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Global dissipative martingale solutions to the
variational wave equation with stochastic forcing

Billel Guelmame* and Julien Vovelle

November 24, 2023

Abstract

We consider the variational wave equation in one-dimensional space with stochastic forc-
ing by an additive noise. Blow-up of local smooth solutions is established, and global
existence is proved in the class of weak martingale solutions.
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1 Introduction
We consider in this paper the variational wave equation with a stochastic forcing
duy — c(u) (c(u) uy),dt = ®dW, (t,z) e (0,T7) x T, (1.1)

where u; denotes du/0t (¢f. Remark 2.1 below), T = R/Z denotes the one-dimensional torus,
and, over the filtered probability space (2, F, P, (F)i>0), W is a cylindrical Wiener process (see
(2.1)). The equation (1.1) is the Euler-Lagrange equation associated to the Lagrangian

= L2 — c(u)?u? U x.
f_//[z[t (w)?ui] dt + u®dW(t)] d

Our aim is to study the well-posedness of (1.1) up to an explosion time. We prove then that
regular solutions may blow-up in finite time. Finally we establish the existence of global-in-time
weak martingale solutions to (1.1).

The deterministic variational wave equation is recovered taking ® = 0. It appears in several
physical contexts. For example, nematic liquid crystals [S89, HS91, GHZ97], long waves on
a dipole chain [GHZ97, G192, Z192] and also in classical field theories and general relativity
[GHZ97]. An asymptotic (and simpler) equation has been derived by Hunter and Saxton [HS91]
u?. (1.2)

x

N[ =

[ur + vugl, =

Both the Hunter-Saxton equation (1.2) and the deterministic variational wave equation have
been widely studied in the literature [HZ95a, HZ95b, ZZ98, Z7Z00, ZZ01, Z7Z03, ZZ05, BCO05,
BZ06, BZZ07, D11, BCZ15].

Considering the deterministic variational wave equation on the real line (z € R), the local
(in time) well-posedness can be obtained using Kato’s theorem for the quasi-linear equations
[K75]. Singularities may appear in finite time in the non-linear case ¢/(-) # 0 [GHZ96]. However,
if the Riemann invariants u; & c¢(u)u, are non-positive initially, then rarefactive solutions exist
globally in time [ZZ98]. Global weak solutions to the variational wave equation are not unique,
indeed, at least two types of solutions exist, dissipative and conservative ones. The conservative
solutions were obtained in [BZ06] using an equivalent system in the Lagrangian coordinates.
The total energy of the conservative solutions is equal to the initial energy for almost all ¢ > 0.
The uniqueness of the conservative solutions is established in [BCZ15]. Dissipative solutions are



obtained in [ZZ03, ZZ05] by studying an approximated system and then passing to the limit.
The dissipative solutions satisfy an energy inequality and a one-sided entropy inequality. To
the author’s knowledge, the uniqueness of the dissipative solutions remains an open problem.
However, for the simpler Hunter—Saxton equation (1.2), the dissipative solutions are unique
[D11].

Note that, in the stochastic case, the Hunter—Saxton equation (1.2) with noise has been
studied recently in [HKP21].

We consider the problem (1.1) under study in the class of systems of stochastic non-linear
hyperbolic equations. There are numerous works related to stochastic scalar conservation laws,
see for instance [CP21] and references therein. In hyperbolic systems of conservation laws with
stochastic forcing, which is our framework, the problematic and techniques are relatively different
from the scalar case.

Let us first make some comments on our results and the way they are established. The prob-
lem (1.1) admits an equivalent formulation as a 2 x 2 system (see (2.6) below). The existence
of local regular solutions to this 2 x 2 system is essentially a pathwise variation on the deter-
ministic result and certainly classical in spirit, but we prefer to give the proof in full details.
Global martingale solutions are obtained by the probabilistic compactness method. We adapt
the method of P. Zhang and Y. Zheng, [ZZ01, ZZ03, ZZ05] (see also [Gue23] in the context of the
Green—Naghdi equations with surface tension) for the deterministic treatment of the problem.
If the stochastic aspects are not present in [ZZ03, ZZ05], our framework is also different, insofar
as we consider periodic solutions and not solutions with certain localization properties. As a
consequence, our approximated system involves some additional “correction terms” (see (2.11)
below) to ensure the periodic character of the the solutions. One of the central technical tool
to recover the desired equation at the limit are Young measures, as introduced by DiPerna in
the context of systems of conservation laws, [DiP83]. Similar techniques have been used recently
for the Hunter—Saxton equation (1.2), the Camassa—Holm equation and the Degasperis—Procesi
equation with noise [CC24, HKP21, HKP23, GHKP22]. In addition, we exploit [BV19] (see also
[FNO08]), where Young measures for the study of the stochastic isentropic Euler equations play a
central role too.

The paper is organized as follows. In Section 2 we introduce the kind of noise (white in time,
colored in space) that we consider. We present the equivalent 2 x 2 system (2.6) and we state
the main results of the paper. In Section 3, devoted to local-in-time solutions, we prove the
existence of regular solutions up to an explosion time, and also give some criterion for blow-up
(which amounts to the explosion of the Lipschitz norm of ) in finite time. Section 4 is devoted to
the approximated system obtain by truncation and correction of (2.6) (see (2.11)). We prove that
the approximate solutions exist globally in time, and that they satisfy some uniform estimates.
In Section 5 we prove that the sequence of approximated solutions is tight (in a suitable space),
and we use the Skorokhod—Jakubowski representation theorem to pass to the limit and to derive
the limit equation with some defect measures. Finally, it is proved in Section 6 that the defect
measures are trivial and that the limit is a global weak martingale solution to (1.1).

2 The equations and main results

2.1 The stochastic variational wave equation

Let 4 be an Hilbert space with an orthonormal basis (gx)r>1 and let Y_; be another Hilbert
space such that the injection £ < $1_; is Hilbert—Schmidt. Let W be the cylindrical Wiener



process defined by
W(t) = > g Bi(t), t >0, (2.1)

E>1

where (51(t), B2(t), . ..) are independent one-dimensional Wiener processes, see Section 4.1.2 in
[DPZ14]. Let ® : ${ — L*(T) such that for any k > 1 we have o}, = ®g;, € C(T) and

w0 = Y lonliyremy < oo, ale) =) ow(2)’ (2.2)
k k
By (2.2) and the injection L>(T) < L?(T), the map ® is Hilbert-Schmidt. Let us assume that
¢ € C*(R) satisfies

0 < e < c(u) < e (2.3)
0 < d(u) < cs. (2.4)

for some constants c¢1, cg, ¢z € (0,00). We consider the stochastic variational wave equation with
additive noise in (0,7) x T

duy — c(u) (c(u) uy), dt = ®dW, (2.5a)
u(0,-) = wuyp, u(t=0,) = wvo. (2.5b)
We can also consider the equivalent form
dR + c(u)R,dt = &(u) [R* — S*]dt + ®dW, (2.6a)
dS — c(u)S,dt = &(u) [S* — R’]dt + ®dW, (2.6b)

completed with the equation

u(t,r) = C! {C{/Ot(R;S)(s,O)ds + uO(O)}—i— /(Jmng(t,y)dy}, (2.7)

where

C(r) = /07‘ ¢(o) do, (2.8)

which expresses u as a non-local function of (R, S). The system (2.6) is deduced from (2.5) by
setting

def

R = u — c(u)u,, S = uy + c(u)ug, &u) = § Inc(w). (2.9)

The corresponding initial conditions for (2.6) are therefore

def

R(Oa) = Ry = vo — C(Uo)u6, 5(07) = SO = v + C(U’O) u/O (210)

Remark 2.1 (Notations). The subscript ¢, as in u;, always denote the partial derivative with
respect to ¢, and never the value at the given time t of a stochastic process X (the latter being
simply denoted by X (t)).

We will establish in Theorem 2.2 the existence of local regular solutions to (2.6), which are
strong in the probabilistic sense. It may happen that some of these solutions have a finite
time of existence, c¢f. Theorem 2.3. Nevertheless, global-in-time solutions, which are weak in
the probabilistic sense (martingale solutions), and defined in an L2-framework, are proved to



exist, see Theorem 2.5. These global-in-time solutions are obtained as limits of solutions to the
following system

dR® + c(u)R5dt = &(u°) [(R°)? — (S9)° — Xx=(R°) + 2R° O] dt + &°dW, (2.11a)
dS® — c(uf) SSdt = &(uf) [(S°)* — (RF)® — x=(S°) — 25°©°|dt + ®°dW, (2.11b)
R°(0,)) = RS = J.Ry, 55(0,) = S5 = J.So, (2.11c)

coupled with the equation (z € [0,1])

uf(t,z) = C! {c{/ot (5555 (5,0)ds + ug(o)}+ /OT [E5E(ty) — ©°(1)] dy},
(2.12)

where J; is a Friedrichs mollifier, defined as the convolution operator R — R * p., where (p.) is
an approximation of the unit. In (2.11), the cut-off function x. is defined by

w© 2 (€= 1) 1pa(© - {((f S (213)

We have also introduced a “correction term”
1
. S¢ — R°
o) ¥ [ Tty (2.14)
0

Note that this correction ©%(t) is not necessary in the case of a problem set on the whole line
R, [2Z03, ZZ05]. Finally, we define ®° : $f — Ns>oH?*(T) such that for any & > 1 and € > 0 we

have ®°g;, = 0f = J.op € C®(T). Clearly, we have the domination |of| < |o|, and thus (see

(2.2))
Slolze < Slowlm = @ @ @) 2 S ou@)?. (2.15)
k k k

2.2 Local and global existence

In what follows, if E is a Banach space, the space C([0,T]; E) of continuous functions [0,7] — E
is endowed with the norm

lulleqo,rimy = sup|[u(t)]|e-
t€[0,T

)

The local existence theorem 2.2 below will be proved actually in a slightly more general version,
Theorem 3.7. To solve (2.5) in the class H*T1 x H*, we need the noise to be a.s. H*T1 which
is ensured by the following hypothesis:

ZHU]CH%—ISJA(T) < o0. (216)

k>1
Indeed, a martingale inequality and (2.1) give
E[|OWI[Z:o.77,mr+1 (1)) < CTZ okl Fresr(my < o0 (2.17)
k>1

Then (2.17) (considered for T' = 1,2,...) implies that there is a set 25 of probability one such
that
weN, = VT >0, dW € C([0,T), H(T)). (2.18)



Definition 2.1 (Regular solution to (2.5), up to an explosion time). Let (ug,v9) € H*TH(T) x
H*(T). Let 7 > 0 be a stopping time such that T > 0 a.s. Let Qg be defined in (2.18). A process
(u(t))ogt<r such that: a.s.,

ue C([0,7), HTH(T)) nC'([0,7), H*(T)), (2.19)
is said to be a regular (or H**') solution to (2.5) up to the explosion time T if,
1. u(0,-) = ug, P-almost surely,

2. for all stopping time 7' such that 7/ < T a.s., for all x € T, the process (u(t A 7', x))t0
is predictable and, for all w € Qg such that 7' (w) < 7(w) (and thus P-a.s.), we have the
following identity in H*~1(T)

’

u (") = v —|—/OT c(u) (e(u) ug), ds + ®W(r'), (2.20)

3. the stopping time T is an explosion time, in the sense that

T = 81;11)7'”, 7w 2 inf {t €10,7); [[(we(t), ug(t)lpoe(my > n}. (2.21)

If T = 00 a.s., the solution is said to be global.
In (2.21), we use the following convention.
Remark 2.2 (Convention for the infimum). If T > 0 and (P;);>0 are some properties depending
on time, then the value of the infimum in the expressions
inf {t € [0,T); P; is true}, or inf {t € [0,T]; P; is true} (2.22)
is set to the terminal value T if, respectively,

Vit € [0,T), P, is false, or Vt € [0,T], P, is false. (2.23)

Theorem 2.2 (Local existence of regular solutions). Let s > 3/2. Let ¢ € C*°(R) satisfies
(2.3) and |c'(u)| < c3. Let @ satisfies (2.16) and let (ug,vo) € H*Tt x H®. Then (2.5) admits a
solution up to an explosion time T* and, for i = 1,2, two solutions (u;,7;") to (2.5) defined up
to an explosion time 7} coincide, in the sense that i = 75 and u1 = ug on [0,77).

Remark 2.3. The local existence of regular solutions will be established for the equivalent system
(2.6).

We then observe that singularity’s formation can indeed occur in finite time.

Theorem 2.3 (Blow-up in finite time). Let s > 3/2. Assume that the conditions of Theorem
2.2 are satisfied, and that ¢ (u*) # 0 for some u* € R. For any v > 1/3 and ¢ > 0, there is
an initial datum u§ € C°(T) such that the regular solution (u,7*) to (2.5) defined up to the
explosion time 7%, with initial data (u§,0), satisfies

P(r*<e”)>21—e. (2.24)

Eventually, we can state the existence of global-in-time weak solutions.



Definition 2.4 (Weak martingale solution). Assume (2.2), (2.3) and (2.4) . Let ug € H(T)
and vg € L*(T). We say that the problem (2.5) admits a weak martingale solution if there exists
first a stochastic basis

(L F,P,(F), (W), (2.25)

where (W(t)) is a cylindrical Wiener process on i, and, second, an adapted stochastic process
(u(t)) with value in H*(T) such that, for all T > 0,

1. ug,uy € L2(Q; L([0, T); LA(T))) and ug, u, € C([0,T); L*(T) — weak)) P-a.s.,
2. P-a.s., u(0,-) = ug and for all p € CY(T) and t € [0,T),

[uteds = [wede + | t | (et o). o) udods = [ pawinas

(2.26)
3. P-a.s, the solution u satisfies the energy “dissipation” inequality
d/ [uf + c(u)?ui]dz < |lg|lprermdt + 2/ut<bddeV, (2.27)
T T
4. ug,ug € Co([0,T); L2(T))) P-almost surely, i.e., for all ty € [0,T) we have
lim || (ue (t) — ue(to), ua(t) — ua(to))l| 2 = O. (2.28)

tlto

Remark 2.4. The right-continuity condition (2.28) can be interpreted as a dissipation condition.
Indeed, Dafermos [D11] proved that, in the case of the Hunter—Saxton equation (1.2), the right-
continuity condition is equivalent to the dissipation of the energy. This plays a crucial role in
the uniqueness of solutions [D11].

Theorem 2.5 (Global existence of weak martingale solutions). Let ug € H*(T) and vy € L*(T).
Assume (2.2), (2.3), (2.4) and suppose that

co & inf (up(x)) > 0. (2.29)

zeT
Then the problem (2.5) admits a weak martingale solution. Moreover, the solutions satisfies

e for allp € [1,3) we have

I~E)/ () [Jwe]? + |ug|Pldzdt < C(T,a), (2.30)
[0,t]xT

o for all p € [1,2], there exists C(p) > 0 such that for all t € (0,T], we have the entropy

inequality
. P
E H[ut + c(u) ug]™

t) < Clp,T)(1 4+ ¢77). (2.31)

Lo

3 Local-in-time regular solutions

In this section we will consider the question of existence of local-in-time solutions in H*® to the
system (3.1) below, which covers both systems (2.6) and (2.11).



3.1 Generalized system

For some given function § € C*°(R), we consider the system

dR + c(u)R,dt = &(u) [R* — 5* — O(R) +2RO]dt + ®dW, (3.1a)
dS — c(u)S,dt = &(u)[S* — R* — 0(S) —250]dt + ©dW, (3.1b)
R(0,-) = Ro, 5(0,-) = So, (3.1c)

where u is defined by

u(t,r) = ¢! {C {/Ot(R;S) (5,0)ds + uo(o)}+ /Oz [558(t,y) — O(1)] dy}, (3.2)

with )
. S—R
o) = | = —(ty) dy. (3.3)
O 2

The original system (2.6) simply corresponds to the case # = 0 (one can prove that ©(¢) = 0 in
that case'), while the approximate system (2.11) corresponds to the choice § = y. (note that
Xe is not of class C*° though, but in the class Wli’coo, this is why Theorem 4.5 will be stated in
the space H?(T)). In essential, the system (3.1) will be solved pathwise, with the help of the

following set of unknown functions:
PER-0W, Q=S5 — oW (3.4)

In terms of the unknown (P, Q), the system (3.1) can be rewritten as the following system of
PDEs with random coefficients:

P+ clu) P, = @) [P? — Q> — (P + W) + 2(P + ®W)0O] — (c(u)®@W),, (3.5a)
Q — c(w)Qs = d)[Q> — P> — 6(Q + W) — 2(Q + ®W) O] + (c(u) ®W),, (3.5b)

P(O,) = ROv Q(Ov) = SO) (35C)
where
t x
u(t,z) = ¢! {c{/ (% + <I>W) (s,0)ds + uO(O)} + / [Qgp(t,y) - @(t)] dy},
0 0
(3.6)
with .
def - P
o) = [ 3Tt (3.7)
The system (3.5)-(3.6) has the form of the quasilinear system
Vi + A(V)V, = Fp(V), in (0,T) x T, (3.8a)
V(0,-) = Vp, in T. (3.8b)
where P
v = : 3.9
(&) (59)

tindeed, © satisfies ©' = © fT & (u)(R+ S)dz and ©(0) = 0.



and, (u,©) being given as a functions of V by (3.6)-(3.7), we set

A(V) (C(g)‘) _C(Zu)> , (3.10)
and

R = (2

PQ—QQ—e(P+cI>W)+2(P+<I>W)®J —(c(u)@W)z> (3.11)
Q> —P?—-0(Q+ W) —2(Q +dW)O| + (c(w)@W)_ ) :

x

3.2 Local regular solutions

Let s > 3/2. We introduce the following definition.

Definition 3.1 (Regular solution to (3.8), up to an explosion time). Let Vi € H*(T;R?).
Let 7 > 0 be a stopping time such that 7 > 0 a.s. Let Qg be defined in (2.18). A process
(V(t)ogt<r = (P(t),Q(t))ogt<r such that, we have: a.s.,

(t— V(1)) € C([0,7), H*(T; R?)) n C*([0,7), H**(T; R?)), (3.12)
is said to be a regular (or H®) solution to (3.8) up to the explosion time T if,

1. for all stopping time 7' such that 7" < T a.s., for all x € T, the process (V(t AT/, 2))t>0
is predictable and, for all w € Qg such that 7'(w) < 7(w) (and thus P-a.s.), we have the
following identity in H*~1(T)

’

V(') = Vo — /OT (A(V)Vy — Fy(V))(s)ds, (3.13)

2. the stopping time T is an explosion time, in the sense that

T = SUp Ty, 7w 2 inf {t€0,7); [V®)llLecrmzy > n}. (3.14)
n>=1

If T = 00 a.s., the solution is said to be global.

The integral identity (3.13) can be also expressed by integration along the characteristic
curves. We will see several instances of this formulation: to solve the linear system (with frozen
non-linear coefficients) associated to (3.8), and also to get some estimates on the solutions to
(3.8), with either § = 0 or § = x., so we give a rather general form to the statement.

Proposition 3.2 (Integration along characteristic curves). Let 7 > 0 be a stopping time such
that 7 > 0 a.s. Let (v(t),e(t), f(t))ogt<r be a stochastic process such that, we have: a.s.,

[t —v(t)] € C([0,7), H(T)) nC*([0,7), H*~1(T)), (3.15)

and
[t — (¢, f)(t)] € CL([0,7), HH(T)) x C([0,7), H**(T)). (3.16)

Assume also: a.s., for allt >0, x € T, ¢(t,x) € [c1,ca] (where c1,ca are the constants in (2.3)).
Let (X (t,z)) denote the flow associated to ¢, and let y — Y (t,y) denote the inverse of the map
x +— X(t,x). Then, there is equivalence between:



1. for all stopping time T’ such that 7/ < T a.s.,

(") = v(0) — /OT (cvy — f)(s)ds, (3.17)

and

2. a.s., for allt € [0,7) and all x € T,
t
v(t,x) =v(0,Y(t,x)) —|—/ f(s, X (s,Y(t,x)))ds. (3.18)
0
Proof of Proposition 3.2. Note first that (3.17) is equivalent to: a.s., for all t € [0, 7),

v(t) = v(0) — /O(Evm — f)(s)ds. (3.19)

Indeed, (3.17) can be applied to the stopping time t A 7/, from which we deduce (3.19) for
all ¢ € [0,7(w)), and thus for all ¢ € [0,7(w)) since 7/ < 7 is arbitrary. Conversely, (3.19)
yields (3.17) when 7’ is simple, and the general case follows by approximation. This being said,
Proposition 3.2 is essentially a classical deterministic statement. It is not difficult to check that all
the terms are sufficiently regular to justify the equivalence through differentiation. In particular,
the equation
Ov(t,x) + c(t, x)0zv(t, x) = f(t, x) (3.20)
is satisfied a.s., for all ¢ € [0,7) and all z € T. O
Energy estimates in H*(T) are one of the main ingredient in the resolution of (3.8) locally in
time. A basic issue in the justification of such estimates for solutions a priori in H*(T) is that the
term A(V)d, involves an additional space derivative and necessitates the better H*T1-regularity
to be safely manipulated. There are several ways to circumvent this problem, for instance by
working first on an approximate problem (by Friedrichs regularization of the term A(V)d,, or
by direct resolution of an iterative scheme in a class of sufficiently smooth solutions). We choose
a different method, by a direct regularization of the equation and commutator estimates (based

on Kato—Ponce’s estimates [KP88] and DiPerna-Lions estimates [DL89]). We give the result on
the general equation (3.20).

Proposition 3.3 (H°-estimate, linear equation). Let (v(t),¢c(t), f(t))o<i<r be as in Proposi-
tion 3.2. There is a constant By depending on s only such that, a.s., for oll T € [0, 7T) satisfying

2T B, |0x¢llc(po,1);25¢ (1)) < 1, (3.21)
one has
vl o, (ryy < 20v(0)| 25 (1) + 27| fll (0,77 22 (1))
+ 2T Bs|olloo,rwe(ry lelleqo,ryae - (3:22)
In particular, there is a constant Cs depending only on s such that, if T additionally satisfies
AT Cs|lell e o,y e (1)) < 1, (3.23)
then

lvllcqo,ry e (ry) < 4llv(0)[ sy + 4T || flle o,y e (1)) (3.24)
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We adopt the following notations: A® denotes the operator (I —d2)*/?, [A, B] = AB— BA the
commutator of two operators A and B. In order to prove Proposition 3.3, we recall the following
Kato—Ponce estimates [KP88]

1fgllar < C ([ fllze lglar + 1fllarllgllze), (3.25)
A" f gl < C (el llgla— + I Flar llgllze), (3.26)

where r > 0, and C' > 0 is a constant depending only on r. We recall also the following estimate
[CMO02]

1E() = FO) g < CFze) [1f ]z (3.27)
for any f € H® with s > 1/2 and F € C*(R).

Proof of Proposition 3.3. The second estimate (3.24) follows from (3.22) and the continuous
injection of H*(T) into W1°°(T) (the exponent s satisfying s > 3/2). To prove (3.22), we
introduce (ps), a standard approximation of the unit, and let J5 denote the Friedrichs operator
f — f*ps, obtained by convolution by ps with respect to the variable z. Denote also by ¢ the
operator of multiplication by ¢. We apply Js to (3.20) to obtain

O (t, ) 4 &(t, 2)0,0° (t, ) = fO(t, ) + r(t, ), (3.28)

where
v = Jsu, O =Jsf, 10 =cdn’ — Js5(e0,v) = [¢, J5|0xv.

We have
v € CM([0,7); H*(T)), 9,0°, f°,r% € C°([0,7); H*(T)),

so we can apply A® to (3.28) to get
DNV (t, ) + e(t, 2)0p A0 (t,2) = A*fO(t,x) + R(t, ), (3.29)

where
R? = A%7° 4 [, A®]0,0°. (3.30)

We can then multiply (3.29) by A®v%, integrate on T and integrate by parts to get
A% (8)]| L2y < A% (0)] L2(m)
t
+/0 {311026(0) | Lo (1) [A*0° (o) L2y + |1A° £2(0) |2 (r) + 1R (0) || L2y } do, (3.31)
which yields, for T' < 7(w),
10° e orysarscryy < 0% (0)]| sy
+ T {5110:ellc o1 (o 1l o,y (ry) + 1l o,y vy + 1R leqo,rizzcry - (3.32)
Assume
IR llo(o,r;2(m))
< By [[10aclleo,ri= () Il eqormecry + lvleqomwre=cm) lellcqoryascry] ,  (3.33)

for a certain constant Bs. Then we can insert (3.33) in (3.32), pass to the limit § — 0 and, after
replacing B, by B, + 1/2, conclude to (3.22). To establish (3.33), we write

R = A°[¢, J5]0,v + [, A®]0,0° = [A®, [E, J5]]0pv + [€, J5|A°Dpv + [, A®]0,0°, (3.34)
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and use the Jacobi identity
[A®,[e, Js]] + [, [Js5, A°]] + [Js, [A®, ¢]] = 0,
and the fact that [J5, A®] =0 to get
R? = [Js, [6, A®]]0,v + [E, J5s]A*Opv + [E, A*)0,0° = Js[E, A%]0yv + [E, J5]0, (A%). (3.35)

The intermediate identities between (3.30) and (3.35) can be understood in the sense of distribu-
tion, but we must check that each term in (3.35) is in L?(T) and satisfies the expected estimate.
We have [¢, A*]0,v € L?(T) by Kato-Ponce’s commutator estimate (3.26), with

[[e(®), A®]0zv(E)|| L2y
< Ckp [102(t)] o (1) 100l o1y + €@ o () 1020 ()| Lo ()]
and thus
1[e(®), A*]0zv(t) || 12y
< Cxp [[10aelleqo,ryne=cry Wlcqo ey + Wleqomwrecr) lelcqorymecry]

for t € [0,7]. By the commutator estimate Lemma II-1. in [DL89] (and more exactly, by the
proof of Lemma II-1), we have [¢, J5]0,(A%v) € L*(T) with

I[et), Js]0: (A v(0)]l L2 (1) < CopLl|0ze(®)llL2(m)[IA 0 (#)]| L2 (1),
which yields R%(t) € L*(T) for t € [0,T], and the estimate (3.33). O
To go on our analysis, we consider now the deterministic quasilinear (but non-local) equation
Opv + ¢[v]0zv = Fv], (3.36)
on (0,7) x T, where ¢, F: C([0,T); H*(T)) — C([0,T]; H*(T)) satisfy
18ze[v]llcqo, iz cry) < € (vlloqo,r;zey) (3.37)
and
10 Flllco ey < € (loleqoryzscm) O+ 10:vllcqmiz=m), (338
as well as the bounds
lelollleqo e cry + 1E©llleqorymery < € (lleqorizemy) 1+ [vlleqo,rym:ry) . (3.39)
forallv € C([0,T]; H*(T)), for a given function €: Ry — R. We will also consider the Lipschitz
condition
[efv1] = clvallleqo.my;2(ry) + 1Fv1] — Flvallloo,r:c2 (1))

< € ([orlloqo,mwres ey + lvalleqorywrs ) lv1 —v2llogo,rz2cry).  (3:40)

Proposition 3.4 (H®-estimate, linear equation). Assume ¢, F' in (3.36) satisfy (3.37) and (3.39).
Then, given R > 0, there is a constant vy > 0 such that, if Tvg < 1, then all solutions
v € C([0,T]; H*(T)) to the equation

Opv + clw]dyv = Flw], (3.41)
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with initial datum vo € H*(T) and entry w € C([0,T]; H*(T)) of size

lvollzzs(ry < R/3,  |wllcqo,r;ms () < R,

satisfy the bound
lvlleo,ry;ms (m)) < R (3.42)

Proof of Proposition 3./. This is a straightforward consequence of the estimate (3.22), using
(3.37)-(3.39) and the injection H*(T) — L°(T), which yields

lvlleqo,r)ms (1)) < 2l|vollms(r) + CrT < 3R + CrT, (3.43)

for Tvg < 1, where vg > 0, Cr > 0. We obtain then (3.42) by adjusting the vale of vg if
necessary. O

Next, we state the contraction property in the low norm L2.

Proposition 3.5 (L?-contraction, linear equation). Assume ¢, F in (3.36) satisfy (3.37), (3.39)
and also (3.40). Given R > 0, there is a constant vg > 0 such that, if Tvg < 1, and vy,v9 €
C([0,T); H*(T)) are solutions of the respective equations

i + E[wl]axvz = F[wz], 1€ {1, 2}, (344)
with respective initial datum vy ,ve0 € H*(T) and entries wy,we € C([0,T]; H*(T)) of size
lvollz=(ry < R/3,  |willeqo,mr=r) < R, i€{l,2},

then
o1 — valleqo,mzzery) < 4lvio — va0llL2er) + 3w — walleqory;L2(m))- (3.45)

Proof of Proposition 3.5. The difference v := vy — vo satisfies the equation
040 + ¢[w1)0,v = f := Fw1] — Flws] + (e[wa] — &[w1])0pv2, (3.46)

starting from vg := v1,0 — v2,0, and thus the L2-estimate

19]lcqo,7):22(T)) < lv1,0 —v2,0llz2(m)
+ T|0xclwi]ll e, 1y (xy 0]l o,r1:2 () + 2T (1 fllcqo,ry:L2(ry)-  (3:47)
We apply Proposition 3.4: if T is sufficiently small, then the bound (3.42) is satisfied by v; and
va. As a consequence of (3.37) and (3.40) (and of the injection H*(T) < W1>°(T) again), we
obtain
[9llco,ryiz2ery) < 2llvi0 = v20llz2cr) + CRT 0]l cqo, L2y + CRT @l qo,ryc2cry),  (3:48)
with @ := w1 — wa, from which (3.45) follows for T sufficiently small. O

We can then give a result of existence of solutions to (3.36) up to a time of explosion of the
Lipschitz norm of the solution.

Proposition 3.6 (Existence up to explosion of the sup-norm). Assume ¢, F in (3.36) satisfy
(3.37)-(3.38)-(3.39) and also (3.40). Let vo € H*(T) and let T > 0. There exists a solution
v e C([0,T*); H*(T))NC*([0,T*); H¥~1(T)) to (3.36) with initial datum vy defined up to a time
T* which satisfies

T = supT™, T 2 inf {t €10, 7%); lo(®)|| Lo Ty > n} . (3.49)

n>=1
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k+1 k

Proof of Proposition 3.6. We consider the iterative scheme v* — v**1, where v¥*1 is the solution

(given by the method of characteristics, ¢f. Proposition 3.2) to the equation
Okt 0,0 = Flot), (3.50)

with initial datum vg. By Proposition 3.4 and Proposition 3.5, there is a time 7, depending
on |[vo|| () only such that the sequence (v*) converges in C([0,Ty]; H*(T)) to a solution v to
(3.36) with initial datum vy defined on [0,T}]. This gives the local existence. Local uniqueness
follows from (3.45) (possibly applied repeatedly). So the problem (3.36) with initial datum vy
admits a maximal solution defined up to the time S* defined by

S* £ sup S™, Sm = inf {t €10, T%); [|v(t) || gr= (1) > 1} (3.51)

n>=1

Let us first introduce the explosion time of the Lipschitz norm:

U sg;;fn, T = inf {t € [0,7%); |o(t)|wreecr) > n} . (3.52)

The norm in H*(T) dominates the norm in W4°(T) so $* < T*. On the other hand, if
t < T, N S*, so that v solves (3.36) on [0,¢] and

||U\|C([o,t];w1,oo(qp)) < n,

we observe that (3.22) gives (for arbitrary times 0 <r <r+ o < 1t)

lolle(rrton ey < 200(F) | me ey + 20 (IF0le o) ze(ry) + Bsnllevlllcrrtol =) -

(3.53)
We deduce then from (3.39) that
ol (rirtotims ) < 20| ge () + 20€(n) (1 + Bsn) (lvllerrrolmem) + 1) ; (3.54)
and thus
[olle(rrtolmemy < K0) (lo)|mscr) + 1), (3.55)

if 0 < o(n) for a o(n) sufficiently small depending on n (and s) only. By iterating (3.55), we
obtain the bound |[v||¢(jo,¢; 4 (1)) < H(n) for a given function H: IN — IN, and thus ¢ < Sg ).
Letting t 1 Tn A S* gives Tn AS* < S’H(n) < S* and thus Tn < S*. We conclude that T < S5*
and finally that T* = S*.

Let us now prove that T* = T*. Clearly T* < T*. We consider a time t < T, A T™. By
differentiation in x in (3.36) on [0,t], we obtain the equation

Oyw + c[v]0pw = 0, Fv] — wdyclv], (3.56)
where w := d,v. By the comparison principle, and for s € [0, t],
[w(s)]| Lo () < [|020(0)[| Lo () +/0 102 F'[v] — wdrc[v]]| oo (1) (0) do. (3.57)
We use (3.37), (3.38) and the Gronwall lemma, to deduce from (3.57) that
S Jws)llze=cr < (1920 (0)l[ < (1) + C(n)t) exp(C(n)t), (3.58)

for a certain constant C'(n). This implies ¢t < TI:I(n
above, gives T* < 7%, and so finally T* = T*. O

) for a certain function H: IN — IN, which, as
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Theorem 3.7 (Local existence of regular solutions). Let s > 3/2. Assume (2.3), (2.16) and
|/ (u)] < es. Let Vo € H¥(T;R?) such that [.(Qo — Py)dx = 0. Then (3.8) admits a solution
up to an explosion time T and two solutions (V;,7;), i = 1,2 to (3.8) coincide, in the sense that
71 =79 and Vi = V5 on [0,71).

Proof of Theorem 3.7. We use Proposition 3.6 (the results can be extended to the case of two
equations in a straightforward way) to solve (3.8) pathwise. Therefore it will be sufficient to
prove that, a.s., u = u[V] being defined by (3.6), and Fy given by (3.11), the functions

Vi cV]i=cluw), Vi Fy(V)

satisfy (3.37)-(3.38)-(3.39)-(3.40). If we take into account the regularity (2.18) and the definition
of (P, Q) as the shift of (R,S) by ®W, then the property (3.37) follows from the identity

c(u)u, = % -0, (3.59)

and the bounds in (2.3). Similarly, we deduce (3.39) and (3.40) from (2.3), (2.18), (3.6), (3.59)
and (3.27). The property (3.38) is a straightforward consequence of (2.18) and the expression
(3.11) of Fy. The local uniqueness is a consequence of (3.45), which gives V; = V5 on [0, 75 A7),
but then also yields 7" = 75 since both are explosion times. Finally, the predictable character
of the stochastic processes can be deduced from the predictable character of each element of the
iteration (3.50). O

3.3 Conservative form, integration along the characteristics, It6’s for-
mula

The identity (3.13) should be understood in H*~*(T). In particular, (3.13) is satisfied point-wise
for every x € T and so is the system (3.1) (once interpreted in the standard integral form of
SDEs). The It6 formula can therefore be applied for every € T to the real-valued processes
(R(t,z))t<r and (S(t,7))t<, and gives, for all smooth function h € C>*(R),

dh(R) + c(u)h(R),dt = &(u) ['(R) (R* — 5% — 0(R) +2RO) + Sqh"(R)]dt
+ RW'(R)®dW, (3.60)

and

dh(S) — c(u)h(S)ydt = &(u) [ (S)(S* — R* — 0(S) —250) + Lqn"(9)]dt
+ K(S)®dW. (3.61)

We can then use the identity (3.59) to obtain the conservative form

dh(R) + (c(u)h(R)).dt = h'(R)DdW
+ &(u) [(S — R)Bp(R,S) — F'(R)O(R) + 20 (RI'(R) — 2h(R)) + 1 qh"(R)]dt, (3.62)

and

dh(S) — (c(u)h(S)),dt = R'(S)®dW
= &(u) [(R — S)Bu(S,R) — I'(5)0(S) — 20 (SK(S) — 2h(S)) + Lqn"(S)]dt, (3.63)

where
Bi(R,S) < 2h(R) — (R+ S)I'(R). (3.64)
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By taking h(R) = R?, we obtain
Bir(R,S) = —2RS = B,(S,R), RN(R) — 2h(R) =0, (3.65)
and, by adding (3.62) to (3.63),

(R* + S%)(7") = R*(0) + S*(0) +/OT [(c(u) (S* = R?*)). — 2RO(R) — 2S6(S) + 2¢]dt

+/T 2(R + S)®dw, (3.66)
0

for all stopping time 7/ < 7.

We will also need the evolution equation of ng)) (and similarly for S, see below). To that

purpose, we compute the derivative of u.

Proposition 3.8 (Computation of u;). Let (V,T) be a regular solution to (3.8) up to the explosion
time T and let (u, ©) being given as a functions of V' by (3.6)-(3.7). We have then

0'(t) = alt) + B(1)O(1), (3.67)
" o= | ) (6(R) — () dy, A(t) = / ) (R+5)dy, (3.68)
. w="2 s [ et - o) an (3.69)
e ¢=7(u) {W (R+S5) ] / C(t,y)d (3.70)

Proof of Proposition 3.8. We consider the equations (3.62)-(3.63) with h(R) = R, and subtract
the first equation from the second one to obtain

(S —R)+ (c(u)(R+ S))y =& (u) [(6(R) — 0(S)) +2(R+ S)O]. (3.71)
By integration on (0,1) in (3.71), we obtain (3.67). Then we observe that, taking x = 0 in (3.2)

o u(t,0) :At <R . S) (5,0)ds + wo(0), (3.72)

so that
Clult, z)) = Clult, 0)) — /0 {S;R(t,y) - @(t)} dy. (3.73)

By differentiation in (3.72) and (3.73) with respect to t, we obtain

c(w)uy = c(uft,0)) (R‘;S> (t,0) — /0 ’ P(S;R)(t, y) — @’(t)] dy. (3.74)

We use (3.71) and (3.67) to get

R+ S v =
clwyun = c(u) "5~ [ [¢lty) ~ )] . (3.75)
0
where ¢ and ¢ are defined in (3.70). Dividing by c(u) yields (3.69). O
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Set .
R /0 C(t,y) — ()] dy. (3.76)
It follows from (3.60)-(3.61) and (3.69) that

a 28]+ (W(R)l.at = H(R) AW

+ ZW [AR(R)E + (S + R)Fu(R.S) — M (R)O(R) + 20 RK(R) + Lqh"(R)] dt, (3.77)

and

d[ﬁgm — [h(8)].dt = K(S)®dW

+ 2 [4h(S)E + (R + S) Fu(S,R) — 1'(S)0(S) — 205K (S) + Lqh"(S)]dt,  (3.78)

where
Fy(R,S) == 2h(R) — (R—S)h'(R). (3.79)

We complete this section with the the expression of (3.60)-(3.61) after integration along the
characteristic curves (c¢f. Proposition 3.2).

Proposition 3.9 (Integration along the characteristic curves). Let (V(t))i<r be a regular solu-
tion to (3.8) up to the explosion time 7. Let h € C™(R). Let X* denote the flow associated to
the vector field £c(u(t,-)):

%Xi(t,x) = +c(ult, X (t,2)), X0,z) = 2, zeT, telo,7). (3.80)

Let also Y*(t,-) denote the inverse of the map x — X*(t,z). We have then

1. X* and Y* are well-defined, C*-maps on [0,7) x T; for all x € T, (X*(t,x)) and
(YE(t,z)) are predictable processes, and the stochastic integrals

Mata)=3" /0 (W (R)ox} (s, Xt (s,2)) dBi(s), (3.81)
k

and
Nt z) = Zk: /0 H(S)o} (5 X (,2)) dBu(), (3.82)
define martingales,
2. we have
WR)(ba) = h(Ro) (Y (62) + Ma(t, Y (t,2))
+/Ot {&(u) [W'(R) (R* — 8% — 6(R) +2RO) + 5qh"(R)]} (s, X" (s,Y"(t,2))) ds,
(3.83)

and
h(S)(t,x) = h(So)(Y ™ (t,x)) + Ni(t, Y™ (¢ 7))
+/O {E’(u) [h’(S) (S — R*> — 9(S) —250) + %qh”(S)}} (S,Xf(s,Yf(t,a:))) ds,
(3.84)
for all stopping time t € [0,7) and all x € T.
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3.4 Energy estimate

We give here an energy estimate for the system (2.6). The corresponding estimate for (2.11) will
be proved later in Section 4.1.

Proposition 3.10 (Energy estimate). Let (R(t),S(t))i<r be a regular solution to (2.6) up to a
stopping time 1. Let

E@) Z (R, S) 2w = /T(R2 + 8%)(t, @) dw (3.85)
denote the total energy of the system. Then, for all stopping time t < T a.s.,
E) = £(0) + 2||qllprt + 2M(2), (3.86)
where M(t) is a martingale satisfying the bound
E[MEAT)?] < 2qE0)T + 2¢5T7, (3.87)
for all T > 0.

Proof of Proposition 3.10. We apply (3.66) (where § = 0). By integration with respect to x € T
in (and by the stochastic Fubini Theorem), we obtain (3.86) where M(t) is the stochastic integral

def/ Z R+S S CL')Uk( )dxdﬁk(s)

Tp>1

/ Loct | > (R+8)(s,2) on(x) dudBy(s), (3.88)

T 21

with variance

2
E [M / / (R4 S)(s,z) op(z)da| ds. (3.89)
0 k>1
From (3.86) follows the global control on the energy
E[EtAT)] < £0)+ 20T, (3.90)
which in turns (using the Cauchy—Schwarz inequality and (2.2)) gives (3.87). O

3.5 Solutions with finite explosion time
3.5.1 Some preliminary estimates

In this section, we consider solely the system (2.6). We establish a bound on the square R? (resp.
S?) integrated along the characteristic curve X~ (resp. X T). If applied to the first equation
(2.6a) for instance, the bound of S? along X+ can be used to control the negative term —S? in
the right-hand side of (2.6a), which then cannot prevent the blow-up due to the term R2. This is
exploited in the following section 3.5.2, where solutions with a finite blow-up time are exhibited.

Proposition 3.11 (Control along the opposite characteristic curve). Let (R(t),S(t))i<- be a
regular solution to (2.6) up to a stopping time 7. Let XT denote the characteristic curves (3.80).
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There is a constant C depending on the constants ¢1 and co in (2.3) only, such that: for all
1 €T,
tAT
/ [R?*(s, X~ (s,21 + 2¢2T)) + S%(s, X T (s,21))]ds <C (T +1)|(Ro, SO)||2L2(T) + CqoT?
0
+ M, (tAT), (3.91)

for all stopping time t such that t < 7 a.s., and all T > 0, where M,, (t) satisfies

E [M,, (t AT)*] < Cqoll(Ro;So)ll72ryT + Caq5T? EM, (tAT) = 0, (3.92)
for all T > 0 and all stopping time t < 7 a.s.

Proof of Proposition 3.11. The letter C' will denote any constant (possibly varying from line to
line) depending solely on ¢; and ¢3. We consider the solution (R, S) as a periodic function defined
on the real line. To establish (3.91), we define

Ty = 21 + 2T (3.93)
The definition (3.93) and the bound of ¢(u) by ¢z in (2.3) ensure that
XTtAT,z1) < X (AT, x3). (3.94)

Since c(u) is bounded from below by c;, the map s — X T (s,z1) is a Cl-diffeomorphism from
[0,] onto [z1, Xt (¢, 21)], we denote by 7 its inverse and extend the domain of definition of 7.
by setting

7 (y) S inf {s € [0,t AT]; Xt (s,21) > y}. (3.95)
Similarly, we set

To (V) = inf {s€0,tAT]; X~ (s,22) <y}. (3.96)
We define & = (1 4+ x2)/2 € [XT(t AT, 21), X~ (t AT, x2)] (see Figure 1), and we use the two

tANT

T Xt(z1,8) XVT(z1,t AT) T X (w2,tAT) T2

Figure 1: Characteristics.

parametrizations
A = {(5,9),m <y <z 0<s < (1)} = {(59),0<s<tAT, XT(21,8) <y <7},
Ay = {(5,9),2<y<a2, 0<s <7, (1)} = {(59),0<s<tAT, Z<y< X (22,9)}.
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Define

= R2+S2_M v x Lot t S, T S, T x S
“- (c(u)[R?—s%)v Mt ) = /02[R(, ) + S(s,2)] ®(x) AW (s).  (3.97)

Then, using (3.66) (with # = 0), we obtain
dive.G < 2qo. (3.98)

Integrating now (3.98) on A; U As, using the divergence theorem and some changes of variables
we obtain

tAT
? / [c(u) R?(s, X~ (s,22)) + c(u) $*(s, X (s, 21))] ds
0

Xi(t/\T,wz)
(R2+ 52)dz — / (R? + 5%) da

X+(tATz1)

T2

< 2qT (w2 — 1) +/

+ [ M+ [ M@ 6399)

This inequality (3.99) and the lower bound ¢(u) > ¢; imply (3.91), where

Mo (EAT) 2 (2er)! [ / va;(y),y)dy - “Mv;(y),y)dy]

Since M is a martingale and 7.4 (y) and 7, (y) are stopping times, then EM,, (tAT) = 0. Using
MLLEATIE <€) [ sw [MGs)Pdy (3.100)
T s€[0,tAT]

and the energy inequality (3.90) we obtain (3.92). O

3.5.2 Singularity formation

Let u* € R be such that ¢/(u*) > 0. We introduce (using the continuity of ¢/(-)) a length L > 0
such that
lu —u| < L = du > du)/2 > 0. (3.101)

Let ¢ € C2°(R) be supported in the interval [1/4, 3/4] and non trivial: we assume that ¢'(x¢) < 0,
for a given xg € (1/4,3/4). For € € (0,1) and «, v, such that

a > 1, v €(0,a—1), v > 1/3, (3.102)
we consider the initial data

ug(z) = u* + 5a<p( vg(z) =0, (3.103)

)
defined for z € [0,1) and extended by periodicity.

Theorem 3.12 (Blow-up in finite time). Let (u(t))i<r be a regular solution up to the explosion
time T of (2.5) with initial data given by (3.103). There exists g > 0 depending on the constants
c1, ¢ in (2.3) and c3, on L, on qo and on the profile ¢ only, such that

P(r<e”)>21—¢, (3.104)

foralle < gq.
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Proof of Theorem 3.12. Set x, = e*T" 7y and
Ry+(t) = R(t, X" (t,z.)), Sy+(t) = S, XT(t,z.)), (3.105)

where X T is the characteristic curve defined by (3.80). We will estimate the possible blow-up
of R+ before a time ¢7. The letters 9 and C' will denote any positive constant depending on
the constants ¢1, co in (2.3), on ¢z, on L, on gg and on the profile ¢ only, with a value possibly
changing from line to line. We will however use the specific notation

def

§ = Lol (o). (3.106)
By (3.83), we have

Ry () = Role.) + /0 & (u)(s, X (5,2.)) B2, (s) ds (3.107a)

- /0 (& (u) S?) (s, X T (s,2.))ds + / de(X+(8,x€))dﬂk(S)7 (3.107Db)

0 k>1

for all stopping time ¢ < 7 a.s. Using (2.3), the first term in the right-hand side (3.107a) is
bounded as follows:

Ro(xe) = —clup(ze))e ™ V¢ (o) = 35777, (3.108)

To bound from below the coefficient ¢’(u) in factor of RiJr (s) in (3.107a), we will use (3.101).
By (2.9) we have,

u(s, XT(s,2.)) — ug(ws) = / Sy+(r)dr, (3.109)
0
and so
5 eVNt
sup |u(s, X T (s,22)) — uo(ze)|” < 57/ S>2C+(r) dr. (3.110)
S<KETNL 0

We use the estimate (3.91) to get

eV
E/ Sii(r)ydr < CE(0) + Ce™. (3.111)
0
The initial energy satisfies

E(0) = /(Rg + 53) (z)dz < 2035_2”_2"’/ |’ (E‘a_”_"’x)|2dx < Ce* V77 (3.112)
T T

SO

eVt
mE/ Sri(r)ydr <C (27" + %), (3.113)
0
and we infer from (3.110) and the Markov inequality that
IP( sup |u(s, X (s,22)) — uo(ze)| > L/2> < C (e + &%) (3.114)
SsKETAL

For € < g9 we have ||ug — u*||p=~ < &%|l¢l|L= < L/2, and then (3.101) and (3.114) imply

P (sgi?vf/\t d (u(s, Xt (s,2.))) = c’(u*)/?) > 1-C (27" + %) (3.115)
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Let us now estimate the terms in (3.107b). Using the Doob maximal inequality, Ito’s isometry
and the definition (2.2) of the variance ¢, we have

sup /Zok (s,2c))dBi(s)| = de™ V™7

ERGRIN 0

E>1
2
TNt
< O 2t g / Zak (s,2.))dBe(s)| < C *T37. (3.116)
0 k=1
By (2.3) and |¢/(u)| < c3, we also have
eVt eVt
/ (¢ (u) $?) (5, X* (s,2.))ds| < C / S2. () dr, (3.117)
0 0
o0 (3.113) and the Markov inequality give
P ( sup / (& (u) S?)(r, X T (r,z.))dr| > (56_”_'V> < C(e™ +&"t). (3.118)
SKETAL |JO

We gather the estimates (3.108), (3.115), (3.116), (3.118) to obtain, based on (3.107), and for
€ < €9, the inequality

Cl(u*) eTAE )
Ry nt) > e + S0 / R2.(s)ds, (3.119)
0

min{a—v,3v}

with a probability greater than 1 — Ce Since min{a — v,3v} > 1 and since the

blow-up in (3.119) occurs before the time %, we can in particular conclude to (3.104). O

4 Global-in-time regular solutions to the approximate sys-
tem

This section is devoted to the analysis of the approximate system (2.11). As already explalned
when introducing the generalized system (3.1), the cut-off function x. is in the class VVIOCOC , but

not in C'*°. Nevertheless, the non-linear estimate (3.27) holds true for s =2 and F' € W2 and

loc
so the results of Section 3.2 as well, if we limit ourselves to s = 2. By the change of unknown

PE =R - OTW, Q=S - W, (4.1)
we transform the stochastic system (3.1) into a system with random coefficients

P+ c(u)Pe = &) [|P°]? — |Q°) — xe(P° 4+ W) + 2(P° + & W) ©°]

— (ew) &5 W), (4.22)

Qf — c(w)Q = W) [|Q°] — [P]* — xe(Q° + W) — 2(Q° + W) 7]
+ (c(u®) P*W),, (4.2b)
P(0,-) = Ro * pe, Q°(0,) = So* pe, (4.2¢)
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where

u®(t, )

— ¢! {c{/ot (% + chW) (s,0)ds + ug(o)} + /OI [Qggpg(t,y) - @f(t)} dy}7

with (for z € [0,1))

def ! ¢ — pe r g _ Re
o 2 [T w - o ([ B Rw). a

Then in the definition 3.1 of the solution V stands for V¢ = (P, Q%).

Theorem 4.1 (Regular solutions to the approximate system). Let ¢ > 0, Ro, Sy € H?(T) such
that [.(So — Ro) dz = 0. Then (2.11) admits a regular solution (V,7¢) in H*(T), associated to
the initial data R, S5, and defined up to the explosion time T°.

Our purpose is to prove that 7 = oo a.s. We will use various estimates on the solution
(R*,S5°) to show that blow-up cannot happen in finite time. Although we work at fixed ¢ here,
it will be useful, when possible, to prove some estimates uniform in ¢ to prepare the limit ¢ — 0,
established in the next Section 5 and Section 6.

Notations. We use the following convention: the letter C will denote any constant independent
on ¢, that may otherwise depend on the constant ¢q in (2.29), on the constant ¢; and ¢g in (2.3),
on ¢z, on the value of the covariance ¢ in (2.2), and on the L2-norms || R(0)]|2(ry and ||S(0) || £2(m
only. So

c=¢C (Co, c1,C2,C3,qo, ||R(O)||L2(T), ||S(O)||L2(T)) . (4.5)

The precise value of the constant may vary from lines to lines. An additional dependence on
other parameters will be indicated, as C(T) in particular to indicate the additional dependence
on a given final time 7.

4.1 Energy estimates

The aim of this section is to obtain energy estimates of the approximated system as in Proposition
3.10 and Proposition 3.11.

Proposition 4.2 (Energy estimate). Let (R°(t), S(t))t<re be a regular solution to (2.11) in
H?(T), up to a stopping time 7. Let

)

(R, 89)O)IZ2(r) = /T((RE)2 + (59)°)(t,2) d (4.6)

denote the total energy of the system. Then, for all stopping time t < 7° a.s.,

(1) +2/0 /Te’(uf) (R o (RF) + S°xo(S9) dardt = €5(0) + 2||¢°|li t + ME(D)

(4.7)
< C + 2got + ME(D),
where ME(t) is a martingale satisfying the bound
P
E[ sup  ME(s) ] < C(p, 1), (4.8)
0<s<TeENT
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for all p > 1. Moreover, we have

Blow(n_sw &)] < an. (49)

0<s<TENT
for all n satisfying the smallness condition 4qon < 1.

A direct consequence of (4.7)-(4.8) is the bound

d

for all p > 1. We also state the following corollary to Proposition 4.2.

sup  E°(s)

0<s<TeENT

1<cmTL (4.10)

Corollary 4.3 (Bound on the correction terms). Let (R°(t), S%(t))i<re be a regular solution to
(2.11) in H*(T). The correction ©° defined in (2.14) satisfies the bound

< C(p,T)e'/?, (4.11)

E (€71} 0,561y <

for all p > 1, while

E [lju5 — (B + 5°)/2051 0.renpysnoocry | < C(Tp) 2. (4.12)
and
E [[[uf = (R® + 5%)/2/ w0 renty )| < CT00), (4.13)
forallp>1

Proof of Proposition 4.2. We use the fact that £x.(£) > 0 and integrate over z € T in (3.66)
(where 6 = x.), to obtain (4.7) with

S(t) / /Tk; (R + 5°)(s,z) o5 (z) da B (s). (4.14)

Using It6’s isometry, Jensen’s inequality and the bound (2.15), we then have
T
EME(t AT < 4q0/ E/ (R +5°)%] deds < 8@€(0)T + 8@T> < (7).
0 T

There remains to prove (4.9) and (4.8). Let € (0,1]. By (4.7), we have

n sup &E°(s)<C+n sup M(s). (4.15)
0<s<ENAT 0<s<EAT

Let
2

/ak R® + 5%)dx| ds (4.16)

<M€ 5 t def /
0 k>1

denote the quadratic variation of M®. We use an exponential martingale inequality:

P ( sup M (s) = (a4 bME, MEY(EAT)) >\> < 20027 (4.17)

0<s<IAT

24



with A = 1 to obtain

Elexp(2nZ)] < ¢b), Z = sup M(s) — b(ME, ME)EAT), (4.18)

0<s<IAT

if n <b/2. By (4.15) and the Cauchy-Schwarz inequality, we have then

E{exp (n sup 56(3)” < C{E [exp (2n2)]}"? {E [exp (2bp(M®, ME)(t AT)]}? . (4.19)

0<s<EAT

The bound (4.18) therefore gives

E {exp <77 sup 56(8)>:| < C(b) {IE [exp (20n{ M=, M®) (t A T))]}l/2 . (4.20)

0<s<EAT

By the Cauchy-Schwarz inequality, we also have

(MESMEYEANT) < q&°(tAT)<q sup E(s), (4.21)
0<s<IAT
0
1/2
E {exp (77 sup 5%3))} < C(b) {E [exp (2bq077 sup 5%3))}} . (4.22)
0<s<IAT 0<s<IAT

We can let t 1 7¢ and choose b = 1/(2¢p) to conclude to (4.9), under the condition 4¢gon < 1. Let
us now establish (4.8). By the Burkholder-Davis—Gundy inequality, we have

P 1/2
E [ sup  ME(s) ] < C(p) {E [<Mf,M€>(t /\T)p/2]} . (4.23)
0KS<EAT
We use (4.21), the bound |z|P/2 < C(p)(1 4 e#I/(8%)) and (4.9) to conclude. O

Proof of Corollary 4.3. We assume 2 < p. We use the equations (3.67)-(3.68), where 6 = x.
(this is why we will add an exponent ¢ to the quantities @ and 8 below). By integration in
(3.67), we obtain

t .
O (t) = / as(s)e NG ds, (4.24)
0
which gives
tAT 7V AP p/v’
CH( < o (s)P ds eP fs 85(@)lde 4 , 4.25
L>(0,tAT) o 0
where p’ is the conjugate exponent to p, and then
B [ 1€°1 < 0.7

@p/r'Y V2

<{E /OMTme(s)FPdsHUQ B ( /OMTexp <p' /SMTmE(anda) ds>

(4.26)
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We estimate of in two manners. Let us introduce the notation

ME(t) = sup ME(s), (4.27)

0<s<t

where M¢ is the martingale (4.14). First we have
1
la®(s)] < 03/ I (R%) + x<(S%)|(5,2) d < c3E(s) < C(T) + c3M*(s). (4.28)
0

We can also use the bound x.(R) < Rx:(R)e and the second term in the left-hand side of (4.7)
to obtain

/0 la%(s)| ds <5/0 /0 & () (B Xo(R®) + S° xo(S9)] deds < £ [0(T) + ME(EAT))].

(4.29)
We combine (4.28) with (4.29) to obtain
AT - )
/ o () ds < o(T) [1 4 |Me(s)[*] e, (4.30)
0
and the bound (4.8) gives
AT
E / laf(s)[?Pds| < C(p,T)e. (4.31)
0
To estimate the remaining term in (4.26), we first note that
AT AT @)/’
( [ ew <p' [ el da> ds> <o Do (cp.T) swp £0)2), (132
0 s 0 s<tAT
and
Cp,T) sup E(0)'/? <C(p,T)+ (8q0)™" sup E(s). (4.33)
0<s<EAT 0<s<EAT

Using (4.9), (4.32) and (4.33) yields,

tAT tAT 2p)/p'
E ( | e <p' / |ﬂ€<a>|da> ds> <c(p, T) (4.34)
0 s

We combine (4.31) and (4.34) with (4.26) to conclude to (4.11) with ¢ instead of 7¢. Then we
let t T 7° to get (4.11). The estimates (4.12) and (4.13) are a consequence of (3.69) (where all
quantities are indexed by ¢) and the bounds

B [ICI% o,renymy | < C(T ) M2, (4.35)
and
E [IC1%  o.re msia | < C(T00), (4.36)
where e 5
¢ =7 ) [XE( ) o) =57 | (Re 4 55)96} : (4.37)
This follows easily from the bounds (4.28)-(4.29) and (4.7)-(4.8)-(4.11). O
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Let X% denote the flow associated to the vector field c(u®(t,-)) (characteristic curves):

%Xs’i(t,m) = dc(uf(t, X5%(t, 1)), X=%(0,2)

In parallel with Proposition 3.11, we have the following result.

x, zeT, te0,7%). (4.38)

Proposition 4.4 (Control along the opposite characteristic curve). Consider a regular solution
(RE(t), S5(t))t<re to (2.11) up to a stopping time 7¢. Let X=F denote the characteristic curves
(4.38). There is a constant C as in (4.5), such that: for all x; € T and xo = 21 + 2¢2T,

/MT [(R*)*(s, X~ (s,22)) + (5°)%(s,X T (s,21))]ds < C + CM (tAT), (4.39)
0

for all stopping time t such that t < 7° a.s., where M (t) satisfies the bound
E sup  sup|Mg (s)*| < o(T). (4.40)
s€[0,7EAT) 1

Proof. The proof of Proposition 4.4 is similar to the one of Proposition 3.11. The constant in
(3.100) is independent on x7, then we obtain (4.40) by following the proof of (3.92) and using
(4.10). O

4.2 Global solutions

We can now use the estimates established in Section 4.1 to show that the regular solutions of
(2.11) given by Theorem 4.1 exist globally in time almost surely.

Theorem 4.5. Let e > 0, Ry, Sy € L*(T) such that [(So— Ro)da = 0. Let 7° be the eaplosion
time of the solution of (2.11) given by Theorem 4.1. Then P(7¢ = 00) = 1.

Proof of Theorem 4.5. By (2.16), (2.18) (satisfied by ®*W) and the bounds (4.40) and (4.11),
there exists Q° such that P(Q°) = 1 and, for all w € QF, for all T > 0,

PW € C([O,T],H?’(’]I‘))7 M e L™®([0,7° AT) x R), ©° € L*(0,7°AT). (4.41)
Let w € QF be fixed. We have to establish the bound

sup  [|[VE(#)||lLe(T) < o0, (4.42)
te[0,75AT)

for all T > 0. We remark that £2 — x.(£) > 0, so the equations (4.2) imply
Pf + c(uf)P: > —&(uf) [(55)2 + 2([P7]” + |2 W) |©°]] — c(u®) (@°W),, (4.43)

where s~ = max(—s,0) is the negative part of a real s € R. We integrate along the characteristics
in (4.43) (¢f. (3.83) for instance) and use (4.39) to get

t
1P () ) < Cles 2, T) (1 T / ||[Ps]_(3)||L°°(1r)d5> , (1.44)
for ¢t € [0,7° AT, which gives

sup ||[P7]7 ()] (1) < Clw,e,T), (4.45)
t€[0,75AT)
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by the Gronwall lemma. The bounds on the positive part of P¢ is established in a similar manner:
it follows from (4.2) and the bound R? — x.(R) < 2¢ ! R* that

P; + c(u)P; < Clw,e,T)[1 + [P]]. (4.46)

By the comparison principle (or integration along the characteristics) and the Grénwall lemma,
(4.46) implies
sup  [|[P°]F (1)l oo (1) < C(w,e,T). (4.47)
te[0,7eAT)

We have a of course the bounds similar to (4.45)-(4.47) on Q¢, so (4.42) is indeed satisfied. [

4.3 [? estimates

In this section we will establish the following almost L? estimates with weights on R® and S°.

Proposition 4.6 (Estimates in L} ). Let a € [0,1). We have the bound

Sup IE/ / ) [[REPH + |Se)PTe] dedt < C(T, ), (4.48)

for all T > 0.

Proof of Proposition /.6. Let h: R — R be the non-decreasing function of class W2 defined
as

R [e3
hR) = / (r* + 1)2 dr.
0

The function h satisfies the growth conditions

1

In(R)| < C(1 + [RP)™F, W(R)] < C(1 + |R)* |W"(R)] < C, ReR. (449)

We sum up the two equations (3.62) and (3.63) with § = x. and integrate on T to obtain (using
W (R)x:(R) = 0 and the energy estimate (4.10))

/ / L(RE, S%)dz dt < O(T) + c(T)]E/T|@E(t)|/(|RE|2 + ISP dedt,
0 T
(4.50)
where
ALR.S) = (R — S)(Bu(R,S) — Bn(S,R)), (4.51)

and Bp(R,S) is defined in (3.64). By Hoélder’s inequality, (4.11) and (4.10), we can bound the
last term in (4.50) and get

/ / (RF,8%) dzdt < C(T,a). (4.52)

Similarly, starting from (3.77)-(3.78) and using the estimates (4.13) and (4.10) we can establish
the bound

/ /T oy D2, 57) dwdt < C(T ), (4.53)

where
Ay(R,S) := (R + S)(Fn(R,S) + Fn(S,R)), (4.54)
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and Fy(R,S) is defined in (3.79).
We claim that

(R — S (IR|™ + |S]%) < Cla) A1(R,S), (R + S)*(IR|* + |S]*) <C(a)As(R,S). (4.55)

Summing up the two estimates (4.52) and (4.53) and using (2.3) and (4.55) one then gets (4.48).
Let us now give a proof of the first inequality in (4.55) (the second inequality is obtained by
similar arguments). Using the definition of By, (R, S) and the monotonicity of £ — &/h/(§) we
obtain

AY(R,S) > =2(R—8)[RI(S) — SK(R)]+ (R—S)[2h(R) — RK'(R) — 2h(S) + SK(S)]
= L=9(R— $)2[W(R) + I(S)] + 2(R — S) [h(R) — L RK(R) - h(S) + LSh'(S)] .

1+ 1+« 1+«

=

The result follows from the monotonicity of & — h(§) —&h'(€)/(a+1) and from the bound from
below h'(£) > |£|*. O

4.4 One-sided entropy estimates

The central result in this section is Proposition 4.8. We will need first a control on ¢/(u(t)) for
small times. More precisely, recall that

— inf
co = ;IGI%C(U()@?)) >0 (4.56)

by (2.29). For e sufficiently small, we have then

ingrc'(ua(O,x)) > co/2. (4.57)
re
Consider the stopping time
- inf{t >0, inrfjrc’(us(t,x)) < c0/4}. (4.58)
e

We have the following estimate on ¢°.

Lemma 4.7. We have
E[(#)7] < c(p). (4.59)
forallp > 1.

Proof of Lemma 4.7. By continuity of the map u — ¢'(u) and by (4.57), there exists n > 0 such
that

lo—w O ey <1 = nf@) > o/t (4.60)

for any v € C(T). In particular,

n < sup lu®(s) — ug £oe (1) (4.61)
s<te

We apply the estimate
IIUII%W(T) < lvll2ery 1920l L2 (1) s
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valid for any v € H*(T), to v = u®(t) — u§. Writing

¢
ut(t) —ug = / uz(s)ds (4.62)
0
yields
[0 (8) = ugllToo () < 28 1Uf | oo (0,8),L2(m)) 102 || Lov (0,022 (1)) (4.63)
and, by (4.61)

()70 < EAT)TH < 207 gz o, 200 1000 | Lo 0,y 22 (1) (4.64)
where T is an arbitrary positive time (we may take T'= 1). We use the identities (3.59)-(3.69)
and the bounds (4.11), (4.13), (4.10) to conclude to (4.59). O

We can now state the following one-sided estimate, where s~ = —min{s,0} denotes the

negative part of a real s.

Proposition 4.8 (Oleinik’s estimate). We have

sllrmil ]« lleriml ] < onn(osl))

for all p € [1,2], for any time T > 0 and any stopping time 7 > 0 a.s.

5)

Proof of Proposition 4.8. For simplicity, we will drop the superscript € on the quantities R, S,
etc. in the proof. Let us consider the equation for P = R — ®W: use

R* = (P+QW)* > i P? — |@W]?, (4.66)
and
2RO = 2(P+OW)0 > —1P? - C(|6] + [2W]?), (4.67)
to obtain y
P+ c(u)P, > S Pp2_ 082 _ COx (P +®W) — CK2, (4.68)
where
1/2
Kr ;:{ sup <|<I>W(t)|%vlmm+|®(t)2>} . (4.69)
t€[0,T)

We deduce from (4.68) that
H + clu)H, < —2WH? 408+ CK2, (4.70)

where H = (P + K1)~ . Integrate along the characteristics: for t < 7 AT,

H(t, X" (t,z)) < H(s,X*t(s,2)) —/t #H%r,X*‘(r,x))dr + Ar. (4.71)

where

Ap = C/ (s, XT(s,2)))ds + CT K2, (4.72)
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On the interval [0, t°], assuming 7 AT > t°, we have
H(o,X"(0,2)) < H(s,X"(s,7)) —%/ H*(r, Xt (r,2))dr + Ap, [s,0] C[0,£]. (4.73)

We deduce from (4.73) that
H(t, Xt (t,z)) < 2 + Ap, Vte (0, (4.74)

cot

Indeed, assume that (4.74) is not realized, and let ¢t; € (0,¢°] be such that

32
H(ty, Xt (t,2)) > — + Ar. (4.75)
Cotl
Define
to % sup {t € (0,t:]: H(t, X*(t,2)) < 3%} (4.76)
We have tg > 0 since H(0,z) < oo and, by continuity,
H(to, X (to,x)) = 2%, H(t,XT(t,x)) > 2, Vte (o] (4.77)
Taking s = to and o = t; in (4.73) therefore gives
ty
H(t, X*(t,2)) < 2% + [QL +Ap = 22 4 A, (4.78)

which is in contradiction with (4.75). Whatever the value of 7 may be, infer from (4.74) that,
forall x € T,
32

H(rtANTAt,2)  ——M—
( ) < cor NT N2

+ Ar. (4.79)

If 7 AT > t°, we complete the argument as follows: we use (4.71) between the times ¢ and 7 AT
and exploit (4.74) with ¢ = ¢ to get

H(rAT,z) < 3% + 2Ar. (4.80)

cot®

Finally, we deduce from (4.79) and (4.80) that

32

Hr AT AT, 2) < ———
(7 z) < coT NT Nt

+ 24, (4.81)

and thus, using (2.17), (4.11) and Proposition 4.4 to estimate I [A}],

E [||H(T/\T,-)HPM(T) < ¢(p,T) (1 +E {(MlT)pD (4.82)

Then we conclude with the inequality R~ < H + 2K7. O

5 First limit elements
It follows from (3.62)-(3.63) that (R°, S¢) satisfies the following set of equations

dR(R®) + (c(uf) h(R%))dt = I(RF)®°dW + 2& («¥)©F (R° K (RF) — 2h(R°))dt
= &(uf) [(S7 — R°) Bu(R7,S%) — W (R%) xe(R) + L7 1/ (RF)] dt, (5.1)
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and
dh(S%) — (c(u®)h(S%)),dt + RB'(S°)®°dW — 2¢& (u®) ©° (S°h'(S°) — 2h(S°))dt
= &(u) [(RE — 8%) Bi(S%, R°) — h'(S°) x(5°) + %qs h”(SE)] dt. (5.2)

In this section, we use the estimates derived in the previous part to obtain a first set of limit
elements, including random Young measures (see Proposition 5.6). Then we pass to the limit in
(5.1)-(5.2) to obtain a first set of limit equations with defect measures. In the next section 6, we
will complete the analysis of the limit elements, prove that the Young measures reduce to Dirac
masses, and establish the limit equation for good.

The plan of this section is the following one: some elements on random Young measures are
given in Section 5.1. Taking the limit of the stochastic integral in (5.1)-(5.2) is done as usual
by strengthening the probabilistic mode of convergence, passing from convergence in law to a.s.-
convergence, at the expense of a modification of the probability spaces and measures. We use
the Skorokhod—Jakubowski theorem to that effect, explained in Section 5.2. Compactness results
are established in Section 5.3 and the limit equation with defect measure derived in Section 5.4.

5.1 Young measures

Let T > 0 and let Pr([0,7] x T x R?) denote the space of (non-negative) measures p on
[0,7] x T x R? having total measure

w([0,T] x T x R?) =T. (5.3)
We start this section by defining Young measures on [0, 7] x T.

Definition 5.1. Let u € Pr([0,T] x T x R?), we say that u is a Young measure on [0,T] x T
(with state space R?) if for almost all (t,z) € [0,T] x T there exists a probability measure i
on R? such that

e the map (t,z) = (i, @) is measurable for any ¢ € Cp(R?)
o (1, 0) = Jigrper Jre ¥ (82, €) dpte o (€,m) dz dt for any ¢ € Cy([0,T] x T x R?).

We denote by % the space of Young measures on [0,T] x T with state space R2.
The space Z is equipped with the topology of weak convergence in Pr([0,7] x T x R?), i.e.

s — o iff (pf,0) — () Vab € Cy([0,T] x T x R?). (5.4)

The weak convergence in the space Pr([0,T] x T x R?) (and also %) coincides with the conver-
gence with respect to the Prokhorov metric [Bil99, p.72]. Then, # is a Polish (separable and
completely metrizable) space, [Bil99, Theorem 6.8]. In order to obtain tightness in the space
2%, one needs to identify some compact subsets of . For that purpose, we recall the following
result (see Proposition 4.1 in [BV19])

Proposition 5.2. Let f € C(R?) be a non-negative function satisfying

lim , = o0. 5.5
|(M)HOOJ‘@ n) (5.5)
Let also C > 0, then the set
{ueg, f(&m)du(t, =,&n) <O} (5.6)
[0,T]XxTxR2

is a compact subset of ¥ .
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Remark 5.1 (Convergence in #'). If p and py, pio, ... are Young measures in the set (5.6), and if
(5.5) is satisfied, then to check the weak convergence u, — p (which corresponds to convergence
against continuous and bounded functions on T x [0,7] x R?, ¢f. (5.4)), it is sufficient to check
convergence against functions in Co(T x [0,7] x R?) (functions which tend to 0 at infinity).
Actually, we can even conclude that

/OTA/RQm,x)g(«E,n) dpin %/OT/T/W o(t,2)g(€,m) dp, (5.7)

for all p € C([0,T] x T) and g € C(R?) satisfying |g(&,1)| < Cf(&,1)°, where § € [0, 1), since
for any p in the set (5.6), and for any cut-off function xg € C([0,0)) such that xg =1 on the
interval [0, R], we have the uniform bound

T
[ ][ eteaioten - semxatsic.n) auf < lelewrm OB 69

In the same spirit as Remark 5.1, and following the proof of Proposition 4.4 in [BV19] we
can establish the following result.

Proposition 5.3. Let [t1,t2] C [0,T] and let (an)n be a sequence of non-negative C([t1,t2] x T)-
valued random variables. Let also (fin)n be a sequence of random Young measures (% -valued
random variables) satisfying

n

~
o) = supE</ an(t,x)f(é,n)dun(t,x,&n)) < o0, (5.9)
[t1,t2]x TxR2

where f € C(R?) is a non-negative function and v > 0. Assume that almost-surely ji, — u in
%, and an, — a in C([t1,t2] x T), then

E( / alt,z) f(€.) du(t,x,s,m) < o). (5.10)
[t1,t2] X TxR2

Moreover, for all g € C(R?) satisfying |g(&,n)| < f(£,1)° with§ € (0,1) and all ¢ € Ll%fs([thtg]x
T) we have

| [ an(t, ) (1, 2) g(E, ) dpin(t, 2, £,1)
n [t17t2]><T><IR2

.
- / alt, ) ot 2) g€ m) dp(t . Em)| = 0. (5.11)
[t1,t2] xTxR?

Proof of Proposition 5.3. The proof follows from [BV19, Proposition 4.4] applied to the measure
L i= aplin. Although p!, may not have the required total mass (5.3), the arguments hold true.
Note also that [BV19, Proposition 4.4] addresses the case v = 1 only, but the arguments can be
adapted easily if one uses Egorov’s theorem directly, instead of Vitali’s theorem. O

5.2 Quasi-Polish spaces and the Skorokhod—Jakubowski theorem

In order to study the limit e — 0, we need to prove the compactness of (R°,S¢) in the non-
metrizable space C([0,T],L?(T)), where L2 is the L? space equiped with its weak topology.
Therefore, the classical Skorokhod theorem cannot be used. We use instead the generalized
Skorokhod—Jakubowski theorem [J97].
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Definition 5.4. A topological space (X, T) is said to be quasi-Polish if there is a sequence (fn)n
of continuous functions f, : X — [—1,1] separating points in X.

We refer to [BOS16, Section 3] (where the terminology “quasi-Polish” was introduced by the
way), [GHKP22, Appendix B], and the references therein for more details on quasi-Polish spaces.

Remark 5.2. (i) Any Polish space is a quasi-Polish space; (i7) A countable product of quasi-
Polish spaces is a quasi-Polish space (if, for each k, (fx.,) is a separating sequence of continuous
functions on X}, and if 7%: X — X}, is the projection from the product space X onto the factor
Xy, then {fx, o 7% k,n € IN} is a separating sequence of continuous functions on X); (iii) The
spaces C([0,T], HL(T)), C([0,T], L?(T)) are quasi-Polish spaces.

We recall now the Skorokhod-Jakubowski theorem [J97, Theorem 2]

Theorem 5.5. Let (X,7) be a quasi-Polish space and let (X,), be a sequence of X -valued
random variable. Suppose that for all § > 0 there exists a compact subset K5 C X such that

inf P(X,, € K5) > 1—0.
n
Then, up to a subsequence of (Xn)n (noted also (Xy)n), there exists a probability space Q, F,P),

an X-valued random variable X and an X-valued sequence of random variables (X'n)n defined
on (Q, F,P) such that

X, ~ X, n=12-- (5.12)
X, —, X for almost all w € Q. (5.13)

Remark 5.3. The probability space (Q, F,P) can be chosen to be ([0, 1], Big,1y, £).

5.3 Compactness

Let R, S¢ and u® be the global solutions of (2.11)-(2.12) given by Theorems 4.1 and 4.5. Let £2
denote the Lebesgue measure on [0, 7] x T. We define for any (¢,2) € [0,7] x T and any € > 0
the measures

e def e def

e = ORe(tm) ® Oz (t,0)s pe = g, X L2 (5.14)

That is to say
) = / Btz &) dug o (€,m) dzdt = / Wtz BE (1, 2), §°(¢, ) de dt,
[0,T]xT JR? [0,T]xT

for all ¢ € Cy([0,T] x T x R?).
Let S be a countable set of functions in C2°(R) which is dense in Cy(RR). Set

X (R)jes: X5 % (F(5Djes (519)

Let also L2, denote the L? space equipped with its weak topology and define C ([0, T, L2 (T))%o
as the countable product

o([0,7], L, (T)™ = [T c(o,1],L,(1)), (5.16)
KEIN
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with the product topology. Let X denote the product (which is a quasi-Polish space) of the
following spaces

@, (C(0,T), L2(T)™), C([0,T) x T), C((0, T, 41(T)), C(0,T), L*((0,T); C(T)). (5.17)
Our aim is to show that the (law of the) sequence of X-valued Random variables (X¢). defined
by

e def

is tight in X.
Proposition 5.6. For any 6 > 0, there exists a compact K5 € X such that
supP (X* ¢ Ks5) < 0.
Proof of Proposition 5.6. The proof will be done in several steps. We show that every element

in X°¢ is tight in its proper space. We use the same convention as in (4.5) for the use of the
constant C.

Step 1. (Young measure). By the energy estimate (4.10) (with p = 1), we obtain the bound

E/ € 4+ %] dus(t, . 6,m) = E/ (€ + ] dus(€m) dedt < C(T),
[0,T]xTxR? [0,T]xT JR2
(5.19)

and then, by the Markov inequality,

P (/ (€2 + 2] dp(t,2,€,m) > C(T)/5> < 4,
[0,T]xTxR?

for all § > 0: Proposition 5.2 shows that (u®). is tight.

Step 2. (Factor (X5, X5):). It follows from the energy estimate (4.10) (still with p = 1)
that, for f € S,

E |I£(B) 2 qorpeam)| < C(D). (5.20)
Let now ¢ € HY(T). By (5.1) we have

/[ﬂRE)() HE) ) pde = // J(R®) ppdxdo + /T{/:f/(RE)‘PEdW(U) pdr
/ / Lo® f(RE) + 7 () [((RF)? = (8°)%) f/(R) + 2(8° — R) f(RY)]] pdado

+ /S /Eé'(ug) [(20° R® — x(R%)) f/(R®) — 4©° f(R®)] pdz do.

Using the energy estimate (4.10) and straightforward computations gives us

4

I < ST llllaem) It — s> (5.21)

JACS RS OIS
By [Basll, Theorem 8.2] we deduce from (5.21) that, for all R > 0,
P y BIUEN IO pa

sup
0<s<t<T |t — s|1/4

> R) <o lplmm)R™. (522
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Combining (5.20) with (5.22) (and the Markov inequality) gives us

FR)0) — () (5) pla ]

P R?)||? s + s Jx >R <c(T, ym)R7L.

(1N raacey + s EEIO T (T, lpln w)
(5.23)

Then, using [L96, Lemma C.1] we obtain that (f(R?)). is tight in C([0,T], L2 (T)). Now if § > 0
is fixed and if {f1, fo,...} is an enumeration of &, then, for any n > 1, there exists a compact
K, such that P(f,(R°) € K<) < §/2™. From the union bound

P(En > 1, fu(R°) € K;) < ) P(fu(R) € K;) < 6,

n>1
and Tychonoff’s theorem, we can then deduce that (X§) is tight. The proof for (X§) is similar.
Step 3. (Factor (uf).). Using the identity uf = (R + S¢)/2 + Z° we obtain

lus(t) — w* ()l 2oy < C(T)[E = s| sup [[(R%, 8% E%)||L2(m)-
t€[0,T]

Then, using the identity us = (S° — R®)/(2¢(u®)) — ©%/c¢(u®) and the bounds (4.10), (4.11),
(4.13), we obtain

luf (t) = wf(8)l[72(r)

E sup |ufll(p + E sup 3 < ¢(T).
t€[0,T) t,s€[0,T] it — s
s#t
This implies that
2
u®(t) — u®(s
P sup [[wl3uepy +  sup lr®) = WMo oy <6 (5.24)

t€[0,T) t,5€[0,T] It — sf?
s#t

By [Sim87, Theorem 5], (5.24) implies that (u®). is tight in the space C(]0,T] x T).

Step 4. (Factor (W).). The process W belongs to the Polish space C([0,T],4_1) almost
surely [DPZ14, Theorem 4.5]. Tt is tight by [Bil99, Theorem 1.3], but also for the more elementary
reason that EHW||2C([O,T],LL_1) < 0.

Step 5. (Factor (©°,Z°).). The bounds (4.11) and (4.13) show that (©%,=¢) is tight in
C(0,T) x LM(0, T); C(T)).
O

5.4 Limit equation with defect measure
5.4.1 Application of the Skorokhod—Jakubowski theorem

From Proposition 5.6 and Theorem 5.5 we deduce the following result.

Theorem 5.7 (Convergenfze up to a change of the probability space). There exists a sequence
(€n)n, a probability space (Q, F,P), a X-valued sequence of random variables (X"),, and another
X -valued random variable X defined on (0, F,P) such that for all n € IN we have

X o~ X, no=1,2,-- (5.25)

X, — X in X P-a.s. in Q. (5.26)

36



Remark 5.4. For the sake of simplicity, we omit the subsequence in the remainder of this paper
and we write

X ~ X, Ve (in fact for a countable values of ¢) (5.27)
X — X in X for almost all w € €. (5.28)

The P-a.s. convergence (which also gives convergence in probability) in Theorem 5.7 will be
exploited to pass to the limit in the equations (5.1) and (5.2). We examine first all terms but
the stochastic integral in Section 5.4.2 below, and then devote Section 5.4.3 to the analysis of
the stochastic integral.

5.4.2 Convergence et identification of some deterministic elements

As in (5.18) we have the decomposition

X = (5, X5, X5, a5, W, 0°,Z°) (5.29)
X = (4, Xgr, Xs,4,W,0,E). (5.30)
If any of the original factors u®, R®,... satisfy P-a.s. a relation which can be characterized in

terms of a Borel subset A of X, then this relation is still satisfied P-a.s. by the factors with
tildas. If moreover A is closed for the topology considered on X, then the relation is also satisfied
P-a.s. by the limit factors since

P(XeA) > limsupP (X°e€4) =1 (5.31)

e—0
As a consequence, we have the following identities.

Proposition 5.8. The following identities hold P-almost surely:

© =0 = =0, (5.32)
as well as (2.12) with tildas and
iy = g€_~R€ - @ ; ﬁ§:@+:€, Uy = S_NR, iy = §+R, (5.33)
2 c(as) c(af) 2 2c(a) 2
and
B = Operny ®05emy X L2 1 = fuax L7 (5.34)

where, for £2-almost all (t,z) € [0,T] X T, fi . is probability measures on R?. In particular, we
have @ € H*((0,T) x T) with

il 0.y x) < C(1SMlz2 0,y xm) + 1R L2((0.7) <)) - (5.35)
Finally, we have the following convergence results: for all function g: R — Ry such that g(§) =

o(€) when & — oo, P-a.s.

e—0

T
lim /0 /T & () [9(R°) xe (RE) + 9(5°) x-(5°)] dw dt = 0. (5.36)

Due the equality of laws (5.27), all the estimates obtained in Section 4 are valid with the
tildas.
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Proof of Proposition 5.8. The identities in (5.32) follow from (4.11)-(4.13) (apply (5.31) with A
a closed ball around the origin of arbitrary small radius). We also deduce (5.36) from (4.7) and
the fact that x.(R) # 0 = ¢R > 1. Let us prove also (5.34) for instance: the first identity
between the components p®, R®, S° of X can be characterized by the four relations

/ (b, 1) (1€ + o + as€? + ) dpa(t, 2, £, 1)
[0, TIXTxRxR
= / o(t,x) (a1 R(t, x) + aaS(t,x) + azR(t,2)* + auS(t, x)%) dadt, (5.37)
[0,T]xT

where a; € {0,1}, for ¢ ranging in a dense countable subset of C([0,7] x T), and is therefore a
Borel set since each term in (5.37) defines a Borel function (in fact continuous or semi-continuous
function) of

(1, R, S) € # x C([0,T], Ly, (T)) x C([0, T}, L7, (T)). (5.38)
The last equation 1 = gy, ¥ £2 can be characterized by the relations
/ o) duttaén = [ plta)dodt, (539
[0,T]XxTxRxR [0,T]xT

for ¢ ranging in a dense countable subset of C([0,7] x T), [BV19, Section 4.1], so is a Borel set
as well. O

Proposition 5.9. After redefinition of (t,z) = fi¢» on a L2%-negligible set, we have the following
convergence properties: P-a.s., for all functions f1, fo € C(R) satisfying the growth condition

FOI<Cra+IEn), OISO+, 1@< Cr rell,2), (5.40)
for all p € C(T), we have

LA+ a5 et o oo [ o@h© + a6 0w G

in C([0,T]). Moreover, at the initial time t = 0, we have

£0,5 = ORy(z) ® 08(x)- (5.42)

Proof of Proposition 5.9. We first observe that if a function g € L'(0,T) coincide a.e. with a
function h € C([0,T]), then the set of right-Lebesgue points of g is the full set [0,7") and

= (%1_1))%5/ (5.43)
for all t € [0,T). We consider therefore the representative fi; , of fi; . given by
» t+6
| e@Paie0d = s [ o606 deds, (.44
TxR2 ’]I‘><]R2

where ¢ € C(T), F € Cy(R?). By differentiation’s theory, (5.44) is satisfied for all ¢ € I, ,
where I, p is the set of right-Lebesgue points of the function

t— p(x)F(E,C) dfis 2 (&, ¢) dx (5.45)

TxR?2
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and is of full measure in [0,7"). We denote by I the intersection of the sets I, ; over ¢ in a
dense countable subset of C(T) and F in a dense countable subset of Co(IR?). Without loss of
generality, we can assume that the functions F' of the form

F12(£,¢) = fi(&) + f2(C), fi,f2 €S, (5.46)

are here taken into account. If fi, fo € S, then, by (5.28), the left-hand side of (5.41) is converging
in C([0,T]) to a continuous function A. It is also converging in D’(0,T) to the function

def

O 2 [ p@)Ra O a6 Ode, Fale,) = AE) + R0, (647
TxR

since i — i in . Consequently I" and A coincide a.e. and by our initial observation, (5.41) is

satisfied with the representative fiy , of fi; .. A simple limiting argument shows that the result

holds true for f1 and fo satisfying (5.40). The last assertion (5.42) is a simple consequence of

the fact that R§ and Sg are deterministic so P-a.s.,

(X°(0), X5(0)) = (F(R5), f(S5)) ses - (5.48)
This is equivalent to (R°(0),$(0)) = (R§,S5), P-a.s. Since (R§,S5) converges strongly to
(Ro, So) in L*(T), fip . reduces to the Dirac mass O(Ro(2),50(x)) = ORo(z) @ 084 (2)- O

Using the estimates (4.10), (4.48), (4.65) with Proposition 5.3 we obtain the following result.

Proposition 5.10. Let to € (0,T) and r € (1,2), p € (1,00), ¢ € (1,3). Then the measure i
satisfies

B/ € + ] dat,o,6,m) < o, (5.49)
[0,T]xTxR?
and
2/p

E(/ [E71P + [0~ [7] dﬁ(h%&ﬂ)) < oo, (5.50)
[to,T] x T x R2

E/ d(a(t,)) (|1 + | da(t, 2, &,m) < oo. (5.51)
[0,T]xTxR?

Moreover, for any functions f,g € C(R?) satisfying
FEml < CIL+ "+ [l g€l < CIU+ TP+ I[P+ 1717 + [n'|7], (5.52)

we have

e—0

lim E\ / o(t, ) F(€,m) dji (¢, 7, €, )
[0,T]xTxR2

- [ ¢<t,x>f<5,n>dﬁ<t,m,f,n>\ — 0, (5.53)
[0,T]xTxR2

and

lim E\ / ¢ (1,2)) (b, ) g (€, m) dEF (b, 2, €,1)
[to, T]XTxR2

e—0

2/p
= 0, (5.54)

-/ (e, l0,2) €. 4l . 6.)
[to, T]xXTxR?
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for all ¢ € L%([O,T] xT), ¢ € Uq/e(q,3)Lﬁ([to,T] x T). Finally, the convergence (5.41)
holds true when fi, fo € C(R) satisfy the growth condition |f1(&)| + |f2(&)| < C(1 + |€]") and
e L7 (T).

5.4.3 The stochastic integral

We would like to show that the equations (5.1)-(5.2) are satisfied P-a.s. by the quantities with
tildas and then pass to the limit as ¢ — 0. So we would like to establish, for all ¢ € C*(T) and
h € S, the identity

M, (t) = /T/t h'(R®) ¢ ®° dW*e(s) du, (5.55)

where

St 2 [ MR pla)d —

T

. h(R)(to, x) o(x) dz — /to /T(c(ae) h(R?)) ¢, dz ds

- /t /Té’(ff) [(5° — ) Bu(Re,5°) — W(R) ve(FE) — L W'(FF)] pdads

) /t/ &(a) ©° (R° W (R®) — 2h(R%))dzds, (5.56)
to JT

(the term By, being defined by (3.64)). The identification (5.55) is not trivial. We can either use
a characterization in law of the stochastic integral in terms of martingales as in [Ond10, BO11,
HS12, Hof13, DHV16] for instance, or resort to the trick of Bensoussan, [Ben95, p. 282], which
uses a regularization by convolution of the integrand of the stochastic integral and the stochastic
Fubini theorem to “fully integrate” the dW (s). This last approach will indeed give (5.55)-(5.56),
the details are left to the reader. Let us however specify what is the filtration involved here and

what are the properties of the Wiener process W¢. Let (fto ’5) denote the filtration generated
by the process X¢ and let (ﬁf ) be the augmented filtration, obtained by the completion of the
right-continuous filtration (fff).

Lemma 5.11 (Equivalent cylindrical Wiener process). The process We is a (Fg)-adapted cylin-

drical Wiener process, the increment We(t) — We(s) is independent on Ft for allt > s > 0 and
P-a.s

We = > Bio (5.57)
k
in C([0,T],4_1), where (55(t), 35(t),...) are independent one-dimensional Wiener processes.

Proof. We obtain directly from the definition of the filtration (F?) that We is a (F7)-adapted
Wiener process. If t > s > 0, that We(t) — W¢(s) is independent on F2*¢ means

B [G (W(t) — W(s)) H(X(s1),..., X*(sm))] = 0, (5.58)

for all m > 1, all times 0 < 51 < -+ < s, < 8, and all continuous functions G: U4_; — R,
H: X™ — R. The condition (5.58) is clearly invariant by change of the probability space and so
true, since satisfied by the original variables when the tildas are removed. We have then

E[G(W=(t) - W(s))Y,] = 0, (5.59)
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for all s < ¢ < t and all bounded ]:'S +—measurable random variable Y,. By continuity of
7+ We(r), we can let s’ | s in (5.59) and obtain the independence of W¢(t) — W¢(s) and F2_,
and thus also independence with the completed o-algebra. Finally, we have the expansion (5.57)
with

Bit) = (WE(6), gr)u - (5.60)

The map w +— (w, gi)s_, is continuous C([0, T]; 4_1) — C([0,T]), so, for each J finite, (55 (t))res
and (B (t))xes have the same laws in C'([0,T])”. It follows that (535(t), 55(t), . .. ) are independent
one-dimensional Wiener processes. O

Once (5.55)-(5.56) is established we can use [DGHT11, Lemma 2.1] to pass to the limit in
the stochastic integral. This is explained in the next section 5.4.4.
5.4.4 Limit equation with defect measure

We introduce the following notations

(R, S))(t. M/H,MMW (5.61)

for any f such that (5.61) is well defined. As a consequence of Proposition 5.9 and Proposi-
tion 5.10, if to € (0,7) and if f and g satisfy (5.52) while f1, fo satisfy (5.40), then, up to a
subsequence, we have, P-a.s.,

f(RF,5°) = (f(R,S)) in L¥7([0,T] x T),
¢ (af) g(R? 5) — (@) (9(R, 9)) in L9/([to, T] x T) V4’ € (4,3),
/f1 () + f2(5°) pdo — / [ (R) + F2(8)) pda in C((0,7)).
Using the dominated convergence theorem, we also have
11m||<I> (I)E||L2(LLL2 thuak_%HB(T) = 0. (5.62)
E>1

Let (}~}) be defined as the augmented filtration generated by X. Lemma 5.11 has a completely
equivalent version for ((F;), (W (t))) so we can claim that

(P, F,(F),(W(t)) is a stochastic basis. (5.63)
We can now pass to the limit [¢ — 0] in (5.55)-(5.56), using [DGHT11, Lemma 2.1] and a similar

argument as (5.62) for the stochastic integral, (5.36), and Proposition 5.10, to obtain the limit
equation

/WWW»H@—AMMM m—// ) e do ds
/ / 2(S—R)h(R) + K(R) (R* - S%)) + 2q(h'(R))] pdzds

+/T/te<h’(R)><p<I>dW(s)dx, (5.64)
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and, similarly,

| tsnae s — |

T

(h(S)) (tor ) () dw + / /T (8) (h(S)) g dr ds
= /t /Té'(ﬁ) [(2(R—S)R(S) + W(S)(S* — R?)) + Lq(h"(S))] pdads
+/T/t (W (9)) p @AW (s) dz, (5.65)

those equations (5.64) and (5.65) being satisfied when h € I/Vlifo (R) is such that
REOI<Ca+E), IMEOI<ca+E), R EI<C, (5.66)

for some given constant C' > 0 and some exponent r € [1,2). In particular, for h(§) = £, we
obtain

[irtaees — [ @it e s - / [ @ ) podads

- _/t:/qré/(a) [(R?) — 2(RS) + ($%)] pdads + /T/t:wdvv(s) dz, (5.67)

and, similarly,

| ®tae@ias — [ ()00 pla)ar + / [ @ (5) praas

- _/t:/Te’(a) [(R*) — 2(RS) + (5%)] pdzds + /T/t:gwde(s) dz, (5.68)

Assume (RS) = (R)(S) (actually, this is established as a first step in the next section 6). Then
(5.67)-(5.68) is the expected limit equation (2.6) in conservative form, up to the defect (non-
negative) terms (R?) — (R)? and (S?)—(S)2. We will show in Section 6 that these defect measures
are trivial. To that effect, we will need an evolution equation for some non-linear functions of
(R), as stated in the following proposition.

Proposition 5.12 (Renormalization in (5.67)). Let h € C*(R) satisfy the growth condition
(5.66). We have then

| e - [

T

(h((R))(t0, 7) o(z) dz — / /T (@) h((R)) ¢» dr ds
= [ [ 2@ [20R = ) (Rm () = bR = KGR (R =) + bai'(R)] ¢ drds

+/T/t R'((R)) ¢ ® AW (s) dz, (5.69)

for all 0 <ty < t.

Proof of Proposition 5.12. The proof is the same as in [DL89]: by regularization and study
of the remainder terms. Since we have to treat additional stochastic terms here, and since
renormalization will again be invoked later (in the derivation of (6.32) precisely), we give few

42



details. Let (ps) be an approximation of the unit constituted of even functions and let Js be the
Friedrichs regularization operator F' — F x ps. We use  := Js¢ in (5.67) to obtain the equation

dR’(t, ) + [c(a(t,x)) RO(t,x)] dt = F°(t,z)dt + 4°(t,x)dt + @ (z)dW(t),  (5.70)
where R? = J5(R), ®° = J;® and
Fo(t) = J;F(t), F = —&(a)[(R* — 2(RS) + (S%)], (5.71)

and +° is the commutator
1 = [e(@) R'], = Js [e(@)(R)], - (5.72)

The equation (5.70) is an equation satisfied for all # € T by the real-valued stochastic process
(R°(t,)). Let h € C>°(R). The It6 formula and (5.70) give

dh(R(t,x)) + W (R(t,x)) [c(a(t,z)) R*(t,x)] dt = K/ (R(t,x)) F°(t,x)dt
+ R (R (t,2)) 2 (L) dt + LR"(RO(t,2)) ¢’ (x) At + B (RO(t,x)) @° (x) AW (1), (5.73)
where ¢° is defined in (2.15). By the chain-rule for H'-functions and (5.33) we have
W(R®) [e(@) R°] = [c(@) h(R")]_+ 2&(a) (S — R) [ (R°) R® — h(R%)]. (5.74)
We combine (5.74) with (5.33), integrate (5.73) against a function ¢ € C'(T) and pass to the

limit § — 0 (on the formulation integrated in time) to obtain (5.69). The term involving the
commutator 70 is

t
//h’(Ré)véapdxds, (5.75)
to JT

which converges to 0 since h’'(R°) and ¢ are bounded, while 4% — 0 in L'((to,t) x T) by [DLS89,
Lemma I1.1.ii)] applied with a = 2, p = 2. The limit of the other terms is obtained by standard
considerations. O

6 Reduction of the Young measures

Our aim is to show that fiye = 0z ) ® 0g(; ). We prove in a first step that . = ﬂtlw ® U2

t,x
where Dtl’x and ﬂg . are two probability measures on R that will be identified later.

6.1 Compensated compactness

For almost all (¢, z) € [0,T] x T we can define the marginals 7}, and 77, of fi¢ o
7. (A) Z jua(AxR),  7,(A) £ .(RxA) VAeBR).

The aim of this section is to prove the following lemma

Lemma 6.1. For almost all (w,t,z) € Q x [0,T] x T we have
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Proof of Lemma 6.1. We will use the div-curl lemma. Our aim is to prove that, given f €
C(R), the sequence

{F(R): + [e(@) F(R)],}. (6.2)
is tight in H~1((0,T) x T). By (5.1), we can write (6.2) as the sum
My + T° + [(c(a) — (@) f(R)],, (6.3)
where
TE def %qa f//(Rs) + é/(,&a) [((RE)Z _ (55)2) f/(RE) + 2(5vs _ Ra)f(]:za)]
+ (@) [(20° B° — xo(R)) f'(R°) — 4©° f(R7)],
and .
Mia) 2 3 [ 7R o ) )
Clearly, the quantity ~
[e(@) — c(a®)] f(R7) (6.4)
tends to 0 P-almost surely in L2((0,T) x T) and so the sequence
{[(c(@) — e(@)) F(R)], }. (6.5)

is tight in H=1((0,7) x T). There remains to examine the terms M3, and T, which is done in
the following two steps, before we conclude the argument in Step 3.

Step 1. Using the It6 isometry with the embedding L? < H~! gives us
B[ Mg(t +h,) = ME(t -1y < EIMEE+h,) = Mi(t) 2y < CT A
Integrating with respect to ¢, we obtain
E|Mg(- +h,-) = ME|Z20.0-ny 11y < ClAl.
Using the It6 isometry again we also have
B[ Mgt )fery < CTH,

and integrating with respect to ¢ yields INEHMI%(t, ')||%2((0,T)><’]I‘) < C. By [Sim87, Theorem 3], the
set
M(-+h)—M <R
vh L2((0,T—h),H=1(T))
is compact in L*((0,7), H(T)). It follows then that (M), is tight in L*([0, 7], H™'(T)).

Finally, we can define 9; M7 as a H ~1((0,T) x T)-valued random variable and the sequence
(0: M) is tight in H~1((0,T) x T).

{M € LQ((O,T) X T), ||M||L2((0,T)><T) + sup
hel0,T/2]

Step 2. Since f € C°(R) , xc(€) < £ and by the inequality (4.48) we obtain that (7). is
bounded in LP(2 x (0,T) x T) for all p € (1,3/2). By the compact embedding L?((0,T) x T) €
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H=1([0,T] x T), it follows that (7¢). is tight in H~1((0,7) x T). We can therefore conclude
that the sequence (6.2) is tight in H~1((0,T) x T).

Step 3. The counterpart of the analysis above for the variable S¢ is that, for all g € C°(R),
the sequence

{9(5%)¢ — [e(@) g(57)], }

€

is tight in H~=1((0,T) x T). Set

and

() 2 ()

We know that (Yf, Z¢) converges weakly to (Y,Z) as ¢ — 0 and from the previous steps, we
have that {div;,Y<}_and {curl;,Z°}_ are tight in H~*((0,T) x T). Then, for any a > 0 there
exists a compact set K, C H-1((0,T) x T) such that

div; Y € K,, and curl; , Z° € K,, (6.6)

with a probability larger than 1 —a. If (6.6) is realized, the div-curl lemma ensures that Ye.Z¢
converges weakly to Y - Z as € — 0. We have therefore

(f(R)g(9)) = (f(R)) {9(5)) (6.7)

for almost all (w,t,z) € A, where P x £2(A,) > (1 — @)T. We choose a decreasing sequence
(an)n that converges to 0 and assume without loss of generality that (K, )n and (Aa, )n to be
increasing sequences of sets. Then A := U, A, is of full measure, P x £2(A) =T, and (6.7) on
A. O

Remark 6.1. As a consequence of (6.7) and (5.50), and provided t; > 0, we can partially relax
the growth condition (5.66) on the function h in (5.64) and (5.69), to admit the following growth

MO < CA+ TP+ 171, pelo0), relL2). (6.8)

6.2 An evolution equation for the defect measure

Our goal here is the show that the measures 7}, and 77, are Dirac measures, which we will
characterize by the identities (R?) = (R)? and (S?) = (S)2. We introduce the non-negative
quantity A = 1 ((R?) — (R)?) and derive an evolution transport equation (inequality, see (6.20))
satisfied by A. Since A(t,-) — 0 when ¢ | 0 (see Proposition 6.4), this will imply A(t,-) = 0 at

all positive times t € [0, T.

Since the map & +— &2 does not satisfy (6.8), we have to work with suitable truncate functions.
For k > 0, we define the truncate function

(6.9)



Lemma 6.2. For any T > 0 we have, P-a.s., and in L*(Q)
lim [[{Qu(B) — Qb (B 2oy = 1m QLR — (Blagorpery = 0. (6.10)
Also, for all k = 0, we have for almost all (w,t,z) € 2 x [0,T] x T
3 (QL(R) — QL ((R))] (Qu(R)) — Qu((R)), (6.11)
v 2 (Qe(R) - Qx((R) < A E J[(RY) — (R, (6.12)
and, P-a.s.,
nh—{{olo A — AHLl([o,T]xT) =0 (6.13)
Proof of Lemma 6.2. By differentiation in (6.9), we obtain
§- QL) =(E—nr)" (6.14)
By the triangular inequality, we have then
(QL(R)) — QLR < QL(R)) — (R)] + [QL(R)) — (R)]
= (R-Qu(R)) + (R) - Q.((R)).
Since ¢ — (£ — k)T is convex, we obtain
{QL(R) — QLUR)I <2((R—~r)T),
and by Jensen’s inequality again
(@QL(R)) = QLURDI <a([(R—r)*T").

Since (R2%) € L1(2 x (0,T) x T), (6.10) follows. Let us now establish (6.11). We want to prove

that the function
p(k) = (Qu(R)) — Qu((R) — LQL(R) — QL (R)?
=¢(—EV R, S0

(—r)t=£¢(VK—rkand Q(E)
(6.15)

is non-negative. We have 9,Q(€)
) (1= ((Lgrzny) — Lymyzny)]

((RVk) — (R)
(R) V k is non-negative by Jensen’s inequality, while
(6.16)

(k) =
Since £ — £V k is convex, (R V k)
L= ((Mrzmy) = Tgmpzny) 2 0.

We have then ¢'(k) > 0, so 1t will be sufficient to study the case k = 0. Set £~ = —min(&, 0).

We have Qo(¢) = (£7)%/2, Q(&) = —¢7, so
26(0) = ((B)*) = (R)) = (B) — (&))" (6.17)

If (R) > 0, then
20(0) = (R)) = ({R))’ (6.18)
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is non-negative, by Jensen’s inequality. If (R) < 0, then, using Jensen’s inequality again, we get
2¢(0) = (R7)?*) — (R)* = ((R7) + (R))
and this achieves the proof of (6.11). The inequality (6.12) follows from Jensen’s inequality since

1€ - Que) = s(E-n)t) (6.19)

is a convex function of £. By (6.19) and (6.12), we also have

EAx = Al orwry = /// — 1)) iy dadt — LB //T((an)ﬂdedt,

and (6.13) follows by dominated convergence. O

> —2(R)((R") + (R)) = —2(R)(R*) > 0,

Here is the central proposition of this section.

Proposition 6.3 (Evolution equation for the defect measure). Let A be defined by (6.12). Let
to € (0,T). Then P-almost surely, we have

{ A/c(ﬂ)L + [ (@) AL <0 inD((ty,T)x T). (6.20)

Proof of Proposition 6.5. The proof breaks into several steps.

Step 1. (Truncation) We derive a first equation for the version A, of A with truncation
defined in (6.12). We use the equations (5.64) and (5.69) with h = Q. (¢f. Remark 6.1).
Subtracting the second equation from the first one gives us

[Axl, + [e(@) Ad], = 5a(QUR)) — QLIR)] + 0 M, (6.21)
+&(a) (Ta(R)) — Ue((R)] + & (a) QLUR)) ((R?) — <R>2) (6.22)
+&(@) [2(5) Ax + (5%) [QL((R) — (QL(R))]] (6.23)
in D'((to,T) x T), where
Ve(§) = QL) — 26Qx(6), (6.24)
and
My(t) = /1t [(QL(R)) — QL.((R)] @AW (s). (6.25)

Step 2. (Preparation for renormalization) Different obstructions prevent us from pas-
sing to the limit [k — oo on the parameter of truncation x in (6.21)-(6.22)-(6.23). Indeed, we
can make no sense of a term & (@)L((R), (S)) (or & (@)(L(R,S))) unless L satisfies the growth
condition |L(&,n)| < C(L)(1 + €277 + |n|>=7) with v > 0 for positive &, 7. It is therefore not
possible to define the limit as k — oo of the three last terms of (6.21)-(6.22)-(6.23). Renor-
malization will help to solve this problem. Indeed, the first term in (6.23) has a factor A, the
second term in (6.23) is controlled by A? as a consequence of (6.11). However, the second term
n (6.22) has not the desired form, since this is 2¢'(@)Q’. ((R))A and not 2¢ (@ )Q’ ((R))A,. We
exploit the fact that Q. (£) <  and the inequality (6.12) to write

(6.22) < &(a) [(Px(R)) — ®u((R)] + 2¢(2) QL ((R)) Ax, (6.26)

where

D (6) = V() + (€ -2Qu(€) = —r*(E—r)T. (6.27)
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Since ®,, is concave, we obtain

(6.22) < 27 (a) QL((R)) A, (6.28)

and thus
[Ag], + [e(@) Axl, < 5q[(QE(R)) — Qi((R))] + 9 M, (6.29)
+& (@) [2(QL((R) + () Ax+ (5 [Q,.((R) — (QL(R))]] - (6.30)

Step 3. (Renormalization) Let H(c,A) be a smooth function of its argument. We can do
the formal computations

dH (c(a), Ay) + Oy [c(a) H(c(a),Ay)]dt = 8—H( (

+ 28 (c(@), Ax) [dA, + 9, (c(@) Ay)]dt + 357
+ 0yc(@) (H — ASHE) (c(a

)s Ar) [Ore(@) + c(@) Oze(a)] dt
x)d

gaz (c(@), Ag) d(My, My)(t)
); Ay) dt,

where (M, M,): is the quadratic variation of the martingale M, defined in (6.25), i.e.

(M., M,.)( / @ QLR ds. (6.31)

Using the formulas
Ore(a) = (@) ay = 2c(@)&(@) ((R) +(S)), uc(t) = (@)@ = 2¢(@) ((S) — (R)),
we obtain
dH, + 0, (c(@)H,) dt = 4c(u) & (@) 2= (S) Os [dA, + 0, (c(@) Ay) dt]
+ L8 (M, M) (1) + 26’(u) (H. — A28 ((S) — (R)) dt,

where, for a function F' = F(c, A), F, stands for F(c(@), Ax). By (6.29)-(6.30), we then deduce
the following inequality in D’((to,T) x T)
OcHy + 0u (c(@)Hy) < 4c(@) (@) %(S) + 5 q 5% [Qr(R)) — QL((R)] + 8N,
+ 528 (@) [2 (QLUR)) + (S)) Ax +(S%) [QLUR)) — (QL(R))]]

+ L0, (M, M) (1) + 28 (@) (He — Aw ) ((S) — (R)), (6.32)
where
Na(t) = / S [(Q(R)) — QL((R))] @AW (s). (6.33)

The rigorous derivation of (6.32) uses a preliminary step of convolution and DiPerna-Lions’
commutator lemma and the chain-rule for the H!-function ¢(@). This is very similar to the proof
of Proposition 5.12, so we will not give the details here.

Step 4. (Limit [x — oo]) Assume that the function H in (6.32) satisfies the following
bounds: there is a constant Cgy > 0 such that, for all ¢ € [y, ¢a], for all A A’ > 0,

IA2L(c A)| < Cn (1+A1/2), <1+A1/2> U (e, A)| < C, (6.34)

and
[F(e,A) — F(e, A)* < Cy|A - A|, Fe{H 2L AL (6.35)
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Moreover, we assume that for all ¢ € [¢1, ¢2], the map A — H(c, A) is concave. We consider the
limit of (6.32) when x — oo along a given sequence. By taking a subsequence if necessary, we
can assume that the convergences

(@(R)) — QL((R) — 0, (QL(R)) —(R) — 0 (6.36)

are satisfied P-a.s. in L2((0,7) x R) as in (6.10), but also a.s. in (w,t,z). From (6.35), we can
then deduce the following convergence results in D’ ((to,T) x T):
(c

OH, + 0y (c(@)H,) — 8,H + 9, (c(a)H), (6.37)
de(a)d(a)2e(S) — 4de(a)d (@) (S), (6.38)

28 (@) (Hy — Ax%R=) ((S) — (R)) — 2&(a) (H - ASE) ((S) — (R)), (6.39)
s (@) (S)Ax — SHE(a)(S) A, (6.40)

where, for a function F = F(e, A), F stands for F(c(@)(t,x), A(t,z)). Next, the bounds (6.11),
(6.34) and the convergence (6.36) show that

0N, GrUQUR) — QRUR)], & ()G (5% [QL((R) — (QL(R))] (6.41)

all converge to 0 in D'((tg,T) x T). Let us give few details about the convergence of the last
term in (6.41): by (6.11) and (6.34), we have the bound

& (@) G3 (5%) [QL((R)) — (QL(R)]| < Cr(a)(S?), (6.42)

while the term converges to 0 P-a.s., a.e. in (t,z). The P-a.s. convergence to 0 follows by
dominated convergence. We also have

L9 1 0,(My, M) () < 0. (6.43)

There remains to examine the term

e (1) QLUR)) A, (6.44)

which can be split as
F&(a)(R) + [Fx — F]d(a)(R) — F.&(a) (R) — QL.((R))], (6.45)
with F' = AaH (¢, A) and F, = A, gg (¢, Ay). The same arguments as above then show that the

two last terms in (6.45) converge to 0 and we finally deduce from (6.32) the inequality
O H + 0, (c(@)H) < 28 (@) {2c(@)ZL(S) + AZE ((R) + (S))+ (H— ASE) ((S) — (R)},
that is to say
OH + 0, (c()H) < 2¢ (@) {[2c(a) 2L + H|(S) + [2A %4 — H](R)}. (6.46)
Step 5. (Conclusion) We take now
H(c,A) = Hs(e,A) & /AJe+o, (6.47)

where § is a positive parameter. It is easy to check that the map A — H(c, A) is concave and
that (6.34) and (6.35) are satisfied. In (6.46), we obtain

: iy SR s o gy
8, Hs + 0y (c(@)Hy) < 25c(u)\/ﬁ < 268 () |(S) — (R)]. (6.48)
Taking the limit [§ — 0] in (6.48) yields (6.20). O
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To fully exploit (6.20), we need to show that A(tg) — 0 when tg — 0. This is the content of
the following proposition.

Proposition 6.4 (No initial boundary layer). Recall that A is defined by (6.12). Set also

ALY - (9)?), (6.49)
Then, as t — 0, we have, P-almost surely, the convergences
(R)(t) — Ry, (S)(t) — So, in L*(T), (6.50)
and 5
A(t), A(t) — 0, in LY(T). (6.51)

Proof of Proposition 6.4. Let Q, denote the truncation of & — £2/2 from above and from below
defined by

Qu() = 3[E = ((-m) = (+m)7]. (6.52)
We apply (5.41) with f; = fo = Q, and ¢ = 1 to obtain P-almost surely, for ¢ > 0,
/T[@”(R» + (Qu(S)] (tx)dz = lim A [Qu(R%) + Qu(59)] (¢, 2) da. (6.53)
Since Q. (&) < €2/2, the estimate
/T [(@r(R) + (Qu(8))] (t,2)d < 5 liminf [|(R®, S%) ()] Z2m) (6.54)

follows. We then use the energy inequality (4.7) to get a bound on the right-hand side of (6.54).
Indeed, we can pass to the limit in the energy inequality (4.7) since the explicit expression of the
martingale M°® is given by (4.14) and

2// (R + $5)osdWeda — M, = 2// ((R) 4 (S))@dW dz in C([te, T]).
T Jt T Jto
Using also (5.42) to treat the initial terms, we obtain

/T (Qn(R)) + (Qu(S)] (tz)dz < FI(Ro, Sl 72y + llallzreyt + 3 Me(t).  (6.55)

Taking £ — oo in (6.55) then gives us

LR + (53] (orde < IRo S0l + 2laliyt + M. (650
and so
IR s ® + 2 [ (50 + A0)dr < 1R, So)Eacey + 200 + M), (657
The convergence of (¢, 5%) to ((R), (S)) in C([0,T], L2 (T)) has the consequence that
I(Ro, So)lIZ2ewy < liminf [((R), (S))I|72(r)- (6.58)
From (6.57) and (6.58), we deduce (6.51) and the convergence of the norms
lim || ((R), (S)I[72ry) = [I(Ro, So)lIZz (), (6.59)
which, combined with the weak convergence, gives (6.50). O
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We can now conclude the proof of reduction (to Dirac masses) of the Young measures.

Proposition 6.5 (Reduction of the Yong measures). For almost all (w,t,x) € Q x [0,T] x T,
we have

fte = O((R)(tx),(S)(t2))- (6.60)
Proof of Proposition 6.5. By (6.20) and (6.51), we have A(t) = 0 for all ¢, which is equivalent
to z/t + = O(R (t ) P-a.s., for a.e. (t,x). We can also establish in a completely similar manner
the 1dent1ty Ve = 0(sy(te) P-a.s., for a.e. (t,2). Then (6.60) follows from the decomposition

(6.1). O
6.3 Existence of weak martingale solutions

Proof of Theorem 2.5. Once the reduction (6.60) of the Young measure is established, the equa-
tions (5.67)-(5.68) take the desired form

/RO x)dz + // R) ¢, dxzds
- / /é’(a) (R) — <S>]2gadxds+/1r/0tgo<1>dﬁ/(s)dx, (6.61)
/SO x)dzr — // S) o, dzds
- /0 /Ta'(a) [(R) — <S>]2goda:ds+/jr/0tcp<1>dﬁ/(s)dx. (6.62)

where Ry and Sy are defined by (2.10). Summing up (6.61) and (6.62) and using the identities
(5.33) with the chain-rule for H!-functions we obtain (2.26). We have already establish that
R,S € L*(Q; L>=([0,T); L*(T))) and R,S € C([0,T); L*(T) — weak)) P-a.s. Doing the same
proof of Proposition 6.4 for any ¢y, we obtain the right continuity (2.28). The energy dissipation
(2.27) follows from (6.56). Taking into account (5.63), we can conclude to the existence of a weak
martingale solution to (2.5). Finally, the estimates (2.30)-(2.31) follow from (5.51)-(4.65). O

/ (R)(t,7) () da
T

/T (S)(t, ) pla) da
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