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Supremum estimates for parabolic stochastic partial
differential equations

M. Leocata*and J. Vovellef

November 17, 2023

Abstract

We generalize the approach a la De Giorgi developed in [HWW17] to get some estimates
on the moments of the sup-norm of the solutions to parabolic stochastic partial differential
equations. We also provide an alternative method, based on duality and estimates L' — L"
a la Boccardo-Gallouét, [BG89], for a backward stochastic partial differential equation.
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1 Introduction

Let U be a smooth open bounded subset of R?, let T > 0 and let Q7 = U x (0,T), T € (0, +0c0).
Let
A= (aij)1§i7j§d: U— Sd(R) (1.1)

be measurable and satisfy the ellipticity condition and bound
Ve € RY for ace. @ € U, NE|? < ajj(z)&&; < AHEP, (1.2)

where X is a positive constant. In (1.1), Sq(R) denotes the set of symmetric, d x d real matrices.
In (1.2), and throughout the paper, we will use the convention of summation over repeated
indexes. Our first concern is to get supremum estimate for the solution w to the stochastic
parabolic partial differential equation

du — 9;(a”dju)dt = fdt + grdB*(t) in Qr (1.3)
u=0o0noU x (0,T) (1.4)
u=wug on U x {0}. (1.5)
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Such estimates have already been derived and by different methods, in particular:

e De Giorgi’s method by truncature has been used in [DG17, HWW17, Qiu20],

e Moser’s approach by iterative estimates on the LP-norms has been adapted to the stochastic
setting in [DMS05, Wan18, DG19],

e in [DDMHI15], the Da Prato - Debussche trick is used, and estimates separately given on
the stochastic convolution and deterministic parabolic equations (the latter exploiting in
particular the theory in [LSUGS], where truncations as in De Giorgi’s approach are used at
some point).

Note that in some of the references just mentioned, the framework may be much more general
than in (1.3). In particular, [DDMH15, DG19] apply to quasilinear equations, and degeneracy
of the superparabolic condition is addressed in [Qiu20]. In the present paper, we provide two
results:

1. a generalization of the result of [HWW17], based on De Giorgi’s approach via truncation
of the natural energy, see Theorem 2.1. Our interest is mainly to get a more explicit
dependence of the supremum estimate on the norms in L*(Qr) and L?**(Q¢; ¢?) of f and
(gr) respectively, where u > 1+ d/2. Indeed, in [HWW17], the exponent is u = +oo and
the bound on the data is assumed to be deterministic. We will also consider a slightly more
general situation where the data depend on the unknown in a (nice) sub-linear way.

2. a different estimate, which is obtained by a duality method, based on L' — L" estimates for
a backward stochastic parabolic partial differential equation with terminal datum in L*(U),
see Theorem 4.1. These L' — L" estimates are obtained by adapting, in the framework
of backward stochastic parabolic partial differential equations, the estimates by Boccardo
and Gallouét as they can be found in [BG89]. Note that a stochastic duality method based
on the theory of backward SPDE was already used in [DRV21].

The results of Theorem 2.1 and Theorem 4.1 are slightly different, with minimal differences
however. The proof by duality is, in our opinion, more elementary than the proof by De Giorgi’s
truncation. Nevertheless, this is this latter proof by truncation, and not the former proof, by
duality, that we manage to adapt to derive supremum estimates in the paper [LV23].

We will consider weak solutions to (1.3)-(1.4)-(1.5) defined as follows.

Definition 1.1 (Weak solution). A function v € L*(Q x (0,7),P; H}(U)) (where P is the
predictable o-algebra) is said to be a weak solution to (1.3)-(1.4)-(1.5) if

ue C([0,T); L2(U)), P-—a.s., (1.6)
and for all ¢ € C(U), for a.e. (w,t) € Q x [0,T],

/Uu(t)<pdx—|—/Ot/Uaijﬁigo@ju(s)dxds:/Uu0<pdx+/Ot/ng(s)goddek(s). (1.7)

2 Supremum estimate by De Giorgi’s method

Theorem 2.1 (Supremum estimate). Let u be a solution' to (1.3)-(1.4)-(1.5). Let u > 1+ 4.
Assume that f and gi are some random functions of the variables (t,x,u) satisfying

[f(tz,u)] < f(t2) valt, @), D gtz w)® < G3(t2) + (b(t 2)u)?, (2.1)
k
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where f, G, a, b are some random predictable functions of (t,x) such that the deterministic
bound
R = ”aHLH(QT) + Hb”L"’“(QT) < 400, P-—a.s., (2.2)

is satisfied, while, for all p > 1, the following moments are finite:

E (171 (gp + G2 < +o0 (2:3)
Let o, B € [1,400) satisfy the condition
o< B (2.4)
We have then

1
& - B #
{E [lulgeign]|}” < Cla.8) {E [ o A Te T } . (25)
where C'(a, B) is a constant depending on «, 8, U, T,d, u, R and on the ellipticity constant \ in
(1.2) only.

Proof of Theorem 2.1. We will assume that wug is deterministic, but all that follows is valid when
ug is Fp-measurable, we simply have to work with P(-|Fy) instead of P. We will also prove
Theorem 2.1 under the restriction? that T is sufficiently small, T < T, where T} > 0 depends on
U, T,d,u, R and on the ellipticity constant A in (1.2) only. The estimate on the global interval
[0, T'] results from the iteration of this preliminary partial estimate.

For u € R, ¢ > 0, let us introduce the quantities

H(uw) = (=€ + @+8) ., n(wd) = HwE? = J(u—O% + 5w+, (26)

and the truncated energy

U() = sup /Un(u;é)d;vdt—i—//Q |V H (u; &) |*dadt. (2.7)

0<t<T

In (2.7), £ € Ry is a given truncation level. Let A be a deterministic quantity, homogeneous to
1
u, Uz, etc., that will play the role of a given threshold. We assume

A > Juol| oo (- (2.8)

Our aim will be to estimate the probability p. to have

A
[l (@r) > = (2.9)
so will study the probability that U(£) = 0, with
A
==, (2.10)

B
Notation. We will use the notation A < B when A < CB with a constant C' depending on

U, T,d,u, R and on the ellipticity constant A only. When necessary, we will let the letter C' be
explicit, although it may vary from line to line.

2we get directly the result with Ty = T if R = 0 in (2.2)



Energy estimate. Note that

Oun(u; ) = (u—€)s — (u+8)-, |0un(u;€)| < H(w;€), 9an(u;€) = Ljy >¢. (2.11)

By (1.3), (2.11) and the It6 formula (the Ité formula can be justified as in [DHV16, Proposi-
tion A.1]), we have

// lleuﬁ nglmpf dudt + M (€)", (2.12)
where .
() = [ [ adnfusdrdst ). ar() = sup ) (2.13)

From the structure hypothesis (2.1), and from the inequalities
ul < H(u; ) +¢, u? < 2n(u; €) + 262, (2.14)

we deduce from (2.12) that

(f)S/Q (FH(u:€) + aln(us €) + €H(u;€)} dadt
+/Q {G?1 3¢ + b (n(w; &) + €1y >¢) } dadt + Mp(€)*.  (2.15)

We apply the Holder inequality to various terms in (2.15) to obtain

U = {@THH(W v (@ry + IEH (W O i (@r) + ||77(U;€)||LM’(QT)}
+ {G%Hl\ulZSHL#'(QT) + ||521|u|2§”Lu’(QT)} + Mr(§)", (2.16)

where ~
Or = [|fllzr@r) + IGl L2e(Qr)- (2.17)

Non-linear estimate. The energy U (&) is dominating both HH||LOOL2 and ||VH||L2 , where
H := H(u;&). By interpolation and Sobolev’s inequality, the bound

d+2

I H )17 gr) SUE),  7:i=2-—=2pp, (2.18)

is satisfied (see (3.30) below for the derivation of a similar bound). The hypothesis u > 14 d/2,

equivalent to i/ < pp, gives
gl pPr

== >1 2.1
p 2 o > (2.19)
Let ¢ € Ry be a multiple ¢ = (1 — 0)¢, so that £ — ( = 6. We will use the bounds from above
H(uw; p
Buse < (el ) o HO59) < HOsO) (2.20)

for different values of p. For instance, with n =0 or 1,

||§nH<u;€)HL#'(QT = (05)2P 1” (u C)HL’Y (Qr)’ (2'21)



and

6271
Hg 1|u|>§||L# (Qr) = (QS)QPHH(U C)HL’Y(Qt (222)
and 1
(w1 (@r) < WHH(U;C)HiPW(QT)' (2.23)
Reporting (2.21)-(2.22)-(2.23) in (2.16) and using (2.18) leads to the non-linear estimate
£+07 . ., .
U€) < (GG >, UC) + Mr(6)” (2.24)

Recursion in the deterministic case. To deal with the martingale term Mp(£)* in (2.24),
we use a procedure which is better understood if we recall first the approach in the deterministic
case. Indeed, assuming that Mr(£)* = 0 in (2.24), and that ¢ = 1 in (2.10), we apply (2.24)
with € = €p11, ¢ = & == (1 — 27 %1€, This yields the recursive inequality

Upsr < U, P AU, (2.25)

where U = U (&), A is a constant depending on U, T, d, p, R and A only, and

1 ez 7T

Applying (2.25) recursively leads to

U U408 5= jp 77t < o (2.27)
j=>0

and then, assuming ©7 < A and Uy < A2, where § < 1, finally gives a doubly exponential decay
Uy < 67" A2,

Recursion in the stochastic case. Let p € R satisfy

1+
1<p<—p.

p<—5 (2.28)

Let € be defined by (2.10) and set
G=01-27""18 U =U(&) (2.29)
We examine the occurrence of the bound
Uy < 62" A2, (2.30)

Assume first that (2.30) is satisfied for a given k& > 0. We apply (2.24) with (¢,{) = (§k+1,8k)-
Then &1 = (1 — 9)£k, with

27k72
0 = W Z 27]672, (231)
so there is a constant A = 4° such that
1 OF | akyrp *
Uk+1 S 52(p71) + @ A Uk + MT(£k+1) . (232)



Using (2.30), we find out that
Upr <02 A2 [(€71 42070 4 (OrA1)2(¢ 7 A)2) 20D ARG 070 M (g40)". (233)
The control (2.30) will therefore be satisfied at the next rank & + 1 if

{(5_1A)2(P—1) + (@TA—l)Q(g—lA)Qp} Ak(sgk(Pfﬁ) <=, (2.34)

DN | =

and 1
Mr(gei)' < 202" A2 (2.35)

For k > 1, let E11 denote the event Fi1 = {(2.34)&(2.35)} and let Hy denote the event (2.30).
Our aim is to evaluate the probability P(H) of the event

k
H= ﬂHk: ﬂHk H, = ﬂHj. (2.36)
k>0 k>0 j=0

We will first estimate ), <Pk — Prt1, where pi, = P(Hy), and then, in the next step, evaluate
po. Since Hy, N E;y1 C Hy41, we have

Pr = Prtr < P(Hg) — P(Hy N Eq) = P(H N EE ) (2.37)
Denote by G the event
G = {07 <2FA}. (2.38)
We have
PHy N E;, ) <PH,NEL, NGy) +P(Gy). (2.39)

We use the exponential martingale inequality
P (M2 > a+ B(M, M)y < e 28, (2.40)
with My = Miar(€k41) and some deterministic numbers a = Vi, = kal to get
P(H, N Ef,, NGy) < e 2% +P(By N Gy) + P(L, N Gy), (2.41)
where By, is the event
B = Hy N {;50’““1\2 < Vi + Vo M (Eg), M(§k+1)>T} , (2.42)
while Lj; denote the event

L= { (€7 4)207) 4 (@rA )2 (e A)%] Aks2 -0 > ;} . (2.43)

The quadratic variation of M;(§) at time T is

(M(€), M(&))7 = / 3

k>0

2
dt, (2.44)

/ 9r0un(u; §)dx
U




which can be bounded as follows:

(M () /0 U g2 1|u>5dm] [/ (u;f)dx} dt. (2.45)

Proceeding as in (2.15)-(2.16) and using the bound

k>0

[ ntuds < 20(0), 1.1 (2.46)
U
we obtain
(M(&), M(&))r < {®2T||1|u|2£||Lu’(QT) + R||§21|u\26||Lu’(QT) + Rn(u; &) Lu’(QT)} U(é).
(2.47)
By (2.21) (or a similar bound), we have
2
H (u; dm<— w; C)dr < —U 2.48
| Hwean < g [ atworas < 2000, (245)
Using also (2.22), (2.23), we deduce from (2.47) the non-linear estimate
(M M) S | ks + o Ty (2.49
T (e T () | |
We take £ = €41 and ¢ = & in (2.49) to obtain
1 92 krritp
(M (Ek+1), M (Ek+1))T < = + ng AU (2.50)
If Uy, additionally satisfies (2.30), then we infer from (2.50) the bound
(M(§11). M(Ea))r < C1 (€ M)207D 4 (OrA12( )] AtaRs 040 (250)

If G}, is realized, then ©OpA~1 < 4% and since € = e~ 1A (¢f. (2.10)), (2.51) yields
(M (1), M (&41)) < Cre2P DAt ARG (140, (2.52)
where A = 16A. Let V;, and Vk be defined by
= S0 T o IRk () (2.53)
The estimate (2.52) then ensures that P(Bj N Gj) = 0. Note that
Vi(A)V,(A) = Cpe 201 A== (Utp=2p), (2.54)
By similar computations, we also obtain

. 1
LpNGy C {AW’“(PP) > 252@1)} : (2.55)

We assume € < 1. There exists a constant C, depending on U, T, d, u, R and A only such that

S 1
0,6 < 1==Vk >0, A" -2 < 5 (2.56)



Assuming the condition
C.5<1, (2.57)

we have P(Ly NGy, ) = 0 for all k. Using the Markov inequality to estimate P(GY), we deduce
from (2.37)-(2.41)-(2.54) the bound from above

3 E[o7]
2km  Am ’

Pk — Pr+1 < exp (—025_2(’3_1)21_’“(5_3k(1+p_23)) + (2.58)

where m is an arbitrary exponent in [1,4+00). By (2.28), the quantity a = 14 p — 2p is positive.
We use the domination

o E[OF
> k= prr < / d(t)dt + 3 /[\mTL (2.59)
k>0 0
where R
O(t) :==exp (—5_2(p_1) exp(yp’ — pt)) ., v=a/ln()|, p=In(4). (2.60)

To justify the comparison (2.59), we assume that C, in (2.57) is big enough to ensure that
vIn(p) > 2p. Then t 'ygt — pt is non-decreasing and it is also easy to prove that

(0] = (1) > gre 2D In(p)(), (2:61)

and thus (using (2.57) which implies 1 < )

& exp (—s 2(p 1)67) 2p—1
< < p—1) _ 2(p—-1) ) )
/0 d(t)dt T B Cse exp( Cye ) (2.62)

Finally, we deduce from (2.59) and (2.62) the estimate

E[©7]

Am (2.63)

P(H) > po — 0352(”_1) exp (—045_2(/’—1)) _3

Initial smallness condition. Let us now estimate the probability pg that the smallness con-
dition

Up = U(£/2) < 6A? (2.64)
should be satisfied. We apply (2.24) with ¢ = £/4 to obtain
1 o7
U(€/2) < Cs | gy + g | U/ + Cod(e/2). (2.65)

Let V,V be some given constant (deterministic) numbers, and let
D = {M(e/2) <V + VHM(E/2), M©)/2)r ) (2.66)

Conditioning to the occurrence of Go N D, we obtain by (2.40),

P(U(£/2) > 0A?) < P({U(£/2) > 6A%} N Go N D) + E[A?f} +e VT (2.67)

If we set V = Cy '16A2, V=1 = C5A27, then we can insert the bound given in (2.66) in (2.65)
to get
{U(&/2) > A’} N D C Ky UKy,



where o2
1o 1 T
Ky = {45/\ < Cs [62@1) + 524 U(§/4)P} 7
and

Ky = {iw < csv-1<M<5/2>7M<§>/2>T} .

It results then from (2.67) and the Markov inequality that
405\ 1 1 A2 7Y ap
5/\2) |:€2(/,_1) + | E[U/4)%]

&2
- (‘*@v—lfxa[<M(£/2>,M(£>/2>’;1Go] o e 2

P(U(¢/2) > 6A%) < (

JA2

where p, q are some arbitrary positive exponent. We use the estimate (2.49) on the quadratic
variation of M (£) with € = e~1A, to deduce from (2.68) that

g (%5 [ 407 - (G55 o[
E[o7]
e

+

+e°T. (2.69)
Admit for the moment the bound

E[U(E/4)7] < CRIE[Fa,], Fy =%+ luolw iy, p>0. (2.70)

We will take p = $£-¢ in (2.69), and also assume e2(P=1) < § to get

P(U(£/2) > 6A%) < C(q) (52(;1))&0(1 (1 + (?)p) ]EEEZP] + Egim] +e70T. (2.71)

Combining (2.71) with (2.63), we obtain finally

20—\ P P
P(H®) < C3e2P Y exp (—046—2(9—1)) +C(q) (E ) <1 + <T> ) E [Faq)

1) ) A2ap
E [Fin]

o +e 0T (2.72)

+4

with p,g,m > 1, p = 1#-¢.

Conclusion. We make the following choice of parameters in (2.72): we take T = alln(e)|,

0 > 0 fixed satisfying the smallness condition (2.57). If the constant a is large enough, then

(2.72) gives

E [Fqu] + E [Fm]
A2ar Am ’

A
P [lullsion > 2| < ot [o 4 273

where N := ad can be arbitrary large and r € (1,2(p — 1)p). We choose then, for a given x > 0,

(2.74)



and obtain the tail estimate

A N r+2 < E [F2qp] e B [Fm]
IP [||U||Lm(QT) > m S O5(N,q,7') |:€ + e ap W + € T s (275)
valid for ¢ < C’6_1. We have then, for a > 0,
e 1
E [Jullf o] = /0 ot P [|Jul| = (0 > ] dt, (2.76)
and after a simple change of variable,
a AQ AQ 06_1 o /_X
E {HUHLN(QT)} SAY+A /0 mp [ull Lo (@r) > s de. (2.77)
If N,q,m are large enough, so that
a(l+ k) < min(N, mk,r + 2qpk), (2.78)

then, we deduce from (2.75) and (2.77) the bound

(2.79)

A EF E[F,,
E [HU”%&(QT)] < C7(N,q,r,a)A* <1 + [ 2‘11)] [ ]) '

Aqu Am

Clearly, (2.78) will be satisfied if
a<m, «a<2p, (2.80)

by a choice of k sufficiently large. If o and § satisfy the condition (2.4) now, then we select ¢, m
— 1
satisfying (2.80) and m,2¢p < 5. We set A = {E [Fg]}?. Since

by the Holder inequality, (2.79) gives
E [lull$(gn ] < Clas ) {E[Fal}F (2.82)

which is the desired estimate (2.5).

Energy estimate. There remains to prove (2.70), which we do here. Without loss of generality,
we assume 4e < 1, with the consequence (since A > [|uo|| gy by (2.8)) that & > 4f|uol| )
The energy U(€) defined in (2.7) has also the expression

U() = sup /Un(u;g)dxdt—i—//Q 1|u|>§|Vu|2dxdt, (2.83)

0<t<T

on which it is apparent that £ — U(€) is non-increasing. Consequently, with £ given by (2.10),
we have U(£/4) < U(&o), &o := |luo||L (). We use (2.16) to get the bound

U(€o) S (O +E0)IH (1w €0)l| o ) + (03 €0)l1ur @y } + (O3 + €0) + M), (2.84)

By the Holder inequality and (2.18),

1 (4 0)l| o 0y S U€0)%, 11 €0) | 1o 0y S T U'€0)- (2.85)

10



If T satisfies the smallness condition®
CT <1, (2.86)

then (2.84)-(2.85) imply
U(éo) < (07 + &) + Mr (&)™ (2.87)

Let T7 be such that C'Ty = %, where C' is the constant in (2.86). Then for T' < T, we have
E[U(&)"] < C(p)(OF + &) + C(P)E | Mr(&)|"]. (2.88)
By the Burkholder-Davis-Gundy inequality, we get
E [U(60)"] < C0)(O7 + &) + COIE | (M(&). M (€))7 (2.80)
The estimate (2.47) on the quadratic variation of M and (2.85) give the bound from above
E [(M (&), M(€0)7] < CRIO% +ENU(E)E + CRIT U&),  (290)

so, under the size constraint (2.86), the estimate (2.70) follows from (2.89) and (2.90). O

3 Backward stochastic parabolic partial differential equa-
tion
We consider the setting given in the introductory part, Section 1. Suppose additionally that

U is of class C2. Let ¢ be an L'(U)-valued, Fr-measurable random variable. By [DT12] (see
Remark 3.1 and Lemma 3.1) we can consider (¢, Z), the solution to the BSPDE

dip + 0;(a"0,4)dt = ZpdB*(t) in Qr (3.1)
¥ =0o0n9U x (0,T) .
v=¢onUx{T}. (3.3)

Solutions are understood in the following sense, [DT12, Definition 2.1-ii)]:
Y e LAQx (0,T),P; HY(U)), (Zx) € L*(Q x (0,T),P; (*(N; L*(U))), (3.4)
where P is the predictable o-algebra,
Y e C([0,T]; LA(U)), P—a.s., (3.5)

and for all ¢ € C°(U), for a.e. (w,t) € Q x [0,T],

/Uqbtpdm:/Uw(T)godx—l—/tT/Uaijaigpajw(s)dxds—i—/tT/[]Zk(s)gpdmdBk(s). (3.6)

Theorem 3.1 (Boccardo-Gallouét estimate for BSPDE). Let r,p € R satisfy

d+2 d+2
1§r<ppzzi, 1< +

3the condition (2.86) has the more precise version CRA'T < 1, where C depends on U, d, p and A, and also
on a bounded way T, but not on R, this explains why we need the bound by R in (2.2) to be deterministic. It
also justifies that there is no constraint on the length of the time interval when R = 0.

11



Then there exists a constant C > 0 depending on the dimension d, on the domain U, on the time
T, on the ellipticity constant \ and on r,p only, such that

(B 1015 0n]} " + {12100 ]} < CE l6l1s0)] (38)
where Z = || (Zk)le2 )

Proof of Theorem 3.1. We will denote by C7,Cs,... some constant depending on d, on the do-
main U, on the time T, on the ellipticity constant A and on r,p only. The proof breaks into
several steps.

Step 1. It6 Formula. Let J: R — R be a convex non-negative function of class C2, such that
J" and J"” are bounded and J(0) = 0 (this last condition ensures in particular that J(i(t)) €
H}(U) for all t € [0,T]. We have then, by Itd’s formula (which an be justified as in [DHV16,
Proposition A.1] for instance), and for all non-negative ¢ € C°(U),

| 1w@)ea = [ sweyeds+ [ ' [ 7w a0y pdaas

T N 1 /T T
5900, 2 " 2 / k
+/t /Ua 0ip0; J (V) pdxds + 2/t /UJ (V)Z <pdxds—|—/t /UJW)ZMOdﬂCdB (s), (3.9)

and, as a consequence of (1.2),

/U JOH(T))pdz > /U T0(8))pdz + A /t ! /U T ()| Vb2 pdwds + /t ' /U 010,00, (1) pdards

1 (7 . ) T / )
+§/t /UJ (V)2 ¢dxds+/t /[JJ(w)Zkgodﬂch (s), (3.10)

where we recall that
27 =2l = |Z|*. (3.11)
E>0
Since x — J(¢(z,t)) is non-negative and vanishes on OU, we can then take ¢ = 1 in (3.10), while
keeping the same sign in the inequality. To justify this, we proceed as in [MPT02] for instance.
For § > 0, let (5 denote the solution to the problem

— 628i(aij6jC5) +({=1inU, (s=0on9U. (3.12)

By the Appendix in [MPT02], we have 0 < (s < 1 and {5 T 1. Setting ¢ = (s in (3.10), we can
take the limit § — 0 of all the terms but the “boundary layer” term

r i r 1—Cs
9. (5O —
/t /Ua 0;(50;J (V) pdxds /t /UJ(w) 52 dxds. (3.13)

Since J(¢) > 0 and (s < 1, this term is however non-negative, which yields

/ J((T))dz > / J((8))de
U

U

T 1 T T
1" 2 = 7 2 , k
—i—)\/t /UJ ()| V[ dzds + 2/t /UJ (V)Z dmds—&—/t /UJ(w)dede (s). (3.14)
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Step 2. Reduction to a non-negative 7). According to the decomposition ¢ = ¢+ — ¢~
as sum of the positive and (minus) negative part, we have, by uniqueness of the solution to
(3.1)-(3.2)-(3.3), a decomposition

W, Z2) = (@™, 25 — @), Z25)),  p&E(T) = ¢*. (3.15)

It is sufficient to establish (3.8) for only one of the component in (3.15), for instance the (+4)
one, so we can assume ¢ > 0 a.e., a.s. Let us show that ¢» > 0 a.e., a.s. then: we apply (3.14)
with a non-negative function J such that J(s) = 0 is equivalent to s > 0 (typically, a suitable
regularization of s — s7). We take expectation and use the non-negative sign of the terms

involving J” to obtain
E [/U J(w(t))dx] <E [/U J(qs)dx] —0,

hence ¢ > 0 a.e., a.s.

Step 3. L'-norm of 1. We use the fact that ¢ > 0 and apply (3.9) with J(s) = s to obtain

t
18]l 20y = (D ziwy = 19@) sy + (Nr — Ny), Ny = / /U ZidzdB*(s).  (3.16)

Let (K;) be the martingale defined by
Ky =E[|¢]lr @) Fi] - (3.17)
Since (K) is adapted, taking conditional expectation in (3.16) gives us
@l < K. (3.18)

In particular, we have
Elv@llzrw) < Eldll @), (3.19)
for all t € [0, 7.

Step 4. Elementary blocks. Let I' be a given constant that will be fixed later (see (3.46)).
For n € Z, let J,, be defined by

s 0 S S ]_"271’
Jn(s) = / min [1, (I2") (o —T2") ] do = { (T2 H!) "1 (s —T2")? I'2" < s <27,
° s —3r2" r2mtl <s.
(3.20)
Then J,, € C?(R\ {I'2",T2"1}) with
1
J7/7,/ = ﬁl[FZ",FQ"L*l) on R\ {FQ”,F2"+1}

Although J,, is not strictly of class C?, we can use (3.14) and an approximation procedure to
justify the following inequality:

/ Ju((T))dw > / T (1(t))dz
U

U

A , 1 ,
e _— Z M, (T) — M, 21
g [ TPt [ 2w+ (40 M), 320)
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where Q7 = U x (t,7T),
t
)= [ [ nw)zudedst o), (3.22)

and
B, = {(z,1) € Qr;T2" < ¢(a,t) <T2"F}.

Whether the end-point sets {t) =T'2”}, v = n,n + 1, are taken into account in the integral

//B |Vop|2dadt

has no importance since Vi) = 0 a.e. on a set {t = cst}. We may have to take care to the
term involving Z2 in (3.21), but (3.21) is simply obtained by considering the regularization of
J} given by
1 1
S Ton min [1pgn pont1y(s),e (s =2 + &)t e (s —T2" T —¢)7] > ﬁl[p2n7p2n+1)(s).

Averaging (3.21) with respect to P, we get

A 1
E/ Jn(w(t))dx + 7E// |V1/)|2d1’d5+ —FE // 72dxds
U r2n =) J)s, Q. r 2t ) B nqer

<E [ L@ <E [ 6o <E[ldlnw)] . (323)
U U

Step 5. Estimate on 1. Set

Dy = | Bm={(x,t) € Qr:T2" < ¥(z,1)}, (3.24)
n>m
and note that 3
Jm(¥) < Jmp1(9) + 512", (3.25)
We will estimate the L, , ,-norm of J,(¢) as follows. Let ¢ = d%‘f_lr and let v € LI(Q x
(0,7); Wy (U)). For a.e. (w,t), we have
. L T B
/ [o(t, z)|? dx < C4 (/ |Vv(t)|q> , o= (3.26)
U U o q d
by Sobolev’s inequality. Note that
1 1d+1 1 1 1 d 1

_ it 41 3.97
g r d d<:>7“ d—|—1+d—|—1q*’ ( )

so 1 <r < ¢*, and by Holder’s inequality,

d

(E/Uw(t)rdxy < <]E/U|v(t)|da:)d}rl (E/Uv(t)w*dx)dml*. (3.28)

We deduce then from (3.26) that

E/Um(t)vdx < <]E/U|v(t)|dx>gE/UVv(t)qu, (3.29)
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and thus after integration in time, using Fubini’s theorem,

E// |v|"dzdt < Cy sup (E||v(t)||L1(U))q/dE// |Vo|fdadt. (3.30)
T Qr

0<t<T

Let m € Z be an arbitrary integer (we may take m = 0 typically). We apply (3.30) to v =
JIm+1(1). Since

EllJm+1(0) )y < El@ 21wy = EllY(D)] 22 @) (3.31)
by (3.19), we obtain
B ([ ey dndt < 01 @16 |0) " | / L (O)Velidadt,  (3.32)
and so
B[ Duardea <0 @@Iwe)" [ woaea, @3
T m+1

which gives

Y // |Vep|*dadt. (3.34)

n>m+1

]E//QT Jma1(®) dadt < Cy (E|o(T)| 1 1))

Next, by Holder’s inequality, we have

a/2
q 2 1—q/2
E//Bn |V|tdzdt < []E//Bn [V dwdt] [E|B,]] . (3.35)

By the Markov inequality, we can estimate |B,,| from above as follows:

IB,| < // o (3.36)

IfI'2" <4, and n > m+ 1, then
3 o 3
¥ < In($) + 5727 < In(¥) + 79, (3.37)

so ¥ < 4J,, (1) and (3.36) gives

(3.38)

1B, S4T//Bn {?2(1/))

Inserting (3.38) in (3.33)-(3.35) gives us

d

E// ; Ts1 () dadt < Co (E[(T) | 11 o))

1 a/2 (1-4/2)
x Y (r2m)yPa2 [E// |V1/J2dxdt} [E/ Jm(w)r] . (3.39)
n>m+1 n n
where

B=r2/qg—1)—1=pp—7r>0. (3.40)
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By Young’s inequality with a parameter € > 0, we obtain
T 2/d TL
B[] sty < G50 Elolan)” Y 2 | [ |v¢|2dxdt]
T n>m+1
+e Y / / YY), (3.41)

n>m+1

and so

E / / ()

< O6) EINDlw)™ 3 2 |2 ], woba] ez [ o

(3.42)

By (3.25), we also have
I ()" < 20T ()" + C3(I27)7, (3.43)

and so, for € small enough,

E / o, T ()" dadlt

< G2 + G (BUD )" (12 | /[ w0 “dadt] (340

n>m

We use (3.23) to obtain
B [[ ) dede < s 02 + Cs (BI6(D ) 027 PE (o] . (345)

We take I = ||4(0)[| 1 (). Then (K; being defined by (3.17))

I =E K| =E[Kr] =E [[[W(T)ll2:@0)] =E[I9l1@n] (3.46)

E//T T () dzdt < Co(m) (E [l an])" - (3.47)

Since 0 < ¢ < J,, () + T'2mHL (3.46) and (3.47) imply the first estimate in (3.8).

Step 6. Estimate on Z. Let 1 <p<

= +1 By Holder’s inequality, we have the bound

p/2

E 1Z13,5,)] < [// z%zm} (E|B,|) 7"/2, (3.48)

and then, using (3.38),

E [IIZIIZP(DW)} <y Y (T2 E [mn // Z dxdt} »/2 [E//B Jm(qp)’“dxdt]l_p/z,

n>m
(3.49)
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where
vy=r2/p—1)—1>0. (3.50)

By Young’s inequality, we obtain

_ 1 1 -1
EI1Z3p,.,)| < Con®? 3 (021 [m / /B ngwdt] +p PR / / (@) dudt,

n>m
(3.51)
where 1 is a positive constant. We take p = I'"=P)(1=P/2) " Note that TQ_:l < rsince 1 < r, so
p < r and pu is a positive power of I'. Note also that p?/? = I'?t7~1 By (3.46)-(3.47), we obtain

1
E ||Z||§p(Dm+l)} < Cyrrtr—t Z(an)—7 [rzn //B Z2dmdt] + Cs(m) (E |8l 1 0n])" -

n>m
(3.52)
Finally, using the estimate (3.23) yields the bound
EIZ15,p,.,,)| < Crom) E [I6]@))” (3.53)
When n < m, we use the crude bound |B,,| < |@Qr] in (3.48) to obtain
1 p/2 9
E {HZHZ(BH)} <0l [WE//B Z2dxdt] (T2m)P/2 . (3.54)
We use (3.23), (3.46) and sum (3.54) over n < m to get
EIZ1% @ py)| < Crz(m) (E [I6]l210))) (3.55)
which, combined with (3.53), yields the second half of (3.8). O

4 Supremum estimate

Theorem 4.1. Let u be a solution to (1.3)-(1.4)-(1.5) as in Definition 1.1. Assume that f and
gr are some random functions of the variables (t,x,u) satisfying (2.1), where f, G, a, b are
some random predictable functions of (t,x) such that

B = |al

Lr@xQr) T 10l L2nxqr) < +oo, (4.1)

and -
I1£]
Then, for all a > 1, there is a constant C > 0 depending on on the dimension d, on the domain

U, on the time T, on the ellipticity constant X on p and on the quantity B in (4.1) only, such
that

Le(QxQr) + ||G’HL2M(QXQT) < +00. (4.2)

E 4§ (gm)] < € (luollzw@) + 1flls@xar) + 1G] 2noxan) " (4.3)

Proof of Theorem 4.1. For simplicity, we will assume uy = 0, since the case ug # 0 can be treated
by superposition with the solution to (1.3)-(1.4)-(1.5) with f = 0, gr = 0. By iteration of the
result if necessary, it is sufficient to prove (4.3) under the condition that T is small enough, say
T < Ty, where T7 > 0 depends on the dimension d, on the domain U, on the time T, on the
ellipticity constant A, on p and on the quantity % in (4.1) only. We will also need to assume that
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E {HUH%W(QT)} < 400, an admissible hypothesis, provided we approximate u by the solutions to

some regularized problems. Finally, we note that it is sufficient to establish (4.3) for a > «, for
a given oy > 1.

We denote by C1,Cs,... some constants depending on the dimension d, on the domain U, on
the time T, on the ellipticity constant A, on p and on the quantity B only. We also set

Y = |flze©@xqr) + |1Gllr2e@xor)- (4.4)

Let (¢, Z) be the solution to (3.1)-(3.2)-(3.3) with given terminal condition ¢. By Itd’s formula
(again this can be justified as in [DHV16, Proposition A.1]), we have

E { /U u(T)z,zde] —E [ / N fiodadt + / / TZkgkdxdt] . (4.5)

Note that the condition p > 1 + % is equivalent to 7 := p/ < pp =1+ % orp:= (2u) < gﬁ,
where ¢’ denote the conjugate exponent to ¢q. We fix an exponent p; such that pu > py > 1+ 5.
As a consequence of (2.1), we have

E [/U U(T)¢d$] < [”f”L“l(QxQT) + Ha’u”L“l(QxQT)] H¢||Lu’1(QXQT)
+ C1 (Gl 2 (x@ry + 1bull 261 (@x )] 12l iy (oxgry- (4:6)
From the estimate (3.8) for the backward equation, we deduce the estimate

E[ / u<T>¢>dx] < Oy [T + [aull i @xm + Ibullon @xan] 16l @xon.  (47)
U

By the Hoélder inequality, we have

iy 0y H1/p p1 /o
”““HLM(QXQT)<E{||a||i“<QT)||“||2w(QT>} {E[HQWLLM(QT)” {M“”L“(QT)” ’

(4.8)
where aq = ppu1 /(1 — p1), and similarly
. H1/p 2p1 /s
100125 cxam < {B 1005 0n] b {E [l on]} (4.9)
where as = 2a;;. We use then Holder’s inequality again to obtain
lall i @z < lallLe@e Qe 1IBll 2 (@r) < 1Bl L2u (| @[ 2. (4.10)
Inserting (4.8), (4.9), (4.10) in (4.7) gives us
E |:/ U(T)¢d$:| < CQT/H(,ZSHLl(QXQT), YT =71+ T(SHuHLag(Q;Loo(QT)), (411)
U
where § := 2u1/ag > 0. Let p € 2N, p > 2V . We apply (4.7) with
¢ = ([[u(D) o) +€)" " w(T)P7, (4.12)
where € > 0, to obtain
E (Il + )" 1D ] < OTE[(Iu(Dllzowy + )" (DIl
(4.13)
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We use the bound ||u(T)

”Lp L) < Hu( )HLp(U ‘U|1/p to obtain

E | (lu(Dlow) +€)" " I 0] < CUIMYE [(10T) o) + )" Il 5,

(4. 14)
We can let ¢ — 0 in (4.14) to get
E (D)3 | < GIUMPE [ [u(T)l574n] (4.15)
and thus
a-1
E (T3] < GO T {E [lu(Dig )]} (4.16)
by Hélder’s inequality. Then (4.16) gives
E (D)3 < (Calu 7). (4.17)

Note well that the constant C3 in (4.17) is independent on p, so that we can let p — +oo in
(4.17) to get

[u(T) | Lo spoe )y < Cs X" = Cs (T 4+ T°||ul| oz (1 (1)) - (4.18)

We choose a > a and T arbitrary in the interval [0, 1] with C37¢ = %, to deduce (4.3) from
our last estimate (4.18). O
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