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The critical Karp–Sipser core of random graphs

Thomas Budzinski∗ & Alice Contat† & Nicolas Curien‡

Abstract

We study the Karp–Sipser core of a random graph made of a configuration model with vertices

of degree 1, 2 and 3. This core is obtained by recursively removing the leaves as well as their unique

neighbors in the graph. We settle a conjecture of Bauer & Golinelli [2] and prove that at criticality,

the Karp–Sipser core has size ≈ Cst · ϑ−2 · n3/5 where ϑ is the hitting time of the curve t 7→ 1
t2

by a

linear Brownian motion started at 0. Our proof relies on a detailed multi-scale analysis of the Markov

chain associated to the Karp-Sipser leaf-removal algorithm close to its extinction time.

Figure 1: (Left). The giant component of an Erdős–Rényi random graph G(n, e
n
) with n = 2000 on the

left and (Middle) its Karp–Sipser core. (Right). The Karp–Sipser core in red inside the original graph.

1 Introduction

The Karp–Sipser algorithm. Let g be a finite graph. The Karp–Sipser algorithm [11] consists

in removing recursively the vertices of degree 1 in g as well as their unique neighbors, see Figure 2.

The initial motivation of Karp & Sipser for considering this algorithm is that the leaves1 and isolated

vertices removed during this process form an independent set of g which has very high density. We

recall that an independent set in g is a subset of vertices, no two of which are adjacent. The problem
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1Here and in the rest of the paper, the concept of leaf is a dynamical concept, as a vertex in the initial graph which is

not a leaf may become one later.
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of finding an independent set of maximal size is in general a NP-hard problem, and the Karp–Sipser

algorithm provides a fair lower bound (it is furthermore “optimal” as long as there are remaining

leaves in the graph).

Figure 2: Illustration of the Karp–Sipser algorithm. The first 4 figures show the initial graph, as well as the

recursive deletion process of the leaves (in red) together with their unique neighbor (crosses), until no leaf

is left: we then obtain the Karp–Sipser core (fourth figure). On the right, the initial graph is represented

together with the Karp–Sipser core in thick lines and the independent set formed by the removed “leaves”

in yellow.

The Karp–Sipser core of random graphs. A striking property of the leaf-removal process is its

Abelian property: whatever the order in which we decide to recursively remove the leaves and their

neighbors, we always obtain the same subgraph of g (with no leaves) which we will call the Karp–

Sipser core of g and denote by KSCore(g), see [2, Appendix] or [12, Section 1.6.1]. Beware that

the above notion differs from the usual k-core of a graph2, see Section 5. By the above remark, the

Karp–Sipser algorithm creates an independent set (the leaves removed during the algorithm) whose

size is within at most |KSCore(g)| from the maximal size of an independent set in g.

The performance of the Karp–Sipser algorithm on the Erdős–Rényi random graph G(n, cn) has

been analyzed in the pioneer work [11] and later refined in the breakthrough [1] which established a

phase transition as n→∞ depending on the value of c:

• if c < e, then as n→∞, the size |KSCore(G(n, cn))| is of order O(1);

• if c > e, then as n→∞, the size |KSCore(G(n, cn))| is of order n.

Those works have later been extended to the configuration model [4, 10]. However, the careful analysis

of the critical case c = e was open as of today to the best of our knowledge. In [2], based on numerical

simulations, the physicists Bauer & Golinelli predicted that |KSCore(G(n, en))| should be of order

n3/5. The main result of this work (Theorem 2) is to settle this conjecture in the case of a random

graph with degrees 1, 2 and 3.

Model and results. In this paper we shall consider a random graph model closely related to G(n, cn)

but for which the analysis of the Karp–Sipser algorithm is simpler. Namely, we fix a sequence of

numbers dn = (dn1 , d
n
2 , d

n
3 )n>1 such that

n = dn1 + 2dn2 + 3dn3 is even.

2The k-core of g is the largest subset V of its vertices such that for any v ∈ V , the induced degree of v within V is at

least k.
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We imagine dn as the number of vertices of degree 1, 2 and 3 and consider a random multi-graph

CM(dn) sampled by pairing the edges emanating from the dn1 +dn2 +dn3 vertices uniformly at random.

This is a special instance of the so-called configuration model introduced by Bollobas [5], see [18] for

background. In the rest of the paper we shall further assume that

dn1
n
−−−→
n→∞

p1,
2dn2
n
−−−→
n→∞

p2, and
3dn3
n
−−−→
n→∞

p3, (1)

so that the proportion of half-edges which are incident to a vertex of degree i is pi. Our goal will

be to analyze KSCore(CM(dn)). A phase transition has been observed in [10] for the size of the

Karp–Sipser core but its location depending on (p1, p2, p3) was not explicit. Our first contribution is

to make this threshold precise. For a graph g, we will write |g| for twice the number of edges of g,

and call this quantity the size of g. If (un) is a sequence of positive numbers and (Xn) a sequence of

random variables, we will write Xn = OP(un) if
(
u−1n Xn

)
is tight, and we will write Xn = oP(un) if

u−1n Xn converges to 0 in probability.

Theorem 1 (Explicit phase transition). Under the assumptions (1), let

Θ = (p3 − p1)2 − 4p1. (2)

• Subcritical phase. If Θ < 0, then as n→∞ we have

|KSCore(CM(dn))| = OP(log2 n).

• Supercritical phase. If Θ > 0, then

n−1 · |KSCore(CM(dn))| (P)−−−→
n→∞

4Θ

3 + Θ
.

• Critical phase. If Θ = 0, then |KSCore(CM(dn))| = oP(n).

Sketch of proof of the phase transition. The proof of this theorem uses classical techniques.

We shall reveal the random graph CM(dn) by pairing its half-edges two-by-two as we perform the

Karp–Sipser leaf removal algorithm (a.k.a. peeling algorithm). More precisely, when we remove a

leaf, we reveal its neighbor in the graph and remove it as well, which decreases the degrees of some

other vertices. During this process, the number of remaining vertices of degree 1, 2 and 3 evolves as

an (Z>0)
3-valued Markov chain with explicit probability transitions. This is, of course, a recurrent

idea in random graph theory and has already been used many times for the Karp–Sipser algorithm

itself [11, 1]. More precisely, we shall erase leaves uniformly at random one-by-one (in contrast with

[10], where all possible leaves are erased at each round) and use the differential equation method [19]

to prove that the renormalized number of vertices of degree 1, 2 and 3 is well approximated by a

differential equation on R3 for which we are able to find explicit solutions. In a sense, this returns

to the roots of this method since it was Karp & Sipser [11] who first introduced it in the context of

random graphs following earlier works of Kurtz [13] in population models.

Remark (A spectral parallel to the Karp–Sipser phase transition). The nullity of a graph is the

multiplicity of 0 in the spectrum of its adjacency matrix. It is easy to see that the leaf-removal

process on a graph g leaves its nullity invariant and so the Karp–Sipser algorithm can also be used

to study the later, see [3, 17]. The phase transition for the emergence of a Karp–Sipser core of
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positive proportion in G(n, en) has a parallel phase transition3 for the emergence of extended states

(an absolutely continuous part) at zero in G(n, en), see [3, 6]. We wonder whether a similar result

holds true for the configuration models we study.

We now turn to the detailed analysis of the critical case which is the main goal of our work. For

this we fix a particular degree sequence dncrit = (dn1,c, d
n
2,c, d

n
3,c) such that dn1,c + 3dn3,c = n is even (to

be able to perform the configuration model) and

dn1,c = n(1−
√

3

2
) +O(1), 2dn2,c = 0, and 3dn3,c = n

√
3

2
+O(1). (3)

In particular we have Θ = (
√

3− 1)2− 4(1−
√
3
2 ) = 0 so we are indeed in the critical case of Theorem

1. By definition, the core KSCore(CM(dncrit)) has only vertices of degrees 2 or 3. Our main result is

then the following:

Theorem 2 (Geometry of the critical Karp–Sipser core). Let D2(n) (resp. D3(n)) be the total number

of half-edges attached to a vertex of degree 2 (resp. 3) in KSCore(CM(dncrit)). Then we have(
n−3/5 ·D2(n)

n−2/5 ·D3(n)

)
(d)−−−→

n→∞
·

(
3−3/5214/5 · ϑ−2

3−2/5216/5 · ϑ−3

)
,

where ϑ = inf{t > 0 : Bt = t−2}, for a standard linear Brownian motion (Bt : t > 0) started from 0.

Moreover, conditionally on (D2(n), D3(n)), the graph KSCore(CM(dncrit)) is a configuration model.

Remark (Bauer & Golinelli’s prediction). The above theorem confirms a long-standing prediction of

Bauer & Golinelli [2] stated in the case of the Erdős-Rényi random graph: based on Monte-Carlo

simulations they proposed a few possible sets of critical exponents [2, Table 1] and our theorem

confirms their prediction. See also [8, 12] for later developments.

Note that our assumptions on the initial degree sequence are much stronger than for Theorem 1

since the size of the critical core is quite sensitive to initial conditions. Our proof still works if the

error O(1) is replaced by O(n1/2), and the result should remain true as long as the initial error is

o(n3/5), see Section 5 for a discussion on the near-critical regime. Although our main result only

considers the graph CM(dncrit), we believe that the above limiting result holds for a large variety of

random graphs which are critical for the Karp–Sipser algorithm. In particular, we expect a similar

result for configuration models with bounded degrees and for the Erdős–Rényi graph G(n, en), but

the number of vertices of degree 2 6 k 6 5 in the core should be of order n(5−k)/5. In particular, we

conjecture that there are no vertices of degree 6 or more in KSCore(G(n, en)).

Ideas of proof. The proof of Theorem 2 uses the same Markov chain as the one used to study the

phase transition. The difference is that we need to study the behaviour of this chain right before its

extinction, at a scale much finer than n. More precisely, we can expect from the differential equation

approximation that εn steps before extinction, the number of vertices of unmatched degrees 1, 2 and

3 are respectively of order ε2n, εn and ε3/2n. On the other hand, a variance computation shows that

the fluctuations of the number of vertices of degree 1 are of order ε3/4
√
n. Finally, the time at which

we can expect the Markov chain to terminate is the time where the fluctuations exceed the expected

3Unfortunately this does not seem to be an easy corollary of the ”geometric” phase transition.
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value, that is at ε = n−2/5. However, checking that the differential equation approximation remains

good until that scale requires some careful control of the Markov chain accross scales. In particular,

the reason why the fluctuations become much smaller than
√
n in the end of the process is that the

drift of our Markov chain induces a “self-correcting” effect.

Acknowledgments. The last two authors were supported by ERC 740943 GeoBrown and by ANR

RanTanPlan. The first author is grateful to the Laboratoire de Mathématiques d’Orsay, where most

of this work was done, for its hospitality. We warmly thank Matthieu Jonckheere for a stimulation

discussion about [10] and Justin Salez for enlightening explanations about maximal matchings and

independent sets in random graphs.

2 Karp–Sipser exploration of the configuration model

As we mentioned in the introduction the main idea (already present in [11, 1, 10, 4, 12]) is to explore

the random configuration model CM(dn) at the same time as we run the Karp–Sipser algorithm to

discover its core. Let us explain this in details. Fix a degree sequence dn = (dn1 , d
n
2 , d

n
3 ) such that

n = dn1 + 2dn2 + 3dn3 is even. We shall expose the n
2 edges of CM(dn) one by one and create a process

(Xn
k , Y

n
k , Z

n
k : k > 0)

where Xn, Y n, Zn represent respectively the number of unmatched half-edges linked to vertices of

unmatched degree4 1, 2, 3. The process of the sum is denoted by Sn = Xn + Y n + Zn. In particular,

we always have (Xn
0 , Y

n
0 , Z

n
0 ) = (dn1 , 2d

n
2 , 3d

n
3 ) and Sn0 = n with our conventions.

As long as Xn
k > 0, the process evolves as follows. Since Xn

k > 0, there are still vertices of

unmatched degree 1. We pick ` (for leaf) one of these vertices uniformly at random and reveal its

neighbor v in the graph. Now, in the Karp–Sipser algorithm this vertex is “destroyed” so we shall

erase v from the configuration as well as the connections is has with other vertices of the graph. More

precisely, we reveal the neighbors of v in CM(dn) and erase all the connections we create when doing

so. In particular, if v is connected to a vertex w 6= ` of unmatched degree d via i edges, then after

the operation w becomes a vertex of unmatched degree d − i. After that, the vertices of unmatched

degree 0 are simply removed. We listed all 13 combinatorial possibilities (recall that our vertices have

degree 1, 2 or 3) in Figure 3. The stopping time of the algorithm is

θn := inf{k > 0 : Xn
k = 0}.

Finally, we extend the process (Xn, Y n, Zn) to any k by setting (Xn
k , Y

n
k , Z

n
k ) = (Xn

θn , Y
n
θn , Z

n
θn) for

k > θn. We denote by (Fk)k>0 the natural filtration generated by this exploration. The starting point

of our investigations is the following.

Proposition 1. The process (Xn
k , Y

n
k , Z

n
k )06k6θn is a Markov process whose probability transitions are

described in Figure 3. Furthermore, for any stopping time τ , the remaining pairing of the unmatched

edges conditionally on Fτ is uniform.

Proof. This is standard: the above exploration procedure of CM(dn) is Markovian and preserves the

fact that the remaining pairing of edges is uniform.
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Figure 3: Transitions probabilities of the Markov chain (Xn, Y n, Zn): as long as Xn > 0, a vertex ` of

degree 1 (in red above) is picked and its neighbor v is revealed. The vertices `, v are then removed from

the configuration model as well as the connections they created. The probability of each event is indicated

in green in the upper right corner. The variation of X, Y, Z are displayed in blue. A symmetry factor is

indicated when needed in purple in the upper left corner. Notice in particular that the last three cases on

the bottom have probabilities of smaller order O(1/S), so they will not participate to the large scale limit.
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In particular, notice that at the stopping time θn, the graph made by pairing the remaining

unmatched edges is precisely the Karp–Sipser core of CM(dn) and so the second part of Theorem 2

is already proved.

3 Phase transition via fluid limit of the Markov chain

In this section, we prove Theorem 1. The main ingredient is a deterministic fluid limit result for the

Markov chain (Xn, Y n, Zn).

3.1 Fluid limit for the Markov chain

For a process indexed by discrete time (Hk : k > 0) we use the notation ∆Hk = Hk+1 − Hk for k > 0.

Given the transitions of the Markov chain (Xn, Y n, Zn) the following should come as no surprise.

Proposition 2 (Fluid limit). Suppose that dn = (dn1 , d
n
2 , d

n
3 ) satisfies (1). Then we have the following

convergence in probability for the uniform norm:(
Xn
btnc

n
,
Y n
btnc

n
,
Znbtnc

n

)
06t6θn/n

(P)−−−→
n→∞

(X (t),Y (t),Z (t))06t6text , (4)

where (X ,Y ,Z ) is the unique solution5 to the differential equation (X ′,Y ′,Z ′) = φ(X ,Y ,Z )

with φ defined below (5) with initial conditions (p1, p2, p3) and where text is the first hitting time of 0

by the continuous process X . Moreover, θn/n→ text in probability as n→∞.

Proof. It is a standard application of the differential equation method. Indeed, the increments of the

Markov chain (Xn, Y n, Zn) are bounded and using the exact transitions (Figure 3), the conditional

expected drifts

E [∆Xn
k ,∆Y

n
k ,∆Z

n
k | Fk]

converge for large values of n towards φ
(
Xn
k
n ,

Y nk
n ,

Znk
n

)
where the function φ is defined by

φ


X

Y

Z

 =


−2x− yz− 3x2z− 2yx + zy2 − 2zxy − z3 − 4z2x

4z3 − 2xy − 4zy2 − 4xyz− 4y2 + 4z2x

−3yz− 3zy2 − 12z2y − 3zx2 − 6xyz− 12z2x− 9z3

 , (5)

with S := X + Y + Z and where


x

y

z

 :=
1

S


X

Y

Z

 is the proportion vector. (6)

For any δ > 0, the convergence of the conditional expected drifts to φ is uniform on {n−1 · Sn > δ}
and (x, y, z) 7→ φ(x, y, z) is Lipschitz on {(x, y, z) ∈ R3

+ : δ−1 > x + y + z > δ} as ∇φ(x, y, z)

is of the form P (x,y,z)
(x+y+z)4

, where P is a polynomial. Therefore, by [19, Theorem 1], the equation

(X ′,Y ′,Z ′) = φ(X ,Y ,Z ) with initial condition (p1, p2, p3) has a unique solution until the time tδext

4The unmatched degree of a vertex at time k is the number of half-edges attached to this vertex which are still unmatched

at time k.
5More precisely, by solution, we mean that (X ,Y ,Z ) is a continuous function from [0, text] to R3 such that X first hits

0 at time text and (X ′(t),Y ′(t),Z ′(t)) = φ (X (t),Y (t),Z (t)) for all 0 6 t < text.
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where X first hits δ, and the convergence (4) holds for 0 6 t 6 tδext. Moreover, let text = limδ→0 t
δ
ext.

Since φ is bounded by an absolute constant, the solution (X ,Y ,Z ) is Lipschitz on [0, text), so we can

extend it uniquely in a continuous way to [0, text], and by continuity text is indeed the first time where

X hits 0. We know that (4) holds on every compact subset of [0, text). Moreover, the increments of

(Xn, Y n, Zn) are bounded by an absolute constant, so the functions n−1 · (Xn, Y n, Zn) are uniformly

Lipschitz and the previous convergence extends to a uniform convergence on [0, text].

We now only need to check that θn

n converges in probability to text. We notice that deterministi-

cally, if k < θn, then Snk+1 6 Snk − 2, which implies θn 6 n, so up to extraction we may assume that
θn

n converges to some random variable t̃ext. By convergence of the process and the definition of text,

it is immediate that t̃ext > text. For the other direction, we treat two cases separately:

• if S (text) = 0, then let ε > 0, and let δ > 0 be such that S (text − δ) < ε. With probability

1 − o(1) as n → +∞, we have Snb(text−δ)nc < 2εn. Since Sn decreases by at least two at each

step, this implies θn 6 (text − δ)n+ εn, so t̃ext 6 text.

• if S (text) > 0, we first argue that the first component of φ (X ,Y ,Z ) remains bounded from

above by a negative constant along the whole trajectory. Indeed, since S is bounded from

below, we have Z ′ > −cZ for some constant c along the trajectory. Hence Z is bounded from

below by a positive constant on [0, text], so y is bounded away from 1. Since the first component

of φ (X ,Y ,Z ) is at most −yz + y2z = −yz(1 − y), this proves our claim. Therefore, with

high probability, the conditional expected drift E [∆Xn
k |Xn

k ] is also bounded from above by a

negative constant −c along the trajectory. Since the increments are bounded, by the weak law

of large numbers this ensures t̃ext 6 tεext + 1
cε for all ε > 0, so t̃ext = text.

x

y

z

0.05 0.10 0.15 0.20

0.05

0.25

0.45

0.65

0.85

x
y

z

0.05 0.10 0.15 0.20

0.2

0.4

0.6

0.8

1.0

x

y

z

0.02 0.04 0.06 0.08

0.2

0.4

0.6
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Figure 4: Illustration of the differential system (X ,Y ,Z ) in terms of “number of legs” in the subcritical

(left), critical (center) and supercritical (right) cases.

3.2 Solving the differential equation

In this section, our goal will be to gather information about the solutions to (5), which will give

Theorem 1 and be an important tool in the proof of Theorem 2. As indicated by the system (5), we

will see that the solutions are easier to express in terms of proportions. We refer to Figures 4 and 5

for a visualization of the trajectories of these solutions.
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Proposition 3. We fix p1 > 0 and p2, p3 > 0 with p1 + p2 + p3 = 1. Let (X (t),Y (t),Z (t))06t6text be

the solution to (5) with initial condition (p1, p2, p3). Recall from (2) the definition

Θ = (p3 − p1)2 − 4p1 ∈ [−3, 1].

• If Θ < 0 (subcritical case), then X (text) = Y (text) = Z (text) = 0. Moreover, for t < text

sufficiently close to text, we have Z (t) < X (t).

• If Θ > 0 (supercritical case), then

X (text) = 0, Y (text) =
4Θ

3 + Θ

(
1−
√

Θ
)
> 0, and Z (text) =

4Θ3/2

3 + Θ
> 0. (7)

• If Θ = 0 (critical case), then X (text) = Y (text) = Z (text) = 0, and more precisely as ε→ 0:
X (text − ε) ∼ 3ε2,

Y (text − ε) ∼ 4ε,

Z (text − ε) ∼ 4
√

3ε3/2.

(8)

1

1

0

z̃

x̃

Critical

Subcritical

Supercritical

Non-maximal

Subcritical

Maximal{
Subcritical


Region for the 

Configuration model

Z < X~ ~

Figure 5: Illustration of the differential system x̃, z̃ with the vector field. The maximal solutions start

from x̃(0) + z̃(0) = 1. A maximal supercritical (resp. critical, resp. subcritical) solution is shown in green

(resp. blue, resp. red). A non-maximal subcritical solution is displayed in orange. Note that any subcritical

solution terminates in the gray region which is subcritical for the configuration model itself.

Proof. We will first obtain an explicit (up to time-change) solution to (5). We recall that S =

X + Y + Z is the fluid limit of the sum process and that x,y, z are the proportions whose sum is

constant and equal to 1.

Using y = 1− x− z, the system (5) translates into the following system on x, z and S :
x′ = 1

S (x− z)z,

z′ = 1
S (−2 + x− z)z,

S ′ = 2(−2 + x− z),

(9)
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where again S (0) = 1 and x(0), z(0) > 0 satisfy x(0) + z(0) 6 1.

In order to get rid of S in this system, we perform a time change: for t ∈ [0, text], we write

γ(t) =

∫ t

0

ds

S (s)
∈ [0,+∞].

We also define the functions x̃, ỹ, z̃ on [0, uext], with uext =
∫ text
0

ds
S (s) , by x̃(u) = x

(
γ−1(u)

)
and

z̃(u) = z
(
γ−1(u)

)
. We obtain the system

{
x̃′ = (x̃− z̃)z̃,

z̃′ = (−2 + x̃− z̃)z̃.

We find solutions to this system as follows: by subtracting the second line to the first one, we have

x̃′ − z̃′ = 2z̃ and the second line implies that x̃ − z̃ =
(
z̃′

z̃ + 2
)

. Deriving the second identity and

comparing, we deduce the following second-order non-linear one-dimensional differential equation:

2 (z̃)3 = z̃′′z̃−
(
z̃′
)2
.

A complete family of solutions is given by

z̃(u) =
b2

sinh(b(u+ u0))2
,

x̃(u) =

(
b

tanh(b(u+ u0))
− 1

)2

+ 1− b2,

ỹ(u) =
−2b2

tanh2(b(u+ u0))
+

2b

tanh(b(u+ u0))
+ 2b2 − 1,

(10)

where b, u0 ∈ R. We notice that along these solutions, the quantity (z̃− x̃)2 − 4x̃ is constant, and is

equal to 4(b2 − 1), this quantity is equal to the Θ defined by (2):

(z̃− x̃)2 − 4x̃ ≡ 4(b2 − 1) = (p3 − p1)2 − 4p1 = Θ. (11)

We also notice that ỹ is always increasing and that ỹ < 0 for u small enough, which has no

meaning in our context. Therefore, every solution is contained in a maximal solution, i.e. a solution

where the initial condition (p1, p2, p3) satisfies p2 = 0. Since we are only interested in the behavior

near extinction and since the right-hand side of the formulas (7) depends only on b, we may restrict

ourselves to maximal solutions, i.e. assume p2 = 0. Other solutions can be deduced from this by a

time shift in (x̃, ỹ, z̃), which translates into a time shift in (X ,Y ,Z ). From ỹ(0) = 0, we get

u0 =
1

2b
log

(
1 + 2b+

2b
√

(4b2 − 1)

2b− 1

)
> 0,

so p1 = 1− 1
2

√
4b2 − 1 and p3 = 1

2

√
4b2 − 1.

We now come back to the true solutions (X ,Y ,Z ) in each of the three cases of Proposition 3.

For this, we need to study the time change γ : [0, text] → [0, uext]. By definition of γ and the third

line of (9), for all t ∈ [0, text), we have{
1

S (t) = γ′(t),

S ′(t) = 2(−2 + x̃(γ(t))− z̃(γ(t)).

10



Multiplying those lines and integrating both sides using the exact expressions of x̃ and z̃, we find
d
dt log S (t) = −4 d

dt log (sinh(b · (γ(t) + u0))) so the following quantity is constant:

S (t) sinh4 (b · (γ(t) + u0)) = S (t)

(
b2

z(t)

)2

=
b4

z̃(0)2
=

4b4

4b2 − 1
. (12)

Note that this last equation, combined with the expression of S ′(t), provides a differential equation

satisfied by S , from which we could express S as the inverse bijection of an explicit function.

However, this will not be needed in the proof. Given those findings, the rest of the proof is made of

easy calculations. Let us proceed. We refer to Figures 4 and 5 for visualization of the system in terms

of proportions or in “number of legs”.

Subcritical regime. For Θ < 0, we have 1
2 < b < 1. In this case, we observe that x̃(u) > 1 − b2 is

bounded away from 0, so the same is true for x(t) on [0, text]. It follows that S (text) = X (text)
x(text)

= 0.

Therefore, by (12), we have z(text) =

√(
4b2−1

4

)
S (text) = 0. In particular, for t sufficiently close to

text, we have z(t) < x(t), so Z (t) < X (t). Note that this also implies uext = +∞.

Supercritical regime. For Θ > 0, we have 1 < b <
√
5
2 . In this case, the function x̃ first hits 0 at

time

ûext = −u0 +
1

b
Arccoth

1 +
√
b2 − 1

b
.

This implies that uext 6 ûext. We claim that we have equality. Indeed, if this is not the case, we

have x(text) = x̃(uext) > 0, so S (text) = 0, so (12) implies z̃(uext) = 0 with uext < +∞, which is

not possible given the explicit expression of z̃. Therefore, we have x̃(uext) = 0. Using (11) we can

compute

z(text) = z̃(uext) = 2
√
b2 − 1 and y(text) = 1− 2

√
b2 − 1

and finally, using (12):

S (text) =
4

4b2 − 1
z̃(uext) =

16(b2 − 1)

4b2 − 1
,

which, once translated in terms of Θ, gives (7).

Critical regime. For Θ = 0, the maximal solution starts from p3 =
√
3
2 and p1 = 1 −

√
3
2 , and we

have b = 1. In particular, using u0 > 0, we have x̃(u) > 0 for all u > 0. By the same argument as

in the supercritical regime, this implies uext = +∞. Therefore, by the exact expression of x̃, ỹ, z̃, as

t→ text, we have x(t), z(t)→ 0 and y(t)→ 1. Therefore, by (12) at t = text, we have S (text) = 0, so

Y (text) = Z (text) = 0.

Hence, letting t → text in the third equation of (9), we have S ′(t) → −4 as t → text, so

S (text − ε) ∼ 4ε as ε→ 0. Injecting this in (12), we find z(text−ε) ∼
√

3ε, so Z (text−ε) ∼ 4
√

3ε3/2.

Finally, we know from (11) that (z−x)2−4x is constant equal to 0, so x(text−ε) ∼ 1
4z(text−ε)2 ∼ 3

4ε,

which gives the asymptotics for X .

3.3 Phase transition: proof of Theorem 1

Subcritical regime. We assume that (p1, p2, p3) is subcritical, and consider the associated solution

(X ,Y ,Z ) to the differential equation. By Proposition 3, let t1 < text be such that Z (t1) < X (t1).

11



By Proposition 2, we have

1

n

(
Xn
bt1nc, Y

n
bt1nc, Z

n
bt1nc

)
(P)−−−−−→

n→+∞
(X (t1),Y (t1),Z (t1)) .

Moreover, by Proposition 1, conditinally on Fbt1nc, the remaining graph after bt1nc steps of the

Karp–Sipser algorithm is a configuration model with respectively Xn
bt1nc, Y

n
bt1nc and Znbt1nc half-edges

belonging to vertices of degree 1, 2 and 3. Since n−1Znbt1nc ≈ Z (t1) < X (t1) ≈ n−1Xn
bt1nc this is a

subcritical configuration model (do not confuse with subcriticality in terms of the Karp–Sipser core).

In particular, by [15, Theorem 1.b] there is a constant c = c(p1, p2, p3) such that with high probability

the remaining subgraph after bt1nc steps has fewer than c log(n) cycles and all of its connected

components have size at most c log(n). On the other hand, by construction, the Karp–Sipser core is

included in the union of all the cycles of Gn[t1n], so it has size OP(log2 n).

Remark (True size of the subcritical KS-core). The above bound OP(log2 n) for the size of the sub-

critical Karp–Sipser core is very crude towards the end of the proof. We expect the actual order of

magnitude of the KS-core to be OP(1) as in the Erdős–Rényi case [1].

Critical and supercritical regime. In this case, combining Proposition 2 and our explicit compu-

tations of the solutions, we obtain that (Xn/Sn, Y n/Sn, Zn/Sn, n−1 · Sn)(θn) converges to

(x(text),y(text), z(text),S (text)) =

(
0, 1− 2

√
b2 − 1, 2

√
b2 − 1,

16(b2 − 1)

4b2 − 1

)
.

In particular the number of half-edges of the Karp-Sipser core is equal to Snθn = Y n
θn + Znθn , so it is

asymptotically oP(n) if b = 1 (critical case). If b > 1, it is linear in n, which concludes the proof of

Theorem 1 after a quick computation.

4 Analysis of the critical case

In this section, we shall prove our main result Theorem 2. In the rest of the paper, we shall thus

suppose that the initial conditions (3) are in force. Let us first explain the heuristics to help the reader

follow the proof. We refer to Figure 6 for an illustration.

We have seen above that in the critical regime, the asymptotic size of the Karp-Sipser core is

oP(n) and that almost all vertices have degree 2 (i.e. with density 1 since y(text) = 1). Recall that

the process stops at time

θn = inf{k > 0 : Xn
k = 0},

which by Proposition 2 is ≈ text ·n. To analyse this stopping time and understand the size of the KS-

core, we need to be more precise in the analysis of the fluctuations of the process (Xn, Y n, Zn) around

its fluid limit n · (X ,Y ,Z ). To this end, we define the fluctuations processes (Ank , B
n
k , C

n
k )06k6θn by

Xn
k = nX

(
k
n

)
+Ank

Y n
k = nY

(
k
n

)
+Bn

k

Znk = nZ
(
k
n

)
+ Cnk

To simplify notation, the n in the exponent will be implicit for the rest of the paper when there is no

ambiguity, even if we will often look at the asymptotic as n goes to infinity.

12



text · n

n

(text − ε) · n

4ε · n

3ε2 · n

4
√
3ε3/2 · n

1 ·
√
n

√
ε ·
√
n

ε3/4 ·
√
n

θn
≈ n3/5

X

Y

Z

Figure 6: Heuristics for the proof of Theorem 2. The variations of the processes (X, Y, Z) around its

deterministic fluid limit when k = (text − εk)n are displayed above. In particular, in the case of X, the

number of degree 1 vertices, those variations may cause X to touch 0 when εk ≈ n−2/5 so that there are

εkn ≈ n3/5 vertices of degree 2 and ε
3/2
k n ≈ n2/5 vertices of degree 3 remaining in the graph.

When we are sufficiently far from the end of the process, i.e. when k ≈ tn for 0 6 t < text we

know from Proposition 2 that (X,Y, Z) is well approximated by n · (X ,Y ,Z ) and classical results

(see Lemma 2) will show that the fluctuations A,B and C renormalized by a factor 1/
√
n converge

to Gaussian variables whose variances depend on t. To analyse the algorithm towards the end we will

use the notation, for 0 6 k 6 (textn) ∧ θ,

εk := text −
k

n
> 0 so that k = (text − εk)n. (13)

Notice the bold font for ε to avoid confusion. Recall from Equation (8) that X (k/n),Y (k/n) and

Z (k/n) are of order respectively ε2k, εk and ε
3/2
k . We will see below that the order of magnitude of

n−1/2 · Ak, n−1/2 · Bk and n−1/2 · Ck are respectively ε
3/4
k , 1 and ε

1/2
k . In particular, the fluctuations

A of X become of the same order of magnitude as its deterministic approximation nX when

nε2k ≈ nX (text − εk) ≈ Ak ≈
√
n · ε3/4k i.e. when εk ≈ n−2/5 ⇐⇒ ntext − k ≈ n3/5,

and this explains heuristically why θn = textn + O(n3/5) and why the size of the Karp-Sipser core is

given essentially by Yθn ≈ n3/5. The rest of this section makes those heuristic rigorous and proves our

main result Theorem 2.

We first provide estimations of the conditional expected drifts and variances of the increments of

the fluctuation processes (A,B,C) in Propositions 4 and 5. These propositions support the above

heuristics and lead us to introduce the renormalized fluctuations processes

Ãk =
Ak

ε
3/4
k

√
n
, B̃k =

Bk√
n
, and C̃k =

Ck

ε
1/2
k

√
n
,
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which, at least heuristically, should be tight in k. After that, our proof consists in two main steps.

First we will show that with high probability as n→∞, we can bound –with some log’s– the process

(Ã, B̃, C̃) up to time O(n3/5) before textn, see Proposition 6. To do so we will extensively use the fact

that for C̃ and Ã, the conditional expected drifts tend “to pull them back to 0” so that the processes

remain small over all scales. Finally, in a second step, we will show that when k = ntext − tn3/5

for x ∈ R the fluctuation process Ã is well approximated by a stochastic differential equation, see

Proposition 8. The fluctuations B̃ and C̃ are, at this scale, still negligible in front of their differential

method approximation.

4.1 Drift and variance estimates

In this section we compute the conditional expected drift and variance of the fluctuations processes

A,B,C. Recall the very important notation εk introduced in (13). As explained above, it will turn

out that θ ≡ θn is located around textn − O(n3/5) and in the forthcoming Propositions 4 and 5 we

shall allow a little room and only look at times k < θ such that εk > n−2/5−1/100 (and indeed the

fraction 1/100 is somehow arbitrary). We thus put

θ̃ = θ ∧
(
textn− n3/5−1/100

)
. (14)

Recall from above the notation

Ãk :=
Xk − nX

(
k
n

)
ε
3/4
k

√
n

B̃k :=
Yk − nY

(
k
n

)
√
n

and C̃k :=
Zk − nZ

(
k
n

)
ε
1/2
k

√
n

.

Recall also that Fk is the σ-algebra generated by (Xi, Yi, Zi)06i6k. We have chosen the normalization

so that the processes Ãk, B̃k and C̃k are of order 1 and fluctuate at the time-scale εkn, which is why

the conditional expected drift and variances are all of order 1
εkn

.

Proposition 4 (Drift estimates). There exists a constant K > 0 such that for all δ > 0, there is

η ≡ η(δ) > 0 such that the following holds for n large enough. For any (text− η)n 6 k < θ̃, if we have

|Ãk|, |B̃k|, |C̃k| < 1000 log n then:∣∣∣∣E [∆Ãk|Fk]+
1

εkn

1

4
Ãk

∣∣∣∣ 6 δ

εkn
|Ãk|+

Kε
1/4
k

εkn
max

(
|B̃k|, |C̃k|

)
+

K

εkn
n−1/30, (15)∣∣∣E [∆B̃k|Fk]∣∣∣ 6 K

εkn

√
εk max

(
|Ãk|, |B̃k|, |C̃k|

)
+

K

εkn
n−1/30, (16)∣∣∣∣∣E [∆C̃k|Fk]− 1

εkn

(
3
√

3

2
B̃k − C̃k

)∣∣∣∣∣ 6 δ

εkn
max

(
|B̃k|, |C̃k|

)
+

K

εkn
ε
3/4
k |Ãk|+

K

εkn
n−1/30. (17)

Proposition 5 (Variance estimates). There exists a constant K such that for all δ > 0, there is

η ≡ η(δ) > 0 such that the following holds for n large enough. For any (text− η)n 6 k < θ̃, if we have

|Ãk|, |B̃k|, |C̃k| < 1000 log n then:∣∣∣∣∣Var
(

∆Ãk|Fk
)
− 2
√

3

εkn

∣∣∣∣∣ 6 δ

εkn
+

K

εkn
n−1/30 +

Kε
1/2
k

εkn
Ã2
k +

K

n
max

(
B̃2
k, C̃

2
k

)
, (18)

Var
(

∆Ãk|Fk
)
6

2
√

3 + δ

εkn
+

K

εkn
n−1/30, (19)

Var
(

∆B̃k|Fk
)
6
Kεk
εkn

(20)

Var
(

∆C̃k|Fk
)
6
Kε

1/2
k

εkn
. (21)
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The proofs of the above two propositions follow by examining precisely the probability transitions

of the Markov chain (X,Y, Z) given by Figure 3 and basic (though important) analysis of the behavior

of the function φ (defined by (5)) and its gradient ∇φ near text. Let us start with a deterministic

lemma based on (8) controlling X,Y, Z from the processes Ã, B̃, C̃:

Lemma 1. There are absolute constants C, c > 0 such that if |Ãk|, |B̃k|, |C̃k| < 1000 log n and Xk > 0

and εk ∈ [n−2/5−1/100, η], for n large enough we have

Xk 6 Cε2kn× n1/100, Yk 6 Cεkn, Zk 6 Cε
3/2
k n

and

Sk > Yk > cεkn.

Proof. Recall the asymptotics (8). We simply write

Xk 6 nX

(
k

n

)
+ ε

3/4
k

√
nÃk 6

(8)
C ′ε2kn+ 1000ε

3/4
k

√
n log n.

The assumption k 6 textn − n3/5−1/100, i.e. εk > n−2/5−1/100, implies that the second term is

O
(
ε2kn× n1/100

)
. The other two upper bounds can be proved in the same way. Finally, we have

Sk > Yk = nY (k/n) +
√
nB̃k > c′εkn− 1000

√
n log n,

which is enough to prove the lower bound on Sk since εkn > n3/5−1/100 is much larger than
√
n log n

if n is large enough.

Proof of Proposition 4. Recall the definition of φ in (5) given in terms of proportions, so that using

the notation s = x+ y + z we have

φX(x, y, z) = −2
x

s
− yz

s2
− 3

x2z

s3
− 2

xy

s2
+
y2z

s3
− 2

xyz

s3
− z3

s3
− 4

xz2

s3
,

φY (x, y, z) = 2

(
2
z3

s3
− xy

s2
− 2

y2z

s3
− 2

xyz

s3
− 2

y2

s2
+ 2

xz2

s3

)
,

φZ(x, y, z) = 3

(
−yz
s2
− y2z

s3
− 4

yz2

s3
− x2z

s3
− 2

xyz

s3
− 4

xz2

s3
− 3

z3

s3

)
,

and the fluid limit equation is X ′ = φX(X ,Y ,Z ), and similarly for the two other coordinates.

We start with the estimate (15) on Ã. We first decompose the conditional expected drift as

follows:

E
[
∆Ãk|Fk

]
=

1

ε
3/4
k+1

√
n
E [∆Ak|Fk] +

(
ε
3/4
k

ε
3/4
k+1

− 1

)
Ãk

=
1

ε
3/4
k+1

√
n

(
E [∆Xk|Fk]− n

(
X

(
k + 1

n

)
−X

(
k

n

)))
+

(
ε
3/4
k

ε
3/4
k+1

− 1

)
Ãk
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Therefore, by decomposing 1/4 = 1− 3/4, we can decompose the left-hand side of (15) as follows:∣∣∣∣E [∆Ãk|Fk]+
1

εkn

1

4
Ãk

∣∣∣∣
6

∣∣∣∣∣
(

ε
3/4
k

ε
3/4
k+1

− 1

)
Ãk −

3

4

1

εkn
Ãk

∣∣∣∣∣ (22)

+
1

ε
3/4
k+1

√
n

∣∣∣∣E [∆Xk|Fk]− φX
(
Xk

n
,
Yk
n
,
Zk
n

)∣∣∣∣ (23)

+
1

ε
3/4
k+1

√
n

∣∣∣∣φX (Xk

n
,
Yk
n
,
Zk
n

)
− φX

(
(X ,Y ,Z )

(
k

n

))
−
(
Ak
n
,
Bk
n
,
Ck
n

)
· ∇φX

(
(X ,Y ,Z )

(
k

n

))∣∣∣∣
(24)

+
1

ε
3/4
k+1

√
n

∣∣∣∣(Akn ,
Bk
n
,
Ck
n

)
· ∇φX

(
(X ,Y ,Z )

(
k

n

))
+

1

εk

Ak
n

∣∣∣∣ (25)

+
1

ε
3/4
k+1

√
n

∣∣∣∣φX ((X ,Y ,Z )

(
k

n

))
− n

(
X

(
k + 1

n

)
−X

(
k

n

))∣∣∣∣ . (26)

We will bound each of these five error terms one by one. More precisely, we will prove that the

terms (22), (23), (24) and (26) are all O
(
n−1/30

εkn

)
, whereas the other terms in (15) come from (25).

We start with (22), which is easy. We simply write εk = text − k
n and εk+1 = text − k+1

n . This implies
εk+1

εk
= 1− 1

εkn
, so

ε
3/4
k

ε
3/4
k+1

− 1 =
3

4

1

εkn
+O

(
1

(εkn)2

)
,

where the constant is absolute. Finally, using εkn > n3/5−1/100 we have

|Ãk|
(εkn)2

6
100n−3/5+1/100 log n

εkn
,

so we can bound (22) by K
εkn

n−1/30.

We now move on to (23). The drift E [∆Xk|Fk] can be expressed as the sum over all the cases of

Figure 3 of the probability of each case multiplied by the variation of X in this case. For example,

the probability for the first case is Xk−1
Sk−1 . Approximating E [∆Xk|Fk] by φX

(
Xk
n ,

Yk
n ,

Zk
n

)
is then

equivalent to approximating Xk−1
Sk−1 by Xk/n

Sk/n
, and similarly for all the other terms. But we have

Xk − 1

Sk − 1
=
Xk/n

Sk/n
×

1− 1
Xk

1− 1
Sk

=
Xk/n

Sk/n

(
1−O

(
1

Xk

)
+O

(
1

Sk

))
=
Xk/n

Sk/n
+O

(
1

Sk

)
,

since Sk > Xk. When we do the same computation for all the cases of Figure 3, we also get an error

O( 1
Sk

). Note that for the last three cases on the bottom right of Figure 3, the probability is already

O( 1
Sk

), so these cases do not contribute to φX(x, y, z). So we can bound (23) by

1

ε
3/4
k+1

√
n
O

(
1

Sk

)
=

Lem.1
O

(
1

ε
3/4
k+1

√
n
× 1

εkn

)
=

εk>n
− 2

5−
1

100

O

(
1

εkn
× 1

(n−
2
5
− 1

100 )3/4
√
n

)
= O

(
n−1/30

εkn

)
.

We move on to (24). We want to estimate the error when we do a linear approximation of φX

near (X ,Y ,Z )
(
k
n

)
, so we will need to bound the second derivatives of φX near this point. More

precisely, we write (v1, v2, v3) =
(
Ak
n ,

Bk
n ,

Ck
n

)
. By the Taylor-Lagrange formula we can bound (24) by

1

ε
3/4
k+1

√
n

∑
16i,j63

|vi| × |vj | × max
|u1−X (k/n)|6|v1|
|u2−Y (k/n)|6|v2|
|u3−X (k/n)|6|v3|

∣∣∣∣ ∂2φX∂xi∂xj
(u1, u2, u3)

∣∣∣∣ . (27)
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By the assumptions of the proposition, we have the bounds:

|v1| 6 1000 ε
3/4
k

log n√
n
, |v2| 6 1000

log n√
n
, |v3| 6 1000 ε

1/2
k

log n√
n
. (28)

On the other hand, we can compute the second order derivatives of φX , which are of the form P (x,y,z)
(x+y+z)4

for some polynomial P . By Lemma 1, we know that u1, u2 and u3 are respectively O
(
ε2kn

1/100
)
,

O
(
εkn

1/100
)

and O
(
ε
3/2
k n1/100

)
, and the sum u1 +u2 +u3 is of order εk. Hence, we can consider the

term with the highest order in the numerator. For example, we find

∂2φX
∂x21

=
12u22 + 28u2u3 + 10u23

(u1 + u2 + u3)4
,

and the highest order term in the numerator is u22 = O
(
ε2kn

1/50
)
. On the other hand, the denominator

is of order ε4k, so we get
∂2φX
∂x21

(u1, u2, u3) = O
(
ε−2k n1/50

)
.

The bounds on ∂2φX
∂xi∂xj

(u1, u2, u3) that we obtain for all second-order partial derivatives are summarized

in the following table:

i\j 1 2 3

1 O
(
ε−2k n1/50

)
O
(
ε
−3/2
k n1/50

)
O
(
ε−2k n1/50

)
2 O

(
ε
−3/2
k n1/50

)
O
(
ε−1k n1/50

)
O
(
ε
−3/2
k n1/50

)
3 O

(
ε−2k n1/50

)
O
(
ε
−3/2
k n1/50

)
O
(
ε−2k n1/50

)
Combining this with (28), we find that each term of (27) is

O

(
ε−1k n1/50 log2 n

ε
3/4
k+1n

√
n

)
= O

(
1

εkn
× n1/50 log2 n

ε
3/4
k+1

√
n

)
=

2εk+1>n−2/5−1/100
O

(
n−1/30

εkn

)
,

which bounds (24). Note that it was necessary to handle one by one the terms of (27) and not to

bound everything crudely by ‖v‖2×‖D2φX‖ (we would have obtained an additional factor ε−1k , which

is too large).

Let us now bound (25). We first compute the gradient of ∇φX :

∇φX(x, y, z) =
1

(x+ y + z)3
(
−4y2 − 9yz + xz − 3z2, 4xy + 6xz + 2z2,−x2 − 2yz + 3xy + 3xz

)
.

(29)

On the other hand, by (8), when ε→ 0, we have

X (text − ε) ∼ 3ε2, Y (text − ε) ∼ 4ε ,Z (text − ε) ∼ 4
√

3ε3/2.

Therefore, we can replace (x, y, z) in (29) by (X (t),Y (t),Z (t)) and let t→ text. We find that there

are constants K, η > 0 such that, for any 0 < ε < η, we have:∣∣∣∣∂φX∂x ((X ,Y ,Z ) (text − ε))−
1

ε

∣∣∣∣ 6 δ

ε
,∣∣∣∣∂φX∂y ((X ,Y ,Z ) (text − ε))

∣∣∣∣ 6 K,∣∣∣∣∂φX∂y ((X ,Y ,Z ) (text − ε))
∣∣∣∣ 6 K

ε1/2
.
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This is the value of η that we take in Proposition 4. We can now replace ε by εk ∈ (0, η) and we

obtain the following bound on (25):

δ

εkn
× 1

ε
3/4
k+1

√
n
|Ak|+

K

n
× 1

ε
3/4
k+1

√
n
|Bk|+

K

ε
1/2
k n

× 1

ε
3/4
k+1

√
n
|Ck|

=
δ

εkn
|Ãk|+

K

εkn
ε
1/4
k |B̃k|+

K

εkn
ε
1/4
k |C̃k|

6
δ

εkn
|Ãk|+

1000K

εkn
ε
1/4
k log n.

We finally treat the term (26). We recall that X solves the equation X ′ = φX(X ,Y ,Z ), so this

is just a linear approximation, so we will need to bound the second derivative X ′′. More precisely, (26)

is bounded by
n

ε
3/4
k+1

√
n
×
(

1

n

)2

× max
[ kn ,

k+1
n ]

∣∣X ′′∣∣ . (30)

Moreover, by differentiating X ′ = φX (X ,Y ,Z ), we have

X ′′(t) =

(
φX

∂φX
∂x

+ φY
∂φX
∂y

+ φZ
∂φX
∂z

)
(X (t),Y (t),Z (t))

=
Z (t)

S (t)4
(
X (t)2 − 2X (t)Y (t) + 8Y (t)Z (t) + 11Z (t)2

)
.

This is a continuous function of t on [0, text). Moreover, by (8), we have

X (text − ε) ∼ε→0
4
√

3ε3/2

(4ε)4
× 8× 4ε× 4

√
3ε3/2 = 6,

so X ′′ is bounded by a constant K. Plugging this into (30), we can bound (26) by K

ε
3/4
k+1n

3/2
=

O
(
n−1/30

εkn

)
.

We now move on to the estimates (16) and (17). Since the proof is similar, we will not do

it in full details and only stress the differences with the proof of (15). The decomposition of the error

into five terms is the same with the following modifications:

• the first term (22) becomes

∣∣∣∣( ε
1/2
k

ε
1/2
k+1

− 1

)
C̃k − 1

2
1

εkn
C̃k

∣∣∣∣ for C̃, and disappears completely for B̃;

• in the terms (23), (24), (25) and (26), the factors 1

ε
3/4
k+1

√
n

become 1√
n

for B̃ and 1

ε
1/2
k+1

√
n

for C̃;

• in the fourth term (25), the drift 1
εkn

Ãk becomes 0 for B̃ and 3
√
3

2 B̃k − 3
2 C̃k of C̃.

The first and second term can then be bounded by O
(
n−1/30

εkn

)
in the exact same way as for Ã (this

bound actually becomes cruder for (23), since now the factor ε
3/4
k+1 in the denominator disappears or

become larger).

The bound on the fifth term (26) is also very similar: we now have

Y ′′(t) = −2
Z

S 4

(
X Y + 4Y 2 + 8X Z + 21Y Z + 20Z 2

)
(t) = O

(
(text − t)−1/2

)
Z ′′(t) = 3

Z

S 4

(
X 2 + 4X Y + 4Y 2 + 8X Z + 14Y Z + 11Z 2

)
(t) = O

(
(text − t)−1/2

)
.

Therefore, the analog of (26) for B̃ (resp. C̃) is O
(

1√
n
× n×

(
1
n

)2 × ε
−1/2
k

)
= O

(
ε
−1/2
k

n3/2

)
(resp.

O

(
ε−1
k

n3/2

)
). In both cases, this is O

(
n−1/30

εkn

)
.
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The analog of the third term (24) is still very similar, but requires to be more careful. Indeed (27)

becomes respectively

1

ε
1/2
k+1

√
n

∑
16i,j63

|vi| × |vj | × max
|u1−X (k/n)|6|v1|
|u2−Y (k/n)|6|v2|
|u3−Z (k/n)|6|v3|

∣∣∣∣ ∂2φY∂xi∂xj
(u1, u2, u3)

∣∣∣∣ . (31)

and
1√
n

∑
16i,j63

|vi| × |vj | × max
|u1−X (k/n)|6|v1|
|u2−Y (k/n)|6|v2|
|u3−Z (k/n)|6|v3|

∣∣∣∣ ∂2φZ∂xi∂xj
(u1, u2, u3)

∣∣∣∣ . (32)

for B̃ and C̃. Moreover, when we compute the second order partial derivatives ∂2φY
∂xi∂xj

and ∂2φY
∂xi∂xj

, we

get respectively the following tables:

i\j 1 2 3

1 O
(
ε−2k n1/50

)
O
(
ε−2k n1/50

)
O
(
ε−2k n1/50

)
2 O

(
ε−2k n1/50

)
O
(
ε
−3/2
k n1/50

)
O
(
ε−2k n1/50

)
3 O

(
ε−2k n1/50

)
O
(
ε−2k n1/50

)
O
(
ε
−3/2
k n1/50

)
i\j 1 2 3

1 O
(
ε
−3/2
k n1/50

)
O
(
ε
−3/2
k n1/50

)
O
(
ε−2k n1/50

)
2 O

(
ε
−3/2
k n1/50

)
O
(
ε
−3/2
k n1/50

)
O
(
ε−2k n1/50

)
3 O

(
ε−2k n1/50

)
O
(
ε−2k n1/50

)
O
(
ε−2k n1/50

)
In both cases, using (28), we find that each term of (31) or (32) is

O

(
ε
−3/2
k n1/50 log2 n

ε
1/2
k+1n

3/2

)
= O

(
1

εkn
× n1/50 log2 n

εk
√
n

)
=

εk>n
− 2

5−
1

100

O

(
n−1/30

εkn

)
.

Finally, to handle the analog of the fourth term (25), we just need to compute the gradients of φY

and φZ :

∇φY (x, y, z) =
1

(x+ y + z)3
(
2xy + 6y2 + 6yz − 8z2,−2x2 − 6xy − 6xz + 4yz + 12z2, 8xz + 4y2 + 12yz

)
,

∇φZ(x, y, z) =
1

(x+ y + z)3
(
3xz + 9yz + 15z2, 6yz + 12z2,−3x2 − 9xy − 15xz − 6y2 − 12yz

)
.

As in the first case, we can now replace (x, y, z) by (X (t),Y (t),Z (t)), use (8) and identify the highest

order terms in text − t. We find that there is a constant K such that for all 0 6 t < text:∣∣∣∣∂φY∂x (X (t),Y (t),Z (t))

∣∣∣∣ 6 K

text − t
,∣∣∣∣∂φY∂y (X (t),Y (t),Z (t))

∣∣∣∣ 6 K

(text − t)1/2
,∣∣∣∣∂φY∂z (X (t),Y (t),Z (t))

∣∣∣∣ 6 K

text − t
,∣∣∣∣∂φZ∂x (X (t),Y (t),Z (t))

∣∣∣∣ 6 K

(text − t)1/2
.
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Moreover, there is η > 0 (depending on δ) such that, if text − η 6 t < text, then∣∣∣∣∣∂φZ∂y (X (t),Y (t),Z (t))− 3
√

3

2

1

(text − t)1/2

∣∣∣∣∣ 6 δ

(text − t)1/2
,∣∣∣∣∂φZ∂y (X (t),Y (t),Z (t)) +

3

2

1

text − t

∣∣∣∣ 6 δ

text − t
.

From here, taking t = k
n and replacing (Ak, Bk, Ck) by

(
ε
3/4
k

√
nÃk,

√
nB̃k, ε

1/2
k

√
nC̃k

)
, we easily

obtain the claimed bound on (25).

Proof of Proposition 5. Just like in the proof of Proposition 4, we first introduce the following func-

tions (again with the notation s = x+ y + z):

ψX(x, y, z) = 4
x

s
+ 4

xy

s2
+
yz

s2
+
y2z

s3
+ 9

x2z

s3
+ 2

xyz

s3
+ 2

xz2

s3
+
z3

s3
,

ψY (x, y, z) =
xy

s2
+ 4

y2

s2
+ 4

y2z

s3
+ 2

xyz

s3
+ 2

xz2

s3
+ 4

z3

s3
,

ψZ(x, y, z) =
yz

s2
+
y2z

s3
+ 8

yz2

s3
+
x2z

s3
+ 2

xyz

s3
+ 8

xz2

s3
+ 9

z3

s3
.

These functions are respectively the fluid limit approximations of E[(∆Xk)
2 | Fk], E[(∆Yk)

2 | Fk] and

E[(∆Zk)
2 | Fk] and can be computed from the transitions given in Figure 3 as before.

Variance of Ã. Let us start by establishing (18). We first note that, since adding a function of Ak

does not change the conditional variance on Fk, we have

Var
(

∆Ãk|Fk
)

= Var

(
∆Ãk +

(
1

ε
3/4
k

√
n
− 1

ε
3/4
k+1

√
n

)
Ak|Fk

)
=

1

ε
3/2
k+1n

Var (∆Ak|Fk) =
1

ε
3/2
k+1n

Var (∆Xk|Fk) .

Therefore, we can write

Var
(

∆Ãk|Fk
)

=
1

ε
3/2
k+1n

E
[
(∆Xk)

2|Fk
]
− 1

ε
3/2
k+1n

E [∆Xk|Fk]2 ,

so ∣∣∣∣∣Var
(

∆Ãk|Fk
)
− 2
√

3

εkn

∣∣∣∣∣ 6 1

ε
3/2
k+1n

E [∆Xk|Fk]2 (33)

+
1

ε
3/2
k+1n

∣∣∣∣E [(∆Xk)
2|Fk

]
− ψX

(
Xk

n
,
Yk
n
,
Zk
n

)∣∣∣∣
+

1

ε
3/2
k+1n

∣∣∣∣ψX (Xk

n
,
Yk
n
,
Zk
n

)
− ψX

(
X

(
k

n

)
,Y

(
k

n

)
,Z

(
k

n

))∣∣∣∣
+

1

ε
3/2
k+1n

∣∣∣∣ψX (X

(
k

n

)
,Y

(
k

n

)
,Z

(
k

n

))
−
(

2
√

3
√
εk

)∣∣∣∣
+

1

ε
3/2
k+1n

∣∣∣(2
√

3
√
εk

)
−
(

2
√

3
√
εk+1

)∣∣∣
The first term can be bounded by using Proposition 4 and εk > n−2/5−1/100. Moreover, by the exact

same argument as for term (23) in the proof of Proposition 4, the second term is

O

(
1

ε
3/2
k+1n

× 1

Sk

)
=

Lem.1
O

(
1

ε
5/2
k n2

)
=

εk>n
− 2

5−
1

100

O

(
n−1/30

εkn

)
.

20



We now bound the third term of (33). If we write (v1, v2, v3) =
(
Ak
n ,

Bk
n ,

Ck
n

)
, this is bounded by

1

ε
3/2
k+1

√
n

3∑
i=1

|vi| × max
|x−X (k/n)|6|v1|
|y−Y (k/n)|6|v2|
|z−Z (k/n)|6|v3|

∣∣∣∣∂ψX∂x (x, y, z)

∣∣∣∣ . (34)

Just like for φX in the proof of Proposition 4, we can compute the gradient of ψX : the partial

derivatives are of the form P (x,y,z)
(x+y+z)4

, where P is a homogeneous polynomial of degree 3. By using

Lemma 1, just like in (27), we have that x, y and z are respectively O
(
ε2kn

1/100
)
, O

(
εkn

1/100
)

and

O
(
ε
3/2
k n1/100

)
and that the sum x+ y + z is of order εk. Therefore, by considering the higher order

terms in the polynomial P (x, y, z), we obtain the following estimates:

∂ψX
∂x

(x, y, z) = O
(
ε−1k n3/100

)
,

∂ψX
∂y

(x, y, z) = O
(
ε
−1/2
k n3/100

)
,

∂ψX
∂z

(x, y, z) = O
(
ε−1k n3/100

)
.

Combining this with (34), we get that the third term of (33) is

O

(
n3/100 log n

ε2kn
3/2

)
.

using εk > n−2/5−1/100, this is O
(
n−1/30

εkn

)
.

We now bound the fourth term of (33). For this, we use again (8). In particular, when we write

down ψX (X ,Y ,Z ) (text − ε), the highest order terms in ε are Y Z
S 2 ∼

√
3
√
ε and Y 2Z

S 3 ∼
√

3
√
ε, so

we have

ψX (X ,Y ,Z ) (text − ε) ∼ε→0 2
√

3
√
ε.

In particular, taking ε = εk, if we choose η small enough the fourth term of (33) is bounded by δ
εkn

.

Finally the fifth term is also smaller than δ
εkn

if εk is small enough. Gathering-up the pieces we have

established (18).

The bound (19) follows from the same proof by noticing that the only term of (33) which makes

the errors Ã2

ε
1/2
k n

, B̃
2

n ,
C̃2

n appear is the −E [∆Xk|Fk]2, which is negative.

Variance of B̃. The bound (20) is immediate: for the same reason as with Ã, we have

Var
(

∆B̃k|Fk
)

=
1

n
Var (∆Yk|Fk) 6

9

n
,

since |∆Yk| is bounded by 3.

Variance of C̃. Finally, we prove (21): as before, we can write

Var
(

∆C̃k|Fk
)

=
1

εk+1n
E
[
(∆Zk)

2|Fk
]
− E [∆Zk|Fk]2

6
1

εk+1n

∣∣∣∣E [(∆Zk)2|Fk]−ΨZ

(
Xk

n
,
Yk
n
,
Zk
n

)∣∣∣∣+
1

εk+1n
ΨZ

(
Xk

n
,
Yk
n
,
Zk
n

)
.

By the exact same argument as for Ã, the first term is

O

(
1

εk+1n

1

Sk

)
= O

(
1

ε2kn
2

)
= O

(
ε
1/2
k

εkn

)
,

where the first equality comes from Lemma (1) and the second from εk > n−2/5−1/100. On the other

hand, noticing that every term in ψZ(x, y, z) has a factor z
s , we can write

ψZ

(
Xk

n
,
Yk
n
,
Zk
n

)
= O

(
Zk
Sk

)
= O

(
ε
3/2
k n

εkn

)
= O

(
ε
1/2
k

)
,
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where the second inequality comes from Lemma 1. This proves (21).

4.2 Rough behaviour of Ã, B̃ and C̃

In this section we will use our drift and variance estimates to control Ã, B̃, C̃. Recall notation from

(14) and (13). We shall get a rather rough control on Ã, B̃ and C̃ (Proposition 6) and later refine the

one on Ã. In the rest of this subsection, on top of the constant K > 0 given by Propositions 4 and 5,

we fix

δ =
1

100

for definiteness and let 0 < η ≡ η(δ) < 1/2 so that we can apply the above propositions. In particular,

the value of η does not depend on n, nor on the coming ε > 0 and its value may be decreased for

convenience by keeping the same δ. In the coming pages Cst > 0 is a constant (which may depend

on the constant K or the now-fixed δ = 1
100) and that may increase from line to line, but whose

value does not depend upon n (provided it is large enough), nor η, nor on the forthcoming ε. On the

contrary Kε is a constant that depends upon ε but also upon η in an implicit way.

The value η shall give our “starting scale” k0 = b(text − η)nc which is such that εk0 = η and we

shall then look at times k0 6 k 6 θ̃. We start by controlling the fluctuations at k0.

Lemma 2 (Fluctuations in the bulk). For all ε > 0 there exists Kε > 0 so that for all n large enough,

with probability at least 1− ε we have

max(|Ãk0 |, |B̃k0 |, |C̃k0 |) < Kε and θ̃ > k0. (35)

Proof. Classical results entail that on top of the law of large numbers for the process n−1 ·(Xn, Y n, Zn)

given in Proposition 2, we have a functional central limit theorem for their fluctuations, as long as we

stay in the bulk. More precisely, for 0 6 t 6 (text − η), the solution given by the differential equation

(5) is bounded away from 0, i.e.

inf{min(X (t),Y (t),Z (t)) : 0 6 t 6 (text − η)} > 0, (36)

and thanks to our hypothesis (3), the initial fluctuations A0, B0 and C0 are bounded so that

(A0, B0, C0)/
√
n converges to (0, 0, 0)6. Therefore, we can apply [7, Theorem 2.3 p 458], which implies

that ((
Abtnc√
n
,
Bbtnc√
n
,
Cbtnc√
n

)
: 0 6 t 6 text − η

)
converges as n goes to infinity weakly to a continuous random processes driven by a nice stochastic

differential equation. Furthermore [7, Theorem 2.3 p 458] entails that the terminal value(
Ab(text−η)nc√

n
,
Bb(text−η)nc√

n
,
Cb(text−η)nc√

n

)
converges towards a Gaussian law whose covariance depends on η only. Given (36), this implies

that w.h.p. we have Xk > 0 for all 0 6 k 6 (text − η)n (in other words θ > (text − η)n) and that

|Ãb(text−η)nc|, |B̃b(text−η)nc|, |C̃b(text−η)nc| are tight. The statement of the lemma follows.

6We could have allowed o(
√
n) fluctuations, but not o(n) as in Theorem 1.
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After this initial control, we shall provide a rough upper bound on the fluctuation processes.

Proposition 6 (Rough upper bounds). For all ε > 0, there exists a constant Kε > 0 such that for n

large enough, with probability at least 1− ε we have

max
k06k<θ̃

{
|Ãk|

| log(εk)|3/4
, |B̃k|, |C̃k|

}
6 Kε. (37)

Remark (The truth). The proof of the proposition shows that we can replace the 3/4 exponent by

1/2 + δ for all δ > 0. We anyway expect an “iterated logarithm” behavior for Ã so that we could

replace | log(εk)| by | log log(εk)|. In the same vein, a little more effort would yield that B̃ and C̃

“converge”7 but our estimates will be largely sufficient for our purposes.

Proof. In light of the form of the drift of C̃ obtained in Equation (17), we will rather consider the

process Ẽk = C̃k − 3
√
3

2 B̃k instead of C̃, but notice we can control |C̃k| 6 3
√
3

2 |B̃k| + |Ẽk| using the

processes B̃ and Ẽ so that it is sufficient to prove the proposition after replacing C̃ by Ẽ. Introduce

L the first time at which one of the those three processes becomes large, i.e.

L = θ̃ ∧min

{
k > k0 : max

(
|Ãk|

| log εk|3/4
, |B̃k|, |Ẽk|

)
> Kε

}
.

We call the region defined by the above inequalities on (Ã, B̃, C̃) the good region for the processes

and evaluate separately the probability that we exit this region (i.e. that L < θ̃) via one of the three

processes Ã, B̃ or Ẽ. By definition (14) of θ̃ and since we will always take n large enough to have

Kε(1 + log
3/4
2 (n)) < log(n),

as long as k0 6 k < L, we can apply the estimates obtained in Propositions 4 and 5. Specifically, we

will decompose the processes Ã, B̃ and Ẽ into their predictable and martingale parts and use Doob’s

maximal inequality and L2 estimates to control the martingales.

Let us start with B̃. We write for k0 6 k 6 L,

B̃k = B̃k0 +
k−1∑
`=k0

E
[
∆B̃`|F`

]
+MB

k

where (MB
k∧L)k>k0 is an (Fk)-martingale which starts from 0 at time k0. We first evaluate the

drift/predictable part. To ease the calculation and readability, we will deliberately drop the integer-

part notation b·c and introduce scales. Recall that the value of η = εk0 has been fixed above, but we

may decrease it for convenience as long as it is independent of n and ε. We start from k0 = (text−η)n

and we let

kj = (text − η2−j)n,

7To be precise, and stressing the dependence in n, the processes (B̃n[tn]∧θn : t ∈ [0, text]) converge in law for the ‖‖∞
distance towards a limiting process (Bt : t ∈ [0, text]) which is continuous and in particular continuous at text. Similarly

(C̃n[tn]∧θn : t ∈ [0, text])→ (Ct : t ∈ [0, text]) for a random continuous process and furthermore Ctext = 3
√
3

2 Btext .
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for 0 6 j 6 (25 + 1
100) log2(n). In particular we have j + | log2 η| 6 | log2 εk| 6 (j + 1) + | log2 η| for all

kj 6 k 6 kj+1. With this notation, and using our estimate (16), we know that if k > k0 we have

1k6L

∣∣∣∣∣∣
k−1∑
`=k0

E
[
∆B̃`|F`

]∣∣∣∣∣∣ 6
(16)

Cst

∞∑
`=k0

1`<L

max
(
|Ã`|, |B̃`|, |C̃`|

)
√
ε`n

+
1

ε`n
n−1/30


6

good region
Cst ·Kε ·

∞∑
`=k0

1`<L

(
| log ε`|3/4 + 1
√
ε`n

+
1

ε`n
n−1/30

)

6
scales

Cst ·Kε ·
log2(n)∑
j=1

kj−1∑
`=kj−1

(
(j + | log2 η|)3/4√

η2−jn
+

1

η2−jn
n−1/30

)

6 Cst ·Kε ·
log2(n)∑
j=1

(
√
η

(j + | log2 η|)3/4

2j/2
+ n−1/30

)

6 Cst ·Kε · | log η| ·
log2(n)∑
j=1

(
√
η
j + 1

2j/2
+ n−1/30

)
6 Kε · (Cst · √η| log η|) ,

for n large enough where Cst > 0 is a constant that may vary from line to line but that does not

depend on n, nor on ε nor on η as long as it is small. In particular, we may decrease the value of

η so that the parenthesis in the last display is smaller than 1/4 say. We obtain that the sum of

the absolute values of the expected conditional drifts of B̃ between k0 and L is bounded by Kε/4

(deterministicaly).

We deduce that the event {L < θ̃ and |Bk0 | 6 Kε/4 and |B̃L| > Kε} is included in the event

{L < θ̃ and |MB
L | > Kε/2} so that in particular we can write

P
(
L < θ̃ and we exit the region by B̃

)
6

Doob
P
(
|B̃k0 | > Kε/4

)
+ P

(
L < θ̃ and |MB

L | > Kε/2
)

6
Doob

P
(
|B̃k0 | > Kε/4

)
+ P

(
sup

k06k<L
|MB

k | > Kε/2

)
6

Doob
P
(
|B̃k0 | > Kε/4

)
+ 4

E
[
(MB

L )2
]

K2
ε /4

.

Up to increasing Kε we can bound the first term by ε using Lemma 2. To bound the second term, we

use our variance estimate (20) which gives in the good region

E
[
(∆MB

k )2|Fk, k 6 L
]

= Var
(
∆MB

k |Fk, k 6 L
)

= Var(∆B̃k|Fk, k 6 L) 6
(20)

K

n
.

By the orthogonality of martingale increments in L2 we deduce that

E[(MB
L )2] =

∞∑
k=k0

E[(∆MB
k )21k6L|Fk] 6

K(textn− k0)
n

= Kη.

Hence we obtain

P(L < θ̃ and we exit the good region by B̃) 6 ε+ 16
E[(MB

L )2]

K2
ε

6 ε+
16Kη

K2
ε

.

If Kε is large enough, the second term is also less than ε so that the probability in the left-hand side

is small. Conclusion: it is unlikely that we exit first the good region because of the process B̃.
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Case of Ẽ. The proof is similar, but we shall use more precisely the form of the conditional expected

drifts. As before, we write

Ẽk = Ẽk0 +
k−1∑
`=k0

E
[
∆Ẽ`|F`

]
+ME

k

where (ME
k∧L)k>k0 is an (Fk)-martingale which starts from 0 at time k0. We will bound P(L <

θ̃ and ẼL > Kε) and the case ẼL < −Kε will be treated similarly. Let us introduce L−E , the last

time before L where Ẽ is smaller that Kε/2. In particular on the event {L < θ̃ and ẼL > Kε}, for

L−E < k 6 L the process Ẽ is larger than Kε/2 and its conditional expected drift therefore satisfies∣∣∣∣∣∣∣E
[
∆Ẽk|Fk

]
− 1

εkn
Ẽk︸︷︷︸

>Kε/2

∣∣∣∣∣∣∣ 6
(16)&(17)

3
√

3

2

(
K

εkn

√
εk max

(
|Ãk|, |B̃k|, |C̃k|

)
+

K

εkn
n−1/30

)

+
δ

εkn
max

(
|B̃k|, |C̃k|

)
+

K

εkn
ε
3/4
k |Ãk|+

K

εkn
n−1/30

6
(δ + 3K

√
εk)

εkn
max

(
|B̃k|, |C̃k|

)
+

4K

εkn
ε
1/2
k |Ãk|+

4K

εkn
n−1/30

6
good region

n large enough

Kε ·

(
2(δ + 3K

√
εk)

εkn
+

4Kε
1/2
k | log εk|3/4

εkn

)
.

Up to further diminishing η (which forces εk < η to be small), we can assume that the right-hand

side is smaller than Kε/(4εkn) for n large enough so that we are sure that the conditional expected

drift E
[
∆Ẽk|Fk

]
is less than −Kε/(4εkn) for L−E < k < L and in particular it is negative and pulls

back the process towards 0.

k0

Kε

Kε/2

L−
E L

Ẽ

Figure 7: Illustration of the proof. If we exit the good region through the process Ẽ, then it has a negative

drift (green arrows on the figure) over the time interval (L−E, L) and this forces its martingale part to vary

too much.

We deduce that on the event {k0 < L−E < L < θ̃ and ẼL > Kε} the variation of the martingale

ME over [L−E , L] must be larger than Kε/2 (just because the drift plays against the process in this

region). Hence,

P(L < θ̃ and ẼL > Kε) 6 P(L−E 6 k0) + P
(

sup
k06k6L

|ME
k∧L| >

Kε

4

)
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We now use our variance estimates (21) and (20) in the good region. In particular,

E
[
(∆ME

k )21k6L
]

= Var
(
∆ME

k 1k6L
)

= Var

((
∆C̃k −

3
√

3

2
∆B̃k

)
1k6L

)

6 Cst ·
(

Var(∆C̃k1k6L) + Var(∆B̃k1k6L)
)

6
(20)&(21)

Cst
√
εkn

,

where Cst > 0 as usual does not depend on n nor on ε nor on η. Summing those variances over one

scale we obtain

ki+1−1∑
k=ki

Cst
√
εkn

6
Cst(ki+1 − ki)√

εki+1
n

6 Cst
η2−in√
η2−in

= Cst
√
η(
√

2)−i.

We deduce that

P
(

sup
k06k6L

|ME
k | >

Kε

4

)
6

Doob

16E[(ME
L )2]

K2
ε

6
Cst

K2
ε

∞∑
i=0

ki+1−1∑
k=ki

E[(∆ME
k )21k6L] 6

Cst
√
η

K2
ε

.

If Kε is large enough, this bound, as well as P(L−E 6 k0) (by Lemma 2), are less than ε so the

probability of the event {k0 < L < θ̃ and ẼL > Kε} is less than 2ε. Combined with the symmetric

case when ẼL < −Kε, this finishes the case of Ẽ.

Let’s finally move on to the control of Ã . Again, we decompose Ã as follows

Ãk = Ãk0 +
k−1∑
`=k0

E
[
∆Ã`|F`

]
+MA

k ,

where (MA
k∧L)k>k0 is a martingale for the canonical filtration and starts at 0 at time k0. Compared

to the above cases, we shall look more precisely at the scale of L and introduce

J such that kJ 6 L < kJ+1.

In particular, recall that if kj 6 k 6 kj+1 we have j + | log2 η| 6 | log2 εk| 6 (j + 1) + | log2 η| so

that up to losing a multiplicative factor, we may replace | log εk| by the corresponding scale j in the

calculations. As before, let us bound from above the probability that we exit the good region with

the process Ã, that is

P(L < θ̃ and ÃL > Kε · (J + 1)3/4)

and the case L < θ̃ and ÃL < −Kε · (J + 1)3/4 is symmetric. As for the case of Ẽ, we introduce

L−A the last time before L where Ã is smaller than Kε(J + 1)3/4/2 and I its corresponding scale (i.e.

such that kI 6 L−A < kI+1), see Figure 8. As before, we get from Lemma 2 that L−A > k0 with high

probability when Kε is large. We will now use the fact that the conditional expected drift of Ã not

only goes against Ã but also that its strength is linear in Ã.

Specifically, when L−A < k < L, the process Ã is larger than Kε(J + 1)3/4/2 while the other

processes are in absolute value less than Kε so that by (15) the predictable drift is negative and of

order −Ãk/(εkn):
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k0

Kεj
3/4

Kε(J + 1)3/4/2

k1

LL−
A

kJ+1kJkI+1kI

Ã

Figure 8: Illustration of the proof. If we exit the good region through the process Ã, then it has a negative

drift (green arrows on the figure) over the time interval (L−A, L) whose strength is proportional to J3/4Kε

over a scale. As in the above cases, this forces its martingale part to vary too much.

∣∣∣∣∣∣∣E
[
∆Ãk|Fk

]
− 1

4εkn
Ãk︸︷︷︸

>Kε(J+1)3/4/2

∣∣∣∣∣∣∣ 6
(15)

δ

εkn
|Ãk|+

Kε
1/4
k

εkn
max

(
|B̃k|, |C̃k|

)
+

K

εkn
n−1/30

6
good region

1/10

εkn
Kε(J + 1)3/4 +

Kε
1/4
k

εkn
Kε +

K

εkn
n−1/30

6
1

9εkn
Kε(J + 1)3/4, (38)

for n large enough up to diminishing η if necessary. In particular, E
[
∆Ãk|Fk

]
is less than − Kε

100
(J+1)3/4

εkn

and summing the conditional expected drift over all k ∈ (L−A, L) yields total drift smaller than

L−1∑
k=L−A+1

E[∆Ak|Fk] 6 −c · (J − I − 1)Kε(J + 1)3/4,

for some constant c > 0. Let us first concentrate on the case where I + 1 < J so that J − I − 1 > 0.

In particular, the variation of the martingale MA between L−A + 1 and L must compensate this drift

and must be larger than −c(J − I − 1)Kε(J + 1)3/4. Thus, we have

P
(
k0 < L−A < L < θ̃ and I + 1 < J and ÃL/(J + 1)3/4 > Kε

)
6

log2(n)∑
j=2

j−2∑
i=0

P

(
sup

ki6`<kj+1∧L
MA
` − inf

ki6`<kj+1∧L
MA
` > c(j − i− 1)Kε(j + 1)3/4

)

6
Doob

Cst

log2(n)∑
j=2

j−2∑
i=0

E[(MA
kj+1∧L −M

A
ki

)2]

K2
ε (j + 1)3/2(j − i− 1)2

.

Thanks to our variance estimates (19) we have E[(∆MA
k )21k<L] 6 Cst

εkn
so that after summing over

scales we obtain E[(MA
kj+1∧L −M

A
ki

)2] 6 Cst · (j + 1− i). Plugging this back into the above estimate
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we deduce

P
(
k0 < L−A < L < θ̃ and I + 1 < J and ÃL/(J + 1)3/4 > Kε

)
6

Cst

K2
ε

log2(n)∑
j=2

j−2∑
i=0

(j + 1− i)
(j + 1)3/2(j − i− 1)2

6
Cst

K2
ε

,

so that this probability can be made arbitrarily small by makingKε large. The case ÃL/(J + 1)3/4 < −Kε

is treated similarly. As for the case |I − J | 6 1, since k0 < L−A w.h.p. (by Lemma 2), we use that in

this case the martingale MA must have a variation of at least Kε(j+ 1)3/4/2 over (kj−1, kj+1) (we do

not use the strength of the drift, but just the fact it plays against us over (L−A, L) as for the case of

Ẽ). By Doob maximal inequality and the above estimate, this probability is bounded from above by

Cst/((j + 1)3/2K2
ε ), whose sum over 0 6 j 6 log2(n) is 6 Cst

K2
ε

. We conclude similarly.

4.3 This is the end

Using Proposition 6 and (8), we can conclude as in Lemma 1 that the process Xk stays positive at

least as long as

nε2k �
√
n(εk)

3/4| log εk|3/4, i.e. as long as textn− k � n3/5(log n)3/5.

Through a more refined control on Ã, we shall first prove that we can remove the log3/5 n and prove

that ntext − θ = OP(n3/5), see Proposition 7. The convergence in law of n−3/5(ntext − θ) will be

deduced by doing a SDE approximation for the process Ãk when εk ≈ n−2/5 in Proposition 8.

Since we now take a close look at times k = textn − O(n3/5), let us introduce a new piece of

notation: for k > 0, we write

tk := n−3/5(textn− k), so that k = textn− tkn
3/5 i.e. εk = tkn

−2/5.

With this notation at hands, we can state a refined control on Ã.

Proposition 7 (Control on Ã in the critical region). For all ε > 0 there exists Kε such that with

probability at least 1− ε, for all k 6 textn such that tk > Kε, we have

|Ãk| < Kεt
1/8
k .

In particular, performing the same argument as in the beginning of this subsection, we deduce

that Xk stays positive until time textn−Kεn
3/5, that is θ > textn−Kεn

3/5 with probability at least

1− ε.

Proof. The proof is similar to the control of Ã in Proposition 6. With the notation of the proof of

Proposition 6, let us introduce

T = L ∧min{k > k0 : |Ãk| > Kε · t
1
8
k }

and J ∈ {0, 1, 2, ...} the corresponding scale, i.e. such that 2J > tT > 2(J−1). As for the previous

control of Ã, we will replace tT by 2J in the calculation to make the reading easier. Note in particular

that k 7→ tk is decreasing.
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We bound the probability P(T = k < L and Ãk > Kε·2
J
8 ), the case {T = k < L and Ãk < −Kε2

J
8 }

being similar. For this, let α > 0 be a small constant (to be precised later), and let

T− = sup
{
k0 6 k 6 T : Ãk 6 α(I − J + 1)Kε2

J/8 with 2I−1 < tk 6 2I
}

and I > J its corresponding scale (notice the slight difference here with the proof of Proposition

6 because I enters in the definition of the barrier). As before, Lemma 2 will entail that T− > k0

with high probability as n → ∞ and when k0 6 T− 6 k 6 T and 2i−1 < tk 6 2i, we have

Ãk > α(i− J + 1)Kε2
J/8. By the same calculation as in (38) we have

E
[
∆Ãk|Fk

]
6 −α

8

(i− J + 1)Kε2
J/8

εkn
.

Summing those expected conditional drifts over all T− + 1 6 k < T yields a total drift smaller than

T−1∑
k=T−+1

E[∆Ãk|Fk] 6
scales

I−1∑
i=J+1

∑
k>0

12i>tk>2i−1E[∆Ãk|Fk]

6 −α
8

I−1∑
i=J+1

(i− J + 1)Kε2
J/8
∑
k>0

12i>tk>2i−1

1

εkn

6 − α

16

I−1∑
i=J+1

(i− J + 1)Kε2
J/8

6 − α

16
(I − J − 1)2Kε2

J/8.

Let us first focus on the case I − J > 2: as soon as T− > k0 the variation of the martingale MA

between T− and T must compensate this drift plus the difference of the starting and ending values,

and so must be larger than

Kε2
J/8
( α

16
(I − J − 1)2 − α(I − J + 1) + 2−1/8

)
.

If α has been chosen small enough (e.g. α = 1
100), as soon as I−J > 2, this is larger 1

32Kε2
J/8(I−J)2.

As in the proof of Proposition 6, the sum of the variances of the increments of MA between scales i and

j is bounded above by Cst(i− j) and so the probability that MA varies by more than 1
32(i− j)2Kε2

j/8

over this time interval is bounded above using Doob’s inequality by

Cst
i− j(

(i− j)2Kε2j/8
)2 .

Summing these probabilities over all scales j0 6 j 6 i, we deduce that

P
(
k0 < T− < T < L and I − 1 > J > j0 and ÃT > Kε2

J/8
)

6
Cst

K2
ε

∑
i>j+2>j0+2

i− j
(i− j)42j/4

6
Cst · 2−j0/4

K2
ε

,

and this can be made arbitrarily small by taking j0 large enough. Finally, we treat the case 0 6

I − J 6 1 similarly, by noting that in this case, if k0 < T− (which has high probability by Lemma 2),

the variation of Ã between times T− and T is at least (2−1/8− 2α)Kε2
J/8. Since the drift is negative,

the martingale MA must have a variation of order Kε2
J/8 (provided α < 1

4) over the scale J , and the

conclusion is the same.
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In the rest of this subsection we stress back the dependence in n and use θn ≡ θ for the stopping

time of the exploration and study the convergence of

tθn ∈ R such that θn = textn− tθnn
3/5.

Proposition 8. We have the following convergence in distribution as n goes to infinity

tθn
(d)−−−→

n→∞
3−3/5 · 24/5 · ϑ−2,

where ϑ = inf{t > 0 : Wt = −t−2} with W a standard linear Brownian motion started from 0 at 0.

Proof. Fix ε > 0 and let Kε > 0 so that on an event En of probability at least 1−3ε, the conclusions of

Lemma 2, Proposition 7 and Proposition 6 hold. Fix K−1ε > ξ > 0 small enough so that Kεξ
1/8 6 ε.

We shall first focus on the times k satisfying ξ 6 tk 6 ξ−1 and consider the renormalized process

F̃k =
Ãk

t
1/4
k

, 0 6 k 6 θn.

Let us compute its conditional expected drift and variance: for k < θ̃n with ξ 6 tk 6 ξ−1, on the

event En the assumptions of Proposition 4 hold, so that using εk = n−2/5tk we have

E[∆F̃k|Fk, En] 6
δ

tkn3/5
|Ãk|+

K

tkn3/5
n−1/30 =

δ

t
3/4
k n3/5

|F̃k|+
K

tkn3/5
n−1/30 (39)∣∣∣∣∣Var

(
∆F̃k|Fk, En

)
− 2

√
3

t
3/2
k n3/5

∣∣∣∣∣ =

∣∣∣∣∣ 1

t
1/2
k

Var
(

∆Ãk|Fk
)
− 2

√
3

t
3/2
k n3/5

∣∣∣∣∣ 6 δ

t
3/2
k n3/5

. (40)

We now make δ vary with n and take δ ≡ δn −−−→
n→∞

0 in the above displays. Indeed, using the

notation of Propositions 4 and 5 we can do so as soon as η(δn) > 1/ξ ·n−2/5. To avoid stopping times

issues, we possibly extend F̃ after time θn (in the case tθn 6 ξ) by a process F̂ whose increments are

±( 2
√
3

t
3/2
k n3/5

)1/2 with probability 1/2 (in particular independent, centered, with variance 2
√
3

t
3/2
k n3/5

and

whose L∞-norm tends to 0 uniformly as n → ∞), so that our estimates (39) and (40) remain true

for all {k : ξ 6 tk 6 ξ−1}. Let us recapitulate what we have: with probability at least 1 − 3ε for all

{k : ξ 6 tk 6 ξ−1}:

|F̂ntext−ξ−1n3/5 | < ε, (by Prop. 7 and the assumption Kεξ
1/8 6 ε),

E[∆F̂k|Fk] = o(n−3/5) · |F̂k|+ o(n−3/5),

Var
(

∆F̂k|Fk
)

=
2
√

3

t
3/2
k n3/5

+ o(n−3/5),

‖∆F̂k‖∞ = o(1),

where the o(1) function is uniform in {k : ξ 6 tk 6 ξ−1}. By standard results in diffusion approxima-

tion, see e.g. [14], this implies the following weak convergence for the ‖‖∞-norm:(
F̂textn−tn3/5 − F̂textn−ξ−1n3/5

)
ξ6t6ξ−1

−−−→
n→∞

(Ht)ξ6t6ξ−1 ,

where the process H satisfies the stochastic differential equation (in reverse time) dH−t =

√
2
√
3

t3/4
dB−t

with initial conditionHξ−1 = 0. By Dubbins-Schwarz theorem, the solution of this SDE can be written

as

2 · 31/4
(
W 1√

t
−W 1√

ξ−1

)
ξ6t6ξ−1
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where W is a standard linear Brownian motion with W0 = 0. Letting ε → 0 and ξ → 0, we deduce

the following convergence weak convergence over all compact subsets of (0,∞):(
F̂textn−tn3/5

)
0<t<∞

−−−→
n→∞

(
W 1√

t

)
0<t<∞

. (41)

To see that the above convergence implies the convergence of stopping times recall that

tθn := sup{tk > 0, Xk = 0} = sup{tk > 0, F̃k = −n4/5X (k/n)/tk}

= sup{tk > 0, F̂k 6 −n4/5X (k/n)/tk}.

In particular, the time tθn can be seen as the first time when started from +∞ that the process F̂

crosses the barrier C n defined by

C n(tk) = −n4/5X (k/n)/tk.

Recalling (8), we have −n4/5X (k/n)/tk ∼ −3tk, so that the barrier C n converges towards the graph

C of the function t 7→ −3t. Since the crossing of C by
(
W1/

√
t : 0 < t <∞

)
when started from +∞

happens at an almost surely positive time τ and since W immediately takes values strictly above and

below C after hitting it, it follows that

tθn
(d)−−−→

n→∞
τ = sup{t > 0 : 2 · 31/4 ·W 1√

t
= −3t}.

By scaling we have the equality in distribution

τ
(d)
= sup{t > 0 : 2 · 31/4 ·W 1√

t
= −3t}

=
u=1/

√
t

(
inf{u > 0 : Wu =

33/4

2
u−2}

)−2
(d)
=
α>0

(
inf{u > 0 :

1√
α
·Wαu =

33/4

2
u−2}

)−2

=
αu=v

(
1

α
inf{v > 0 : Wv =

√
αα2 · 33/4

2
v−2}

)−2

=
α5/2· 33/4

2
=1

(
33/4

2

)−4/5 (
inf{v > 0 : Wv = v−2}

)−2
.

The statement follows.

4.4 Proof of Theorem 2: Size and composition of the KS-Core

We have now all the ingredients to prove our main Theorem 2. First by Proposition 8, the renormalized

ending time tθn converges in distribution to 24/53−3/5ϑ−2 where ϑ is the hitting time of the curve

t 7→ −t−2 by a Brownian motion. At this time, by Proposition 6 and (8) we have

Yθn = Bθn︸︷︷︸
6

Prop.6
Cst
√
n log(n)3/4

+nY

(
θn

n

)
︸ ︷︷ ︸
∼
(8)

4tθnn3/5

≈ 4tθnn
3/5,
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Zθn = Cθn︸︷︷︸
6

Prop.6
Cstn3/10 log(n)3/4

+ nZ

(
θn

n

)
︸ ︷︷ ︸
∼
(8)

4
√
3tθnn2/5

≈ 4
√

3t
3/2
θn n

2/5.

Moreover using Proposition 1, the KS-Core is just obtained by pairing the remaining half-edges

uniformly at random. Our theorem follows. Ouff.

5 Comments

We conclude this paper with a few perspectives that our work opens.

Near critical heuristics. We believe that our techniques can be used to tackle the near-critical

window for the Karp-Sipser core. In particular, this window should be obtained by starting from

dn1,c = n(1−
√

3

2
) +O(n3/5), 2dn2,c = O(n3/5), and 3dn3,c = n

√
3

2
+O(n3/5),

whereas we studied only the critical case (3). All these shifts in the starting configuration should

result in a shift of order O(n3/5) of the absorption time. In a similar vein, one could study the “Phase

2” of the Karp-Sipser algorithm [1] which, in the supercritical case, consists in removing a uniform

vertex when there are no leaves left. The analysis of this phase should be intimately connected to the

above near-critical dynamics.

Universality. Obviously, we conjecture that the geometry of the critical core and the scaling limits

results are independent of the fine details of the model of random graph we started with. In partic-

ular, it should hold for the Erdős-Rényi case or for configuration models with small enough degrees.

However, proving a general result seems challenging because we heavily rely on the exact form of the

fluid-limit of our exploration processes (such results are available for the Erdős–Rényi case, see [1]).

Stopped Markov chain. More generally, we believe that the techniques developed in this paper

could be used to understand precisely the exit times of Markov chains from domains. To fix ideas,

let (Xn : k > 0) be a Zd-valued Markov chain whose expected conditional drift is well-approximated

by φ(Xn/n) for some function φ : Rd → Rd. The differential equation method shows that under some

mild assumptions (n−1Xnbtnc : t > 0) converges towards a solution X to X ′(t) = φ(X (t)). If Ω is a

bounded domain and Ωn its discrete approximation, it is reasonable to believe that the exist time θn

of Ωn by Xn should converge after normalization towards the exit time text of Ω by X . However, the

fine fluctuations of θn around ntext should depend on fine properties of φ (and its derivatives) near

the exit point. We plan on addressing those general questions in future works.

Comparison with the k-core phase transition. Finally, it is interesting to compare our results

with the appearance of the k-core in random graphs as studied in [16, 9], where the phase transition

is discontinuous.

Recall that the k-core of a graph g is the maximal subgraph of g′ ⊂ g so that the induced degree

inside g′ of each of its vertices is at least k. The emergence of a giant k-core has been studied for
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the Erdős–Rényi random graph and the configuration model, see [16, 9]. A difference with the Karp–

Sipser core is that the phase transition is discontinuous: when the k-core exists asymptotically, its

proportion is bounded away from 0. This can be explained heuristically as follows.

Suppose for the discussion that k = 3 and that we are interested in the size of the 3-core in a

configuration model on vertices of degrees 1, 2, 3 and 4. As in the case of the Karp–Sipser algorithm,

one can reveal the 3-core by iteratively taking a leg attached to a vertex of degree 6 2, remove

it, and destroy the vertex it is attached to as well as the connection it makes in the graph (hence

diminishing the unmatched degree of the vertices in question). As in this paper, if one starts with

some proportions p1, p2, p3, p4 of legs attached to vertices of degree one, two, three and four, we can

write the differential equation governing the fluid limit of this process, see [9]. The main difference

with the Karp–Sipser core is that in this case, the number of legs attached to leaves (to be precise to

vertices of degree 1 or 2) is not necessarily decreasing. Actually, in the critical case, the fluid limit

of the proportion of vertices of degrees 1, 2 follows a curve which is tangent to the boundary of the

domain at some point before diving back into the bulk of the simplexe and dying at the right corner,

see Figure 9 (and compare with Figure 5). This explains the first-order phase transition in this case: a

slight perturbation of the initial conditions may push the curve to exit the domain at a very different

location.

prop. degree 1,2

prop. degree 3,4

Figure 9: Illustration of the fluid limit of the renormalized number of legs attached to vertices of degree

4, 3 and 6 2 in the k-core algorithm at the critical point. In particular, a slight perturbation of the initial

conditions may cause a drastic change of the absorption time of the system and this explains why the

k-core percolation exhibits a first-order phase transition.
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[8] C. Goldschmidt and E. KreačIć, The spread of fire on a random multigraph, Advances in

Applied Probability, 51 (2019), pp. 1–40.

[9] S. Janson and M. J. Luczak, A simple solution to the k-core problem, Random Structures &

Algorithms, 30 (2007), pp. 50–62.
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