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Abstract: Artificial ion-exchange and other charged membranes, like as biomembranes, are

self-organizing nanomaterials built from macromolecules. The interactions of fragments of mac-

romolecules results in phase separation and formation of ion-conducting channels. The properties

conditioned by the structure of charged membrane determine their application in separation pro-

cesses (water treatment, electrolyte concentration, food industry and other), energy (reverse

electrodialysis, fuel cells and other), chlore-alkali production and other. The purpose of this review

if to provide guidelines for modeling the transport of ions and water in charged membranes, as

well as to describe the latest advances in these field with a focus on power generation systems. We

briefly describe the main structural elements of charged membranes, which determine their ion

and water transport characteristics. The main governing equations and the most commonly used

theories and assumptions are presented and analyzed. Known models are classified; they are de-

scribed based on the information about the equations and assumptions given in previous sections.

The main attention is paid to the models, which have the greatest impact and are most frequently

used in the literature. Among them, we focus on recent models developed for proton-exchange

membranes used in fuel cells and for membranes applied in reverse electrodialysis.

Keywords: charged ion-exchange membranes; mathematical modelling; energy production and

storage; ion and water transport; structure-property models; transport equations; conductivity;

permeability; permselectivity
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1. Introduction

Ion exchange membranes (IEMs) are widely used in water treatment and energy
storage/generation systems. Water treatment, desalination and concentration of solu-
tions, ion separation and some other applications are carried out using electrodialysis
(ED) [1-4]. As for energy storage and generation, proton-exchange membrane (PEM)
electrolysis, reverse electrodialysis (RED), redox flow batteries (RFB), fuel cells (FC) and
some other membrane processes are applied [5-13] (Figure 1). In ED (Figure 1a), feed
solution components are transferred through alternating cation-exchange (CEM) and
anion-exchange membranes (AEM) under the action of an external electric field [1-4]. As
a result of this process, the feed solution is concentrated in some compartments (concen-
tration compartments) and desalinated in others (desalination compartments). This also
allows to consider ED as a process associated with the energy storage. Such features of
ED make it an attractive technology for application in various fields [7]: water desalina-
tion (sea water, well water, brackish water, etc.); wastewater treatment (industrial, agri-
cultural, municipal wastes); food industry (wine, dairy, production of juice drinks, etc.);
medicine (purification of amino acids, desalination of pharmaceutical intermediates, re-
covery of blood plasma proteins, etc.); electronic industry (purification of water for elec-
tronics processing); production of ultrapure water and many other areas. In RED (Figure
1b) no external electric field is applied, and alternating CEM and AEM separate the feed
concentrated (e. g. sea water) and the feed dilute (e. g. river water) solutions. Species
diffusion through a membrane causes an ionic fluxes from a concentrated solution to a
dilute one, and the energy released during this process generates electricity [14]. It should
be noted that in Figure 1b, as an example, the counter-current operation of the RED is
demonstrated (sea and river water in the corresponding compartments moves in oppo-
site directions). However, from a practical viewpoint, the co-current mode (co-directional
movement of sea and river water in the respective compartments) is preferable and al-
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9% lows for greater productivity [15]. Power generation is an application of RED, but there
97 are some specific applications [16]: RED, designed to produce hydrogen and store energy
98 in batteries; RED for wastewater treatment using electricity in situ; various integrations
99 of RED with other desalination technologies. By analogy with ED, PEM electrolysis
100 (Figure 1c) is associated with energy storage [10], and FC (Figure 1d) with its production
101 RED [17,18], similar to RED. In PEM electrolysis, water molecules are fed into the anode
102 catalyst layer, where they are oxidized to oxygen and protons, i.e., an oxygen evolution
103 reaction (OER) takes place:
H,0 > 2H +1/20,+2¢ . (1)
104 The resulting oxygen is removed from the device, and the protons are transferred by
105 an electric field through the PEM to the cathode catalyst layer, where they are reduced to
106 hydrogen, i.e., a hydrogen evolution reaction (HER) takes place:
2H +2¢ > H,. (2)
107 In FC with PEM, the opposite happens: hydrogen is fed into the anode catalyst layer,
108 where it is oxidized to protons — hydrogen oxidation reaction (HOR):
H, > 2H" +2¢ . 3)
109 As a result of this reaction, heat and a direct electric current are generated. The re-
110 sulting protons are transferred through the PEM to the cathode catalyst layer, where
111 oxygen is also supplied. As a result, an oxygen reduction reaction (ORR) takes place in
112 the cathode layer with the water formation:
2H" +2¢ +1/20, > H,O . (4)
113 As for RFB, their application is related to both generation and storage of energy.
114 Aqueous RFB (Figure 1e) is a sandwiched structure consisting of positive and negative
115 porous carbon electrodes separated by an ion-exchange membrane. The external reser-
116 voirs contain electrolytes with dissolved active species that circulate through the porous
117 electrodes. Electrochemical reactions take place on the electrodes to store or release elec-
118 tricity. The energy storage tanks are separated from the power pack, therefore, the stored
119 energy can be scaled [17].
120 The use of IEMs in these applications is due to their ability to enhance or impede
121 species transfer not only because of the size of the species, but also because of their

122 charge.
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123 Figure 1. Scheme and principle of work of the main membrane devices related to energy produc-
124 tion and storage: conventional electrodialysis (a), reverse electrodialysis (b), PEM electrolyzer (c),
125 fuel cell (d) and redox flow battery (e).
126 Synthetic ion exchange membranes (IEMs) are polymeric materials whose structure
127 is based on aliphatic, aromatic or perfluorinated residues containing functional groups
128 (-SOs7, -NHs* and others). These functional groups are fixed due to a strong chemical
129 bond with the polymer matrix, and the presence of a charge in such a group allows it to
130 participate in exchange reactions with ions from an external solution (Figure 2).
< )
-SO, (+ + — -SO; + +
NP
<N
-NH; - - ==_NH = -
131 L
132 Figure 2. Schematic representation of exchange reactions on fixed membrane groups.
133 Depending on the sign of the charge of the functional groups fixed to their matrix,
134 membranes are divided into cation-exchange (negative fixed charge) and anion-exchange
135 (positive fixed charge). A detailed description of the structure and types of polymer chain
136 architecture of various cation and anion exchange membranes was reviewed by Ran et al.
137 [19].
138 According to the structural feature and method of production, membranes are tra-
139 ditionally divided into homogeneous and heterogeneous. Homogeneous membranes are
140 usually produced by copolymerization of monomers. There are two types of such IEMs:
141 single-phase (Nafion, DuPont Co., Wilmington, California, USA; MF-4SK, Plastpolimer,
142 St. Petersburg, Russia, and others) represent a continuous layer of ion exchange material
143 (homogeneous at the micrometer scale) with more or less evenly distributed fixed
144 groups; two-phase (Neosepta AMX, CMX, Astom, Tokyo, Japan; CJMCED, CJMAED,
145 Hefei ChemJoy Polymer Materials, Hefei, China; and others), the structure of which,
146 along with a sulfonated polymer, may include an inert binder and reinforcing fibers

147 [20,21]. Heterogeneous membranes are produced by mixing microgranules (about 5-50
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148 pum) of an ion exchange resin with an inert binder (MK-40, MA-40, Shchekinoazot, Rus-
149 sia; Ralex CMH, AMH, MEGA a.s., Czech Republic, and others) [21]. This IEMs may be
150 reinforced with meshes or fabrics made of various polymers (polyester, capron, lavsan,
151 polyvinyl chloride, and others) to achieve high mechanical strength. Such a structure
152 leads to significant differences in physicochemical properties of membrane bulk and
153 surface on micrometer scale: there are both electrically conductive and non-conductive
154 areas corresponding to the phase of the ion exchanger and the inert binder, respectively;
155 the presence of a reinforcing fabric contributes to the development of geometric hetero-
156 geneity (waviness) of the surface. This kind of heterogeneity may contribute to the de-
157 velopment of electroconvection in electromembrane systems [22,23].

158 It should be noted that despite the presence of two phases in the structure of the
159 material, Neosepta, CJMCED, CJMAED and other similar membranes are still tradition-
160 ally called homogeneous [3,7]. However, "homogeneous" membranes, strictly speaking,
161 are inhomogeneous on the 10-100 nm scale. When swollen in an aqueous solution, they
162 contain hydrophilic pores/channels enclosed in a hydrophobic matrix. These
163 pores/channels allow the transport of ions and water across the membrane [24].

164 The characteristics of the IEM are determined by the requirements of the process in
165 which they are applied [9]. There are membranes of several special grades, which are
166 used in different applications. In electrodialysis water desalination, alternating cati-
167 on-exchange and anion-exchange membranes (CEM and AEM) are used. Cations pass
168 through the cation-exchange membrane, and anions, respectively, through the ani-
169 on-exchange membrane. Thus, ED requires membranes that provide counterion/coion
170 selectivity [25]. There are many applications where the permselectivity for a specific ion
171 is needed. For example, the separation of monovalent and multivalent ions of the same
172 sign of charge (such as Na* and Ca?) is required for water softening. This separation is
173 achieved with the use of special-grade membranes, monovalent-ion-selective mem-
174 branes, which are used in a process called selectrodialysis [26]. In the electrodialysis
175 production of alkalis and acids, another special-grade membranes, bipolar membranes,
176 are used. Their important property is an increased catalytic activity for the water disso-
177 ciation reaction [27]. In vanadium redox flow batteries [12], IEMs are utilized that allow
178 catholyte and anolyte solutions to exchange charge balancing species (e.g. protons for
179 CEM and sulfate/bisulfate for AEM) but not active redox vanadium ions. In pro-
180 ton-exchange membranes used in fuel cells and electrolysis, in addition to ions, it is im-
181 portant to control the transfer of water and/or neutral solutes [9,28].

182 With such diverse requirements for IEMs, the challenge for researchers is to improve
183 understanding of the fundamental properties of membranes responsible for various de-
184 sirable or undesirable effects. The purpose of this article is to help researchers solve this
185 problem of better understanding through mathematical modeling and simulation. The
186 paper discusses the relationships between membrane structure and their properties,
187 gives basic equations and well-established models, their classification. With that, new
188 approaches to the description of transport phenomena in charged membranes are re-
189 viewed. The main attention is given to the models related to energy generation applica-
190 tions. Related phenomena such as chemical reactions (water splitting, acid dissociation,
191 etc.) are also considered.

192 2. Structure of IEMs

193 2.1. Clusters and channels

194 IEMs are self-assembling nanostructured materials composed of macromolecules
195 [29]. The structure and hence the properties of biological membranes and IEMs have
196 some similarities [30]. The main components of the structure of biological membranes are
197 amphiphilic compounds having both hydrophilic and hydrophobic components (Figure
198 3). They consist of a phosphate ‘head’ (circles in Figure 3b) and a lipid ‘tail’ (lines) that

199 are, respectively, compatible and incompatible with water.
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Figure 3. Schematic representation of a biological membrane (a) and lipid bilayer (b).

The main structural element of the functional part of IEMs is a hydrophobic base,
consisting of hydrocarbon (such as in Neosepta membranes, Astom) or perfluorinated
(such as in a Nafion®, Dupont) chains. The charged functional groups make up the hy-
drophilic part of the IEM. Due to the flexibility of polymer chains, this combination en-
sures self-organization in the membrane bulk [31]. The polymer chains form the matrix of
the membrane, while the functional groups are assembled into clusters, the size of which
is on the order of several nanometers. In an aqueous solution, the hydrophilic functional
groups became hydrated and the membrane swells. The size of the clusters increases,
conducting channels appear between them, and they form a percolation system when a
certain water content is reached [32]. Therefore, hydrophobic components contribute to
the morphological stability of the membrane, and hydrophilic components create a sys-
tem of conducting channels. The degree of swelling depends on the concentration of the
external solution: with an increase in the concentration of the solution, the water content
in the IEM decreases [33]. If the membrane contains weakly basic functional groups, such
as secondary and tertiary amino groups, there is a dependence of the water content on
the pH of the external solution.[34,35].

The cluster and channel model, first proposed by Gierke in [36], describes the main
features of the behavior and adequately explains the transport properties of Nafion®
membranes [24]. The main idea of the existence of relatively large agglomerates/clusters
of functional groups (several nanometers or more), which are connected by narrower
channels (about 1 nm in diameter) (Figure 4) can be also applied to most other IEMs.
Kreuer developed a more detailed representation of the two-dimensional structure of
Nafion® [37], which generally corresponds to the Gierke model. Clusters, channels, some
structural defects, gaps between ion-exchange resin particles, binder and tissue form a
system of pores in IEM, the size of which varies from a few nm to 1-2 microns [38—40].
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Figure 4. Schematic representation of Nafion® structure, proposed by Gierke (a) [36] and Kreuer
(b) [37]. An electrical double layer (EDL) is formed at the charged pore wall, and an electrically
neutral solution is present in the center of the pore.

There is an analogy of the structure of polymer side chains with a fixed functional
group (Figure 5a) and phospholipid molecules of biomembranes (Figure 3b): both con-
tain a hydrophilic ‘head” and a hydrophobic ‘tail’.

Figure 5b shows that structuration of a membrane of the kind of Nafion® begins
even in dry state: functional -SOsH groups attract each other and form clusters because
they are dipoles. The flexibility of polymer chains allows this to be done. With an increase
in the membrane water content, hydrated clusters first form, then intercluster channels
appear, and percolation occurs (Figure 5c). If the backbone polymer chains are not in-
tertwined enough, with sufficient water content, the polymer can split into individual
chains and dissolve.

The solution that fills the clusters, where fixed functional groups are concentrated,
mainly contains counterions formed as a result of the dissociation of functional groups.
The counterions in thermal motion are attracted to fixed charged groups, thus forming an
electrical double layer (EDL) separating fixed ions and electrically neutral solution. The
latter can be present in the center of the cluster, if the EDL thickness is smaller than the
cluster radius (Figure 4a). The central part of the pore contains a small number of coions
carrying a charge of the same sign as the fixed ions. Coions are repelled from the pore
walls by electrostatic forces; this effect is called Donnan exclusion [33] and first described
in his paper in 1911 [41]. The distribution of ions inside the EDL is described by the
Gouy-Chapman theory, which takes into account both electrostatic and thermal interac-
tions. Figure 6a schematically shows the distribution of ions near the pore wall, repre-
sented as a charged plane. The concentration of counterions in the pore solution in-
creases, and the concentration of coions decreases with a decrease in the ratio of the pore
radius to the Debye length (Figure 6a). The latter characterizes the EDL thickness.
Therefore, the smaller the pore radius, the higher the selectivity of the membrane (and
the higher the resistance of the membrane). If the pore radius is greater than the Debye
length, an electrically neutral solution is located in the center of the pore.
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Figure 5. A perfluorinated sulfonated polymer (supra)molecule (a); Formation of nanoclusters in
dry state of a perfluorinated sulfonic-acid polymer (b) (redrawn from [42]); Evolution of the
nanostructure of such a polymer during hydration (c) (redrawn from [32]).

Water molecules that are close to functional groups are structured and largely lose
their mobility [24,30]. As a result, the relative permittivity ¢ decreases as the solution
approaches the functional groups. The permittivity of the Nafion membrane was studied
in detail by Paddison et al. [43]. It is shown that with increasing water content, € increases
linearly, starting from the value corresponding to the dry polymer (¢ = 2.1 for
polytetrafluorethylen (PTFE)) to the value referred to the pore solution of the hydrated
polymer (e = 20 for Nafion® 117) [44] (Figure 6b). The mobility of counterions concen-
trated near the functional groups is very low, mainly due to the strong electrostatic in-
teraction [24]. The side chains also contribute to their low mobility, cluttering up the
space [45]. Due to the finite size of hydrated counterions, their concentration decreases
when the distance from the fixed group becomes less than about 0.5 nm. When ap-
proaching the center of the pores, the concentration of counterions also decreases in ac-
cordance with the Gouy-Chapman ion distribution law in the EDL (Figure 6a).

Water molecules located in the center of sufficiently large pores behave similarly to
molecules in a free solution and & also approaches the value of 81, corresponding to an
electrically neutral solution [46]. The Grotthuss shuttling dominates vehicular diffusion
(solvation diffusion): the proton hops from one HsO* (or HsO2* or even greater) complex
to the neighboring one, instead of moving in the aqueous environment, transferring in
the hydration shell [46].
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Figure 6. (a) Distribution of counterions (1) and coions (2) within a pore near a charged wall with
fixed functional groups (3). Reproduced with permission from [47]. (b) Static permittivity of
Nafion® 117 measured by by Padisson et al. [44] and Lu [48], plotted as a function of the volume
fraction of water sorbed in the polymer. (c) Hydration isotherm (water content, w, as a function of
relative water vapor pressure) for Nafion 117, and the distribution of the dielectric constant and
proton concentration across the hydrated hydrophilic pores for three different values of n (top). A
hydrated counterion is shown near the pore wall. Adapted from [24].

Electronic structure calculations [49] show that in perfluorinated membranes (such
as Nafion®) 2-3 water molecules per sulfonic acid group (w) are needed for proton dis-
sociation. The dissociated proton is separated from the sulfonate anion when 6 water
molecules are added to the membrane. According to Kreuer et al. [24], only at w > 14
there is a two-phase system, where free water is clearly distinguishable in the pore (Fig-
ure 6¢).

A generalized representation of the structure of an IEM is shown in Figure 7. It is a
fragment that includes hydrophobic domains of the matrix, micropores (where EDLs
overlap) and mesopores (where EDLs do not overlap but occupy a significant part of the
pore). This fragment is typical for a homogeneous IEM, which usually do not contain
macropores. Heterogeneous membranes, in addition to micro- and mesopores, also con-
tain macropores, which can be spaces between the particles of the ion exchange resin and
the reinforcing binder and fabric.

The counterion must overcome the potential barrier when moving from one func-
tional group to another [50]. The value of this barrier depends on the energy of electro-
static and chemical interactions between the hydrated counterion and the functional
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301 group and on the energy required to move polymer chains to form a sufficiently large ion
302 transport channel or cluster in the membrane matrix. The average distance between two
303 adjacent functional group depends on the exchange capacity and membrane morpholo-
304 gy. For conventional membrane materials, this distance is in the range of 0.5-1.0 nm [30],
305 in particular for perfluorosulfonic membrane Nafion, it is about 0.8 nm [24,30].

H(X) dx H{x+dx)

- - Gel phase

Hydrophobic domain

Electroneutral
intergel solution

306 e O = -

307 Figure 7. Schematic representation of the IEM structure with its main elements: fixed ions (shown
308 as circles with “~"), EDL formed at the internal interfaces, and electroneutral solution in the center
309 zone of inter-gel spaces. The gel phase includes the polymer matrix bearing the fixed ions and the
310 EDL. Redrawn from [51].

311 2.2. Functional properties and their relation to the nanostructure

312 The main characteristics of IEMs, such as permselectivity and conductivity, primar-
313 ily depend on the ratio of the volumes of the central and near-wall parts of the liquid in
314 the pores. A large fraction of the electroneutral central part, which is typical for big pores,
315 reduces the permselectivity. With an increase in the pore radius, the concentrations of
316 coions and counterions converge, therefore, the contribution of coions to the electric
317 charge transfer increases. Reducing the number and/or radius of the pores leads to a de-
318 crease in conductivity [12,37]. By increasing the length of the backbone and side chains, it
319 is possible to reduce the number and size of hydrophilic pores by increasing the hydro-
320 phobic component of IEM.

321 The membrane conductivity increases with increasing water content [32]. At low
322 water content, which can occur in a PEM of fuel cells due to water crossover [52], an in-
323 crease in water content leads to a sharp increase in the percolation degree (see Figure 5c)
324 causing an exponential growth in conductivity. At elevated water content, the higher w,
325 the larger the pore size, which reduces the tortuosity of the inner membrane morphology,
326 resulting in higher ion mobility.

327 3. Basics of modelling of ion and water transport in ion-exchange membranes

328 The mathematical description of ion and water transport in membranes is reduced
329 to several basic approaches [53-55], which include the balance and transport of charge
330 and matter. In the following, we will briefly review the basic equations, present them in
331 expanded and concise form, and discuss important aspects that will help formulate
332 transfer problems in IEMs.

333 3.1. Conservation equations

334 3.1.1. Material conservation

335 Conservation equations form the main part of the fundamental basis for the math-

336 ematical description of mass transfer. Let us consider an elementary volume AV=AxAyAz
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337 (Figure 8). The change in the amount of some substance in this volume over time t will be
338 due to two possible reasons. The first reason is the inequality of the incoming and out-
339 going fluxes of the substance (] and ]”  respectively). The second reason is the
340 generation or decay of this substance inside the volume. Thus, the rate of change in the
341 amount of a substance in an elementary volume, will be determined by the formula [56]:
(Substance amount ) e ut ( Substance ) [Substance )
| = (2 1o -2 T+ |- - )
N change rate ) (generation rate ) [decay rate )
out
y Jsub
in [
4 sub AV Ay
X AZ
342 AX
343 Figure 8. An elementary volume in three-dimensional space, incoming and outgoing fluxes of a
344 substance.
345 In the mathematical description of the transport of species i (an ion or a molecule) in
346 membrane systems, Equation (5) can be reduced to the following form [54]:
(v )R ©)
= + y
P =—(V-j)+p
347 here p" is the pore volume fraction in the membrane; c¢i (in mol/m? pore solution)
I
348 and j (in mol/(m?s) membrane area) are the concentration and the flux density of spe-
349 cies 1, respectively; Ri (in mol/(m3s) pore solution) is the generation rate of species i in a
350 chemical reaction; t is the time.
351 3.1.2. Navier-Stokes equation
352 The Navier-Stokes equation is derived from the momentum conservation equation.
353 This equation is based on Newton's second law of motion when considering all major
354 surface and body forces acting on a unit fluid element When a force is applied to this
355 element, momentum is generated Body forces, F are applied to the ent1re volume: the
356 gravitational force is equal to p ¢AV , electric body force is equal to p, EAV where
357 and p,  are the density and space charge density of the fluid, respectively; Av is the
r
358 volume of the element; g is gravitational acceleration, and E is electric field intensity.
359 Surface forces act on the surface of the body: pressure (p), friction force or internal stress
360 (usually are taken into account using kinematic, v, or dynamic viscosity, u = pv ). The
361 momentum conservation equation for a Newtonian fluid is written as follows:
opo r
pv:fzr;-szr17Vp+yV22r;+F. (7)
at
362 The term on the left-hand side of the Equation (7) characterizes the rate of momen-
363 tum accumulation per unit volume over time. On the right side, the first term describes
364 the change in the convective component of the momentum flux entering and leaving the
365 elementary volume, the second and third terms characterize the effect of the surface
366 forces, the pressure and viscous forces and the last term characterizes the effect of exter-

367 nal body forces. In the case of IEMs, the gravity is often irrelevant and ignored.
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368 Equation (7) is usually used in the models of fuel cells, where the gas phase is taken
369 into account [28]. When a Newtonian incompressible fluid is considered, Equation (7) is
370 reduced to:
r
ov r ro1 ,r 1f
—=-(v-V)v-—Vp+vV'v+—F. (8)
ot P P
371 Equation (8) is largely applied when simulating solution flow between membranes
372 in ED, RED and RedOx systems [23]. Sometimes the gravitational and electric body forces
373 are important, which generate gravitational (natural) convection and electroconvection,
374 respectively. As well as, Equation (8) is applied in the membrane pores, where electric
375 body force can generate electroosmotic fluid transfer.
376 It should be noted that in the case of porous materials, where the gravity forces
377 could be neglected, the empirical Darcy law is used instead the Navier-Stokes equation
378 [57]:
r k,
o= VR ©)
u
379 here k; is the hydraulic permeability of the porous medium.
380 3.1.3. Charge conservation law. Poisson equation
381 The Poisson equation relates the distribution of electric field with the distribution of
382 space charge density:
P, ! >
L _vV.E=-V, (10)
& SD
r
383 where ¢ ande¢ are vacuum and relative permittivity, respectively; E is the elec-
384 tric field strength; ¢ is the electric potential. This equation is important for modelling
385 ion and water transport in membrane charged pores as well as when considering EDL in
386 depleted solution near membrane surface. The Poisson equation is based on Coulomb’s
387 law of electrostatics and its generalization, Gauss's flux theorem [58]
388 The charge conservation equation is an extension of the material conservation
389 Equation (6). Multiplying it by the charge of species i, zi, and the Faraday's constant, F,
390 and summing over all species and noting that all reactions are charge balanced yields:
F) r
pmgl:z ze =-VEY zj, (11)
I
391 here the volumetric charge density, p,, and the Faradaic current density, i , can be
392 defined by Equations (12) and (13), respectively
po=Fles (12)
393 and
I I
i :FZ zj, . (13)
394 Combination of the Poisson’s (10) and charge conservation (11) equations gives the
395 following equation for the current density [59,60]:
r r ave T ave
i=F) zj —¢¢ =i —¢¢ . 14
Z": !]l 0 ot F 0 ot ( )
396 The second term on the right-hand side of Equation (14) is the displacement current,

397 which occurs due to very fast processes (lasting less than milliseconds), e.g. high fre-
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398 quency part of the electrochemical impedance spectra [61]. In some cases, the contribu-
399 tion of the EDL charging/discharging process to the total resistance (or impedance) of the
400 system is negligibly small compared to the contribution of other processes, thus the se-
401 cond term in (14) may be neglected. The Faradaic current density, i., does not change
402 with a distance (in the case of 1D geometry), while the total current density can change: a
403 part of charges forming the current may be consumed, for example, for charging EDL.
404 Equation (14) should be applied to a continuous phase, which can be a solution in aa
405 membrane pore or outside the membrane, or a membrane itself considered as a homo-
406 geneous solution.
407 In some cases, the local electroneutrality (LEN) assumption may be applied:
> ze, =0. (15)
408 This assumption can be applied to solution or membrane bulk except interfacial
409 space charge regions (EDLs) [51]. Deviation from electroneutrality should be taken into
410 account, when describing transients and impedance spectra at small time scales or at high
411 frequencies, when the double layer is charging and discharging, as well as when model-
412 ling at length scales about the Debye length (on the order of nanometers) near the mem-
413 brane surface. For these cases, Poisson’s equation allows providing a correct description
414 of the distribution and space charge density and electric potential/field strength [62].
415 The use of Equation (15) does not mean that the Laplace equation (V’¢ = 0 ) can be
416 used to find the distribution of potential. The latter formally follows from Poisson’s
417 equation when p =0 is substituted into Equation (10). Let us rewrite Equation (10) in
418 the form:
d 0
C.-C =%—, 0<Xxx<1, (16)
dx
I
419 where g ZoRT , X =2, po E, and C, = |Z’|C’ are dimensionless permittiv-
F’cs’ 6 RT "oz, e,

420 ity, x coordinate, electric field strength and equivalent concentration of ion i, respectively;
421 0 is the diffusion layer thickness; ¢ is the molar concentration of salt in the electrolyte
422 solution; R is the gas constant; T is temperature. The subscripts "+" and "-" correspond to
423 the cation and anion, respectively; the subscript "A" corresponds to the coion.
424 The # coefficient at the derivative in the right-hand side of Equation (16) is quite
425 small. Therefore, the value of v’¢ (equal to -9E/ox ina 1D case) may not necessarily
426 be reduced to 0, to consider the value of 3 z.c, to be approximately zero. Thus, Equa-
427 tion (15) can be applied out of the interfacial regions where j and E vary very rapidly with
428 distance causing a large value of v’¢ . To find j and/or E in the regions where the LEN
429 assumption is applied, Equation (15) should be solved together with the Nernst-Planck
430 equations written for all mobile ions. This equation system can be considered as a sim-
431 plification of the Nernst-Planck-Poisson (NPP) equation system [54]. The NPP equation
432 system can be applied everywhere in membrane system. The limitations are related with
433 the size of the considered region, which cannot be smaller than the size of atom/molecule
434 [63].
435 Substitution of Equations (15) in (11) yields the following equation, showing that in
436 the electroneutrality region, the divergence of the current density is zero (the current
437 density does not change with a distance in the 1D geometry case):

Vi=0. (17)
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438 3.2. Irreversible thermodynamics
439 Modelling ion and water transport in a membrane on the basis of the irreversible
440 thermodynamics (the phenomenological approach) allows establishing general rela-
441 tionships between fluxes and driving forces that are valid for membranes of any type.
442 This approach does not require an explicit description of the relationship between the
443 membrane properties and its structure. On the one hand, this greatly simplifies the
444 mathematical problem; on the other hand, important relations remain unknown. The
445 peculiarities of ion and water transport in a particular membrane under study can be
446 taken into account using phenomenological coefficients, which makes it possible to de-
447 scribe the membrane behavior under certain external conditions (concentrations, electric
448 potential difference, solution flow rate efc.). To obtain quantitative relationships, it is
449 necessary that the properties of the membrane be previously characterized. As a rule,
450 such a description is sufficient for studying the patterns of development of various effects
451 in electromembrane systems (e. g. concentration polarization and coupled transport
452 phenomena, such as electroosmosis), predicting energy consumption and current effi-
453 ciency, and also analyzing the applicability of membranes in specific applications. It
454 should be noted that the equations used in the framework of the phenomenological ap-
455 proach may include phenomenological coefficients that directly or indirectly reflect the
456 structural features of the membrane. For example, such coefficients can be evaluated via
457 tortuosity factor, T, used to take into account the fact that ion transport in the membrane
458 is slower than in solution due to its dense structure [64-66]; membrane porosity, p”, can
459 be accounted also to express the fact that ions and water can only pass through the pores
460 of the membrane [28,67,68].
461 3.2.1. Onsager phenomenological equations
462 In a state of equilibrium, the electrochemical potential, ui, of any mobile species i is
463 the same at every point of the membrane material. When the gradients of the electro-
464 chemical potential are not equal to zero, ﬂuxes of species i appear in the system. Lmear
465 relationships between thermodynamic forces F = -vu, and the resulting fluxes J, can
466 be described by the Onsager equation:
"X LV (18)
7
467 here Lijare the phenomenological conductivity coefficients. Lij depend on the mate-
468 rial properties, species concentration, temperature, and pressure. Note that generally the
I
469 flux of species i (j ) in Equation (18) depends not only on the thermodynamic force ap-
r

470 plied to that species ( r, ) but also on all forces acting on other species.
471 The electrochemical potential pi in Equation (18) can be represented as a function of
472 activity ai of species i, electric potential ¢ and pressure p in the virtual solution (an
473 electroneutral solution that is in local equilibrium with a small membrane volume cor-
474 responding to the x coordinate [69]):

yi:;z:}+RT1nai+ziF¢+17’,p, (19)
475 where 1’ and v are standard electrochemical potential and partial molar volume
476 of species i, respectively.
477 Onsager's reciprocity theorem (1931) suggests that the matrix composed of the
478 phenomenological coefficients is symmetric [53]:

L, = L/z' (20)
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479 This relation makes it possible to reduce the number of independent phenomeno-
480 logical coefficients. For example, if three different species (counterion, coion, and solvent)
481 are present in a membrane or solution, then the number of independent coefficients is 6.
482 Along with the Onsager equation (18), the relationship between the fluxes and forces
483 can be expressed using other systems of equations (Spiegler, Stefan-Maxwell,
484 Kedem-Kachalsky, and some others) [70-72]). Generally, these systems are mathemati-
485 cally equivalent, which allows moving from one system of equations to another by sim-
486 ple transformations of variables; at least it is possible in the case of Onsager and
487 Kedem-Katchalsky equation systems [73].
488 3.2.2. Kedem-Katchalsky equations
489 The Kedem-Kachalsky equation system [70] is of great interest for the practical de-
490 scription of the ions and water transport through the membranes. In differential form,
491 these equations are written as follows [73]:
I I I
j, =-L, (Vp -~ 0RTc v, Vin u1)+ Bi=-L, (Vp - UVTL)+ Bi, (21)
1
r it,
j,=-PVe,+——-¢,L (1-0)Vp, (22)
z,F !
r
i RT(t t
V¢ =-—-—| —Vina, +—Vina -fco FVina, |-pVp, (23)
K F oz, z - -
I
492 where j is the volumetric flux density; L, f and P are the hydraulic,
493 electroosmotic and diffusion permeability coefficients respectively; 1 is the osmotic
494 pressure; o is the Staverman reflection coefficient (if o = 1 then the membrane completely
495 reflects the solute carried by the convective flow through the membrane; o = 0 corre-
496 sponds to zero solute reflection); ¢s and ci are the molar concentrations of salt and ion i,
497 respectively, in the virtual solution of the membrane; v: = v+ + v- is stoichiometric number;
498 a, is the average ionic activity of the electrolyte; ti is the transport number of species i
499 (equal to the fraction of electric current carried by ion i at zero concentration and pressure
500 gradients); « is the electrical conductivity.
501 The fluxes described by Equations (21)-(23) are functions of 3 thermodynamic forces
502 acting in the membrane system: mechanical, caused by the hydrostatic pressure gradient
503 Vp ; electrical due to electrical potential gradient, v¢ ; chemical, expressed through the
504 gradient of osmotic pressure or solute activity, coupled by the following relation [70]:
Vrn=RTcov, Vina,. (24)
505 Transport coefficients Ly, 5, P, ti, ¥ and o in the Kedem-Katchalsky equations are
506 commonly used to characterize the transport properties of a membrane [14,74,75], they
507 are called practical coefficients. Due to this, Equations (21)-(23) form the basis for the
508 characterization of membranes and membrane processes [38]. Experimental measure-
509 ment of such transport coefficients is carried out, as a rule, when only one driving force
510 acts in the system. For example, to evaluate the diffusion permeability coefficient P, it is
511 necessary to carry out measurementsat vp =i =0 [76-79].
512 3.2.3. Nernst-Planck equation
513 The classical Nernst-Planck equation can be considered as a special reduction of the
514 Onsager equation. If the cross phenomenological coefficients in Equation (18) are ne-
515 glected and Darcy’s law (9) (establishing a linear relationship between the fluid flow ve-
r
516 locity, v , and pressure gradient) is applied, the extended Nernst-Planck equation with

517 convective term can be obtained [54]:
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' wo [ F )
j,=-p"D,|gVec,+zc,—V¢ |+c,V, (25)
L rr )
LRT . . . . . L dlny. .
518 where D = — is the diffusion coefficient of species i; ¢ =1+ 2" s the ac-
c. dlnc
519 tivity factor; , is the activity coefficient of species i.
520 In some cases, it is convenient to apply in the membrane the ion transport equation
521 in the reduced form, which could also be derived from Equation (25) using LEN as-
522 sumption (15) and Equation (13):
jo=-p"DVe +——+cV . (26)
z F
523 3.3. Chemical reactions
524 Accounting for chemical reactions is necessary when considering the transfer of a
525 weak electrolyte (water, ampholytes, etc.) [80] or a multicomponent solution whose spe-
526 cies react with functional groups of the membrane or with each other (for example, in
527 fuel cells ) [28]. The protonation and deprotonation of weak acidic or basic functional
528 groups [67,81,82] is of particular interest, because they are a source or absorber of protons
529 and hydroxyl ions, but do not move in space and determine the selectivity of the mem-
530 brane. In the case of BPM, the catalytic water splitting reaction occurs in the bipolar re-
531 gion [27] and in the membrane bulk.
532 3.4. Donnan equilibrium relation
533 The Donnan model and, in particular, relation (30), obtained in 1911 [41], can be
534 considered as the first successful attempt to interpret the known experimental results on
535 electrolyte sorption by a membrane. In this model, an ion-exchange material is consid-
536 ered as an ideal gel. The Donnan equilibrium between a solution and an ion exchanger is
537 described by the continuity of electrochemical potential at their interface [33,54,55,83]:
RTIna, +zF¢p =RTIna, +zFp , (27)
538 where the value with the overbar refers to the ion-exchanger.
539 The following two relations are derived from Equation (27):
540 one for the activities
@)@ =@ " (28)
541 and the other for the electric potential difference between two phases (called the
542 Donnan potential):
. RT a' RT @
Ap,=¢ —¢ =~ In o= ln—k, (29)
z F a, z F a
543 where k is the left-hand (k =1I) or right-hand (k = II) membrane / solution interface.
544 Taking into account that « -c, and 7z -¢cj , we find from Equation (29) the
545 Donnan relation for a binary electrolyte:
(a )1/zv (c+)1/:’
— = Ko 127 (30)
(c ) (e )~
546 here k= (y, /y,)"" """ is the Donnan equilibrium coefficient, expressed through

547 the ratio of mean ionic activity coefficients in the external solution,
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v (1=, -1z )"

548 vo=(vir") = (yi’z' y Ve ) and in the membrane,
_ oy Y e — /s (1/;,1/;)" L. . .
549 o=yt = () . The electrolyte activity coefficients in aqueous
550 solutions can be taken from the literature [84,85].
551 The Donnan theory cannot quantitatively predict the activity coefficients in the
552 membrane. However, the consideration of only the “free” or “bulk” water in the mem-
553 brane [86,87] made it possible to achieve quantitative agreement between the theory and
554 experiment of coion sorption.
555 Another approach is to generalized the Donnan theory by taking into account the
556 Manning condensation theory [88]. This approach is described in the next Section.
557 3.5. Donnan-Manning equilibrium relation
558 3.5.1. Manning's condensation theory
559 Manning's model [89] is the main theoretical approach in the field of polyelectrolyte
560 solutions since 1970’s. The proposed equations have shown their applicability in a wide
561 range of polyelectrolyte solutions [89,90] and are still successfully applied.
562 Manning's theory of the polyelectrolyte solution is based on the mean field ap-
563 proximation [89] and does not contain adjustable parameters. It takes into account only
564 long-range point-to-line electrostatic forces, which cause “condensation of counterions”
565 around charged polymer chains [89]. The theory is based on a simplified representation
566 of the distribution of fixed charges in a polymer chain. The model is based on the di-
567 mensionless parameter, which is the reduced linear charge density of the polymer, &,
A, e’
f=—=———. (31)
b 4me ek Th
568 The critical value of this parameter is
.
] (32)
569 here 4, isthe Bjerrum length; b is the distance between two neighboring functional
570 groups; ¢ is the protonic charge; &, is the Boltzmann constant; z, is the charge of
571 functional group; - is the charge of counterion. The value of ¢ was left as that of pure
572 water, because Manning's model considers dilute systems. The Bjerrum length represents
573 the distance at which electrostatic forces between two elementary charges are compara-
574 ble in magnitude to the thermal energy scale [91]. At a distance less than z z 1, the en-
575 ergy due to electrostatic attractive force of a functional group (Figure 9a) prevail over the
576 thermal energy. To diffuse away from the polymer chain, counterion has to escape the
577 attractive force of the fixed ions. Two neighbor fixed charges on polyelectrolyte chain,
578 separated by a distance b, may have regions of predominating electrostatic influence (of
579 radius z,z A, ), which are overlapping (Figure 9b and c). The local energy minima cre-
580 ated by the overlap resulting in condensation of counterions.

fl fcril =1

P > > ~
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f/ §crit = ZQZCAB/b =0.6

581 Figure 9. Schematic representation of the attraction of counterions by neighboring functional
582 groups of a polyelectrolyte chain at different &/&erit. Adapted from [92].
583 3.5.2. Condensation theory applied to IEMs. Donnan-Manning’s theory
584 It is difficult to measure the average distance between functional groups, b, of IEM.
585 For cross-linked IEM, b can be calculated from the theoretical or experimental
586 ion-exchange capacity and knowledge of the membrane's molecular architecture [93].
587 Jang et al. [94] considered homogeneous gel membranes (not containing meso and
588 macropores). For example, in the case vinyl polymers, the following equation was pro-
589 posed:
o f n, )
b:2.5AL1+ J (33)
n[l(

590 where nx is the mole fraction of neutral crosslinker and na: is the mole fraction of
591 charged monomer; 2.5 A is the projection length of a repeat unit of vinyl polymers. The
592 functional groups are assumed to be evenly distributed on the polymer backbone.
593 Authors [95-99] studied laboratory scale IEMs, whose structure was known quite
594 accurately. This made possible to calculate the value of parameter b. In a fairly wide
595 range of electrolyte concentrations, good agreement was found between theoretical and
59 experimental data on coion sorption. It should be noted that for the best agreement, the
597 membranes should be as close to homogeneous as possible. The presence of
598 inhomogeneities leads to the need to apply additional assumptions when determining b.
599 Determining the parameter b of commercial membranes is also not particularly dif-
600 ficult if the structure of their matrix is known [88,100,101]. However, in some cases, exact
601 determination of b is difficult, then ¢ is treated as an adjustable parameter [102,103]. Even
602 in this case interesting observations may be made. Thus, the Neosepta IEMs of the latest
603 generation (CSE and ASE) have larger values of & than the previous generation of these
604 membranes (CMX and AMX), so counterion condensation is more significant in the case
605 of CSE and ASE [104].
606 In the presence of large inhomogeneities (tenth of nanometers), such as in the case of
607 the Nafion 117 membrane, the size and proportion of hydrophilic and hydrophobic re-
608 gions (see Fig. 4b) must be taken into account. From the point of view of the
609 Donnan-Manning theory, such an IEM is heterogeneous. The use of various assumptions
610 and/or & as an adjustable parameter makes it possible to achieve sufficient agreement
611 between theory and experiment on ion sorption [88,94,105,106]. Block copolymer elec-
612 trolyte (BCE) phase-separated membranes are considered in [107,108]. These membranes
613 also have inhomogeneities in the structure, but the structure parameters are known. The
614 authors succeeded to predict b based only on the structure parameters of the charged half
615 of the BCE.
616 In the case of commercial reverse osmosis (RO) membranes, consideration of the
617 concentration of fixed ions in a dense active layer made it possible to determine b (with
618 some assumptions) and predict partition coefficients of RO membranes equilibrated with

619 different chloride solutions (LiCl, NaCl, KCI, RbCl, and CsCl) [109,110].
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620 The estimation of the dielectric constant, ¢, is also complicated. The polymer can
621 occupy more than half of the total membrane volume. As it was mentioned in Section 2
622 an average dielectric constants in IEMs may be experimentally determined via micro-
623 wave dielectric relaxation spectrometry (Figure 6) [43,99,111,112]. ¢ may be calculated
624 using the co-continuous model [88,92]:

€ :sr’(l—¢u,)+sw¢w, (34)
625 here, @w is the membrane water volume fraction, ¢y and ¢w are the polymer and wa-
626 ter dielectric constants, respectively.
627 4. Modeling of ion and water transport in IEMs
628 Most of the known mathematical models describing ion and water transport in
629 charged membranes can be classified according to the scheme shown in Figure 10. All
630 models are conditionally divided in two types, which differ in the approach to describing
631 the structure-property relationship. In the first approach, used in the so called “solu-
632 tion-diffusion” models, the membrane material is considered as a quasi-homogeneous
633 (macroscopically homogeneous) medium [113]. The components of the external solution
634 are dissolved (sorbed) in this medium and can be transported there under the action of
635 concentration, electric potential and pressure gradients. In “pore-flow” models, only one
636 pore is considered. The transport of species here occurs under the action of the same
637 driving forces as in the “solution-diffusion” models. The difference is that these forces are
638 applied only in an aqueous solution phase filling the pore. The “pore-flow” models are
639 also called the “capillary” models (because they are based on the models previously de-
640 veloped to describe ion and water transport in capillaries), and the “space charge” mod-
641 els (since it is essential to take into account the deviation from LEN in EDL formed at
642 charged pore walls). The main governing equations relating species fluxes to driving
643 forces (the Onsager, Kedem-Katchalsky or Nernst-Planck equations) are applied in both
644 “solution-diffusion” and “pore-flow” models [114].

MODELS OF ION AND WATER TRANSPORTIN

CHARGED MEMBRANES
- N
SOLUTION-DIFFUSION PORE-FLOW
MODELS MODELS
YV w o W
Single-phase Multiphase Finite size of Dependence of €
models models species on distance
T™MS Three-wire Microheterogeneous Cell
model model model models
Chemical LEN Poisson Convective
reactions assumption equation term
645
646 Figure 10. Classification of mathematical models used for describing ion and water transport in

647 charged membranes.
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648 “Solution-diffusion” models have been developed for membranes considered as a
649 single-phase medium or a multiphase medium. In the first case, the
650 Teorell-Meyer-Sievers (TMS) model is most often used. In the second case, the effective
651 medium approach [115] is applied. When formulating mathematical problems for some
652 specific membranes/cases, various conditions/assumptions may be used. This may be the
653 LEN assumption or the use of Poisson's equation in “solution-diffusion” models. As-
654 sumptions of infinitesimal or finite species sizes are used in "pore flow" models, while the
655 use of Poisson's equation is almost always necessary because of the existence of a space
656 charge in charged pores. Below we will consider in more detail the models that form the
657 scheme in Figure 10.
658 4.1. “Solution-diffusion” models
659 4.1.1. Teorell-Meyer-Sievers (TMS) model
660 The first successfully applied model for revealing the main properties of charged
661 membranes was a model proposed independently by Theorell [116] and Meyer and
662 Sievers [117], in the 1930s, called the TMS model. It serves as the basis for the mathe-
663 matical description of ion transport in IEMs when the “solution-diffusion” approach is
664 used.
665 The TMS model is based on the Nernst-Planck equation (25). The membrane is con-
666 sidered as a single homogeneous phase (charged gel), or in other words, an aqueous so-
667 lution of matrix polymer chains together with mobile ions and functional groups. The
668 underlying model includes the assumption of LEN (15) in the membrane, an equation
669 expressing electric current as the sum of individual ion flux densities (13), and the
670 Donnan equilibrium relation (35) at the left-hand (I) and right-hand (II) interfaces used as
671 the boundary conditions:

@' ()™

—+k Ko ; 1/2 k=11, (35)

(@ e
672 here ¢ and ' are the concentrations of ion i at interface k, from the side of the
673 membrane and solution, respectively [118].
674 Equation (29) for calculating the potential drop across the solution/membrane in-
675 terfaces is applied as well [119].
676 Instead of LEN assumption (15) and Donnan equilibrium (35) at membrane bound-
677 aries, the Poisson equation (10) can be used [120-122]. In this case the activity coefficients
678 of each species are involved; in principle, they can be determined from the data in the
679 literature [84,85] or evaluated using an appropriate theory such as Donnan-Manning [93]
680 or others.
681 The TMS models gives an adequate qualitative description of such fundamental
682 membrane properties as electric conductivity, transport number and membrane potential
683 [123]. When two kinds of counterions, 1 and 2, are present in the membrane, the
684 Nernst-Planck equation together with Equations (29) and (35) allow description of
685 counterion competitive transfer. For more information on the TMS model, see References
686 [124,125]. The paper [126] gives a description of the main features of this model and an-
687 alyzes the area of its applicability.
688 Modeling of ion and water transport in systems with bipolar membranes (BPM) is
689 mainly carried out using the TMS model [67,127,128]. This is due to the fact that the
690 processes in the interphase layer between the cation-exchange and anion-exchange lay-
691 ers, where the maximum electric field strength and the catalyst are located [129], are of
692 the greatest interest, and the description of the processes of ion and water transport [130]
693 in the membranes themselves should be, first of all, qualitative. The processes of energy
694 accumulation and production [131-133] using BPM are also well described and predicted
695 using the TMS theory. Recent paper [134] reveal that in anion exchange layer of BPMs the

696 charge is carried mainly by bisulphate and sulphate ions instead of hydroxyls, produced
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697 inside BPM. The developed models make it possible to describe the current-voltage
698 characteristics [64,67,135,136], the electrochemical impedance spectra [137] of BPM and
699 asymmetric BPM, the performance of ED devices (using a 2D model [138]) , and to ex-
700 plain the selectivity of IEMs with a modified surface in ternary electrolyte solutions
701 [64,65,139,140]. Some software packages (e.g. COMSOL Multiphysics) include modules
702 based on the TMS model and are used in modeling of such processes [64].

703 Using this simple approach, it is possible to explain the deviation of the IEM be-
704 havior from the classical one in solutions of weak electrolytes (such as phosphate or tar-
705 trate salts) and explain some feature of this behavior compared to that in strong electro-
706 lyte solutions: the appearance of a second limiting current [141], increased diffusion
707 permeability [68] or unusual concentration dependence of membrane conductivity [142].
708 Models based on TMS shed light on the transient characteristics of IEMs [120] and pro-
709 vide an explanation for scaling formation on surface in solutions with multivalence ions
710 [143], and are still an indispensable theoretical tool in the field of RED [144-147] and fuel
711 cells [17,28,52]. It is applicable also in the environmental analysis systems based on the
712 dialysis membranes [148]. In [149,150] authors used the same assumption as the TMS
713 model, but apply the extended Nernst-Planck equation, which contains the convective
714 term that is important when considering the application of IEMs in chlor-alkali electrol-
715 ysis.

716 There are models considering the membrane as a single phase (charged gel), in
717 which the concentration of fixed charges and/or diffusion coefficients continuously
718 change along the normal coordinate [151,152]. Generally, these models show that a het-
719 erogeneity in the fixed charge distribution leads to an increase of permselectivity in
720 comparison with a membrane wearing homogeneously distributed fixed charges of the
721 same average concentration. The explanation is that the permselectivity is controlled by
722 the layer having the highest local concentration of fixed charge, while the layers with low
723 fixed charge concentrations have a minor impact on the global membrane behavior.

724 The further development of TMS model proceed in several ways. One of them is to
725 apply other transport equations such as Stephen-Maxwell [28] and Kedem-Katchalsky
726 [70] instead of Nernst-Planck; as well the Poisson equation is used instead of the LEN
727 assumption. But the basic principle of representing the membrane structure remains the
728 same: the membrane is considered as a single gel phase. Another approach takes into
729 account inhomogeneities in the membrane structure, which can be at different levels,
730 from a few nanometers to microns. In the following subsections, we will discuss the
731 models dealing with pores and clusters, as well as hydrophobic regions, which are re-
732 vealed by experimental investigations.

733 4.1.2. Multiphase models

734 In multiphase models a membrane, in accordance with the effective medium ap-
735 proach [115], is represented as a quasi-homogeneous system comprising two (or several)
736 phases, the transport properties of which are functions of the properties of the corre-
737 sponding phase [153,154]. This system may be considered as an array of capillary pores
738 [155], a cluster-channel network [156], or as a uniformly distributed porous grains [157].
739 Microheterogeneous model

740 Earlier, in Section 2, we described that charged membranes are porous materials.
741 The structure of this materials generally includes micro-, meso-, and macropores. To dis-
742 tinguish between these types of pores, one can use the ratio of the pore radius r to several
743 characteristics, such as the EDL length, A, or length of action of adsorption forces [158].
744 Usually, micropores are considered as the pores for which r < A (approximately, r <1 nm);
745 if r> A, but r and A are in the same order, then we are dealing with a mesopore; the con-
746 dition  >> A (r > 50 nm) is characteristic for macropores. Mesopores and macropores
747 contain an electrically neutral solution in their central part. Such a solution can be con-

748 sidered as a separate phase, and its properties (ion and water diffusion coefficients,
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749 permittivity) are very close to those of an external free solution equilibrated with the
750 membrane [24].
751 Based on the foregoing, the first phase can be distinguished in the IEM structure: an
752 electrically neutral solution in meso- and macropores. Then the remaining volume can be
753 attributed to the second phase. This second phase is the “gel phase” [153], which includes
754 a hydrated polymer matrix with fixed charged groups, whose charge is compensated by
755 the charge of mobile ions. The gel phase can be considered as a microporous medium not
756 containing electroneutral solution (Figure 7).
757 It is important to note that in reality there is no distinct boundary between the
758 intergel electroneutral solution and the EDL at the internal pore walls. Nevertheless, the
759 conditional separation of the membrane material into different phases makes it possible
760 to simplify the mathematical description. The main idea of such a model approach is to
761 assign certain physicochemical properties to each phase. Then the properties of each in-
762 dividual phase are functionally related to the entire membrane properties (effective me-
763 dium approach [115]).
764 Consider a macroscopic volume in the form of a layer of thickness dx (Figure 7). This
765 layer should be sufficiently large to be "representative" and contain all membrane phases.
766 At the same time, it should be small enough to be considered elementary when applying
767 the transport equations in differential form, such as the Onsager equation (18). Detailed
768 changes in concentrations and potential within dx are not considered, and the values of
769 these parameters in phase elements are averaged; it is assumed that the phases in the dx
770 layer are in equilibrium with each other. When describing ion and water transport, the
771 problem is to obtain the effective transfer coefficient Li, which characterizes the mem-
772 brane layer of thickness dx as a function of L' coefficients (characterizing the individual
773 phases k), and the structural-geometric parameters characterizing the shape and mutual
774 arrangement of the phases.
775 First elements of the microheterogeneous model were formulated by Gnusin et al.
776 [159] when developing the so called “principle of generalized conductivity”, which is an
777 analog of effective medium theory [115]. The main elements of this model and its ex-
778 perimental verification are described in References [153,160]. Later on, some modifica-
779 tions of this model [35,161-163] and numerous applications are presented in References
780 [14,35,161-175]. The application of the microheterogeneous model allows, along with the
781 electrical conductivity of the membrane [165-168,173-175], to determine electrolyte dif-
782 fusion permeability [14,21], permselectivity (ion transport numbers) [14,21,169,170,176],
783 electrolyte sorption [177-179] and some other properties [14,21,172,180]. It is possible to
784 quantitatively describe the concentration dependences of the mentioned membrane
785 characteristics based on a single set of structural and kinetic parameters [14,21,172].
786 Within the framework of the microheterogeneous model, the transport equation is
787 written in the form, reduced from the Onsager equation (18):
I
jo=- LVu,. 18)
788 The effective membrane conductance coefficient L: is then expressed as follows [153]:
o « 1/a

Li:[fl(Lf) +fz(Lj)} ) (36)
789 where Lf refers to the gel phase, and L’ to the intergel electroneutral solution; fi
790 and f> are the volume fractions of the corresponding phases: fi = Vg/Vm, f2 = Vs/Vm, fitfo=1
791 (where Vg, Vs and Vm are the volumes of gel, intergel solution and the membrane, respec-
792 tively); a is the structural parameter depending on the position of the phases with respect
793 to the transport axis: when the phases are parallel to this axis, a = 1; when they are in se-

794 rial disposition, @ = -1; in other cases -1 < a < 1.
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795 The mathematical description of the ion transport in the gel phase contains all the
796 assumptions made in the TMS model (see Section 4.1.1). The properties of the intergel
797 solution are the same as those of the equilibrium bathing solution. The Nernst-Planck
798 equation (Equation 25 without convective term) is used, and the condition of local elec-
799 trical neutrality (Equation 15) is assumed. L' and L' are expressed as functions of the
800 ion diffusion coefficients, p* and D, and the concentrations, ¢’ and ¢, in the cor-
801 responding phases [153]:
L'=D¢;/RT, L} =D}c//RT. (37)
802 Concentrations ¢’ and cf are linked by the Donnan relations (Equation 30), the
803 local equilibrium being assumed between both phases.
804 As a rule, IEMs have a rather high concentration of fixed ions (g ), close to 1 mol /L
805 swollen membrane or higher. Therefore, in the case of dilute solutions, the concentration
806 of coions in the gel phase is negligible compared to ¢ . When assuming = << ¢ and
807 ¢ ~Q , Equation (30) can be simplified. In the case of a symmetrical electrolyte (
808 z, = -z =z )onegets[51]:
_ K, R
€ = _[)Ci’cer+A’ (38)
Q
809 where subscripts “c” and “A” are used for the counterion and coion, respectively;
810 c, isthe coion concentration in the inter-gel solution.
811 Since ions are present in both phases, the partition coefficient, Ks, involving the coion
812 concentration in the membrane, ¢’ , can be found using Equation (38) [153]:
c K
K== fi—re,+fo (39)
CA °
813 The first and second terms on the right-hand side of Equation (39) correspond to the
814 contribution of the gel phase and the inter-gel solution, respectively. ¢* and Kb are the
815 ion-exchange capacity of the gel phase and the Donnan coefficient, respectively. Despite
816 the fact that the intergel phase volume fraction in IEM is quite small (less than 0.1 in
817 homogeneous membranes and about 0.2 in heterogeneous ones), electrolyte is predomi-
818 nantly sorbed by this phase (especially in dilute solutions).
819 Equation (39) describes the linear dependence between Ks and the external solution
820 concentration. At a low electrolyte concentration, Ks is close to f, i.e., its value is ap-
821 proximately 0.1 (or lower) for homogeneous membranes and about 0.2 for heterogeneous
822 ones [51].
823 In the case of a binary electrolyte, the microheterogeneous model expressed by
824 Equations (36)-(39), includes six basic input parameters: two static, Ko and ¢ (ther-
825 modynamics coefficients); two structural, fi and a; and two kinetic ones (D’ and D¢,
826 diffusion coefficients in the gel phase). When these parameters are known, Li coefficients
827 can be calculated. Membrane transport characteristics (conductivity, k, ion transport
828 numbers, t;, and diffusion permeability, P) are calculated using equations relating the
829 Onsager and Kedem-Kachalsky conductance coefficients:
K:(ZfL++ZfL7)FZ, (40)
z'L, Z’LF* .
ti =7, 5 = /l:+/ _/ (4:1)
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(z‘L}t7+|zf|L7t})RT 2RTxt t_

P = - (42)
c F'c
830 where ¢ = |z’,|c’, is the equivalent electrolyte concentration in the solution in equi-
831 librium with the membrane.
832 It is important to note that Equations (40)-(42) are applicable both in the case where
833 the membrane is in equilibrium with an external solution and in the presence of a con-
834 centration gradient across the membrane (zero or non-zero current). When there is a
835 concentration gradient, Equations (40)-(42) are applied locally [51].
836 The input parameters of the microheterogeneous model (the six parameters listed
837 above) are found from the experimentally obtained membrane exchange capacity and
838 concentration dependences of electrical conductivity, and diffusion permeability. For
839 example, the volume fraction of the gel phase (or intergel solution) can be approximately
840 found from the concentration dependence of the membrane conductivity, «
841 [14,21,153,171,172,181]:
©= () ()" 3)

842 Equation (43) is obtained as a limiting case of Equations (36) and (40) at a« — 0.
843 At low electrolyte concentrations (usually <1 M), the gel conductivity, «s, is almost
844 independent of the electrolyte concentration due to the weak coion sorption by this
845 phase. In this case, the dependence Igk— lg«s, according to Equation (43), is linear with a
846 slope factor f». According to numerical calculations, Equation (43) is hold near the
847 "isoconductance point” (where « =«* =«"), if |a|£0.2.
848 A detailed algorithm for determining the remaining parameters of the
849 microheterogeneous model is described in Reference [181].
850 Various modifications of the microheterogeneous model are also known
851 [35,161-163].
852 Porozhnyy et al. [161] proposed a mathematical description of the effect of charged
853 nanoparticles on the membrane transport properties. In addition to the gel phase and the
854 electrically neutral solution, the presence of nanoparticles was considered (Figure 11).
855 The core of the nanoparticle is impermeable to ions and water, but the EDL formed
856 around it contributes to a significant increase in the counterion concentration in the pore
857 solution. The fraction of the charged solution in membrane pores increases and the frac-
858 tion of electroneutral solution decreases. As a consequence, the presence of charged na-
859 noparticles causes an increase in the conductivity and a decrease in the diffusion per-
860 meability of the membrane [161]. According to Equation (42), these changes in x and P
861 result in an improvement of the membrane permselectivity with respect to counterions

862 (an increase in the counterion transport number).
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864 Figure 11. Schematic representation of a fragment of a mesoporous IEM containing a charged na-
865 noparticle surrounded by an EDL. Redrawn from [161].

866 Nichka et al. [162] proposed a modification of the microheterogeneous model that
867 takes into account the changes in the contribution of the EDL at the internal boundaries
868 of the gel phase, which occur with external concentration changes. This modification
869 assumes that the EDL thickness at the pore wall increases with the dilution of the external
870 solution inversely proportional to Je . As a result, the membrane conductivity decreases
871 with solution dilution less rapidly compared to the basic version [153]. This trend agrees
872 with experimental data [162].

873 Kozmai et al. [35] found the ion diffusion coefficients in the membrane gel phase,
874 D, , and the volume fraction of the intergel one, f, as functions of the membrane water
875 content (the higher water content, the higher p, and f2). The approach proposed in [35]
876 made it possible to more correctly describe the transport characteristics of MA-40 and
877 MA-41 membranes depending on the concentration and pH of the external solution. In
878 this description, it was taken into account that the membrane water content decreases
879 when the external concentration increases and when there is a loss in the exchange ca-
880 pacity. The latter is due to deprotonation of weakly basic fixed groups with increasing
881 pH.

882 In another work of the same scientific group [163], the microheterogeneous model
883 was supplemented to describe changes in the structure of the CJMA-7 anion-exchange
884 membrane transport properties (Hefei Chemjoy Polymer Materials Co. Ltd., China) due
885 to various modifications. The model [163] takes into account the presence of a
886 perfluorosulfonated ionomer modifying film on the substrate membrane surface and
887 partial filling of macropores with this modifier.

888 Three-wire model

889 Another approach was developed in middle 1950s by Willie and Southwick [182].
890 The model described the system “ion-exchange resin granules/electrolyte solution”
891 [183,184]. Later this idea was applied to ion-exchange membranes [185,186]. The model
892 represents the system under study in the form of three parallel conducting layers
893 [182,184] (Figure 12). The first layer consists of electrolyte solution and ion-exchange gel
894 arranged in series. It represents the passage of ions through the conductive spheres and
895 the solution between them. The second layer is a pure ion-exchange gel. It describes gel
896 phases (ion-exchange granules in original work), which touch each other to form con-
897 ducting paths. The third layer is the pure electrolyte solution. This component represents
898 the conductance through the solution-filled regions (macropores in a heterogeneous

899 membrane).
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900 Figure 12. Schematic representation of three pathways of ions and electrical current in two phase
901 system (a) and three-wire model (b).
902 The resulting conductivity of the IEM « is a function of the electrical conductivity
903 of the gel phase « and geometrical parameters 4, b, ¢, d, and e of the model (Figure 12):

K=11Kg/(€+dKX)+ng+C. (44)
904 There are two relations between the geometrical parameters: a+b+c =1 and d+e = 1.
905 Thus, the number of independent fitting parameters can be reduced to 3. Although the
906 model has been proposed for a long time, it continues to be effectively used [154,169,187].
907 Cell model
908 Filippov et al. [188-190] described the ion and water transport in IEMs using the
909 so-called «cell method», proposed by Happel and Brenner [191]. The method is quite ef-
910 ficient for description of concentrated disperse systems. In the case of IEMs, cell models
911 take into account the size and some transport properties (such as conductivity, hydraulic
912 and diffusion permeability) of grains or fibers forming the system, as well as their pack-
913 ing patterns [192,193]. The macropores are formed between the grains (e.g., of an ion
914 exchanger) packed into array and the micro- and mesopores concentrated in the grains
915 themselves, are taken into account. Figure 13 shows an example of a membrane structure
916 in the framework of cell models [194]. An IEM is presented as a periodic array of identical
917 charged porous spheres (or cylinders) of radius a enclosed by liquid spherical (or coaxial)
918 shells of external radius b instead of randomly distributed ion exchange clusters of dif-
919 ferent sizes. The sphere-to-cell (or cylinder-to-cell) volume ratio is equal to its total frac-

920 tion in the disperse system.
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922 Figure 13. Schematic representation of a cell model, described by Vasin et al. [194].

923 The mathematical formulation of the problem in the case of modeling membrane
924 electric and hydraulic permeability has been presented in References [157,193,195]. The
925 extended Stokes equation (8) taking into account the spatial electric force describes a
926 “creeping flow”(small Reynolds number) in the outer region of the sphere (a<r<b), and
927 the Brinkman vector differential equation [196] with the spatial electric force describes
928 the fluid transport in the inner region (0<r<a). The Nernst-Planck equation with the
929 convective term (25) coupled with the Poisson equation (10) are used for description the
930 ion flux density [193]. The mutual influence of adjacent particles is taken into account by
931 establishing certain boundary conditions on their surfaces. An exact algebraic equation
932 for the estimation of membrane hydrodynamic permeability was derived [157,193]. The
933 correctness of the theoretical results was confirmed by their satisfactory agreement with
934 the experimental data on the electrical conductivity and electroosmotic permeability of
935 the MF-45C cation-exchange membrane in various 1:1 electrolyte solutions [197]. In [198]
936 the analytical expressions for conductivity, limiting current density and diffusion per-
937 meability for bi-layer IEMs were also in good agreement with the experimental data for
938 membranes modified by polyaniline decorated clay nanotubes.

939 Cell method allows one to take into account different features of membranes. In
940 [199] the action of surface forces on the walls of the micro- and mesopores is taken into
941 account by stress jump at the fluid-porous interface. The authors [199] also considered
942 the deformation of the shape of grains or fibers in the swollen state (deviation from the
943 ideal spherical or cylindrical shape) to describe mass transfer through polymer mem-
944 branes. In [200], the effect of an external magnetic field on the filtration of an electrolyte
945 solution was considered. In [157], mathematical modeling of the electrobaromembrane
946 process made it possible to confirm the conclusion made in previous experimental and
947 theoretical studies [201,202]: the selectivity to equally charged ions may be achieved due
948 to the difference in their mobility by certain combination of potential and pressure dif-
949 ference applied to the membrane.

950 4.2. “Pore-flow” models

951 The “pore-flow” models describe the ion and water transport in a membrane pore
952 [113,203], which is considered as a conducting channel (usually tubular). This approach
953 originates from the description of ion and water transport inside microcapillaries with
954 charged walls [114,204]. These models make it possible to describe such electrokinetic
955 phenomena as the current-induced transfer of a liquid relative to a charged solid surface
956 or the transfer of charged solid particles in a liquid [205,206]. The main role in these

957 phenomena is played by the EDL at the charged surfaces.
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This kind of models is often called “space-charge models” [207-211] in the literature.
The ion and water transport are described by Nernst-Planck-Poisson-Navier-Stokes
equations system. The pore size and wall charge density are the main parameters [212]
characterizing the system.

The basic version of a space-charge model deals with a tubular pore (schematically
shown in Figure 14) with surface charge on the walls. The model is based on the extended
Nernst-Planck equation containing the convective term, Equation (25), written in 2D or
3D geometry with axis symmetry. The diffusion coefficients are usually assumed to be
the same as in free solution. The cross-sectional distribution of local concentration is well
described by the Poisson-Boltzmann equation. The fluid flow is described by the
Navier-Stokes equation (8) with electrical body force term [201]. The letter is provided by
the tangential electric field applied to the space charge in the EDL. The walls are usually
considered as uniformly charged. The impact of a non-uniform distribution of the pore
wall charge on nanofiltration (NF) performance has been investigated by the group of
Szymczyk in References [208,213,214]. In addition to NF, the condition of non-uniform
pore wall charge distribution is used to describe the transport of ions and water in
nanochannels in various other applications [215-219]. The potential at the pore walls also
may be controlled using specially designed membranes [220,221] by applying an external
voltage source. This makes it possible to switch the ionic selectivity of membranes so that
a membrane can be cation-exchange at one applied voltage, and anion-exchange at an-
other voltage [222,223].

Fixed ions

| ) £ o e | o £

Figure 14. Schematic representation of solution flow in a tubular pore with charged walls; an EDL
at the wall is shown in a darker shade. Redrawn from [47].

A simplification of pore-flow model is possible in the case of the pores that are thin
relative to the Debye length. The concentration profiles change only slightly across thin
pores, as well as the potential [224]. This simplification is known as “fine capillary pore
model” or “uniform potential model”. It also may be considered as an extended version
of the TMS model [146], which takes into account the fluid flow.

Different versions of “pore-flow” models account for different effects at the inter-
phases: the dependence of the dielectric constant on the distance from the pore wall [225],
finite sizes of ions, ion hydration effects [226], adsorption of diluted species [207,227] and
other [228,229]. These effects have a significant impact on the streaming potential [230],
diffusion permeability [208] and permselectivity [231], pore conductivity [204,232] and
some other properties, which can be computed using such models. These models are
very useful for describing the ion and fluid transport in and around nanometer-sized
objects with at least one characteristic dimension below 100 nm [233]. Bazant et al.
[206,234] paid attention to the steric effects near a non-permeable wall at high voltages
taking into account that solvated counter-ions are crowded there.

Cwirko and Carbonell [235] and later on Szymczyk et al. [236] have calculated using
space-charge models the macroscopic Onsager’s Li coefficients for a Nafion membrane as
functions of the membrane nanostructure parameters (which are the pore radius, pore
wall charge density and the tortuosity factor). Their comparison with the experimental
coefficients determined by Narebska et al. [237] has shown a rather good agreement.
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1002 Thus, it becomes possible to bridge the gap between two different approaches, i. e. the
1003 microscopic model description and the “solution-diffusion” models applied together
1004 with irreversible thermodynamics.

1005 The “pore-flow” models can be applied not only to tubular pore, but also to pores
1006 with other geometries. Moreover, Balannec et al. studied how geometry of a pore affects
1007 its permselectivity [214]. They found that hourglass-shaped nanopores in nanofiltration
1008 membranes improve their salt rejection. The explanation of this effect is that the filtration
1009 and desalination properties of hourglass-shaped nanopores are based on two different
1010 phenomena: the exclusion of coions in the thinnest region of the pore, and the magnitude
1011 of the pressure-induced electric field driving ions through nanopores. This interesting
1012 conclusion about the role of the shape of nanopores was proved experimentally [238,239].
1013 5. Current state of modeling of ion and water transport in membrane energy genera-
1014 tion systems

1015 The previous section presents the main approaches to the mathematical description
1016 of ion and water transport across membranes. However, the question “Which of these
1017 approaches are applicable or most often used in the case of membrane energy generation
1018 processes?” remained open. In this section, we analyze the current state of modeling in
1019 this field and consider in more detail examples of the description of ion and water
1020 transport in the RED and proton-exchange membrane fuel cells (PEMFC). It is important
1021 to note right away that for such processes, the “solution-diffusion” models are mainly
1022 used. This is not to say that “pore-flow” models are not applicable to such cases. How-
1023 ever, modeling the distribution of ions in EDL is an over-complication given the fact that
1024 in the case of RED and PEMFC, convective transport in free solution within the mem-
1025 brane pores is not dominant. However, "solution-diffusion" microstructural models are
1026 increasingly being used in energy generation processes.

1027 5.1. PEMFC models

1028 In recent decades, hundreds of papers have been published on the simulation of
1029 PEMFC, which have been considered and structured by many comprehensive reviews
1030 [28,52,240-244].

1031 The membrane in PEMFC acts as a barrier to gas transfer, preventing mixing of Hz
1032 and O2 and electronic conduction between the anode and cathode electrodes, but acting
1033 as an ionic conductor, transporting H* protons in the form of hydronium ions HsO* or
1034 Hs0z*. As described in Section 2, in the presence of water, a cluster-channel system is
1035 formed in the membrane volume, which provides ionic conductivity. The proton con-
1036 ductivity depends on the size of clusters and especially on the channels. The latter is a
1037 strong function of water content. Therefore, the models describing the functioning of
1038 PEMEFCs usually take into account the dependence of membrane properties on the water
1039 content and describe water transfer simultaneously with proton transfer.

1040 Vapor equilibrated (VE) or liquid equilibrated (LE) conditions influence the water
1041 and proton transfer in the membrane and the interfacial resistance. PEMFCs are mostly
1042 operated under VE conditions at both electrodes, and PEM water electrolyzers for water
1043 splitting are mostly operated under LE [245]. Therefore, the PEM water content is rather
1044 low when the membrane is used in fuel cells, while it is high when operating in water
1045 electrolyzers. The humidity of PEM also determines the operating temperature of the
1046 PEMEFC itself [246]: when the membrane dehydrates, its ionic resistance increases, which
1047 leads to an increase in its temperature and the temperature of the entire device. The water
1048 content in PEMs depends on the supply of water vapor from the supplied air to the
1049 cathode channel and on the transport of water formed in the porous electrode, where
1050 reaction (4) takes place. Ionic conductivity of the membrane depends on the percolation
1051 effect (described in Section 2), which depends on the water content of the membrane.

1052 Thus, water transport limits the performance of the fuel cell. Great attention is paid to
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1053 water management, that is optimization of water transport and water content in PEMFC
1054 [247].
1055 In recent works on PEMFC models [247-255], a membrane is considered as a ho-
1056 mogeneous phase, in which water transport occurs. The water flux through the mem-
1057 brane is described phenomenologically as the sum of two terms: a Fickian diffusion and
1058 an electroosmotic drag. Ion transport is taken into account through ionic conductivity
1059 (which is a strong function of water content and temperature) and current density.
1060 In Section 2, we also considered two mechanisms of proton transport in a PEM: the
1061 vehicle mechanism, in which protons are carried in the form of hydronium ions, HsO* or
1062 Hs02*; and the hopping (Grotthuss) mechanism, which is rather characteristic of bulk
1063 liquid water. Membranes at low hydration do not contain fluid domains with extensive
1064 hydrogen bond networks, the Grotthuss mechanism is suppressed, and the vehicle
1065 mechanism is considered to be dominant [24,105]. Running the hopping mechanism at
1066 higher water content, especially in LE conditions, increases the conductivity as the water
1067 content increases.
1068 In the field of fuel cell modeling, the most common approaches are those developed
1069 by Springer, Zawodzinski and Gottesfeld [256] (hereafter the “Springer model”) and by
1070 Weber and Newman [257].
1071 The widely used Springer model accounts for electroosmotic drag and water diffu-
1072 sion in the membrane in an essentially empirical manner. It considers a PEM under VE
1073 conditions only. The water content (in H20 / SOs"), Ays in a Nafion 1100 PEM at the in-
1074 terface with the electrode as a function of water vapor activity outside the membrane, a_
1075 , was presented as an empirical polynomial relation [256]:

A, = 0.043+17.81a -39.85a, +36.0a ,at0<a_ <1. (45)
1076 An equilibrium is assumed between the water vapor outside the membrane and the
1077 water content inside the membrane at the interface. The water vapor activity is calculated
1078 as aw=xwP/Psa, where xw and P are the mole fraction of water in the gas and the pressure at
1079 the electrode/membrane interface, respectively; Psa is the saturation pressure of water.
1080 In the literature the isotherm measured by Zawodzinski et al. [258] and expressed by
1081 Equation (45) is commonly used in modelling of PEMFC [52,247,249,254,259] and PEM
1082 electrolyzers [245]. Nafion 1100 is the most popular PEM, for which empirical sorption
1083 isotherms have been established experimentally [105].
1084 The Springer model also includes the water diffusion coefficient measured by
1085 Zawodzinski et al. using nuclear magnetic resonance method [258]. From a thermody-
1086 namic point of view, taking into account the pressure drop inside the membrane is most
1087 likely useful only under LE conditions [256,257]. The models that take into account the
1088 pressure gradient become relevant only in the LE mode, when free liquid water is present
1089 in the PEM [257].
1090 The main difference between the Springer model and the Weber-Newman model
1091 [257] is that the latter takes into account an additional effect. The Springer model ac-
1092 counts for water diffusion and water electroosmotic drag (when an electric current of
1093 protons induces water transport), the ionic transport is assumed depending only on
1094 membrane water content. The Weber-Newman model also considers another cross ef-
1095 fect: water flux can induce streaming current of protons. The latter effect is especially
1096 important under LE conditions.
1097 The earlier models [256,257] have become widespread and have been supplemented
1098 with various empirical dependencies that refine water content, diffusivity, and ionic
1099 conductivity. The heat management is also quite important [247]. Machine learning pro-
1100 cesses are actively used on experimental data and calculation results using 3D models
1101 [241,260]. The developed approaches to describing the processes of proton and water
1102 transfer in a PEM, considered as ideally homogeneous, are sometimes even sufficient for

1103 practical purposes of operating fuel cells. From the point of view of the classification
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1104 given in Section 4, the assumption of the isotropy of membrane properties makes it pos-
1105 sible to attribute the above models to the “solution-diffusion” approach, namely, to the
1106 TMS model. At the same time, the fact that the ion and water transport through PEM
1107 considered using the relationship of process parameters, rather than being directly sim-
1108 ulated, makes these models very different from TMS. The use of empirical and
1109 semi-empirical dependences of water content, diffusivity, and ionic conductivity makes
1110 it possible to achieve a relatively good qualitative and quantitative description of the
1111 transfer process in a membrane. However, this is not always sufficient for a detailed
1112 study of the mechanism of ion and water transport through membranes. Moreover, these
1113 models depend too much on experiment. The development of PEMFC models that more
1114 explicitly take into account the relationship between the membrane structure and its
1115 properties can partially or completely solve these problems.
1116 5.2. RED models
1117 When describing the RED, the main attention is paid to ion transport, while water
1118 transport is generally not important in this process. This is due to the fact that the main
1119 driving force is the concentration gradient of counterions, which weakly depends on the
1120 electroosmotic and osmotic water transport. In addition, these two contributions to water
1121 transport in the case of RED are counter-directional.
1122 Veerman et al. [15] were among the first to take into account the features of transport
1123 phenomena in IEMs when modeling the RED process. Ionic fluxes in the membrane were
1124 described by the Nernst-Planck equation (25) in the approximation of a linear concentra-
1125 tion distribution; the variation of ion concentration in the solution diffusion layers were
1126 not taken into account. The use of species conservation equations together with the fluxes
1127 found using the Nernst-Planck equations allowed calculation of the ion concentration
1128 distribution along the length of the membranes in chambers with sea water and river
1129 water flowing between a cation-exchange and an anion-exchange membranes. Along
1130 with the salt flux, jsa: (Equation 46), the water flux, juwater (Equation 47), due to osmosis of
1131 water from the river water compartment to the sea water compartment was also consid-
1132 ered:
i(v) 20 ‘
Fo (V) = ==+ —=(" (v) =" (v)) (46)
F d
. 2D water S R M water
Fuwer (¥) = =25 (7 (y) - ¢ (y))H' (47)
1133 where y is the tangential coordinate; i is the current density; d is the membrane
1134 thickness; D and Duwaer are the electrolyte and water diffusion coefficients, respectively;
1135 ¢® and c¢* are electrolyte concentrations in sea and river water, respectively; Muwater and
1136 p... are the water molar mass and density, respectively.
1137 The model made it possible to calculate the generated average power density, P,
1138 (Equation 48).
1, |
= LT (a8)
a = L 4
1139 where L is the length of RED cell; factor 1/2 is due to the double membrane area
1140 (CEM and AEM) inacell; R ,(y)=R"(y)+R"(y)+R"™ + R“™™ is the area resistance of
1141 RED cell, which depends on the area resistance of the river, R°, and sea water, R",
1142 compartments and the resistance of the cation-, R“*", and anion-exchange, R"*",

1143 membranes. It was assumed that the values of R and R"*™ are constant.
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1144 The obtained value of P, was close to the experimentally determined value of 1
1145 W/m? when using an apparatus equipped with Fumasep FKD cation exchange mem-
1146 branes and Fumasep FAD anion exchange membranes (Fumatech, Germany). This result
1147 was obtained when the solution residence time in RED stack chambers was minimal. The
1148 main conclusion in relation to the performance of the process was that the IEMs should
1149 be as thin as possible and have small resistance.
1150 Within the framework of the classification in Section 4, it can be said that the ap-
1151 proach proposed by [15] is close to the “solution-diffusion” approach (TMS model). Sim-
1152 ilar modeling approaches were used to evaluate the maximum power density of RED
1153 systems based on Fumasep membranes FAS-50 and FKS-50 [261,262] and Fujifilm CEM
1154 and AEM membranes (Fujifilm, Netherlands) [263]. It is shown that the power density
1155 increases significantly with an increase in the concentration of the sea water solution and
1156 the Reynolds number.
1157 Tedesco et al [145] took into account the distribution of concentration not only along
1158 the length of each chamber in the RED stack, but also along their width. The membrane
1159 was considered as a gel phase (the TMS model). Ion transport was described using the
1160 Nernst-Planck equation (25) under the LEN assumption (15). Water transport was not
1161 taken into account due to the fact that it is small due to the counteracting action of os-
1162 mosis and electroosmosis. This approach made it possible to take into account the con-
1163 tribution of coion transfer and show that the power density decreases with non-ideality
1164 of the membrane. Gurreri et al. presented a similar model [264] but with a membrane
1165 having a profiled surface. They found an elevated flux of coions, which was due to high
1166 concentration of these ions in the membrane caused by their strong concentration in the
1167 external solution (seawater).
1168 Moya [265-267] presented a one-dimensional TMS model that takes into account the
1169 two-dimensionality of the RED system using the diffusion layer thickness, 6, which was
1170 calculated using the Leveque equation [268]:
2 -1/3
5 L (h vo\ ) (49)
1.47| LD

1171 where h is the intermembrane channel width; v, is the average flow rate in the
1172 intermembrane channel.
1173 The model makes it possible to investigate the efficiency of the RED process in the
1174 presence of doubly charged counterions in electrolyte solutions. It has been shown that
1175 the selectivity of membranes decreases as the flux of coions increases due to a decrease in
1176 the Donnan exclusion of coions from the IEM. The diffusion coefficient of doubly charged
1177 counterions in the membrane is much less than that of singly charged ones, which leads
1178 to an additional increase in the resistance of the system. Thus, the efficiency of the RED
1179 process decreases in the presence of doubly charged ions in electrolyte solutions.
1180 As a continuation of their work, Tedesco et al [146] took into account the transport of
1181 water through the IEM. To do this, they used the Stefan-Maxwell equation [54]:

—V;L’,:RTZ fw(v’,—v]), (50)

7

1182 where fi is the friction factor between ion i and phase j (which can be the water, the
1183 membrane matrix, or another ion); vi and v; are velocities of i and ;.
1184 The fluid flow through the membrane was considered as a function of osmotic and
1185 hydrostatic pressure gradients, the fluid friction against the membrane matrix was taken
1186 into account. It was shown that water transport through the membrane affects the de-
1187 crease in the efficiency of the RED process, and its contribution to this decrease is com-
1188 parable to the contribution of the coion flux through the membrane. The thickness of the

1189 membrane (in the range from 20 to 100 pm) did not significantly affect the maximum
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1190 power density [269], which was about 1 W/m? for the system under study. A similar
1191 maximum power density was also obtained by La Cerva et al. [270]. These authors have
1192 also shown that membrane profiling allows increasing gross power density, but reduces
1193 net power density due to the loss in the solution pumping.

1194 Davydov et al. [14] were the first to use the microheterogeneous model [153] (see
1195 Section 4.1) to estimate the power density of RED. This made it possible to take into ac-
1196 count the electrical conductivity and diffusion permeability of the applied membranes
1197 over a wide range of concentrations. Despite the fact that the model used was relatively
1198 simple and did not take into account the channel geometry and solution flow parameters,
1199 the authors have achieved relatively good agreement between the calculated and ex-
1200 perimental power density.

1201 Fan et al [271] applied the Donnan-Manning theory [88] to describe ion sorption in
1202 the IEM during the RED process without fitting parameters. Diffusion coefficients were
1203 calculated using the Mackie and Meares model [272] taking into account the Manning
1204 condensation theory. Two tradeoffs are considered in the paper: higher seawater salinity
1205 reduces IEM selectivity, but membrane resistance also decreases; higher water sorption
1206 of IEM increases ion diffusivity in its volume, i.e. reduces resistance, but also reduces
1207 selectivity due to dilution of fixed charges. Jin et al [273] The authors also applied
1208 Donnan-Manning and Mackie and Meares theory, which made it possible to get rid of
1209 fitting parameters even in the 2D model, such as ion diffusivity in IEM, resistance and
1210 permselectivity coefficients.

1211 There are also other works on modeling the RED process, however, the main atten-
1212 tion there was paid to the influence of hydrodynamic conditions [274-280]. The mem-
1213 brane in these publications was considered as ideally selective [277,278], as an ohmic re-
1214 sistance [274-276,279,281] or its effect was taken into account through the boundary
1215 condition [280,282].

1216 6. Conclusions

1217 The review shows that although a relatively small number of governing equations
1218 are used in modelling of ion and water transport in charged membranes, the number of
1219 different models is quite large. Models of two main types differ by the general approach
1220 how to consider the membrane structure: as an integral quasi-homogeneous material
1221 (“diffusion-solution” models) or as a heterogeneous material consisting of an array of
1222 pores and hydrophobic domains containing these pores (“pore-flow” models). Further,
1223 in each approach there are numerous variations where certain simplifications and as-
1224 sumptions are applied, different effects are taken into account. There are rather general
1225 models, such as the Teorell-Meyer-Sievers model, and models tailored to describe a par-
1226 ticular phenomenon that is important in describing a specific process. An example of
1227 models of the second kind are the semi-empirical models of Weber-Newman developed
1228 for describing ion and water transport in PEMs used in a fuel cell. This model takes into
1229 account the specific effect of current-induced water streaming flow on the ion (proton)
1230 mobility, while in other applications of IEMS this effect is not significant.

1231 We believe that a consistent presentation of the basics of mathematical modeling of
1232 transport phenomena in charged membranes, as well as examples of specific mathemat-
1233 ical descriptions will be useful both for beginners and experts in this field of knowledge.
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Nomenclature

Abbreviations
AEM anion-exchange membrane

BCE
BPM

block copolymer electrolyte
bipolar membranes

CEM cation-exchange membrane

DBL
ED
EDL
FC
HER

diffusion boundary layer
electrodialysis

electrical double layer

fuel cell

hydrogen evolution reaction

HOR hydrogen oxidation reaction

IEM
LE
LEN
NF
NPP
OER
ORR
PEM

ion-exchange membrane
liquid equilibrated

local electroneutrality
nanofiltration
Nernst-Planck-Poisson
oxygen evolution reaction
oxygen reduction reaction
proton-exchange membrane

PEMFC  proton exchange membrane fuel cells
PTFE polytetrafluorethylene

RED reverse electrodialysis

RFB redox flow batteries

RO reverse osmosis

TMS Teorell-Meyer-Sievers (model)

VE  vapor equilibrated

Symbols

ai activity of species i

aw  water vapor activityb distance between two neighboring functional groups
ci molar concentration of species i

Cs molar salt concentration

d membrane thickness

D electrolyte diffusion coefficient

Di  diffusion coefficient of species i

E electric field intensity

e protonic charge

F Faraday's constant

P body force

Fn  morphological factor
f gel phase volume fraction
f2 intergel electroneutral solution volume fraction
fij  friction factor between ion i and phase j
g gravitational acceleration

g activity factor

h channel width

% electric current density

i, Faradaic current density

},- flux density of species i

Jsw  substance flux

;‘V volumetric flux density
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ks Boltzmann constant
Ko Donnan equilibrium coefficient
k»  porous medium hydraulic permeability
Ks  partition coefficient
L channel length
Lj  phenomenological conductivity coefficient
Ly  hydraulic permeability coefficient
Mouater water molar mass
na  charged monomer mole fraction
nx  neutral crosslinker mole fraction
p diffusion permeability coefficient
p pressure
p"  membrane pore volume fraction
P, average power density,
Psat  saturation pressure of water
o concentration fixed ions
q space charge
R gas constant
R_, area cell resistance
Ri  generation rate of species i in a chemical reaction
T temperature
t time
ti transport number of species i
v, is the average flow rate
v substance movement velocity
Vv volume
v fluid flow velocity
v, partial molar volume
w membrane water content
xw  mole fraction of water in the gas
Zi charge number of species i
zqg  charge of functional group
Greek Symbols
a
the transport axis
B electroosmotic permeability coefficient
Vi activity coefficient of species i
0 diffusion layer thickness
£ relative permittivity
&0 vacuum permittivity
&  polymer dielectric constant
e&w  water dielectric constant
K electrical conductivity
Az Bjerrum length
Aeg water content (in H20 / SOs7)
u dynamic viscosity
pi  electrochemical potential of species i
p!  standard electrochemical potential of species i
v kinematic viscosity
v:  stoichiometric number
3 reduced linear charge density

structural parameter depending on the position of the phases with respect to
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Eait  critical reduced linear charge density
osmotic pressure
density

volumetric charge density

p
p

o Staverman reflection coefficient
¢ electric potential

¢@w  membrane water volume fraction
A difference in a quantity

v gradient operator

Indices

- anion

+ cation

A coion

c counterion

g superscript denoting that the quantity relates to the gel phase

i species

s superscript denoting that the quantity relates to the interstitial solution
w water
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