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Artificial ion-exchange and other charged membranes, like as biomembranes, are self-organizing nanomaterials built from macromolecules. The interactions of fragments of macromolecules results in phase separation and formation of ion-conducting channels. The properties conditioned by the structure of charged membrane determine their application in separation processes (water treatment, electrolyte concentration, food industry and other), energy (reverse electrodialysis, fuel cells and other), chlore-alkali production and other. The purpose of this review if to provide guidelines for modeling the transport of ions and water in charged membranes, as well as to describe the latest advances in these field with a focus on power generation systems. We briefly describe the main structural elements of charged membranes, which determine their ion and water transport characteristics. The main governing equations and the most commonly used theories and assumptions are presented and analyzed. Known models are classified; they are described based on the information about the equations and assumptions given in previous sections.

The main attention is paid to the models, which have the greatest impact and are most frequently used in the literature. Among them, we focus on recent models developed for proton-exchange membranes used in fuel cells and for membranes applied in reverse electrodialysis.

Introduction

Ion exchange membranes (IEMs) are widely used in water treatment and energy storage/generation systems. Water treatment, desalination and concentration of solutions, ion separation and some other applications are carried out using electrodialysis (ED) [START_REF] Werber | Materials for next-generation desalination and water purification membranes[END_REF][START_REF] Mauter | The role of nanotechnology in tackling global water challenges[END_REF][START_REF] Al-Amshawee | Electrodialysis desalination for water and wastewater: A review[END_REF][START_REF] Gurreri | Electrodialysis Applications in Wastewater Treatment for Environmental Protection and Resources Recovery: A Systematic Review on Progress and Perspectives[END_REF]. As for energy storage and generation, proton-exchange membrane (PEM) electrolysis, reverse electrodialysis (RED), redox flow batteries (RFB), fuel cells (FC) and some other membrane processes are applied [START_REF] Alkhadra | Electrochemical Methods for Water Purification, Ion Separations, and Energy Conversion[END_REF][START_REF] Apel | Prospects of Membrane Science Development[END_REF][START_REF] Bazinet | Electrodialytic Processes: Market Overview, Membrane Phenomena, Recent Developments and Sustainable Strategies[END_REF][START_REF] Du | Low-PGM and PGM-Free Catalysts for Proton Exchange Membrane Fuel Cells: Stability Challenges and Material Solutions[END_REF][START_REF] Luo | Selectivity of ion exchange membranes: A review[END_REF][START_REF] Falcão | A review on PEM electrolyzer modelling: Guidelines for beginners[END_REF][START_REF] Jiang | A comprehensive review on the synthesis and applications of ion exchange membranes[END_REF][START_REF] Xiong | A Chemistry and Microstructure Perspective on Ion-Conducting Membranes for Redox Flow Batteries[END_REF][START_REF] Logan | Membrane-based processes for sustainable power generation using water[END_REF] (Figure 1). In ED (Figure 1a), feed solution components are transferred through alternating cation-exchange (CEM) and anion-exchange membranes (AEM) under the action of an external electric field [START_REF] Werber | Materials for next-generation desalination and water purification membranes[END_REF][START_REF] Mauter | The role of nanotechnology in tackling global water challenges[END_REF][START_REF] Al-Amshawee | Electrodialysis desalination for water and wastewater: A review[END_REF][START_REF] Gurreri | Electrodialysis Applications in Wastewater Treatment for Environmental Protection and Resources Recovery: A Systematic Review on Progress and Perspectives[END_REF]. As a result of this process, the feed solution is concentrated in some compartments (concentration compartments) and desalinated in others (desalination compartments). This also allows to consider ED as a process associated with the energy storage. Such features of ED make it an attractive technology for application in various fields [START_REF] Bazinet | Electrodialytic Processes: Market Overview, Membrane Phenomena, Recent Developments and Sustainable Strategies[END_REF]: water desalination (sea water, well water, brackish water, etc.); wastewater treatment (industrial, agricultural, municipal wastes); food industry (wine, dairy, production of juice drinks, etc.); medicine (purification of amino acids, desalination of pharmaceutical intermediates, recovery of blood plasma proteins, etc.); electronic industry (purification of water for electronics processing); production of ultrapure water and many other areas. In RED (Figure 1b) no external electric field is applied, and alternating CEM and AEM separate the feed concentrated (e. g. sea water) and the feed dilute (e. g. river water) solutions. Species diffusion through a membrane causes an ionic fluxes from a concentrated solution to a dilute one, and the energy released during this process generates electricity [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF]. It should be noted that in Figure 1b, as an example, the counter-current operation of the RED is demonstrated (sea and river water in the corresponding compartments moves in opposite directions). However, from a practical viewpoint, the co-current mode (co-directional movement of sea and river water in the respective compartments) is preferable and al-lows for greater productivity [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF]. Power generation is an application of RED, but there are some specific applications [START_REF] Tian | Unique applications and improvements of reverse electrodialysis: A review and outlook[END_REF]: RED, designed to produce hydrogen and store energy in batteries; RED for wastewater treatment using electricity in situ; various integrations of RED with other desalination technologies. By analogy with ED, PEM electrolysis (Figure 1c) is associated with energy storage [START_REF] Falcão | A review on PEM electrolyzer modelling: Guidelines for beginners[END_REF], and FC (Figure 1d) with its production RED [START_REF] Xu | Lattice Boltzmann modeling of transport phenomena in fuel cells and flow batteries[END_REF][START_REF] Vichard | Hybrid fuel cell system degradation modeling methods: A comprehensive review[END_REF], similar to RED. In PEM electrolysis, water molecules are fed into the anode catalyst layer, where they are oxidized to oxygen and protons, i.e., an oxygen evolution reaction (OER) takes place: .
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The resulting oxygen is removed from the device, and the protons are transferred by an electric field through the PEM to the cathode catalyst layer, where they are reduced to hydrogen, i.e., a hydrogen evolution reaction (HER) takes place: (

) 2 
In FC with PEM, the opposite happens: hydrogen is fed into the anode catalyst layer, where it is oxidized to protons -hydrogen oxidation reaction (HOR): 

As a result of this reaction, heat and a direct electric current are generated. The resulting protons are transferred through the PEM to the cathode catalyst layer, where oxygen is also supplied. As a result, an oxygen reduction reaction (ORR) takes place in the cathode layer with the water formation: 

As for RFB, their application is related to both generation and storage of energy.

Aqueous RFB (Figure 1e) is a sandwiched structure consisting of positive and negative porous carbon electrodes separated by an ion-exchange membrane. The external reservoirs contain electrolytes with dissolved active species that circulate through the porous electrodes. Electrochemical reactions take place on the electrodes to store or release electricity. The energy storage tanks are separated from the power pack, therefore, the stored energy can be scaled [START_REF] Xu | Lattice Boltzmann modeling of transport phenomena in fuel cells and flow batteries[END_REF].

The use of IEMs in these applications is due to their ability to enhance or impede species transfer not only because of the size of the species, but also because of their charge. Synthetic ion exchange membranes (IEMs) are polymeric materials whose structure is based on aliphatic, aromatic or perfluorinated residues containing functional groups (-SO3 -, -NH3 + and others). These functional groups are fixed due to a strong chemical bond with the polymer matrix, and the presence of a charge in such a group allows it to participate in exchange reactions with ions from an external solution (Figure 2). Depending on the sign of the charge of the functional groups fixed to their matrix, membranes are divided into cation-exchange (negative fixed charge) and anion-exchange (positive fixed charge). A detailed description of the structure and types of polymer chain architecture of various cation and anion exchange membranes was reviewed by Ran et al. [START_REF] Ran | Ion exchange membranes: New developments and applications[END_REF].

According to the structural feature and method of production, membranes are traditionally divided into homogeneous and heterogeneous. Homogeneous membranes are usually produced by copolymerization of monomers. There are two types of such IEMs:

single-phase (Nafion, DuPont Co., Wilmington, California, USA; MF-4SK, Plastpolimer, St. Petersburg, Russia, and others) represent a continuous layer of ion exchange material (homogeneous at the micrometer scale) with more or less evenly distributed fixed groups; two-phase (Neosepta AMX, CMX, Astom, Tokyo, Japan; CJMCED, CJMAED, Hefei ChemJoy Polymer Materials, Hefei, China; and others), the structure of which, along with a sulfonated polymer, may include an inert binder and reinforcing fibers [START_REF] Mizutani | Structure of ion exchange membranes[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]. Heterogeneous membranes are produced by mixing microgranules (about 5-50 µm) of an ion exchange resin with an inert binder (MK-40, MA-40, Shchekinoazot, Russia; Ralex CMH, AMH, MEGA a.s., Czech Republic, and others) [START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]. This IEMs may be reinforced with meshes or fabrics made of various polymers (polyester, capron, lavsan, polyvinyl chloride, and others) to achieve high mechanical strength. Such a structure leads to significant differences in physicochemical properties of membrane bulk and surface on micrometer scale: there are both electrically conductive and non-conductive areas corresponding to the phase of the ion exchanger and the inert binder, respectively;

the presence of a reinforcing fabric contributes to the development of geometric heterogeneity (waviness) of the surface. This kind of heterogeneity may contribute to the development of electroconvection in electromembrane systems [START_REF] Nikonenko | Effect of electroconvection and its use in intensifying the mass transfer in electrodialysis (Review)[END_REF][START_REF] Mani | Electroconvection Near Electrochemical Interfaces: Experiments, Modeling, and Computation[END_REF].

It should be noted that despite the presence of two phases in the structure of the material, Neosepta, CJMCED, CJMAED and other similar membranes are still traditionally called homogeneous [START_REF] Al-Amshawee | Electrodialysis desalination for water and wastewater: A review[END_REF][START_REF] Bazinet | Electrodialytic Processes: Market Overview, Membrane Phenomena, Recent Developments and Sustainable Strategies[END_REF]. However, "homogeneous" membranes, strictly speaking, are inhomogeneous on the 10-100 nm scale. When swollen in an aqueous solution, they contain hydrophilic pores/channels enclosed in a hydrophobic matrix. These pores/channels allow the transport of ions and water across the membrane [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF].

The characteristics of the IEM are determined by the requirements of the process in which they are applied [START_REF] Luo | Selectivity of ion exchange membranes: A review[END_REF]. There are membranes of several special grades, which are used in different applications. In electrodialysis water desalination, alternating cation-exchange and anion-exchange membranes (CEM and AEM) are used. Cations pass through the cation-exchange membrane, and anions, respectively, through the anion-exchange membrane. Thus, ED requires membranes that provide counterion/coion selectivity [START_REF] Giorno | Permselectivity of Ion-Exchange Membranes[END_REF]. There are many applications where the permselectivity for a specific ion is needed. For example, the separation of monovalent and multivalent ions of the same sign of charge (such as Na + and Ca 2+ ) is required for water softening. This separation is achieved with the use of special-grade membranes, monovalent-ion-selective membranes, which are used in a process called selectrodialysis [START_REF] Zhang | Selectrodialysis: Fractionation of divalent ions from monovalent ions in a novel electrodialysis stack[END_REF]. In the electrodialysis production of alkalis and acids, another special-grade membranes, bipolar membranes, are used. Their important property is an increased catalytic activity for the water dissociation reaction [START_REF] Pärnamäe | Bipolar membranes: A review on principles, latest developments, and applications[END_REF]. In vanadium redox flow batteries [START_REF] Xiong | A Chemistry and Microstructure Perspective on Ion-Conducting Membranes for Redox Flow Batteries[END_REF], IEMs are utilized that allow catholyte and anolyte solutions to exchange charge balancing species (e.g. protons for CEM and sulfate/bisulfate for AEM) but not active redox vanadium ions. In proton-exchange membranes used in fuel cells and electrolysis, in addition to ions, it is important to control the transfer of water and/or neutral solutes [START_REF] Luo | Selectivity of ion exchange membranes: A review[END_REF][START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF].

With such diverse requirements for IEMs, the challenge for researchers is to improve understanding of the fundamental properties of membranes responsible for various desirable or undesirable effects. The purpose of this article is to help researchers solve this problem of better understanding through mathematical modeling and simulation. The paper discusses the relationships between membrane structure and their properties,

gives basic equations and well-established models, their classification. With that, new approaches to the description of transport phenomena in charged membranes are reviewed. The main attention is given to the models related to energy generation applications. Related phenomena such as chemical reactions (water splitting, acid dissociation, etc.) are also considered.

Structure of IEMs

Clusters and channels

IEMs are self-assembling nanostructured materials composed of macromolecules [START_REF] Van Rijn | Challenges and advances in the field of self-assembled membranes[END_REF]. The structure and hence the properties of biological membranes and IEMs have some similarities [START_REF] Timashev | Physical chemistry of membrane processes[END_REF]. The main components of the structure of biological membranes are amphiphilic compounds having both hydrophilic and hydrophobic components (Figure 3). They consist of a phosphate 'head' (circles in Figure 3b) and a lipid 'tail' (lines) that are, respectively, compatible and incompatible with water. sures self-organization in the membrane bulk [START_REF] Mauritz | State of Understanding of Nafion[END_REF]. The polymer chains form the matrix of the membrane, while the functional groups are assembled into clusters, the size of which is on the order of several nanometers. In an aqueous solution, the hydrophilic functional groups became hydrated and the membrane swells. The size of the clusters increases, conducting channels appear between them, and they form a percolation system when a certain water content is reached [START_REF] Gebel | Structural evolution of water swollen perfluorosulfonated ionomers from dry membrane to solution[END_REF]. Therefore, hydrophobic components contribute to the morphological stability of the membrane, and hydrophilic components create a system of conducting channels. The degree of swelling depends on the concentration of the external solution: with an increase in the concentration of the solution, the water content in the IEM decreases [START_REF] Helfferich | Ion exchange[END_REF]. If the membrane contains weakly basic functional groups, such as secondary and tertiary amino groups, there is a dependence of the water content on the pH of the external solution. [START_REF] Drozdov | The effects of pH and ionic strength on equilibrium swelling of polyampholyte gels[END_REF][START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF].

The cluster and channel model, first proposed by Gierke in [START_REF] Zvaigzne | Fabrication of composite materials from semiconductor quantum dots and organic polymers for optoelectronics and biomedicine: role of surface ligands[END_REF], describes the main features of the behavior and adequately explains the transport properties of Nafion® membranes [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF]. The main idea of the existence of relatively large agglomerates/clusters of functional groups (several nanometers or more), which are connected by narrower channels (about 1 nm in diameter) (Figure 4) can be also applied to most other IEMs.

Kreuer developed a more detailed representation of the two-dimensional structure of Nafion® [START_REF] Kreuer | On the development of proton conducting polymer membranes for hydrogen and methanol fuel cells[END_REF], which generally corresponds to the Gierke model. Clusters, channels, some structural defects, gaps between ion-exchange resin particles, binder and tissue form a system of pores in IEM, the size of which varies from a few nm to 1-2 microns [START_REF] Berezina | Characterization of ion-exchange membrane materials: Properties vs structure[END_REF][START_REF] Kononenko | Porous structure of ion exchange membranes investigated by various techniques[END_REF][START_REF] Svoboda | Swelling induced structural changes of a heterogeneous cation-exchange membrane analyzed by micro-computed tomography[END_REF].

(a) (b)

Figure 4. Schematic representation of Nafion® structure, proposed by Gierke (a) [START_REF] Zvaigzne | Fabrication of composite materials from semiconductor quantum dots and organic polymers for optoelectronics and biomedicine: role of surface ligands[END_REF] and Kreuer (b) [START_REF] Kreuer | On the development of proton conducting polymer membranes for hydrogen and methanol fuel cells[END_REF]. An electrical double layer (EDL) is formed at the charged pore wall, and an electrically neutral solution is present in the center of the pore.

There is an analogy of the structure of polymer side chains with a fixed functional group (Figure 5a) and phospholipid molecules of biomembranes (Figure 3b): both contain a hydrophilic 'head' and a hydrophobic 'tail'.

Figure 5b shows that structuration of a membrane of the kind of Nafion® begins even in dry state: functional -SO3H groups attract each other and form clusters because they are dipoles. The flexibility of polymer chains allows this to be done. With an increase in the membrane water content, hydrated clusters first form, then intercluster channels appear, and percolation occurs (Figure 5c). If the backbone polymer chains are not intertwined enough, with sufficient water content, the polymer can split into individual chains and dissolve.

The solution that fills the clusters, where fixed functional groups are concentrated, mainly contains counterions formed as a result of the dissociation of functional groups.

The counterions in thermal motion are attracted to fixed charged groups, thus forming an electrical double layer (EDL) separating fixed ions and electrically neutral solution. The latter can be present in the center of the cluster, if the EDL thickness is smaller than the cluster radius (Figure 4a). The central part of the pore contains a small number of coions carrying a charge of the same sign as the fixed ions. Coions are repelled from the pore walls by electrostatic forces; this effect is called Donnan exclusion [START_REF] Helfferich | Ion exchange[END_REF] and first described in his paper in 1911 [START_REF] Donnan | The theory of membrane equilibrium and membrane potential in the presence of a non-dialyzable electrolyte. A contribution to physical-chemical physiology[END_REF]. The distribution of ions inside the EDL is described by the Gouy-Chapman theory, which takes into account both electrostatic and thermal interactions. Figure 6a schematically shows the distribution of ions near the pore wall, represented as a charged plane. The concentration of counterions in the pore solution increases, and the concentration of coions decreases with a decrease in the ratio of the pore radius to the Debye length (Figure 6a). The latter characterizes the EDL thickness.

Therefore, the smaller the pore radius, the higher the selectivity of the membrane (and the higher the resistance of the membrane). If the pore radius is greater than the Debye length, an electrically neutral solution is located in the center of the pore. [START_REF] Shiryaeva | Equilibrium of ion-exchange polymeric membrane with aqueous salt solution and its thermodynamic modeling[END_REF]); Evolution of the nanostructure of such a polymer during hydration (c) (redrawn from [START_REF] Gebel | Structural evolution of water swollen perfluorosulfonated ionomers from dry membrane to solution[END_REF]).

Water molecules that are close to functional groups are structured and largely lose their mobility [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF][START_REF] Timashev | Physical chemistry of membrane processes[END_REF]. As a result, the relative permittivity ε decreases as the solution approaches the functional groups. The permittivity of the Nafion membrane was studied in detail by Paddison et al. [43]. It is shown that with increasing water content, ε increases linearly, starting from the value corresponding to the dry polymer (ε = 2.1 for polytetrafluorethylen (PTFE)) to the value referred to the pore solution of the hydrated polymer (ε = 20 for Nafion® 117) [START_REF] Paddison | High frequency dielectric studies of hydrated Nafion®[END_REF] (Figure 6b). The mobility of counterions concentrated near the functional groups is very low, mainly due to the strong electrostatic interaction [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF]. The side chains also contribute to their low mobility, cluttering up the space [START_REF] Haubold | Nano structure of NAFION: a SAXS study[END_REF]. Due to the finite size of hydrated counterions, their concentration decreases when the distance from the fixed group becomes less than about 0.5 nm. When approaching the center of the pores, the concentration of counterions also decreases in accordance with the Gouy-Chapman ion distribution law in the EDL (Figure 6a).

Water molecules located in the center of sufficiently large pores behave similarly to molecules in a free solution and ε also approaches the value of 81, corresponding to an electrically neutral solution [START_REF] Kornyshev | Kinetics of Proton Transport in Water[END_REF]. The Grotthuss shuttling dominates vehicular diffusion (solvation diffusion): the proton hops from one H3O + (or H5O2 + or even greater) complex to the neighboring one, instead of moving in the aqueous environment, transferring in the hydration shell [START_REF] Kornyshev | Kinetics of Proton Transport in Water[END_REF]. hydrated counterion is shown near the pore wall. Adapted from [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF].

Electronic structure calculations [START_REF] Paddison | Proton Conduction Mechanisms at Low Degrees of Hydration in Sulfonic Acid-Based Polymer Electrolyte Membranes[END_REF] show that in perfluorinated membranes (such as Nafion®) 2-3 water molecules per sulfonic acid group (w) are needed for proton dissociation. The dissociated proton is separated from the sulfonate anion when 6 water molecules are added to the membrane. According to Kreuer et al. [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF], only at w > 14 there is a two-phase system, where free water is clearly distinguishable in the pore (Fig-

ure 6c).

A generalized representation of the structure of an IEM is shown in Figure 7. It is a fragment that includes hydrophobic domains of the matrix, micropores (where EDLs overlap) and mesopores (where EDLs do not overlap but occupy a significant part of the pore). This fragment is typical for a homogeneous IEM, which usually do not contain macropores. Heterogeneous membranes, in addition to micro-and mesopores, also contain macropores, which can be spaces between the particles of the ion exchange resin and the reinforcing binder and fabric.

The counterion must overcome the potential barrier when moving from one functional group to another [START_REF] Zhou | Intrapore energy barriers govern ion transport and selectivity of desalination membranes[END_REF]. The value of this barrier depends on the energy of electrostatic and chemical interactions between the hydrated counterion and the functional group and on the energy required to move polymer chains to form a sufficiently large ion transport channel or cluster in the membrane matrix. The average distance between two adjacent functional group depends on the exchange capacity and membrane morphology. For conventional membrane materials, this distance is in the range of 0.5-1.0 nm [START_REF] Timashev | Physical chemistry of membrane processes[END_REF],

in particular for perfluorosulfonic membrane Nafion, it is about 0.8 nm [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF][START_REF] Timashev | Physical chemistry of membrane processes[END_REF]. 

Functional properties and their relation to the nanostructure

The main characteristics of IEMs, such as permselectivity and conductivity, primarily depend on the ratio of the volumes of the central and near-wall parts of the liquid in the pores. A large fraction of the electroneutral central part, which is typical for big pores, reduces the permselectivity. With an increase in the pore radius, the concentrations of coions and counterions converge, therefore, the contribution of coions to the electric charge transfer increases. Reducing the number and/or radius of the pores leads to a decrease in conductivity [START_REF] Xiong | A Chemistry and Microstructure Perspective on Ion-Conducting Membranes for Redox Flow Batteries[END_REF][START_REF] Kreuer | On the development of proton conducting polymer membranes for hydrogen and methanol fuel cells[END_REF]. By increasing the length of the backbone and side chains, it is possible to reduce the number and size of hydrophilic pores by increasing the hydrophobic component of IEM.

The membrane conductivity increases with increasing water content [START_REF] Gebel | Structural evolution of water swollen perfluorosulfonated ionomers from dry membrane to solution[END_REF]. At low water content, which can occur in a PEM of fuel cells due to water crossover [START_REF] Dickinson | Modelling the Proton-Conductive Membrane in Practical Polymer Electrolyte Membrane Fuel Cell (PEMFC) Simulation: A Review[END_REF], an increase in water content leads to a sharp increase in the percolation degree (see Figure 5c) causing an exponential growth in conductivity. At elevated water content, the higher w, the larger the pore size, which reduces the tortuosity of the inner membrane morphology, resulting in higher ion mobility.

Basics of modelling of ion and water transport in ion-exchange membranes

The mathematical description of ion and water transport in membranes is reduced to several basic approaches [START_REF] Tanaka | Ion exchange membranes: fundamentals and applications[END_REF][START_REF] Newman | Electrochemical Systems[END_REF][START_REF] Nikonenko | Modelling of ion transport in electromembrane systems: Impacts of membrane bulk and surface heterogeneity[END_REF], which include the balance and transport of charge and matter. In the following, we will briefly review the basic equations, present them in expanded and concise form, and discuss important aspects that will help formulate transfer problems in IEMs. 

Conservation equations

JJ                        . ( 5 
)
Figure 8. An elementary volume in three-dimensional space, incoming and outgoing fluxes of a substance.

In the mathematical description of the transport of species i (an ion or a molecule) in membrane systems, Equation ( 5) can be reduced to the following form [START_REF] Newman | Electrochemical Systems[END_REF]: ). The momentum conservation equation for a Newtonian fluid is written as follows:

  i mm i i p c jR t p        r , (6) 
2 ρv v ρ v p μ v F t            r r r r r . ( 7 
)
The term on the left-hand side of the Equation ( 7) characterizes the rate of momentum accumulation per unit volume over time. On the right side, the first term describes the change in the convective component of the momentum flux entering and leaving the elementary volume, the second and third terms characterize the effect of the surface forces, the pressure and viscous forces and the last term characterizes the effect of external body forces. In the case of IEMs, the gravity is often irrelevant and ignored. Equation ( 7) is usually used in the models of fuel cells, where the gas phase is taken into account [START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF]. When a Newtonian incompressible fluid is considered, Equation ( 7) is reduced to:

2 11 () v v v p ν v F t ρρ            r r r r r . ( 8 
)
Equation ( 8) is largely applied when simulating solution flow between membranes in ED, RED and RedOx systems [START_REF] Mani | Electroconvection Near Electrochemical Interfaces: Experiments, Modeling, and Computation[END_REF]. Sometimes the gravitational and electric body forces are important, which generate gravitational (natural) convection and electroconvection, respectively. As well as, Equation ( 8) is applied in the membrane pores, where electric body force can generate electroosmotic fluid transfer.

It should be noted that in the case of porous materials, where the gravity forces could be neglected, the empirical Darcy law is used instead the Navier-Stokes equation [START_REF] Bear | Dynamics of Fluids in Porous Media (Dover Civil and Mechanical Engineering)[END_REF]:

P k vp μ    r , ( 9 
)
here k P is the hydraulic permeability of the porous medium.

Charge conservation law. Poisson equation

The Poisson equation relates the distribution of electric field with the distribution of space charge density: The charge conservation equation is an extension of the material conservation Equation [START_REF] Apel | Prospects of Membrane Science Development[END_REF]. Multiplying it by the charge of species i, zi, and the Faraday's constant, F, and summing over all species and noting that all reactions are charge balanced yields:

2 0 e ρ E φ εε       r , (10) 
i i i i i m i p F z c F z j t       r , (11) 
here the volumetric charge density, e ρ , and the Faradaic current density, F i r , can be defined by Equations ( 12) and ( 13), respectively

i e i i ρ F z c   (12) 
and
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)
Combination of the Poisson's [START_REF] Falcão | A review on PEM electrolyzer modelling: Guidelines for beginners[END_REF] and charge conservation [START_REF] Jiang | A comprehensive review on the synthesis and applications of ion exchange membranes[END_REF] equations gives the following equation for the current density [START_REF] Cohen | The Numerical Solution of the Time-Dependent Nernst-Planck Equations[END_REF][START_REF] Uzdenova | 1D Mathematical Modelling of Non-Stationary Ion Transfer in the Diffusion Layer Adjacent to an Ion-Exchange Membrane in Galvanostatic Mode[END_REF]:

00 i i F i φφ i F z j ε ε i ε ε tt           r r r . ( 14 
)
The second term on the right-hand side of Equation ( 14) is the displacement current, which occurs due to very fast processes (lasting less than milliseconds), e.g. high fre-quency part of the electrochemical impedance spectra [START_REF] Moya | Electrochemical Impedance of Ion-Exchange Membranes in Ternary Solutions with Two Counterions[END_REF]. In some cases, the contribution of the EDL charging/discharging process to the total resistance (or impedance) of the system is negligibly small compared to the contribution of other processes, thus the second term in ( 14) may be neglected. The Faradaic current density, F i r , does not change with a distance (in the case of 1D geometry), while the total current density can change: a part of charges forming the current may be consumed, for example, for charging EDL.

Equation ( 14) should be applied to a continuous phase, which can be a solution in aa membrane pore or outside the membrane, or a membrane itself considered as a homogeneous solution.

In some cases, the local electroneutrality (LEN) assumption may be applied:

0 ii i zc   . ( 15 
)
This assumption can be applied to solution or membrane bulk except interfacial space charge regions (EDLs) [START_REF] Larchet | Application of chronopotentiometry to determine the thickness of diffusion layer adjacent to an ion-exchange membrane under natural convection[END_REF]. Deviation from electroneutrality should be taken into account, when describing transients and impedance spectra at small time scales or at high frequencies, when the double layer is charging and discharging, as well as when modelling at length scales about the Debye length (on the order of nanometers) near the membrane surface. For these cases, Poisson's equation allows providing a correct description of the distribution and space charge density and electric potential/field strength [START_REF] Yaroshchuk | Deviations from Electroneutrality in Membrane Barrier Layers: A Possible Mechanism Underlying High Salt Rejections[END_REF].

The use of Equation ( 15) does not mean that the Laplace equation ( 20 φ  ) can be used to find the distribution of potential. The latter formally follows from Poisson's equation when

0 e ρ 
is substituted into Equation [START_REF] Falcão | A review on PEM electrolyzer modelling: Guidelines for beginners[END_REF]. Let us rewrite Equation [START_REF] Falcão | A review on PEM electrolyzer modelling: Guidelines for beginners[END_REF] in the form:

dE CC ε dX   % % , 01 X  , (16) 
where

0 22 s ε ε R T ε Fcδ  % , x X δ  , E δF E RT  r %
, and δ is the diffusion layer thickness; s c is the molar concentration of salt in the electrolyte solution; R is the gas constant; T is temperature. The subscripts "+" and "-" correspond to the cation and anion, respectively; the subscript "A" corresponds to the coion.

The ε % coefficient at the derivative in the right-hand side of Equation ( 16) is quite small. Therefore, the value of 2 φ  (equal to

/ Ex   
in a 1D case) may not necessarily be reduced to 0, to consider the value of ii i zc  to be approximately zero. Thus, Equation ( 15) can be applied out of the interfacial regions where j and E vary very rapidly with distance causing a large value of 2 φ  . To find j and/or E in the regions where the LEN assumption is applied, Equation ( 15) should be solved together with the Nernst-Planck equations written for all mobile ions. This equation system can be considered as a simplification of the Nernst-Planck-Poisson (NPP) equation system [START_REF] Newman | Electrochemical Systems[END_REF]. The NPP equation system can be applied everywhere in membrane system. The limitations are related with the size of the considered region, which cannot be smaller than the size of atom/molecule [START_REF] Kilic | Steric effects in the dynamics of electrolytes at large applied voltages. II. Modified Poisson-Nernst-Planck equations[END_REF].

Substitution of Equations ( 15) in ( 11) yields the following equation, showing that in the electroneutrality region, the divergence of the current density is zero (the current density does not change with a distance in the 1D geometry case):

0 i  r . ( 17 
)

Irreversible thermodynamics

Modelling ion and water transport in a membrane on the basis of the irreversible thermodynamics (the phenomenological approach) allows establishing general relationships between fluxes and driving forces that are valid for membranes of any type.

This approach does not require an explicit description of the relationship between the membrane properties and its structure. On the one hand, this greatly simplifies the mathematical problem; on the other hand, important relations remain unknown. The peculiarities of ion and water transport in a particular membrane under study can be taken into account using phenomenological coefficients, which makes it possible to describe the membrane behavior under certain external conditions (concentrations, electric potential difference, solution flow rate etc.). To obtain quantitative relationships, it is necessary that the properties of the membrane be previously characterized. As a rule, such a description is sufficient for studying the patterns of development of various effects in electromembrane systems (e. g. concentration polarization and coupled transport phenomena, such as electroosmosis), predicting energy consumption and current efficiency, and also analyzing the applicability of membranes in specific applications. It should be noted that the equations used in the framework of the phenomenological approach may include phenomenological coefficients that directly or indirectly reflect the structural features of the membrane. For example, such coefficients can be evaluated via tortuosity factor, τ, used to take into account the fact that ion transport in the membrane is slower than in solution due to its dense structure [START_REF] Golubenko | Effect of current density, concentration of ternary electrolyte and type of cations on the monovalent ion selectivity of surface-sulfonated graft anion-exchange membranes: modelling and experiment[END_REF][START_REF] Gorobchenko | Mathematical Modeling of Monovalent Permselectivity of a Bilayer Ion-Exchange Membrane as a Function of Current Density[END_REF][START_REF] Honarparvar | Modeling multicomponent ion transport to investigate selective ion removal in electrodialysis[END_REF]; membrane porosity, p m , can be accounted also to express the fact that ions and water can only pass through the pores of the membrane [START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF][START_REF] Mareev | A comprehensive mathematical model of water splitting in bipolar membranes: Impact of the spatial distribution of fixed charges and catalyst at bipolar junction[END_REF][START_REF] Skolotneva | High Diffusion Permeability of Anion-Exchange Membranes for Ammonium Chloride: Experiment and Modeling[END_REF].

Onsager phenomenological equations

In a state of equilibrium, the electrochemical potential, µi, of any mobile species i is the same at every point of the membrane material. When the gradients of the electrochemical potential are not equal to zero, fluxes of species i appear in the system. Linear relationships between thermodynamic forces 

j i F μ   
i ij i j jL μ     r , (18) 
here Lij are the phenomenological conductivity coefficients. Lij depend on the material properties, species concentration, temperature, and pressure. Note that generally the flux of species i

( i j r
) in Equation ( 18) depends not only on the thermodynamic force applied to that species (

j F r
) but also on all forces acting on other species.

The electrochemical potential µi in Equation ( 18) can be represented as a function of activity ai of species i, electric potential φ and pressure p in the virtual solution (an electroneutral solution that is in local equilibrium with a small membrane volume corresponding to the x coordinate [START_REF] Yaroshchuk | Modelling nanofiltration of electrolyte solutions[END_REF]):

0 ln i i i i i μ μ R T a z F φ V p     , ( 19 
)
where 0 i μ and i V are standard electrochemical potential and partial molar volume of species i, respectively.

Onsager's reciprocity theorem (1931) suggests that the matrix composed of the phenomenological coefficients is symmetric [START_REF] Tanaka | Ion exchange membranes: fundamentals and applications[END_REF]:

ij ji LL  . ( 20 
)
This relation makes it possible to reduce the number of independent phenomenological coefficients. For example, if three different species (counterion, coion, and solvent) are present in a membrane or solution, then the number of independent coefficients is 6.

Along with the Onsager equation ( 18), the relationship between the fluxes and forces can be expressed using other systems of equations (Spiegler, Stefan-Maxwell, Kedem-Kachalsky, and some others) [START_REF] Kedem | Permeability of composite membranes. Part 1.-Electric current, volume flow and flow of solute through membranes[END_REF][START_REF] Meares | Coupling of ion and water fluxes in synthetic membranes*[END_REF][START_REF] Koter | Importance of the cross-effects in the transport through ion-exchange membranes[END_REF]). Generally, these systems are mathematically equivalent, which allows moving from one system of equations to another by simple transformations of variables; at least it is possible in the case of Onsager and Kedem-Katchalsky equation systems [START_REF] Auclair | Correlation between transport parameters of ion-exchange membranes[END_REF].

Kedem-Katchalsky equations

The Kedem-Kachalsky equation system [START_REF] Kedem | Permeability of composite membranes. Part 1.-Electric current, volume flow and flow of solute through membranes[END_REF] is of great interest for the practical description of the ions and water transport through the membranes. In differential form, these equations are written as follows [START_REF] Auclair | Correlation between transport parameters of ion-exchange membranes[END_REF]:
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where a  is the average ionic activity of the electrolyte; ti is the transport number of species i (equal to the fraction of electric current carried by ion i at zero concentration and pressure gradients); κ is the electrical conductivity.

The fluxes described by Equations ( 21)-( 23) are functions of 3 thermodynamic forces acting in the membrane system: mechanical, caused by the hydrostatic pressure gradient p  ; electrical due to electrical potential gradient, φ  ; chemical, expressed through the gradient of osmotic pressure or solute activity, coupled by the following relation [START_REF] Kedem | Permeability of composite membranes. Part 1.-Electric current, volume flow and flow of solute through membranes[END_REF]:

ln s π R T c v a     . ( 24 
)
Transport coefficients Lp, β, P, ti, κ and σ in the Kedem-Katchalsky equations are commonly used to characterize the transport properties of a membrane [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Transport and Electrochemical Characteristics of CJMCED Homogeneous Cation Exchange Membranes in Sodium Chloride, Calcium Chloride, and Sodium Sulfate Solutions[END_REF][START_REF] Rubinstein | Artifact of "Breakthrough" osmosis: comment on the local Spiegler-Kedem-Katchalsky equations with constant coefficients[END_REF], they are called practical coefficients. Due to this, Equations ( 21)-( 23) form the basis for the characterization of membranes and membrane processes [START_REF] Berezina | Characterization of ion-exchange membrane materials: Properties vs structure[END_REF]. Experimental measurement of such transport coefficients is carried out, as a rule, when only one driving force acts in the system. For example, to evaluate the diffusion permeability coefficient P, it is necessary to carry out measurements at

0 pi    r [76-79].

Nernst-Planсk equation

The classical Nernst-Planck equation can be considered as a special reduction of the Onsager equation. If the cross phenomenological coefficients in Equation ( 18) are neglected and Darcy's law [START_REF] Luo | Selectivity of ion exchange membranes: A review[END_REF] (establishing a linear relationship between the fluid flow velocity, V r , and pressure gradient) is applied, the extended Nernst-Planck equation with convective term can be obtained [START_REF] Newman | Electrochemical Systems[END_REF]:
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where

i i i L R T D c  is the diffusion coefficient of species i; ln 1 ln i i d γ g dc  is the ac- tivity factor; i γ
is the activity coefficient of species i.

In some cases, it is convenient to apply in the membrane the ion transport equation in the reduced form, which could also be derived from Equation ( 25) using LEN assumption [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF] and Equation ( 13):

m i i i i i it j p D c c V zF      r r r . ( 26 
)

Chemical reactions

Accounting for chemical reactions is necessary when considering the transfer of a weak electrolyte (water, ampholytes, etc.) [START_REF] Rybalkina | Two mechanisms of H+/OH-ion generation in anion-exchange membrane systems with polybasic acid salt solutions[END_REF] or a multicomponent solution whose species react with functional groups of the membrane or with each other (for example, in fuel cells ) [START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF]. The protonation and deprotonation of weak acidic or basic functional groups [START_REF] Mareev | A comprehensive mathematical model of water splitting in bipolar membranes: Impact of the spatial distribution of fixed charges and catalyst at bipolar junction[END_REF][START_REF] Kimani | The influence of feedwater pH on membrane charge ionization and ion rejection by reverse osmosis: An experimental and theoretical study[END_REF][START_REF] Zhang | Theory of Ion and Water Transport in Electron-Conducting Membrane Pores with p H-Dependent Chemical Charge[END_REF] is of particular interest, because they are a source or absorber of protons and hydroxyl ions, but do not move in space and determine the selectivity of the membrane. In the case of BPM, the catalytic water splitting reaction occurs in the bipolar region [START_REF] Pärnamäe | Bipolar membranes: A review on principles, latest developments, and applications[END_REF] and in the membrane bulk.

Donnan equilibrium relation

The Donnan model and, in particular, relation [START_REF] Timashev | Physical chemistry of membrane processes[END_REF], obtained in 1911 [START_REF] Donnan | The theory of membrane equilibrium and membrane potential in the presence of a non-dialyzable electrolyte. A contribution to physical-chemical physiology[END_REF], can be considered as the first successful attempt to interpret the known experimental results on electrolyte sorption by a membrane. In this model, an ion-exchange material is considered as an ideal gel. The Donnan equilibrium between a solution and an ion exchanger is described by the continuity of electrochemical potential at their interface [START_REF] Helfferich | Ion exchange[END_REF][START_REF] Newman | Electrochemical Systems[END_REF][START_REF] Nikonenko | Modelling of ion transport in electromembrane systems: Impacts of membrane bulk and surface heterogeneity[END_REF][START_REF] Chen | Donnan equilibrium revisited: Coupling between ion concentrations, osmotic pressure, and donnan potential[END_REF]:
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where the value with the overbar refers to the ion-exchanger.

The following two relations are derived from Equation ( 27):

one for the activities
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and the other for the electric potential difference between two phases (called the Donnan potential):
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)
where k is the left-hand (k = I) or right-hand (k = II) membrane / solution interface.

Taking into account that

i i i ac γ  and i i i ac γ 
, we find from Equation ( 29) the Donnan relation for a binary electrolyte:
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here
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is the Donnan equilibrium coefficient, expressed through the ratio of mean ionic activity coefficients in the external solution,
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. The electrolyte activity coefficients in aqueous solutions can be taken from the literature [START_REF] Robinson | Electrolyte solutions[END_REF][START_REF] Miller | Application of Irreversible Thermodynamics to Electrolyte Solutions. I. Determination of Ionic Transport Coefficients l ij for Isothermal Vector Transport Processes in Binary Electrolyte Systems 1,2[END_REF].

The Donnan theory cannot quantitatively predict the activity coefficients in the membrane. However, the consideration of only the "free" or "bulk" water in the membrane [START_REF] Münchinger | Selective ion transport through hydrated cation and anion exchange membranes I. The effect of specific interactions[END_REF][START_REF] Tran | Elucidating the relationship between states of water and ion transport properties in hydrated polymers[END_REF] made it possible to achieve quantitative agreement between the theory and experiment of coion sorption.

Another approach is to generalized the Donnan theory by taking into account the Manning condensation theory [START_REF] Kamcev | Partitioning of mobile ions between ion exchange polymers and aqueous salt solutions: importance of counter-ion condensation[END_REF]. This approach is described in the next Section.

Donnan-Manning equilibrium relation

Manning's condensation theory

Manning's model [START_REF] Manning | Limiting Laws and Counterion Condensation in Polyelectrolyte Solutions I. Colligative Properties[END_REF] is the main theoretical approach in the field of polyelectrolyte solutions since 1970's. The proposed equations have shown their applicability in a wide range of polyelectrolyte solutions [START_REF] Manning | Limiting Laws and Counterion Condensation in Polyelectrolyte Solutions I. Colligative Properties[END_REF]90] and are still successfully applied.

Manning's theory of the polyelectrolyte solution is based on the mean field approximation [START_REF] Manning | Limiting Laws and Counterion Condensation in Polyelectrolyte Solutions I. Colligative Properties[END_REF] and does not contain adjustable parameters. It takes into account only long-range point-to-line electrostatic forces, which cause "condensation of counterions" around charged polymer chains [START_REF] Manning | Limiting Laws and Counterion Condensation in Polyelectrolyte Solutions I. Colligative Properties[END_REF]. The theory is based on a simplified representation of the distribution of fixed charges in a polymer chain. The model is based on the dimensionless parameter, which is the reduced linear charge density of the polymer, ξ,

2 0 4 B B λ e ξ b π ε ε k T b  . (31) 
The critical value of this parameter is For cross-linked IEM, b can be calculated from the theoretical or experimental ion-exchange capacity and knowledge of the membrane's molecular architecture [START_REF] Kamcev | Ion Activity Coefficients in Ion Exchange Polymers: Applicability of Manning's Counterion Condensation Theory[END_REF].

Jang et al. [START_REF] Jang | Effect of Water Content on Sodium Chloride Sorption in Cross-Linked Cation Exchange Membranes[END_REF] considered homogeneous gel membranes (not containing meso and macropores). For example, in the case vinyl polymers, the following equation was proposed:
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where nxl is the mole fraction of neutral crosslinker and nch is the mole fraction of charged monomer; 2.5 Å is the projection length of a repeat unit of vinyl polymers. The functional groups are assumed to be evenly distributed on the polymer backbone.

Authors [START_REF] Yu | Mobile ion partitioning in ion exchange membranes immersed in saline solutions[END_REF][START_REF] Yan | Water and ion sorption in a series of cross-linked AMPS/PEGDA hydrogel membranes[END_REF][START_REF] Ji | Specific co-ion sorption and diffusion properties influence membrane permselectivity[END_REF][START_REF] Chang | Water content, relative permittivity, and ion sorption properties of polymers for membrane desalination[END_REF][START_REF] Chang | Methoxy groups increase water and decrease salt permeability properties of sulfonated polysulfone desalination membranes[END_REF] studied laboratory scale IEMs, whose structure was known quite accurately. This made possible to calculate the value of parameter b. In a fairly wide range of electrolyte concentrations, good agreement was found between theoretical and experimental data on coion sorption. It should be noted that for the best agreement, the membranes should be as close to homogeneous as possible. The presence of inhomogeneities leads to the need to apply additional assumptions when determining b.

Determining the parameter b of commercial membranes is also not particularly difficult if the structure of their matrix is known [START_REF] Kamcev | Partitioning of mobile ions between ion exchange polymers and aqueous salt solutions: importance of counter-ion condensation[END_REF]100,101]. However, in some cases, exact determination of b is difficult, then ξ is treated as an adjustable parameter [102,103]. Even in this case interesting observations may be made. Thus, the Neosepta IEMs of the latest generation (CSE and ASE) have larger values of ξ than the previous generation of these membranes (CMX and AMX), so counterion condensation is more significant in the case of CSE and ASE [104].

In the presence of large inhomogeneities (tenth of nanometers), such as in the case of the Nafion 117 membrane, the size and proportion of hydrophilic and hydrophobic regions (see Fig. 4b) must be taken into account. From the point of view of the Donnan-Manning theory, such an IEM is heterogeneous. The use of various assumptions and/or ξ as an adjustable parameter makes it possible to achieve sufficient agreement between theory and experiment on ion sorption [START_REF] Kamcev | Partitioning of mobile ions between ion exchange polymers and aqueous salt solutions: importance of counter-ion condensation[END_REF][START_REF] Jang | Effect of Water Content on Sodium Chloride Sorption in Cross-Linked Cation Exchange Membranes[END_REF]105,106]. Block copolymer elec- The estimation of the dielectric constant, ε, is also complicated. The polymer can occupy more than half of the total membrane volume. As it was mentioned in Section 2 an average dielectric constants in IEMs may be experimentally determined via microwave dielectric relaxation spectrometry (Figure 6) [START_REF] Paddison | The microwave region of the dielectric spectrum of hydrated Nafion® and other sulfonated membranes[END_REF][START_REF] Chang | Methoxy groups increase water and decrease salt permeability properties of sulfonated polysulfone desalination membranes[END_REF]111,112]. ε may be calculated using the co-continuous model [START_REF] Kamcev | Partitioning of mobile ions between ion exchange polymers and aqueous salt solutions: importance of counter-ion condensation[END_REF][START_REF] Kitto | Manning condensation in ion exchange membranes: A review on ion partitioning and diffusion models[END_REF]:
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here, ϕw is the membrane water volume fraction, εp and εw are the polymer and water dielectric constants, respectively.

Modeling of ion and water transport in IEMs

Most of the known mathematical models describing ion and water transport in charged membranes can be classified according to the scheme shown in Figure 10. All models are conditionally divided in two types, which differ in the approach to describing the structure-property relationship. In the first approach, used in the so called "solution-diffusion" models, the membrane material is considered as a quasi-homogeneous (macroscopically homogeneous) medium [113]. The components of the external solution are dissolved (sorbed) in this medium and can be transported there under the action of concentration, electric potential and pressure gradients. In "pore-flow" models, only one pore is considered. The transport of species here occurs under the action of the same driving forces as in the "solution-diffusion" models. The difference is that these forces are applied only in an aqueous solution phase filling the pore. The "pore-flow" models are also called the "capillary" models (because they are based on the models previously developed to describe ion and water transport in capillaries), and the "space charge" models (since it is essential to take into account the deviation from LEN in EDL formed at "Solution-diffusion" models have been developed for membranes considered as a single-phase medium or a multiphase medium. In the first case, the Teorell-Meyer-Sievers (TMS) model is most often used. In the second case, the effective medium approach [115] is applied. When formulating mathematical problems for some specific membranes/cases, various conditions/assumptions may be used. This may be the LEN assumption or the use of Poisson's equation in "solution-diffusion" models. Assumptions of infinitesimal or finite species sizes are used in "pore flow" models, while the use of Poisson's equation is almost always necessary because of the existence of a space charge in charged pores. Below we will consider in more detail the models that form the scheme in Figure 10. Equation [START_REF] Van Rijn | Challenges and advances in the field of self-assembled membranes[END_REF] for calculating the potential drop across the solution/membrane interfaces is applied as well [119].

Instead of LEN assumption [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF] and Donnan equilibrium ( 35) at membrane boundaries, the Poisson equation ( 10) can be used [120][121][122]. In this case the activity coefficients of each species are involved; in principle, they can be determined from the data in the literature [START_REF] Robinson | Electrolyte solutions[END_REF][START_REF] Miller | Application of Irreversible Thermodynamics to Electrolyte Solutions. I. Determination of Ionic Transport Coefficients l ij for Isothermal Vector Transport Processes in Binary Electrolyte Systems 1,2[END_REF] or evaluated using an appropriate theory such as Donnan-Manning [START_REF] Kamcev | Ion Activity Coefficients in Ion Exchange Polymers: Applicability of Manning's Counterion Condensation Theory[END_REF] or others.

The TMS models gives an adequate qualitative description of such fundamental membrane properties as electric conductivity, transport number and membrane potential [123]. When two kinds of counterions, 1 and 2, are present in the membrane, the Nernst-Planck equation together with Equations ( 29) and ( 35) allow description of counterion competitive transfer. For more information on the TMS model, see References [124,125]. The paper [126] gives a description of the main features of this model and analyzes the area of its applicability.

Modeling of ion and water transport in systems with bipolar membranes (BPM) is mainly carried out using the TMS model [START_REF] Mareev | A comprehensive mathematical model of water splitting in bipolar membranes: Impact of the spatial distribution of fixed charges and catalyst at bipolar junction[END_REF]127,128]. This is due to the fact that the processes in the interphase layer between the cation-exchange and anion-exchange layers, where the maximum electric field strength and the catalyst are located [129], are of the greatest interest, and the description of the processes of ion and water transport [130] in the membranes themselves should be, first of all, qualitative. The processes of energy accumulation and production [131][132][133] using BPM are also well described and predicted using the TMS theory. Recent paper [134] reveal that in anion exchange layer of BPMs the charge is carried mainly by bisulphate and sulphate ions instead of hydroxyls, produced inside BPM. The developed models make it possible to describe the current-voltage characteristics [START_REF] Golubenko | Effect of current density, concentration of ternary electrolyte and type of cations on the monovalent ion selectivity of surface-sulfonated graft anion-exchange membranes: modelling and experiment[END_REF][START_REF] Mareev | A comprehensive mathematical model of water splitting in bipolar membranes: Impact of the spatial distribution of fixed charges and catalyst at bipolar junction[END_REF]135,136], the electrochemical impedance spectra [137] of BPM and asymmetric BPM, the performance of ED devices (using a 2D model [138]) , and to explain the selectivity of IEMs with a modified surface in ternary electrolyte solutions [START_REF] Golubenko | Effect of current density, concentration of ternary electrolyte and type of cations on the monovalent ion selectivity of surface-sulfonated graft anion-exchange membranes: modelling and experiment[END_REF][START_REF] Gorobchenko | Mathematical Modeling of Monovalent Permselectivity of a Bilayer Ion-Exchange Membrane as a Function of Current Density[END_REF]139,140]. Some software packages (e.g. COMSOL Multiphysics) include modules based on the TMS model and are used in modeling of such processes [START_REF] Golubenko | Effect of current density, concentration of ternary electrolyte and type of cations on the monovalent ion selectivity of surface-sulfonated graft anion-exchange membranes: modelling and experiment[END_REF].

Using this simple approach, it is possible to explain the deviation of the IEM behavior from the classical one in solutions of weak electrolytes (such as phosphate or tartrate salts) and explain some feature of this behavior compared to that in strong electrolyte solutions: the appearance of a second limiting current [141], increased diffusion permeability [START_REF] Skolotneva | High Diffusion Permeability of Anion-Exchange Membranes for Ammonium Chloride: Experiment and Modeling[END_REF] or unusual concentration dependence of membrane conductivity [142].

Models based on TMS shed light on the transient characteristics of IEMs [120] and provide an explanation for scaling formation on surface in solutions with multivalence ions

[143], and are still an indispensable theoretical tool in the field of RED [144-147] and fuel cells [START_REF] Xu | Lattice Boltzmann modeling of transport phenomena in fuel cells and flow batteries[END_REF][START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF][START_REF] Dickinson | Modelling the Proton-Conductive Membrane in Practical Polymer Electrolyte Membrane Fuel Cell (PEMFC) Simulation: A Review[END_REF]. It is applicable also in the environmental analysis systems based on the dialysis membranes [148]. In [149,150] authors used the same assumption as the TMS model, but apply the extended Nernst-Planck equation, which contains the convective term that is important when considering the application of IEMs in chlor-alkali electrolysis.

There are models considering the membrane as a single phase (charged gel), in which the concentration of fixed charges and/or diffusion coefficients continuously change along the normal coordinate [151,152]. Generally, these models show that a heterogeneity in the fixed charge distribution leads to an increase of permselectivity in comparison with a membrane wearing homogeneously distributed fixed charges of the same average concentration. The explanation is that the permselectivity is controlled by the layer having the highest local concentration of fixed charge, while the layers with low fixed charge concentrations have a minor impact on the global membrane behavior.

The further development of TMS model proceed in several ways. One of them is to apply other transport equations such as Stephen-Maxwell [START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF] and Kedem-Katchalsky [START_REF] Kedem | Permeability of composite membranes. Part 1.-Electric current, volume flow and flow of solute through membranes[END_REF] instead of Nernst-Planck; as well the Poisson equation is used instead of the LEN assumption. But the basic principle of representing the membrane structure remains the same: the membrane is considered as a single gel phase. Another approach takes into account inhomogeneities in the membrane structure, which can be at different levels, from a few nanometers to microns. In the following subsections, we will discuss the models dealing with pores and clusters, as well as hydrophobic regions, which are revealed by experimental investigations.

Multiphase models

In multiphase models a membrane, in accordance with the effective medium approach [115], is represented as a quasi-homogeneous system comprising two (or several) phases, the transport properties of which are functions of the properties of the corresponding phase [153,154]. This system may be considered as an array of capillary pores

[155], a cluster-channel network [156], or as a uniformly distributed porous grains [157].

Microheterogeneous model

Earlier, in Section 2, we described that charged membranes are porous materials.

The structure of this materials generally includes micro-, meso-, and macropores. To distinguish between these types of pores, one can use the ratio of the pore radius r to several characteristics, such as the EDL length, λ, or length of action of adsorption forces [158].

Usually, micropores are considered as the pores for which r < λ (approximately, r < 1 nm); if r > λ, but r and λ are in the same order, then we are dealing with a mesopore; the condition r >> λ (r > 50 nm) is characteristic for macropores. Mesopores and macropores contain an electrically neutral solution in their central part. Such a solution can be considered as a separate phase, and its properties (ion and water diffusion coefficients, permittivity) are very close to those of an external free solution equilibrated with the membrane [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF].

Based on the foregoing, the first phase can be distinguished in the IEM structure: an electrically neutral solution in meso-and macropores. Then the remaining volume can be attributed to the second phase. This second phase is the "gel phase" [153], which includes a hydrated polymer matrix with fixed charged groups, whose charge is compensated by the charge of mobile ions. The gel phase can be considered as a microporous medium not containing electroneutral solution (Figure 7).

It is important to note that in reality there is no distinct boundary between the intergel electroneutral solution and the EDL at the internal pore walls. Nevertheless, the conditional separation of the membrane material into different phases makes it possible to simplify the mathematical description. The main idea of such a model approach is to assign certain physicochemical properties to each phase. Then the properties of each individual phase are functionally related to the entire membrane properties (effective medium approach [115]).

Consider a macroscopic volume in the form of a layer of thickness dx (Figure 7). This layer should be sufficiently large to be "representative" and contain all membrane phases.

At the same time, it should be small enough to be considered elementary when applying the transport equations in differential form, such as the Onsager equation ( 18). Detailed changes in concentrations and potential within dx are not considered, and the values of these parameters in phase elements are averaged; it is assumed that the phases in the dx layer are in equilibrium with each other. When describing ion and water transport, the problem is to obtain the effective transfer coefficient Li, which characterizes the membrane layer of thickness dx as a function of k i L coefficients (characterizing the individual phases k), and the structural-geometric parameters characterizing the shape and mutual arrangement of the phases.

First elements of the microheterogeneous model were formulated by Gnusin et al.

[159] when developing the so called "principle of generalized conductivity", which is an analog of effective medium theory [115]. The main elements of this model and its experimental verification are described in References [153,160]. Later on, some modifications of this model [START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF][161][162][163] and numerous applications are presented in References [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF][161][162][163][164][165][166][167][168][169][170][171][172][173][174][175]. The application of the microheterogeneous model allows, along with the electrical conductivity of the membrane [165][166][167][168][173][174][175], to determine electrolyte diffusion permeability [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF], permselectivity (ion transport numbers) [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]169,170,176],

electrolyte sorption [177][178][179] and some other properties [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]172,180]. It is possible to quantitatively describe the concentration dependences of the mentioned membrane characteristics based on a single set of structural and kinetic parameters [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]172].

Within the framework of the microheterogeneous model, the transport equation is written in the form, reduced from the Onsager equation ( 18):

i ij i j jL μ     r . ( 18 
)
The effective membrane conductance coefficient Li is then expressed as follows [153]:
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Concentrations s i c and g i c are linked by the Donnan relations (Equation 30), the local equilibrium being assumed between both phases.

As a rule, IEMs have a rather high concentration of fixed ions ( Q ), close to 1 mol /L swollen membrane or higher. Therefore, in the case of dilute solutions, the concentration of coions in the gel phase is negligible compared to Q . When assuming c  << Q and

cQ  
, Equation ( 30) can be simplified. In the case of a symmetrical electrolyte (

z z z    
) one gets [START_REF] Larchet | Application of chronopotentiometry to determine the thickness of diffusion layer adjacent to an ion-exchange membrane under natural convection[END_REF]:

2 z D AA K cc Q  , сA c Q c , (38) 
where subscripts "с" and "A" are used for the counterion and coion, respectively;

A c
is the coion concentration in the inter-gel solution.

Since ions are present in both phases, the partition coefficient, Ks, involving the coion concentration in the membrane, * A c , can be found using Equation [START_REF] Berezina | Characterization of ion-exchange membrane materials: Properties vs structure[END_REF] [153]:

* 12 AD sA g A cK K f c f c Q    . ( 39 
)
The first and second terms on the right-hand side of Equation ( 39) correspond to the contribution of the gel phase and the inter-gel solution, respectively. g Q and KD are the ion-exchange capacity of the gel phase and the Donnan coefficient, respectively. Despite the fact that the intergel phase volume fraction in IEM is quite small (less than 0.1 in homogeneous membranes and about 0.2 in heterogeneous ones), electrolyte is predominantly sorbed by this phase (especially in dilute solutions).

Equation [START_REF] Kononenko | Porous structure of ion exchange membranes investigated by various techniques[END_REF] describes the linear dependence between Ks and the external solution concentration. At a low electrolyte concentration, Ks is close to f2, i.e., its value is approximately 0.1 (or lower) for homogeneous membranes and about 0.2 for heterogeneous ones [START_REF] Larchet | Application of chronopotentiometry to determine the thickness of diffusion layer adjacent to an ion-exchange membrane under natural convection[END_REF].

In the case of a binary electrolyte, the microheterogeneous model expressed by Equations ( 36)-( 39 
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where ii c z c  is the equivalent electrolyte concentration in the solution in equilibrium with the membrane.

It is important to note that Equations ( 40)-( 42) are applicable both in the case where the membrane is in equilibrium with an external solution and in the presence of a concentration gradient across the membrane (zero or non-zero current). When there is a concentration gradient, Equations ( 40)-( 42) are applied locally [START_REF] Larchet | Application of chronopotentiometry to determine the thickness of diffusion layer adjacent to an ion-exchange membrane under natural convection[END_REF].

The input parameters of the microheterogeneous model (the six parameters listed above) are found from the experimentally obtained membrane exchange capacity and concentration dependences of electrical conductivity, and diffusion permeability. For example, the volume fraction of the gel phase (or intergel solution) can be approximately found from the concentration dependence of the membrane conductivity, κ [START_REF] Davydov | Use of the Microheterogeneous Model to Assess the Applicability of Ion-Exchange Membranes in the Process of Generating Electricity from a Concentration Gradient[END_REF][START_REF] Sarapulova | Nikonenko Transport Characteristics of Fujifilm Ion-Exchange Membranes as Compared to Homogeneous Membranes АМХ and СМХ and to Heterogeneous Membranes MK-40 and MA-41[END_REF]153,171,172,181]:
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Equation ( 43) is obtained as a limiting case of Equations ( 36) and ( 40) at

0 α  .
At low electrolyte concentrations (usually < 1 М), the gel conductivity, κ g , is almost independent of the electrolyte concentration due to the weak coion sorption by this phase. In this case, the dependence lgκ-lgκ s , according to Equation ( 43), is linear with a slope factor f2. According to numerical calculations, Equation ( 43) is hold near the "isoconductance point" (where

g s κ κ κ ), if α ≤0.2.
A detailed algorithm for determining the remaining parameters of the microheterogeneous model is described in Reference [181].

Various modifications of the microheterogeneous model are also known [START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF][161][162][163]. Porozhnyy et al. [161] proposed a mathematical description of the effect of charged nanoparticles on the membrane transport properties. In addition to the gel phase and the electrically neutral solution, the presence of nanoparticles was considered (Figure 11).

The core of the nanoparticle is impermeable to ions and water, but the EDL formed around it contributes to a significant increase in the counterion concentration in the pore solution. The fraction of the charged solution in membrane pores increases and the fraction of electroneutral solution decreases. As a consequence, the presence of charged nanoparticles causes an increase in the conductivity and a decrease in the diffusion permeability of the membrane [161]. According to Equation ( 42), these changes in κ and P result in an improvement of the membrane permselectivity with respect to counterions (an increase in the counterion transport number). Kozmai et al. [START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF] found the ion diffusion coefficients in the membrane gel phase, i D , and the volume fraction of the intergel one, f2, as functions of the membrane water content (the higher water content, the higher i D and f2). The approach proposed in [START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF] made it possible to more correctly describe the transport characteristics of MA-40 and MA-41 membranes depending on the concentration and pH of the external solution. In this description, it was taken into account that the membrane water content decreases when the external concentration increases and when there is a loss in the exchange capacity. The latter is due to deprotonation of weakly basic fixed groups with increasing pH.

In 
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There are two relations between the geometrical parameters: a+b+c = 1 and d+e = 1.

Thus, the number of independent fitting parameters can be reduced to 3. Although the model has been proposed for a long time, it continues to be effectively used [154,169,187].

Cell model described the ion and water transport in IEMs using the so-called «cell method», proposed by Happel and Brenner [191]. The method is quite efficient for description of concentrated disperse systems. In the case of IEMs, cell models take into account the size and some transport properties (such as conductivity, hydraulic and diffusion permeability) of grains or fibers forming the system, as well as their packing patterns [192,193]. The macropores are formed between the grains (e.g., of an ion exchanger) packed into array and the micro-and mesopores concentrated in the grains themselves, are taken into account. Figure 13 shows an example of a membrane structure in the framework of cell models [194]. An IEM is presented as a periodic array of identical charged porous spheres (or cylinders) of radius a enclosed by liquid spherical (or coaxial) shells of external radius b instead of randomly distributed ion exchange clusters of different sizes. The sphere-to-cell (or cylinder-to-cell) volume ratio is equal to its total fraction in the disperse system. The mathematical formulation of the problem in the case of modeling membrane electric and hydraulic permeability has been presented in References [157,193,195]. The extended Stokes equation ( 8) taking into account the spatial electric force describes a "creeping flow"(small Reynolds number) in the outer region of the sphere (a<r<b), and the Brinkman vector differential equation [196] with the spatial electric force describes the fluid transport in the inner region (0⩽r<a). The Nernst-Planck equation with the convective term ( 25) coupled with the Poisson equation ( 10) are used for description the ion flux density [193]. The mutual influence of adjacent particles is taken into account by establishing certain boundary conditions on their surfaces. An exact algebraic equation for the estimation of membrane hydrodynamic permeability was derived [157,193]. The correctness of the theoretical results was confirmed by their satisfactory agreement with the experimental data on the electrical conductivity and electroosmotic permeability of the MF-4SС cation-exchange membrane in various 1:1 electrolyte solutions [197]. In [198] the analytical expressions for conductivity, limiting current density and diffusion permeability for bi-layer IEMs were also in good agreement with the experimental data for membranes modified by polyaniline decorated clay nanotubes.

Cell method allows one to take into account different features of membranes. In [199] the action of surface forces on the walls of the micro-and mesopores is taken into account by stress jump at the fluid-porous interface. The authors [199] also considered the deformation of the shape of grains or fibers in the swollen state (deviation from the ideal spherical or cylindrical shape) to describe mass transfer through polymer membranes. In [200], the effect of an external magnetic field on the filtration of an electrolyte solution was considered. In [157], mathematical modeling of the electrobaromembrane process made it possible to confirm the conclusion made in previous experimental and theoretical studies [201,202]: the selectivity to equally charged ions may be achieved due to the difference in their mobility by certain combination of potential and pressure difference applied to the membrane.

"Pore-flow" models

The "pore-flow" models describe the ion and water transport in a membrane pore [113,203], which is considered as a conducting channel (usually tubular). This approach originates from the description of ion and water transport inside microcapillaries with charged walls [114,204]. These models make it possible to describe such electrokinetic phenomena as the current-induced transfer of a liquid relative to a charged solid surface or the transfer of charged solid particles in a liquid [205,206]. The main role in these phenomena is played by the EDL at the charged surfaces.

This kind of models is often called "space-charge models" [207][208][209][210][211] in the literature.

The ion and water transport are described by Nernst-Planck-Poisson-Navier-Stokes equations system. The pore size and wall charge density are the main parameters [212] characterizing the system.

The basic version of a space-charge model deals with a tubular pore (schematically shown in Figure 14) with surface charge on the walls. The model is based on the extended Nernst-Planck equation containing the convective term, Equation ( 25 finite sizes of ions, ion hydration effects [226], adsorption of diluted species [207,227] and other [228,229]. These effects have a significant impact on the streaming potential [230],

diffusion permeability [208] and permselectivity [231], pore conductivity [204,232] and some other properties, which can be computed using such models. These models are very useful for describing the ion and fluid transport in and around nanometer-sized objects with at least one characteristic dimension below 100 nm [233]. Bazant et al. [206,234] paid attention to the steric effects near a non-permeable wall at high voltages taking into account that solvated counter-ions are crowded there. Cwirko and Carbonell [235] and later on Szymczyk et al. [236] have calculated using space-charge models the macroscopic Onsager's Li coefficients for a Nafion membrane as functions of the membrane nanostructure parameters (which are the pore radius, pore wall charge density and the tortuosity factor). Their comparison with the experimental coefficients determined by Narebska et al.

[237] has shown a rather good agreement.

Thus, it becomes possible to bridge the gap between two different approaches, i. e. the microscopic model description and the "solution-diffusion" models applied together with irreversible thermodynamics.

The "pore-flow" models can be applied not only to tubular pore, but also to pores with other geometries. Moreover, Balannec et al. studied how geometry of a pore affects its permselectivity [214]. They found that hourglass-shaped nanopores in nanofiltration membranes improve their salt rejection. The explanation of this effect is that the filtration and desalination properties of hourglass-shaped nanopores are based on two different phenomena: the exclusion of coions in the thinnest region of the pore, and the magnitude of the pressure-induced electric field driving ions through nanopores. This interesting conclusion about the role of the shape of nanopores was proved experimentally [238,239].

Current state of modeling of ion and water transport in membrane energy generation systems

The previous section presents the main approaches to the mathematical description of ion and water transport across membranes. However, the question "Which of these approaches are applicable or most often used in the case of membrane energy generation processes?" remained open. In this section, we analyze the current state of modeling in this field and consider in more detail examples of the description of ion and water transport in the RED and proton-exchange membrane fuel cells (PEMFC). It is important to note right away that for such processes, the "solution-diffusion" models are mainly used. This is not to say that "pore-flow" models are not applicable to such cases. However, modeling the distribution of ions in EDL is an over-complication given the fact that in the case of RED and PEMFC, convective transport in free solution within the membrane pores is not dominant. However, "solution-diffusion" microstructural models are increasingly being used in energy generation processes.

PEMFC models

In recent decades, hundreds of papers have been published on the simulation of PEMFC, which have been considered and structured by many comprehensive reviews [START_REF] Weber | A Critical Review of Modeling Transport Phenomena in Polymer-Electrolyte Fuel Cells[END_REF][START_REF] Dickinson | Modelling the Proton-Conductive Membrane in Practical Polymer Electrolyte Membrane Fuel Cell (PEMFC) Simulation: A Review[END_REF][240][241][242][243][244].

The membrane in PEMFC acts as a barrier to gas transfer, preventing mixing of H2 and O2 and electronic conduction between the anode and cathode electrodes, but acting as an ionic conductor, transporting H + protons in the form of hydronium ions H3O + or H5O2 + . As described in Section 2, in the presence of water, a cluster-channel system is formed in the membrane volume, which provides ionic conductivity. The proton conductivity depends on the size of clusters and especially on the channels. The latter is a strong function of water content. Therefore, the models describing the functioning of PEMFCs usually take into account the dependence of membrane properties on the water content and describe water transfer simultaneously with proton transfer.

Vapor equilibrated (VE) or liquid equilibrated (LE) conditions influence the water and proton transfer in the membrane and the interfacial resistance. PEMFCs are mostly operated under VE conditions at both electrodes, and PEM water electrolyzers for water splitting are mostly operated under LE [245]. Therefore, the PEM water content is rather low when the membrane is used in fuel cells, while it is high when operating in water electrolyzers. The humidity of PEM also determines the operating temperature of the PEMFC itself [246]: when the membrane dehydrates, its ionic resistance increases, which leads to an increase in its temperature and the temperature of the entire device. The water content in PEMs depends on the supply of water vapor from the supplied air to the cathode channel and on the transport of water formed in the porous electrode, where reaction (4) takes place. Ionic conductivity of the membrane depends on the percolation effect (described in Section 2), which depends on the water content of the membrane.

Thus, water transport limits the performance of the fuel cell. Great attention is paid to water management, that is optimization of water transport and water content in PEMFC [247].

In recent works on PEMFC models [247-255], a membrane is considered as a homogeneous phase, in which water transport occurs. The water flux through the membrane is described phenomenologically as the sum of two terms: a Fickian diffusion and an electroosmotic drag. Ion transport is taken into account through ionic conductivity (which is a strong function of water content and temperature) and current density.

In Section 2, we also considered two mechanisms of proton transport in a PEM: the vehicle mechanism, in which protons are carried in the form of hydronium ions, H3O + or H5O2 + ; and the hopping (Grotthuss) mechanism, which is rather characteristic of bulk liquid water. Membranes at low hydration do not contain fluid domains with extensive hydrogen bond networks, the Grotthuss mechanism is suppressed, and the vehicle mechanism is considered to be dominant [START_REF] Kreuer | Transport in Proton Conductors for Fuel-Cell Applications: Simulations, Elementary Reactions, and Phenomenology[END_REF]105]. Running the hopping mechanism at higher water content, especially in LE conditions, increases the conductivity as the water content increases.

In the field of fuel cell modeling, the most common approaches are those developed by Springer, Zawodzinski and Gottesfeld [256] (hereafter the "Springer model") and by Weber and Newman [257].

The widely used Springer model accounts for electroosmotic drag and water diffu- 
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An equilibrium is assumed between the water vapor outside the membrane and the water content inside the membrane at the interface. The water vapor activity is calculated as aw=xwP/Psat, where xw and P are the mole fraction of water in the gas and the pressure at the electrode/membrane interface, respectively; Psat is the saturation pressure of water.

In the literature the isotherm measured by Zawodzinski et al. [258] and expressed by Equation ( 45) is commonly used in modelling of PEMFC [START_REF] Dickinson | Modelling the Proton-Conductive Membrane in Practical Polymer Electrolyte Membrane Fuel Cell (PEMFC) Simulation: A Review[END_REF]247,249,254,259] The main difference between the Springer model and the Weber-Newman model

[257] is that the latter takes into account an additional effect. The Springer model accounts for water diffusion and water electroosmotic drag (when an electric current of protons induces water transport), the ionic transport is assumed depending only on membrane water content. The Weber-Newman model also considers another cross effect: water flux can induce streaming current of protons. The latter effect is especially important under LE conditions.

The earlier models [256,257] have become widespread and have been supplemented

with various empirical dependencies that refine water content, diffusivity, and ionic conductivity. The heat management is also quite important [247]. Machine learning processes are actively used on experimental data and calculation results using 3D models [241,260]. The developed approaches to describing the processes of proton and water transfer in a PEM, considered as ideally homogeneous, are sometimes even sufficient for practical purposes of operating fuel cells. From the point of view of the classification given in Section 4, the assumption of the isotropy of membrane properties makes it possible to attribute the above models to the "solution-diffusion" approach, namely, to the TMS model. At the same time, the fact that the ion and water transport through PEM considered using the relationship of process parameters, rather than being directly simulated, makes these models very different from TMS. The use of empirical and semi-empirical dependences of water content, diffusivity, and ionic conductivity makes it possible to achieve a relatively good qualitative and quantitative description of the transfer process in a membrane. However, this is not always sufficient for a detailed study of the mechanism of ion and water transport through membranes. Moreover, these models depend too much on experiment. The development of PEMFC models that more explicitly take into account the relationship between the membrane structure and its properties can partially or completely solve these problems.

RED models

When describing the RED, the main attention is paid to ion transport, while water transport is generally not important in this process. This is due to the fact that the main driving force is the concentration gradient of counterions, which weakly depends on the electroosmotic and osmotic water transport. In addition, these two contributions to water transport in the case of RED are counter-directional.

Veerman et al. [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF] were among the first to take into account the features of transport phenomena in IEMs when modeling the RED process. Ionic fluxes in the membrane were described by the Nernst-Planck equation ( 25) in the approximation of a linear concentration distribution; the variation of ion concentration in the solution diffusion layers were not taken into account. The use of species conservation equations together with the fluxes found using the Nernst-Planck equations allowed calculation of the ion concentration distribution along the length of the membranes in chambers with sea water and river water flowing between a cation-exchange and an anion-exchange membranes. Along with the salt flux, jsalt (Equation 46), the water flux, jwater (Equation 47), due to osmosis of water from the river water compartment to the sea water compartment was also considered: The model made it possible to calculate the generated average power density, d P (Equation 48).
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where L is the length of RED cell; factor 1/2 is due to the double membrane area (CEM and AEM) in a cell;
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is the area resistance of RED cell, which depends on the area resistance of the river, S R , and sea water, W/m 2 when using an apparatus equipped with Fumasep FKD cation exchange membranes and Fumasep FAD anion exchange membranes (Fumatech, Germany). This result was obtained when the solution residence time in RED stack chambers was minimal. The main conclusion in relation to the performance of the process was that the IEMs should be as thin as possible and have small resistance.

Within the framework of the classification in Section 4, it can be said that the approach proposed by [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF] is close to the "solution-diffusion" approach (TMS model Tedesco et al [145] took into account the distribution of concentration not only along the length of each chamber in the RED stack, but also along their width. The membrane was considered as a gel phase (the TMS model). Ion transport was described using the Nernst-Planck equation ( 25) under the LEN assumption [START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF]. Water transport was not taken into account due to the fact that it is small due to the counteracting action of osmosis and electroosmosis. This approach made it possible to take into account the contribution of coion transfer and show that the power density decreases with non-ideality of the membrane. Gurreri et al. presented a similar model [264] but with a membrane having a profiled surface. They found an elevated flux of coions, which was due to high concentration of these ions in the membrane caused by their strong concentration in the external solution (seawater).

Moya [265][266][267] presented a one-dimensional TMS model that takes into account the two-dimensionality of the RED system using the diffusion layer thickness, δ, which was calculated using the Leveque equation [268]:
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where h is the intermembrane channel width; 0 v is the average flow rate in the intermembrane channel.

The model makes it possible to investigate the efficiency of the RED process in the presence of doubly charged counterions in electrolyte solutions. It has been shown that the selectivity of membranes decreases as the flux of coions increases due to a decrease in the Donnan exclusion of coions from the IEM. The diffusion coefficient of doubly charged counterions in the membrane is much less than that of singly charged ones, which leads to an additional increase in the resistance of the system. Thus, the efficiency of the RED process decreases in the presence of doubly charged ions in electrolyte solutions.

As a continuation of their work, Tedesco et al [146] took into account the transport of water through the IEM. To do this, they used the Stefan-Maxwell equation [START_REF] Newman | Electrochemical Systems[END_REF]:
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where fi-j is the friction factor between ion i and phase j (which can be the water, the membrane matrix, or another ion); vi and vj are velocities of i and j.

The fluid flow through the membrane was considered as a function of osmotic and hydrostatic pressure gradients, the fluid friction against the membrane matrix was taken into account. It was shown that water transport through the membrane affects the decrease in the efficiency of the RED process, and its contribution to this decrease is comparable to the contribution of the coion flux through the membrane. The thickness of the membrane (in the range from 20 to 100 µm) did not significantly affect the maximum power density [269], which was about 1 W/m 2 for the system under study. A similar maximum power density was also obtained by La Cerva et al. [270]. These authors have also shown that membrane profiling allows increasing gross power density, but reduces net power density due to the loss in the solution pumping. Davydov et al. [14] were the first to use the microheterogeneous model [153] (see There are also other works on modeling the RED process, however, the main attention there was paid to the influence of hydrodynamic conditions [274][275][276][277][278][279][280]. The membrane in these publications was considered as ideally selective [277,278], as an ohmic resistance [274][275][276]279,281] or its effect was taken into account through the boundary condition [280,282].

Conclusions

The review shows that although a relatively small number of governing equations are used in modelling of ion and water transport in charged membranes, the number of different models is quite large. Models of two main types differ by the general approach how to consider the membrane structure: as an integral quasi-homogeneous material ("diffusion-solution" models) or as a heterogeneous material consisting of an array of pores and hydrophobic domains containing these pores ("pore-flow" models). Further, in each approach there are numerous variations where certain simplifications and assumptions are applied, different effects are taken into account. There are rather general models, such as the Teorell-Meyer-Sievers model, and models tailored to describe a particular phenomenon that is important in describing a specific process. An example of models of the second kind are the semi-empirical models of Weber-Newman developed for describing ion and water transport in PEMs used in a fuel cell. This model takes into account the specific effect of current-induced water streaming flow on the ion (proton) mobility, while in other applications of IEMS this effect is not significant.

We believe that a consistent presentation of the basics of mathematical modeling of transport phenomena in charged membranes, as well as examples of specific mathematical descriptions will be useful both for beginners and experts in this field of knowledge. 
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Figure 1 .

 1 Figure 1. Scheme and principle of work of the main membrane devices related to energy production and storage: conventional electrodialysis (a), reverse electrodialysis (b), PEM electrolyzer (c), fuel cell (d) and redox flow battery (e).

Figure 2 .

 2 Figure 2. Schematic representation of exchange reactions on fixed membrane groups.

Figure 3 .

 3 Figure 3. Schematic representation of a biological membrane (a) and lipid bilayer (b). The main structural element of the functional part of IEMs is a hydrophobic base, consisting of hydrocarbon (such as in Neosepta membranes, Astom) or perfluorinated (such as in a Nafion®, Dupont) chains. The charged functional groups make up the hydrophilic part of the IEM. Due to the flexibility of polymer chains, this combination en-

Figure 5 .

 5 Figure 5. A perfluorinated sulfonated polymer (supra)molecule (a); Formation of nanoclusters in dry state of a perfluorinated sulfonic-acid polymer (b) (redrawn from [42]); Evolution of the

Figure 6 .

 6 Figure 6. (a) Distribution of counterions (1) and coions (2) within a pore near a charged wall with fixed functional groups (3). Reproduced with permission from [47]. (b) Static permittivity of Nafion® 117 measured by by Padisson et al. [44] and Lu [48], plotted as a function of the volume fraction of water sorbed in the polymer. (c) Hydration isotherm (water content, w, as a function of relative water vapor pressure) for Nafion 117, and the distribution of the dielectric constant and proton concentration across the hydrated hydrophilic pores for three different values of n (top). A

Figure 7 .

 7 Figure 7. Schematic representation of the IEM structure with its main elements: fixed ions (shown as circles with "-"), EDL formed at the internal interfaces, and electroneutral solution in the center zone of inter-gel spaces. The gel phase includes the polymer matrix bearing the fixed ions and the EDL. Redrawn from [51].
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 11 Material conservationConservation equations form the main part of the fundamental basis for the mathematical description of mass transfer. Let us consider an elementary volume ΔV=ΔxΔyΔz (Figure8). The change in the amount of some substance in this volume over time t will be due to two possible reasons. The first reason is the inequality of the incoming and outgoing fluxes of the substance ( second reason is the generation or decay of this substance inside the volume. Thus, the rate of change in the amount of a substance in an elementary volume, will be determined by the formula[START_REF] Soetaert | A practical guide to ecological modelling: Using R as a simulation platform[END_REF]:

where 0 ε

 0 and ε are vacuum and relative permittivity, respectively; E r is the electric field strength; φ is the electric potential. This equation is important for modelling ion and water transport in membrane charged pores as well as when considering EDL in depleted solution near membrane surface. The Poisson equation is based on Coulomb's law of electrostatics and its generalization, Gauss's flux theorem[START_REF] Liu | Poisson's equation in electrostatics[END_REF] 

  coordinate, electric field strength and equivalent concentration of ion i, respectively;

  flux density; Lp, β and P are the hydraulic, electroosmotic and diffusion permeability coefficients respectively; π is the osmotic pressure; σ is the Staverman reflection coefficient (if σ = 1 then the membrane completely reflects the solute carried by the convective flow through the membrane; σ = 0 corresponds to zero solute reflection); cs and ci are the molar concentrations of salt and ion i, respectively, in the virtual solution of the membrane; v± = v+ + v-is stoichiometric number;

Figure 9 .

 9 Figure 9. Schematic representation of the attraction of counterions by neighboring functional groups of a polyelectrolyte chain at different ξ/ξcrit. Adapted from [92]. 3.5.2. Condensation theory applied to IEMs. Donnan-Manning's theory It is difficult to measure the average distance between functional groups, b, of IEM.

  trolyte (BCE) phase-separated membranes are considered in[107,108]. These membranes also have inhomogeneities in the structure, but the structure parameters are known. The authors succeeded to predict b based only on the structure parameters of the charged half of the BCE.In the case of commercial reverse osmosis (RO) membranes, consideration of the concentration of fixed ions in a dense active layer made it possible to determine b (with some assumptions) and predict partition coefficients of RO membranes equilibrated with different chloride solutions(LiCl, NaCl, KCl, RbCl, and CsCl) [109,110].

  charged pore walls). The main governing equations relating species fluxes to driving forces (the Onsager, Kedem-Katchalsky or Nernst-Planck equations) are applied in both "solution-diffusion" and "pore-flow" models[114].

Figure 10 .

 10 Figure 10. Classification of mathematical models used for describing ion and water transport in charged membranes.

4. 1 .

 1 "Solution-diffusion" models 4.1.1. Teorell-Meyer-Sievers (TMS) modelThe first successfully applied model for revealing the main properties of charged membranes was a model proposed independently byTheorell [116] andMeyer and Sievers [117], in the 1930s, called the TMS model. It serves as the basis for the mathematical description of ion transport in IEMs when the "solution-diffusion" approach is used.The TMS model is based on the Nernst-Planck equation[START_REF] Giorno | Permselectivity of Ion-Exchange Membranes[END_REF]. The membrane is considered as a single homogeneous phase (charged gel), or in other words, an aqueous solution of matrix polymer chains together with mobile ions and functional groups. The underlying model includes the assumption of LEN[START_REF] Veerman | Reverse electrodialysis: A validated process model for design and optimization[END_REF] in the membrane, an equation expressing electric current as the sum of individual ion flux densities[START_REF] Logan | Membrane-based processes for sustainable power generation using water[END_REF], and the Donnan equilibrium relation[START_REF] Kozmai | Modelling of anion-exchange membrane transport properties with taking into account the change in exchange capacity and swelling when varying bathing solution concentration and pH[END_REF] at the left-hand (I) and right-hand (II) concentrations of ion i at interface k, from the side of the membrane and solution, respectively[118].

L

  refers to the gel phase, and s i L to the intergel electroneutral solution; f1 and f2 are the volume fractions of the corresponding phases: f1 = Vg/Vm, f2 = Vs/Vm, f1+f2=1(where Vg, Vs and Vm are the volumes of gel, intergel solution and the membrane, respectively); α is the structural parameter depending on the position of the phases with respect to the transport axis: when the phases are parallel to this axis, α = 1; when they are in serial disposition, α = -1; in other cases -1 < α < 1.The mathematical description of the ion transport in the gel phase contains all the assumptions made in the TMS model (seeSection 4.1.1). The properties of the intergel solution are the same as those of the equilibrium bathing solution. The Nernst-Planck equation (Equation25without convective term) is used, and the condition of local electrical neutrality (Equation15) is assumed.

  ), includes six basic input parameters: two static, KD and g Q (thermodynamics coefficients); two structural, f1 and α; and two kinetic ones ( the gel phase). When these parameters are known, Li coefficients can be calculated. Membrane transport characteristics (conductivity, κ, ion transport numbers, ti, and diffusion permeability, P) are calculated using equations relating the Onsager and Kedem-Kachalsky conductance coefficients:

Figure 11 .

 11 Figure 11. Schematic representation of a fragment of a mesoporous IEM containing a charged nanoparticle surrounded by an EDL. Redrawn from [161]. Nichka et al. [162] proposed a modification of the microheterogeneous model that takes into account the changes in the contribution of the EDL at the internal boundaries of the gel phase, which occur with external concentration changes. This modification assumes that the EDL thickness at the pore wall increases with the dilution of the external solution inversely proportional to c . As a result, the membrane conductivity decreases with solution dilution less rapidly compared to the basic version [153]. This trend agrees with experimental data [162].

  another work of the same scientific group [163], the microheterogeneous model was supplemented to describe changes in the structure of the CJMA-7 anion-exchange membrane transport properties (Hefei Chemjoy Polymer Materials Co. Ltd., China) due to various modifications. The model [163] takes into account the presence of a perfluorosulfonated ionomer modifying film on the substrate membrane surface and partial filling of macropores with this modifier. Three-wire model Another approach was developed in middle 1950s by Willie and Southwick [182].The model described the system "ion-exchange resin granules/electrolyte solution"[183,184]. Later this idea was applied to ion-exchange membranes[185,186]. The model represents the system under study in the form of three parallel conducting layers[182,184] (Figure12). The first layer consists of electrolyte solution and ion-exchange gel arranged in series. It represents the passage of ions through the conductive spheres and the solution between them. The second layer is a pure ion-exchange gel. It describes gel phases (ion-exchange granules in original work), which touch each other to form conducting paths. The third layer is the pure electrolyte solution. This component represents the conductance through the solution-filled regions (macropores in a heterogeneous membrane).

Figure 12 .

 12 Figure 12. Schematic representation of three pathways of ions and electrical current in two phase system (a) and three-wire model (b). The resulting conductivity of the IEM m κ is a function of the electrical conductivity

Figure 13 .

 13 Figure 13. Schematic representation of a cell model, described by Vasin et al. [194].

  ), written in 2D or 3D geometry with axis symmetry. The diffusion coefficients are usually assumed to be the same as in free solution. The cross-sectional distribution of local concentration is well described by the Poisson-Boltzmann equation. The fluid flow is described by the Navier-Stokes equation (8) with electrical body force term[201]. The letter is provided by the tangential electric field applied to the space charge in the EDL. The walls are usually considered as uniformly charged. The impact of a non-uniform distribution of the pore wall charge on nanofiltration (NF) performance has been investigated by the group ofSzymczyk in References [208,213,214]. In addition to NF, the condition of non-uniform pore wall charge distribution is used to describe the transport of ions and water in nanochannels in various other applications[215][216][217][218][219]. The potential at the pore walls also may be controlled using specially designed membranes[220,221] by applying an external voltage source. This makes it possible to switch the ionic selectivity of membranes so that a membrane can be cation-exchange at one applied voltage, and anion-exchange at another voltage[222,223].

Figure 14 .

 14 Figure 14. Schematic representation of solution flow in a tubular pore with charged walls; an EDL at the wall is shown in a darker shade. Redrawn from [47]. A simplification of pore-flow model is possible in the case of the pores that are thin relative to the Debye length. The concentration profiles change only slightly across thin pores, as well as the potential [224]. This simplification is known as "fine capillary pore model" or "uniform potential model". It also may be considered as an extended version of the TMS model [146], which takes into account the fluid flow. Different versions of "pore-flow" models account for different effects at the interphases: the dependence of the dielectric constant on the distance from the pore wall [225],

  sion in the membrane in an essentially empirical manner. It considers a PEM under VE conditions only. The water content (in H2O / SO3 -), eq  , in a Nafion 1100 PEM at the interface with the electrode as a function of water vapor activity outside the membrane,

  the tangential coordinate; i is the current density; d is the membrane thickness; D and Dwater are the electrolyte and water diffusion coefficients, respectively; S c and R c are electrolyte concentrations in sea and river water, respectively; Mwater and w a t e r ρ are the water molar mass and density, respectively.

  R R , compartments and the resistance of the cation-, C E M R , and anion-exchange, A E M R , membranes. It was assumed that the values of C E M R and A E M R are constant. The obtained value of d P was close to the experimentally determined value of 1

Section 4 . 1 )

 41 to estimate the power density of RED. This made it possible to take into account the electrical conductivity and diffusion permeability of the applied membranes over a wide range of concentrations. Despite the fact that the model used was relatively simple and did not take into account the channel geometry and solution flow parameters, the authors have achieved relatively good agreement between the calculated and experimental power density.Fan et al [271] applied the Donnan-Manning theory[START_REF] Kamcev | Partitioning of mobile ions between ion exchange polymers and aqueous salt solutions: importance of counter-ion condensation[END_REF] to describe ion sorption in the IEM during the RED process without fitting parameters. Diffusion coefficients were calculated using the Mackie andMeares model [272] taking into account the Manning condensation theory. Two tradeoffs are considered in the paper: higher seawater salinity reduces IEM selectivity, but membrane resistance also decreases; higher water sorption of IEM increases ion diffusivity in its volume, i.e. reduces resistance, but also reduces selectivity due to dilution of fixed charges.Jin et al [273] The authors also applied Donnan-Manning and Mackie and Meares theory, which made it possible to get rid of fitting parameters even in the 2D model, such as ion diffusivity in IEM, resistance and permselectivity coefficients.
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 : Abbreviations AEM anion-exchange membrane BCE block copolymer electrolyte BPM bipolar membranes CEM cation-exchange membrane DBL diffusion boundary layer ED electrodialysis EDL electrical double layer FC fuel cell HER hydrogen evolution reaction HOR hydrogen oxidation reaction IEM ion-exchange membrane LE liquid equilibrated LEN local electroneutrality NF nanofiltration NPP Nernst-Planck-Poisson OER oxygen evolution reaction ORR oxygen reduction reaction PEM proton-exchange membrane PEMFC proton exchange membrane fuel cells PTFE polytetrafluorethylene RED reverse electrodialysis RFB redox flow batteries RO reverse osmosis TMS Teorell-Meyer-Sievers (model) VE vapor equilibrated Symbols ai activity of species i aw water vapor activityb distance between two neighboring functional groups ci molar concentration of species i cs molar salt concentration d membrane thickness D electrolyte diffusion coefficient Di diffusion coefficient of species i E r