A s € C2(T4)

Hunin(Aa\La|Ta)ge = Hiin (Aa\LallTa)g.

Proof. We may assume without loss of generality that ¢ = &), ¢e is such
that each ¢, has Schmidt decomposition in the standard basis,

D.
[be) =D v/ Acilid)
i=1
This means we may write
[¢) = Z VAl
I

where I runs over all possible basis elements along each edge I = {i.}cer and

A= ] Aei. 1) = licic)-

eckE ecEl
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We also let

By ={e=(vy) € E,z,y € Ta}
By ={e=(vy) € E,z,y €T}

so F=F;UFE;U~v4.
Consider a cut Ay € C1(T"4). Let

X ={(e,x) :e=(ay),x €Ta\A4,y € Ay}
S={(e,z) :e=(zy),z € T4\Aus,y € AG}
T={(e,z) :e = (ay),z €T,y € AG}

Then, we see that HS; (Ta\Aa|l'% )y = HS;n(XS|T)s and we can write (as
¢ is a product state)

OxsT = Ox @ PsT-

Here, ¢g7 is pure, whereas ¢x is diagonal in the standard basis along the
half-edges in X. From Lemma C.3 (applied with ¢sr; = ¢pgr for each i), we
find that we obtain a state ¢4 which is such that P(¢>4¢,¢) < & and

Hmin(FA\AA|Ff4)¢AA15 Z Hriun(FA\AA‘F%)¢

and which can be written as

9505) = 302D,
I

for some coefficients )\IAA’E. Moreover, we can write
i Aa,
|¢AA’E> = Z |i1) ® ‘¢Eiia> ® |¢E,)
i

where ¢ runs over all possible basis elements along the cut 4, ¢ = {ic}teeya

and [i) = @.c,, lic), and the gbél"f are pure states with positive coefficients

in the standard basis. We now let
67) = > VA
I

A5 = min  ASAE
A€Ci(Ta)

By construction, this state can be written as

|p7) = Z |i1) ® |$%, i) @ |9E,)

K3

By Lemma C.5, it holds that

P(¢,¢7) < 2¢/|Ci(Ta)le.
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An analogous construction can be used to construct ¢p24° for Ay €
C2(T'4), and taking the minimum over all such cuts, we get a state ¢5 of the
form

|¢3) = Z i) @ [om,) © |9, )

which satisfies

P(¢,83) < 2¢/[C2(Ta)] €.

We now define
|o%) Z |i1) @ |$%, i) @ 19F,.)-
We will now show that ¢8 has the desired properties. First of all, since ¢
is normalized, F(9,6°) = F(¢,67) and F(g,67) = F(95,93) so
P(,¢°) = P(65,65) < P(6,65) + P(6,65) <2 (VIGTa)] + VIGTA)]) V&

using the fact that the purified distance is a metric.
Next, consider A4 € C1(A). We note that by duality Huyin (Ta\AAT'Y )¢ =
—Hpax (T aA\AA|A 4)pe. We define the following subsystems of half-edges,

X' ={(e,z):e= (vy),r € Ta\Aa,y €T}
Y' ={(e,z):e=(2y),x € Ay,y € TG}
§'={(e,x) :e=(zy),x €Ta\As,y €T}
T'={(e,x) : e = (zy),x € Aa,y €Ta}.

50 Hinax(TaA\AA|A4)pe = Humax (X' S"|Y'T") 4. Next, we observe that by con-
struction, ¢° is of the form

Oxry s = Z |2)(il @ 17) (G @ S5 45

where 7 runs over all possible bams elements along va\04, i = {ic}eey,\5, and
i) = ®€€’YA\5A lie), which forms a basis for Hx; and j runs over all possible

basis elements along 74N da, j = {Jetecyanss and ) = @, e, s, |Je), Which
forms a basis for Hy. Each ¢%, ;; is a pure state. Similarly,

Aa, Aa,
XIIAYE:;S/T/ Z | | ® ‘J j| ® QSS’{}’E,’L‘]

where the cbg/‘T’,E’ ;; are pure states. Moreover, by construction |05 i) <

|¢§’AT,’6, ;;) elementwise in the standard basis. Therefore, by Lemma C.2 it holds
that

Hinas (X'S'[Y'T") g < Hoare(X'S'|Y'T") g .

Finally, by duality Huyin(TA\AA[T'G)ga4c = —Hmax(X'S'|Y'T") 42 4. and we
conclude

Hypin (TA\AATG)ge > Hunin (TaA\AA[TG)paac > Hpin (Ta\A4TG)s.
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A similar argument is valid for Ay € C3(T"4), showing that
mln(AA\]-—‘A“-—‘A)(bE > Hmln(AA\FA|FA)¢AA e 2 m1n(AA\FA|FA)
O
In the proof of Theorem 4.12, we need a similar smoothing lemma for a
slightly different situation as stated in Lemma 4.11.
Recall the setup: We consider a graph G = (V, E) and we have a set of
boundary vertices Vy, and A C V. We denote by 74,1 the edges incident to A,
and 74,2 the edges incident to A, and we assume these sets do not intersect.

We let By = E\(v4,1 U74.2). For a cut Ay € C(A), we let Y24 be the set of
half-edges

VA4 = {(e,x) e = (zy),x € A%,y € A}.

Lemma 4.11. Let ¢ € P(V) be a pure background state which is of the form
o= ¢’YA,1 ® ¢’YA,2 ® ¢Eb; where

Eb = ® d)e
ecky

is a product state and the ¢., , have a Schmidt decomposition in the standard
basis along the half-edges. Then, there exists a state ¢° which is such that

P(¢,¢%) <2V2Vee
and for all cuts Ay € C(A) it holds that
Hinin(As\A|A)ye > Hyy;

min

(AA\AJAY 24),.

Proof. The argument is much the same as the proof of Lemma 4.5. We again
assume without loss of generality that each ¢. has Schmidt decomposition in
the standard basis, and we may write

="Vl

as in the proof of Lemma 4.5. Consider a cut A4 € C(A). Then, we let
X ={(e,z):e= (zy),x € Ayg,y € AG}
S={(e,z):e=(zy),z € Ag,y € As\A}
T={(e,2) e = (ay),a € Ay ¢ A}UYA

so He, (A4\AJAY24), = HE, (X S|T),. Moreover, by the structure of the

state, ox s = px ®dgr, where ¢pgr is pure and ¢ x is diagonal in the standard
basis. So, from Lemma C.3 we obtain a state

p24F) = AT

1
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for some real coefficients )\IAA’E > 0 which is such that P(¢,$>4°) < ¢ and
Huin(XS|T)pe > HE,, (X S|T)g. As before, we define

min

[6%) = >_VAT)
1

M= min \2AC
AaeC(A)

By Lemma C.5 P(¢,¢°) < 2/|C(A)|e = 2v/2[Vele. If we define the following
subsystems

={(e,x): e = (ay),x € A, yA}
={(e,x) :e=(ay),x € AY, yA}
={(e,z) re=(ay),x € An,y ¢ A}
={(e,z) re=(ay),x € AY,y ¢ A}

then ¢%, ¢/ can be written as

Pxryrgm = Z| il @ 7)) (] ® ¢S 4ij

where ¢ runs over all possible basis elements along y4,1\d4, ¢ = {ie}ee’YA,l\(sA
and [i) = ®.c.,,\6, [fe), which forms a basis for Hx/; and j runs over
all possible basis elements along y41 N da, J = {jetecyarnsa and [j) =
®e€vA,1ﬁéA |je), which forms a basis for Hy+. The ¢%,7, ;; are pure states.
We can therefore apply Lemma C.1, and

Hpnax (X' S'|T'Y" )4 < HmaX(X/S’|T’Y’)¢AA,E
and hence, by applying duality and data processing
Hunin (AA\AJA) g = —Hnax (AA\A|T'Y ") ge = —Hpax (X' S"|T'Y" ) 4
> Hmax(X’S’\T’Y’)¢AA,5 = Huin(Aa\AJA) g8 4.
> Huin(AA\AJAY24) a0 > HE g (AA\AJAY 24),.

O

Remark C.6. We may make two observations on Lemmas 4.5 and 4.11. In both
cases, if we construct the coefficients as min A7, A\; we find that we may assume
the resulting state has coefficients in the basis |I) which are upper bounded
by A; (affecting only the constant factor in the upper bound for P(¢, ¢%)).
Secondly, we note that

[trlg] — tr[67]] <> A = A7l = O(e) (C.2)
I

rather than the naive O(/¢) estimate.



Vol. 25 (2024) Random Tensor Networks with Non-trivial Links 2205

D. A Family of Metrics on the Symmetric Group

In analogy to the Cayley distance on the symmetric group Sk, we consider the
following function d,: S x Sp — R given some arbitrary density matrix

p € P_(H):
dp(m,m) = Y, (=DH(p)=—- Y logtr[p].

leC(ny ' m2) leC(ny ' m2)

As we saw in Sect. 2.1, this function is closely related to the replica trick for
random tensor networks with non-trivial link states. In the case where p is a
maximally mixed state, this function is precisely proportional to the Cayley
distance (2.15). In this appendix, we show that d, is a metric for any non-pure
quantum state p. (If it is pure, then d, vanished identically.)

We say that two permutations «, 3 € Sy are disjoint if any point not
fixed by « is fixed by 8 and vice versa.

Lemma D.1. The function d, defines a metric on Sy for any state p which is
not pure. Moreover, if p does not have flat spectrum the following holds for all
T, T, Ty € Sk

dp(m1,m2) + dy(m2, m3) = djp(m1,73)
if and only if wflﬁg and ﬂ;1W3 are disjoint permutations.

Proof. The fact that d,(m,m2) = 0 if and only if m = m follows from the
assumption that p is not pure. The symmetry d,(m1,m2) = d,(m, m1) is clear
from C(n; 'me) = C(my 'mr1). Thus, the only non-trivial property we have to
show in order for d, to be a metric is the triangle inequality. We let d = dim(H)
and we write spec(p) = {\;}%,. Then, by letting o = 71} 'm2 and 8 = 7, '73
the triangle inequality

dy(m1,m2) + dp(m2,m3) > dy(m1,73)

is equivalent to

d
[ (24) I (2v)= I (Sx) o
leC(a) \i=1 meC(8) nec(af)
Moreover, we need to show that if the spectrum is not flat, we have equality
if and only if o and 8 are disjoint permutations. It suffices to show this for
the case where (3 is a cycle, as we can write 3 as a product of disjoint cycles
in general and iteratively apply the result for the case where (3 is a cycle. We
write 8 = (i1...4m) and By = (i1...14) for ¢ < m and we let a; = o, and
Qg = Q.

We can then find a unique sequence of numbers go =0 < g1 < ¢z < ... <
m such that, if one compares ay; and «q,,,, then either ¢;11 — ¢q; + 1 cycles
have merged into a single cycle, or a single cycle has split into ¢;11 —¢; + 1
cycles. Moreover, these two operations are alternating in the sense that if o,
to ag,,, is a merge, then g, , to ag,,, is a split and vice versa. Indeed,
Bat1 = Bg(iqigt1), S0 agp1 = ag(iqigr1). If ig and ig4q are in different cycles
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in o, then applying (iq i4+1) merges these two cycles, and if i, and i,41 are in
the same cycle in oy, then applying (iq ig+1) splits this cycle into two cycles.
Let

J={j:aq toag,, isa merge}

and for j € J let m; = ¢j11 —¢q; +1, then ZjGij < m. Now, it is clear that
for any collection nq,...,n, of numbers with 25:1 n; < n it holds that

H (Z >\"J> > iw (D.2)

j=1

where the inequality is strict unless 7 = 1 and ny = n (since we assume that
p is not pure). In particular (recall that we assumed [ to be a cycle of length
m), we may estimate the left-hand side of Eq. (D.1) by

d d d d
11 (Zxﬁ) (ZA;”) < II (ZA§> 1T (ZAZ’”). (D.3)
leC(a) \i=1 i=1 leC(a) \i=1 jeJ \i=1

with equality if and only if {m;};c; = {m}. (So [ only merges cycles.) We
will next argue that for j ¢ J

I1 (Edjké>< I1 )(iAﬁ). (D.4)

1eC(ag,) \i=1 1eC(ag;
and for j € J
d d d
1 (Z Aﬁ) (Z w) - T (z Aﬁ) 0.5
1€C(ag;) \i=1 i1 1€C(ag, ) \i=1

with equality if and only if the spectrum is flat or all the cycles that are merged
are 1-cycles. Then, combining Eqs. (D.3), (D.4) and (D.5) we may conclude
that Eq. (D.1) holds, with equality if and only if § is a disjoint cycle from «.

Equation (D.4) follows immediately from Eq. (D.2), so it remains to show
Eq. (D.5). To this end we will apply Jensen’s inequality. In Eq. (D.5) let us
assume that s cycles of lengths [y, ...,ls are merged into a cycle of length [,
sol = Zp 1l We let l541 = s. Let fp : [d] — R>o be the function defined

by i — )\i” , for p € [s + 1]. Moreover, let

I, —1
np:;_l for p € [s].

We consider expectation values over the probability measure on [d] where i
has probability A;. Since 7, <1 for all p, by Jensen’s inequality for n, # 0

(Ef )n > Ef, (D.6)
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with equality if and only if the spectrum is flat or 1, = 1. Note that for n, = 0
(equivalently I, = 1), Ef, = 1. Using that

lb—1 s—=1 Il—-s5+s—-1
= = :1
2 2171”71 I—1

and for n, # 0

1 d
Efpnp = Z )‘ﬁ
i=1

we find that
s d d s+1 1\ "p d
I1(3o0) - TTmns 1 (547)" -3
p=1 \i=1 i=1 p=1 P,Mnp7#0 i=1

Here, we have equality if and only if the spectrum is flat or for all p € [s + 1]
it holds that n, = 1 or n, = 0. Since 1, < 1 for p € [s] and ls41 > 1, this
only happens if [, = 1 for p € [s] and s = ;11 = (in other words, if all the
merged cycles are 1-cycles). Applying this with s = m; for each j € J proves
Eq. (D.5). 0
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