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LARGE DEVIATIONS FOR DIFFUSIONS:
DONSKER-VARADHAN MEET FREIDLIN-WENTZELL

L. BERTINI, D. GABRIELLI, AND C. LANDIM

To Errico Presutti for his constant help and encouragement

ABSTRACT. We consider a diffusion process on R™ and prove a large deviation
principle for the empirical process in the joint limit in which the time window
diverges and the noise vanishes. The corresponding rate function is given by
the expectation of the Freidlin-Wentzell functional per unit of time. As an
application of this result, we obtain a variational representation of the rate
function for the Gallavotti-Cohen observable in the small noise and large time
limits.

1. INTRODUCTION

A diffusion processes on R™ can be realized as the solution to the stochastic
differential equation

{dff = b(€5)dt + V2 o (£5)duy w1

==

where b is a smooth vector field, w is a standard m-dimensional Brownian, o is
a n x m matrix field, and the parameter ¢ > 0, that can be interpreted as the
temperature of the environment, will eventually vanish. We shall impose conditions
on b and o which ensure the ergodicity of the process &°.

An additive functional {Ar}r>o of £€° is a real-valued, progressively measurable,
functional of £° vanishing at 7' = 0 and such that Aris = Ar + Ag o 07, where
O denotes the translation by 7. Readily, functions of the occupation measure, i.e.
functional of the form

T
AT:/O dFE),  fRTOR (1.2)

are examples of additive functionals. The basic question that we here address is the
behavior of additive functionals in the joint limit in which the time window [0, T
diverges and the noise ¢ vanishes. More precisely, we establish a large deviation
principle in such joint limit.

According to the Donsker-Varadhan ideology [11], rather than focusing on a
single additive functional, the large deviation principle is better formulated for a
whole family of additive functionals. This is formally realized by analyzing the
asymptotics of the empirical process and the corresponding large deviations are
usually called at level three. Of course, the rate function for a specific additive
functional can then be obtained by projecting the level three rate function.
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To purse the joint limit 77 — oo and € — 0 there are two simple alternatives. (i)
By taking first the limit € — 0 the large deviations of the empirical process can be
obtained by lifting the Freidlin-Wentzell asymptotic [12] to the set of translation
invariant probabilities on the path space. The limit as T' — oo is then achieved
by analyzing the variational convergence of the corresponding, T-dependent, rate
function. (ii) By taking first the limit 7" — oo the large deviations of the empirical
process are directly given by the level three Donsker-Varadhan asymptotic [11].
The limit as ¢ — 0 is then achieved by analyzing the variational convergence of
the corresponding, e-dependent, rate function. We here follow both these alterna-
tive and show they lead to the same conclusion, the resulting rate function being
particularly simple to describe: it is the expectation of the Freidlin-Wentzell rate
function per unit of time.

In the context of non-equilibrium statistical mechanics, a relevant additive func-
tional not of the form (1.2) is the Gallavotti-Cohen observable [13,18,21,22]. As we
here discuss, its large deviations in joint limit in which the time window diverges
and the noise vanishes can be obtained by projection.

The analysis here performed shares common features with the one carried out
in [4] for the weakly asymmetric exclusion process in the hydrodynamic scaling
limit. The present setting avoids the technicalities involved in hydrodynamic limits
and the core of the argument is more transparent. On the other hand, the non-
compactness of the state space requires additional estimates.

2. NOTATION AND MAIN RESULT

We denote by - the canonical inner product in R™ and by | - | the corresponding
Euclidean norm. For £ > 0 we consider the diffusion process on R™ with generator
L. defined on C? functions on R™ with compact support by

L.f =eTr(aD?*f)+b-Vf (2.1)
where D? f, respectively V f, denotes the Hessian, respectively the gradient, of f and

a={a;;(),i,j=1,... ,n}, respectively b = {b;(-),i=1,..., n}, are the diffusion
matrix and the drift. We suppose that the vector field b admits the decomposition

b=—aVV +c. (2.2)
Hereafter, we assume without further mention that a, V, c meet the following con-
ditions in which we denote by M, the set of symmetric n x n matrices.
Assumption 2.1.
(i) V belongs to C*(R™), V > 0, lim VV(z)- -

€o > Osuch that | l‘im VV(z)-a(x)VV(z) —eo Tr (a(x)DzV(x))} = +-o00;
xT|—0o0

(ii) ¢ belongs to C*(R™;R™) and it is bounded with bounded derivatives;

(iii) a belongs to C?(R";M,,), it is bounded with bounded derivatives, and it is
uniformly elliptic, i.e., there is constant C' > 0 such that v-a(x)v > C~1|v|?
for any x,v € R™.

= 400, and there exists

The process generated by L. and initial condition z € R™ can be realized as the
solution to the stochastic differential equation (1.1) choosing o a globally Lipschitz
matrix field satisfying a = oo'. In the present context, the vector field b is not
necessary globally Lipschitz; however Assumption 2.1 implies there exists a unique
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strong solution to (1.1), see e.g. [17, Thm. 3.5]. We shall denote the law of £° by
P¢ that, given T > 0, we regard as a probability on C([0,T]; R"™).

We denote by D(R;R"™) the space of cadlag paths with values on R™ that we
consider endowed with the Skorokhod topology on bounded intervals and the asso-
ciated Borel o-algebra. Given T > 0 and a path X € C([0,T];R™) we denote by
XT ¢ D(R;R") its T-periodization, i.e.,

(XT)t = thLt/TJTa teR.

Observe that X7 is T-periodic and continuous except at the times kT, k € Z where
it has the jump of size Xo — Xp. For t € R we denote by 6;: D(R;R™) — D(R;R"™)
the translation by ¢ namely, (0;X)s := Xs_, s € R. We finally denote by Py the set
of translation invariant probabilities on D(R;R"™), i.e. the set of Borel probabilities
P satisfying Po#; ! = P for any t € R. We consider Py endowed with the topology
induced by weak convergence and the associated Borel g-algebra.

Given T > 0, the empirical process is the map Rr: C([0,T];R"™) — Py defined
by

1 T
RT(X) = T\/O dt(sgfxT (23)

Note indeed that, by the T-periodicity of X7, the right hand side defines a trans-
lation invariant probability on D(R;R™).

Our main result establishes the large deviation principle for the family of prob-
abilities on Py given by {IP’?E o R;l} in the joint limit € — 0 and T — oo. Let
us first recall the Freidlin-Wentzell functional associated to (1.1). Given T > 0,
denote by H;([0,T]) the set of absolutely continuous paths X : [0,7] — R™ such
that fOTdt|Xt|2 < 400 and let Ijgpy: C([0,T];R™) — [0,+00] be the functional
defined by

L[ ] a6 [ 0] X € (0,7

Iip (X)) = (2.4)

+00 otherwise.

We regard Ijo 7] also as a functional on D(R;R™) understating that Ijo 71(X) is
infinite if the restriction of X to [0,7] does not belong to C([0,T];R™). We then
let J: Py — [0, +00] be the functional defined by

IJ(P) = / dP(X) Ijp.1(X). (2.5)

Observe that J is affine and, by the translation invariance of P, if J(P) < 400 then
P-a.s. t — X, is absolutely continuous. In the next statement we use the shorthand
notation HT)E for either lim._olimy_o or limy_,o lim._,o. Analogously, lim, .
stands for either lim__ lim,_,  or limp,_,  lim_ . l

Theorem 2.2. Ase — 0 and T — oo, the family {]P’ic o R;l, T >0, > O}
satisfies, uniformly for x in compacts, a large deviation principle with speed e ~'T
and rate function J. Namely, for each compact set K CC R™, each closed set
C C Py, and each open set A C Py

— € - .
1%1,? sup 7 logPs (Rr € C) < — jnf, I(P),

- . .
— > — .
1:1Frr61 wlgf log P (Ry € A) Fl)reli:qJ(P)
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Moreover, the functional J is good and affine.

Referring to Section 5 for an application of this result to the asymptotics of the
Gallavotti-Cohen observable, we next mention some of its possible developments.
While Theorem 2.2 suggests that the large deviations hold whenever (¢,T7) —
(0, +00), the proof relies in computing first the limit as T'— oo and then € — 0 or
the converse. It thus appears that a truly joint limit requires new methods. In the
case in which the limiting deterministic dynamical system obtained by setting ¢ = 0
in (1.1) has more than a single stationary probability, as it is the case for metastable
processes, the zero level set of the functional J is not a singleton. In the spirit of
the so-called development by I'-convergence, see e.g. [7, § 1.10], it is then possible
to investigate higher order large deviations asymptotics. In the case of reversible
diffusions, this development for the Fisher information, i.e. the Donsker-Varadhan
level two rate function for the occupation measure, has been achieved in [10]. The
corresponding analysis for finite state Markov chains has been carried out in [5,20].
We emphasize that the limits as T'— oo and € — 0 do not commute for the higher
order large deviations. While the present analysis is carried out for non-degenerate
diffusion processes, the problem of computing the small noise limit of the level three
Donsker-Varadhan functional can be formulated for general Markov processes.

3. LARGE TIME LIMIT AFTER SMALL NOISE LIMIT

Recalling (2.4), for T > 0 and z € R" let 17 C([0, T]; R™) — [0, +0o0] be the
functional defined by

I[O,T] (X) if XO =,

) (3.1)
400 otherwise.

I[%,T] (X):= {

Let also I 7 Pg — [0, +00] be defined by

{0, (P) := inf {I[%,T] (X), Rr(X) =P}, (3.2)
where we adopt the standard convention that the infimum over the empty set is
+00. Note that, for X € C([0, T];R™), if X (0) # X (T') or if X(0) = X (T') = z, then
Jio,7(P) = Iy 7y(X). In contrast, if X(0) = X(T') and X(0) # x, Ijj (X) = 400
and I (P) may be finite if X (t) =  for some 0 < ¢ < T'. In view of the continuity
of the map C([0,T];R") > X — Rr(X) € Py, the following statement follows
directly, by the contraction principle, from the Freidlin-Wentzell asymptotics [12].
The present case of an unbounded vector field b is covered by [1, Thm. IT1.2.13].

Lemma 3.1. FizT > 0. Ase — 0 the family {]P’§OR;1, € > O} satisfies, uniformly
for x in compacts, a large deviation principle with speed e ' and good rate function
jﬁJ,T]' Namely, for each x € R™, each sequence x. — x, each closed set C' C Py,
and each open set A C Py

gi_r% elogP; (RreC) < — gfelfcjg[co,T] (P)
iijn(l) elogP; (Rr € A) > — I;TEIfA o1 (P).

In order to achieve the proof of Theorem 2.2 we next analyze the variational
convergence of the family of functionals {T’1 Jf“’o T]} as T — oco. With respect to

the standard framework of I'-convergence, see e.g. [7], in the present setting there
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is the additional dependence on the parameter x, for which we need uniformity on
compacts.

Theorem 3.2. Fix a compact set K CC R".
(i) If a sequence {Pr} C Py satisfies im, T T[L’T ]( Pr) < 400 for some
{zr} C K then {Pr} has a pre-compact sub-sequence.
(ii) For any P € Py, any sequence {xr} C K, and any sequence Pr — P

1
lim =95 (Pr) > 9(P).

T—o0

(iii) For any P € Py and any sequence {xr} C K there exists a sequence Pp —
P such that

1
A, 7o (Pr) <3P
Assuming the above result, we first show that it implies the large deviations of
the empirical process in the limit in which first the noise vanishes and then the
time interval diverges.

Proof of Theorem 2.2 (T — oo after ¢ — 0). We start by showing the goodness of
the rate function. Since Ijg 7} is lower semi-continuous, by Portmanteau theorem,
J is also lower semi-continuous. It thus suffices to show that J has pre-compact
sublevel sets. In view of the conditions in Assumption 2.1, by expanding the square
in (2.4) we deduce there are constants v, C' > 0 depending only on V| ¢, a such that
for any X € C([0,T];R™)

1

2[V(XT> V(Xo)] +7/0 dt [|X:> + |[VV(Xy)|*] = CT.  (3.3)

Ijo,1(X) >
Take expectation with respect to P. The translation invariance of P and the bound
Iip, 74-51(X) < Ijo,7)(X)+10,5)(0—7X) yields that for each bounded interval [T7, T5]

/dP(X) [|VV(X0)|2 +

for a new constant C. By the assumptions on V and standard criterion, see e.g. [6,
Thm. 8.2], J has pre-compact sublevel sets, as claimed.

To prove the upper bound, we first observe that the Feller property of the semi-
group generated by L. and the continuity of R imply that for each closed set
C C Py the map & — P5(Rr € C) is upper semi-continuous. Therefore, given a
compact set K CC R", there exists a sequence {zr.} C K such that

sup P5(Ry € C) =P, _(Rr € C).
€K '

/ Tzdt|Xt|2} < C[1+9(P)] (3.4)

1

By passing to a not relabeled sub-sequence we may assume that the sequence
{7, }e>0 converges to some zp € K. From Lemma 3.1 we then deduce

hn(lJ jggelogﬂl’ “(RreC) < 75223[0T,T] (P)
so that

e
— < —
lim 5111’% f:lelp logP (RT S C) hm HGIfC J[O ] (P)
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If impinfpec T~ fJ[O 7] (P) = +oo the right-hand side above is trivially bounded

Lg¥r  (P) < +o0, there exist

above by —infpec J(P). If conversely lim infpec T 0.7

sequences Tj, — oo and {P;} C C such that

) 1
i ot 7 (P) = im0 (P
By item (i) in Theorem 3.2, there exists P* and a further sub-sequence, still denoted
by {P;} C C, converging to P*. By the goodness of the rate function Jfo AL pP*eC,
and, by item (ii) in Theorem 3.2,
1
N > S >
khjgo T j[o Tk](Pk) I(PT) = Iyelfc I(P)

which concludes the proof of the upper bound.

To prove the lower bound, observe that, again by the Feller property of the
semigroup generated by L. and the continuity of Rr, for each open set A C Py the
map x — PE(Rr € A) is lower semi-continuous. Therefore, given a compact set
K cC R™, there exists a sequence {z7.} C K such that

: e _ e
xlgf( Px(RT S A) = PéET,a (RT S A)

By passing to a not relabeled sub-sequence we may assume that the sequence
{Z7.c}es>0 converges to some zp € K. From Lemma 3.1 we then deduce
— 1 T
ig Ilélf elogP;(Rr € A) > lgrelg‘ Jorr (P).
If inf pe 4 I(P) = +00, the right-hand side is bounded below by — inf pe 4 J(P), and
the lower bound of Theorem 2.2 is proved. Conversely, assume that infpc 4 I(P) <
+00. In this case, given § > 0, let P* € A be such that infpec4 I(P) > I(P*) — 0.
By item (iii) in Theorem 3.2, for {xr} C K as above there exists a sequence
{Pr} converging to P* and such that limp 7~ J57 ](PT) < J(P*). Since P* € A,

(0,7
Pr — P* and A is an open set, Pr € A for T' large enough. Therefore,

1
lim lim inf TlogIP’ (RT € A) > — lim — inf j[o T](P)

T—o00 e—0T€EK T—oo T PeA
— 1 «
> legréo —3[0 m(Pr) = =I(P") = —;gf I(P) — 0,
which, by taking the limit § — 0, concludes the proof. (]

To prove Theorem 3.2, we premise a density result on set of translation invariant
probability measures on D(R;R™). An element P in Py is said to be S-holonomic
if there exists a S-periodic path Y € C(R; R") such that

1 S
P=— / dt dg,v, (3.5)
S Jo

where we emphasize that we require Y to satisfy Ys = Yy. An element of Py is
holonomic if it is S-holonomic for some S > 0; it is smooth holonomic when the
path Y in (3.5) belongs to C*(R; R™).

Lemma 3.3. Fixz P € Py satisfying I(P) < +oo. There exist a triangular array
{af,neN,i=1,...,n} witha} >0, Y, o =1 and a triangular array {P* , n €
N,i=1,...,n} of smooth holonomic probability measures such that by setting P™ :=

> ar P! we have P — P and J(P™) — J(P).

7
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Proof. We follow the argument in [4, Thm. 4.10], see also [2] for similar results.
The proof is achieved, by a diagonal argument, from the following claims. Recall
that P € Py is ergodic when the tail o-algebra is P-trivial.

Claim 1. Let P € Py be such that J(P) < +oo. There exist a triangular array
{a?,n € N,i = 1,...,n} with o > 0, > 1" ;o = 1 and a triangular array
{P" , neN,i=1,...,n} of ergodic probability measures such that > ., o’ P/ —
Pand Y1, aI(P") — I(P).

This follows directly from the fact that the ergodic probabilities are extremal in
Py and 7 is affine.

Claim 2. Let P € Py be ergodic and such that J(P) < +oo. Then there exists a
sequence P" — P such that J(P") — J(P) and for each n the probability P" is
holonomic.

Recalling (2.3), to construct the required sequence set

Ap = {X € D(R;R™): lim Rp(X)=P, and lim ~Ijz(X) = :J(P)}.
T—o0 T—oo T

Since J(P) < 4oc then Ijg1) € Li(dP). The Birkhoff’s ergodic theorem then
implies P(Ap) = 1. Pick an element Y € Ap. By definition, the T-holonomic
probability associated to the T-periodization of ¥ converges to P but, in general,
its rate function does not since when T-periodizing paths we may insert jumps.
This issue is easily solved by modifying the path Y in the time interval [T — 1,T]
in such a way that Yr = Y and T_ll[T,l’T] (Y)—o0.

Claim 3. Let P € Py be holonomic and such that J(P) < +o0o. Then there exists
a sequence of C! holonomic probability measures P, € Py such that P — P and
J(P™) — I(P).

The required sequence is constructed by taking the convolution z, * X where 12,
is a smooth approximation of the identity and X is the continuous periodic path
associated to the measure P. O

Proof of Theorem 3.2.
Item (i). By assumption, there exist a finite constant Cy and sequences T; — oo,

x; € K, and P;j € Py such that J[o . ]( ) < CoTj. Fix j. By definition ofJ[ ]( P;),
there exists Y € C([0, T;]; R"™) satisfying Ry, (Y) = P; I[EJT 1Y) < 3[0 . ](PJ) +1.
As the rate function is finite, Y'(0) = z,. By (3.3) and since V' > 0,

/dP ) IVV(Xo)]* = / AtV V (X;)|?
(3.6)

1 1 &
< V() +-|C+ =I5 (P)].

Since I[O T ]( ) <37 (P;) + 1 and x; belongs to a compact, the right-hand side

0,T;
is bounded by a ﬁnEte (,]onstant, uniformly in j.

The bound on the continuity modulus is somewhat more delicate as the T-
periodization introduces, in general, jumps. On the other hand, given 77 < T and
P = Rp(Y) for some Y € C([0,T];R"), the P probability of observing a jump
in the time window [T7,75] is at most (T» — T1)/T. For § > 0, T1 < T5, and
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X € D(R;R"), introduce the continuity modulus

wFThTQ](X) = sup |X;— X4
t,s€[T1,Tz]
[t—s|<d

By Cauchy-Schwarz, if the restriction of X to [T%, Tz] belongs to H'([Ty,T»]) then

T )
Wiy ) (X)2 <6 [ dt| X
T
By the previous observations, if P = Rp(Y') for some Y satisfying I (0,77 (Y) < 400
for some x € K, from Chebyshev inequality we deduce that for each { > 0

T —T (Tg—Tl)él/T o
7+ e Todtm

T,-T, (L-T)of 1 1.
< — s — .
S =7 + g [ sup V(y) +C + Tj[O,T] (P)}

2T yeK
where we used (3.3) in the second step.

By standard criterion on the tightness of probability measures on D(R;R"™),
see e.g. [6, Thm. 15.5], the previous displayed bound together with (3.6) yield the
statement.

Item (ii). If Jf 7y (P) < 4oc then there exists Y € C([0,T];R") such that P =
Rr(Y) and for T > 1

IN

P(WESTLTQ] > C)

T—1
B n(P) = If 1y (V) = Ty (Y) > / dt T 11 (01Y)

= (T =1) [aPX) T (X)
where we used (3.1) in the second step and we have set

. 1 =1 T 1

T
Pi=—— dt 6, = P — dt 6, . 3.7
e TJ/T_l svr (37)

Consider now P € Py and sequences {zr}, Pr — P as in the statement. By
passing to a not relabeled sub—sequeglce we may assume that Pr = Rp(Y) f(~)r some
Y =Y(T) € C([0,T];R™). Letting Pr be defined as in (3.7) we then have Pr — P
and

1, CT—1 [
lim fJ[OT’T](PT) > lim —— [dPr(X) Ijp1(X) Z/dP(X)I[O,l](X):j(P)

T—o0 T—o0
where we have used the lower semi-continuity of Ijg 1.

Item (ii3). In view of Lemma 3.3, it suffices to consider the case in which P is
smooth holonomic, i.e. P = S~! fosds dg,y for some S > 0 and some S-periodic
path Y € C*(R,R™). In particular, J(P) = S~ ;o g (Y).

Given z,y € R™ let Y*¥ € C([0,1];R™) be the affine interpolation between x
and y, ie. V,"Y = x(1 —t) +yt, t € [0,1]. By a direct computation there exist
C(|zl,|y|) > 0 depending on V, ¢, a such that

I[o,l](Yz’y) < C(lzl, lyl)-
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For T > 0 and a sequence {7} C K as in the statement, let Y € C([0, +00); R")
be the path defined by

v yrrYo it eo,1],
LA BT ift>1,

and set Pr := RT(}}). Then Pr — P and for T > 1

T (Pr) = Tt (Y) = I (Y*7¥0) + Ijg 1) (V)

so that

— 1., — 71 1
o TJ[(fT] (Pr) < Th_f)lgo [T Slelg C(Jaf, [Yol) + TI[O,T—l} (Y)} =J1(P)

by the S-periodicity of Y. O

4. SMALL NOISE LIMIT AFTER LARGE TIME LIMIT

By Assumption 2.1 and standard criteria, see e.g. [17, Thm. 3.7 and Cor. 4.4],
for each € > 0 the process £° that solves (1.1) admits a unique invariant probability
m¢. We denote by P.. the corresponding stationary process, that we regard as a
probability on D(R;R™). For fixed € > 0, the Donsker-Varadhan theorem [9,11,26]
states the large deviation principle as T' — oo for the family {P¢ o R;l}T>0 with
rate function given by the relative entropy per unit of time with respect to P:..

We first introduce such rate function by a variational representation. For T' > 0,
let He(T,-): Py — [0,400] be the functional defined by

HE(T, P) = sup /dP(X) [(b(X) ~ log X, (e{))}, (4.1)

where Ef denotes the expectation with respect to P, x € R™ and the supremum
is carried over the bounded and continuous functions ® on D(R,R™) that are mea-
surable with respect to o{X,, s € [0,7]}. Let then H*: Py — [0,+00] be the
functional defined by

HE(P) := sup 1 HE(T, P) = lim 1 He(T, P), (4.2)

T>0 T T—oo T

where the second identity follows from the inequality before [26, Thm. 10.9]. By [26,
Thm.s 10.6 and 10.8], the functional H. is good and affine.

We next characterize H¢ as the relative entropy per unit of time with respect
Pe.. Given Ty < T3, denote by vy 1,0 D(R,R™) — D([T1,T2],R™) the canonical
projection. Given two probability measures P, P2 on D(R,R"), let Hir, 1) (+]-) be
the relative entropy of the marginal of P? on the time interval [Ty, T5] with respect
to the marginal of P! on the same interval, i.e.,

dPZT T
Hizy 1) (P?|PY) = Ent (P, 1| Py 1y)) = /dP[QTl,Tz] log 7dP[111 d (4.3)
[T1,T%]
where P[Jh’Tz] =Pio Z;“ll,Tz’ j=1,2. By [9, Thm. 5.4.27], for each P € Py
€ . 1 & 1 &
H (P) = Tl% T:}C[O’T] (P‘Pﬂ.a) = ;l;}()) f }([O,T] (P|]Pﬂ.a), (44)

where the second identity follows by a super-additivity argument which stems from
[26, Lemma 10.3].
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Recalling that €9 > 0 is the constant appearing in item (i) of Assumption 2.1,
the large deviation principle in the limit 7' — oo is then stated as follows.

Lemma 4.1. Fiz e € (0,69). As T — oo the family {P5 o R7', T > 0} satisfies,
uniformly for x in compacts, a large deviation principle with speed T and good affine
rate function H®. Namely, for each compact set K CC R"™, each closed set C' C Py,
and each open set A C Py

1

lim — log IP¢ < — inf H*(P

im sup logP% (R € C) < jnf, (P)

T—o0 rcK

1
lim = inf logP: A) > — inf HE(P).
7 jeflosF (e € 4) 2 = Wl 9C(P)
Proof. The statement follows from [26, Thm.s 11.6 and 12.5], we only need to check
that the hypotheses of those theorems are met.
Regarding the upper bound, given v € (0,1) set

ue(x) := exp {gV(x)}, x € R™ (4.5)

We claim that Assumption 2.1 implies that u. meets conditions (1)—(5) in [26,
Pag. 34] for any ¢ € (0,¢0) and a suitable v € (0,1). Indeed, u. > 1 and wu. is
bounded on compacts. Moreover, by a direct computation,

L.
W, = —7“’ _ g [(1 )YV -aVV —c-VV — aTr(aDQV)} (4.6)

satisfies inf, We(z) > —oo and lim|,|_,o We(z) = +o00 for v small enough. Even if
ue does not really belong to the domain of the generator L., it is straightforward to
introduce a cutoff function ¢, : R™ — (0, +00) such that u. , = u. ¢, belongs to
the domain of L. for each n € N and the sequence {u. ,,, n € N} satisfies conditions
(1)—(5) in [26, Pag. 34].

Regarding the lower bound, denote by p°(t,z,-), ¢ > 0, x € R™ the transition
probability of the Markov process £ and by a the Lebesgue measure on R™. By
standard parabolic regularity, p®(1, z, -) satisfies conditions I-1I in [26, Pag. 34]. O

In view of the argument presented in the previous section, the proof of The-
orem 2.2 is completed by the variational convergence of € H® to J. As the z-
dependence has disappeared in the limit T — oo, the following statement amounts
to the standard I'-convergence of the sequence {e H¢}, see e.g. [7], together with
the pre-compactness of sequences {P.} with equi-bounded rate function.

Theorem 4.2.
(1) If a sequence {P.} C Py satisfies lim_e H*(P.) < 400 then it has a pre-

compact sub-sequence.
(ii) For any P € Py and any sequence P. — P

lim £ 3(P.) > I(P).

e—0

(i) For any P € Py there exists a sequence P. — P such that
lim e H°(P.) < I(P).
Ty = °(P2) < 9(P)

We next prove separately the three statements, each one having a preliminary
lemma.



DONSKER-VARADHAN MEET FREIDLIN-WENTZELL 11

Lemma 4.3. The sequence {P<.} C Py is exponentially tight, i.e., there exists a
sequence of compact sets Ky CC D(R,R™) such that

lim lim e log P%. (K§) = —o0.

L—00e—0

Proof. We first show that {n°} is an exponentially tight family of probabilities on
R™. Observe that, by ergodicity, 7° = limg_oo T fOTdt P5(X: € ). Recalling
(4.5), for R > 0 let uff: R — [1,+00) be a smooth function such that
R@y_{ﬂw if |2 > R+ 1,

u€
1 if |2] < R.

In view of Assumption 2.1 and (4.6), there are R, > 0 such that for any e small
enough L.uf' < —auf so that

B(u(X0) < 1-a [ B (X))

Whence, by Gronwall’s lemma, sup, E§(uff(t)) < 1. By changing the value of the
parameter v € (0,1) in (4.5), this bound provides the uniform integrability of uf?

with respect to {T‘1 fOTdt Ps(X; € Therefore, by ergodicity,

’ }T>0'

/dﬂ's(m) uf :TIE};O*/ dt]E‘S Xt)) <1

which, by Chebyshev inequality, yields the exponential tightness of {m¢}.

We now observe that the Freidlin-Wentzell asymptotics implies that for each
T > 0 the family {P%}.>0 is exponentially tight on C([0,T]; R™) uniformly for = in
compacts. Since P5. = [dr®(z) P, the statement follows. O

Proof of Theorem 4.2, item (i). Fix Ty < T». By the basic entropy inequality, see
e.g. [16, Prop. A1.8.2], and (4.4), for any P € Py and any event B on D([T},Tz|; R™)

10g2 + (T2 — Tl) j‘fE(P) )
log (1+ [P5-(B)] ")

The statement now follows from Lemma 4.3. O

P(B) <

As just proven, sequences {P.} with equi-bounded rate function admit cluster
points. We next show they enjoy some regularity.

Lemma 4.4. There is a constant C > 0 depending on V, ¢, a such that the following
holds. If {P.} C Py is a sequence converging to P then for any Th < T

/dP(X)[|VV(Xo)|2+T 1T1/ dt|Xt|2] <C[1+hm59{5(P )}

e—0

Proof. In order to obtain the estimate on [dP(X)|VV(Xy)|?, we first prove the
following bound. There are constants v, C > 0 such that for any 7' > 0

T
Tim e log <. (exp {1/ AtV (X,) ~a(Xt)VV(Xt)}> <C(1+T). (47
e—0 € Jo

For A € (0,1) to be chosen later, let M* be the PS martingale given by

)\ t
-2 /0 VV(X,) - (dX, — b(X,)ds)
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where we understand the It6 integral. Its quadratic variation is

222 i

(M), :
€ Jo

dsVV(Xy) - a(Xs)VV(Xs).
Setting ® = M — (1/2)(M*)7 and recalling that b = —aVV + ¢, from Itd’s
formula we get
A T
) = 5{V(XT) -V (Xo) +/ dt [(1 —ANVV(Xy) - a(Xy)VV(Xy)
0

— e T (a(X) D2V (X)) = VV(X) - (X0)] }
Assumption 2.1 implies that for each o € (0,1 — \) there is a constant C, such that
for any e small enough

o). > g{ S V(Xo) = CoT 4+ (1— A —0) /TdtVV(Xt) a(X)VV ()},

Hence, setting v:= A (1 — X —0)/2,
v [T 1.5 A
g dt VV(X,:) . a(Xt)VV(Xt) S 5(13:,1 + % [CUT + V(Xo)]
0
so that, by Cauchy-Schwarz,

[Eig (eg [T dt vv(xt)-a(xt)vv(xt))}2 < AT (e‘b%) /dﬂs v

We deduce the bound (4.7) by observing that ES. (€¢;) = 1 and, as follows from
the proof of Lemma 4.3, that there exists A € (0,1) for which

melog/dwE e:V < 4.
e—=0
By the variational characterization of the relative entropy, for any P. € Py
T
/dpg(X) / dtVV(Xy) - a(X)VV(Xy)
0
< ElogEie (e% ontVV(Xt)'a(Xt)vv(Xt)) + fg{[o 7] (p€|Ip>7€T£).
Y v '

If P. — P, by the translation invariance of P, Fatou’s lemma, the previous bound,
(4.4) and (4.7),

1 T
/ AP(X)VV (Xo) - a(Xo)VV(Xo) = / aP(X) 7 /O AV (X,) - a(X)VV (X))

<lim [dP.(X) % /Tdt VV(Xy) - a(Xy) VV(Xy)

e—0 0

C 1 1
< —(1+ =)+ =limeH(P.).
7( T) Y e=0 (Fe)

As the left-hand side does not depend on &, we may choose at the beginning a
sequence € which achieves the liminf on the right-hand side. Since a is uniformly
elliptic, the first assertion of the Lemma is proved.
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In order to obtain the estimate on the derivative, we next prove the following
bound. There are constants 1,72, C > 0 such that for any 7" > 0 and any v €
C1([0,T]; R™) with support in (0,7

— c Y1
ggr(l)elogEﬁ(exp{g / dt[vy - Xy — ’Y2|Ut|2]}> <C(1+17T). (4.8)

For A > 0 to be chosen later, let M* be the P$ martingale given by

t
M) = —? ; vs - (dXs — b(X,)ds)

whose quadratic variation is

2
(M), 8>\ /dsv6~ Xs)vs.

Set @) := M3 — (1/2)(M*)7 and recall vy = vr = 0. Integrating by parts and
using Assumption 2.1 we deduce there are constants o, C' > 0 such that

At b 1,  CA r

- / dt [’Ut . Xt — ’)/2|’Ut| } S *‘I)T + 7{T + / dt VV(Xt) . G(Xt)VV(Xt)}

€ Jo 2 2e 0
By choosing A small enough and using ES. (¢*7) = 1 together with (4.7) we thus
achieve the proof of (4.8) by Cauchy-Schwarz.

Pick a family {v*} of paths in C'((0,T); R™) with compact support and dense
in L2((0,T); R™). Assume that v! = 0. In view of (4.8), the variational character-
ization of the relative entropy, and a classical argument which allows to bound a
maximum over a finite set in exponential estimates, there exists a constant C' > 0
such that for any N € N,

T
lim [dP.(X) max /dt oF - Xy — v +7)[1+ lim e3¢ (P.)]
c—0 < )ke{l ..... Ny Jo [0 X 72‘1%‘] T) lim (P.)
Since P, — P and v! = 0, from Fatou’s lemma we deduce
T
/ ( )ke{ml,z.i.}.{,N}/O [Ut ’YQ‘Ut’ } + ){ +61jnég ( E)}

whence, by monotone convergence,

T
/dP(X)sup/ dt[if - X — 7o |of[] < Co(1+T) [1 + @5%E(PE)].
keNJo e—0
Since the family {v*} is dense in L2((0,7);R") this estimate implies that P-a.s.
X belongs to H1([0,T]) and, by the translation invariance of P, the second part of
the bound in the statement. g

Proof of Theorem 4.2, item (%). For § > 0 let 15 be a smooth probability density
on R with support contained in (0,d). For X € D(R;R"™) let 15 * X € C*°(R;R")
be defined by

(15 % X))y := /dsza(t —5) X,

where, by the support property of 15, we can restrict the integral to (¢t — 4,¢). In
particular, dt’L§ * X =15+ X. Given w € C’(R” x R™;R™) bounded, let W; be the
R”-valued function on R x D(R;R™) defined by

Wi(t, X) == xs(t) w((es * X)g, (15 % X)),
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where xs5: R — [0,1] is a smooth function satisfying xs(¢t) = 0 for ¢ < § and

xs(t) = 1 for t > 25. Note that, by construction, Ws(¢,-) is continuous, bounded,

and measurable with respect to the o-algebra generated by { X, s € [0,]}.
Consider now the P5-martingale M%< defined by

1 t
M* = g/ Wi(s,X) - (dXs — b(X,)ds)
0
whose quadratic variation is

9 [t

5y =2 [ ds (s, X) - al X Wi(s. X),
0

Let finally ®5.: D(R;R™) — R be the 0{X;, s € [0, 1]} measurable function defined

by

1
e 1= MY" = (MO,

and observe that ES (e®s<) =1, z € R™.

Even if ®5 . is neither continuous nor bounded, by a truncation procedure whose
details are omitted, see e.g. [26, Lemma 6.2] for a similar argument, we can take ® =
®s.. in the variational representation (4.1). If {P.} C Py is a sequence converging
to P, by (4.2) and the regularity of P in Lemma 4.4 we deduce that

lim & 5 /dP / dt [ Wi (6, X) - (X, — (X)) ~ Wilt, X)-a(X)W5 (1, X)|.
e—0

In view of Lemma 4.4 and dominated convergence, we can take the limit as § — 0
inside the integrals on the right hand side above. We thus infer that for any bounded
w € C(R™ x R™; R™)

hm Eg’(s /dP /dt Xt7Xt) (Xt—b(Xt)) (Xt,Xt)u(Xt)w(Xt,Xt)}.
e—0

Recalling (2.4) and (2.5) we conclude, using again Lemma 4.4 and dominated con-
vergence, by considering a suitable sequence {w,, } with w,, bounded for each n and
converging pointwise to w* with w*(z,y) = (1/2) a(z) "y — b(z)]. O

In view of density result proven in Lemma 3.3, in order to construct the recovery
sequence in item (iii) of Theorem 3.2 it suffices to consider the case in which P is
smooth holonomic, i.e. P = §~1 fosds dp.v for some S > 0 and some S-periodic path
Y € CY(R,R"™). To construct the sequence {P.} for such P, pick first U: R® — R
such that: U € C?(R"), the minimum of U is uniquely attained at x = 0, the
Hessian D?U(0) is strictly positive definite, and U = V outside some compact set
K cc R”. Consider now the non-autonomous stochastic differential equation

{dnf = be(t, 1)t + VEE o (1f — Yi)duy (o)

=T

where

b-(t,x) == —a(z = V})VU(z — Y;) + eV -a(z - V;) + Y4, (t,z) € [0, +oo)(>< }R’;
4.10

in which V-a is the vector field given by the divergence of a, i.e. (V-a); = Zj 0ja;;.
Note that b, is S-periodic in the first variable. Denote the law of n® by QF and
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let 1 be the probability on R™ whose density is proportional to exp{—U/e}. Set
finally v° := p(Yy + -) and Q5. := [dv(z) Q5.

Lemma 4.5. The probability Q5. is invariant with respect to 0g. Furthermore
°e = 0y ase — 0 and for each € € (0,eq) there exist a constant C. such that for
anyn € N and s € [0, 5]

€ g . ¢
n [Oxns]( ve 00y )S n

S
+ i/d@; (X)/O dt [be(t, X¢) — b(X3)] - a™ (X)) [be(t, Xy) — B(X2)].

Proof. By direct computation Q5. is the law of Y + (° where (° is the stationary
process associated to the autonomous stochastic differential equation

s = [ = a(G)VU(CG) +e V- a(¢)]dt + V2e o(¢F ) duwy.

Observe indeed that (¢ is reversible with respect to u°. Since Y is S-periodic and
the law of (° is translation invariant we deduce that Q5. is invariant with respect to
0s. By the properties of U, we readily conclude that (¢ converges to 0 in probability
and therefore that Q5. — dy .

For notation simplicity, we prove the entropy bound only when s = 0. Let M*®
be the PZ martingale given by

M o= g [0 0 Bl X) = DX - (4K, — BOX))

whose quadratic variation is

iz g [ s [l X0~ X)) 0 () el X — BOX)
By Girsanov formula, for each T' > 0
d(Q;)[O,T]
d(P) 0.1y
Using [24, Thm. VIII.1.7] we deduce
Bt ()0 () 1)) = [ 405 [M — 5041 = %/d@; (M%)

which yields

= exp {M:? - %<M8>T}~

J{[OT]((@ -) = Ent(v°|7°) /d@

In view of the 6g invariance of Q¢., setting C. := Ent(v 5|7r ), the stated bound
follows once we show that C. is finite. To this end, we first obtain a lower bound
on the tail of 7¢. Denote by p® the density of n¢ with respect to the Lebesgue
measure, dn® = p®dzr. By Assumption 2.1 and standard results, p® is smooth,
strictly positive, and solves the stationary Fokker-Planck equation

e > 00(ais0%) = D 0i(bin%) =
ij=1 i=1

Set v := p®exp{yV/e} for some v > 0 to be chosen later; by direct computation
it solves

A" +h® =0
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where A, is the elliptic operator defined by
Acv = e Tr(aD*v) — (b4 2vaVV —2eV -a) - Vo
and

h = g[b YV 44VV -aVV] =y Tr(aD*V) = 29(V - @) - VV = V - b+ £0,0;0, ;.

As follows from Assumption 2.1, for each € € (0,¢p) there exist v, R > 0 such that
h(z) > 0 for all x € R™ such that |z| > R. Let now m, := inf{v*(z), || = R} >0
and set u® = mg. — v¢. Then u®(x) < 0 for || = R and, by the positivity of v¢, we
have u®(z) < m, for any = € R. Finally, by the choices of v and R, for |z| > R the
function u® solves

Asus = Aa(ms - ’US) = _AEUS = hv® > 0.

From the Phragmeén-Lindelhof maximum principle, see [23, Thm. 2.19], we then de-
duce u®(x) < 0, for all z € R™ such that |z| > R. Hence p*(z) > m. exp{—yV (z)/e}
for |x| > R. As v°(dx) = Z- ' exp{—U(x — Yy)/e}dx with Z. the appropriate nor-
malization, we get

o . e—U(m—Yo)/a
Ent(v®|m Z/dl/ z) log ——————
(17°) (@) log *— s

/ g ( ) | er(szo)/E
< ve(x) log ———
lz|<R Zep*(z)

1 1 0
£(z) |1 — Uz —Yy) + 2L
+/z>Rdy (2) [log 5 = ZU@ —Y0) + 1V (@)

which is bounded as V has super-linear growth as |z| — co and U = V outside a
compact. ([

Proof of Theorem 4.2, item (ii). By Lemma 3.3 it suffices to consider the case in
which P is smooth holonomic. For P and Q%. as introduced before Lemma 4.5, set

1 S
PE ZEA dSQieoes_l

that is translation invariant by the g invariance of Q%.. By Lemma 4.5, the
sequence {P.} converges to P. Moreover, using also (4.4) and the convexity of the
relative entropy,

€ 1 s € 7 -1 7
e H(P,) < E/o dt/d@l,g(X) [b2(t, X2) — b(X)] - a1 (X0) [bo(t, X2) — b(X2)].

Recalling (4.10), since Q5. — dy then b. (¢, -) converges in Q.-probability to Y;.
As the marginal at time ¢ of Q% is equal to v§ := p*(Y: + -) and U = V outside
some compact, we obtain the needed uniform integrability to infer

. 1 S . )
T e 36(P) < g [ e[V = b00)] - (00 Y = Y] = 9(P),

which concludes the proof. [
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5. LARGE DEVIATIONS OF THE GALLAVOTTI-COHEN OBSERVABLE

The Gallavotti-Cohen observable has been originally introduced in the context
of chaotic deterministic dynamical systems as the expansion rate of the phase-space
volume and it has been shown to satisfy the so-called fluctuation theorem [13]. The
definition of this observable for stochastic dynamics has been originally discussed
in [18] and in more generality in [21,22]; we refer to [14] for a review and to [8] for
an experimental check of the fluctuation theorem.

In the present context of non-degenerate diffusion processes, introduce the time
inversion as the involution ©: C(R;R") — C(R;R"™) given by (0X); = X_;.
Recalling that P<. denotes the stationary process associated to (1.1), the Gallavotti-
Cohen observable can then be seen as an empirical estimator for the relative entropy
per unit of time of PS. with respect to P<. 0 © 71, namely

d(P%e) o 1y
d(Ps. 0 O 1)

— €
Wi = T log
(0,77
where the subscript [0, 7] denotes the restriction of the probability to that time
interval. The factor € has been inserted for notation convenience when discussing
the small noise limit ¢ — 0. Note indeed that EZ. (W[’SO T]) > 0 and it is in fact
proportional to the relative entropy per unit of time of PS. with respect to PS.0©~1.
The content of the fluctuation theorem is the following. Assume that the family of
real random variables {W[%j] }r>o satisfies a large deviation principle as T — oo
and denote by s.: R — [0, +00] the rate function. Then the odd part of s is linear,
se(q) — se(—¢q) = —q/e, where the factor € is due to the choice of the normalization.
The physical interpretation of the fluctuation theorem is that the ratio between
the probability of the events {W[%’T] ~ ¢} and {W[%,T] ~ —q} becomes fixed,
independently of the model, in the large time limit.

An informal computation based on the Girsanov formula shows that

p°(Xr)
p*(Xo)
where o denotes the Stratonovich integral and p® is the density of the invariant
measure 7°. In the case of a compact state space, the standard route to obtain the
large deviation principle for the family {W[% T]}T>0 is the following [21]. Neglect

—~ 1 T - .
Wi (X) = T/o a(Xy)"'0(Xy) 0 dX; — T log

(5.1)

the second term on the right hand side of (5.1), which becomes irrelevant in the
limit 7' — oo, and prove, by using Girsanov and Fenyman-Kac formulae together
with the Perron-Frobenious theorem, that the limit

1 AT
AN ::Tli_r)réoilogEf,E(exp{T/o a(Xt)*lb(Xt)odXt}), AeR (5.2)

exists and it can be expressed as the maximal eigenvalue of a perturbed generator.
An application of the Gartner-Ellis theorem then yields the large deviation principle
while the fluctuation theorem follows from the symmetry A.(\) = A.(—e~1 — )).
As detailed in [15], the route sketched above in general fails in the present case
of non-compact space state: it is neither possible to neglect the second term on
the right hand side of (5.1) nor to prove the existence of the limit in (5.2) for any
A € R. Following [3,25,27] and recalling the decomposition (2.2), we here define
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the Gallavotti-Cohen observable by

T
W[O,T] (X) = %/0 a(Xt)—lc(Xt) odXy, (53)
namely as the work done, in the metric defined by the diffusion matrix, by the
non-conservative part of the drift. As shown in [3,25,27], for each & > 0 the family
of probabilities on R given by {P5. o (Wjo, 1)) '}r>o satisfies a large deviation
principle and the corresponding rate function s. satisfies the fluctuation theorem.
The present purpose is to obtain a variational representation of this rate function in
the small noise limit € — 0. This problem has been originally addressed heuristically
n [19]. A mathematical analysis has been carried out in [3] when the limit e — 0
is taken before the limit 7" — oo and the limiting rate function is then expressed
in terms of the Freidlin-Wentzell rate functional. The analysis when the limits are
taken in the converse order has been carried out in [25] by using tools from semi-
classical analysis. It is a byproduct of the current analysis that the limiting rate
function is, surprisingly, actually independent of the limiting procedure.

Before discussing the Gallavotti-Cohen observable, we note that the fluctuation
theorem is already present at the level of the empirical process, i.e. for the rate
functional J in (2.5).

Proposition 5.1. For any P € Py such that I(P) < 400

1
J(Po©~ ") —I(P) :/dP(X) W[OJ](X):/dP(X)/dta(Xt)’lc(Xt)oXt.

0
Proof. Recalling (3.4), that provides the needed integrability conditions, the proof

is simply achieved by using the decomposition (2.2) and expanding the square in
(2.4). Note indeed that the boundary term vanishes by translation invariance. [

In the next statement we employ the same convention on lim. 7 and lim_ , as
the one used in Theorem 2.2.

Theorem 5.2. Assume that |z] < C(1 + |VV($)|2), x € R", for some constant
C > 0. Then, as e — 0 and T — oo, the family of probabilities on R given by
{Pi o (W[O’T])_l, T>0¢e> 0} satisfies, uniformly for x in compact sets, a large
deviation principle with speed e YT and rate function s: R — [0, +00] given by

s(q) = inf{J(P)7 /dP(X)/Oldta(Xt)lc(Xt) X, = q}.

Namely, for each compact set K CC R™, each closed set C' C R, and each open set
ACR

—_— 13
T £ logP* < _inf
i sup 7 log (Wi €0) < inf s(q)

€
lim inf — logPt (W] € A) > — inf s(q).
Te oK T g .L( [0,T] ) = A (q)
Moreover, the function s is good, convexr, and satisfies the fluctuation theorem
s(—q) —s(q) = ¢-

Since, as proven in Lemma 3.3, the family of probabilities {7}, is exponen-
tially tight, the previous statement also holds when %, is replaced by the stationary
process P2..
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Proof. It is convenient to rewrite Wjo 7} in (5.3) in terms of the It6 integral,
Wior(X) = Wior(X) + e Z3(X)
where

— 1 [T
W[07T] (X) = T/O a(Xt)*lc(Xt) -dX,

and, by Assumption 2.1, ZL(X) is bounded uniformly in 7 and X and therefore
irrelevant for the large deviations. Recalling the definition of the empirical process
in (2.3) we next observe that

[0 Wioay(X) = Wio () + 7 Z4(X) (5.4)

where Z2 takes into account the jump inserted by the T-periodization,
Z7(X) = a” " (X7) e(Xr) - [Xo — X7].

As we assumed |z| < C(1+|VV(x)[?), the bounds provided by (3.4) and Lemma 4.4
imply that also T-'Z2(X) is irrelevant for the large deviations. Therefore (5.4)
expresses the Gallavotti-Cohen observable as a function of the empirical process.
However, as W 1; involves the It6 integral, this function is not continuous. By a
truncation procedure that it is not detailed, see [26, Lemma 6.2] for a similar argu-
r/r\l/ent, we can however construct a continuous, exponentially good approximation of
Wio,1) and deduce the large deviation principle for W[O’T] by contraction principle
from Theorem 2.2.

The convexity of the rate function s readily follows from its definition while the
fluctuation theorem is a corollary of Proposition 5.1. (]
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REFERENCES

[1] R. Azencott; Grandes déviations et applications. Lecture Notes in Mathematics 774, 10-176.
Springer, Berlin 1980.

[2] P. Bernard; Young measures, superposition and transport. Indiana Univ. Math. J. 57, 247—
275 (2008).

[3] L. Bertini, G. Di Gesu; Small noise asymptotic of the Gallavotti-Cohen functional for diffu-
ston processes. ALEA, Lat. Am. J. Probab. Math. Stat. 12, 743-763 (2015).

[4] L. Bertini, D. Gabrielli, C. Landim; Concurrent Donsker-Varadhan and hydrodynamical large
deviations. Preprint 2021, arXiv:2111.05892.

[5] L. Bertini, D. Gabrielli, C. Landim; Metastable I'-ezpansion of finite state Markov chains
level two large deviations rate functions. Preprint 2022, arXiv:2207.02588.

[6] P. Billingsely; Convergence of probability measures. Wiley, New York, 1968.

[7] A. Braides; I'-convergence for beginners. Oxford university press, Oxford, 2002.

[8] S. Ciliberto, C. Laroche; An experimental test of the Gallavotti-Cohen fluctuation theorem.
J. Physique IV, 08 (Pr6), 215-219 (1998).

[9] J.D. Deuschel, D.W. Stroock; Large deviations. Academic Press, Boston, 1989.

[10] G. Di Gesti, M. Mariani; Full metastable asymptotic of the Fisher information. SIAM J.
Math. Anal. 49, 3048-3072 (2017).

[11] M.D. Donsker, S.R.S. Varadhan; Asymptotic evaluation of certain Markov process expecta-
tions for large time. Comm. Pure Appl. Math. (I), 28, 1-47 (1975), (II), 28, 279-301 (1975),
(111), 29, 389-461 (1976), (IV), 36, 183-212 (1983).

[12] ML.I. Freidlin, A.D. Wentzell; Random perturbation of dynamical systems. Springer-Verlag,
New York, 1984.



20

L. BERTINI, D. GABRIELLI, AND C. LANDIM

[13] G. Gallavotti, E.G.D. Cohen; Dynamical ensembles in stationary states. J. Statist. Phys. 80,

931-970 (1995).

[14] V. Jaksié, C.-A. Pillet, L. Rey-Bellet; Entropic fluctuations in statistical mechanics I. Clas-

sical dynamical systems. Nonlinearity 24, 699-763 (2011).

[15] V. Jaksié, C.-A. Pillet, L. Rey-Bellet; Entropic fluctuations in thermally driven harmonic

networks. J. Stat. Phys. 166, 926— 1015 (2017).

[16] C. Kipnis, C. Landim; Scaling limits of interacting particle systems. Springer-Verlag, Berlin,

1999.

[17] R. Khasminskii; Stochastic stability of differential equations. Second edition. Springer-Verlag,

Berlin Heidelberg, 2012.

(18] J. Kurchan; Fluctuation theorem for stochastic dynamics. J. Phys. A 31, 3719-3729 (1998).
[19] J. Kurchan; Gallavotti-Cohen theorem, chaotic hypothesis and the zero-noise limit. J. Stat.

Phys. 128, 1307-1320 (2007).

[20] C. Landim; Metastability from the large deviations point of view: A TI'-expansion of the level

two large deviations rate functional of non-reversible finite-state Markov chains. Preprint
2022, arXiv:2209.11532.

[21] J.L. Lebowitz, H. Spohn; A Gallavotti-Cohen-type symmetry in the large deviation functional

for stochastic dynamics. J. Statist. Phys. 95, 333-365 (1999).

[22] C. Maes; The fluctuation theorem as a Gibbs property. J. Statist. Phys. 95, 367-392 (1999).
[23] M.H. Protter, H.F. Weinberger; Maximum principles in differential equations. Springer-

Verlag, New York, 1984.

[24] D. Revuz, M. Yor; Continuous martingales and Brownian motion. Springer-Verlag, Berlin

Heidelberg, 1991.

[25] R. Raquépas; The large-time and vanishing-noise limits for entropy production in nondegen-

erate diffusions. Preprint 2020, arXiv:2004.12015.

[26] S.R.S. Varadhan; Large deviations and applications. Society for industrial and applied math-

ematics (STAM), Philadelphia, 1984.

[27] F.-Y. Wang, J. Xiong, L. Xu; Asymptotics of sample entropy production rate for stochastic

differential equations. J. Stat. Phys. 163, 1211-1234 (2016).

LORENZO BERTINI

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI ROMA ‘LA SAPIENZA’
P.LE ALDO MORO 2, 00185 Roma, ITALY

E-mail address: bertini@mat.uniromal.it

DAVIDE GABRIELLI

DISIM, UNIVERSITA DELL’AQUILA

67100 CoppiTO, L’AQUILA, ITALY

E-mail address: davide.gabrielli@univaq.it

CLAUDIO LANDIM

IMPA

EsTRADA DONA CASTORINA 110,

J. BoTANICO, 22460 RI10 DE JANEIRO, BRAZIL

and

CNRS UMR 6085, UNIVERSITE DE ROUEN,

AVENUE DE L'UNIVERSITE, BP.12, TECHNOPOLE DU MADRILLET,
F76801 SAINT—ETIENNE—DU—ROUVRAY7 FRANCE.

E-mail address: landim@impa.br



