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Adaptive Detection of Rician Targets

Olivier Besson

‘We address the problem of detecting a signal of interest in Gaussian
noise with an unknown covariance matrix, when the amplitude of the
signal fluctuates along the observations and follows a Rice distribution.
This is typical of a target that consists of one large dominant scatterer
and a collection of small independent scatterers. We formulate it
as a composite hypothesis testing problem, for which we derive the
generalized likelihood ratio test, and show that it ensures a constant
false alarm rate. Numerical simulations enable to assess its perfor-
mance for Rician as well as Swerling I and III targets. It is shown
that the new detector incurs no loss for Swerling targets but can
offer a significant improvement for Rician targets, especially when
the number of training samples is small.

[. PROBLEM STATEMENT

Searching for a specific signature among a set of data
is an ubiquitous problem in many applications, including
radar, communications, or hyperspectral imaging to name
a few. Given a collection of K, observations of size N,
which can be gathered in an N x K, matrix X, the problem
amounts to deciding whether X = N, or X = vall +N,,
where N, stands for the disturbance matrix, v is the sought
signature, and a denotes its amplitude along the K, ob-
servations, with the superscript .7 denoting the conjugate
transpose (Hermitian) operator. In a typical radar scenario,
N 1is the number of pulses sent by the radar within a
scan (coherent processing interval), K, is the number of
scans, and v corresponds to the target signature. Alter-
natively, the columns of X can represent different range
gates when a range-spread target is to be detected. Observe
that the model va’’ for the useful signal implies that the
target amplitude, which is related to its radar cross sec-
tion (RCS), varies only from column to column. In other
words, pulse-to-pulse RCS fluctuations are not considered,
only scan-to-scan or range-gate-to-range-gate fluctuations
are supposed to exist. As for the disturbance N,, a clas-
sical assumption is that its columns are independent and
identically distributed according to a complex multivariate
Gaussian distribution with zero mean and covariance matrix
¥. Since the latter is generally unknown, it is assumed
that a set of secondary data Y € CV*K s available, whose
distribution matches that of N,.. Therefore, the problem can
be formulated as the following composite hypothesis testing
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problem:

Ho: X LCN(0,2,15); YL CN (0, 2, 1)
Hi:XLCN(va 2, 1) YL CN (0,2, Ix) . (1)

In the previous equation, CA'(M, A, B) stands for the
complex matrix variate distribution whose density is pro-
portional to |A|~|B| Petr{—(Z — M)YA~Y(Z — M)B~'},
where A~! denotes the inverse of a nonsingular matrix A,
etr{.} and |.| stand for the exponential of the trace of a matrix
and its determinant, respectively, and Ix is the identity
matrix of size K. At this stage, it remains to set statistical
assumptions about a. The pioneering work to solve (1) is
due to Kelly [1], [2] who assumed that a was deterministic.
This assumption has the merits that no hypothesis is made
regarding the target amplitude, and moreover, it leads to
tractable mathematical derivations and a closed-form ex-
pression for the generalized likelihood ratio test (GLRT),
namely
visTly

GLRKelly = W;}IV 2)
where S, = YY” and S,,=S,+S, with S, =XX".
Kelly’s GLRT has been considered for decades now as
the benchmark detector for (1). However, among the radar
community, Swerling models [3], [4] are widely recognized.
Briefly stated, there exist four models: Swerling I and III
targets have scan to scan RCS fluctuations, while Swerling
ITand IV targets exhibit pulse to pulse RCS fluctuations. For
all the targets, the squared target amplitude is modeled as a
chi-square distributed random variable with two degrees of
freedom (DoFs) for Swerling I and II targets, and four DoFs
for Swerling III and IV targets. Therefore, the target ampli-
tude of a Swerling I or II target has a Rayleigh distribution.
Surprisingly enough, the adaptive detection of Swerling I
targets using a statistical framework similar to that of Kelly
has been addressed only recently in [5], where the GLRT

assuming that a < CN(0, crazIKp) is derived. Extension to
Swerling III targets has been considered in [6], where
a high-signal-to-noise-ratio approximation of the GLRT
is derived and is shown to coincide with the GLRT for
Swerling I targets. Now, Swerling III targets are generally
interpreted as targets with “one large dominant scatterer
together with a collection of small independent scatterers”
[7]. As noted in the latter reference, such a model rather
results in a Rice distribution. Actually, as evidenced in [8]
when the dominant part of a Rician target constitutes a large
part of the total reflection, then Swerling III and Rician
targets are relatively closed in terms of their distributions.
This closeness had also been reported in [9]. Consequently,
rather than using a Swerling III target model, a Rician
target model makes sense. Observe that such a model has
also been advocated in multiple-input multiple-output radar
systems [10], [11], [12], [13], [14]. The Rician target model

. d _ .
amounts to assuming thata = CN(al, 01k, ), where 1is a
vector whose components are all equal to 1. Therefore, we
consider herein a new composite hypothesis testing problem

defined as
b [XECN (021K
Ty Len( = 1)
i —xo1H p—y
H, - X;(CN(a V17 3 + 02w I ) 3)
Y=CN(0, 2, Ix)

where the parameters a, oaz, and X are unknown. Similarly
to Kelly, we propose a GLRT approach given by

ar{'uy; r1X,Y) ",

e >T @)
mzax poX,Y) qfo

where po(X,Y) and p(X,Y) are the probability density
functions (PDF) under H, and H;, and T is the threshold
to be set for a given probability of false alarm P. The
main result is given by (19), which provides the expression
of the GLRT for Rician targets. In addition, we show that
the left-hand side of (4) has a distribution that does not
depend on X under H, so that 7' can be set irrespective of
Y. Section II is devoted to the derivation of the GLRT and
analysis of its false alarm rate. Its performance is evaluated
in Section III. Finally, Section IV concludes this article.

[I. GLRT FOR RICIAN TARGETS

In this section, we first derive the GLRT as given in (4).
We consider as well a two-step GLRT where the generalized
likelihood ratio (GLR) based on X only is derived assuming
¥ to be known, before the latter is replaced by the sample
covariance matrix of the training samples Y. Then, we
discuss their false alarm rates.

A. Derivation of GLRT

With no loss of generality, we assume that v is unit norm,
and we let V| be a semiunitary matrix such that Vv = 0.

We define the orthogonal matrix V = [v v L] such that

T
Viy —e = [1 0 O] . It will be more convenient

to work with the transformed dataX = VZX,Y = VXY and
covariance matrix ¥ = V# XV. The PDFs of (X, Y) under
each hypothesis are then given by

PoX, ¥y = 7 M8 |B| Ketr | X ETIX - ¥ E71Y )
(X, Y) =7V E 4 o2ejel! | TR T
X etr {—YHf_lY}
xetr {—(X —a*e) 1" (T + o eje])™
x(X —a*e 1)} (5)

where K; = K, + K. The maximum of py (X, Y)isachieved
at K '(XXH + YY#) and is thus

max po(X, Y) oc XX 4+ YYH|~K
5

= [V¥ (S, +S,) V| &



—K,
viS,v VS,V
VAS v VIS, V.

= |V11 SxyVJ_liK’

x [VIS,v — vIS, V (VIS V )T VIS, v
—4 L a4
= VIS, V| K[VHS}Q/,ZPSKVLSKZV] K

= |Vi[ SXyVL | —ki [VH SgZPS;“l/zVSXZV] —K

= VIS, Vi s e (6)

where o means proportional to, and for any vector u, we
let P, = (uf’u)~'uu’ be the projection on the subspace
spanned by u, and P} be the projection on its orthog-
onal complement. Let us now turn to the maximization
problem under hypothesis ;. Temporarily defining =
% + o2eell, we have that

t = Tr{(X — a*e, 1" Q™" (X — a*e,17))
= Tr(XUQ'X) — a 17X Qe

— c‘ze{“’flilfil + |a|2(1H1)(e7971e1)
2

. X!
= 171) (el Q ‘e |a — —f
(171)(ef 22 e)
. HO™ X112
FTHRAO XY — M %
171) (el e)
from which we obtain
max p; (X, Y)
a
= 7 V@I | Fer {7 E7'Y
e HO™ X112
X etr{—XHSZ ]X} exp{flT_l . (8)
(171)(ey 2 “ep)

Let us partition ¥ and @ as
5 DT - ) S
g [2n 2w - 11~+0a 212} )
221 222 221 222

We can write that

ol | 1 [ ~H] 0 0

Y =3 - 1 -t |+ o1 (10)

1.2 |:—t21:| 21 0 5,

with i21 = 22_21221 and 21.2 = 211 — 21222_21221. A sim-
ilar equation is obtained with &' with the difference
Q=212+ %2. We reparameterize the unknown X in
terms of the new and equivalent unknowns 31, t and
3. Doing so, we obtain

~—1 = _
e/ e = +0))!

9 'X1= (51, +02)"! [1 _fg] X1
X2 %) = (510 +02) )

~ g e—1
+ Tr(X{ £, Xy}

where we have partitioned X as X = [i;] Next, for any

matrix T' partitioned as in (9), we have

11T
1 —tg]r{_bl} —Fp,

~ ~—] o o~ U
+ (b — T3 T Tty — T, Tay) (12)
with ﬁ1.2 = Fll — f‘lzfz_zl f21. Finally, using |2| = 21_2
| X2, one gets

max X, Y) o (812 + 02 S5 exp{—T1,)

X |En| Ketr {_ng 5%, — ?5’5:;2‘?2}

~ ~_1~ ~ ~ ~_1~

x exp{—(t — T [21)Toa(by — T, T2} (13)
where

= & — 1 H S 21 | e H ~11H~H

I = EI,ZYY +(21'2+Ua) XX —XEX

= SOYY? + (S, + ) 'XPXH

=V [E73S, + (£, + ) ' XPy X ] V. (14)

The maximum likelihood estimates (MLEs) of £,, and
are, thus, K, '(X,X% + Y,Y#) and 1:2—21 I'»;, respectively,
and we end up with
max X, Y) o [V (S, + 8,V |75
a, 22,0
X (Z12 + af)_K"f]If‘ exp{—T1.2}
(15)

where we used the fact that X, = V7 X. The only unknowns
that remain are now ¥, , and ogz. Let us rewrite I'; , explic-
itly in terms of these variables. ', is the (1,1) element of

I, and from (14), one has

1

P =vI [0S, + (S + o) 'XPEX] v, (16)

At this stage, it is relevant to note that if K, = 1, X boils
down to a vector and XP;X# = 0, which means that I';
does not depend on o and (15) will depend on o2 only
through (£, + 02)~". Therefore, the GLR becomes un-
bounded, which shows that the model is not identifiable.
This makes sense since there are two unknowns (a and oaz)
for a single vector in the primary data. Hence, in the follow-
ing, we assume that K, > 1. Making the change of variables
(212,02 > (@=215,=212(E12+02)7"), we need
to maximize

fla, py=a5 prrexpla™ [v¥ (S, +BXPX) "IV 7).

A7)

It is straightforward to see that, for a fixed g, the maximum

over « is achieved at K, '[v¥ (S, + BXP{ X )~lv]~!, from

which we get

max  piX,Y) o< [VE(S: + SV~
a,Xyn, by,
x BRIV (S, + BXPyX) vk,

(18)



Using the previous equation along with (6), the GLR is
finally given by

Jmax BRIV, + XX Y]

GLRRjce = (19)

vi(S, + XXH)~ 1y
An important observation here is that the GLR can be com-
puted provided that S, + BXP{ X" is nonsingular. How-
ever, the rank of this matrix is K; + K, — 1, and hence, we
only need that K, + K; > N, not necessarily K; > N, the
latter condition being required for implementing Kelly’s
GLRT.

A few words are in order concerning solving the max-
imization problem in (19). Since we need to maximize
a continuous and bounded scalar function over the finite
interval ]0,1[, the easiest way is to evaluate the function
over a grid of values. More precisely, we first find the
maximum over a coarse grid and then refine estimation of
B on a finer grid. The complexity mostly lies in evaluating
f(B) = v (S, + BXP{ X )~lv. Toward this end, let F be a
semiunitary matrix whose columns are all orthogonal to 1
so that P{ = FF" and let

x| TQ
e fa]

be a thin QR decomposition. In addition, let Q = U, X,V
denote the thin SVD of Q, where U, has R = min(N, K, —
1) columns and X%, = diag(oy, ..., og). Then, f(B) can be
readily evaluated as

(20)

R

fE =R +a-p>
r=1

o2|[U/R "],

T+ (Do Y

B. Two-Step GLRT

Another possible approach that has been popularized by
Robey et al. [15] and is referred to as the adaptive matched
filter is to resort to a two-step GLRT. More precisely, the
GLR is first derived based on X only assuming that X is
known. Then, the latter is replaced by the sample covariance
matrix of Y, namely K,'S,. Let us thus assume first that X
is known. Then

po(X) = VK |5 Kretr {—XH)E"X}
piX) = V@75
X etr {—(X —are AR (X — Zl*ellH)} .
(22)
From (8), we have
max p;(X) = 7 VK| Q| Kretr {—XHSNZ_lfi}
a
el @' X1)?
X exp 1 (23)
(171)(el' Q2 e)
which can be readily rewritten as

< AP A -
max pi(X) = po(X)%; 5(¥12 + o)k

U§i1'26¥271XXH27101
X exp =
Yi2+07

2,6/ 57 %P, X5
X exp 1261 = ! o . (24
Y1240}

It follows that the GLR for given X is given by
b 2
GLR|X = max a® (a + 02) % exp { % +; } (25)
o2 a—+o

a

where

a=3%,=w3x"v!
b= f)Lzeff_lXXHfi_]el

= Wiz vy I EIs, 27 ly)
c=352 'SP XIS e

=Wz v 2 IXp X 2 ly). (26)

The problem in (25) can be solved rather easily (we omit
the details) yielding

GLR|X = h (max(b — c/a, K},)) 27

with

h(x) = (x/K,) % exp{x + c/a — K,,}. (28)

It remains to replace X by K~ 'Sy in (26) and (27) to obtain
the two-step GLR. Note that such a two-step GLRT requires
that S, is nonsingular, which requires that K, > N, a more
severe constraint than that of the (one-step) GLRT. Actually,
in the simulations, we are mostly interested in a scenario
where K; is of the order of N, a situation where the one-step
GLRT typically performs better than the two-step GLRT.
The two detectors will be compared in the next section
through numerical simulations.

C. Constant False Alarm Rate

We show below that the GLRT enjoys the so-called con-
stant false alarm rate (CFAR). Toward this end, let us note
that the GLR is obtained by maximizing g%/% g(8, X, Y),
where
vA(YYH + BXPLXH) "1y

X, Y) =
8. X Y) = — IV T XX Ty

(29)

Now, one can write X = £3(N, +a*X 2v1#) and Y =
Z%Ny, where N, S CN(0,1y,Ig)) and Ny S CN(0, Ly,

Ix,). Note also that N £ QFN, and N, Lt N, for any
unitary matrix Q. Therefore, under H,

vA(YY? + BXP X))~y
vE(YYH + XXH)-ly

vIE I (NN 4 BN, PINI )10y
VAET3 (NNH + N,NH )13 1y

VIETIQIN,N + BN,PENI)~1QH 572y
VAZTIQIN,NH + N,.NH)-1QH B3y

gB.X.Y) =




B ef! (N)NI/ 4 BN, P{N) e,
efl (N,NH + N.NIT)~Te,

(30)

where, to obtain the last line, we have chosen Q such that
Q"X 2v = (v X'v)!/2e,. Consequently, the distribution
of g(B, X, Y) is independent of X, and hence, the GLRT is
CFAR.

Similarly, itis readily seen thatb — ¢/ahas a distribution
that is independent of ¥ under H,, which means that the
two-step GLRT is also CFAR.

I1l.  PERFORMANCE EVALUATION

The aim of this section is to evaluate the performance of
the new schemes both for estimation and detection purposes.
We consider scenario with N = 16. The target signature

Iy Iy T
is given by v = N~1/2 [1 errh e’Z”(N‘”ff] with

f = 0.09. The covariance matrix is £ = X, + oIy, where
[Zclmym = exp{—2n20f2(m1 — mg)z} with oy = 0.01 and
o? is set such that Tr{X.}/Tr{o Ly} = 20 dB. The signal-
to-noise ratio is defined as SNR = Pv/ £~!v. When dealing
with Rician targets, we have P = |a|* + 0> = ¢P + (1 —
)P, where ¢ = |a|*/(|a|* + o2) represents the fraction of
the dominant scatterer to the total reflection. The amplitude

ais generated as a L cN@al, 0.1k, ) witha = |ale’ and
is uniformly distributed over [0, 277 [. We will also consider

Swerling I and Swerling III targets. For the former, we

generate a from a LN (0, PIg,)). As for Swerling III
targets, the elements of a are independent and identically

. : . d
distributed as a; = ‘/Tﬁ|ak|e’¢’k with |ag| = /x2(0) and ¢y
is uniformly distributed over [0, 27 [.

A. Estimation

The derivations above, although primarily devoted to
obtaining the GLR, also provide MLEs of @ and o> under
H,. Therefore, we first focus on the estimation of these two
parameters. We assume a Rician target, and we display in
Figs. 1 and 2 the average value (over 300 Monte Carlo trials)
of |al?, 62, and P = |a|> + 62 versus SNR for different
values of €. One can observe that the algorithm provides
rather accurate estimates of P, especially for K; = 2N, and
that it enables to distinguish the respective contributions
of |al* (dominant scatterer) and o2 (small independent
scatterers). Moreover, with Swerling I targets (¢ = 0), the
MLE results in small values of |a|> and P ~ 2, which is
meaningful.

Next, a Swerling III target is considered. In this case,
the parameters @ and o7 are irrelevant. However, one can
compare the estimated value of |@|* + o to P, and also,
see how the power is balanced between the two terms. This
is reported in Fig. 3, where different values of K, and K;
are used. The first thing to be noted is that the estimates
of P can be rather accurate (especially at Ky = 32) and
that the algorithm mostly recognizes that |a| is small and
subsequently approximates P by o2. In other words, the
algorithm fits a Rician model with small |a| and aaz ~ Pon
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Fig. 1. Rician target: mean values of |&|?, 6[12 and P = |a)> + 65 versus
SNR for various ¢. K, = 8 and K; = 17. (a) ¢ = 0 (Swerling I).
(b)e =0.25.(c) e = 0.5.(d) ¢ = 0.75.
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Fig. 2. Rician target: mean values of |&|?, 62, and P = |4|> + 62 versus
SNR for various ¢. K, = 8 and Ky = 32. (a) ¢ = 0 (Swerling I).
(b)e =0.25.(c) e =0.5.(d) ¢ =0.75.
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Fig. 3. Swerling III target: mean value of P versus SNR for various K,
and K. (a) K, = N/4, Ky =N + 1. (b) K, = N/4, K; = 2N.
(©) K, =N/2,K; =N +1.(d) K, = N/2, Ky = 2N.
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Fig. 5. Probability of detection versus SNR. K, = N/2and K; = N + 1.
Fig. 4. Probability of detection versus SNR. K, = N/2 and Ky = 2N. (a) Swerling 1. (b) Swerling IIL. (c) Rician & = 0.25. (d) Rician & = 0.75.
(a) Swerling I. (b) Swerling III. (c) Rician ¢ = 0.25. (d) Rician ¢ = 0.75.
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Fig. 6. Probability of detection versus SNR. K, = N and Ky = N + 1.
(a) Swerling I. (b) Swerling III. (c) Rician ¢ = 0.25. (d) Rician ¢ = 0.75.

a Swerling III target, which makes sense. Overall, the target
power is rather well estimated.

B. Detection

We now evaluate the detection performance of the new
detectors and compare their probability of detection with

that of Kelly’s GLRT and the GLRT for Swerling I tar-
gets [5]. The probability of false alarm is set to Py, = 1073,
and the probability of detection is obtained from 1000
Monte Carlo trials. First, we consider a scenario with a
rather large number of training samples, namely, K; = 2N,
and we compare the four detectors in Fig. 4. As can be
observed, there is almost no difference between Kelly’s
GLRT, the Swerling I GLRT, and the Rician GLRT for
Swerling I targets, Swerling III targets, and Rician targets
with ¢ = 0.25. However, when ¢ = (.75, the new Rician
GLRT outperforms the two other detectors. Note that in no
case, even Swerling I, is the new detector worse than the
other ones. We also notice that, despite K; = 2N, the two-
step Rician GLRT performs worse than the three one-step
GLRTs on all types of targets. In particular, its probability
of detection is rather far from that of the Rician one-step
GLRT for Rician targets.

Next, we consider a more challenging scenario with a
small number of training samples, i.e., K, = N + 1, and
we set K, = N/2 in Fig. 5 and K, = N in Fig. 6. First, it
can be observed that, with this smaller value of Kj, Kelly’s
GLRT and, still worse, the two-step Rician GLRT suffer
from a significant loss of detection capability. The new
Rician GLRT is seen to perform as well as the Swerling
I GLRT for Swerling I and III targets and has a higher
P; for Rician targets, either with ¢ = 0.25 or ¢ = 0.75.
The difference is seen to increase when K, increases. For
instance when ¢ = (.75, the improvement compared to the
Swerling I GLRT is about 2 dB for K, = N/2 and 3.5 dB
for K, =N.

[V. CONCLUSION

In this article, we addressed the adaptive detection of
Rician targets in unknown Gaussian noise. The MLEs of the
unknown parameters under each hypothesis were derived,
from which the GLRT followed and was shown to have a
CFAR. The performance of the MLE and the GLRT was
evaluated for different types of targets, namely, Swerling I,
Swerling III, and Rician. As for estimation, the MLEs of
the Rician parameters (|al|?, oaz) were shown to be pretty
accurate, at least with a sufficient number of training sam-
ples. For Swerling targets where the square amplitude |a|?
follows a chi-square distribution, the MLE is able to balance
the respective contributions of |a|* and o2, the former being
small while the latter is about the target power. Hence, these
estimates could serve as an indicator of the type of targets.
As for detection, we showed that the new detector is as
good as Kelly’s GLRT for all types of targets when Ky = 2N
and outperforms Kelly’s GLRT for small K;. In addition, it
incurs no loss compared to the Swerling I GLRT for Swer-
ling targets. Finally, it provides a significant improvement
over both detectors for Rician targets even with a small
proportion of the dominant scatterer. Therefore, it offers
the most interesting solution for a large variety of targets.

OLIVIER BESSON
ISAE-SUPAERQO, Université de Toulouse,
Toulouse, France
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