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ON THE GLOBAL CONVERGENCE OF WASSERSTEIN GRADIENT
FLOW OF THE COULOMB DISCREPANCY.

SIWAN BOUFADENE! AND FRANCOIS-XAVIER VIALARD?

ABSTRACT. In this work, we study the Wasserstein gradient flow of the Riesz energy towards a
determined target measure on the space of probability measures. The Riesz energy is a quadratic
functional on this space, defined using Riesz kernels, and it is in general not geodesically convex in
the Wasserstein geometry. Consequently, standard arguments cannot be applied to deduce the global
convergence of the Wasserstein gradient flow. Our main result is the exponential convergence of the
flow to the minimizer on a closed Riemannian manifold under the condition that the logarithms of
the source and target measures are bounded and Holder continuous. To show this, we first prove that
a Polyak-Lojasiewicz inequality is satisfied for sufficiently regular solutions. The key regularity result
is the global-in-time existence of Holder solutions if the initial and target data are Hoélder continuous,
proven either in Euclidean spaces or in closed Riemannian manifolds. We then define Lagrangian
critical points and prove that such points, for the Coulomb or Energy distance discrepancies, are
equal to the target everywhere except on singular sets with empty interiors. For arbitrary measures,
we use flow interchange techniques to prove there are no local minima other than the global one for
the Coulomb kernel. Additionally, sufficiently singular measures cannot be critical points, ensuring
they are not fixed points of the discrete JKO updates.
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1. INTRODUCTION

In this paper, we are interested in the Wasserstein gradient flow of some quadratic functionals de-
fined on the set of probability measures, both on the Euclidean space and on a Riemannian manifold.
These quadratic functionals are convex for the standard vertical convex structure of probability mea-
sures. However they are not geodesically convex for the Wasserstein geometry, potentially impacting
the global convergence properties typically obtained in geodesically convex scenarios. The motivation
for studying these gradient flows under the Wasserstein geometry comes from machine learning, more
precisely from the mean-field limit of shallow neural networks [CB18; MMN18]. This line of research
investigates the optimization landscape of the usual empirical risk of a single-hidden layer neural net-
work under gradient flow. A powerful relaxation of the problem, already proposed in [Bar93], consists
of embedding the space of parameters into the space of probability measures. In this context, the cor-
responding objective functional takes on a quadratic form and the particle gradient flow corresponds
to a Wasserstein gradient flow. The Coulomb MMD energy is a particular case of quadratic functionals
defined by reproducing kernels. These functionals have also raised interest in machine learning and
statistics since they yield a discrepancy between probability measures and, in fact, a squared distance.
These Maximum Mean Discrepancies (MMD) possess two noteworthy properties: (i) a quadratic com-
putational complexity (or even O(nlog(n)) for the Energy distance kernel [Her-+23]), outperforming
alternatives like optimal transport, and (ii) a parametric estimation rate from empirical measures, a
feature missing from standard optimal transport methods.

Let G be a (conditionally positive) kernel, such as the Gaussian kernel, on the Euclidean space R<.
The MMD between p and v two probability measures is the energy

Eu() = [ [ (@) = vl Gl ) ntw) = v10).

Such a functional is nonnegative and strictly convex on the space of probability measures if the kernel
G is conditionally positive. In our work, we are interested in a fixed target measure v and a time-
dependent u;, optimized through the action of velocity fields. More precisely, we are interested in the
Wasserstein gradient flow of the functional F, with respect to u. Our primary concern is the question
of global convergence towards the unique minimizer, which is v. For example, when the kernel is
smooth enough, empirical measures remain preserved by the Wasserstein gradient flow. Consequently,
the Wasserstein gradient flow of this energy with a finite empirical measure as the source and a density
as the target cannot give convergence. This fact motivates exploring non-smooth kernels, such as the
energy distance (z,y) — —||z—y/|| on the Euclidean space, which is not C'. Consequently, one can hope
for global convergence of the Wasserstein gradient flow even when the source measure and the target
measure are mutually singular. Indeed, in dimension one, the corresponding functional is geodesically
convex in the Wasserstein geometry, implying global convergence of the solution p; towards v. This
specific kernel has been studied in the context of Wasserstein gradient flows in [Her+24] and [Hag+23]
for applications in machine learning and imaging. The authors explicitly leave as open the question of
global convergence.

The question we address in this paper is the extension of this one-dimensional result to higher
dimensions. There are at least two different directions for generalizing this result. Firstly, the Energy
distance kernel — ||z —y|| remains conditionally positive definite on R? for d > 1. Secondly, in dimension
one, —|x — y| is the Coulomb kernel, proportional to the inverse of the Laplacian operator. The inverse
of the Laplacian can also be defined in higher dimensions, for instance on R3, it is given by m Both
kernels belong to the family of Riesz kernels. One motivation for using these kernels also stems from
numerical experiments, where the energy distance notably stands out. Indeed, the energy distance
kernel is easy to implement. An efficient and fast method for calculating the discrepancy associated
with it, as described in [Her+23], allows for large-scale applications. Furthermore, it exhibits favorable
behavior compared to other kernels such as the Gaussian kernel. More precisely, global convergence
is observed. Conversely, the Coulomb kernel is more intricate to implement due to its blow-up along
the diagonal. This makes drawing conclusions from numerical experiments more delicate. Yet, from
a theoretical point of view, the Coulomb kernel has been studied intensively in the mathematical
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literature, in particular due to its physical significance [Serl6; Serl5]. Recent results presented in
[JTW18] and [CRS23] study large stochastic systems of interacting particles under Coulomb interaction
in the Euclidean space, proving propagation of chaos and convergence to the limit continuity equation
using relative entropy methods. In [CRS23] this work is done on the torus manifold.

For the Coulomb kernel, given smoothness assumptions on p a time-dependent density and v a fixed
density, the Wasserstein gradient flow associated with E, reads, on R? or on a Riemannian manifold:

Ou=—V-(uVe), Ap=p—v. (1.1)
The potential ¢ is a solution to the Poisson equation with source term p — v. The potential ¢ can be
expressed, up to a positive constant, as ¢ = —G x (u — v), giving an example of non-linear non-local

interactions. Non-local interaction energy systems associated with a radial kernel W (z) = w(||z||) are
solutions to the equation:

% =V (u(VW xp)).
Confinement results for these dynamics have been established, depending on the choice of W. In many
instances, W is assumed to be A-convex, preserving particles as discussed in [Car+11], allowing for
the use of mean-field techniques. Attractive potentials—e.g. w’(r) > 0 everywhere—are the simplest
ones, where in some cases, the total mass aggregates at the potential’s mass center. Some other
potentials, including swarming systems models| CCH14], Morse potentials or characteristic function of
sets [BCY14; Car+412; Car+11] are said to be attractive-repulsive. Various hypotheses are taken to
establish confinement [Car+11; BCY14]. Some potentials with a singularity at 0 have been treated, for
example in [BCY14] with W (z) = G(x) + W, (z) where G is the Coulomb kernel G(x) = ||z||~%*2 and
W, is an attractive potential that satisfies Tlggo w! (r)rt/® = +00. However, these results do not apply

to our case of study, since our functional is not A-convex and has diffusive properties. Additionally, the
confining part, which depends on a target measure v, is weaker compared to previously cited papers
and, as of now, we were not able to prove mass confinement.

Main contributions. This paper presents two primary results focusing on the Coulomb kernel.

The first main result is the global convergence of the solution of the continuity equation 2.4 towards
the target v, on a closed Riemannian manifold within a smooth initial setting. At the beginning of
Section 2, assuming the solution is sufficiently smooth and exists at all times, a simple calculation
shows that the Polyak-Lojasiewicz inequality holds at all times on a closed Riemannian manifold.
Notably, this observation reduces the question of (exponential) global convergence to a regularity
inquiry: whether the solutions exist for all time in adequately smooth functional spaces. Therefore, we
first study the gradient flow of the Coulomb discrepancy in a smooth setting, i.e. the corresponding
continuity PDE under certain regularity assumptions. Assuming Holder continuity for initial and target
measures, we establish that solutions exist at all times, with propagation of Holder regularity. This
proves global convergence with an exponential rate of convergence in the case of closed Riemannian
manifolds.

The second main result is Theorem 4.1, which relates to the landscape of the Coulomb discrepancy
on both the Euclidean space and closed Riemannian manifolds. It states that, in the Wasserstein
geometry, the energy functional has no local minima apart from the global one. More precisely, we
prove that if the current measure differs from the target, there always exists a measure curve (starting
at the current one) that is 1/2-Holder in Wasserstein along which the energy is strictly decreasing.
This is done through the use of flow interchange techniques, specifically leveraging properties of the
Boltzmann entropy along the flow.

Among other results, we prove in Section 3 that any Lagrangian critical point for the Coulomb and
Energy distance kernels is equal to the target measure everywhere except on singular sets with empty
interiors. In a similar direction, we prove that if the difference between the current measure and the
target has a Minkowski dimension smaller than the ambient one, then it cannot be a critical point of
the Wasserstein gradient flow.
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Perspectives. Left open by our work is the question of global convergence of the flow in a closed
Riemannian manifold for all source and target measures. Although the result seems highly plausible
on a closed Riemannian manifold, extending it to a non-compact setting such as the Euclidean space
would require addressing the confinement issue or changing completely the proof strategy. Indeed,
there is a competition between the repulsive behavior of the Coulomb kernel and the attraction of
the target measure. The repulsive part can lead to mass spreading to infinity in the Euclidean space,
which makes the analysis more difficult in our opinion. Note also that in a finite-dimensional setting,
knowing that there is no local minima but the global one guarantees the global convergence for almost
every initial condition under some assumptions on the objective functional. Obtaining similar results
in our infinite-dimensional case would be of interest.

Notations.

If Ais a subset of R?, A¢:= R%\ A denotes its complement.

p®? is the product measure on R? x R?: for any Borel sets A, B, u®?(A x B) == u(A)u(B).
C2* is the space of test functions, i.e. infinitely differentiable functions with compact support.
Convolution is denoted by *.

If (M, g) is a Riemannian manifold, dys(z,y) denotes the geodesic distance between x,y € M.

2. POLYAK-LOJASIEWICZ INEQUALITY AND EXPONENTIAL CONVERGENCE

Our goal is to prove that a Wasserstein gradient flow curve p; of the energy E,, converges to the target
v. In finite dimensions, a standard condition for convergence is the Polyak-Lojasiewicz inequality.

Definition 2.1 (Polyak-Lojasiewicz condition). Let f : R? — R be a differentiable function. It is
said to satisfy the Polyak-Lojasiewicz condition (PL condition) with parameter A > 0 if the following
inequality holds for all 2 € R%:

LIV 2 Af (@)~ 1),

This condition is weaker than many other classical conditions, including strong convexity, weak
strong convexity, or the restricted secant inequality, see [KNS16] for a review. With this condition, an
exponential convergence rate to the global minimum can be proven. Moreover, we can use a weaker
dynamical version assumption. When examining the convergence of a gradient flow curve x; in the
Euclidean space, defined by & = —V f(x), it is sufficient for this inequality to hold along the curve. In
the subsequent discussion, we focus on localized PL inequalities along specific curves, as opposed to
global ones.

For gradient flows on measures, this type of inequality is also known under the name of entropy-
entropy production inequality in the context of gradient flow [KMV+16]. In general, such inequalities
are functional inequalities. For instance, the log-Sobolev inequality is a PL inequality for the entropy
under the Wasserstein geometry. Similarly, in [KMV+16], the authors use such a generalized Beckner
inequality to obtain PL. To define an analog inequality in Wasserstein spaces we need the following
chain rule [AGS05, Proposition 10.3.18].

Proposition 2.2. Let F be a proper lower semicontinuous functional and pu; be an absolutely contin-
wous curve with tangent velocity vy. We suppose F o u is approrimately differentiable in time almost
everywhere and that for all t the set OF (u;) of vector field subdifferentials § € La(ut) (see Definition
A.5) is non-empty. Then for any & € OF (u:) we have:

d
E}-(M) = /Ut'gtdﬂt-

For functionals that are regular enough, we have vy = —V‘;—i(ut) and V%(ut) € OF () so that:
2

@ Fw) = - 2.1)

La(pt)
This motivates our definition of the Polyak-Lojasiewicz in Wasserstein spaces.
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Definition 2.3. Let F be a functional as in Proposition 2.2. Suppose that its global minimum is equal
to 0. Let p be an absolutely continuous curve. The functional F is said to satisfy a Polyak-Lojasiewicz
inequality with parameter A > 0 along the curve p, if for all t > 0:

SF, 1P

HVE(‘”)

> AF(pe) - (2.2)
La(pt)

If this inequality holds, we get, for regular enough functionals, thanks to equation (2.1) and Gron-
wall’s lemma:

‘F(:ut) < ]'—(,uo)e_)‘t,

proving global exponential convergence.

2.1. Regularity and Polyak-Lojasiewicz Inequality for the Energy Functional. In this sec-
tion, we prove a partial local Polyak-Lojasiewicz inequality, in the sense that the constant A\ in 2.2
does depend on p. It is notably weaker than a global PL inequality. The issue is that this inequality
is only partial and local, in the sense that it depends on a positive lower bound on p that may not
exist. In finite dimensions, obtaining a local Polyak-Lojasiewicz inequality (with a A that may depend
on a given neighborhood) is still informative on the landscape of the energy functional. Specifically,
it implies that there are no critical points other than global minima. However, in our case, since this
inequality doesn’t hold for every u, a similar conclusion cannot be directly derived.

When the subdifferential of E, is non-empty, we can characterize it, using the same ideas as in
[Bonl3, Prop 4.3.1]. The proof is essentially the same for both Energy Distance in the Euclidean space
and Coulomb kernels both in the Euclidean space and on Riemannian manifolds, but crucial parts
about avoiding the singularity rely on different arguments (see Appendix C).

Lemma 2.4. Let p be a probability measure such that OF, (u) is non-empty. Then the vector field
Ve () = (VG) x (u — v) satisfies

oF,
HV op

5E,
op

(1) < |0E,|(1) -

La(p)

Then we need a regularity result about our functional, which is proven in Appendix C.

Lemma 2.5. Let pu,v € P3 be density measures regarding the Lebesgue measure or the volume measure
on a manifold. Then the functional E, has a non-empty subdifferential, in the sense of Definition A.6.

Moreover, V‘sf;“ (1) € OE, ().

Now, combining these two lemmas, the element of minimal norm of dF () is precisely the time-

dependent vector field vy = V‘sf; z (111), which drives mass transfer along time for the curve p;. In other

words, the following property holds.

Proposition 2.6. Let u: be a solution of equation (1.1) in a weak sense. We suppose us € P at all
times. Then it is a gradient flow of the functional E, starting from po, in the sense of Definition A.7.

Then we can formulate a condition that implies a local Polyak-Lojasiewicz inequality in a compact
manifold.

Proposition 2.7 (Local Polyak-Lojasiewicz inequality). Let (M, g) be a closed Riemannian manifold
and p,v be two measures with density w.r.t. the volume measure on M, such that log(n) is bounded
below. Then, it holds:

2

; (2.3)

where p is a lower bound for p on M.
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Proof. The proof is straightforward since inequality 2.3 is exactly:
1
[ 196us@) dvoll@) < 5 [ 9@ due)
M B Jm
where vol is the volume measure on M. The inequality follows from pdvol < p. O

However, in a non-compact setting, a probability measure such that log(u) is bounded from below
does not exist. The question of formulating a condition implying a Polyak-Lojasiewicz inequality in
the Euclidean space therefore remains an open question.

A crucial point in proving global convergence of a gradient flow that satisfies a local and partial PL
inequality is to ensure that the constant A(u(t)) is well-defined and does not deteriorate too rapidly
along the curve u(t). In the next section, we show that A can be taken constant if the flow is sufficiently
regular for all time.

2.2. Exponential Convergence for Globally Regular Data. First, we begin with a stability
result, where the regularity of the density p; over time implies a global Polyak-Lojasiewicz inequality.

Proposition 2.8 (Stability of the Polyak-Lojasiewicz condition). Let ug,v be two C' densities on M
such that log(po) and log(v) are bounded. Then if the associated equation (1.1) admits a continuous
density, it satisfies

min(min po, minv) < py(r) < max(max pp, maxv) .

Sketch of proof. We use the regularity and an optimality argument. Let us define z(t) € argmin p(x)
and Z(t) € argmax (). Since the manifold is closed and y; is C! we have:

Ve (z(t)) = Vie(z(t)) = 0.

Moreover, using the regularity we obtain:

Opy = =V - (,Mtvt)

= —v - Vg — eV - 0

Orpit = —vg - Viug — pue (e — v) .

Instantiating the previous inequality at z(t¢) for example we get:
Oepre(2(t)) = (min prg)w(z(t)) — (min f2r)* .

After a brief study of the phase diagram (see the proof of Lemma 2.12) we obtain our result. A similar

argument applies to Z(t). O

This stability of the PL condition allows us to formulate a convergence result, if we make strong
assumptions on the global existence and the regularity of u(t, x).

Proposition 2.9 (Exponential convergence). Let u,v be two measures with continuous densities and
bounded logarithms on a closed Riemannian manifold M. If the density of the curve u; generated by
the gradient flow of E, is Ctlﬁz in both time and space for all t € R>¢ and x € M, then exponential
convergence of py to v holds in the following two ways:

B, () < Ey(po)e ™
W3 (e, v) < 3B, (po)e ™
where X = min(uo, v).
Proof. The proof is a straightforward application of the Polyak-Lojasiewicz inequality. O

In Theorem 2.23, we are able to relax the assumption on the regularity of the solution to Holder
continuous solutions. Therefore, we have just reduced the global convergence problem to a global exis-
tence and regularity problem. In the next section, we prove the global existence of Holder continuous
solutions if the initial and target densities are Holder continuous. Our convergence result is then stated
in Theorem 2.23.
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2.3. Well-Posedness in Holder Spaces. In this section, we consider solutions of the PDE:

{ Drpte +V - (rve) = 0

v =—=VGx(uw —v). (24)

The velocity vector field v; satisfies V - v; = iy — v . Let us consider a solution pu; of equation (2.4) on
an open interval ]0,T[. According to Definition A.2, it is an absolutely continuous curve associated
with the time-dependent vector field v, := — grad ¢, where Ag; = puy — v. If pg has a density, u; also
has a density at least for short times.

2.3.1. On the Euclidean Space. This subsection is devoted to the proof of the following theorem:

Theorem 2.10. Let pug and v be Holder continuous densities with compact support. Then, equation
(1.1) admits a unique global solution p; that is Holder continuous at all times.

We use techniques from [BLLI12] and adapt them to our case. The standard approach involves
rewriting the problem in Lagrangian coordinates, following the particle flow, and leveraging ODE
results to control the norm of the density.

Let us set the notations. We denote G as the Coulomb kernel, which is repulsive and a solution of
AG = —§. We define the particle flow ¢; by ¥y = Id and

%%z =Vt 0. (2.5)

Let us consider the evolution of the time-dependent function f; = pt o ¥r. As ur = fr oy, 1, the
existence of p; is linked to the existence of f; and v;. This dependence will be made precise in Lemma
2.13. We can rewrite the particle flow equation (2.5), for a € R%:

G0i(@) = u@) = - [ VG(wa) = )i ~ V) (w)dy

Zn(0) = = [ VG(u(@) = (@) det(@in(@Dps(u(@de’ + [ TG La(a) = wvly)dy.
Let us note Ji(«) := det(d(ar)) and remark:

d
@Jt(a) = Je(a) (e —v) o re(a),
so that: d
Lt (@) (wn(a))] = 0. (26)

and as Jo(a) = 1 we get Je(o)pue(¢e(a)) = po(e) . We end up with the Lagrangian formulation of the
flow

() = = [ VG(w@) ~ wn(@pofadda + [ VG((@) vy = Flwn(e)).  (2)

We solve this equation in the Banach space B defined by B := {¢: R — R?| 4|l < 0o}, where
1¥]1,5 := [¥(0)| + ||d¥||oc + |d¥b]y with | - |, the Holder semi-norm. Now we can state our first local
existence result.

Proposition 2.11. Let 1y and v be density measures in B with compact support. Then equation (2.7)
with initial condition g = Id admits a unique solution on a mazimal time interval [0,T[. Either T is
infinite or the Banach norm ||1¢||1, blows up ast — T.

Proof. As F is Lipschitz [BLL12] and [MBO01, Chap 4]) the Picard theorem in Banach spaces proves
the result. O

Now let us prove Theorem 2.10, that is 7' = 400 in the preceding proposition. To show this we
suppose T' < oo in the whole following discussion and show that |11, is bounded uniformly in time
on the interval [0,7]. In [BLL12], an explicit formula is found for f;, which cannot be done in our
case. However, we can control the evolution of f;.
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Lemma 2.12. The quantity || fi||co is uniformly bounded on [0,T].
Proof. We can write:
V- (vepte) = eV - vg +vp - Vg = p? — pgv 4 vg - Vg
so that we get:
9 $1(0) = Bupa(u() + V() - i ()
==V (vepe) (e (@) + Ve (e (@) - ve (e () (2.8)

d
T (@) = fula) () — (o).

Although v o 1)y is of course not constant, this equation, which resembles a logistic equation, is well-
behaved. We can study its phase diagram. First, if fy is a positive function then f; will be positive
too. Moreover, if f;(a) > |||« then £ fi() is negative, so t — fi(c) is locally decreasing. This shows
that for all o« € R%:

min(min fo, minv) < fi(e) < max(|[ folloo, [[¥[loc) -

This control allows us to bound the Holder norm by a quantity that depends on ;.

Lemma 2.13. Let pi; be a solution defined as in Proposition 2.11, where v € Lo satisfies [v], < oo.
Then:

t
< Cllaval ([ 4 v 1as)
0
for some positive constant C > 0.

Proof. As p; = fy o4, !, using that |f o g, < |f||ldg||Z, for general functions f,g, we get the first
estimate:

el < [ el Nl %

Now, to control |f|,, we can take the Holder semi norm of equation (2.8), using the fact that v is
bounded and Holder continuous, that || f¢|| is bounded, and the property | fg|y < |fly]|g|loo+ 1 flloclg]~
to get:

d

E|ft|v <|fe-vou +I[f214
< | felyllv o Pelloo + ([ fill solv 0 el + 2] fellso | fil~
< (Ivlloo + 20l felloo) | fely + I felloo v [~ 1 depe] |2

d
5 fely < Cilfely + ColldyellS

for some positive constants C7,C5. Then we apply Gronwall’s lemma with time-dependent terms,
stating that if y is differentiable and a, b are continuous functions such that § < ay + b, then y(t) <
y(0)elo *(=)ds 4 fot b(s)elo @(Wdu—Jg a(wdugs We obtain, as t < T < oco:

t t
iy < fobyexp(Cut) + [ Callavaexp(Cate = ds < € (14 [ fawulis)
0 0
ending the proof. O

Differentiating the particle equation (2.5) and taking the Lo, norm we get:

d
2 1d¥tlloo < lldve ool dieloo -

This gives by Gronwall’s lemma:

t
dwl oo < Cexp/ dvs | ods - (2.9)
0
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Let us observe that 1, ' satisfies a similar bound.

Lemma 2.14. Let ¢; ' be defined as the inverse flow of 1. Then the majoration above is true for
7,/1;1, i.e. for some constant C > 0:

t
ldp; oo < Cexp/o l|dvs||oods . (2.10)

Proof. Let a := 1,(y) for some y € R? and s > 0. Then if 0 < t < s, we have a € ;(R?), as
o = 1y 09s_+(y) by semi-group property. We get 9, ' (a) = ¥s_+(y) = ¥s_¢ 0 ¥ *(a). Differentiating
both sides of the equation in time we get:

3t7/1t_1(04) = Ophs— o b; Ha) = —vs_y 05y oh; Ha) = —vs_y 0 1/),:_1(04) .
This leads to the inequality:
d _ _
E”dwt 1”00 < ldvs—t | oo || diy 1”007

so that by Gronwall lemma:

t
lde; o < Coxp ( / ||dvsu||oodu) .
0

We can choose s =t in the previous inequality to get:

t
dw; oo < Cexp (/0 ||dvu||oodu> . (2.11)
O

With this result, we managed to bound from above all of our quantities by functions of dv;.
On the derivative of our velocity field. The following arguments are presented in [MBO01, Sections
2.4.2, 3]. The kernel G := d, grad G is homogeneous of degree -N. Due to this, the singularity at the
diagonal cannot be integrated. However, it has mean-value zero and defines a singular integral operator
through the convolution:

G f(z) = PV / Gal,y)(y)dy = lim Galr,y) F () dy

=0 d(z,y)>e

Using the same arguments than in [MBO1, Prop 2.20], we know that for a velocity field defined by
grad G x f with G the Coulomb kernel and f € C7(R%; R?%) we have:

dvy () = PV / Gl ) F(w)dy

The following result, found in [MBO1, Lemma 4.5 and 4.6] and [BLL12, Lemma 2.2], is expressed in
terms of principal value integral in [BLL12] but used in the following form.

Lemma 2.15. Let f € C7(R%RY) be a compactly supported function in a ball of radius R. We define
v:=VGx* f. Then, for some positive constant C independent of f and R we have:

R
ldv]jeo < C [|f|757 + max (1;10g (g>) ||f||oo} Ve >0,
|dvly < Clfly -
To use it we need to confine the support of u;. First, we can bound the velocity field v;.

Lemma 2.16. Let u; be a solution as defined in Proposition 2.11 and v, the associated velocity field.
Then for some constant C' > 0 only depending on the dimension:

[olloe < Cllne = lloo + 1 = w[l1) -
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Proof. We write for x € R%, knowing |VG(z)| is proportional to |z|¢~1:

(o) < V +f
B(0,1) JB(0,1)¢

o=l [ VG- yldy+
B(0,1) B(0,1)

VG (x —y) (e — v)(y)|dy

IN

le — v|(y)dy

)

or ()| = Cllpr = viloo + llue = vll1) -

This allows us to bound the growth of the support.

Lemma 2.17. Let p: be a solution defined as in Proposition 2.11. Suppose that the support of o is
contained in the ball of center 0 and radius Ry > 0. Then there exists a positive constant C > 0 such
that the support of i is contained in R(t) = Ro + Ct.

Proof. We use the inequality from Lemma 2.16. As ||pt]loc = || ft]looc < C by Lemma 2.12, the first
term is uniformly bounded in [0, T[. As u; and v are probability densities, so is the second term. This
proves the result. O

Having proved that p; has bounded support, we can apply the first estimate from Lemma 2.15 with
e = [llpe = vlloo/ 1t — V|»y]1/7 to establish the existence of C' independent of ¢ such that:

R(t)|p —
||ut—y||oo+max<1,log<M e = vlloo | | -

[l = vl
Thanks to Lemma 2.12, ||t — V|| is bounded and by Lemma 2.17, as T' < co we get the existence of
C1,C5 > 0 such that:

[dvt]|oo < C

[dvellos < C1 + Calog(|pe — vly). (2.12)
Now, we are ready to prove our first real boundedness result.

Proposition 2.18. The quantity ||dvt||oo s uniformly bounded on the time interval [0, T].

Proof. Injecting the inequality from Lemma 2.13 into equation (2.12), we get the existence of constants
such that:

t
dorlloe < A+ Blog((lduy|c) + Clog ( [a+ ||dw51||zo>ds> .
0

We write, using inequality (2.10), the fact that s < ¢ in the integrals and that ||dvt||oo is a positive

function:
t t s
log < / ||dwsl||zods> < Clog < [ e ( / ||dvu||oodu) ds)
0 0 0
t ¢
< Clog </ v exp (/ ||dvu||oodu> ds)
0 0
¢
< Clog <~ytexp (/ ||dvu||oodu>)
0
t ¢
log (/ ||d¢sl||zods> <C (logt—i—/ ||dvu||oodu> ,
0 0

and we obtain the final differential inequality:

t
|[dvg|loo < C (1 +/ ldvs||cods +10g(t)) .
0

Once again, Gronwall’s lemma applies to ¢ — ||dvi|lcc and we get the existence of constants Cy, Cs
such that ||dvi||ec < C1exp(Cat), showing the result as t < T' < +00. O

This immediately implies:
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Proposition 2.19. The quantities ||d]|so, ||d; oo and |it] are uniformly bounded in time on
[0,T7].

Proof. Using the fact that ||dv;||eo is uniformly bounded in [0, T'[, inequalities (2.9), (2.10) and Lemma
2.13 show the result. O

Finally, we can control our last term:
Proposition 2.20. The quantity |di| is uniformly bounded in [0,T.

Proof. Differentiating the particle equation (2.5), taking the Holder | - |, semi-norm and applying the
preceding proposition along with the second potential theory estimate from Lemma 2.15 we get:

d
E|d¢t|7 < d(ve 0 ) |5 [|die]l oo + [|d(ve © Pr) || oo ldibe |y
< Ndve|y [l dpe | 337 + [l dvell oo lldape | oo | dade |

¢
< Cy|pt)y exp ((1 + 7)/ ||dvs||oods) + Cs|dipy| (2.13)
0

d
Eldwth < Ch + Coldiy) -

One last application of Gronwall’s lemma ends the proof.
O

We just proved that if T' < oo and a solution of problem (2.7) in the Banach space B exists in [0, T,
then the Banach norm ||¢;]]1, is uniformly bounded on [0,7[. If the maximal time of existence T
satisfies T' < oo, we get a contradiction with the existence result of Proposition 2.11, which states that
if T < oo a finite time blowup of |[1)¢||1,4 occurs. This proves Theorem 2.10.

2.3.2. On a Compact Riemannian Manifold. This Lagrangian formulation allows us to directly extend
our result to a complete closed Riemannian manifold (M, g). Indeed, taking G the Coulomb kernel
on (M, g), the Lagrangian formulation (2.7) still holds. As Holder regularity is a local property, the
functional F' is still locally Lipschitz on the Banach space:

By i={¢: M = TM |||, < oo},
where [(0)| + [|dv|| oo + |dtp|, with || - Hc‘}vﬂ the Holder semi-norm on the manifold M, defined by:
flx) = fly
Fllgy = sup LD ZJWL
M z,yeM dM(.I,y)’Y

for scalar functions, and through parallel transport for tensors.
We get the existence of a flow 1/, at least locally. The rest of the proof is similar, the main difference
being the equivalent of Lemma 2.15 on closed manifolds.

Lemma 2.21. Let u € CY(M) on a closed manifold M. Consider the equation:
App=mu.

where u is Holder continuous. Then, for some positive constant A,C (independent of u) and for all
€ > 0 we have the Schauder estimates

A
2,00 S C (”’U/”CR,[WEV + log (g) ||U||oo) )

Iellez <€ (lullegy + Il ) -

el
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Proof of the first inequality. The proof of the first inequality is almost the same as in the Euclidean
space. We denote G5 as the differential (in coordinates) of the gradient of G, i.e. Go = d, grad G. Its
singularity on the diagonal behaves like the Coulomb kernel, implying [Aub98, Theorem 4.13.c]:

Moreover, in Riemannian manifolds:
/ (. y)~dy = O(~loge)
dy (z,y)>e
and if a < d:

/ dar(z,y)~dy = 0?2
dy(z,y)<e

We write:

lllz.00 = (Pv / 4 / )Gz(x,y)f(y)dy — [(2) + L(a).
d(z,y)<e d(z,y)>e
As [ Ga(z,y)dy = 0 on metric balls, we get:

Iy ()] = /d( G — )y

<[ Gl ey e v)dy
d(z,y)<e

< Clflloy / dar (2, )" dy

d(z,y)<e

L@ < Olf ey

For the second term:

Iy(a)) = / Gl ) f (y)dy
d(z,y)>e
<CO|flloe / d(z,y)~dy
d(z,y)>e

1)) < oz ()

This proves the first estimate. |

Sketch of proof for the second inequality. The second estimate is proven, for a manifold embedded in
the Euclidean space, with standard Schauder theory in R? [Aub98, p. 3.61]. We use local normal
coordinates for the Laplace-Beltrami operator. The bound in the Fuclidean space can be applied
thanks to the following metric control of the Holder norm. We refer to the lemma below. g

Lemma 2.22. There exists v > 0 and C' > 0 such that, if @ C M has diameter less than r, then if
ueC*: .
clullega < llullgry < Cllullgrae

In this inequality, ||ul|.x~.o denotes the Euclidean Hélder norm in € when considered as a subset of
Rd. Eucl

Now, we use these estimates to conclude the proof of global existence. In our case ||t)i2,00 =
ldvelo,00 and ”djtncﬁ)ﬂ = ||dvt||Con. Note that in the second inequality, since the manifold M is closed
we have ||¢]|o < C for some positive constant since Vi) is bounded in L. We can use the first

estimate from Lemma 2.21 with, once again, € = [||ps — v||oo/ |ttt — V|.Y]1/’Y to obtain formula (2.12) on
the manifold M. This allows to bound ||dvt|o in the same way as in the Euclidean space. To bound
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|dve|~, we use the second inequality of the lemma. The principle of the proof is the same as in the
Euclidean space and equation (2.13) becomes:

d
2| dely < ld(ve 0 be)lylldee oo + lld(ve 0 We)lloo|dibely
< Ndvely dwoell 7 + dvelloo | dibe ool dibel

t
<l + oy ow ((14) [ avts) + Colavil, (210
0

d
Eldwtlv < Cr 4 Coldipy -
The rest of the proof follows the same steps as in the Euclidean space. This proves:

Theorem 2.23 (Global convergence for Holder initial and target data). Let po and vy be Hélder
continuous probability densities on a closed manifold (M, g). Consider the curve p; global solution of
equation (2.4). We have just proved that it is defined and Holder continuous at all times. Then

Ey, () < EV(.UO)eiAt
Wi (e, v) < 2B, (o) .

Proof. Since log(u) is globally bounded from below thanks to Lemma 2.12, it satisfies a global Polyak-
Lojasiewisz at all times. The rest of the proof is a straightforward application of this inequality. [

3. CRITICAL POINTS FOR THE WASSERSTEIN FLOW

In the previous section, we studied regular solutions of Wasserstein gradient flows, with smooth
initial and target data. Our proofs heavily relied on regularity results obtained through potential
theory estimates. In this section, we consider some given probability measures pu and v that are,
depending on the context, of finite energy for the Coulomb kernel or the Energy Distance kernel. Our
goal is to study critical points for the Wasserstein flow of the MMD energy F,.

3.1. Critical Points and Lagrangian Critical Points for MMD Wasserstein Gradient Flows.
For an arbitrary function F, we define critical points of the associated Wasserstein gradient flows.
Intuitively, they correspond to measures where the discrete JKO steps are blocked, in direct analogy
with gradient flows in finite dimensions.

Definition 3.1 (Wasserstein critical point). Let p be a probability measure such that F(u) < +o0.
We say that p is a Wasserstein critical point of F if there exists 79 > 0 such that for all 0 < 7 < 79 we
have: )
p € argmin F(p) + - W5 (p, p).
pEP(RY) T
We study a sub-class of critical points, which we call Lagrangian critical points or displacement
critical points.

Definition 3.2. A probability measure p is said to be a Lagrangian critical point for a functional F
if, on supp(u) we have

For differentiable A-convex functionals [Sanl15], the two definitions are equivalent. In general set-
tings, we cannot deduce one from the other, as the quantity above may not even belong to F (u).
However, in our cases, we can prove a partial result. Indeed, using the general differentiation result
on JKO steps given by proposition A.10 we see that the following Proposition is true.

Proposition 3.3. Let u be a critical point as defined in 3.1. Then 0 € OF () (where 0 is seen as an
element of La(u)).
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Combining this result and lemma 2.4, we see that if p is a critical point of the G-energy E,, then
the gradients of the potentials G x u and G x v are equal u-almost everywhere. This observation is the
key argument enabling us to prove the results of this section.

3.2. Characterization of Lagrangian Critical points for MMD Wasserstein Gradient Flows.
The main result of this section is presented in the following theorem.

Theorem 3.4. Let j1 be a Lagrangian critical point for the MMD functional ES. Then

H|Int(supp(p)) = V|Int(supp(n)) >

holds if G is the Coulomb kernel or if G is the Energy Distance kernel and d is odd.

This formulation may appear surprising. We obtain results only in the interior of the support of our
measure, even though it may be empty, or © may be composite, being the sum of a density measure
and a singular measure for example. As the proof for the Energy Distance kernel is more involved, we
focus on the first statement for now.

In both cases, the first variation of the F, is given by: %(u) = ¢, — ¢,. For measures p et v
with finite G-energy, i.e. for measures such that [Gdu®?, [ Gdv®? < +oo, this function is locally
integrable, and satisfies in a distributional sense:

oE,
=Vo¢,—Vo,. 3.1
5 (1) =V, — Vo (3.1)
If p is a Lagrangian critical point for the Coulomb kernel, this quantity is constant equal to O.
Upon differentiating once again in a distributional sense we conclude that in the interior of the domain
supp(u), du = dv as per Proposition B.3, proving the first part of the theorem. The proof in the
Energy Distance case requires iterating Laplacians.

Proposition 3.5. Let p be a probability measure on R®. Consider the associated potential ou(z) =
[ =|lz — ylldu(y). Then, its distributional Laplacian exists almost everywhere and is given by:

Agy(x) = / —&%ldu(y) :

yll
Proof. Let g € C2°, and denote P,(z) as [ — ”w uII du(y). We wish to show (¢, Ag) = (P, g). The
primary challenge arises from the singularity of the function || - —y|| at y. We circumvent this by

integrating on a small ball of radius € > 0 near y, carefully controlling the error term. The inversion
of integrals in the second equality is justified by the Fubini theorem.

<%wm:/%@wwm

= [ ([ ~tle - sagteris ) duty
:/ [(L(yﬁ)—lx—ymg(x)dm) + </Rd\8(w)—|x—ylAg(x)dxﬂ du(y)

<mwm:/mw+kwwmm

where the quantities I. and J. are defined by the formulas just above. First, as g € C2°, we get:
()] < 2[|Ag|loce -

For J.(y), we can use Green’s Formula, since all our quantities are in C2° on the open set Q =
R\ B(y,e). If we take n(x) to be the unit vector at x € IQ(y) pointing toward the exterior of Q(y),

then n(z) W For z € 09(y), the directional derivative of a function f at x is defined by
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g—g(a:) = (Vf(x),n(x)). We denote dS the usual area measure on B(y,¢). Using Green’s Formula we

have:
od 0
L= [ A-d@eeint [ SU@g@ise - [ 4@7eds(e),
Q(y) aQ(y) 9N a0 (y) n
First, we know that Ady(z) = val:ilJH' Second, as Vd,(z) = ﬁ, we have 88—%(:1:) = —1. This leads

to:

ad,
/ag By (@9(@)dS ()] < llglloAS (v €))

Finally, as g vanishes at infinity, there exists a constant C independent of y such that:

dg
/Wd (@) 52 (@)dS (o)

All these quantities vanish as ¢ — 07, independently of y, which implies (¢,,Ag) = (P,,g), ie.
Agyu(z) = f HCE de,U( Y). O

Now, we prove the following property, enabling us to prove next the second statement in Theorem
3.4.

S CA(S(y€)) -

Lemma 3.6. Let i be a Lagrangian critical point for the Energy Distance Wasserstein gradient flow
towards v. Then, on the open set Int(supp(,u)) (bf = ¢S where G is the Coulomb kernel.

Proof. We denote Pf'(z) = [ T ka ) and prove the following result by finite induction:

VE < ( —1)/2, P = Pojya -
We already established the result is true for kK = 1. Now let us take k¥ < (d — 3)/2 and suppose
P, .1 = Py ,. We know that if v : R* — R and u(z) := v(||z]|), then its distributional Laplacian is
given by:

Au(z) =

d‘ ”1 o lel) + " ().

If v(r) == —r, then Au(z) = %75;;2)@- Denoting Ky(z) = Wv we have AK,(r) =

% . Again, let us take g € C2° and prove (P}, Ag) = 2k +1)(2k +3 —d)(P}; . 5,9). We

use Fubini’s theorem, and avoid the singularity around small balls of radius € > 0:

<P;k+1’g> = /P2#1H-1 (z)Ag(z)dz

= / ( / Ky(:v)Ag(w)dw) du(y)
:/ l(/lg(y,s) Ky(ar)Ag(x)daz> + </]Rd\B(y,s) Ky(ﬂﬁ)Ag(I)dﬁf)] dp(y)

(Pl g) = / L-(y) + ()] du(y) .

Now, again, we need to control the growth of I.(y) and J.(y). Since 2k + 1 < d we get:
[ Kby < 1800 [ Kola)ds,
B(y,e) B(0,¢)

and this quantity tends to 0 uniformly as e tends to 0. Now, as done previously, we use Green’s
Formula to express J.(y):

0K
L) = [ AR [ S
Q(y) o) 9N

dg

S (@)as ().

(2)g(2)dS () + /8 o Kl
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We have:
0K, T—y T—y 1
“(z) = (=(2k+ 1) y— = :
on o —yPE437 o —yll” flo—ylPF+2

which gives:

8Ky / 1 1
2)g9(2)dS(z)| < ||glloc | ————=—=dS(x) = ||g||ecCac? '~ F+2)
/agz(y) on ()g(2)dS(z)| < 9] [z — y|[2+ 2 () = ll9llxCa

and again the right term tends to 0 uniformly in y as € tends to 0, as 2k + 2 < d — 1. Finally:

dg dg / dg d—1—(2k+1)
K, (z)=(2)dS(x) < ||==||so K, (z)dS(x) = || ==]||ccCae ,
L, Ko g @as) <5l [ Ky(@aste) = 1501Ca

which tends to 0 uniformly in y as € tends to 0. This proves:
AP} = (2k+1)(2k+3 —-d)P},_ 5.

Now, back to our hypothesis P}, 1 = P, By taking the distributional Laplacian from both sides,
we get (2k+41)(2k+3—d)Py, 5 = (2k+1)(2k+3—d) Py, 5, and as 2k < d—3, we get: Py o = Py 4.
This proves our result. Now, to obtain the conclusion, if d is odd, by taking k = (d—3)/2 < (d—1)/2,
we finally get in the interior of supp(u) the equality ¢f = ¢C. O

The potentials ¢f and ¢G are superharmonic on the interior of supp (i), and taking their distribu-
tional Laplacian yields i|in(supp(u)) = V|mt(supp(r)) » Which is exactly the second statement of Theorem
3.4.

In this section, we were able to characterize a particular class of critical points. However, our
result does not capture the singular parts of our measures. In the next section, we study how singular
measures behave under the Wasserstein gradient flow of E,, proving in Theorem 4.11 that singular
enough measures cannot be critical points.

4. No LocAL MINIMA IN THE WASSERSTEIN GEOMETRY

Recall that our PL inequality does not hold at a measure p if there is no strictly positive lower
bound on the density of p. In particular, it is unclear if local non-global minima of the MMD norm
FE, can exist. In this section, we establish that there are no local minima other than the global one.
The previous section was dedicated to Lagrangian critical points. We described measures p where the
velocity field induced by V‘?—HI’(M) is equal to 0 everywhere. In these cases, a JKO step cannot be
described through a push-forward map. However, this pushforward action by maps does not describe
all possible dynamics, and diffusion of the mass can occur. In terms of Wasserstein geometry, it means,
heuristically, that a descent direction has to be found in the space of velocity plans [AGS05, Section
12.4], instead of Lo velocity maps. To do this, we use concepts inspired by flow interchange techniques
developed in [MMS09; KMX15]. Instead of studying the gradient flow of E, we study how E behaves
along a certain auxiliary flow, here associated with the Boltzmann entropy functional.

We show, as the main result of this section, the following theorem.

Theorem 4.1 (No local non global minima). Let u be a probability measure. Then, if p # v, there
exists a curve pg which is 1/2-Hélder for the Wasserstein distance, such that t — E,(u) is strictly
decreasing for t small enough.

We begin by noting that the MMD energy only depends on the difference between the measures.
Indeed, since (u,v) — E,(p) is a function of u — v, we can use the Hahn-Jordan decomposition of the
signed measure y — v.

Lemma 4.2 (Hahn-Jordan decomposition). Let p and v be two probability measures. Then there
exists a unique decomposition p —v = py — v_, where puy and v_ are mutually singulars measures.
Additionally, ps < p and v— L v.
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A heat diffusion process can be applied to p4, enabling us to prove the main theorem of this section,
stating that even though our functional is non-convex in the Wasserstein geometry, it does not admit
any local minima for the Wasserstein geometry that is not global (meaning ¢ = v or in an equivalently
py =v_ =0).

4.1. Heat Diffusion Perturbation. Let py be a measure dominated by p. We write p =p—p+p
and consider the curve p; defined as the solution of the heat equation d;p; = Ap; with initial condition
po = p. As is well-known, the heat equation is the Wasserstein gradient flow of the Boltzmann entropy
functional defined by: H(p) := [ plog(p)dx if the measure has a density p (with abuse of notation)
with respect to the Lebesgue measure and 400 otherwise. Furthermore, the solution p; is explicit:
pt = K; x p, where K, is the heat kernel in R? defined by

Ki(x) = exp(—||z*/4t).

1
(4rt) /2

Remark 4.3. Here, p is not necessarily a probability measure. However, we can write the whole
Wasserstein formalism for any measure space M, := {u € M (R?), u(R?) = m}. We denote Wa(c, 3)
the Wasserstein distance on M,, if o, 8 € M,,

Lemma 4.4. Consider the curve defined by u; = p+ pr — p, where p; is the heat flow at time t of
p+. Then, the curve p; is absolutely continuous. More precisely, there exists a constant C' > 0 such

as, for any s,t > 0:
Wa(pe, ps) < /|t —s]C'.

Proof. Standard results exposed in [AGS05, Theorem 11.2.8] show that Ky« p is absolutely continuous
for the Wasserstein metric. We fix some s,t > 0, and write the EVI equation associated with the heat
flow (see (A.6)), that states that for all a density measure with the same mass as p and for almost

every t > 0: L d
S WE(pr, ) < Hla) = Hipy).

This implies that there exists a constant C' > 0 such thatfor any s,t > 0 Wa(us, us) < /|t — s|C. Let
~ be an optimal transport plan v between K; x p and K * p, for s, > 0. The plan 7 := v + (u — p)®?
is a transport plan between p; and ps. Thus:

Wa(pt, ps) < Wa(Kyx p, Ks % p),
which proves the lemma. O
Now, we need some estimates on E, along the flow defined above. It is possible thanks to the next
lemma.
Lemma 4.5. The function t — E,(u:) is differentiable for every t > 0, and its derivative is given by:
1d
cq dt

4.2. Estimates of Mass Transfers in the Diffusion Process. In this paragraph, we show that
for a well-chosen positive measure p and for ¢ small enough, the quantity in Formula (4.1) is strictly
negative. An essential property is the following lemma [Wat94].

— By () = —(p, Koy % p+ Ki x (n = p) = Ky xv) (4.1)

Lemma 4.6 (Heat kernel estimates, [Wat94]). Let a and /5 be two positive mutually singular measures.
Then, as t — 0, for pu almost every x:

K * B(x) = o( Ky x a(x))
We use this lemma to derive the following estimate.

Lemma 4.7. Let a and 3 be two positive mutually singular measures. Then, as t — 0, for p almost
every x:

Ky * B(x) = o(Ka x a(z)),
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Proof. From the expression of Ky, we have II{ZZ((?) = 29/2 exp(—||z||?/8t) < 2%/2, from which we deduce

Ky xafx) < 2¥2Ky; « a(z) and:
Kexfx) _ Kixa(z) Kixf(z) _ jas KexB(z)
Kopxa(r) Koy xa(r) Kixa(z) ~ Kixa(x)”

This quantity tends to 0 from the preceding lemma. O

4.3. Proof of Theorem 4.1. We now prove the main theorem of this section, which is implied by
the following proposition.

Proposition 4.8. Let u be a probability measure. We suppose p # v, and write g — v = puq — v—
the unique associated Hahn-Jordan decomposition. Then there exists a py measurable set A such as
pa(A) > py (R /2 and to > 0 such as, for the curve uy = pu+ Ky * fg|A — fi4|A, then for all t < to
we get L E, () < 0.

Proof. The preceding lemma gives the following result: for py almost every x, there exists ¢, > 0 such
as, for all t < t, : K;xv_(z) < £Ko % iy (z). Let us consider the set sequence defined for N > 0 by:

Xy = {z € supp(pu)|t. > 1/N} .

This is a growing sequence for inclusion, and it verifies supp(py) = Uyen- Xv. Now if we write

)71 = X1 Xny1 = Xn41 \ Xn, we get a countable sequence of disjoint sets whose union is of total
mass for p4. This implies, by o-additivity, that there exists an integer Ny such that:

Ny
P (U XN) > py (RY)/2.

N=1

Now, we take A := U%‘;l Xn and tg = 1/Ny, which gives, for ¢t < t¢:

d
EEU(M) = —Ca (fiy|a, Kot % pipja — Kexvo) (4.2)
1
< —5cd (Bgia, Koo piga) - (4.3)
In particular, we get the conclusion 4 E, (p;) < 0. O

4.4. Dimension of Measure and Critical Points. In Theorem 4.1, we saw that for any measure
1 distinct from the target measure v we could find an absolutely continuous curve for the Wasserstein
distance u; such as t — E, (i) was strictly decreasing near 0. However, it is not sufficient to guarantee
that the JKO steps (A.5) do not remain stationary at y. Our Theorem 3.4 states that if y is a critical
point, then on the interior of its support u is equal to v. We will prove that if the part of u singular to v
is supported on sets singular enough, then p cannot be a critical point as in Definition 3.1. In analogy
to the finite dimensions and regular case, it corresponds to the fact that it cannot be a second-order
critical point.

To quantify the singularity of the support of a measure, we use geometric measure theory properties,
mainly the growth of pu(B(z,r)). If it grows faster than r?, we prove that the heat diffusion makes the
energy E, decrease fast enough to compensate for the growth of W3 (u, K;* ), so that u is not a point
where JKO steps get stuck. To do this, we use a more precise version of Lemma 4.6, see [Wat94]:

Lemma 4.9. Let pi be a positive measure in R? and q € [0,n]. Then, there exists a universal constant
cd,q only dependent on d and q such as, for all x € R%:

lign_)iglf r~u(B(z,r)) < cdﬁqli?l)iglf td= D2 [, 5 () (4.4)

< ¢g,qlim S(l)lp t =02, 5 p(z) < limsupr—9pu(B(z,r)). (4.5)
t—

r—0
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How to interpret this result? This result allows, in some cases, to get precise estimates on the
decay of K; x u. To illustrate, if p has a continuous bounded density function f with respect to the
Lebesgue measure, then, with ¢ = d, we get that lin% r~¢u(B(z,7)) = f(x), which gives:

r—>

lim Ko x () = (2)/cag

If o charges more singular sets than open sets, for example if there exists some § > 0 such as, for all
x € A, where u(A) >0 }iir%)rf(d";)u(B(:v, r)) = f(z), then, for all x € A we have }gr(l) 92Ky % () =
f(x)/ca,q- That is, when ¢ — O:

flz) 1

Cd,q $6/2 "

Let © and v be two probability measures with finite Coulomb energy. Once again we write the
Hahn-Jordan decomposition y —v = py —v_. From the result of Section 3, we know that at a critical
point that is not the global minimum, py has an empty interior support.

We study what happens if piy is singular in the sense that the growth of p (B(x,r)) on the support
of uy as r tends to 0. We prove the following lemma:

K * p(x) ~

Lemma 4.10. If there exists a set A C R? such that py (A) > 0, some positive number 0 < § < 2, a
constant C' > 0 and rg > 0 such that, for all 0 <r < rg and py almost every x € A:

it (B(w,7)) > crt=? )
then p is not a critical point as in Definition 3.1.
Proof. In this proof, we denote by C' any strictly positive constant that does not depend on ¢ or 7.
Once again, we consider the Wasserstein curve defined by po = p and pp = p+ Ki * pyja — piyja-

Using Lemma 4.9, we get the existence of ¢ty > 0 such that, for all 0 < ¢ < ty and p almost every
reA

C
K2t *,qu(x) > W . (46)

Moreover, by the same reasoning as in the proof of Theorem 4.8, we can suppose, if we take a subset
of A, that there exists t; > 0 such as, for any 0 < ¢ < #;:

d
B () < =C (pyyas Koo x prya)

Now, using Formula (4.6), this gives along 4, %EU (p) < —Ct=9%/2, From the EVI inequality associ-
ated with the entropy gradient flow, we get the existence of a constant C' such that %Wg (o, pe) < C.
Combining these inequalities, we get an estimate on the derivative of our proximal functional E]* =
Eu + %W;(Mo, )

dt T
This provides, integrating from 0 to ¢, as 6/2 < 1:

Ly <o L),

2t75/2+1 t
a > | (4.7)

o _ gk < _ _
B ) - BD(uo) < © (-2 +

Optimizing this quantity over ¢ > 0, we get an optimal ¢, = (27)2/5, smaller than tg,t; if 7 is small
enough so that all our inequalities are true for ¢,. Injecting ¢, in equation (4.7) we get:

B (ue,) = EJ* (o) < =075
concluding the proof since:

min F7*(p) — B (o) < min BT () = Ep" (o) < ~Cr°3" 0
>

This lemma is used to prove the main result of this subsection.



RIESZ KERNEL WASSERSTEIN GRADIENT FLOWS 21

Theorem 4.11. Let us assume there evists a set A such that puy(A) > 0 and such that jiy4 has
Minkowski dimension less than d — § (see [Heu07]) for some 0 < 6 < 1. Then p is not a critical point
as in Definition 3.1.

Proof. The local Minkowski dimension of a measure at x is defined, if the limit exists, as

ey g og(u(B(, 7))
dimy (p) = }g% — Tog)
If py charges some set A such as, for all © € A, dim’,(u) exists and is less than d — 4, then for
every ¢ > 0 there exists a radius r, such that for any r < 7., u(B(z,r)) > r?=9+¢. Using the same
o-additivity arguments as in the proof of Proposition 4.8, we prove we can choose a uniform ry by
considering a subset of A of non-zero measure for py. This is exactly the hypothesis of Lemma 4.10,
concluding the proof. O

Remark 4.12. The condition on the Minkowski dimension is satisfied if, for example, ;4 is absolutely
continuous with respect to the volume measure on some manifold of dimension d — 1.

Note that the result is stated only for § < 1 instead of § < 2 (as assumed in the lemma). This is
explained by the fact that for § > 1, the energy functional is infinite. In such a case, it is straightforward
to prove from the very definition that such a measure (of infinite energy) cannot be a critical point.

Comments on possible critical points. Our main goal in this section was to prove that there
is no local minima apart from the global one. However, it does not prevent the existence of critical
points. Passing by, we were able to rule out some singular measures from being critical points. Indeed,
we proved that if the current measure has a Minkowski dimension strictly less than the ambient one,
then it cannot be a critical point as defined in Section 3. However, there are still many candidates
for critical points such as measures proportional to 1 4 where A is a positive Lebesgue measure closed
set of empty interior such as a fat Cantor set. A complete characterization of critical points, and the
existence of a nontrivial example, is left open for future works.

4.5. Extension to Riemannian Manifolds. Recall that the heat kernel is defined on a general
Riemannian manifold.

Proposition 4.13 (Heat kernel on a manifold). Let (M, g) be a Riemannian manifold (it doesn’t need
to be compact). Then we can define its heat kernel K : (0,00) x M x M — R as the smallest positive
Sfundamental solution of the heat equation, meaning that for any y € M:

{ K = ALK
K(t,-,y) th Oy -

To generalize the conclusions of Section 4, we need estimates resembling the one in the proof of
Lemma 4.7, mainly that there is some constant C' > 0 such that:

Ko < CK;. (4.8)
In the Euclidean case M = R%, we got C = 2%2. We do not detail the conditions for this to hold, but
it is true if M is a nilpotent Lie group equipped with a left-invariant metric ([Var90]), if (M, g) is a
geodesically complete non-compact Riemannian manifold of nonnegative Ricci curvature ([Gri99]), or

if (M, g) is compact ([LY86]). For example, on the flat 1-dimensional torus T := S* which we represent
as [0,1]/{0 ~ 1} = R/Z, the heat kernel is given by the periodization of the Euclidean heat kernel:

Kr(t,z,y) ==Y Ka(t,z +k,y).
nez
As the flat d-dimensional torus T¢ := (S')? is a product space, its heat kernel is the product, defined
for z = (x1,...,zq) and y = (y1, ..., yq) by:

KTd(taIay) = H K‘]l‘(t7$k,yk),
1<k<d
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so that the desired estimate in Formula (4.8) holds for some C' > 0. An example of a manifold where
it does not hold is the hyperbolic space.
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26 APPENDIX

APPENDIX A. WASSERSTEIN GRADIENT FLOWS
Let us recall the definition of the Wasserstein distance Wa [San15; AGS05].

Definition A.1. Let (X, d) be a metric space. We denote P2(X) as the set of probability measures
on X with bounded second moment, i.e. such that [d(z,z0)*du(z) < oo for some zg € X. The
2-Wasserstein distance Ws between two measures u, v € P2(X) is defined by:

W22(u,1/) = verp(i;?U) /d(x,y)de(:v,y), (A1)

where, if we denote m; as the projection on the i-th coordinate, I'(u,v) = {7y € P2(X x X) | m#y =
W, To#ty = v} is the space of transport plans between p and v.

In this paper, we only consider X to be the Euclidean space or a Riemannian manifold. In these
cases, the metric space (Pa(X), Wa) is a complete geodesic space. The following results are about some
properties of continuous curves in Pa(X) [Sanl5; AGS05].

Definition A.2 (Continuity equation). Let u; be a time-indexed family of measures on R? and v;
a time-dependent u-integrable vector field. The curve pu; is- said to satisfy the continuity equation
associated with v, if:

Orpe +V - (uvg) =0,
in the sense of distributions.

The continuity equation above means that along the curve p;, mass moves along the vector field v;.

Definition A.3 (Absolutely continuous curves). A curve of measures p; defined for ¢ € [a, b] is said
to be absolutely continuous if there exists some function m € Ly(R) such that for all a < s <t < b:

Wa(u(s). u(t)) < / m(r)dr

Proposition A.4. A curve u; satisfies a continuity equation if and only if it is absolutely continuous.

This structure allows some Riemannian-like calculus on the geodesic space (P2(X), W2) as intro-
duced by Otto [Ott01]. Indeed, in Definition A.2, the vector field vy is to be seen as the time derivative
of the curve u¢, taking value in the tangent space at u; for the Wasserstein metric. In some diffusive
cases, the time derivative cannot be described through the action of a single vector field at all times
but rather, informally, a multivalued vector field taking value in a product space. This is why plans are
used in some definitions below (see [AGS05, p. 12.4] for more details on the geometry of Wasserstein
spaces). Let us introduce subdifferentials in the Wasserstein space [AGS05, Chap 10].

Definition A.5 (Extended Fréchet subdifferential). Consider a probability measure u and a functional
F : P(R?) — R. A plan v € P(R? x R?) belongs to the Fréchet subdifferential >0F (u) of F at p if
m#7y = p and if for every probability measure p:

Fo)=F) = nt [ (ora = ado oW ) (A2)

In some cases, a transport plan v € >0F(u) may be concentrated on the graph of a vector field,
being of the form:

7= dx #p,
for a vector field € € La(i). Consequently, the subdifferential OF (u) is defined as follows:

Definition A.6. Let F be a functional on Py and p € Pa. A vector field £ € La(u) belongs to the
subdifferential F (i) of F at p if for every probability measure p

Flo) - F(u)> inf / £(@) - (y — )dvoly) + o(W2 (11, )

Yo€lo (1,p)

where I'g(p, p) is the set of optimal transport plans between p and p.
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For a general functional F and a general probability measure p, both 0F (1) and >90F (i) may be
empty.

There are several ways to approach gradient flows in the Wasserstein space. The first one is a direct
analogy of gradient flows on a manifold using the previous definitions.

Definition A.7 (Pointwise differential formula). Let j; be an absolutely continuous curve in Pa(R%).
By Proposition A.4 it is a weak solution of a continuity equation with a time-dependent vector field
v¢. The curve py is said to be a gradient flow a functional F if for almost any ¢ > 0:

vVt € —8]-"(;%) (A3)

This definition is quite strong, and such curves may not exist at all. To construct them, the idea is
to use a discrete algorithm approximation. Let F be a functional defined on P. Let us fix an initial
measure o, 7 > 0 and consider the following discrete recursive scheme, called Minimizing Movement
or JKO steps ([AGS05; JKO98]):

. 1
Hhyr € argmin F (7, px; p) = F(p) + — W3 (p, uf) - (A4)
PEP, 27’

It consists in updating uxy1 using the proximal function F(7, ug;-). We assume that the associated
sequence (uf)ken can be constructed and we consider the piecewise constant curves defined, if ¢ €

[k7, (k + 1)7[ by U-(t) = uf.

Definition A.8 (Minimizing movement curve). Let pg an initial probability measure and F a func-
tional such that the associated sequence (u})ken can be built. A curve py is said to be a minimizing
movement curve if there exists some sequence (73;) N\, 0 such that (U, ) converges narrowly to p;.

There is no a priori guarantee of uniqueness in the definition above: to a functional F and an initial
probability measure py can correspond an infinity of minimizing movements.
Let us make the following assumptions on F:
(1) F is proper (not everywhere +00) and lower semi continuous for the weak topology.
(2) Coercivity: there exists some 79 > 0 such that for all 79 > 7 > 0 and p € Pa, there exists some
probability measure g, minimizing the proximal function F(7, y;-).
Using [AGS05, Proposition 11.1.6], we get:

Theorem A.9. With the above assumptions, a Minimizing Movement curve always erists.

Why are we interested in such curves? The iterations of the discrete scheme (A.4) satisfy an
important regularity property, they are point of subdifferentiability of 7 [AGS05, Th 10.3.4, Remark
10.3.5].

Proposition A.10. Let pu be a probability measure and F a functional such that we can define p, as
an iteration of (A.4) from p. Then OF (pr) is not empty.

L2—ZT1

Let 47 € To(pr, p). The rescaled velocity plan v, = fr#4,, where f-(x1,22) = (21, 2="), is in
the extended Fréchet subdifferential >dF (u). Moreover, there exists a unique optimal plan such that
its barycenter projection 42 is in the subdifferential OF (u). It is characterized by the strictly convex
minimum condition:

~0 . ~
= m —1Id .
1771 2 () %erol(ﬁﬂu) 19+ llLa(ur)

Remark A.11. The differentiation point is p,, not directly u. This result is to be compared with
the fact that in the Fuclidean space, the iteration of the implicit gradient descent scheme xpy; =
xp — TV f(2g+1) can be obtained as:

. 1
zhs1 € argmin £(y) + o[y - 2l (A.5)
Yy



28 APPENDIX

Due to Proposition A.10, we would like to pass to the limit as 7 — 0 and conclude that a Minimizing
Movement curve is a gradient flow in the sense of Definition A.7. However, this is not always the case
and such a curve only satisfies a relaxed gradient equation, with the time-dependent vector field v; only
belonging to the limiting subdifferential of F at u; [AGS05, Def 11.1.5]. In the case of a functional F
which is A-convex along generalized geodesics [AGS05, Def 9.2.2, 9.2.4, Th 11.2.1], more can be said.

Theorem A.12 (Gradient flow for A-convex functionals). Let F be a A-convex functional along gen-
eralized geodesics and pg € Po. Then:
o There exists a unique Minimizing Movement curve starting from pg.
o This limiting curve p; is a solution of the gradient flow equation (A.3).
e (EVI) The curve u; satisfies the EVI inequality, for all v € Py
1d
2dt
o If X > 0, F admits a unique minimum . and both p; and F(u:) converge exponentially
respectively to p. and F ().
o If A\ =0 and F admits a minimum F, then

W3 e,) < F () = Flue) — 3WE 0 (A6)

W. s Mo
2t
Example A.13. e If F is defined on measures with density with respect to the Lebesgue mea-

sure (1 = p(x)dz) by the formula F(u = p(x)dz) := [ F(p)dx where F is convex, superlinear,
satisfies F/(0) = 0, and that the map s — s?F(s79) is convex and non increasing, then F is
convex along generalized geodesics [Sanl5, Th 7.28]. For example, this condition is verified
for H :  — xlog(z) which gives the Boltzmann entropy H, and F, :  + 2P where p > 1,
defining p-energies.

o If V : R - R is A-convex, the associated potential functional V : pu [ Vdp is A-convex
along geodesics.

o If W :R%xR? — R is \-convex, the associated auto-interaction functional W : p J Wadp®?
is A-convex along geodesics.

e The previous condition is not necessary. In dimension 1, let us define Ay = {(z,y),z < y}
and A_ = {(z,y),x > y}. Then if W is convex when restricted to A and A_, the associated
energy W is convex along generalized geodesics. That is the case for the Energy Distance
kernel (z,y) — —|lz —y||.

Corollary A.14 (Convergence of the Energy Distance gradient flow in 1D). Let pg,v € P2(R) with
finite first moment. Using the previous results, there exists a unique solution p to the associated
gradient flow equation (A.3) for the functional E, with the energy distance kernel, obtained as a
Minimizing Movement curve from pg. Furthermore:

WQ(,UJOa V)
2t '

Proof. Let x,y € R. If (z,y) € Ay, then — ||z — y|| = = — y and the Energy distance kernel is convex
on A If (z,y) € A_, then —||z — y|| = y — « and the Energy distance kernel is convex on A_. This
proves that E,(-) is convex along Wasserstein geodesics. The result directly follows from Theorem
A12. O

EV(/'Lt) S

However, it is important to note that in higher dimensions, the energy is not convex along generalized
geodesics.

APPENDIX B. KERNELS, MMD AND POTENTIAL THEORY

In this paper, we are interested in particular functionals on probability measure spaces: MMD-
energies.

Definition B.1. Let G be a conditionally positive kernel (possibly taking infinite values).
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e The associated internal G-energy functional of a signed measure p is defined by:

E(p) = %<p, G *p).

e If 1 and v are probability measures of finite internal energy, we define the functional:
Ey(p) = E(p—v).
The Maximum Mean Discrepancy of kernel G between p and v is defined as:
MMD(u,v) =+E(u—v).
Maximum Mean Discrepancies have been studied in the context of Wasserstein gradient flows, but

mainly in smooth cases [Arb+19].

B.1. In the Euclidean Space. A particular class of singular kernels o Riesz kernels.

Definition B.2 (Riesz kernels). In the Euclidean space R?, d € N, Riesz kernels are defined by:
1
kS (.I, y) TR
sllz —yl*

for s € [-1,d — 2]\ {0}. If s = 0, the kernel is defined as ko(z,y) = —log(|lz — y||) -

In this article, we focus on two kernels:

The Coulomb kernel. In R? the Coulomb Kernel is given by kq_»(z,y) = W.

remarkable as a fundamental solution of the Laplace equation in R¢ in the following sense.

It is

Proposition B.3 (Corresponding differential operator). Let G be the Coulomb Kernel in R%. There
exists a positive constant cq such that G is the fundamental solution of é(—A)? in RY, which is, if
A, G(x,y) is equal to the Laplacian of x — G(x,y):

1

_(_Ax)G(Ia y) = 69 '

Cd
Definition B.4. For a kernel G and a measure p, we define the associated potential by <p§ =Gxp
when it is well-defined.

When there is no ambiguity on the kernel G or the measure p we will only write ¢ instead of cpf.
In the Coulomb case, this potential corresponds to the electric field generated by a distribution p of
electric charges.

Proposition B.5 (Coulomb kernel and Laplace equation). Let G be the Coulomb kernel in R? and p
be a positive measure. Then, the associated potential ¢, satisfies the equation:

(D)=
Cd
This equation establishes that, for the Coulomb kernel, the potential ¢, is harmonic outside of the

support of x, and superharmonic in R¢ [Pap04].
The Energy Distance kernel. The Energy Kernel is independent of the dimension and defined by
k_1(x,y) = —||z — y||. It has the good property that any measure with a finite first moment has finite
internal energy. This is to compare with the Coulomb kernel, where additional regularity is required,
e.g. finite H_1 norm.

Proposition B.6 (Convexity on probability measures). Let G be the Coulomb or Energy Distance
kernel and v € P(R?) with finite G-energy. Then the associated functional E,(-) = E(- — v) is a
quadratic functional (in u) that is strictly convex (for the convex structure on P(R?)) on its domain.
It is positive and equal to 0 if and only if p = v. Moreover, the application (p,v) — MMD(u,v) =
vV E(u—v) defines a distance on probability measures with finite G-energy
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B.2. Extension to Riemannian Manifolds. We focus on compact manifolds without boundaries
to avoid possible loss of mass at infinity in the dynamics. Coulomb-like interactions among probability
measures can be defined through the fundamental solution of the Laplace equation on some Riemannian
manifolds. We use the formalism developed in [Gar19] and [Ste21], along with results from [Aub98].

Let (M,g) be a compact oriented n-dimensional Riemannian manifold without boundary where
g is the Riemannian metric. We denote 7 its volume form, assuming 7(M) = 1. Additionally,
App i C®(M) — C(M) is the associated Laplace-Beltrami operator.

Definition B.7 (Green’s function on a manifold). A kernel G : M x M —] — oo, +00] is said to be a
Green function if it is symmetric, if G : y € M — G(x,y) is integrable for all z € M, and if it satisfies
the Laplacian equation:

—ApGy=—6,+1, (B.1)

in a distributional sense.
The following existence and quasi-uniqueness result is given in [Aub98, Chapter 4].

Proposition B.8. Let (M, g) as defined previously. Then, equation (B.1) admits a unique solution,
up to an additive constant.

In particular, if x4 is a measure on M, we can define the potential ¢, (u)(z) = [ G(z,y)du(y).
Then, in the sense of distributions Anrp, = —p + p(M)w. In particular, G is bounded from below
and [ G(z,y)dr(y) does not depend on z. We denote by G the unique Green function such that
J G(z,y)dn(y) = 0. The Green’s function G is lower semi-continuous, so that the functional defined
by:

W(n) = / /MxM G, y)du(x)du(y) (B.2)

is lower semi-continuous for the weak topology. Furthermore, the kernel G is C* outside of the diagonal
D = {(x,z)|z € M}. Now, let v be a density probability measure on M. The energy functional is
defined similarly:

B =5 [ Glain =),

This energy is lower semi-continuous, positive, and equal to 0 if and only if 4 = v. As in the Euclidean
case, the square root is a distance between p and v [Cardb; Garl9].

APPENDIX C. SOME PROOFS

Proof of Lemma 2.4. Let us fix a vector field v € Cg°, and prove the following equality in both cases:

lim B, ((id + tv)zéﬁu) - B _ /(VG) w(u—v) - vdp. (1)
First case: If G = —||.||. First let us remark that if z = y, G(z —y + t(v(z) —v(y))) = G(x —y) = 0.
Then:
g 1 Gl 4 H00) o)) = G =) 10,
T#Y
=3 [ VG -9 0@~ o@)dp@nty)
TH#Y

-/ VGG ) vdut)iny).
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Same for the other term of the MMD energy:

}1_{%% G(x —y+ tv(f)) - G(x — y) d,u(a:)du(y)
TAY

_ / | VG =) v@)du@)dv(y)

=/ VG(x —y) - v(x)dp(z)dv(y) .
ay
We conclude that Formula (C.1) holds for the Energy Distance kernel.

Second case: If G = Hl\% Here, we need to use the result that if a positive measure has finite

Coulomb energy, then it cannot be too singular, i.e. if we define the diagonal D :={z =y} C X x X
then 4®?(D) = 0. Indeed, [, Gdu®? < [ Gdu®? < oo, and G = 400 on D, which proves u®?(D) = 0.
This means that for any measure p with finite energy:

/Gdu®2 = Gdu®?.
DC

Thus we can conclude that Formula (C.1) holds for the Coulomb kernel with similar computations, as

G is C* on D¢. We write:
B, ((id + to)#u) — By (1) _ B, ((id + to)#) — By (1) Wa((id + tv)#u, 1)

t Wa((id + tv)#pu, 1) t
By definition of the slope, we get:

E,((id + tv)#p) — E, (1)

lim su - < |0E, .
50t Wa((id + to) e, 1) OF)
Additionally,
lim sup Wa((id + to) . 1) < vl Loy »

t—0 t
so that, taking the limit for ¢ — 0 we get:

/7& (VG) * (/14 - I/) ’ ’Udp, < |aEV|(/'I’)||’UHL2(:U') :
TFY

Similarly, using —v instead of v, we have:

[ (56 =) v < 9Bl
T7Y

As the vector field v chosen is arbitrary, we get:

I(VG) * (1= )l La(u) < |OE|(1)
which proves the result. 0

Proof of Lemma 2.5. Let p be a measure, and id + v an optimal transport between p and v (so that
p = (id + v)#u) which exists as p € P;. We note £ := VG x (u — v), which is a well-defined vector
field everywhere. Using the same computations as in the proof of equality (C.1), we get:

Eu(p) — Eu(n) = / € v+ ol(lol12, ).

However, as v is an arbitrary optimal transport plan between u and p and p is regular, we get:

Ep)=Bw) > inf / € (y — 2)dvo + o(W2(j1,p))

which concludes the proof by Definition A.6. O
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