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The present contribution focuses on recent advances in the modeling of phase transformations inmetastable Ti alloys, in connection with the large set of experiments performed at Institut Jean Lamour, Nancy, France, for about 20 years. Starting with a physically-based nucleation-growth model at the mm scale designed to compute the kinetic diagrams and relying on the Calphad approach to handle multicomponent alloys, we will discuss di↵erent issues remaining opened which require models at lower scales, accounting for the influence of elasticity. Hence, questions related to the colonies of Widmanstätten ↵ plates will first be addressed using phase field calculations. In particular, we will show that their growth direction and kinetics are essentially determined by the anisotropy of elastic energy generated by the eigenstrain associated with the bcc to hcp transformation. Then, we will rapidly illustrate the influence of elasticity on the intragranular ↵ 00 /↵ precipitates featuring specific spatial patterns.

Introduction

-metastable titanium alloys associate excellent mechanical properties and good formability, both features ensuing from the ability of the phase (bcc) to be deformed plastically and to transform into different phases that display various morphologies and patterns. Moreover, due to their ability to retain at room temperature after quenching, they o↵er the greatest flexibility for designing heat and thermomechanical routes toward complex microstructural architectures. Among the di↵erent phase transformations undergone by Ti alloys, the ! ↵ (hcp) transformation is obviously the most important from a practical point of view because it provides the final microstructural backbone, with di↵erent combinations of morphologies. The di↵erent morphologies obtained during heat treatments starting from high temperature , either continuous coolings or isothermal holdings, have been identified and rationalized in a series of works [1,2,3,4]: grain boundary allotriomorph precipitates ↵ GB nucleate and grow at the / grain boundaries at the highest temperatures below the transus temperature, and/or during slow coolings; Then, colonies of parallel Widmanstätten plates are most often growing from the ↵ GB layers toward the core of the grains. At intermediate temperatures and/or during faster coolings, intragranular precipitates ↵ WI nucleate and grow to form selforganized interwoven patterns. During ageing, the supersaturated metastable phase retained at room temperature may transform into di↵erent metastable phases, such as ! (hexagonal) or ↵ 00 (orthorhombic) phases, at low temperatures (typically below 550 C) and/or slow heating rates, that may promote the subsequent appearance of the stable ↵ phase at longer time and su cient temperature for di↵usion of alloying species to proceed. The transformation pathways through transient metastable phases promote most often very dense distributions of small ↵ precipitates [5,6]. This variety of microstructures renders more complex the control of the thermo-mechanical treatments of industrial parts, because the range of conditions inherent to their large sizes leads to heterogeneous distribution of properties with the associated spreading of their mean values. Hence, predicting the microstructures in -metastable Ti alloys has become a mandatory prerequisite for improving existing processes and designing new ones so as to achieve better and well-controlled properties. Due to the ongoing increase of available computational resources, these last years have seen a deep trend aiming at starting from the basic principles to design materials. But deriving relevant rules for the industrial practice from Ab Initio and atomic scale calculations is still out of reach despite promising advances along that way [7]. Thus, one has to resort to multiscale strategies, In proceedings of Ti-2015 (San Diego)

with the most straightforward one being a bottomup approach nesting models at di↵erent scales, where the lower scales feed the upper ones with physicallybased parameters. Contrary to this current mainstream aiming at upscaling progressively from Ab Initio, we have proceeded the inverse way, starting from the upper macroscale. There are some advantages in doing so as will be illustrated in the present contribution, even if we share with the bottom-up approach the same ultimate goal, i.e. the design of physically sound models with the less possible empirical parameters.

Indeed, starting with the recent achievements of a nucleation-growth model aiming at predicting the kinetic diagrams associated with the ! ↵ transformation, we will identify critical issues requiring insights from modeling at the mesoscale, and that would not emerge as clearly from a bottom-up approach. Then, we will discuss how these points have been handled with phase field models before rapidly concluding on the main achievements.

Modeling at the macroscale

The nucleation and growth models lie on top of the bottom-up multiscale strategy handling phase transformations, and as such, constitute the metallurgical counterparts of mean-field models in micromechanics. They have been largely developed for precipitation in steels and aluminum alloys, but rarely in titanium alloys. Indeed, the development of such kind of models is more complex in these alloys due to the various morphologies associated with di↵erent locations and patterns. These last ten years, some of the present authors have proposed in a series of works [4,8,9,10] a modeling framework able to predict the formation of the di↵erent morphologies of the ↵ phase ensuing from heat treatments starting from high-temperature .

This framework is based on the following ingredients. (i) First, it relies on a geometrical representation of the microstructure, in agreement with the extensive quantitative observations in [1,3,4,11], di↵erentiating the above mentioned ↵ morphologies as schematized in the insets in Figs. 2 and4: the surfaces of the grains are divided into several faces with di↵erent grain boundary energies and where ↵ GB first nucleate and grow as planar precipitates. When their width reaches a critical value determined experimentally in [2], colonies of ↵ WGB plates characterized by average spacing, thickness and length grow inward from the existing ↵ GB . Finally, ↵ WI precipitates nucleate inside free outside the ↵ WGB colonies and grow as oblate spheroids with aspect ratio in agreement with observations [2]. (ii) Next, analytical expressions for the nucleation and growth steps of each morphology are required. For ↵ GB and ↵ WI , the classical nucleation theory is applied and reads:

J / exp G ? /(kT ) (1) 
G ? = f ( )/( G v + E el ) ( 2 
)
where J is the nucleation flux, i.e. the formation rate of new precipitates, and G ? is the nucleation barrier that generally involves the ratio of interfacial energies through some possibly complex function f [12] and of the bulk Gibbs energy composed of chemical and elastic contributions, resp. G v and E el .

Concerning the growth and dissolution rates of the di↵erent morphologies of ↵, they are given by the solute balances at the interfaces assumed to be at local equilibrium. Using the simplifications of the geometrical representation, analytical solutions to the diffusion problem in the abutting bulk phases can be derived, see e.g. [START_REF] Sekerka | The moving boundary problem, Lectures on the Theory of Phase Transformations[END_REF]. For the Widmanstätten plates with parabolic tips, the Ivantsov solution together with a selection criterion [START_REF] Ivantsov | [END_REF]15] gives:

⌦ = p ⇡Pe exp(Pe) erfc( p Pe) (3) 
R p = N (V p , ) (4) 
with ⌦ the supersaturation in the involved species; Pe = V p R p /(2D) where V p and R p are respectively the velocity and curvature radius of the plate tip and D the relevant chemical di↵usivity. As shown by Eq. ( 3), solving the di↵usion problem only provides the Péclet number Pe. The selection of the tip radius and velocity is usually performed by introducing the influence on local equilibrium of the excess free energy associated with a curved interface, as expressed formally by Eq. ( 4).

For both nucleation and growth laws, a thermodynamic description of the two-phase alloy is required.

The most recent version of our model resorts on the Calphad description of the ↵ and phases with the Saunders database [START_REF] Napoli | Proc. of Titanium 2011[END_REF][START_REF] Napoli | [END_REF] to extend its applicability to all titanium alloys displaying similar hierarchies of microstructures.

(iii) Finally, averaged solute balances over the bulk phases are performed in the spirit of [18] to handle consistently the interaction of the di↵erent morphologies by soft impingement. We refer the reader to [4,[START_REF] Napoli | Proc. of Titanium 2011[END_REF][START_REF] Napoli | [END_REF]19] for full details of the governing equations. The capabilities of our model are illustrated with the TTT diagram of Ti17 alloy in Fig. 1 [8], but the same kind of results has also been obtained for other alloys, such as -Cez [4] or Ti555-3 [5]. The experimental kinetics have been obtained from in-situ resistivity measurements which have been shown to be reliable by comparison with in-situ high energy Xray di↵raction [11]. An excellent agreement has been achieved for the whole range of temperatures exhibiting all kind of morphology formed from high temperature . As shown in Fig. 2, in the high temperature range the kinetics of the overall ! ↵ transformation displays a regime linear in time that corresponds to the growth of the Widmanstätten plates: the accuracy of the model for the plate growth, such as Eqs. (3,4), and its sensitivity to its physical parameters, is thus critical for a good assessment of the kinetics at high temperature. For the intermediate temperature range where the intragranular morphology is observed, the prediction of the nucleationgrowth model has proved to rely mainly on the nucleation step, Eqs. (1,2), because growth of ↵ WI is predicted to be very slow with the prescribed oblate spheroidal shapes [START_REF] Settefrati | Proc. of Titanium 2011[END_REF].

Hence, besides the usual issues accompanying the thermodynamic description of multi-component alloys, in particular related to the metastable regions in the Calphad approach, it appears clearly from the above points that the success behind the predicted kinetic diagrams relies on the knowledge of two major parameters: the ↵/ interfacial energy , and temperature for di↵erent interface energies . The red dot has been obtained from measurements on a series of interrupted treatments at 790 C [4].

the elastic energy E el . Unfortunately, both parameters cannot be measured directly, and their theoretical determination remains an active field of research. Consequently, we have resorted to some fitting procedure, performed on a minimal set of experimental kinetics, generally a few isothermal ones. It is subsequently checked that the whole TTT and the CCT diagrams can be recovered, as well as the fractions of the di↵erent observed morphologies. Moreover, it is worth stressing that the sets of values obtained for the di↵erent alloys are close to each other and are physically reasonable and consistent with values generally proposed in the literature (in particular for the interfacial energy). The sensitivity of the Widmanstätten growth rate to the value of the interface energy, as given by Eqs. (3,4), is illustrated in Fig. 3: the growth rates increase with decreasing because the tips can become sharper with high curvatures promoting larger concentration gradients. In -Cez alloy at 790 C, the best fit has been obtained for = 180 mJ/m 2 , a value in agreement with the order of magnitude of semi-coherent interfaces. However, it is also clear that significant variations of the lengthening rates can be induced by variations of within reasonable bounds. Furthermore, Fig. 4 illustrates the influence of elastic energy entering Eq. ( 2), the second parameter identified as critical for predicting the kinetics of the intragranular precipitation, using the value of consistent with the ↵ WGB growth: the precipitation kinetics of ↵ WI at 650 C is plotted for two values of E el , given by estimates based on an Eshelby spheroidal inclusion model with di↵erent aspect ratios [5,[START_REF] Settefrati | Proc. of Titanium 2011[END_REF]. As expected, because it enters the nucleation barrier, Eq. ( 2), any moderate variation of E el has a strong impact on the nucleation flux J of ↵ WI , and thus on the overall ! ↵ kinetics. Finally, beside the sensitivity of the results of the nucleationgrowth model to the values of and E el , it is worth stressing that the influence of elasticity is not accounted for in the growth stages of any ↵ morphology. If this seems reasonable for allotriomorph ↵ GB observed at the highest temperatures where plasticity is likely to be operative, it becomes very questionable for the two other morphologies displaying very anistropic shapes, as will be shown in the next section. basic beliefs usually taken for granted: is Ivantsov solution, together with a selection criterion based on the interfacial energy only, really relevant for Widmanstätten plates? And is nucleation the main process controlling the kinetics of ↵ WI precipitation because growth is spheroidal and, as such, very slow with the observed final aspect ratios? To address these questions, models at the mesoscale are obviously required with the capability to account for elasticity. For that purpose, we have developed phase field models which have proved to be the best suited. To achieve a good control of the interface conditions, in view of handling large scale calculations and using interface thicknesses not too small (a few nm) we have resorted to a particular formulation based on [START_REF] Plapp | [END_REF], relying on one vectorial phase field and a single concentration field corresponding to the alloying species with the smallest di↵usion coe cient. Full details of the model are given in [5,[START_REF] Appolaire | Proc. of Titanium 2007[END_REF][START_REF] Cottura | [END_REF] and will not be reproduced here for brevity. The coupling with elasticity, solved using Fast Fourier Transforms with the method of [24] for handling inhomogeneous elastic constants between the ↵ and phases, is carried by an eigenstrain assumed to depend only on the phase field. This confines the coupling between elasticity and phase change at the interfaces, such that usual sharp interface conditions, e.g. [25], are recovered when the interface thickness is smaller than the size of the precipitates [START_REF] Ammar | Forest[END_REF]. The eigenstrain, associated with the transformation of the bcc lattice structure of into the hcp structure of ↵, is derived assuming that the Burgers re-lationship (BOR) holds between both phases, i.e. ( 110) ||(0001) ↵ and h 11 1i ||h11 20i ↵ . According to Burgers [27], the atomic mechanism of the ! ↵ transformation can be decomposed into an homogeneous shear B ⇠ of the bcc unit cell (together with a small contraction normal to the shear plane) and a shu✏e every two {110} planes. Finally, the dense directions are aligned by a slight rotation R ⇠ of 5.26 around h110i . Thus, accounting for the symmetries of both phases, 12 variants of ↵ fulfill the BOR. In the ortho-hexagonal frame of a particular variant (Fig. 5), the shear reads:

Modeling at the mesoscale

It is clear that improving the prediction capabilities of the macroscale model necessitates to revisit a few

B ⇠ = 0 @ p 3a ↵ /( p 2a ) 0 0 0 a ↵ /a 0 0 0 c ↵ /( p 2c ↵ ) 1 A
with respect to the lattice parameters of both phases in stress-free conditions. Then, accounting for the rotation R ⇠ , the eigenstrain can be written in the small strain framework as:

" ⇠ ? = 1 2 (R ⇠ • B ⇠ + (R ⇠ • B ⇠ ) T ) 1 ⇠
It is worth stressing that the lattice parameters in the di↵erent -metastable alloys are usually not available in stress-free conditions, such that it is di cult to deconcolve the chemical and elastic contributions.

For that reason, we have used the values obtained during the allotropic transformation in pure Ti by in-situ high energy X-ray di↵raction [5]. Finally, neglecting the rotation which has been shown not to change drastically the results [5], the eigenstrain reads:

" ⇠ ? ⇡ 0 @ 10% 0 0 0 10% 0 0 0 1% 1 A (5) 
To bring new insight into the growth mechanism of Widmanstätten plates, we have first investigated the growth of a single ↵ variant so as to obtain clues about the growth direction and kinetics (Fig. 5). Starting from a spherical nucleus at the center of a supersaturated matrix, the di↵usion-controlled growth first proceeds by a fast lengthening along the h110i direction, normal to the dense plane shared between both phases (horizontal in Fig. 5). During this stage, the precipitate is needle-like and exhibits a sharp tip. Then, growth proceeds more slowly along the invariant line {2 23} , to form a plate. The fact that the fastest growth direction is normal to the invariant line is a major conclusion, that has been overlooked in [START_REF] Cottura | [END_REF] (where this growth direction has been wrongly called invariant line), because it contrasts with the usual claim that plates grow along the invariant line without mentioning any other direction. Indeed, if it does not discard the first studies rationalizing the plate morphologies in di↵erent alloys, e.g. [28], it shows Ivantsov solution (continuous line) and phase field calculations (dots) with eigenstrain Eq. ( 6). that it is not su cient that the habit plane of a plate contains the invariant line to infer how growth has proceeded. However, it is worth mentioning that the calculation in Fig. 5 cannot be considered as delivering a generic aspect ratio with a longer axis along the invariant line because it is influenced by the orientation of the precipitate with respect to the box together with the periodic boundary conditions. This suggests that the aspect ratios and the character of the Widmanstätten precipitates, either lath or plate, would depend very much on the sequence and neighborhood.

To understand further this two-step process which has never been put forward, we have inspected the anisotropy of the elastic energy associated with an ↵ precipitate fulfilling BOR with eigenstrain Eq. ( 5). This anisotropy is shown in Fig. 6 where the direction of any point on the colored surface corresponds to the normal to the plate interface. It features two pairs of minima corresponding to two potential habit planes: { 334} and {3 3 4.8} , in agreement with the habit planes usually reported in the literature [START_REF] Banerjee | Phase transformations examples from titanium and zirconium alloys[END_REF]. We have also plotted two sections of the 3D polar plot containing respectively all minima (Fig. 6b), or only the pair { 334} (Fig. 6c). They feature peculiar shapes with respectively four or two opposite lobes, which will prove to be essential for understanding the two-step process. Indeed, we have then proceeded to a series of 2D calculations [START_REF] Cottura | [END_REF] in very large boxes to avoid neighbor interactions, considering particular eigenstrains displaying anisotropic elastic energies with shapes similar to those of the sections in Fig. 6: the two lobe shape is generated by an eigenstrain of the form:

" ⇠ ? = " T 22 0 @ 0 0 0 0 1 0 0 0 0 1 A (6) 
whereas the four lobe shape is generated by an eigenstrain of the form:

" ⇠ ? = " T 0 @ 1 0 0 0 1 0 0 0 0 1 A (7) 
where " T 22 and " T are the respective amplitude of the eigenstrains. Using the two lobe eigenstrain Eq. ( 6), irrespective of its amplitude, we have obtained acicular precipitates with sharp tips as shown in the insets in Fig. 8. Moreover, they lengthen in the direction of the lobes at constant growth rates, as observed for the plates in the ↵ WGB colonies (Fig. 2). As shown in Fig. 7, the Péclet number exhibits a dependency on the matrix supersaturation close to the prediction of Ivantsov's model. This result, unexpected because the tips are strongly influenced by elasticity and do not feature exact parabolic shapes, indicates that Ivantsov solution can still be used to approximate the constant lengthening rate of the Widmanstätten plates. However, as shown in Fig. 8, it is clear that the selection criterion Eq. ( 4) must include the influence of elasticity through some eigenstrain amplitude. On the contrary, in the case of the four lobe eigenstrain Eq. ( 7), when the amplitude " T remains moderate, acicular precipitates form and lengthen along one of the two minimal directions of the elastic energy polar plot, with tips exhibiting flat shapes corresponding to the second direction of minimal elastic energy. In that case, the lengthening kinetics follows a p t law. Then, based on these results, the 3D two-step growth can be understood as follows: the Widmanstätten plates first lengthen at constant rate along the h110i direction perpendicular to the dense planes common to hcp and bcc according to BOR. Then, they widen laterally as p t along the invariant line h2 23i . In the case of ↵ WGB colonies, it is likely that the preliminary presence of the allotriomorph layer at previous / grain boundaries influences this process. This would support the assumption that colonies are generated by destabilization of the ↵ GB layers.

Finally, to investigate the consequences of the twostep process on the formation of the intragranular morphology where the interactions between neighboring precipitates are likely to play an important rôle, we have performed 3D calculations with 512 spherical nuclei selected randomly and equiprobably among the 12 possible variants (Fig. 9). First, it is worth mentioning that a careful analysis of the strains within the precipitates indicates that the orthorhombic lattice structure associated with the metastable ↵ 00 could be attributed to the large elastic interactions in a dense population of precipitates [START_REF] Appolaire | [END_REF]. Then, there would be no di↵erence in nature between ↵ and ↵ 00 , and this would explain the progressive +↵ 00 ! +↵ apparent transformation observed by in-situ high energy X-ray di↵raction [11,5,31] with the coarsening of the structure accompanied by some stress release. Then, it appears that the twostep growth process is less pronounced in a dense population due to the complex elastic interactions between the precipitates. Indeed, the formation of large plates (e.g. blue in Fig. 9) with clear habit planes, or laths (e.g. yellow) along invariant lines, proceeds by coarsening and merging of neighboring identical variants rather than by the two-step growth. Starting with fewer nuclei would give situations in between the merging dominated evolution and the two-step growth. In any case, it is obvious that the growth of ↵ WI cannot be considered as spheroidal with a constant aspect ratio taken as some final aspect ratio observed in 2D micrographs, and that the respective importance of nucleation and growth of the intragranular morphology should be revisited in the light of the present calculations.

Conclusion

We have reported recent developments in the modeling of phase transformations in -metastable Ti alloys, focusing mainly on the ! ↵ transformation. First, we have identified two major assumptions, usual but critical, used in the nucleation/growth macroscale model developed for predicting kinetic diagrams. (i) The selection of the constant growth rate associated with ↵ WGB , the Widmanstätten plates organized in colonies, currently relies only on the interface energy. (ii) The kinetics of the intragranular acicular precipitates is mainly controlled by the nucleation stage with a strong sensitivity to the elastic energy associated with the nuclei, because growth is very slow for their assumed spheroidal shapes and aspect ratios. To address the validity of such assumptions, we have performed extensive phase field calculations, including elasticity. We have shown that the growth of the Widmanstätten plates is likely to proceed in a two-stage manner: first by lengthening at constant rate along the h110i direction; then by widening along the invariant line direction h2 23i . It is worth stressing that the lengthening rate could still be predicted by the Ivantsov solution, provided that it is appended with a modified selection criterion accounting for elasticity rather than only interface energy. Finally, we have performed calculations of dense populations of intragranular precipitates, accounting for the 12 possible crystallographic variants. Based on a preliminary analysis, it is suggested that the growth kinetics of ↵ WI would not be negligible and proceed with the two-step mechanism.
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 1 Figure 1: TTT diagram of Ti17 alloy: experimental kinetics by electrical resistivity (black and white dots for respectively 10% and 90% of transformation; -Cez with faded dots for comparison) and calculations (lines). Microstructures associated with the di↵erent temperature ranges shown in the inset micrographs.
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 23 Figure 2: Kinetics of the

Figure 4 :

 4 Figure 4: Precipitation kinetics of ↵WI in Ti555-3 at 650 C: electrical resistivity (dots) and calculations with two elastic energies used in Eq. (2).

Figure 5 :

 5 Figure 5: Phase field prediction of the shape of an ↵ precipitate in matrix (21 3 nm 3 box corresponding to the ortho-hexagonal frame depicted at the lower right corner).

Figure 6 :

 6 Figure 6: (a) Polar plot of the elastic energy density of an infinite thin ↵ plate with eigenstrain given by Eq. (5) in the bcc frame. Two sections passing through the minima: (b) normal to h110i ; (c) normal to h3 3 4.8i (snapshots of the plates in red are plotted every ⇡/4, with the normal contained in the gray plane).

Figure 7 :

 7 Figure 7: Péclet number Pe vs. supersaturation ⌦.

T

  

Figure 8 :

 8 Figure 8: Tip radius vs. amplitude of the eigenstrain Eq. (6).

Figure 9 :

 9 Figure 9: Snapshot of 3D phase field calculations (256 3 nm 3 ) of intragranular ↵WI precipitates. The variants sharing the same compact direction [ 111] ||[11 20]↵ are colored.
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