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Abstract: This report presents the space-time convergence analysis of two implicit discretization
strategies for the mixed formulation of wave equations, based for the first on the Stérmer-Verlet
scheme and for the second on the Crank-Nicolson scheme. This analysis is uniform with respect to
the space-time convergence ratio. For each discretization strategy, after obtaining an exploitable
energy identity, a uniform stability result is achieved through a technique of projection onto well-
chosen eigensubspaces of a certain symmetric real matrix appearing in the construction of the
schemes. Uniform convergence is then demonstrated using increasingly refined techniques to reduce
the regularity assumptions on the semi-discrete solution.
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Analyse de convergence espace temps de stratégies de discrétisation
implicites de la formulation mixte des équations d’ondes linéaires.

Résumé : Ce rapport présente ’analyse de convergence espace temps de deux stratégies implicites de discréti-
sation de la formulation mixte des équations d’onde, basées pour la premiére sur le schéma de Stérmer-Verlet et
pour la seconde sur le schéma de Crank-Nicolson. Cette analyse est uniforme par rapport au ratio espace temps
de convergence. Pour chaque stratégie de discrétisation, aprés avoir obtenu une identité d’énergie exploitable, un
résultat de stabilité uniforme est atteint grace & une technique de projection sur des sous espaces propres bien choisis
d’une certaine matrice réelle symétrique apparaissant dans la construction des schémas. La convergence uniforme
est ensuite montrée en utilisant des techniques de plus en plus raffinées afin de réduire les hypothéses de régularité
sur la solution semi discréte.

Mots-clés :  analyse numérique, convergence spatio-temporelle, discrétisation implicite, formulation mixte
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4 Chabassier

1 Introduction

1.1 General model

The mixed formulation of linear wave equations is one possible modeling of wave propagation phenomena. It
is chosen over its second order formulation counterpart in situations where the unknowns are more relevant to
the physical context [Makridakis and Monk, 1995, Lanteri and Scheid, 2013|, or where these unknowns are more
natural for modeling purposes (as for instance coupling with other parts [Banjai et al., 2015]), or even where it is
not possible to formulate the equations as a second order equation (as for instance in presence of intricate dissipative
[Bilbao and Harrison, 2016] or nonlinear phenomena [He and Sun, 2020]).

On an abstract level, this system reads, for 0 <t < T,

p(0) = po (1.1a)
v(0) = vg (1.1b)
p+Bv=f (1.1¢)
v—Bp=g (1.1d)

where B : H'(B) C P — D is an operator and B* its adjoint. The source terms and the initial conditions are
supposed regular enough so that the following hypothesis holds, in three Hilbert spaces P, H'(B) = {p € P|Bp €
D}cPand D:

HypoTHESIS 1.1 (Stability of the continuous system). The source terms and the initial conditions are reqular enough
such that there exists a constant C' > 0 such that

Ipllcso0,13p) + IPlle2c0,m;m1 8) + 1Vllc2 0,730y < C (1.2)

1.2 Space discretisation

Numerical methods to solve this system are numerous and can rely on several analysis tools. In this work, we
want to introduce and compare two parametrized time discretisation strategies, and we therefore suppose that
the spatial discretisation is done with usual methods such as Finite Differences [Zuazua, 2005], Finite Elements
[Brezzi and Fortin, 1991], Finite Volumes [Eymard et al., 2000], or any other method that provides the following
semi discrete system, along with some necessary bounds on the space discretisation error. More precisely, we
assume that, after introducing a small space discretization parameter h, and following the steps that lead to the
semi discrete system, the semi discrete solution (py,,v) is sought in finite dimensional spaces U, C H'(B) C P and
Dy, C D, where P and D are two Hilbert spaces naturally prompted by the equation as the variational spaces for
both variables:

pr(0) = phr,o (1.3a)
vp(0) = vp (1.3b)
b+ Bion = f (1.3¢)
O — Brpn = gn (1.3d)

where By, : Uy, — Dy, is a discrete approximation of the operator B, and B}, : Dy, — Uy, is its adjoint, and pp. 0, Vp,0,
frn and gy, are discrete representations of pg, vg, f and g in Uy, and Dj,. We also denote I}, the identity operator of Uy,.

For the sequel, we will suppose that the spatial discretisation satisfies the
HypoTuEisis 1.2 (Stability of the semi discrete system). The spatial discretisation is such that there exists a constant
C > 0 independent of h such that

lpnllcso,r;p) + lonllc2o,r:m (8)) + lvnllezo,rmpy) < C (1.4)

Additional hypothesis of stability of the semi discrete system will be assumed when necessary in the analysis of the
two considered discretisation (see Hyp. 2.1, Hyp. 2.2 and Hyp. 3.1).

Hyporugesis 1.3 (Convergence of the semi discrete system). The spatial discretisation is such that there exists a
function § : Rf — R, such that

||p — thCO((LT;P) —+ ||U — Uh”CU(O,T;D) § 5(}1), with 5(}1) }:()) 0 (15)

Inria
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1.3 Implicit parametrized discretizations

The following sections aim at analyzing the two parametrized implicit discretization proposed in [Chabassier, 2023b)].
They are two numerical schemes based on the mixed form (1.3). Let 6 > 0 be a real number and At > 0 a time
step, which will be used in both discretizations. The first one is a generalization of the Crank-Nicolson scheme
called 6-CN, where both unknowns are sought on the same time grid. The choice § = 1/4 amounts to the usual
Crank-Nicolson scheme. The second one is a generalization of the Stérmer-Verlet scheme called 6-SV, where both
unknowns are sought on interleaved time grids. The choice # = 0 amounts to the usual Stérmer-Verlet scheme.
The first scheme 6-CN is considered in section 2, while the second scheme 6-SV is considered in section 3. Both
sections follow the same analysis strategy: first the scheme is presented along with an energy identity, then the
stability is shown, and finally the convergence is shown relying on some regularity assumptions on the semi-discrete
solution of (1.3).

A first work [Chabassier, 2023a] has focused on obtaining uniform space/time convergence of the 0-SV scheme, in
the sense of

e obtaining convergence between the fully discrete solution and the semi discrete solution that do not depend
on the space discretization parameter h,

e ensuring that these results are uniform with respect to the space/time convergence ratio.

The aim of the present work is to generalize this to the 6-SV and the 6-CN schemes, which are parametrized
implicit generalizations of the Stérmer-Verlet and Crank-Nicolson schemes. The aim here was to obtain stability
and convergence results that are uniform with the space/time convergence ratio, especially when 6 < 1/4, in which
case the schemes are conditionally stable. Note that the usual Crank-Nicolson scheme amounts to § = 1/4, hence
showing uniform space/time convergence does not need such refinements in the stability and convergence proofs.

2 Analysis of the parametrized implicit discretization based on the
Crank-Nicolson scheme

In this section, a parametrized implicit discretization, introduced in [Chabassier, 2023b], based on the Crank-
Nicolson scheme is analyzed. The unknowns of the scheme are sought on the regular time grid {t" = nAt}o<n<n.
Let us define the discrete operators § and p as

n+l _ . n n+l _ n

n+1 n n+1 n

n+i W w n+i W + wy, n+i g q n+i g +q
5wh 2 _ "h ~ h’ pw, 2 _ h 5 li , 5% 2 _ 2h ~ h’ 1ay 2 _ 2h 5 h (21)

They satisfy the useful following properties, for X a general sequence,
2
16X < <-p X (2:20)
nt+ nt3 1 2\n+3

OX"Tau X" = 55(X )2 (2.2b)

In order to reduce the technicality of the proofs, the appendix B shows useful general results on a template system of
discrete equations. The same general results will be used to show the stability and the convergence of the considered
scheme.

2.1 Parametrized Crank-Nicolson (f-CN) and energy identities

The numerical scheme that is considered to solve (1.3) is to seek two sequences {w} }o<n<n and {q} }o<n<n such
that

wg = v, (0) (2.3a)

@ = pn(0) (2:3b)
1 n+s n+s n+s

<Ih + (0 — 4)AtzB;’;Bh> 5qh+5 + B;"Luwh+é = h+5, 0<n<N (2.3c)

5wz+% — Bhuqz+% = 5gZ+%, 0<n<N (2.3d)

RR n°® 9529



6 Chabassier

DEFINITION 2.1 (Modified mass matrix). In the following, we denote I, = I, + (6 — 1)At2B;}: By, the modified mass
matriz of the 8-CN scheme that we analyze.
PROPOSITION 2.1 (Energy identity). Any solution to (2.3) satisfies, for n € [0, N],

n+i n+3 n+3 n+3 n+3 n Lon Lo
septt =t ot where g = Ligp2 + Ll (2.4)

n+i . n+i
Proof. Take the scalar product of (2.3¢) with uqh+2 and of (2.3d) with ,uwh+2 and use (2.2b), and denote

lai 113, = (Ina,ai)p (2:5)
O

PROPOSITION 2.2 (Stability condition). If § > %, the discrete energy £;' is always positive. If 6 < %, the discrete

enerqgy is positive if
At
n<1, where 1= 7\/1 — 46/ p(B;:Bp) (2.6)

Proof. This directly follows from the definition of Ij,. 0

DEFINITION 2.2. In the sequel, we will write that the “stability condition holds” if the choices of spatial discretisation
and time step ensure that the discrete energy &} is positive, which is specified in the previous proposition. This will
be true either if 0 > 1/4, either if Eq. (2.6) holds.

The following proposition is trivial to obtain if § > 1/4 since in this case, the modified mass matrix is definite
positive and defines an equivalent norm to the canonic norm. The difficulty here was to obtain a result that is
uniform as 7 — 1 when 6 < 1/4.

PROPOSITION 2.3. Suppose that the stability condition holds. Then, there exists v > 0, independant of h, At and
n, such that for allm > 0,

+1 n4 3 " n n n +1 n++
lnay, 2 lp < 2vuv/280 7+ (lgn o +lloilio) . lwillp < V26, lluwy *llp < pv2E * (2.7)
where v only depends on the choice of 0, and is independant of h, At and 7.

1 1 1 1
Proof. Apply Prop. B.1 to the system (2.3), with a}} = ¢}, b} = w}, 77?+2 = f,?JrQ, 77;1+2 =0, 77§+2 =0 and

Ny = gp. The constant + is defined in (B.12). O

2.2 Stability analysis
PROPOSITION 2.4. Suppose that the stability condition holds. The discrete energy {E]'}n, satisfies

VER <1/38 + V2y (ﬁ + 415”) I fnllcoo,r;p) + V22VT + t")|gnller o,:p) (2.8)

where v only depends on the choice of 8, and is independant of h, At and 7.

Proof. From (2.4) we see that we can apply Prop. B.3 to our problem, with a}) = ¢}, b} = wy}, 77?+% = }7;-&-%’
77;+% =0, néﬁé =0 and 7} = g;;. This prompts
VE < A+2t"B (2.9)
with
A= V2 VT (A4 2ulanl ) + et (2.10)
B = Vasip (291 + 109, (2.11)
The term ||5gl,:+% || can be upper bounded by the C*(0,7’; D) norm of gy, hence the expected result. O

Inria
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THEOREM 2.1 (Stability of the §-CN scheme). Suppose that the stability condition holds. Any solution to the 6-CN
scheme (2.3) satisfies for alln >0

Jwi D < 1/6ER + 27 (\/TJF 4t") I fnlleoo.r:py + 2@VT + ") lgnller o,7:p) (2.12)

and

+3 n ny 1
gy, 2llp < 274/6€) + 497 (ﬁ+4t )|\fh||CO(O,T;p)+4'y(2\/T+t + 5)lgnller .7y (2.13)

where v only depends on the choice of 0, and is independant of h, At and 7.

Proof. Using again the results of Prop. B.3 with a} = ¢}, b} = wy, 771+2 = h+2, 772+2 =0, 773+2 = 0 and
ny = gp, we get
ntd
gy "2 | < 2V2y (A + 2" B) 4 7C (2.14)
wi| < V2(A+ 2t"B) (2.15)
where A and B are defined in (2.10) and (2.11), and
N ntl
C = 2sup pllgn]" "2 (2.16)
k=0
Hence,
il < /682 + 27 (VT + 487 | fulleniorary + 2V + ) lgnles 0.7 (217)

n+3 n n
gy P2 < 2v1/68 + 492 (VT +427) | falleoorimy + 1VT + ) gnllero.7:0) + 2llgnlleoorimy  (218)

Hence the expected result. O

2.3 A first space/time uniform convergence result for smooth enough solutions

HypoTHESIS 2.1. Let (vn,pp) be the solution to (1.3). We suppose that there exist Ci ¢ > 0 independent of h such
that

Ipnllceo,mimr )y < Cre, V(K £) ={(0,3),(1,2)} (2.19)
||Uh||C[(O,T;H"’(B*) < Ck,@a V(k,f) = {(Oa 3)7 (L 2)} <220)
”thCz(O,T;H"'(B*) < Gk,l7 v(k7€) = {(07 3)u (17 2)} (221)

where implicitly, H*(B) = P and H°(B*) = D.

THEOREM 2.2 (Convergence of the -CN scheme for a smooth enough discrete solution). Suppose that the stability
condition holds and that hypothesis 2.1 is satisfied by the semi discrete solution (v, pn) of (1.3). The solution
(wi, qpt) to the 8-CN scheme (2.3) satisfies

1 . _

||]52 - uqﬁHp < cAt? [00,3 + |9 — ZKCLQ + Gl)g) + Go73 + 00,3 + 6172):| (2.22)
1, ~ -

||’l7;7; — ’U;LLHD < cAt? [00,3 + |6‘ — Z|(01’2 + GLQ) + Goﬁg + 00,3 + 01’2):| (2.23)

where ¢ > 0 depends on T and ~y but is independent of h, n and At.
Proof. Define e, and e, the error of the §-CN scheme (2.3) to the semi discrete system (1.3) as

eg =Dy —qp, e, =T —wp (2.24)

RR n°® 9529



8 Chabassier

These errors satisfy

~ 1 PR 1 1~
Ih(S@;H_?’ + B,’:ueﬁJr? = Ih5172+2 + B;;,LL’U;H_Q - Ihéqh Bh,uwn+2

—n+31 n+i 1 * _n+z n nt3
th+2 +5p+2 "’AtQ(G_ *)BhBh(Sp *2 +Bh(vh : + 1w +2) - h+2

:* +2 +€p+2 +Bh£n+2 +B* n—i—2 . }7;—&-%
ety prente g gt (2.25a)
and
1 +1 _n+i _nti
besE — Bupey t = 60, F — Buypy " — (GwpE — Bupugy )
= UZ“ e Byt - BT - sgyt

—n+l +1
= ( 2 +év 2 —Bhnn+2 _(Sgn+2

l n
- "*2 4 emtE g gnts (2.25Db)

where there exist t” < t1,ts,t3,t4,t5,ts < t"1! such that

.n-‘rl A 3 n+ % At2 2
€p = 24 pz)( )» T : :71)2)@2),

n+l 1 1
b= AP0 - DB () =405 AP0 - ) [0 (1) — 0,7 (1)

1 AP At? 1 AP
€ZL+2 _ o0 9(3)( 4)7 €Z+2 _ 24 (3)( 5)’ 7717;"!‘2 _ (2)(t6) (226)

8
and
e)=0, €)=0 (2.27)
We can apply the results of Prop. B.3 with
ap =en, by =el, gtE Z TR et tE  prants o nbs g by Bhn”+2,
n+3 n n _— eon 1
N3 = Oa Ny = 07 gh = Ee = 7“ p”2 7H v”2 (228)

where, from the hypothesis 2.1, we know that there exists ¢ > 0 such that

HY = i:% InET2 ) < A Kco,g +16 - 3|((Z*172 - G172)):| (2.29)
13 = slp Iy T < eA? [Gog + Co+ Ca)| (2.30)
Hence,
pert 2| < 2924 (A + 20" B) + 7 C (2.31)
er]] < V2 (A +2t"B) (2.32)
where
A= V3 [VT [yHY + (1 + A HY'] + /380 (2.33)
B=vV2(2yHY + HY) (2.34)
C = AtHY (2.35)
We know that £) = 0 from the initial conditions. Moreover, At < " < T. Hence,
A+2t"B < V2VT [yHY + 1+ T)HY | +2TV2 (2vHY + HY) (2.36)
< V2y [VT +4T | HY + V2 |1+ T)WT + 21| By (2.37)

Inria



Space time convergence of implicit schemes for the mized formulation 9

ler ™3| < 2v2y (A + 20" B) + ATHY (2.38)
< 4y? [\/T—HLT } HY + 4y [(1 +T)WT + 9ﬂ 5V (2.39)
< c(HN + HY) (2.40)
and
e < 2y {\/:7+4T}H{V+2 {(1+T)x/T+2T} oYy (2.41)
< c(HY + HY) (2.42)

where ¢ > 0 is a constant that can change from line to line, and only depends on v and T'. Finally,

n+i n+i n+3 n+2 _ntl nt 3
1Pn 7 —na, 2N <Py 7 —wpy, 2+ @y 2 —a, 2 (2.43)
+l +l
<l 21+ llpep 2| (2.44)
1 =~ ~
< cAt? [002 + 0073 + |9 — 1|(C1,2 + G172) + G0,3 + 00,3 + 01,2):| (2.45)
and )

||1_)Z — UZH < cAt? [0073 + |9 — ZKC’LQ + GLQ) + G073 + 6073 + 01,2)] (2.46)

Remark 2.1. Notice that the specific choice 6 = i, which leads to the usual Crank-Nicolson scheme, removes the
terms in (C12 + G1,2) in the error constant.

Remark 2.2. This result is not optimal, it is indeed possible to reduce the regularity assumptions on the semi-discrete
solution, as done in the following paragraph.

2.4 A second space/time uniform convergence result for less regular solution

HypOTHESIS 2.2. Let (vp,pp) be the solution to (1.3). We suppose that there exist constants Cy ¢ > 0 independent
of h such that

”ph”CZ(O,T;H"'(B)) < Ck?,b v (k,f) = {(Oa 3)7 (17 2)} (247)
lvnlleeo,ryme ey < Cre, V(K £) ={(0,3)} (2.48)
lgnlleeo,ryme ey < Gre,  Y(k, £) ={(0,3)} (2.49)

where implicitly, H°(B) = P and H°(B*) = D.

THEOREM 2.3 (Convergence of the §-CN scheme for a less regular discrete solution). Suppose that the stability
condition holds and that hypothesis 2.2 is satisfied by the semi discrete solution (v, pn) of (1.3). The solution
(wi, qp) to the -CN scheme (2.3) satisfies

Ip7 — naillp < A [lpnllczo,r;py + Ipnllero.r:m 8y + 1vnlles 0,0y + llgnllez0,m:0)] (2.50)

o5 — witllp < eAE [Ipnllczo,7:p) + IPnller o, 8y + lvnllez 0.0y + llgnllez 0.7:0)] (2.51)
where ¢ depends on T and ~ but is independent of h, n and At.

Proof of Thm 2.3 with usual manipulation. The proof begins exactly as Proof 2.3, to write the scheme satisfied by
the error terms. However, we choose to apply the results of Prop. B.3 with another interpretation of the RHS terms
of (2.25):

1 1 1
3 ntg nt+3g

n—‘,—l N+
=E&p 7, Ny =¢gg >4y

1
n—+ 3

1 n n+ 3
;1 = G,U, 771 - Bhnp )

n+i n+i n+i n n _ on 1 n 1 n
UE! : :gp ? + 27 Ny = 07 gh = ge = 5“%”% + 5“61)”2 (252)

RR n°® 9529



10 Chabassier

When 73, the proof of Prop. B.3 makes use of an Abel summation formula to “exchange” spatial differentiation
with B} with discrete time differentiation. Hence,

el ™3| < 2v/2y (A + 2" B) +AC (2.53)
lle]| < V2 (A +2t"B) (2.54)
where
A= V2 VT [yHY + (1+ AOHY + BY] + 220 | (2.55)
B=v2 (27H1N v HY ¢ 2H§,N) (2.56)
C = AtH) (2.57)

where, from the hypothesis 2.1, we know that there exists ¢ > 0 such that

HYY = ﬁg It 3 || < eACog (2.58)
Hy = fﬁlg ||77}2€+% | < cAt? :Go,s + Cos + 01,2)} (2.59)
HY = sglg 152 ) < A _‘a - i‘ Cra+ 00,2] (2.60)
3 = sl 9| < e "9 - i\ it c] (2.61)

Hence, there exists a constant ¢ > 0 that only depends on « and T such that
1 -
HM63+2 | < cAt? [00,3 +Gos+Coz+ C1,2} (2.62)
lep]| < cAt? {Co,s +Gos+Cos + CI,Q} (2.63)

The rest of the proof follows the end of Proof 2.3.
O

Proof of Thm 2.3 based on the field. Let us prove the same theorem with another approach. Let up € Up be the
field defined as

i = pn (2.64)
with wup,(0) chosen such that Bpup(0) = v, (0). We also define a discrete field {uZJr%}OSnSN_l as
duy, = qy, (2.65)

with u% chosen such that Bhu?L = w%. Then, the semi discrete and discrete unknowns are solution to

iy, + Byon = fu  (2.66a) 0020 + B2 = 72 0<n<N (2.67a)
vp — Bpup = gn (266b) w}? - Bhlluz = g}?? 0<n<N (267b)
T (2.66¢) dup =qy, 0<n<N (2.67c)

Therefore, letting e,,, e, and e, be defined as
1
ew =1, °— uZ , €y =V — Wy, ey =Dy —q (2.68)

Inria



Space time convergence of implicit schemes for the mized formulation 11
we get that
~ o onal ntl o~ oo el o~ o opal
1,0%e0% 4+ Biuey 2 = I,6%u, 72 — [,6%u), " 2 + B uv} — Bipw]!
=027 4 Brl — [,0%u) T — Bl + A0 — f)BhBhéz at
— dP " 3) + &7 4 By [vh(t"+ )+ *] RN i)B;;Bh(s%z;ﬁ
— gt (g )B* i (2.69)
€y — Bupey = —Buny, (2.70)
Jell — e = &n (2.71)
1
where there exist t" ™1 < t1, 12, ts, tT—Q < ¢"*1 5 such that
1 1 L At? At?
T =y - (177 = () = e (1) (272)
12 12
1 1 At?
773+2 = /1,’[7;:+2 — Uh(tn-i_%) = T’U}(LQ)(tg), (273)
) _ At? At?
en = gup —ulD (1) = Tuf’) (ts) = Tpf) (t3) (2.74)
n_ on ny_ A )
e = ity — up(t") = ——uy” (ts) (2.75)
n+i n+i . n+i . n+i
va T2 = APBR6%u, 2 = AP Byiin(ty 2) = AP Bpn(ty?) (2.76)
At this point, we introduce the sequence {¢; fo<n<n as
¢, =€, +¢&, suchthat de, =¢ey (2.77)
The first order system on (e, €;;) reads
Lo + Bipen ™ = &30 4 Bt 4 (0 - 7)3* s (2.78a)
n+—s n 1 n
Sert _ Buueh ™ = —Buoyit? (2.78b)
e) =l (2.78¢)
el =0 (2.78d)

Hence, we can apply the results of Prop. B.3 with (note in blue between parenthesis the upper bounds of each

corresponding term)

ap = ¢y, by =ey, Mt = e (Cog), My =0,
ng+2 _ ng+§(c~'072) + (0 — i) vuts (C11),
Hence,
ey 3]l < 2v2y (A+ 24" B) +7C
ler| < V2(A+2t"B)
where

—Bu1,, (C1,1)

N k+3 1 k+1
A= VE VT [ 1+ 2l + ] + VB )+ VEL) + /37

N k+1 k+3 k+1
B = vastp (2yln; "+ lowy™ )+ 2)n )

N 1
C = 2sup |n||"*>
k=0
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12 Chabassier

Hence there exists ¢ > 0 such that

||WZ+% | <cAt? [00,3 +Co1 +Coo + ‘9 - i‘ (C11+ Cr2) +Co2+Cra+Cos (2.85)

< cA# [Co + Crp + Cog) (2.86)

lep]l < cAt? [C’o,g +Ci2+ C~'0,3] (2.87)

The rest of the proof follows the end of the previous one. O

3 Analysis of the parametrized implicit discretization based on Stormer-
Verlet scheme

In this section, a parametrized implicit discretization, introduced in [Chabassier, 2023b|, based on the Crank-
Nicolson scheme, is analyzed. The unknowns of the scheme are sought on interleaved time grids : vy is discretized
on the regular time grid {¢t" = nAt}o<n<ny while pj is discretized on the interleaved time grid {t”"‘% = (n+
%)At}ogng ~- Let us define the discrete operators ¢ and p as

+3 -3 +3 3
P B et SRS S A o S WY it/ S S Rl (3.1)
h At h 2 At ’ h 2 '
A new useful property is the following one:
_141 _1 At _1
vy 2%z _ pv, % £ 7(51}2 ? (3.2)

3.1 Parametrized Stérmer-Verlet (f-SV) and energy identities

1
The numerical scheme that is considered to solve (1.3) is to seek two sequences {v} }o<n<n and {pz—s_2 }o<n<n such
that

vp, = v (0) (3:32)
% At 0 *
pi, =pn(0) + = [fi + Bivn(0)] (3.3b)
(I, + OA* B By,)opy + Bjvjt = fi, 1<n<N (3.3¢)
nt2 nt1 nt+
ov, ?> — Byp, * =9dg, 7, 0<n<N (3.3d)
The case § = 0 corresponds to the usual Stormer-Verlet scheme. Its space/time convergence was showed in

[Chabassier, 2023a]. The obtained results are here generalized to the §-SV scheme in the following propositions and
theorems.
PROPOSITION 3.1 ( Naive energy identity). Any solution to (3.3) satisfies, for n € [1, N,

n n 7 n .n - n+3 1 * n+i n+i 1 n n
6Eppn = (fs )P + (WOgy,vR)p  with &, 7 = 5((Ih +0AB;Bu)p, 2.p, )P+ §(Uh+1>vh)D (3.4)
1

Proof. Take the scalar product of (3.3c) with up} and of 1(3.3d) with vZJrz O

PropPOSITION 3.2.
o6&y = (fi'swpn)p — (Bhan s kpp) P
. n+% o 1 2 D% n+% ”JF% 1 n+1 n+l n n
with &, % = 5((In + 0AE B B)py, o p, *) + 5 (03" =937 05 —gn)p - (3:5)

Proof. This is obtained by subtracting and adding the term B} g; to the first line and taking the scalar product of
n+1 n+i .
p (3.3d) with vh+2 — gh+2, and of (3.3c) with up}. O

Inria



Space time convergence of implicit schemes for the mized formulation 13

ProposITION 3.3 (Reformulation of the energy).

n_;'_l ]_ +l +l 1 _;,_l +l
&, 2 :i(pz ﬁpZ 2)I~h+§(uxz z,uxz )b (3.6)
where the sequence . is defined as
T =V = 9 (3.7)
and the modified mass matrix I, is defined as
~ 1
I, =1In+ (60— 1)At%B;;Bh (3.8)

Proof. This is obtained by applying formula (3.2) on the sequence {z}} and using Eq. (3.3d) to replace the

n+%
occurences of dz,, " >. O

PROPOSITION 3.4 ( Stability condition). If 8 > i, the discrete energy &' is always positive. If 6 < %, the discrete

enerqy is positive if
At
n <1, where  n = 7\/1 — 46/ p(B;Bp) (3.9)

DEFINITION 3.1. In the sequel, we will write that the “stability condition holds” if the choices of spatial discretisation

1
and time step ensure that the discrete energy €:+2 18 positive, which is specified in the previous proposition. This

will be true either if @ > 1/4, either if Eq. (3.9) holds.

Remark 3.1. Note that the stability condition is exactly the same as the 8-CN scheme, which is consistant with the
fact that, up to the initial conditions, the two schemes can be seen as two algorithmic strategies to compute the
same quantities (see [Chabassier, 2023b]).

3.2 Stability analysis

The stability analysis of this parametrized implicit scheme is very similar to the one in [Chabassier, 2023a], so we
only provide here the main results.

1
PROPOSITION 3.5. Any {pZJr2 tn € Uy solution to (3.3) satisfies

o-1/2 —7 —
Ml < S (Vi 4y ) (3.100)
nt L n_1
T | P < C, 2 <\/26h+2+V2€h ) (3.10b)

where Cy, and C, are defined in Appendiz A.
Proof. See the results of Appendix A and proof of Prop. 2.7 of [Chabassier, 2023a]. O

PROPOSITION 3.6 (Majoration of the averaged unknowns).

1 1 1 1 _1
o o < V2 4 pllanl5E phlle <4 (%2623*2 /28y ) (3.11)

where
o172
v = ’“2 +C2 (3.12)

Proof. See the results of Appendix A and proof of Prop. 2.8 of [Chabassier, 2023a]. We get

I Y Ple <y (Ve oy fag 3.13
[z, 2l < woos o ekl < noo V28, (3.13)

So,
+1 +1 +1 +1 +1
vy Mo < iy, o + lug, o < VV26,% + pllgnllp (3.14)
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14 Chabassier

PROPOSITION 3.7 (Stability of the energy). The energy satisfies

Va2 <& +vV2yar > [I£Elle + I1Bgkl ] (3.15)
k=1

where
T 142 1++2 At 1+2v2 1
&2 < 0 | _— 0 —lg? 3.16
} < 22Ol + 2GR + E 0 + el (3.16)
Proof. See proof of Prop. 2.9 of [Chabassier, 2023a). O

3.3 Space/time uniform convergence

HyproTHESIS 3.1. Let (vn,pp) be the solution to (1.3). We suppose that there exist constants Cy ¢ > 0 independent
of h such that

”thCZ(O,T;H"‘(B)) < Ck?,b v (k’f) = {(Oa 3)7 (17 2)} (317)
lvnlleeo,ryme ey < Cre, V(K £) ={(0,2)} (3.18)

where implicitly, H*(B) = P and H°(B*) = D.

The following theorem extends Thm 3.1 of [Chabassier, 2023a] which was only valid for § = 0. It generalizes the
proof technique in order to encompass the resulting additional terms of the #-SV scheme analysis, but nicely reduces
to the expected result in the case 6 = 0.

THEOREM 3.1. Suppose that the stability condition holds. Then there exists a constant C > 0 independent of h and
n, such that

1Py — upillp < CAE (th”C3(O,T,P) + \/§||thC2(O,T,H1(B))> (3.19)
_ +l +l
o, 2 = pvy, *|lp < CAL? (HUhHCZ(O,T;D) + Ipnlleso,r,p) + \/§||ph||02(o,T,H1(B))) (3.20)

Proof. The proof of this theorem follows the one of Thm 3.1 in [Chabassier, 2023a] but adds a manipulation based
on the Abel discrete summation recalled in Lemma B.2. Let up, € Uy, be the field defined as

’[Lh = Ph (321)

with up,(0) chosen such that Bjpup(0) = v5,(0). We also define a discrete field {u} }o<n<n—1 as

dupty = ppte (3.22)
with 49 chosen such that Bpul) = v). Then, the semi discrete and discrete unknowns are solution to
iin + Bron = fr. (3.23a) (In + OAP By By)0u} + Brop = f,  1<n<N (3.24a)
vn — Buun = gn (3.23b) vy — Brup = gy, 0<n<N (3.24b)
Up, = Pp (3.23¢) 5uz+% = pz—%, 0<n<N (3.24¢)
Therefore, letting e,, e, and e, be defined as
eZJr% = TLZJF% - uZJr%, ey = Uy, — vy, ez+% = i)ZJr% —pZJr% (3.25)
we get that
(I, + OAt2 B By)6%e™ + Brel = (I, + 0AL By By,)6*ay + Bjoy — (I, + AL By By,)6*u} — Byl
= & + OAt* B By > u)! (3.26)
ey — Bpey, =0 (3.27)

n+x n+i _n+l n+i _nt+i n+3
dey > —ep > =0u, > —0u, > —p, >+p, °

—ents (3.28)

Inria



Space time convergence of implicit schemes for the mized formulation 15

where there exists "1 < t1,t < t"T! such that

At? ntd “n n At?
e = 82ap —ulP (1) = . S (), et = sa T — () = ; = u (ty) (3.29)
1
Let us introduce the field {e;H_Q} as
1
TE it s gentE s (3.30)
n+iy . .
such that (e}},e, ?) is solution to

(In + OAE* By By)de + Brey = & + 0A* By B, 6>y, (3.31a)
ertT Bt =g (3.31D)

Taking the scalar product of the first line of this system with pe; and of p operator applied to the second line with
el yields

n+tg n n n n n+3 n+3 n+3
6 " * = (nt, pey) +0(ny, Bapey), & ° —*|| o % *H#ev *[I% (3.32)

where
=& gy = At?Byécay (3.33)

We apply the u operator on (3.31b) to replace By ey in the previous identity, and we sum from 1 to n to get

ALY 0EETE = ALY (b, uek) + 088 S (. duek) (3.34)
k=1 k=1 k=1

We can now apply the Abel discrete summation lemma (see Eq (46) from [Chabassier and Imperiale, 2021]) to get

n
ALY (s pep)
k=1

Using the results of Appendix A, we can show as was done in Prop. 3.6 that

lueh T2 < \2eET2, ekl <~ W 26l E 4y og! } (3.36)

n-+4

Ee

w\»—A

n—1

k+1 k+1 n n+i 1

_At 2(5772 2 y M€y 2) =+ (772 ) H€v 2 ) - (77%7 /”'65 )] (335)
k=1

-

Let us call

N N n k+1
HY =sup |nf|| < CARCyos, HY =sup|[nb|| < CACy,, (Hy)N =stp|ony 2| < CAC (3.37)
k=0 k=0 k=0

Hence

1

£ <£F + AtHlfyZ<\/2Ek+2+\/2€ 5)+9

At(H}) Ni\/%’”? + HY\ 2600 4 gl 2g2 ]
k=1
(3.38)

We perform a Young’s inequality on the two last terms and we get (note that Hi < HLV)

n—1

1 nal 1 1 1

556“ < gsg +202(HN)? + AtyHN ( S yeeltE 4 § \/252”2) +OALHN S\ 2er (3.39)
k=1

1T <382 4 467 (HY)? +2V2A1 (2yHY +0(Hy)N) Y Vel (3.40)

k=0
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16 Chabassier

This inequality has the form of the discrete Gronwall Lemma B.1 with

=382 + A2 (HY )2, b= 2V3AL (29yHY + 0(H)N) (3.41)
Hence,
VeErts < A+orB (3.42)
with
A=v2 < 362 + 20H§V) . B=2V2(2vHY +0(Hy)") (3.43)
and we get thus
lues 2| < V2 (A+2TB),  |uek|l < 2v2y(A + 2TB) (3.44)
To finish, we must evaluate 56% by writing the energy at time ¢2 in the naive formulation:
3 2 53 Lo 1
&&= f((Ih + 0At°B;Bp)eg ,e5) + 2(ewev) (3.45)
Since € = 0 only the first term remains, where
1 1 1 1 A2 At?
o =cf vei =ef = ) (45) + 7u§j"> (t2) (3.46)
Hence
1 1
g7 < 7||ep vellp+ \f\[HBh ( el + u) Ip < CALCh o+ VOICALCY (3.47)
Then,
n n N % N N I\N
el < el + et < € |Ve + m + o0t + (1) (3.48)
Finally,
12 — ol < 1Py — ponll + llpey |l (3.49)
< CA#? [C()z + 00,2 + \/60172 + 00,3 + 9(0171 + 01’2)} (3.50)
< OAP [00,3 + \/501,2] (3.51)
and
n+i n+i n+ti n+d
[+ — o E ) < o — T E ] e (3.52)
< CAtQ |:C~‘0’2 + CO,Q + \/501’2 + C0,3 + 9(C171 + CLQ) (3.53)
< CA#? { 6'072 + 00,3 + \/50172} (3.54)
O

4 Conclusion

In this work, we have obtained uniform space/time convergence of the 8-SV and the §-CN schemes, which are
parametrized implicit generalizations of the Stérmer-Verlet and Crank-Nicolson schemes. The aim here was to
obtain stability and convergence results that are uniform with the space/time convergence ratio, especially when
6 < 1/4, in which case the schemes are conditionally stable. The obtained results generalize the ones known for the
usual 0-SV and 1/4-CN. We note that our results for #-SV (Thm 3.1) and for #-CN (Thm 2.3) do not require the
same regularity on the semi-discrete solution. More precisely, the requirements are stronger for the §-CN scheme.
However, one intriguing fact is that in [Chabassier, 2023b] the two schemes are shown to be equivalent (providing
that the initial data are well chosen), in the sense that the time series of §-CN can be reconstructed from the time
series of #-SV, and reciprocally. Therefore an open question remains to achieve uniform space time convergence
results for both schemes and based on the same regularity assumptions.
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Space time convergence of implicit schemes for the mized formulation 17

A Spectral decomposition of B;B; and projectors identities

PROPOSITION A.1 (Spectral decomposition of B} By,). The operator Bj By, : Uy, — Uy, is diagonalizable in R. We
call (Api,en,i) its eigenpairs which are chosen orthonormal in P.

Proof. In finite dimensional spaces, any symmetric real operator is diagonalizable in an orthonormal basis. O
Following [Chabassier and Imperiale, 2017], we introduce the polynomial

Pu(z) =1+ (0 — i)m (A1)

which is non-negative on the interval [0,4/(1 — 46)] for 0 < 6 < 1/4 and on [0,40c| for § > 1/4. Then Z;, can be
expressed as a polynomial of the operator AtQB;:Bh:

Tn =Tn + A0 — i)B;Bh = P(A B} By) (A.2)

PROPOSITION A.2 (Partitionning). The interval of non-negativity can be partitionned as Jp U J, with Jy N J, =0
such that there exist Cy, > 0 and Cp, > 0 such that for all x € Jy, Pi(z) > Cy and for all x € J,, x > C,,.

Proof. See [Chabassier and Imperiale, 2017, appendix| for the scheme called “TS”. O

PROPOSITION A.3. Let us define the two projectors Il and 11, such that for all up € Uy

Myup = E (Uh,€h,i)P €hs Mpup = E (U, eni)peni (A.3)
At2 Ny €y At Ay i€y
)\hﬁiGSp(’Ch) )\h,ﬁiGSp(K:h)

Then, for all up € Up,
Meunlp < O (Znun, un)p (A 4a)
Myun|[p < AC, (Brun, Bhun)p (A.4b)

Proof. See [Chabassier and Imperiale, 2017].
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18 Chabassier

B Some technical results for the §-CN analysis

In the following of this appendix, we will prove some useful results on arbitrary sequences {a}'},, and {b}'},, which
satisfy

1 n
Dnoal™® + By = i3 4 B (B.1a)
oty * — Bupa " =y 4 o (B.1b)
and a sequence &;' defined by
e = sllaqlz + 5 IEIR (B.2)

nts n+i  ntg .
where the sequences n; >, 1, *, 73 * and n} are given.

PROPOSITION B.1. Let {a}},, and {b}}, satisfying (B.1) and & defined as (B.2). Then, there exists v > 0 such
that

+1 n+tg +1 nt 3 1 n+tl
I < VEER, bl E ] < uv/ZEn T S2v<u 2, 2+u774”+2)+’mt||772 5 (B3)

Proof. The identities
ntl n+4
bl < V28" and by < pn/28," (B.4)

directly follow from the definition of £'. The rest of the proof relies on the spectral decomposition technique
developed in [Chabassier and Imperiale, 2017] and used in [Chabassier and Imperiale, 2021]. Using the relations in
Prop. A.3,

I pay 2| <(aam) ALC, 2| Bypay 2| (B.5)
<(Bo1ay AIC V2[5 (b —ma)™E =yt (B.6)
<(2.20) 205 Pl — ma " E + AGC 2y R | (B.7)
< GV [+ R+ o+ )+ Al (B3)

- n n n n n+i
<G [\/2&“ + VG N+ Aty } (B.9)

Morerover,
— ntl _ n4
Ikl <eaam Ci 7% lafll7, < G2 VEET = [Miuay ™| < €228, (B.10)
Finally,
n+3 n+3 +3
lnay, "2 | < [Mepay, % | + [Mppay, 2 | (B.11)
This shows the expected result with
v=C P20 (B.12)
and noticing that 051/2 <. O

LEMMA B.1. Let a >0, b> 0, and &, be a sequence that satisfies

Ep<a+Athy /EF (B.13)
k=0

Then,
VEF < V2a+2t"b (B.14)
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Space time convergence of implicit schemes for the mized formulation 19
Proof. First, let us apply Young’s inequality on the last term of the sum, to get that
1 1 n—1
FEh Sa+ 5Atz’b2 +AY /& (B.15)
k=0
Let
1 n
F" =a+ iAth + A L\ /EF (B.16)
k=0
Notice that FO = a + 2 At?b? and that & < 2F"~!. Then, for all n > 1,
Fm— Fnl = Ath\/E] < AthV2F"1 < V2Ath (\/F" + \/anl) (B.17)
Adding this telescopic sum from 0 to n — 1 yields
n—2 1
VEr-T <VFO4+V20) At <y fa+ FAL20? + Vbt (B.18)
k=0
Using the Gronwall assumption, we get
VE < V2Fn=1 < \/2a + Ath+2bt" ! < V/2a + 2bt™ (B.19)
O
LeEMMA B.2 (Discrete summation by part : Abel transformation).
n n—1
1 1
At Z Vréahte = —At Z SbF gkt gt — p0g0 (B.20)
k=0 k=0
PROPOSITION B.2. Let {a}}n, {b} }n and {E]}n be sequences satisfying
n+3 n+3 n+3
lnap 3] < 2ypn/28"E 4] (B.21)
1bR1l < /27 (B.22)
nal nel gl nal il nal pal ntl ol
08, F = (e pa ) (e T by ) (e F el ) (e E 00T (B-23)
Then,
VEN < A+2"B (B.24)
where
1 1 1 1
A=2 [ﬁiﬁg [ 21+ 152+ el T2 0] + V2Nl | + V2l + \/362} (B.25)
N 1 1 1
B = V2siip (29]ey 7| + e ¥ | + 20e ) (B.26)
k=0
and therefore,
nal
luay T2 || < 2v2v (A + 2t"B) +7C (B.27)
|63 < V2 (A +2t"B) (B.28)
where
C= stj\{p 7’:+§ (B.29)
k=0
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Proof. Let us multiply (B.23) by At and sum from 0 to n:

n 1 1 1 1
ALY serte = Atz [ AR N Pan R an SIS o S0 Ak NI s I T ald! (B.30)
k=0

Let us use Lemma B.2 on the last term and use Cauchy-Schwarz inequality to get

k+4 k43 k+3 k+4 k4% k+
et — g9 < ArY (It H a4 ekt E st -+ ek 1k
k=0

k43 n
+AfZII5 E{HOR T+ e o+ + lleglilipall - (B-31)
k=0

We now use the majoration hypothesis on aj and by:
n
k+3 ’€+l ket k+3 +1
et - e < arS ek (238 ) ik B e
k=0

n—1
+ A [[des T3 (/258 4 ek /268t + 11l /260 (B.32)
k=0

Using Young’s inequality and grouping similar terms, we get

n k41 1 k+d +1 k+ ket 3 ket 3 e+
et 6h<AtZ[ Pl + 508+ (2ol 165 ) /28 4 IR + S} }

n—1
1 1 1
+ ALY 15k H 28 B2+ SE T+ ) + S8R (B33)
k=0

Let

2T N k+3 k+3 k+3 k-
o= S sip [ ey H 1 4 (7 E)? e EIP T E 1] 2l + 2] + 36 (B.34)

Then

n /5 gty [og

SEnT < A > (20l 21+ e ™) +AtZ loes /268 + 2 (B.35)
n k_;,_l 1 k;_;’_l & k+l ]_ k+l k;_;’_l 0]
O ARy \/26,’:+Atz(vel gk + fock 2|) VRS Baso)
—o k=0

With
= V2stp (2yllet )|+ lles 3| + 2llde5 ¥ (B37)
k=0
We get that
n+1
E <a+AtBY \/EF (B.38)
k=0
We can use Lemma B.1 to get that
VEMT < V2a+ 26" (B.39)
O
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PROPOSITION B.3. Let {a}},, and {b}}, satisfying (B.1) and & defined as (B.2). Then
VEr < A+2"B (B.40)
1
lpay T2 || < 2v2v (A + 2t"B) 4+ 7C (B.41)
o3l < V2 (A +2t"B) (B.42)
where
N k+3 1 k+3 kel k41
A= [Vl [l 4+ 2l Al ™ ) VR -+ VEISI -+ B
(B.43)
N k+3 k+3 k+3 k+1
B = vastp (2yln; "+ I "+ low 2+ 2)m ) (B.44)
N n+l n+i
€ = stip (2l + Al ") (B.45)
n 1 . n 1
Proof. Taking the scalar product of (B.la) with uah+2 and of (B.1b) with ubh+2, we get that
I R o S NS S eSS
08 = (m * + Bung *,pay *) 4 (ny * +0ny % ub, 7) (B.46)
Since from (B.1b)
Bhua2+§ = 5bZ+§ — n;+§ — 57)Z+§ (B.47)
The energy identity becomes
p_ b onthy L onth ponbdonkh | onbd et
6 = (m *,pay, )+ (ng %, Brpay, *)+ (ny 2 +0my 2, ub, ?) B.48)
nt3 nt+ nt1 nt3 ntst ntl nt 3 nt= nt+ n43
=(m *pay ?)+ (g 2,00, %) —(ng 2omy * +0ny *)+(ny 2+ 0my 2 pb, ) 49)
Moreover from Prop. B.1, we get that the hypotheses of Prop. B.2 are satisfied with
n+i nat L nti
N s NI s (B.50)
n+% n-‘r%
€1 " =M (B.51)
ey T =yt 4oy (B.52)
ntl ntl
ep =y (B.53)
eZJr% = e;hL% (B.54)
cr =yt (B.55)
(B.56)
which yields the result. O
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