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Although the Hodgkin-Huxley model is ubiquitously used for predicting axonal signal transmission in the central nervous system, it has a number of notable shortcomings, such as its inability to predict the effect of certain anesthetics and an inability to completely describe saltatory conduction. Competing models have thus emerged including the soliton, action wave, and softmaterial waveguide models, all of which describe information transmission as propagating physical distortions in the neuronal membrane rather than a traveling action potential; these mechanical models have their own shortcomings, being unable to predict the effects of ion channel blockers. Herein, we propose the Soliton-Sensitive Hodgkin Huxley framework as a unified electricalmechanical construct that incorporates the action wave model's thermodynamic description of membrane displacement into the mathematical formalism of Hodgkin-Huxley. Using this framework, hybrid models can be constructed that retain the simplicity of the Hodgkin-Huxley model, while augmenting its robustness such that it can reproduce experimental observations in systems wherein the physical structure of the neuronal membrane is altered. This notion of incorporating mechanical information as input to generate electrical signal output (action potentials) represents a promising avenue for the development of a new generation of simple hybrid models.

INTRODUCTION

Modeling signal propagation in the central nervous system requires an understanding of how billions of individual neurons communicate via trillions of intercellular connections -a process made even more cumbersome by the immense variability between nerve cells' structure and function, and the complex chemical environment of the brain, which contains a host of proteins, aqueous ions, and static and dynamic electric fields [START_REF] Ingalls | Mathematical Modelling in Systems Biology: An Introduction[END_REF]. The most recognized biochemical model is the Hodgkin-Huxley (HH) model, which describes neuronal signal transmission in terms of electronic effects mediated by ion channel activity. Although this model is ubiquitous in the realm of neurophysiology, there are several competing, although less popular, models put forward by the biophysics community, dating back to the 1980's origins of the soliton model [START_REF] Heimburg | On the action potential as a propagating density pulse and the role of anesthetics[END_REF][START_REF] Heimburg | On soliton propagation in biomembranes and nerves[END_REF].

These competing biophysics models describe nerve signal transmission from first principles using thermodynamics. This results in the formation of models that attribute mechanical, rather than electrical, properties of the neuronal membrane to information transmission. There are three noteworthy examples: soliton, action wave, and softmaterial waveguide models [START_REF] El | Machta, Mechanical surface waves accompany action potential propagation[END_REF][START_REF] Xu | Experimental and Computational Studies on the Basic Transmission Properties of Electromagnetic Waves in Softmaterial Waveguides[END_REF]. These three models disagree with respect to the precise mechanical properties that are most important to information transmission; however, they all agree that the mechanical properties are essential to a comprehensive explanation of signal transmission through the nerve axon.

The HH, soliton, action wave, and softmaterial waveguide models are all related in one noteworthy respect; they are all insufficiently robust to completely explain all experimentally observed phenomena. The HH model is poorly equipped to describe signal transmission activity that involves manipulation of the neuronal membranes physical properties; for example, it cannot account for the effects of pressure changes upon ethanol-induced anaesthetics in tadpoles [START_REF] Xu | Experimental and Computational Studies on the Basic Transmission Properties of Electromagnetic Waves in Softmaterial Waveguides[END_REF]. However, mechanical models such as the soliton model can describe this behavior and can even predict the pressure required to restore neuronal activity. Another example is one in which two antiparallel signals clash within the axon [START_REF] Fillafer | Collision of two action potentials in a single excitable cell[END_REF][START_REF] Gonzalez-Perez | Penetration of Action Potentials During Collision in the Median and Lateral Giant Axons of Invertebrates[END_REF]; a model which treats the propagating signal as purely electrical predicts that the signals would annihilate, whereas a model which treats the signal as mechanical correctly predicts experimental observations in earthworm and lobster neurons -the signals pass through each other. Nonetheless, mechanical models also have shortcomings; for example, the soliton model is unable to correctly describe saltatory conduction [START_REF] Xu | Experimental and Computational Studies on the Basic Transmission Properties of Electromagnetic Waves in Softmaterial Waveguides[END_REF]. This deficiency has more recently been addressed by the action wave and softmaterial waveguide models. The soliton model also fails to explain how conduction can occur within neurons at temperatures sufficiently low to render impossible the phase transition required for information transmission. The HH model has no difficulty describing signal transmission at low temperatures because it relies on electrical signals rather than lipid phase transitions to describe information transition. Mechanical models also struggle to describe how pharmaceutical drugs, which block ion channel activity, subsequently inhibit neuronal function.

Electrical and mechanical models for signal transmission each have strengths and inherent flaws. Although both types of models have variably accurate predictive correctness, they falter in their complete robustness. Our work provides a framework for creating unified electrical-mechanical models which takes advantage of the distinct specialized domains of the uniformly electrical and mechanical models. A unified construct, the Soliton-Sensitive Hodgkin Huxley (SSHH) framework, is outlined and incorporates favourable aspects of the electrical and mechanical models with the goal of increasing robustness while maintaining simplicity.

BACKGROUND

Hodgkin-Huxley Model (HH)

The HH model places heavy focus on the propagating electrical signal created by the sequential activity of voltage-gated ion channels [START_REF] Hodgkin | A quantitative description of membrane current and its application to conduction and excitation in nerve[END_REF]. This model was developed using the giant squid axon and is described in terms of Na + and K + ions. Other models such as the Morris-Lecar (ML) model have been developed within the HH framework using Na + and Ca 2+ ions (from barnacle muscles). In this context, HH is used to refer to a framework of related models that may differ in minor details such as the specific ions/ion channels.

Central to HH is the transmembrane potential, which is related to a number of key parameters: intra-and extracellular ion concentrations, ion channel permeability, non-specific ion "leak", and the Nernst potential. Fluctuation in the membrane potential is the basis for an action potential (AP), which is essentially a uniform traveling membrane voltage spike. The way that a neuron reacts to a sudden voltage spike falls into two categories: non-excitable, and excitable. A non-excitable neuron is one which quickly counteracts the effects of a sudden externally initiated voltage change. This response does not result in the creation of an AP.

An excitable neuron is characterized by its response to a sufficiently strong voltage spike. Excitable neurons will produce an AP if the voltage spike is above a particular system specific cut-off. The excitability is caused by voltage-gated ion channels which confer additional feedback between the transmembrane current and the membrane voltage. In other words, the voltage change itself affects the voltage-gated ion channel structure such that the flow of ions (i.e. transmembrane current) is altered. The function of these voltage-gated channels, as well as the fact that channels for different A neuron's resting potential is the culmination of a number of factors: initial ion concentrations, non-specific ion "leak" across membranes, and resting activity of ion channels. In general, this results in a steady state being attained wherein there is a persistent negative membrane voltage. The action potential may then be identified as a sudden spike in membrane voltage which suddenly reverses in direction after some short time designated τ. If the initial voltage spike was above the cut-off threshold, then the voltage will overcorrect after the reversal event and dip into voltage values lower than its initial steady state value. During this time the voltage will re-correct again back to its original steady state value, taking an amount of time to do so referred to as the refractory period. The end of the refractory period marks the end of a full period of the AP, and only after this period may a new AP be generated. This defines the upper limit to the frequency of action potentials that can be fired within the neuron for a given system. The AP is a propagating wave of voltage that maintains its shape and integrity until it reaches the axon end wherein the information is transferred through the synapse. For the purposes of our SSHH framework, only a description of signal transmission through the nerve axon will be considered. No explicit consideration of signal transmission across the neuronal synapse will be included.

HH models fail to reproduce various experimental observations of neural activity. This is a natural consequence of reducing the scope of neuronal activity to exclusively electronic behavior. The model is simple and easy to apply for this reason, but also lacks the flexibility required to predict situations where physical/mechanical properties of the neuronal membrane are altered. As such, alternative models have emerged which offer descriptions of signal transmission expressed through mechanical properties of lipids.

Soliton Model

Coined by Heimburg, the soliton model was based on earlier work by Tasaki that sought to understand the function of nerve cells purely through thermodynamic treatment [START_REF] Heimburg | On the action potential as a propagating density pulse and the role of anesthetics[END_REF][START_REF] Heimburg | On soliton propagation in biomembranes and nerves[END_REF]. Named after a soliton -a traveling self-reinforcing wave packet (Figure 1) -it proposes that the signal is carried through nerve cells by a propagating phase change in the neural lipids. The lipid swells and forms a rigid liquid crystal structure followed by a release of thermal energy. The thermal energy is then reabsorbed after a short duration and the lipid returns to its original state while the phase change propagates forward through the neuron. This propagating phase change has been experimentally observed and is coupled to signal transmission, lending some credibility to the claim that it is the entity responsible for transmitting information. This model uses the physical properties and characteristics of the lipid as the basis for quantitatively predicting signal transmission behaviour. This is achieved by solving a nonlinear partial differential equation to obtain time and position dependent values of the membrane density (analogous to voltage in HH models). Because this method is built from thermodynamic parameters, it is inherently sensitive to changes in the physical characteristics of the neuronal membrane. The soliton model is limited by its inability to predict several experimental observations. For example, the soliton model incorrectly models the effect of low temperatures on signal transmission. It also fails to reproduce the observation that a signal traveling backwards from the axon into the soma does not result in a loss of signal intensity (the soliton model predicts loss of soliton signal intensity due to the soma's larger physical dimensions combined with the sensitivity of a soliton to the dimensions of its carrier medium). Finally, the soliton model ignores electronic effects within the neuron completely, and thus fails to predict the effects of ion channel blockers.

Action Wave Model

The Action Wave model, introduced in 2015, provides a powerful method for quantitative prediction of neural membrane dimensions and properties subject to physical parameters [START_REF] El | Machta, Mechanical surface waves accompany action potential propagation[END_REF]. The key idea is that the neuron's experimentally observed propagating physical bulge can be explained through the elastic properties of the lipid surface. An initial electrical signal produces an accompanying mechanical wave which is caused by funneling potential energy into the elastic lipid surface. The propagating energy segments into a kinetic component which propagates through the axonal fluid, and a potential energy component, which 'stretches' the lipid and causes the observed bulge (the eponymous action wave). This view is in contrast to the soliton model which posits that the physical bulge in the neuronal lipid is caused by a propagating phase transition that is unrelated to electrical activity.

The action wave model makes a critical step forward in that it quantitatively describes the connection between electrical and mechanical components of signal transmission; however, this never develops into a fully realized model for describing signal propagation. Instead, the model provides a mathematical tool to predict the properties of 'electrically driven mechanical waves' (action waves).

Softmaterial Waveguide

Recent years have witnessed growing enthusiasm for the modeling of physiological systems as softmaterial waveguides [START_REF] Daoud | Soft Matter Physics[END_REF][START_REF] Hamley | Introduction to soft matter: synthetic and biological self-assembling materials[END_REF][START_REF] Mashaghi | [END_REF]. In 2012, this effort was extended to neuronal signal transmission with the theory that an ion current across the membrane could initiate a "soliton like" electromagnetic wave (EM) that propagates across the neuronal membrane surface [START_REF] Xue | Natural electromagnetic waveguide structures based on myelin sheath in the neural system[END_REF]. The propagation is made "soliton like'' due to the neuronal lipid acting as a softmaterial waveguide, allowing the EM wave to travel without losing its integrity (like a soliton). Waveguides are materials designed to facilitate the travel of EM waves. In this context, a softmaterial waveguide is defined as a dielectric tube surrounded by ionic fluid. A nerve axon (dielectric tube) surrounded by intra-and extracellular fluid is well described by this definition. Fundamentally, this theory purports that neuronal information is propagated by these traveling "solitonlike" EM waves, facilitated by the softmaterial waveguide neuronal membrane. Because the waveguide properties of the membrane are dependent on the physical characteristics of said membrane, a link is established between signal transmission and the physical/mechanical characteristics of the membrane.

The main utility of this model is its ability to explain saltatory conduction between nodes of Ranvier [START_REF] Xu | Experimental and Computational Studies on the Basic Transmission Properties of Electromagnetic Waves in Softmaterial Waveguides[END_REF]. The HH based models claim that "local circuit ionic current flows'' are responsible for saltatory conduction, however the flow rate of ions subject to this interpretation fails to account for the speed of signal transmission between nodes [START_REF] El | Machta, Mechanical surface waves accompany action potential propagation[END_REF]. The softmaterial waveguide model was constructed to address this issue by linking the physical characteristics of the neuronal membrane itself (membrane thickness under myelinated conditions) to the rate of signal transmission [START_REF] Xue | Natural electromagnetic waveguide structures based on myelin sheath in the neural system[END_REF]. By assuming that the signal is carried by an EM wave, and then treating the membrane as a softmaterial waveguide, the rate of EM propagation can be quantitatively predicted.

Results of these predictions coincide with the observed rate of signal propagation subject to saltatory conduction. This was taken one step further in a study which constructed physical nerve-like apparatuses on millimeter size scales to test the relationship between dielectric tube thickness and EM wave transmission rate. These millimeter scale experiments are treated as analogous to nerves because softmaterial waveguide activity is scalable and not sensitive to the physical size of the system. These millimeter scale nerve-like systems were tested experimentally and thicker dielectric tubes produce faster EM wave propagation, as was predicted theoretically.

Like the action wave model, the softmaterial waveguide model for neuron function establishes a link between nerves electrical signals and mechanical/physical properties. It is also similar in that its applications are hitherto limited (to myelinated neurons).

METHODS

Our proposed SSHH framework suggests incorporating physical nerve membrane

properties into the existing HH model to enable the HH model to be sensitive to changing physical membrane properties. The goal is to create a more robust variant of the HH model without sacrificing broad predictive power, or computational convenience. As such, the mathematical details for each of electrical and mechanical models previously described will be presented here in enough detail to make clear the manner in which they are to be integrated.

The ML version of the HH model provides a nonlinear partial differential equation (PDE) that describes the change in membrane voltage; this is the famous cable equation.

(

) 1 
where x is the axial position coordinate, t is time, is the maximal conductance in the axial direction, r is the axon radius, C is membrane capacitance, and Ir is the ion current across the membrane. Use of the cable equation requires the membrane current as input. This is also predicted by the ML model.

(

) 2 
where gca, gk, gleak are the maximal conductance of Ca 2+ , K + , and nonspecific ions respectively, Eca, Ek, Eleak are Nernst potentials, w(t) = w ∞ V(t), m ∞ and w ∞ represent the degree to which Ca 2+ and K + ion channels are open. They are described by switch functions that can be expressed as follows:

(

where Vm*, ϴm, Vw*, and ϴw are parameters that must be fit to experimental data. The switch function is designed to set a cut-off voltage (Vm*, Vw*) above which the values of m ∞ and w ∞ quickly transition between 0 and 1. This captures the sudden on and off behaviour of ion channels subject to changing external voltage. This treatment is specific to excitable systems (such as nerves), which is most clearly understood by recognizing that the expression used is partially defined in terms of voltage that varies with time and position. Also, the switch functions that control current through ion channels are dependent on voltage (because the channels are voltage-gated).

Substituting the membrane current expression into the cable equation yields a final PDE that can be solved to calculate changes in membrane voltage variable with time and position along the axon.

(

) 4 
Solving this PDE permits the theoretical prediction of AP behaviour for a system with known initial conditions. (Implementation of this method is possible in MATLAB using the built in PDE solver [ppdepe]. Performing a simulation with pdepe requires four input equations: call function, unsolved PDE, initial conditions, and boundary conditions. This will generate a surface of solutions that can be plotted. Parsing this surface of solutions yields full AP plots at different time points.)

The action wave model purports that as an AP passes through the neuron, the membrane current associated with the AP influences the surface forces of the membrane and its elastic properties, resulting in membrane displacement (the action wave). This displacement is described by displacement fields that are presented in an orthogonal basis set, assuming axial symmetry (Δk,q). Of specific interest is the component of displacement that extends radially outward from the neuron, producing the observed bulge. This component of the displacement can be expressed in terms of Δk,q.

(5

)
where j1 is a Bessel function. This displacement propagates with the AP that drives it and as such co-propagates with the AP. This provides a mathematical framework that links AP information to the physical characteristics of the membrane (i.e. its dimensions).

In the following section, the mathematical tools outlined above will be unified to construct the SSHH model and to provide a relevant physical interpretation.

RESULTS/DISCUSSION

The conceptual underpinning of the SSHH framework is that the membrane displacement predictions offered by the action wave model can be imported into the HH framework of equations in order to enable HH sensitivity to a membrane's mechanical properties. We propose that the most efficient way to implement this is to modify the switch-like expressions in the original HH model that describe voltage-gated ion channel activity.

This expression can be modified so that parameters m ∞ and w ∞ are defined with respect to radial displacement of the neuron instead of voltage. This change is not as arbitrary as it may initially seem. Voltage and membrane current are dynamically related in excitable neurons (as described by the cable equation), and membrane current is related to membrane displacement as described by the action wave model.

As such, there is a salient connection between membrane voltage and membrane displacement. Equation 6 can be modified so that its switch behavior operates based upon a radial displacement threshold, instead of a voltage threshold.

The decision to describe the switch-like behaviour of voltage-gated channels using membrane displacement instead of voltage is physically justified. There is evidence to suggest that neuronal ion channels are mechanosensitive, and that changes to neuron cell dimensions produce a measurable effect on electronic action potential signals [START_REF] Stéphane | Mechanosensitive channels transduce osmosensitivity in supraoptic neurons[END_REF].

Based on this, as well as the action wave model, it appears that a neuron's ion current and physical membrane properties are interconnected. The SSHH framework expresses ion channel openness in terms of membrane radial displacement, accomplishing several goals. Firstly, it implies a sufficient initial voltage spike to achieve the requisite threshold displacement. Secondly, it guarantees that the mechanical lipid deformation, which is necessarily observed in proper signal transmission, is present (standard HH does not guarantee this). Thirdly, it establishes the connection between the electrical signal (current, voltage), and the mechanical signal (membrane displacement) in a single model by incorporating the assumption that sufficient membrane displacement facilitates ion channel function.

Implementation of this method requires fitting of hm * , , hw * , and to experimental data: hm * , hw * represent the threshold for radial displacement beyond which an action potential is created. The action wave model allows for these parameters to be calculated for any system for which treatment by the HH model is already possible.

The following flow chart illustrates the procedure.

Hodgkin Huxley experimental fitting

Vm*, ϴ m, Vw*, ϴ w hm * , , hw * , Even though the parameters generated by an SSHH model would be reverse engineered from the HH parameters, they would not possess the same limitations. This is because of additional information provided by the action wave treatment, which incorporates physical characteristics of the lipid that were not originally considered. This proposed methodology should be able to properly describe experimental observations that HH could not. For example, the effect of membrane intercalating agents, such as anesthetics, cannot be properly described by HH with its purely electronic interpretation of signal transmission. An SSHH model created based on our framework would incorporate lipid physical properties, therefore the effect of anesthetics would impede the predicted radial displacement of the membrane (via action wave equations) and thus the predicted radial displacement would be insufficient to overcome the critical threshold contained within the switch function descriptions of hm * and hw * . As such, SSHH models have the potential to recognize that ion channel activity is compromised in the presence of anesthetic, resulting in no action potential (as has been experimentally observed). Furthermore, altering the pressure, or other thermodynamic properties of the membrane, would also be accounted for as described above.

An SSHH framework allows for the creation of models that can use/predict mechanical lipid properties to output electrical information. It uses robust mechanical information to predict a signal in the language of action potentials. Accordingly, its applicability rivals that of the HH framework of models, while its robustness is bolstered by the additional mechanical information. 

CONCLUSION

Due to the inherent complexity of the central nervous system, no existing models for the prediction of axonal signal transmission are satisfyingly robust. The widely used HH model performs well in many situations; however, it has predictable and repeatable shortcomings due to its narrow focus on electronic effects within the neuron. To properly describe experimental observations not well considered by HH, a host of mechanically based neuron models have been developed over the last four decades.

These include the soliton model, action wave model, and softmaterial waveguide models of neuronal signal transmission. These models all interpret information transmission within nerves as being mediated by physical distortions in the neuronal membrane, rather than electrical activity. These mechanical models have practical utility; however, they also show reproducible errors with regards to certain experimental observations.

We propose the unified electrical-mechanical SSHH framework as a means to generate a new generation of hybrid models that emphasize simplicity. SSHH incorporates (using action wave equations) mechanical properties of the neuronal membrane into the HH framework such that action potential diagrams can be generated that are sensitive to the changing physical dimensions of the neuronal membrane. We also outline our suggested protocol for validation of models generated using our proposed SSHH framework.

  ions have differing response times, produces the characteristic AP. A voltage-gated ion channel accomplishes this voltage sensitive current manipulation by structurally altering into an open or closed form depending on voltage environment. The membrane voltage can be mathematically modeled within the HH framework. Action potentials have a number of important experimentally observed characteristics, which must be reproduced through the membrane voltage predictions offered by any potential model.

Figure 1 .

 1 Figure 1. Illustration of a soliton. Displacement caused by a falling weight drives a wave of liquid forward in a uniform traveling wave, called a soliton. A soliton is a general concept that is not medium specific. Solitons are observed in aggravated liquids, as well as excited soft membranes. A cartoon illustration of soliton co-propagation with a travelling action potential is shown on the right.

  As a trade-off, the usability of the model has been affected in two areas. Firstly, to incorporate additional mechanical information into the model, such information must be known. Fortunately, this mechanical information is readily obtainable, as evidenced by the resilience of mechanically based Similar to HH, creation of models based on our SSHH framework will necessitate experimental fitting to parameters that may be sensitive to the electrical and mechanical properties of specific nerve cell types. As such, SSHH models must be differentiated across systems of interest. Validation of these models is critical; the following may be considered a simple validation guideline. Any model generated using the SSHH framework must first be used to predict action potential output under standard conditions that are well handled by the standard HH model. If the SSHH parameters have been generated correctly, the action potential results from the SSHH and HH models should be in close agreement. Subsequently, a system may be prepared that contains elements predictably not well handled by HH, for example the presence of intercalating agents. The action potential results from the SSHH and HH models should no longer be in agreement if the SSHH model is correctly incorporating mechanical information into its action potential results. Rather, prediction of signal propagation via SSHH would instead agree with purely mechanical models such as the soliton model. This two-step initial validation represents a bare minimum that we would suggest for any model derived based on our proposed SSHH framework. Subsequent rigorous validation would require comparisons to experimentally obtained data subject to conditions handled predictably poorly by HH.

neuron models dating back to the 1980's. Secondly, additional mathematical operations (action wave equations) must be performed on top of the usual HH procedure. The additional operations are those outlined in the flowchart above. (These additional calculations can be performed using readily available Mathematica and Python software.)
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