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METASTABILITY FROM THE LARGE DEVIATIONS POINT OF
VIEW: A I'“-EXPANSION OF THE LEVEL TWO LARGE
DEVIATIONS RATE FUNCTIONAL OF NON-REVERSIBLE
FINITE-STATE MARKOV CHAINS

C. LANDIM

ABSTRACT. Consider a sequence of continuous-time Markov chains (Xén) :

t > 0) evolving on a fixed finite state space V. Let J, be the level two large

deviations rate functional for Xt(n>, ast — oco. Under a hypothesis on the jump

rates, we prove that J, can be written as J,, = 30 4 Zlgpgq(l/ﬁslp)) () for
(p)

some rate functionals J(P). The weights 657’ correspond to the time-scales at

)

the zero level sets of the rate functionals J®) identify the metastable states.

which the sequence of Markov chains X t(" exhibit a metastable behavior, and

1. INTRODUCTION

Fix a finite set V and consider a sequence (Xt(n) :t>0), n > 1, of V-valued,

irreducible continuous-time Markov chains. Denote the jump rates by R,,: VxV —
R, and the generator by £,, so that

(Lnf)(@) = > Ralz,9){fly) - fl@)}, [:V R, (1.1)

yev
Let m, be the unique stationary state.
Denote by P(V') the space of probability measures on V' endowed with the weak
topology, and by LE") the empirical measure of the chain Xt(n) defined as :

t
)y _ 1
Lt = EL 5X£n) dS, (12)

where d,, x € V, represents the Dirac measure concentrated at x. Thus, L§”) is a
random element of P(V) and LE")(VO), Vo C V, stands for the average amount of
time the process Xt(n) stays at Vp in the time interval [0, ¢],

As the Markov chain Xt(") is irreducible, by the ergodic theorem, for any starting
point z € V, as t — oo, the empirical measure LE") converges in probability to the
stationary state m,,.

Donsker and Varadhan [10] proved the associated large deviations principle: for

any x € V, p € P(V),

Pﬁ[Lgn) ~pl o~ et ast 00 (1.3)
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2 C. LANDIM

", x € V, represents the distribution of the process Xt(n)
starting from z, and J,,: P(V) — [0,400) be the level two large deviations rate
functional given by

In this formula, P, = P”

In(p) = sup ng)(,u) ‘= sup — / e H Lef du, (1.4)
H H 1%
where the supremum is carried over all functions H: V' — R. A precise statement
of (1.3) requires some notation and is postponed to the next section. The functional
J,, provides the cost for the empirical measure LE") to be close to p for a very large
t. By Lemma A.8, as the process is irreducible, J,, (1) = 0 if, and only if, p = 7,
We examine in this article the behavior of the functionals J,, as n — oo under
some natural hypotheses on the jump rates R,. Assume, initially, that the jump
rates R, (x,y) converge, as n — 0o, to a limit represented by Ro(z,y):

Ro(z,y) = lmRy(z,y) € Ry, y#zeV. (1.5)

Denote by L the generator associated to these rates and by 99 the corresponding
large deviations rate functional. By Proposition 2.1, as n — oo, J,, () converges to
IO (i) for all p € P(V).

If the Markov chain X; induced by the jump rates Ry has only one closed irre-
ducible class, the asymptotic analysis of the functionals J,, ends with Proposition
2.1. In contrast, if X; has more than one closed irreducible class a finer description
of J, is possible.

Denote by Vi,...,V,, n > 2, the closed irreducible classes of X;. Let 7r§- be

the stationary state supported in V;. By Lemma A.8, 9 vanishes at any convex

combination of the measures 71'5—. Since, by Proposition 2.1, J,,(u) converges to

JO) () it is natural to consider the sequence 6, J,, (), for some 6, — oo and a
convex combination p = Y ;Wi 71'? of the measures 77?, longing to obtain a non-
trivial limit.

To find the correct sequence 6,,, remark that, by (1.4), 6,, J,, represents the large
deviations rate functional of the Markov chain induced by the generator 6,, £,,,
that is, the rate functional of the Markov chain Xt(n) observed at the time scale 6,,:
Xlﬂl - X(”)

t = Ay,

-
Denote by (3, ; the transition time from V; to Upx;Vy, this is the mean time

for the process Xt(n) to hit Ugx;V) when it starts from V;. For the sake of the

argument, assume that 8, = 3, 1.

Fix a time-scale 6,, such that 6,, — oo, 0,,/8, — 0. Denote this last relation by
0, < By or By > 0,. As the transition time from V; to U.;Vy, is of order 3, and
Bn > Op, in the time-scale §,, starting from V; the chain Xt(n) does not visit the
set Up-; V. Therefore, the cost for keeping the process at V; should vanish, and
one expects 6, jn(ﬂ'ﬁ) — 0. Actually, as 3, ; > 0, for all j, the same conclusion
should hold for all measures 775—, and to derive a non-trivial limit for 6,, J,, one has
to observe the chain Xt(n) in a time-scale at least of the order j3,.

In the time scale 3, starting from V; the process visits U-; V. There is, in
consequence, a positive cost to maintain it at V; and 6, Jn(ﬂg) should converge
to a positive limit. If all sequence /3, ; are of the same order, this completes the
description of J,,. Otherwise, one has to go to longer time-scales.
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The main result of this article, Theorem 2.3, presents the time-scales 1 < 9%1) =<
e < 05;') and functionals 3(1), . J%q) such that

0P g, —IP  1<p<q.

This result permits to write the functional J,, as the expansion

q
Z 1
pzle

The weights 97(11’ ) correspond to the time-scales at which the sequence of Markov
chains Xt(”) exhibit a metastable behavior, and the zero level sets of the rate func-
tionals I identify the metastable states.

The proof o Theorem 2.3 relies on [4, 23] where the metastable behavior of the
sequence Xt(") has been investigated. The expansion (1.6) has been derived for
reversible diffusions in [12] and for reversible finite state Msrkov chains in [5]. It
should be a universal property of Markov chains and should hold for dynamics
whose state space depend on n and which exhibit a metastable behavior at different
time-scales. This includes, among others models, randoms walks and diffusions in
potential fields [7,19-22,24,25, 28,30], condensing zero-range processes [1,3,16,27,
29], inclusion processes [6,9,13-15].

We believe that the argument proposed here to derive the expansion of the large
deviations rate functional can be adapted to cover these dynamics.

2. NOTATION AND RESULTS

We present in this section the main result of the article. Consider a sequence
(Xt(n) :t > 0), n > 1, of V-valued, irreducible continuous-time Markov chains
whose generator is given by (1.1).

Denote by D(R4, W), W a finite set, the space of right-continuous functions
r: Ry — W with left-limits endowed with the Skorohod topology and the associated

Borel og-algebra. Let P, = PJ', x € V, be the distribution of the process Xt(")

starting from z. This is thelprobability measure on the path space D(R;,V)
induced by the Markov chain Xt(n) starting from z. Expectation with respect to
P, is represented by E,.

Recall the definition of the empirical measure Lg") introduced in (1.2). Donsker
and Varadhan [10] proved a large deviations principle for the empirical measure

Lg"). More precisely, they showed that for any subset A of P(V),

1
ulenffloj"(u) < htmlnfznelf . P [ L™ € A]

(2.1)

1 n .
< limsupsup — lnPf(C”)[LE ) €A] < — inf J,(p) .
t—oo zeV pneA

In this formula, A°, A represent the interior, closure of A, respectively, and J,, is
the large deviations rate functional introduced in (1.4).

We examine in this article the asymptotic behavior of the rate functional J,,.
In the context of large deviations, the appropriate notion of convergence is the
I'-convergence defined as follows. We refer to [8] for an overview on this subject.
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Fix a Polish space X and a sequence (U, : n € N) of functionals on X, U, : X —
[0,400]. The sequence U, TI'-converges to the functional U: X — [0, +o0] if and
only if the two following conditions are met:

(i) D-liminf. The functional U is a I'-liminf for the sequence U,: For each
x € X and each sequence x,, — x, we have that liminf, U, (z,) > U(z).
(ii) T-limsup. The functional U is a T-limsup for the sequence U,: For each
x € X there exists a sequence x,, — x such that
limsup Uy (z,,) < Ulx). (2.2)
n—oo
Recall that we denote by R, (x,y) the jump rates of the Markov chain Xt(").
Assume that the rates converge, as n — 0o, to a finite limit denoted by Ry (z,y),
see (1.5), and that Ro(z’,y") > 0 for some 3’ # 2/ € V. The jump rates Ro(z,y)
induce a continuous-time Markov chain on V', denoted by (X; : ¢ > 0), which, of
course, may be reducible. Denote by L(°) its generator and by J(© : P(V) = Ry
the associated occupation-time large deviations rate functional, given by

19(n) = sup — 37 e @ [(LO) (1) ] ule) (23
" zeV
where the supremum is carried over all functions H : V' — R. Next result is proved
in Section 5.

Proposition 2.1. The sequence of functionals J,, T'-converges to ).
Assume from now on that
the Markov chain X; has more than one closed irreducible class. (2.4)

Under this hypothesis we may investigate further the asymptotic behavior of the
rate functional J,,.

Main assumption. To examine the convergence of 6, J,, for some sequence 6,, —
oo, we introduce a natural hypothesis on the jump rates proposed in [4] and adopted
in [5,11,23).

For two sequences of positive real numbers (a,, : n > 1), (8, :n > 1), o, < By O
Bn > oy, means that lim, o o, /B, = 0. Similarly, a,, < 3, or 5, = «, indicates
that either a,, < 8, or a,, /8, converges to a positive real number a € (0, 00).

Two sequences of positive real numbers (o, : n > 1), (8, : n > 1) are said to be
comparable if a, < Bp, Bn < ay or @y, /By — a € (0,00). This condition excludes
the possibility that liminf,, ay, /8, # limsup,, an/Bn.

A set of sequences (o : n > 1), u € R, of positive real numbers, indexed by some
finite set 2R, is said to be comparable if for all u, v € R the sequence (ak : n > 1),
(af :n > 1) are comparable.

Denote by E C {(z,y) € V x V :y # z} a set of directed edges, and assume
that for all n > 1,

R, (z,y) > 0if, and only if, (z,y) € E . (2.5)

Let Z, = {0,1,2,...}, and %,,, m > 1, be the set of functions k : E — Z, such
that Z(I)y)eE k(x,y) = m. We assume, hereafter, that for every m > 1 the set of
sequences
( J] Belep)f@¥:in>1), keX,, (2.6)
(z,y)EE
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is comparable.

As observed in [4] (see Remark 2.2 in [5]), assumption (2.6) is fulfilled by all
statistical mechanics models which evolve on a fixed finite state space and whose
metastable behaviour has been derived.

Tree decomposition. Under the assumptions (2.4), (2.5) and (2.6), [4,23] con-

structed a rooted tree which describes the behaviour of the Markov chain Xt(n at
all different time-scales. We refer to [5] for a clear presentation of the construction
as well as a simple example, and recall here the main ideas.

Denote by q+ 1 > 2 the number of generations of the tree. The elements of the
p-th generation form a partition of V', and are represented by ng, cee W‘(fz, Q,
for some finite increasing sequence 1 = m; < --- < mg11. The set 2, may be empty

while the sets Wg-p ) are all non-empty. As m, > 1, each generation has at least one
element. Here is a list of the main properties of the tree:

(1.a) Each generation of the tree forms a partition of V;

(1.b) The root, or 0-th generation, is the set V. The first generation has one or
two elements depending on whether €2y is empty or not. If Q; = &, it has
one element, the set ng) = V. If Q1 # @, it has two elements, the sets
W and Q; = (W{M)e.

(1.c) Each child of a vertex is a subset of its parent: For each 0 < p < q,
1 < j < myyq, either WS-”H) C W,(f) for some 1 <k <m, or W§p+1) C Qp.
Moreover, §0,11 C §p;

(1.d) According to the notation, the number of elements of generation p is equal
to m, + 1,20, where 1444 is equal to 1 if A is not empty and 0 oth-
erwise. Starting from the first generation, the number of descendents of a
generation strictly increases: for 1 < p <gq, my+lo 2o <mpp1+lo,, +o-

Construction of the tree. We describe in this subsection the details of the
construction of the tree. it is formed from the leaves to the root. The leaves
\711 e ,Vl(qll) are the closed irreducible classes of the Markov chain X; introduced
in the previous section, and A; the set of transient states. The sets \75-1) were rep-
resented there by V;, a notation frequently adopted below. In view of the definition
of the sets \7;1), ny corresponds to the number of closed irreducible classes of the
process X;, which we assumed in (2.4) to be larger than or equal to 2.

We turn to the construction of the parents of the leaves. This procedure will be
repeated recursively to define all generations from the leaves to the root. Denote
by ®; : V' — S; the projection defined by

®i(-) = ZjXV§1>('),

JES1

where x4 stands for the indicator function of the set A. Hence, ®; projects to 0
all elements of A; and to j the ones of \75-1).

It follows from the main results of [18,23] and [5, Lemmata 4.7] that there exist a
time-scale 65 > 1 and a Si-valued Markov chain Xgl) (note that this process does

not take the value 0), such that the finite-dimensional distributions of <I>1(Xt((;l<)1))
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converge to those of Xgl):

n f.d.d.
oy (X1))) — xiV. (2.7)
Denote by mﬁ”, . ,9‘%5112) the recurrent classes of the Si-valued Markov chain
Xgl), and by T; the transient states. Let R(Y) = Uj‘ﬁ;l), and observe that {Eﬁgl), ce
9‘{,(112), %1} forms a partition of the set S7. This partition of S induces a new partition
of V. Let

v = Y VY TW = (VY me S = {1 m), (28)
jer® jeT,

so that V = Ay U V) where

v = VD, Ay = A UTE

meSsy

It is shown in [23] that the Markov chain Xgl) is non-degenerate in the sense
that there exists at least one edge (j,k), k # j € Sy, such that r(V(j,k) > 0,
where 71 (-, -) represents the jump rates of the Markov chain Xgl). In particular,
either j is a transient state or j and k belong to the same closed irreducible class.
Therefore, the number of recurrent classes (ng) is strictly smaller than the number
of Sp elements (ny): ny < ny. Since, on the other hand, As D A;, the number of
leaves’ parents (the generation q — 1 in the previous subsection) is strictly smaller
than the one of leaves (the generation q).

In conclusion, from the partition Vgl), .. ,Vf}l), Ay, the theory presented in [23]
produced a time-scale 953) > 1, a Sj-valued Markov chain X,El), and a coarser
partition V:(Lz), . ,\7,(122), As. The construction of the tree proceeds by recurrence.

Assume that, for some p > 1, the recursion has produced

(a) Time scales 1 < 9%1) <= 97(3771);

(b) Sy-valued Markov chains ng), 1<g<p,where S, ={1,...,n4};

(c) Partitions VY), . 7\7,(1?, A,1<r<p
satisfying (2.7), (2.8) (with the obvious modifications which appear in (2.9), (2.10)).
Assume, furthermore, that n, > 1. Then, by [18,23] and [5, Lemmata 5.6], there
exist a time-scale 07 = 0 and a Sp-valued Markov chain XEP ) such that the

finite-dimensional distributions of ®,(X (n()p) ).
6!

n

) converge to those of Xgp

n f.d.d.
(XG0 ) —— X7 (2.9)

In this formula, ®, : V' — S, represents the projection defined by

() = j{: jkﬁﬂm(')
JES, ’
Denote by 9‘“\517 ), ..,®P) | the recurrent classes of the Sp-valued Markov chain

)Y Mp4a

Xﬁ”), and by T, the transient states. Let R(P) = Uj%;p), and observe that {E)Q(lp), o
%(P)

nop1s Tp) forms a partition of the set S,. This partition of S, induces a new
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partition of V. Let

v+ .- U V§p)7 TP = U V§p), me Sy = {1,...,n,11},
jemgg) jETp
(2.10)
sothat V. = A, U VP where
yipt+l) U V%’Jrl), Api1 == A, U Fp+1)
mesp+1

As above, it is shown in [23] that the Markov chain XEP ) is non-degenerate so
that n,11 < n,. The induction can proceed if n,,; > 1, otherwise it ends. Denote
by ¢ the first integer r such that n,,; = 1, (equivalently, the first r such that
the Markov chain Xﬁ” has only one recurrent class). At this point the iteration
stops and the partition of V produced is {ngﬂ), Ag41} which may have one or
two elements, depending on whether Ag4, is empty or not.

To recover the tree presented in the previous subsection, add a final partition
equal to V' which will identified to the root of the tree, and for 1 < p < g+ 1,
ke Sq+27p = {1, ces ,ﬂquQ,p}, set

my = ngyap, WP = VIR g AL,

It is easy to check that conditions (1.a)—(1.d) are fulfilled.

A set of measures. We construct in this subsection a set of probability measures
7r§p), 1<p<q+1,j€S, onV which describe the evolution of the chain Xt(”)
and such that

the support of 7P is the set V§p) . (2.11)

J
We proceed by induction. Let 77(»1), j € S1, be the probability measure on V;l)

J
51) = W?, where, recall, 7r§ represents the stationary states of the Markov

chain X; restricted to the closed irreducible class \7;1) = V;. Clearly, condition
(2.11) is fulfilled.

Fix 1 < p < q, and assume that the probability measures 7r§p ), J € Sp, has been
defined and satisfy condition (2.11). Denote by ]V[,(,ZL))(J7 m € Spy1, the stationary
state of the Markov chain XE” ) restricted to the closed irreducible class %%)). The

measure M,(,f) is understood as a measure on S, = {1,...,n,} which vanishes on

given by 7

the complement of 9‘{%). Let 7r7(£+1) be the probability measure on ngfl) given by

(@) = Y MP )P (), zeV. (2.12)
jERE
Clearly, condition (2.11) holds, and the measure 71'7(,1;“), 1<p<q,me Sy,
is a convex combination of the measures 7' ), Jj € 9‘{%’:). Moreover, by [5, Theorem

j
3.1 and Proposition 3.2], for all z € Vg.p),

L m(z) ) ; _
7}1_’Ir°1°7r Vo) = m; " (2) € (0,1], nll,néoW”(Aq“) =0. (2.13)
nytg
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By (2.12), the measures 7T§p)7 2<p<q+1,j €Sy, are convex combinations

of the measures W](Cl), k € S1. By (2.13), for all z € V@t lim, oo T (T) exists
and belongs to (0,1]. By (2.13), and since by (1.c) A, C Apyq for 1 < p < q,
limy, 00 ™, (A,) = 0 for all p.

A complete description of the chain Xt("). The statement of next result re-

quires some notation. Denote by H 4, HZ, A C V, the hitting and return time of
A:

Hy == inf{t>0: X" cA}, Hf =imf{t>n:X"eAl, (214)
where 7y represents the time of the first jump of the chain Xt(n): 71 =inf{t >0:
ENEYEN

For1<p<q+1, ke, let
W= | v
j€Sp\{k}
Define a®=1: V x S, — [0, 1] as follows. Fix j € S,. If z ¢ V), set
(p—1) ) — : n
a (x,7) : RILII;OPE[Hv<p) < Hv(p>] )

while, if x € V,(Cp) for k € S, set a?=V(z,5) = k- For p=q+1, as Sq41 is a
singleton, a(®(z,1) =1 for all z € V.

(”)(

Denote by p; ’ (x,y) the transition probability of the Markov chain Xt("):

pﬁn)(%y) =P Xy =y], z,yeV, t>0.
Next result is [5, Theorem 3.1 and Proposition 3.2].

Theorem 2.2. Under the hypotheses (2.5) and (2.6), for each 1 <p <gq, t > 0,
reV,

( ) (p)
Jim pt (@) = D w @) m () (215)
JESH
where
W (@,g) = Y aP D (a,k) pi” (k)
k€S,
and pgp)(k,j) is the transition matrix of the Markov chain X(p). Moreover,
(3.a) Let 97(10) G(q“) 400 for allm > 1. For each 1 <p < q+1, sequence
(Bn:n>1) suchthat@%p D2 Bn < Gn ,and x €V,
hmpﬂ **Zaplsc] (p)().
JESH
(3b) Foralll<p<q,1<j<mn, z€V,
Jim T}ggop(agp)( )= > aP@m)rEtI ().

meSp41

Equation (2.15) and properties (3.a), (3.b) describe the behavior of the Markov
chain X( ™) in all time-scales. By (2.15), for instance, starting from T, as n — 0o,
the distribution of X (n ()p) is a convex combination of the measures M (P) The weights

w

(p) (,

j) have a snnple interpretation: w,; j) is equal to the probability that
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starting from z the chain reaches the set V() at fo ) times the probability that the

Markov chain X\” starting from k is at j at time ¢.
Clearly, by (2.15), forall 1 <p <gq,j€ Sy, z €V,

lim lim p( ) (z,-) = Z a(”’l)(x,j)ﬂp)(')-

t—0n—oo fO(Lp) -
JESp

The I'-expansion of the rate functional J,,. We are now in a position to state
the main result of this article. Denote by P(S,), 1 < p < q, the set of probability

measures on S, and by L") the generator of the Sp-valued Markov chain Xﬁp ). Let

I : P(S,) — [0, +00) be the level two large deviations rate functional of X,Ep ) given
by

1P (w) = bup - Z w; e B (LPeh)(4) (2.16)
JESH

where the supremum is carried over all functions h : S, — R. Denote by J®): P(V) —
[0, +00] the functional given by

IV (w) if p= Z y 7T](»p) for we P(Sy) ,
I®) () == €S, (2.17)
+ oo otherwise .

The main result of the article reads as follows.
Theorem 2.3. For each 1 < p < q, the functional 9?) Jn D-converges to ()

This theorem provides an expansion of the large deviations rate function 7,
which can be written as

q
1
=90 + 3y 1. (2.18)

Therefore, the rate function J,, encodes all the characteristics of the metastable

behavior of the chain X, (") The time-scales 9( appear as the weights of the

(p)

expansion, and, by (2.17), the meta-stable states 7;"’, j € S, generate the space

where the rate functional ) (u) is finite.

Next result is a simple consequence of the level two large deviations principle
(2.1) and the I'-convergence stated in the previous theorem and in Proposition 2.1.
(cf. Corollary 4.3 in [26]).

Corollary 2.4. Fiz 0 < p < q and recall that 0&0) = 1. For every closed subset F
and open subset G of P(V),

Hglp) 1 t
limsup limsup — sup log P;L{f/ dxn ds € F} < — inf j(p)( ),
n—oo  t—00 z€V tJo s neEFR
e(p) 1 t
lim inf lim inf -+ mf log P t/ dxn ds € G} > — inf 3P (y) .
zEV 0

n—oo  t—00 neG
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Organisation of the paper. The article is organised as follows. In Section 3, we
obtain some estimates on the jump rates. This is a technical section which can be
skipped in a first reading. In Section 4, we prove the I' — lim sup for the sequence
of large deviations rate functionals associated to the trace process. Proposition 2.1
and Theorem 2.3 are proved in Section 5.

In the appendices we present general results on finite state Markov chains needed
in the proof of Theorem 2.3 and which do not require assumption (2.6). In Appendix
A we derive some properties of level two large deviations rate functionals. This leads
us to introduce reflected and tilted dynamics. In Appendix B we investigate the
convergence of these functionals, and in Appendix C the relation between the trace
process and the rate functionals. Throughout the article we assume the reader to
be familiar with the results presented in the appendices.

3. THE JUMP RATES

In this section, we state some estimates of the jump rates of the trace process
on the sets V(") needed in the next sections. We assume that the reader is familiar
with the notation and results presented in the appendix.

Fix 1 < p < q, and denote by {¥;"” : t > 0} the trace of {X\™ : ¢ > 0} on V@),
and by RP . y®) x @) R, its jump rates. By equation (2.5) in [17],

R,(f)(x,y) = Ap(x) PJ [Hy = H{;‘(p)} , T,YE @) , £y (3.1)

Let rfzp)(i, j)s j # 1 € Sp, be the mean rate at which the trace process ¥;"* jumps
from Vgp) to Vg-p):

K060 = ——— Y m@) Y RP(z,y). (3.2)

()
(Vi) 2y ® yev®
@ ‘ J

By [23, Theorem 2.7 and 2.12], the sequences 8 77 (i, j) converge for all i # j €
S,. Denote the limits by r®) (i, j):

r®(i j) = lim 0% rP(i,j) € Ry (3.3)

Recall from (A.10) the definition of the reflection of a Markov process on a subset
of its state space.
Lemma 3.1. Foralln>1,1<p<gq, j€S,, the trace process Y, reflected at
Vép ) s irreducible,

Proof. Fix1<p<q,j €S, 2,y¢€ Vgp). We have to prove that there exists a path
(x = z9,21,...,2¢ = y) such that z; € V§p), Rglp)(l'i7l'i+1) >0forall 0 <i<¥,
n>1.

By Propositions 6.1 and 6.3 in [2], the trace process ¥;""” is an irreducible, V).
valued continuous-time Markov chain. Fix j € S, and denote by Y;""" the process
Y,"? reflected at Vgp ).

The proof is by induction on p. Fix p = 1 and consider the reflected process Yt"’l’j
for j € S;. By definition of V(1) the set Vg-l) is a closed irreducible class for the
chain X;. Therefore, for all x # y € \7;1), there exists a path (z = zg, 21, ..., 2 = y)

such that x; € V§1), Ro(x;, wir1) > 0, 0 < i < £. By assumptions (1.5), (2.5), for



METASTABILITY FROM THE LARGE DEVIATIONS POINT OF VIEW 11

all n > 1, Ry(xz;,2;41) > 0 as well, and by (C.3), Rg)(zi,zﬂ_l) > 0, completing
the proof for p = 1.

Fix p > 1, and assume that the assertion of the lemma holds for 1 < ¢ < p.
Consider the reflected process Y,"P"™ for m € S,, and fix y # z € ve) . By

definition of V%), there exists a subset Sp,m C Sp—1 such that V) = Ujegp,m\?gpfl).
)

There are two cases. Assume first that x and y belong to the same set V§-p b,
By the induction assumption, there exists a path (z = zo,z1,...,2¢ = y) such
that x; € V§p_1)7 R%p_l)(xi,xiﬂ) >0 forall 0 <4< ¢and n > 1. By (C.3),
Rﬁf’)(xi,xm) > Rslpfl)(azi,xiﬂ), so that Rgf))(xi,xiﬂ) >0 forall 0 <i< ¢ and
n>1.

Assume now that z € VE-’FD and y € V](Cpfl) for K # j € S, . By construc-
tion of \755), there exists a sequence (j = jo, j1,...,Jr = k) such that j, € Spm,
P~V (54, jas1) > 0,0 < a < 7. To keep the proof simple assume that =D (j, k) >
0. The reader will see that the proof in the general case is similar.

Since P~V (5,k) > 0, by (3.3), (3.2) and (2.13), there exists z’ € \7§-p71), y' €
V,(f_l) such that RP " (2',y') > 0 for n sufficiently large. By (2.5) and (C.2),
RP™ V(2. 4/) > 0 for all n > 1. Hence, by (C.3), R¥ (2/,y/) > 0 for all n > 1. We
may now repeat the argument presented in the previous paragraph to construct a

path in the set V;pfl) from x to 2/, and a second one in the set V,(ffl) from 3’ to

y. Chaining the paths yields a path (z = 29, 21,...,2¢ = y) such that z; € \755),

R%p)(Zi,ZZ‘+1) > 0 forall 0 <i¢ < ¢ and n > 1. This completes the proof of the
lemma. O

Lemma 3.2. Fiz 1 <p<gq. Then, for all z, y € V®),

lim R’glp)(xay) = Ro(ﬂf,y) .

n—oo
Proof. Fix 1 < p < q and z, y € V. By (3.1), decomposing the probability
appearing on the right-hand side of this equation according to the first jump yields
that

RP(2,y) = Ru(z,y) + Y Ru(z,2)PI'[H, = Hyw] .
27y

The first term converges to Ro(z,y). As € V) and (by the tree construction)
V() is the union of some sets Vi, k € Sy, x € V; for some j € S;. The probability
on the second term vanishes if z € V). We may therefore restrict the sum to
2@ VP orto V¢ (because V; C V(). However, by definition of V;, R, (z,2) — 0
for all z € V;. Thus, the second term of the previous displayed formula vanishes,
which completes the proof of the lemma. (|

Lemma 3.3. Fiz 1 <p<q. Then,

limsup 6% RP) (z,y) < oo

n—oo

forallk #j €Sy, ze VW, yevP.
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Proof. As y € \7%’), Rglp)(x,y) < R;p)(:c,vg’)). By (2.13), there exists a finite
constant Cy such that

0P R y) < oo Y g v,

(V(_P))

ZGV;p> TV

It remains to recall (3.3) to complete the proof. O
Lemma 3.4. For all1 <p <gq, k# j € S such that Vg-l) U \7,(61) cV® g e \7§-1),
the sequence oY pP (x,\?,(cl)) 1s bounded.

Proof. The proof is by induction on p. For p = 1, the assertion of the lemma follows
from (3.3), (3.2) and (2.13).
Fix p > 1, and assume that the assertion of the lemma holds for 1 < ¢ < p. Fix

k# j € 81 such that VS uv{Y c v,z e vV, By (3.1),
RP (@, V") = Aa(@) PY [Hyo = HY,)] -

Recall that V») ¢ VP~ Assume that H, = H, Later we consider the

v Vr-1)"
+ + :
case Hy ) > Hy, . . In the first case, we need to estimate
n _ g+ + gt
An(2) Py [va) = Hyy s Higy = H,on)

= HT

S )\n(l‘) Pxn [H V(p—1)

_ 1
v ] = RY (Vi)

By the induction hypothesis this later quantity multiplied by 9%1) is bounded.
It remains to estimate the expression

An(7) Py [H;<p—1> < H\J;m] .

By construction, there exists S,_; C Sp_1 such that VE=D\V®) = uéeséflvgp‘”.
Mind that S;_l consists of the transient points of the S, _;-valued Markov chain

XY Since z € V® ¢ V@D Jet m € Sp—1\ S,_1 such that z € VP With
this notation, the previous term is bounded by

n _ 1
> ) P [Hypon = ] = 0 R0 VP
tes!_, tes)_,

By(3.3), (3.2) and (2.13), the limit as n — oo of the previous expression multiplied
by 9,(1”71) is bounded by
Z r®P=Y(m, 0) .
Les,

This sum vanishes because m is a recurrent point of the chains XEP Y and S,_11is
a transient subset. To complete the proof of the lemma, it remains to recall that
o < 60, 0

Lemma 3.5. Fiz 1 <p < q<gq. Then, 7 (i,k) = 0 for allk #i € Sp such that
VP ¢ p@ v c @,

Proof. As V,(f) c V@ and Vfgp) ¢ V@ by the tree construction there exists p <
p’ < q such that V,ip) c V@) and fo) ¢ V@' +D - Since V,(f) C V®) | there exists



METASTABILITY FROM THE LARGE DEVIATIONS POINT OF VIEW 13

¢ € S, such that V,(Cp) C Vép/). As V,(cp) ¢ V@E'+D | 7 is a transient state for the
Markov chain X{"".

On the other hand, as Vgp) C V@ and V@ c v, VZ(.p) C V®)._ Thus, there
exists m € S, such that Vgp) c VI As \72(-”) c V@ < P+ s a recurrent
state for the Markov chain Xgp/). In particular, m # £.

As m is recurrent and ¢ transient for the Markov chain XEP /), r(p/)(m,é) = 0.

Thus, by (3.3) and (3.2),

’ / ’ 1
0 = lim %) +®)(m,¢) = lim 6P

n— oo n—oo ﬂn(vgﬁ'))

> mala) B (@ V)
zeVﬁg,)
By (3.1), for n fixed the expression on right-hand side is equal to
/ 1 n
ogbmﬁ Z T () Ap () P [Hvz,,,) =Hl ] - (3.4)
(Vi )zevﬁﬁ')

Since VP ¢ V) and V@) 5 v,

Pr[H HY,

V;ﬁp) = V(p)] < Pzn [H Ezp’) =H}

v v(p’)] .
Hence, as 97(39,) > 97(30) and \7%’,) ) Vz(p)7 by (2.13), (3.4) is bounded below by
co 0P Z An(z) PP [Hvip) =H},]
$EVEP)

for some positive constant ¢y. This expression is clearly bounded below by

1 .
> (@) Mnl@) Py [Hyo = Hyy] = cor? (,k) -

co ggp) - -
Wn(vz('p)) (®

eV

Collecting the previous estimates yields that this expression vanishes as n — oo, as
claimed. (]

For1<p<g<gqgandi#je€S, Assume that \71@) and V§p) are contained in
V@: VP YV c V@, Let

1
Did(; i) e— E ' § : (q)
rn (Zvj) . T (p)) ﬂ-n(‘r) Rn (.’E,y)
v acEVEp) yEVE,p)

The difference with respect to r2(i,5) is that we replaced R (x,y) by R%q)(x, ),
that is, the trace on V® by the one on the smaller set V(2.

Corollary 3.6. Fiz 1 <p<q<q,i#j€S, Assume that there exists m € S,
such that VZ(-p) U Vg-p) C \752). Then,

lim 0P r(i, 5) = r®(i,5).

n—oo
Proof. By (3.3), (3.2) and (3.1),
o . oW N
’I“p(’t,j) = nh_{rgo W Wn($))\n($) ch [Hv.gp) = HV(P>] . (35)
T ( i )

zeV®
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Let S, = {k € S, : VP c V@} V00 .= g VP UPD) = )\ @),
By Lemma 3.5,

nh—>II;Q #(p)) Z( : Wn(x))\n(m) P;L [Hu(p,q) = H{;p)] =0. (36)
AT e

Since V) = V@9 yyra vea nUuUP) = g, the sets {Hypa = H\j(p)} and
{H;'(q) = H\é‘(p)} form a partition of the space. Decomposing the event appearing
in (3.5) according to this partition, by (3.6),

. . . Gglp) + + +
rP(i,j) = nh_{IOlom T (2) An (7) P [vam = qu) ) H\;(q) = pr)} :
nite IGVEP)
By (3.6) once more,
’I’p(i,j) = lim PN Wn(x))\n(fﬂ) P; [HV(_P) = H\—;(q)] :
o0 (V) ) !

z€V;
By definition, the right-hand side is lim,, 97(,p) rP9(i, 7), which completes the
proof of the lemma. O
Lemma 3.7. Fizx 1 <p < q<q. Then,

r®P (i k) = 0

for all k #i € Sy such that Vgp) C V((lq), V](Cp) C Véq) for some a #be€ S,.

Proof. Fix 1 <p < q<q,and k #i € S, such that V¥ ¢ v VP v for

some a # b € S;. Both states ¢ and k are recurrent for the chain X,Ep) because if

one of them was transient it would not belong to V®+1) 5 V(@)

Suppose by contradiction that T(p)(i, k) > 0. Hence, since both states are recur-
rent, they belong to the same irreducible class. In particular, there exists m € Sp41
such that Vgp) U V,(f) c V& so that Vz(p) U Vép) c VY for some ¢ € Sq, in
contradictions with the hypotheses. (I

4. T' — limsup OF THE TRACE

The main result of this section, Proposition 4.1, states that J®) is a ' — lim sup
for the sequence 079, Here, 77 stands for the large deviations rate functionals
of the trace processes Y;""’. We assume below that the reader is familiar with the
notation and results presented in the appendix.

Fix 1 < p < q. Denote by g P(V®)) — [0,4+00) the occupation time large
deviations rate functional of the trace process Y;"":

1P () = Sup — > wl@) e T [(Tyw Ln) ) () (4.1)
zeV(®)

where the supremum is carried over all functions H: V® — R and Ty L, in-
troduced and examined in Appendix C, is the generator of the trace process Y;"".
The main result of this section reads as follows.
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Proposition 4.1. For all i € P(VP)), there exists a sequence of measures i, €
P(VP)) such that p, — pu and

limsup 0% 9P (1) < 3P () .
n—oo
The proof of Proposition 4.1 is divided in several lemmata. Fix 1 < p < q
and a measure g € P(V®)) which can be represented as pu = Zjesp wj ﬂ](-p) for
some w € P(S,) such that w; > 0 for all j € S,. We first construct a sequence
pin € P(VP)) which converges to .
Denote by Qg” >, 1 < a <4, the equivalent classes of the Markov chain X§” ), by
i)((f ), 1 < a < my, the ones which are not singletons, and by S;gl the set of states
j € Sp such that {j} is an equivalent class. Clearly,

2, My
S, = [Ja = s u | Jo®. (4.2)
a=1 a=1

Recall from Appendix A the definition of a Markov chain reflected at a set and
the notation used to represent its generator. Denote by LS}’ ), 1 <a < my, the

generator L® reflected at Dép): LE}” = D%ngm L®, As wj >0 forall je @ép), by
Lemma A.3, there exists hy: ©%) — R which solves the optimal problem (A.3) for
I ) (w).

Let WP .— Ujeggp)\ép), 1 < ¢ < my. The generator of the trace process Y;""*
reflected at the set W is denoted by R0 Ty Ln.

Lemma 4.2. The Markov chain associated to the generator R
reducible.

W(@pffv@) L, s ir-

Proof. Recall from [2, Proposition 6.1] that the Markov chain induced by the trace
generator Ty ) L, is irreducible. Since ’D,(lp ) is an equivalent class for the Markov
chain Xip ), the argument presented in the proof of Lemma 3.1 yields that the

Markov chain induced by the reflected generator %W@) Ty Ly is also irreducible.
‘ 0

Denote by Hy: ng ) 5 R the function given by

H, = Z ha(j)XV;_P)a (4.3)
jE@.(lp)

where, recall, x4 stands for the indicator function of the set A. Recall from (A.5)
the definition of a tilted generator Mq L, and consider the generator My, %w‘“ T Ln.
Since tilting the generator does not affect its irreducibility, it follows from the pre-
vious result that the Markov chain associated to the generator My, mWé’”) T Ln

is also irreducible. Denote by p® e fP(W((zp )) its stationary state.

Lemma 4.3. The sequence of probability measures pf>* converges to Zjeggp) wj(»a) 7T](»p) ,

where wj(-a) =w;/Qa, Ny = ng@ﬁ}”) wj.
Proof. Since fP(W((Lp )) is compact for the weak topology, it is enough to prove unique-
ness of limit points. consider a subsequence of pP:®, still denoted by p2, which

converges to a limit denoted by v € (P(ng )).
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Step 1: v on the sets \751). The set W((lp) is the union of sets VEP), which in turn
are formed by sets Vgl). Hence, W,(lp) = Uiesfﬁ?gl) for some subset S{ of S;.

Fix 2 € W and assume that z € V,(cl) for some k£ € S{. Since pb® is the
stationary state for the chain induced by the generator My, SRW@) T Ln,

Z 2 (y) RP) (y, ) efle (@)= Haly) Z pP%(z) RP) (z,y) efle @~ Hale)
yEWSf) yGWSf’)
Since pP* — v, taking n — oo in the previous formula, by Lemma 3.2,
> V) Roly,@) T OTHLT =B w(@) Ro (o, y) e TH
yewy yewy
By definition of the sets \751), Ro(z,w) =01if z € \751), w E Vl(»,l) and ¢ # i'. Hence,
as x € V;cl) and H, is contant on each set Vép ), the previous identity becomes

> v Re(y.z) = Y v(x)Ro(x,y) .

yevi yevy

Therefore, the measure v restricted to Vg) is a stationary measure for the Markov
chain X, restricted to \7;1). Since this process is irreducible on VS), by the definition
of 7rl(€1) given right after (2.11), v(-) = y(\?g)) W](cl)( -). Hence, v is a convex
combination of the stationary states ﬂél

v=> i(k)m (4.4)

kese

for some probability measure ¥; on SY.
Step 2: An equation for ¥;. Fix 1 <r <p,andlet S¢ :={i € S, : VET) C W((Ip)}
so that WP = Ujesa V™. Fix g: 8¢ — R and let G: WP — R be given by
G= ZjeS;‘ g(j) Xy - As pP® is a stationary state,

> o) Y RP(w,y) e WO [Gly) — Gx)] = 0.
xEng) yewgp)
Since H, is constant on the sets V@p ), it is also constant on the sets VY), which are

subsets of the former sets. By definition of G and H,, this identity can be written
a

S 0RO [gk) - g()] D pE@) RP @) = 0. (45)

JEST kESI\() 2"

Here f,: S — R is the function defined by f,(j) = hq(m) for all j € S»™, where
Sem = {ie S, : V" c VY, me s

If p =1, jump to Step 5. Assume below that p > 1 and set r = 1. We claim
that for each j # k € S¢,

Tim 00 S b (@) RY (2, V) = 01() k) (4.6)
we\?gl)

where 91 € P(SY) is the probability measure obtained in the first step.



METASTABILITY FROM THE LARGE DEVIATIONS POINT OF VIEW 17

To prove (4.6), rewrite the expression on the left-hand side as

W(VD
o Y T e T e )
a:GV;l)

ma(z) T, (VD)

By the first part of the proof, u2%(x) — 9¥1(j) 7r§1)(x). By (2.13), Wn(\?gl))/ﬂn(m) —
1/W§1)($). By Lemma 3.4, the sequence 65 R (x,\?g)) is bounded. Therefore,

by Corollary 3.6, (4.6) holds.
By (4.5) and (4.6),

S0 G eV k) ef BT [g(k) — g(j)] = 0
JEST keSP\{sj}
for all functions g: S{ — R.
By Lemma 3.7, M (j,k) = 0 for all j € S{"™, k € Sf’e and m # £. We may
therefore rewrite the previous identity as

oD Y i)W k) eI [g(k) — g(5)] = 0.

meSy jeST™ ke ST\ {4}

As the function f, is constant on each S}"™, we may remove the exponential from
the previous equation and rewrite the identity as

o> ()rVGkR) [gk) — g()] = 0

JeSt keST\{j}

for all functions g: S§ — R. Hence, 91 (-) is a stationary state for the chain Xgl)
reflected at Sf.

Step 3: from ¥, to Y5 Recall that if p = 1, the proof continues at Step 5. By
its definition, given a few lines above equation (2.12), M,(r} ), m € Ss, represents the
stationary state of the chain Xgl) reflected at S7" = {j € S, : V;U - \757?}. Since

¥ is a stationary state of the chain Xgl) whose support is contained in S¢, ¥ is a

.. 1
convex combination of the measures an), m € S§:

Z Va(m M(l) (-)

meS§

for a probability measure ¥ € T(Sg). Thus,

S nmr () = 30 dam) MP k)N () .
kese k€SS meSe

Changing the order of summation, and recalling the definition of the measures ng)

yields that
> da(m) > MP(k = > em)xP(-).  (47)

meSy kESZ m meSy

Step 2 and 3 permitted to pass from (4.4) to (4.7). That is, at the end of Step

1 we obtained that v is a convex combination of the measures W(l). We now have

J
shown that it is, actually, a convex combination of the measures 7rj(-2). Next step
consist in iterating this argument to obtain that v is, actually, a convex combination

of the measures 7r(p )
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Step 4: An iteration. If p = 2 the proof continues at Step 5. Assume here that
p > 2, and suppose that we proved that

PR AGE )
JESY

for some 2 < s < p and some probability measure ¥ € P(S?).
Resume the proof of Step 2 at equation (4.5) with » = s. Recall the argument
presented to derive (4.6). Fix j # k € S%. Inserting wn(Vg-s))/mL(x) instead of

T (VY) /70 (2) yields that

lim 65 S (@) RY (@, V) = 0.0) 7 (k) - (4.8)
mev§.5>

By Lemma 3.7, ) (j, k) = 0 if j € S% k € S»™ and ¢ # m. Hence, applying the
arguments presented in Step 3, one gets that

- 2 Pl )

JESY,

for some some probability measure ¥5;1 € P(S5, ;).
Iterating this procedure yields that

= > 9,0) 7 (4.9)
JESS
for some some probability measure ¥, € P(Sy).

Step 5: Conclusion. Applying again the arguments presented in Step 2 yields

that

Yo Y @)V k)t [g(k) — g(j)] = 0

JESE keSg\{7}
for all function g: Sy — R. In particular, 9, is a stationary state for the Sj-valued
Markov chain which jumps from j to k at rate r(p) (j, k) == r® (j, k) exp{hq(k) —
h.(j)}. Since the chain X,Ep) is irreducible on S7, so is the one with jump rates

(p) (],k). Hence, ¥, is the unique stationary state. Since w is also stationary,
ay() = 05,

This proves the uniqueness of limit points of the sequence pf»* and completes

the proof of the lemma. ([

a

Fix j € Ssgl By Lemma 3.1, the Markov chain induced by the generator

V(mTV(p)Ln is irreducible. Denote by VP’J IS T(V(p)) its stationary state.

Lemma 4.4. For each j € S;gl, the sequence of probability measures vPJ converges

to TF(p)

Proof. The proof is similar (and simpler) than the one of Lemma 4.3. It amounts
to take H = 0 and W((lp):\?ﬁp). O
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Consider the measures u2%, vbJ, 1 <a <my, j € S;gl, as probability measures
on V) and let p,, € P(VP)) be the measure given by

= Zﬂaﬂn’a(') + Z wjvPa(). (4.10)

jessE!
Next result follows from (4.2) and Lemmata 4.3 and 4.4.

Corollary 4.5. The sequence of probability measures i, converges to p.

Fix p € P(V®)) which can be represented as p = Zjesp w; 7r§p) for some w €

P(S,) such that w; > 0 for all j € S,. Recall the definition of ,, w(*) introduced
in Lemma 4.3. By definition of J®®), Lemma A.7 and (A.14),

ZQ I oy (W) +ZZZ > wir® (k) (4.11)

a=1b#a jc () peqr)

Note that we can restrict the first sum in the second term of the right-hand side to
the transient equivalent classes.

Lemma 4.6. Fiz 1 < p < q, and a measure pu € fP(V(p)) which can be represented
as =Y ies, Wi wj(p) for some w € P(S,) such that w; > 0 for all j € S,. Let
(tn 1 n > 1) be the sequence of probability measures introduced in (4.10). Then,

limsup 67 I () < 3P (p) .

n—oo

Proof. By convexity,

TP (1) ZQ IP () + Y w 3P (whI) (4.12)
]ESZgl

We investigate the asymptotic behavior of each term separately.
Fix j € S;gl. By Lemma A.7 and equation (A.14), since the support of the

measure v is the set Vg-p ), and, by Lemma 3.1, the trace process Y;"? reflected

at Vg»p ) is irreducible,

TOWR) = Iy e 8) + 3, ), @R (@)
zeViP yeve\ v

The first term on the right-hand side vanishes because v? is the stationary state
of the process induced by the generator %V@)T\;(p)ﬁn. By the proof of (4.6), or
J

(4.8), the second term multiplied by op) converges to EkESP\{j} r(P) (4, k) so that
Y ) = Y Y ek
jessE jesse keSp\{s}

The analysis of the asymptotic behavior of the first term on the right-hand side
in (4.12) is similar. Fix 1 < a < m,,. Since the support of the measure p® is the
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set WP and, by Lemma 4.2, the trace process Y,"? reflected at WP is irreducible,
by Lemma (A.7) and equation (A.14),

T u) = I‘ﬁwmfv(mﬂ Z Z pb® () RP (z,y) . (4.13)
2eWP yeve\ WP

Since pP* is the stationary state of the dynamics induced by the generator Mg,
R0 Ty Ln, where H, is the function introduced in (4.3), by Lemma A.2,

wep
In o Ty 0 (H0) = - > > @) R(z,y) MW HA@ ]
2eWP yeWP\{z}
As H, is constant and equal to h,(j) on each set V(p ), jed? = 59, the previous

expression is equal to
S M CCUSSUERID Db D TR EY )
JeS keSg\{j} zevgp) yevl(cm
Hence, by the proof of (4.6), or (4.8),

nhﬁnolo 9( )I% (p)TV(P)’C 'u'” - Z Z [eha(k)iha(j) - 1] (‘1) ( )(]’k) :
JeSE kesSg\{j}

As hy: Sy — Ris the function which solves the optimal problem (A.3) for I ) (w(@)),
the right-hand side is equal to I} () (w(®) so that

nh_)n;OQ(”) In <p)Tv(p>5n(“n ) = Lgm(w(a))-

By similar reasons, the second term on the right-hand in (4.13) multiplied by
o) converges to ZjeSg Zkesp\s;; wj(.“) r(P)(j, k) so that

nh_g;og(p) ZQ j(p) p.a ZQ (p) ) + Zp Z Z w; r(p)(j,k).

a=1 a=1jESy keS,\Sg

By (4.11), the right-hand side is equal to J®) (u), completing the proof of the
lemma. (]

Proof of Proposition 4.1. Fix 1 < p < q and u € P(V?®)). By Lemmata B.4 and

B.5, we may assume that u(z) > 0 for all z € V@), If J(p)( ) = o0, there is nothing

(

to prove. Assume, therefore, that p = des w; ;" for some w € P(S,). Since

p(z) > 0 for all z € VP w; > 0 for all j € S, To complete the proof it remains
to recall the assertions of Corollary 4.5 and Lemma 4.6. O

5. PROOFS OF PROPOSITION 2.1 AND THEOREM 2.3
We first present some properties of the functionals @)
Lemma 5.1. Fiz 1 <p < q. Then,
JPH) (1) < oo if and only if TP (u) = 0.
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Proof. Suppose that J®)(u) = 0. Then, by (2.17), p = Zjesp wj 71'](»1)) for some
w € P(S,) and I®) (w) = 0. By the definition (2.16) of I”) and Lemma A.8, w is
a stationary state of the Markov chain XEP ), that is, w is a convex combination of

the measures M,Sf)7 m € Spia:

wi) = Y dm)MPG), jeES,,
meSpy41

for some ¥ € P(Sp+1). Inserting this expression in the formula for p and changing
the order of summation yields that

p= 30 0m) S MPGR = 3 ),
meSp41 JESp meSp41

where we used identity (2.12) in the last step. This proves the first assertion of the
lemma because 1771 (9) < oo for all ¥ € P(S,41). We turn to the converse.

Suppose that J®+D (1) < co. In this case, by (2.17), u = Zmespﬂ J(m) rpty
for some ¥ € P(Sp41). By (2.12), this identity can be rewritten as

Z( Zﬁ )> (p)().

JESp mESpi1

Therefore, by definition of ®), 7®) (1) = I¥) (w), where w(j) = 3,5, ., ¥(m) ML (5).

As the measures M) are stationary for the chain X,Ep ). so0 is w. Thus, by Lemma

A8, I?)(w) = 0, as claimed. O
By Lemma A.8, (1) = 0 if and only if there exists a probability measure w

on S such that
= Z wj Wal)
JES1

By (2.17) and since IV (w) < oo for all w € P(Sy), p has this form if and only if
IM (1) < oo. Hence, the previous lemma holds for p = 0 as well:

IV (n) < oo if and only if IO (u) = 0. (5.1)

We turn to the proof of Proposition 2.1. In sake of completeness, we reproduce
the proof that J( is a T' — liminf of the sequence J,, presented in [5] and which
applies to non-reversible dynamics. Next result is the second half of [5, Proposition
8.3].

Lemma 5.2. The functional 3 : P(V) — Ry is a T — liminf of the sequence J,,.

Proof. Fix u € P(V) and a sequence of probability measures u,, in P(V) converging
to u. By definition of J,,,

Taun) > — [ 22 —Z“” 3" Ru(e,y) [uy) — ulz)]

v yev

for all w:V — (0,00). As pu, — p and R,, — Ry, this expression converges to

- >t “ Roxm (y) — u(z)] .

y#a:eV
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Therefore,
o x
liminf 9, () = sup— 3 A Ro(a,y) [uly) - u(@)] = 90,
n—0o0 u>0 u .’t)
y#reV
which completes the proof of the lemma. O

We turn to the I' — lim sup. Fix a measure u € P(V) such that p(z) > 0 for all

x € V. Denote by Q(O) ...,@522, the equivalent classes of the chain X; which are
not singletons.

By definition, the Markov chain X; reflected at i) 0) , 1 < a < my, is irreducible.
Denote by fi5 ) the measure p1 conditioned to Z)g ) deﬁned by equation (A.13). Let
H,: 33,(10) — R be the function given by Lemma A.3 which turns P a stationary

state for the Markov chain induced by tham©<o> L(O)7 the generator 9%@(0) LO
tilted by H,
By Corollary A.10,

—iz S w@ Ry, (@y) + D>, > w)Ro(z,y), (52)

a=1z€D, yeD,\{z} zeV yeV\{z}
where Ry, (z,y) = Ro(z,y) efa®)~Ha(@)
Lemma 5.3. For all p € P(V),
limsupJ,(p) < 9O () .

n—oo

Proof. Denote by X{*" the Markov chain X} reflected at V,,, and by DY,..., Dy,
the equivalent classes of the chain X}"™ which are not singletons. By assumption
(2.5), the sets D, do not depend on n and we may remove the index n from the
notation. Moreover, since R, (z,y) converges to Rg(x,y), for all 1 < a < my, there
exists 1 < b < m such that @z(lo) C Dy.

By Lemma A.7, I, (1) = Ky, (1), where K,, (1) is given by (A.15) with the rates
R replaced by R,,. The functional X,, is composed of two terms. The second, as

n — 00, converges to
> 2. na@)Re(ay).
zeV yeV\{z}

We turn to the first term of K,,, given by

ST T ) Ral ) 00 (5.3)

b=1z€Dy ycDy\{z}
where Hflb): Dy — R is the function (unique up to an additive constant) which
turns p a stationary state for the chain induced by 9, ) Rp, L, (the generator
Rop, L, tilted by HP).

Since for all 1 < a < mg, there exists 1 < b < m such that D((IO) C Dy, the sum
appearing in the previous displayed equation is bounded above by

YT Y k) Rl g0 (5.4)

b=1 @ 2eD{? yeD{ \{x}

aP
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where the second sum is performed over all 1 < a < mg such that DEZO) C Dy.

Fix b and a satisfying DELO) C Dy. By (A.8), there exists a finite constant C’,(Lb)
such that |H7(lb)(y) —HY ()] < ) for all y # & € Dy. Since Ry (x,y) — Ro(z,y),
and p(x) > 0 for all z € ‘D((LO), as X} is irreducible in DEP), by Remark A.4, there
exists a finite constant Cy, independent of n, such that |Hr(tb)(y) .y ()] < C,
for all y # x € Y. Therefore, there exists a function G, : P® & R and a
subsequence n’ such that H,, (y) — Hy (z) — G(y) — G(z) for all z, y € DY,

In conclusion, through a subsequence, (5.4) converges to

- Z Z Z H(fE) RO (.’E, y) eGa (y)—Gq(x)

=1 2eD? yeD P\ {z}

mo
c BT e,

=1 3eD(? yeDO\{z}

where H, is the function which appears in (5.2). The inequality holds because for
each 1 < a < myg, H, is the function which optimises the sum. To complete the
proof of the lemma, it remains to collect the previous estimates. (Il

Next result is a consequence of the two previous lemmata.
Corollary 5.4. The functional J,, T-converge to 9.

Proof of Theorem 2.3. The proof is by induction in p. The case p = 0 is covered
by Corollary 5.4. Fix 1 < p < q and assume that the result holds for 0 < p’ < p.
In sake of completeness we reproduce below the proof of the I' — liminf taken
from [5, Proposition 8.4].
I' — liminf: For all 4 € P(V) and all sequence of probability measures u, € P(V)
such that p, — b,
liminf 07 3% () > 39 (u) . (5.5)

Fix a probability measure ;1 on V and a sequence p, converging to p. Sup-
pose that J®=1(4) > 0. In this case, since pir=Y 9, T-converges to J®=1) and
0 101 — oo,
i (p) imi 07(?) (p—1) (p—1) i 97(11))
h,,“;{gfen In(pn) = hnrglgfwen In(pn) >3 () nh_)rréow = 0.
On the other hand, by Lemma 5.1, J®»)(u) = oco. This proves the I' — liminf
convergence for measures g such that JP=1 () > 0.

Assume that J®»~1(4) = 0. By Lemma 5.1 and (5.1), there exists a probability
measure w on S, such that p = Zjesp wj 7P By definition of J,,,

J
L1

jn(,un) > */
v
for all w : V' — (0, 00).

Fix a function h : V(®) — (0,00) which is constant on each V§p)7 je Sy h=
Zjesp h(j) Xy - Let uy,: V' — R be the solution of the Poisson equation (C.5)

dpin

with £ = £,,, A = V®) and u = h. By the representation (C.7), it is clear that
un(z) € (0,00) for all z € V.
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Since u,, is harmonic on V '\ V() and u,, = h on V) by (C.8), the right-hand
side of the previous displayed equation with u = u,, is equal to

L’I’L n Ln n P Ln h
_/ u d,un:—/ u dunZ—/ Mdﬂn'
V) Un v h V() h
Since h is constant on each set Vg.p ) (and equal to h(j)), the last integral is equal
to
[h(k) —h(j)] fin(T) o (»)
- . Tin\T Rnp) z, A% P )
2 g 2 @ RP@ V)
J.k€Sp zeVi?

where R (m,\?,(f)) = Zyevfj’) RrY (z,y). By (2.13), Wn(x)/ﬂ'n(\?g-p)) — W](p)(x) for

all z € V;p). Thus, since p, — 1 = Zjesp wj 7T](-p),

lim Wn(\?(vp)) () = w; forallze 2
n—o0 7 () J

Therefore, by (3.2), (3.3), as n — oo, the penultimate expression multiplied by Gq(f )

converges to

()
- S ey 3G K -hG)] = - T

JES, keS, jes,
Summarising, we proved that
L®h
11nrgl£f 953") In(per) > sup — j;:p Wi
where the supremum is carried over all functions h : S, — (0, 00). By (2.16), (2.17),
the right-hand side is precisely J®) (1), which completes the proof of the I' — lim inf.
T — limsup. Fix u € P(V). If I®)(u) = oo, there is nothing to prove. Assume,
therefore, that p =3 cg w; TI'J(P) for some w € P(S,).
By Lemmata B.4 and B.3, it is enough to prove the theorem for measures u =
> jes, Wi wj(-p) for some w € P(S,) such that w; > 0 for all j € S,. Fix such a

measure . Let p1,, € P(V®)) be the measure given by (4.10). By Corollary 4.5 and
Lemma 4.6, p,, — p and

limsup 0% 3P (1) < I (1) . (5.6)

n—r oo

Since the trace process Y;"" is irreducible and p,(z) > 0 for all z € V@), by
Lemma A.3, there exists u,,: V") — (0, 00) such that

1

jglp)(:un) = - / - I:(TV(P)LTL) un] d,u/n .
V(p) Un

Denote by v,, the harmonic extension of u,, to V' given by (C.5) with A, £ replaced

by V®), £, respectively. Let 1, be the stationary state of the tilted generator
M,, Ln. By Proposition C.1,

In(vn) < Jszp)(,“n) . (5.7)
In view of (5.6), (5.7), it remains to show that v, — pu.

As v, is the stationary state of the Markov chain Xt(n) tilted by v, by [2,
Proposition 6.3], v, conditioned to V() is the stationary state of the Markov chain
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induced by the generator Ty M, L. By Lemma C.4 this generator coincides
with M, Ty Ln. By definition, p, is the stationary state of this later Markov
chain. Hence, pi,(+) = v,(- \V(p) ).

Since i, — p and g (-) = v (| VP))] it is enough to show that v, (V®) ) — 1.
Assume, by contradiction, that limsup, v,(z) > 0 for some z € V \ V). Since
P(V) is compact for the weak topology, consider a subsequence, still denoted by
Up, such that v, = v € P(V), v(z) > 0. By the I — liminf,

lirllian%p) Tn(vn) > TP (v).

Since v(z) > 0, z € V\ V@) I®) (1) = +00. However, by (5.6), (5.7),
limsup 8P 9, (v,) < IP(p) = 1P (w) < 0.

n—oo

Hence, v, (V® ) — 1 and v, — u, which completes the proof of the theorem. [

APPENDIX A. THE RATE FUNCTION

Fix a finite set V. Consider a V-valued continuous-time Markov chain (X; : ¢t >
0), and denote by £ its generator. The jump rates are represented by R(-, -), so
that

£hH) = 3 Ry {f@) - f@)} (A1)
yeVv
for all functions f: V' — R. Denote by A(z), € V, the holding rates and by
p(z,y), z, y € V, the jump probabilities, so that R(x,y) = A(x) p(z,y). Mind that
we do not suppose the process to be irreducible. We assume, however, that A(z) > 0
for all z € V. The case where some holding rates might vanish is considered at the
end of this section.

Denote by P(V') the space of probability measures on V' endowed with the weak

topology. For a function H: V — R, define Jy: P(V) — R by

() = - /V e dy = — 3 () Riz,y) [0 _1] (A2)
z,ycV
and let
I(p) = sup Ju(p) (A.3)

where the supremum is carried over all functions H: V' — R.

To stress the dependence of the functionals Jy and I on the generator £, we
sometimes denote them by Jg g and I, respectively. Next result collects simple
properties of the functionals Jg and I.

Lemma A.l. For each pn € P(V), the functional H — Jg(u) is concave, and
Jive(n) = Ju(p) for all constants c. The functional I is convezx, lower-semicon-
tinuous, non-negative, and bounded by -y, p(x) ().

Recall that a measure u € P(V) is a stationary state for the Markov chain
induced by the generator £ if fv (Lf)dp =0 for all function f: V — R. As we do
not assume the chain to be irreducible, the stationary state may not be unique.

The Euler-Lagrange equation for I reads as

/(E)JTHL)Gd,u =0 foral G:V —=R. (A.4)
1%
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In this formula, for a function H: V' — R, My L represents the tilted generator
given by
(M £) f](2) = D e O Ra,y) @ [fly) - f(@)]  (A5)
yev
for f: V — R. Let Ry(z,y) := e 7@ R(x,y)e®. Next result clarify the
meaning of the Euler-Lagrange equation (A.4).

Lemma A.2. A probability measure p in V is a stationary state for the Markov
chain induced by the generator My L if, and only if,

I(p) = Ju(p) - (A.6)

Proof. Suppose that u is a stationary state for the Markov chain induced by the
generator My L. Then, for all functions G: V — R,

z,yeVv
- Z M(‘/E)RH(.’I]7y) I:@F(y)—F(w) _ 1] ’
z,yeVv

where F' = G — H. Since p is a stationary state for the Markov chain induced by
the generator My L, the previous expression is equal to

— > @) R(z,y) { WG — 1 — [F(y) - F(a)]} .
z,yeVv

This expression is negative because a — e® — 1 — a is positive. This proves that
I(u) = supg Jo(p) < Ju(p), as claimed.

Conversely, suppose that (A.6) holds. Fix G : V. — R. Then, the function
a — Jgiec(p) assumes a maximum at a = 0. Its derivative at a = 0 is given by
Jyy Mz L) G dp. Hence, (A.4) holds for all G yielding that p is stationary for the
Markov chain induced by the generator 9t L. [

Lemma A.3. Assume that the Markov chain induced by the generator L is irre-
ducible and that p(x) > 0 for all x € V.. Then, there exists a function H: V — R,
unique up to an additive constant, such that

I(p) = Ju(p).

Moreover,

I(p) = > (@) Rlz,y) { [H(y)~H(@)]e?O-H@ _ AD-HE@ 41 (A7)
z,yeV

and

L+ 3, yev i) Rz, y)
o _H < 1 z,ycVv

: (A.8)

where the minimum is performed over all edges (z,w) such that R(z,w) > 0.

Proof. Since I(u) is bounded, there exists a sequence (H,: n > 1) of functions
H, :V — R such that

I(p) = lim Jy, (n)-
Fix g € V. Since Jyy.(p) = Ju(p), redefine the sequence H,, so that H,(zo) =0
for all n > 1.
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Claim 1: The sequence H,, is uniformly bounded.
By definition of the sequence H,, and since I is positive, there exists ng > 1 such
that

Z w(z) R(z,y) [eHn(y)—Hn(m) — 1} <1
z,ycVv

for all n > ng. Hence,

> @) R(z,y) W@ < ¢y = 1+ Y p(e) Rz, y) -
z,ycV z,ycV

Thus,

Co
ming , p1(z) R(z,y)
for all n > ng and all edges (x,y) such that R(z,y) > 0. In this equation the
minimum is performed over all edges (z,y) such that p(z) R(x,y) > 0.

Fix © € V' \ {zo}. Since the process is irreducible, there exists a self-avoiding
path zg,z1,...,2r = x such that R(z;,x;41) > 0 for all 0 < ¢ < k. Hence, by
(A9), H,(x) = Hy(z) — Hp(zo) < Ci1k < Cy := C1|V].

Conversely, there exists a self-avoiding path z = yo,¥%1,...,¥; = %o such that
R(yi,yi41) > 0 for all 0 < i < j. Hence, by (A.9), —H,(z) = H,(xo) — Hy(x) =
H,(y;) — Hn(yo) < C1j < C1|V| = Cy, which proves Claim 1.

As the sequence H,, is uniformly bounded, we may extract a subsequence, still
denoted by H,,, which converges pointwisely to a function H. By definition of the
sequence H, and by continuity,

I(p) = lim Jg,(n) = Ju(u),

as asserted. Moreover, max, yev | H(y) — H(z)| < Ca, proving (A.8).

We turn to the proof of uniqueness. Assume that there are two functions, denoted
by H and G, which minimize. Let Fy = 6H 4+ (1 — 0)G, 0 < 6 < 1. By concavity
of the functional J, for all 0 < 0 <1,

() 2 Jr(p) 2 0Ju(p) + (1=0)Ja(n) = I(n) .
Hence, 0 — Jp, (1) is constant. Taking the second derivative yields that
2 Yy)— x
Y u@) Ry { [Gly) —G@)] - [H(y) ~ H(x)] } @ =0
z,yeV

for all 0 < 6 < 1. Hence, G(y) — G(x) = H(y) — H(x) if p(x) R(z,y) > 0. As the
process is irreducible and the measure positive, G = H + ¢ for some constant ¢ € R.
To show the validity of (A.7), note that

I(n) = Ju(p) = Y w)Rw,y) {1 - HO=H@ Y

H,(y) — Hy(z) < Cp :=In (A.9)

Since, by Lemma A.2, p is a stationary state for the Markov chain induced by the
generator My L,

0 = Zvﬂ(l’) R(z,y) "W~ [H(y) — H(z)] .

Adding the two previous identities yields (A.7). O
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Remark A.4. It follows from the previous proof that the minimum in the denom-
inator in equation (A.8) can be restricted to a subset of edges Eg which keeps the
chain irreducible.

Next result follows from the two previous lemmata.

Corollary A.5. Assume that the Markov chain induced by the generator L is
irreducible and that p(x) > 0 for allz € V.. Then, there exists a function H: V — R
such that p is stationary for Myl.

Corollary A.6. Assume that the Markov chain induced by the generator L is
irreducible and that p(xz) > 0 for all x € V. Then, I(n) = 0 if and only if p is the
stationary state.

Proof. Assume that I(p) = 0. Then, since ae® — e¢® + 1 > 0, each term in the
sum (A.7) vanishes, and H(y) = H(z) if u(z) R(z,y) > 0. As the Markov chain
is irreducible, H is constant. To complete the argument, it remains to recall that,
by Lemma A.2, i is a stationary state for the chain induced by the generator
Myl = L.

Conversely, suppose that p is the stationary state. Then, p is a stationary
state for the chain induced by the generator My L for H = 0. By Lemma A.2,
I(p) = Jo(p) =0, as claimed. O

Reducible Markov chains. In this subsection, we derive a formula for I(x) in
the case where the process X; is reducible or the support of u a proper subset of
V.

Denote by R4 L, A a proper subset of V' which is not a singleton, the generator
of the Markov chain X; reflected at A. This is the A-valued Markov chain which
jumps from x € A to y € A at rate R(z,y). Its generator reads as

[(Ral) fl(z) = Y Ry)[fly) - f@)], z€A. (A.10)

yeA

Clearly, this chain may be reducible even if the original one is irreducible.

Fix a probability measure p € P(V'), and denote by V), its support, V,, = {x €
V i p(z) > 0}, and by X' the Markov chain reflected at V,,. Mind that we do not
assume V), to be a proper subset of V.

The formula for I(u) relies on the construction of a directed graph without
directed loops. Denote by by Qi,...,Q, the equivalence classes of the chain X}'.
These classes form the set of vertices of the directed graph. Draw a directed arrow
from Q, to Q, if there exists © € Q, and y € Q; such that R(z,y) > 0. Denote
the set of directed edges by A and the graph by G = (Q, A), where Q is the set
{9Q1,...,9Q¢} of vertices.

A path in the graph G is a sequence vertices (Qq, : 0 < j < m), such that
there is a directed arrow from Q,; to Q4, , for 0 < j < m. This directed graph
has no directed loops because the existence of a directed loop would contradict the
definition of the sets Q, as equivalent classes. (Mind that undirected loops might
exist).

Let €C4,...,C, be the closed irreducible classes and T71,...,7, be the transient
ones, so that p 4 ¢ = £. Since the sets C; are closed irreducible classes, these sets
are not the tail of a directed edge in the graph. On the other hand, as the elements
of T; are transient for the chain X/', there is a path (T; = T4y, ..., T4, —1,C;) from
J; to some irreducible class C;.

07"
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Fix a transient class 7;. Denote by D(T;) the length of the longest path from T;
to a closed irreducible class. The function D is well defined because (a) the set of
vertices is finite, (b) there is at least a path, (c¢) there are no directed loops in the
graph.

Fix a, b such that there is a directed arrow from T, to T,. Then,

D(T.) > D(Ty) + 1. (A.11)

Indeed, it is enough to consider the longest path from T; to the irreducible classes.
T does not belong to the path because there are no directed loops. By adding T,
at the beginning of the path from T, to the irreducible classes, we obtain a path
from T, to the irreducible classes of length D(T}) + 1, proving (A.11).

Setting D(€;) = 0 for all 1 < j < p, we may extend (A.11) to the closed
irreducible classes. Fix a, b such that there is a directed arrow from T, to Cj.
Then,

D(T,) > D(G) + 1 (A.12)
because D(T,) > 1. Finally, we may lift the function D to V,, by setting D(z) =
D(Q,) for all z € Q,.

Recall from (A.10) that we represent by SR4L the generator of the process X;
reflected at A. Assume that the chain induced by the generator SR 4L is irreducible.
Let I, o : P(A) — Ry the functional given by

I, c(p) = szp—/ﬂe_H[(i)‘iAL)eH]du,

where the supremum is carried over all functions H: A — R.

Denote by D,, 1 < a < m the equivalent classes of the chain X}* with at least
two elements. Note that p(D,) > 0 for all a and that m < ¢. Let pq, A C V such
that p(A) > 0, be the measure p conditioned to A:

pa(z) = n(@) xeA. (A.13)

Let K: P(V) — R, the functional given by

K(p) = > (Do) Iy, c(up,) + > > ulx) R(x,y)
a=1 €V, yEV, (A14)

L
+ 33> w@) R(z,y) -

a=1b#a x€Q, yeQy

In this formula, since closed irreducible equivalent classes are not the tail of any
directed edge, we may restrict the sum over a to transient equivalent classes. More-
over, if R(x,y) > 0 for some z € Q,, y € Q;, then R(z,w) = 0 for all z € Q,
w € Q,. Hence, in the last sum, each pair (a,b) is counted only once.

In view of Lemma A.3, we may rewrite (A.14) as

Kp)==> > > w@)Ra ey + Y > pa)Rzy), (Al5)

a=12€D, yeD,\{z} 2€V yeV\{x}

where H, : D, — R is the function (unique up to an additive constant) which turns
the measure p conditioned to D, stationary for the chain induced by Mg, R, £
(the generator Rp, L tilted by H,).
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Lemma A.7. For all p € P(V)

I(p) = K(p) -
Proof. We first prove that I(p) < K(u). Fix H: V — R. By definition of V,,
/ e Heetl dy = Z w(z) Rz, y) [eH(y)*H(m) _ 1} )
v xeV,,yeV

The right-hand side can be rewritten as

m 14
Yoo oeml@wy) + Y Y emlwy) + Y Y > Y enlzy), (AL6)

€V, Y€V, a=1z€D,,yeD, a=1b#a z€Q, y€Q,

where cp (z,y) = p(z) R(z,y) [exp{H(y) — H(z)} — 1].
As ey (z,y) > — p(z) R(x,y), the sum of the first and third terms of the previous
displayed equation are bounded below by

¢
Y w@R@y) - 3 Y w@) Riey) -

€V, YEV, a=1b#a x€Q, yeQy

The second term of that formula is bounded below by

m

Zigf o calay) = =D uDa) Iy, £ (1m,) -

z€D,,yeD, a=1

Up to this point we proved that
/ e Heefl dy > — K(u)
1%

for all H: V — R. Multiplying by —1 and optimising over H yields that I(u) <
K(p).

We turn to the converse inequality. For each set D, the Markov chain induced by
the generator Ry L is irreducible and u(x) > 0 for all z € D,. Hence, by Lemma
A.3, there exists a function G,: D, — R which solves the variational problem

o, c(in,) = sup — [ O, ) e dpn, = = [ e (B, £) ¢ dp,
D, Da

H
(A.17)
where the supremum is carried over all functions H: D, — R.
Recall the definition of the function D: V,, — R introduced above (A.11). Define
the sequence of functions H,,: V — R by

-n &V,
H,(z) = (Gu(z) + nD(z) z€D,, (A.18)
nD(x) z €V, \U<a<mDq

By definition of the functional I and since V,, stands for the support of u,

I(p) > — liminf / e et dy .
n—oo VM



METASTABILITY FROM THE LARGE DEVIATIONS POINT OF VIEW 31

For a fixed n the previous integral is equal to the sum in (A.16) with H,, replacing
H. By definition of H,,, as n — oo, the first term in (A.16) converges to

- > u@) Ry).
€V, Y&V

Since D(x) = D(y) for elements z, y in the same equivalent class D,, by (A.17),
for every n > 1, the second term in (A.16) is equal to

Z Z ca,(x,y) = Z,U/(Da) /D e % Rp, L) e% dup,
a=1 a

a=1z€D,,yeD,

= > 1Da) Iy, 2 (0, -

Finally, to estimate the third term in (A.16), fix € Q,, y € Qp such that R(x,y) >
0. By (A.11), (A.12), D(z) > D(y) + 1. Thus, H,(y) — H,(z) < —n + C; for some
finite constant Cy independent of n, and, as n — oo, the second term in (A.16)

converges to
¢
=330 > w@) Rz,y)

a=1b#ax€Q, yeQy
Collecting all previous estimates yields that

I(y) > — liminf / e~ gefn dp = K(p),
14

n— oo

which completes the proof of the lemma. O

Lemma A.8. A measure p € P(V) is a stationary state of the Markov chain X,
if and only if I(n) = 0.

Proof. Assume that I(x) = 0. Then, by Lemma A.7, all terms on the right-hand
side of (A.14) vanish. As the second and third terms vanish the support of u
consists of the union of closed irreducible sets of the Markov chain. Since the
first term vanishes, by Corollary A.6, p restricted to these irreducible classes is a
stationary state. Hence, p is a convex combination of the stationary states, and,
hence, a stationary state.

Suppose that p is a stationary state. Then, its support is the union of closed
irreducible classes. Therefore, the second and third terms on the right-hand side of
(A.14) vanish. Fix a closed irreducible class of the chain contained in the support
of u. The restriction of p to this set is strictly positive. Hence, by Corollary A.6,
the first term on the right-hand side of (A.14) also vanishes. This completes the
proof of the lemma. O

Degenerate generators. In this subsection, we consider generators whose holding
rates might vanish. Let Vo = {x : A(x) > 0} and keep in mind that V, may be a
proper subset of V.

Denote by £( the generator £ restricted to Vj:

(Lof)(z) = > Ry {fly) - f@)}, f:Vo—>R.
yeVo

Fix a measure p € P(V). Clearly, if (Vo) = 0, then for all H: V — R, Jy(p) =0
and I(p) = 0. The next lemma covers the case where p(Vp) > 0. To stress the
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dependence of the functional Jg introduced at (A.2) on the generator £, denote it
below by J m. For a function G: Vy — R, let J, ¢: P(Vo) — R be the functional
given by

Jeoa(v) == — /v e CLoe’ dv .
0

Let I¢,: P(Vh) — R be the functional defined by (A.3) with Jg replaced by J¢,.a
and where the supremum is carried over all functions G: V) — R.

Lemma A.9. For all measures u € P(V) such that u(Vy) > 0,

Jeu(p) = p(Vo) { Teodry, (Bve) — > > mv(@) R(a,y) [eH@=HE@) 1] } ,
z€Vh yeV\Vy

where Hy,: Vo — R stands for the restriction of H to Vo: Hy,(x) = H(x), x € V.
In particular,

Le(p) = p(Vo) Ieo(uwy) + 3. 3

€V yeV\ Vo

Proof. The first assertion of the lemma is a simple identity. The proof of the second
one is similar to the one of Lemma A.7. We argue as in this lemma to show that
I;(u) is bounded by the right-hand side of the identity. The converse inequality is
obtained by observing that to optimize J¢ g () it is convenient to set H(y) = —oo
for y € V'\ Vo. More precisely, one proceeds just as in the proof of Lemma A.7 to
obtain an optimal sequence H,, defined in V and then extend it to V' \ V; in such
a way that Hy,(y) — Hp(x) — —oco for all y € V\ Vg, z € V. O

The previous lemma allows us to restrict our attention to non-singular genera-
tors. This is the content of the next result.

Corollary A.10. For all measures u € P(V') such that u(Vp) >0

oYY Y @R + Y Y )Ry,

a=lz€D, yeDy\{z} zeV yeV\{z}

where Dy, 1 < a < m, represent the equivalent classes of the reflected chain X'
with at least two elements, and H, : D, — R the function (unique up to an additive
constant) which turns the measure p conditioned to D, stationary for the chain
induced by My Rop, L (the generator Rp, L tilted by Hy,).

Proof. By Lemma A.9, I;(u) is the sum of two terms. Consider u(Vo) Iz, (tivg)-
By Lemma A.7, I, (uv,) = Kz, (pv, ), where K, is given by equation (A.15) with
the set V replaced by V; in the second sum. Clearly, the equivalent classes of the
reflected chain X}' with at least two elements for the generator £q coincide with
the ones for the generator £. On the other hand there is nor harm to replace in
the second sum of (A.15) the condition z € Vp by x € V as R(z,y) = 0 for all
x € V'\ Vy. Hence,

(Vb) ILO /‘LVO = Z Z Z ﬂ(ﬁ) RHa(m7y) + Z Z /L(.’IJ) R(x,y) .

a=12€D, yeD,\{x} €V yeVo\{z}

To complete the proof of the corollary, it remains to recall the formula for Iz (u)
presented in Lemma A.9. (]
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APPENDIX B. CONVERGENCE OF LEVEL 2 RATE FUNCTIONALS

In this section, we present some general results on the convergence of level 2
large deviations rate functionals. The first result asserts that the rate functionals
converge provided the jump rates converge.

Denote by £,, n > 1, the generator of a V-valued continuous-time Markov
chain whose jump rates are represented by R, (-, ). Let I,,: P(V) — Ry be the
occupation time large deviations rate functional associated to the generator £,,.
This is the functional defined by formula (A.3) with the rates R,, replacing R. We
first consider the case where £ is irreducible.

Lemma B.1. Suppose that the Markov chains induced by the generators L,,, n > 1,
and L are irreducible, and that R, (z,y) — R(x,y) € Ry for ally # x € V. Then,
I,(p) = I(u) for all p € P(V) such that u(x) > 0 for allx € V.. Here, I represents
the rate functional associated to the jump rates R.

Proof. Fix H: V — R and denote by J}? : P(V) — R the functional given by
(A.2) with R replaced by R,,. Then, as R, (z,y) — R(z,y), for all H: V - R

L) > T () = Ju(p) -

Maximizing over H yields that liminf,, o I,,() > I(u). Note that we did not use
the irreducibility of £ in this part of the proof.

Conversely, since the Markov chain induced by the generator £,, is irreducible
and the support of p is the set V, by Lemmata A.3 and A.2, I,(n) = Jg;)(u),
where H,, is the function which turns p the stationary stated for the tilted generator
My, Ln.

Denote by & the oriented edges (x,y) € V x V such that R(z,y) > 0. Let
a = min{u(z) R(z,y) : (z,y) € €} > 0. As R, converges to R, there exists ng > 0
such that min{u(x) R, (z,y) : (z,y) € €} > a/2. Since the Markov chain induced
by the rates R(z,y) is irreducible and the rates R,, converge to R, by (A.8) and
Remark A.4, there exists a finite constant Cy such that

max | H,(y) — Hn(z)| < Co (B.1)
y,z€V
for all n > ng.

Therefore, there exist functions G: V. — R and a subsequence n’ such that
Hy,(y) — Hp () — G(y) — G(z) for all z, y € V. Hence, through this subsequence
ng)(u) converges to Jy(p) < I(w). This proves that limsup, I,(p¢) < I(u) and
completes the proof of the lemma. O

We now remove the assumption that £ is irreducible.

Lemma B.2. Suppose that the Markov chain induced by the generator L, is irre-
ducible for all n > 1 and that R,(z,y) = R(x,y) € Ry for ally # x € V. Then,
I,(p) = I(p) for all p € P(V) such that p(x) >0 for allxz € V.

Proof. In Lemma B.1, we proved that liminf,_, I,,(1x) > I(p). Conversely, since
the Markov chain induced by the generator £,, is irreducible and the support of
is the set V, by Lemmata A.3 and A.2, I,,(1) = ‘]l(LZL) (), where H,, is the function
which turns p the stationary stated for the tilted generator Mg, £y,.
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Denote by Q,, 1 < a < ¢, the equivalent classes of the generator £, and by D,
1 < a < my, the ones with at least two elements. By definition of JI(L?) (w),

my Ly
TP < S w®a) 75 5 (o) + 303 Y wlw) Rulz,y)
a=1 a=1b#a x€Q, yeQyp

where J&),Hn(’/) = Z Z v(x) Ro(2,y) [1 — @) =Ha()]
€D, y€D \{z}

As n — oo, the second term converges to the same sum with R in place of R,,. We
turn to the first term.

Fix 1 < a < m,. By the arguments presented in the proof of Lemma B.1,
(B.1) holds provided the maximum is carried over z, y € D,. Therefore, by the
end of the proof of that lemma, lim sup,, J(QT:)’Hn (1o,) < Ing, o (po,). Recollecting
the previous estimates and recalling Lemma A.7 and definition (A.14) yields that
limsup,, I,(11) < I(w). This completes the proof of the lemma. O

I'-convergence. In this subsection we present a result on I'-convergence used in
the article. Recall from Section 2 the definition of I'-convergence. Fix a Polish
space X and a functional U: X — [0, 4+o00].

Definition B.3. A subset Xy of X is said to be U-dense if for every x € X such
that U(x) < oo, there exists a sequence (xy : k > 1) such that xp € Xy, xx — x and
U(zy) — Ulx).

Lemma B.4. Let Xy be a U-dense subset of X. To show that U is a I'-limsup for
the sequence U,, it is enough to show that for every x € Xy, there exists a sequence
(p i m > 1) such that , — x and (2.2) holds.

Proof. Assume that for each = € &), there exists a sequence (z,, : n > 1) such that
Zn, — « and (2.2) holds.

Fix 2 € X. We have to show that (2.2) holds for some sequence z,, € X which
converges to z. If U(x) = oo, there is nothing to prove. Assume, therefore, that
U(r) < co. As Xj is U-dense, there exists a sequence (z*) : k > 1) such that
z®) € Ay, 2®) = 2, and U(z®) — U(x).

Since the result holds for elements of Xp, for each k > 1, there exists a sequence
(xslk) :n > 1) such that 2 = 2® lim SUD,, s 00 Un(x%k)) < U(z™). At this point,
a classical diagonal argument permits to construct a sequence z,, such that x,, — =z,
limsup,, ,o Un(zn) < U(z), as claimed. O

We return to the context of the article and assume that X = P(V).

Lemma B.5. Let P be the subset of P(V) formed by the measures whose support
isV:Pyr={pePV):ulx)>0Vx e V}. The set Py is I-dense.

Proof. Fix p € P(V) and let v be the uniform probability measure on V. Set
pn = [1—(1/n)]u+ (1/n)v. Clearly, u, € P(V) and pp, — p. It remains to show
that I(p,) — I(w).

Recall from Lemma A.l the properties of the functional I. By the lower-
semicontinuity of I, I(p) < liminf,, I(uy). By convexity, I(u,) < [1—(1/n)] I(1) +
(1/n) I(v). Since I(v) < |V|71 Y., M) < oo, limsup,, I(p,) < I(p), as claimed.

O

zeV
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APPENDIX C. TRACE PROCESS AND LEVEL 2 RATE FUNCTIONALS

We examine in this section the effect of reducing the state space, by taking the
trace of the process, on the large deviations rate functional. We first recall the
definition of the trace process and some of its properties.

Denote by T#(t), A C V, the total time the process X; spends in A in the
time-interval [0, ¢]:

TA(t) = /0 xa(Xs)ds,

where, recall, x4 represents the indicator function of the set A. Denote by S*(t)
the generalized inverse of T (¢):

SA(t) = sup{s>0: TH(s)<t}.
The trace of X; on A, denoted by (X;* : ¢ > 0), is defined by

By Propositions 6.1 and 6.3 in [2], the trace process is an irreducible, A-valued
continuous-time Markov chain, obtained by turning off the clock when the process
X, visits the set A€, that is, by deleting all excursions to A€. For this reason, it is
called the trace process of X; on A. For a V-valued Markov chain generator £ and
a proper subset A of V| denote by ¥ 4L the generator of the trace process on A.

Denote by Rfl( -, +) the jump rates of the trace process. Suppose that A =
V' \ {z}. The first equation after [2, Corollary 6.2] asserts that for all z, y € A,

Ry (2,9) = R(z,y) + R(z,2)p(z,y) (C.2)

where p(-, -) represents the jump probability of the chain X;. In particular,
R‘:C\{Z}(x, y) > R(z,y). Iterating this procedure yields that

R (z,y) > R(z,y) (C.3)

foral ACV,z#yeA
We turn to the rate functional. To simplify certain formulae, we represent the
rate function as

Lu
I(p) = sup—/fd/h
u v u

where the supremum is carried out over all strictly positive functions uw: V' —
(0,00). In consequence, in this section, M, L stands for the tilted generator given
by

(ML f) (@) = Y Rula,y) [fy) — f(@)], Rulz,y) =

yev

R(z,y) u(y) .

(C.4)
Denote by I:g the large deviations rate functional associated to the trace gener-
ator T 4L:

1

(‘IAL) u

du, pePA),
u

I3(1) = sup — /A

u

where the sup is carried over all functions u: A — (0, 00).
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Fix u: A — (0,00), and denote by $Hu = H u the L-harmonic extension of u to
V', that is, the solution of the Poisson equation

{Lv(), V\A,

v=u, A.

(C.5)

Next proposition is the main result of this section.

Proposition C.1. Assume that the Markov chain induced by the generator L is
irreducible. Fixz p € P(V) and assume that its support, denoted by A, is a proper
subset of V.. Then,

i) < I(n) .
Conversely, let u: A — (0,00) such that
Tal)u
IN(p) = — / udu
A u

Denote by v = Hau the harmonic extension of u to V given by the solution of
(C.5). Let v be the stationary state of the tilted generator M, L. Then,
1
Iip) = —= I(v).
A(/J’) V(.A) (V)

Harmonic extension. The harmonic extension has a stochastic representation.
Denote by Ha, H}, A C V, the hitting and return time of A:
H,y = inf{t>0:Xt€.A}, HZ = inf{t>71:Xt€.A}, (C.6)

where T represents the time of the first jump of the chain X;: 7 = inf{t > 0 :
X: # Xo}. By the strong Markov property, the solution of the Poisson equation
can be represented as

(Hu) (z) = Egx[u(Xm,)], z€V. (C.7)

In particular,

minu(y) < min(Hu)(z) < max(Hu) () < maxu(y) .

yeA zeV eV yeA

Moreover, by [5, Lemma A.1],
[(Tal)u](z) = [L(Hu)](z), xz€A. (C.8)
Lemma C.2. Fiz a subset A C B CV, and a function u: A — R. Then,
Dzyeu) (@) = (Heu)(x), ze€B.

This result asserts that the L-harmonic extension of u to V coincides on the
set B with the (TgL)-harmonic extension of u to B. More precisely, denote by
v = $Hu the L-harmonic extension of u to V and by vg: B — R its restriction
to B, defined as vg(z) = v(x), x € B. Lemma C.2 states that the function vg is
the (T L)-harmonic extension of uw to B. In other words, that vg solves equation
(C.5) with B, €L replacing V, L, respectively.

Proof of Lemma C.2. Denote by X the trace of the Markov chain X; on B and
by H(X?®) its hitting time of the set A. Clearly, starting from = € B, X
Xm, almost surely, so that

Em[u(XIT—SIA(Xi‘))] = Eo[u(Xn,)]

B _
Ha(X%) ™
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for all z € B. By (C.7), the left-hand side of this equation is (<, ¢ ) (), and the
right-hand side is (¢ u) (z). This completes the proof of the lemma. O

Enumerate the set V\ A as {z1,...,zp}, and let Ag =V, A =V \{z1,..., 2},
1 <k <p,sothat A=A, Fixu:A — (0,00), and denote by v its L-harmonic
extension to V, given by (C.5). Let vy: Ay — (0,00) be the restriction of v to Ay,
1<k <p,and vg = v.

Corollary C.3. For all1 <k <p,
[(Ta L) ve—1](y) =0, yeA1\A.
In particular, vy is the (Ta, , £)-harmonic extension of v; for k < j < p.

Proof. Fix 1 < k < p. By Lemma C.2, v;_; is the (T 4,_,L)-harmonic extension
of u to Ag—1. Hence, for all y € A1 \ A, [(Za,_,L)vk—1](y) = 0, as claimed.
By definition, for £ < j < p, vi_1 and v; coincide on A;, which proves the second
assertion of the corollary. |

Tilted dynamics. Fix v: V — (0, 00), and recall the definition of the jump rates
R, introduced in (C.4). Denote by A,(z), A(z) the holding times at z associated
to the rates R, (-, -), R(-, -), respectively. Assume that (Lv)(z) = 0. Then,

Ao(z) = Az) (C.9)
Indeed, since (Lv)(z) =0,

> Rzy)oly) = > R(z,y)v(x).

yeVv yev
Hence,
M) = = SR = o= Y R = Aa).
yev yev
as claimed.

Lemma C.4. Fizu: A — (0,00). Letv: V — (0,00) be its harmonic extension to
V' defined by (C.5). Then,

Ta(M,L) = M, (T4L) .
Proof. We first prove the lemma for A = V' \ {zp}. Recall that we denote by
R,(z,y) the jump rates of the tilted generator 9,L. Denote by R, 4(z,y) the
jump rates of the trace generator T 49, L. By (C.2), for all x # y € A,

Rv,/l(may) = Rv(xay) + RU(LL',JJ()) Rv(-TOvy)v

1
Av(T0)
where, recall, A\,(z¢) stands for the holding time at x( associated to the rates
R,(x,y). Since v is harmonic at xg, by (C.9) and the definition of R,, the previous
expression is equal to

SEZ% {R(m,y) +
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Since v and u coincide on A, we may replace v(zx), v(y) by u(x), u(y), respectively.
Representing by R4 (z,w) the jump rates associated to the generator T4 L, by (C.2)
once more, the previous expression is equal to

Z?z; R/L (.T, y) )
which proves the lemma in the case where V' \ A is a singleton.

We extend the result to arbitrary sets A. Fix a set A, and recall the notation
introduced above Corollary C.3. Fix 1 < j < p. By Corollary C.3, vi_1 is the
(% 4,_, £)-harmonic extension of vi. Thus, by the first part of the proof applied to
the generator T4, , L,

Ta. My, Fa, L =My, Tn,%n, , L =My, Tn, L (C.10)

because Ty, Ta, , L =%y, L.
Since Ag =V, T4, L =L, and (C.10) for k = 1 states that

T, My L = M, T4, £
Applying T 4, on both sides of this identity and then (C.10) yields that
A, My L = M, T, L.

Iterating this procedure completes the proof of the lemma as vg = v, v, = u,
Ag=V, A, =A. O

Proof of Proposition C.1. By [2, Proposition 6.1], the Markov chain induced
by the trace generator T4 L is irreducible. Hence, since p(z) > 0 for all € A, by
Lemma A.3, there exists u: A — (0,00) such that

) = - [ B g,

u

Denote by v the harmonic extension of u to V' given by the solution of (C.5). By
(C.8), (Lv)(x) = [(Fal)u](z) for all z € A. Hence, the right-hand side of the
previous displayed equation is equal to

Lo Lo
—/7du=—/fdu§1(u)-
AU v v

The identity follows from the fact that A is the support of u (or from the fact that
v is harmonic in A°), and the inequality from the definition of the functional I.
We turn to the converse assertion. By definition of u, v and [5, Lemma A.1],

IGi(p) = —/Awdu = —/A%du-

u

Recall that v represents the stationary state of the tilted generator 9, L. By [2,
Proposition 6.3], the measure v conditioned to A is the stationary state of the
trace (the Markov chain induced by the generator T491,£). Since, by Lemma
C4, T4Mm,L = M, T4L, v conditioned to A is the stationary state of the chain
associated to M, T4 L. By Lemma A.1, i is stationary for 97,T 4L as well. Since
the chain X; is irreducible, so is the trace and the tilted trace. Thus, by uniqueness,
w(-)=v(-)/v(A), and the right-hand side of the previous displayed equation can

be written as ) c . c
v v
— —dv = — —d
W L= S
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because v is harmonic on V' \ A. Since v is stationary for the tilted generator 9, L,
by Lemma A.2, the right-hand side is equal to v(A)~*I(v). This completes the
proof of the lemma. O
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