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Fluctuations and correlations in weakly asymmetric
simple exclusion on a ring subject to an atypical current

Benoit Dagallier*

Abstract

We consider the weakly asymmetric simple exclusion process on a ring, driven out of
equilibrium by tilting the dynamics so as to enforce a macroscopic current of particles
on a large time interval. In this current-biased dynamics, the tilt by the current makes
the dynamics non-local, non homogeneous and induces long-range correlations. We
compute the correlation structure in the large time, large size limit for a certain range
of asymmetry and current strength, recovering heuristic results of Bodineau et al. [15].
In addition, in this range of parameters, we characterise the full dynamics of fluctuations
around the optimal density profile in the current-biased dynamics. The key ingredient
at the microscopic scale is a precise relative entropy estimate at the level of correlations.
We also discuss how to remove the (technical) restriction on the range of parameters.

1 Introduction

Consider a large number N of particles in a box, evolving in time and interacting locally.
Assume that the dynamics of these particles can be modelled by a Markov chain PV on a
finite, but large state space {2 Consider also an observable Or of the trajectory of the Markov
chain on a time interval [0, 7], say of the following form: if (n;);<r denotes a trajectory,

Or((n)ier) = / Fodt+ Y g, m). (1.1)

t<T

Above, f: Qy — R is a test function that could for instance be the density of particles in a
box. The function g : Q% — R counts changes in the chain and could for instance correspond
to the activity or current.

Suppose also that we have some information on the observable Or in the sense of a large
deviation principle, written informally as follows:

1 N ~ N
T logP (Or = Tx) = —Ij (2), r € R, (1.2)

T—o0

where ]Jj)fg > 0 is a rate function that may be known e.g. through results of Donsker and
Varadhan [24]. The broad, informal question we wish to discuss is the following.
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Question. Can one describe trajectories in the rare event {Or ~ T'x} in the large size, long
time limits?

1.1 Biased dynamics

The description of trajectories in a rare dynamical event has received much attention in the
physics community in recent years, see [14, 15 [33] 18, 19, B, 2] for a non exhaustive list of
references as well as the review [32]. Studying trajectories in the rare event {OT R~ Tx}
when N, T > 1 boils down, following a standard large deviation idea, to studying typical
trajectories under a tilted dynamics of the form (recall the expression of Or):

_exp [)\(’)T}
EN [exp [)\(’)T

AP () er) T dPY ((n(t))e<r).- (1.3)
If A € R is chosen appropriately as a function of z, then typical trajectories under (1.3
when N, T are large indeed correspond to trajectories in {OT ~ Tx}. We refer to [17] for a
discussion of the choice of A\. A schematic description of trajectories in ((1.3)) is presented on
Figure [1} see also [23] for a more in-depth discussion.

Although the original dynamics PV is a homogeneous Markov chain with local jump rates,
the tilt by the observable O of makes the dynamics much more complicated: its
jump rates are not explicit, now time-dependent and non-local. In addition, depending on the
tilt strength A, typical trajectories under the biased dynamics may have qualitatively
different behaviour than under the original dynamics PV, for instance featuring dynamical
phase transitions. Let us illustrate this point and more generally explain how the biased
dynamics can be studied by considering the example of the Weakly Asymmetric Simple
Exclusion Process (WASEP for short) on a ring, tilted by the current. This is the dynamics
that we will focus on in this article.

1.2 Macroscopic fluctuation theory and driven process

The WASEP on a ring with weak asymmetry £ € R is an interacting particle system where
particles follow nearest-neighbour random walks on a discrete torus with N sites, jumping
to the right/left with rate proportional to 1 + E/N and 1 — E/N respectively. The only
interaction between the particles comes from an exclusion rule: there can be at most one
particle per site (see for a precise definition).

Scaling limits of this model for both the density and current of particles have been studied
in detail, see e.g. [38, Chapter 10], [6] and more recently [9] for joint large deviations in the
large time, large N limits. In particular, it is known that there is typically a macroscopic
current of particles on any time interval [0,7]. Also and interestingly, the dynamics is
conjectured to undergo a dynamical phase transition. To state what this means, consider
| pN | particles in the system (p € (0,1)) and the event:

the time-integrated, space averaged current Qr is equal to ¢7, ¢ € R. (1.4)

One may ask about the typical density profile in this event in the large N, large 7' limit.
The conjecture, formulated e.g. in 5] [I4] and supported by numerical simulations [26], states
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that the result depends on the relationship between the tilt strength A and the asymmetry
E:

2

o if % — E*p(1 — p) > —7?, then the optimal density profile is homogeneous in space
p(1—p
and time. (1.5)
2
o if % — E*p(1 — p) < —7?, then the optimal density profile is a travelling wave,
p(1—p

inhomogeneous in time and/or space.

In [14] the conjecture was formulated assuming no discontinuous phase transition take
place. Such transitions were later heuristically shown not to happen [3]. Note that in the
symmetric simple exclusion process (E = 0), predicts that the optimal density profile
is flat for any value of A\. This is known to be true, consistent with the fact that this
model does not have a dynamical phase transition [6]. The conjecture has not been
established rigorously in either region. It is only known that far above the threshold the
flat density profile is optimal, and that far below the threshold a travelling wave profile is
better [6] (but optimality of travelling waves is unknown).

A second interesting property of trajectories in the event is that one expects the cur-
rent constraint to create a long-range spatial correlation structure. The two-point correlation
structure in particular was computed heuristically in [I5], but nothing is known rigorously.

Let us now present different approaches employed in the literature to study trajectories
in a rare event that can in particular be used to study the conjecture . These approaches
are based on the study of WASEP dynamics tilted by the time-integrated, space-averaged
current (Q7; a particular example of . This dynamics, referred to as the current-biased
dynamics throughout this article (see ([2.7) for a precise definition), reads:

1

curr,N __
dP,\,E,T = Eg[e)‘NQT}

MO AP, (1.6)

Above, PY,EX are the probability /expectations associated with the WASEP dynamics. In
the exponential, the macroscopic current ()7 is multiplied by a factor N. In view of large
deviations for the current in the WASEP [€], this ensures that concentrates on trajec-
tories in which the macroscopic current Qr takes different values from the one under P¥.

A major difficulty in studying the current-biased dynamics comes from the fact that
the state space is very large when N > 1. The first approach that can be used to study
completely bypasses the large state space difficulty through the formalism of the Macroscopic
Fluctuation Theory (MFT), see the review [7]. There, one starts from a coarse grained, low-
dimensional description of the microscopic dynamics, the details of which enter only through
the choice of a diffusion coefficient and mobility. The long-time behaviour of the tilted
dynamics is then directly studied at the level of the dynamical large deviation functional,
see e.g. [5, M1} [49] and the recent [2]. Information on small fluctuations and correlations
under can be deduced from formal expansions of the large deviation functional. This is
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Figure 1: Schematic representation of a trajectory of the current-biased dynamics . At times
far before 0 and far after 7', the influence of the current bias is not felt. In the yellow regions, the
trajectory moves towards/away from a region of the state space with atypical current. It stays in
this state (green region) for all but a negligible fraction of the time interval [0,7] when T > 1.

in particular how two-point correlations were computed in the current-biased dynamics [15].
Note that in this approach, one first takes the large NV limit, then the large time limit.

The validity of the MFT has been established for a number of microscopic models (see the
review [7], the book [38] as well as [4] 6], 10, 28| 16]), by proving dynamical large deviations
for the density and/or current of particles. Thus, at the level of density large deviations,
the measure is well understood. In particular, for these microscopic models, dealing
with the large size of the microscopic state seems to be a technical problem only, since the
effective MFT description captures the physical features of the models. This should be the
general picture.

On the other hand, the rigorous large deviation results do not give information on fluc-
tuations, which require control of the dynamics on a finer scale. In particular and as already
mentioned, there are no rigorous result on the correlation structure under the current-biased
dynamics.

Another approach that has received a lot of attention in the physics literature consists in
looking for an effective, but still microscopic description of the dynamics in the large time
limit at fixed N. The macroscopic, N > 1 limit in this approach is thus taken second, after
the long time limit.

Let us describe this approach in more detail. At each fixed N but in the long time limit,
typical trajectories in the rare event {Qr =~ T'q} are expected to feature an instantaneous
current approximately equal to ¢ for all but a small portion of times in [0,7]. When the
time 7' is large, one then expects the dynamics to accurately be described in terms of a
time-homogeneous Markovian dynamics with jump rates mimicking the effect of a constant
current g. This homogeneous process, the driven process in the language of [18] (see Figure|l)),
can be built rigorously at each N, for general dynamics of the form (L.3)), in terms of spectral
elements of an explicit operator built from the initial dynamics and the observable by which
the dynamics is biased. The driven process approach was expounded in detail in [I8], [19] and
also [33, 17, [34], following earlier work, see e.g. [27].

One advantage of the driven process framework compared to the MFT is that it can be
defined directly at the microscopic level. Taking the large N limit is however difficult, as defin-



ing the driven process for NV large requires solving a high-dimensional spectral problem, the
limit of which must then be studied. Results have mostly bypassed this difficulty by studying
the driven process in low-dimensional systems (i.e. at the macroscopic level) [47, [45] 22]. The
recent paper [23] however managed to characterise the driven process in the large N limit for
two interacting particle systems: independent particles, and the symmetric simple exclusion
process connected with boundary reservoirs. In this latter case, the reservoir densities are
assumed to be small, which together with the symmetry of the original dynamics enabled the
authors to solve the spectral problem defining the driven process in a perturbative fashion.
In this perturbative regime, the scaling limit of the driven process is identified in [23] and it
is shown that the macroscopic fluctuation theory and driven process approach are consistent.

While one expects long time and scaling limits to commute at both the large deviation and
fluctuation level, consistent with the validity of the MFT picture; proving the commutation
is not an easy problem. It has been achieved only very recently, at the large deviation level
and with a different motivation, for models such as the weakly asymmetric simple exclusion
process on the on the torus in any dimension [9] or the one-dimensional simple exclusion with
boundary reservoirs [13] (see also [§] for diffusions with small noise). It is not clear whether
these commutation results are strong enough to apply also at the level of fluctuations.

1.3 Approximate driven process

In this paper, we study small fluctuations around the typical density profile in the current-
biased dynamics , which cannot be deduced from existing large deviation results. In a
portion of the sub-critical regime (1.5 (i.e. before the dynamical phase transition), we ob-
tain a full description of the non-local dynamics of density fluctuations at times 1 < t < T
(the green region of Figure () and compute the two-point correlation structure in this same
region. The expression of two-point correlations that we find agrees with the one derived
in [15] through a heuristic expansion of the large deviation functional.

Our approach builds on the driven process framework as in [22] 23], but with a different
flavour.

The main difficulty in the driven process approach is to solve a high-dimensional spectral
problem and study its large N limit. We bypass this difficulty by building an approzximate
driven process, that is not the correct one for each fixed N but has the correct macroscopic
behaviour. This is done by using information on the macroscopic behaviour of the dynamics,
so we take the large N limit first before the large T" limit. The idea is that observables
of interest, such as the density the current of particles or correlations, are determined at
the macroscopic level by low-dimensional equations. These macroscopic equations are much
easier to solve than the high-dimensional microscopic problem. One can then use the macro-
scopic data to build an informed microscopic approximation of the current-biased dynamics,
the above mentioned approximate driven process (see Section for more details).

Compared to the genuine driven process, the downside is that our approximate driven
process has less structure. We therefore need additional stability estimates at the microscopic
level compared to [23] to ensure that our approximate driven process indeed describes the
microscopic dynamics to the desired precision. These estimates turn out to be quite involved



and unfortunately restrict the range of asymmetries F and of the parameter A in that
we can treat (extensions are discussed in Section [2.5).

The main technical tool to prove that the approximate driven process is close to the mi-
croscopic dynamics is a very precise relative entropy estimate. The relative entropy method
was initially introduced by Yau [48] to study hydrodynamic limits. It consists in comparing
the law of the dynamics to a simple measure that only retains macroscopic information on the
observable under study, usually the density of particles. Jara and Menezes [36], 37| consider-
ably improved the method, obtaining good enough estimates to study density fluctuations.
In a recent paper [I3], Bodineau and the author introduced a conceptual refinement of the
relative entropy method, building on the techniques of Jara and Menezes. The main, though
simple idea is that one can get better relative entropy bounds (meaning better control on
the law of the dynamics) by adding more macroscopic information on the measure used for
comparison, in particular by adding a correlation structure. A similar decomposition of the
law of the dynamics was already suggested in [21]. The resulting better relative entropy
bounds can be used in several contexts. They were for instance used in [I3] to obtain long
time large deviations for two-point correlations, whereas in the present paper they are key to
proving that our approximate driven process indeed accurately describes fluctuations under
the current-biased dynamics.

The article is structured as follows. Section [2| contains definitions and results, with Sec-
tion detailing the structure of the proof of the main result, the characterisation of the
density fluctuation process under the current-biased dynamics. Extensions of the result are
discussed in Section [2.5] Section [3] contains a collection of preliminary results useful from
Section [4] onwards where we start the proof of the main result. In particular, we study in
Section |3 fluctuations for a family of dynamics the approximate driven process is later shown
to belong to. The main technical input, the relative entropy estimate, is also established in
this section. Section [4|identifies a candidate for the approximate driven process and provides
a stability estimate to ensure that this candidate indeed contains all information on fluctua-
tions under the current biased dynamics. At this point the proof of our main can be reduced
to estimates involving only the limiting (N > 1) fluctuations under the approximate driven
process. Section [5| contains the long-time analysis of these fluctuations and concludes the
proof of the main result. The two-point correlations structure is computed in Section [6] and
compared with [I5]. Useful concentration of measure estimates and other technical results
are gathered in the appendix.

2 Definition and results

2.1 Model and notations

The WASEP. For N € N5, Let Qy = {0, 1}™ denote the state space of the system, with
Ty := Z/NZ the discrete torus with N sites. A point i € Ty is called a site, while elements
n = (Ni)iery € Qn are called (particle) configurations, with n; = 1 if there is a particle at
site 1 € Ty, and n; = 0 otherwise. The quantity 7, is the occupation number at site ¢ € T y.
For n € Qu and 7,5 € Ty, define the configuration 7%/ € Qu with exchanged occupation



numbers at sites 7, j:
n() it e i, g},
N (k) ={n@) =1, (2.1)
(i) if £ =3j.
The WASEP with asymmetry £ € R is the dynamics with generator N?Ly, acting on
¢ : Qny — R according to:

N?Lgo(n) = N? Z ce(n, 0" ) [o(n™ ) — o(n)], (2.2)
i€Tn
with:
cp(n,n™ ) = c(n,n e e mmEN = o pt Y = (1 — i) + i (L —1n). (2.3)

Note that the number of particles >, 7; is conserved by the dynamics (2.2)). The factor
N? in front of the generator (2.2)) corresponds to a diffusive rescaling of time. Trajectories
n(-) = (n(t))>o0 belong to the Skorokhod space D(R,,Qy) of left-continuous, right-limited

Qn-valued functions, and we write IP’%N,]E%N for the probability /expectation of the dynamics
starting from an initial probability distribution ¥ on Q.

The invariant measures of the WASEP are well-understood (see e.g. [38], Chapter 3-4).
For p € [0, 1], let V[])V denote the Bernoulli product measure with parameter p:

v = ® Ber(p), Ber(p) : x € {0,1} — pz + (1 — p)(1 — x). (2.4)
i€Tn
Then 1/[])\7 is invariant for the WASEP:
VieTn,VneQn,  calnn ™)) =Y cal? ™ vy (7). (2.5)
JETN

In particular, for each p € [0, 1], correlations under the product measure V;V are trivial.

The current. Let Qr denote the space averaged, time-integrated current on [0, 7] (7' > 0):
if Nr(i — j) is the number of jumps from site i € Ty to site j € Ty on [0,7],

vn(-) € D(R,, Qn), Qr(n()) = % Z [Np(i —i+1) = Np(i+1—14d)].  (2.6)

1€T N

The additional factor of N ! reflects the diffusive scaling in time: if there is a macroscopic cur-
rent of particles, i.e. if the net number of particles having gone through a bond (i,i+1),7 € Ty
up to time T is of order N, then Q)7 is of order 1 in N.

The current-biased dynamics. We now define the dynamics of interest in this work.
For a time T > 0, A € R and an initial probability distribution u” of particles, define the
. ., N

current-biased dynamics P";7" on D(Ry, Q) as:
N
EX [1.eMVQr
PUa () = N[ ] (2.7)
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Under (2.7), by [6], the probability of observing a macroscopic current ¢ = p(1 — p)(A + E)
of particles on [0, 7] goes to 1 when N becomes large for a wide range of initial conditions
enforcing a density p € (0,1) of particles. The sub-critical range of parameters \, E for
which there is no dynamical phase transition can then be rewritten as:

p(1 — p)A\+2E) > —7°. (2.8)

We stress again that, in contrast to the WASEP dynamics, the tilt by the current in (£2.7)
makes the dynamics non-local, inhomogeneous in time and induces long-range correlations
(see [15] for heuristics and [18] for a general discussion of properties of tilted dynamics). Note
also that we consider an "annealed" version of the dynamics, where both numerator and de-
nominator in are averaged on the initial condition. Consequences of this assumption
and "quenched" dynamics are discussed in Section [2.5]

Initial condition, fluctuations and correlations. In this article, we aim to describe
the fluctuations and correlations of the dynamics when N, then T are large, for sub-
critical parameters A, E' (i.e. satisfying ) and in the intermediate regime where there is
a macroscopic instantaneous current (the green region of Figure . In the text, we refer to
0,7 as time boundaries and may refer to times 1 < ¢t < T as being far away from the time
boundaries. For simplicity we will work at density 1/2, with initial condition in given
by:

pN(n) = viys(n) = @) Ber(1/2)(n;),  n € Q. (2.9)

i€Tn

Other initial conditions are discussed in Section[2.5] Since we focus on the sub-critical regime,
the density profile under the current-biased dynamics is typically going to be constant equal
to 1/2. The fluctuation and correlation fields of interest are then defined as follows. Write:

1
The fluctuation field Y is a distribution, acting on test functions f : T — R according to:
1 o
YY) =YN()n) = N2 > mf(i/N)  ne Q. (2.11)
€T N

The correlation field IIV is defined as the "square" of YV in the following sense: if fi, fs :
T — R, write f1 ® fo(z,y) = fi(z)f2(y) for x,y € T. Then:

1

TV(fi @ ) = YN (R) — 1 S0 A G/N) /N, (2.12)

i€T N

The factor 1/4 is a convenient normalisation. More generally, for ¢ : T? — R, we define:

IV (¢) = ﬁ > nme(i/N.j/N)  neQy. (2.13)

i#je€TN



In the text, "correlations" always refers to two-point correlations of the form 7;7;,7 # j € Tn
unless otherwise mentioned. More generally, n-point correlations (n € Nx 1) refer to any prod-
uct of the form #;,...7;, . By convention, if ¢ : T" — R, we write ¢;, _;, for ¢(i1/N,...,i,/N),
11, ..., in € T. Letters ¢, 7, ¢ are reserved for discrete indices, while z, y, 2 denote continuous
variables.

Spaces of test functions. Let &'(T),S’(T?) denote the space of distributions on T, T?
respectively. The fluctuation field YV is viewed as a random element in S’(T). To study
of the correlation field IV, we will have to consider test functions which are continuous,
but have discontinuous normal derivatives across the diagonal D = {(x,x) : x € T} of T
This is related to the discontinuity of out of equilibrium correlations across the diagonal
D, see [44] 13], and in particular would not be needed to study correlations correlations at
equilibrium [30]. Write for short {z <y} := {(z,y) € T? : x <y}, {x >y} = {(z,y) € T*:
x > y}. The set of test functions C%(T?) is given by all continuous functions on T? such
that their restrictions on {z <y} and {x > y} are C* (the derivatives of the extensions on
the diagonal D need not coincide)

CH(T?) = {¢ € CUT?) : Pja<yy € CF({z < Y}), lrazyy € C({z > y})}. (2.14)

The correlation field IIVV is seen as a random distribution in the set S},(T?) of bounded linear
forms on C%(T?).

A trajectory n(-) € D(R,,Qy) induces a process YV = (Y;");>0, which we refer to as the
fluctuation process. It is a random element of the Skorokhod space D(R,,S'(T)), equipped
with its usual topology, see e.g. [12]. The correlation process similarly denotes the random
element [TV = (TIIY),50 of D(R,, Sp(T?)).

2.2 Goal and approach: the approximate driven process

In this section, we define what we mean by approrimate driven process as mentioned in
Section [I.3l We seek to characterise fluctuations and correlations for the current-biased
dynamics (2.7), in the large N, then large T limits; for intermediate times far away from
the time boundaries 0,7 (corresponding to the green region in Figure [1). In this regime,
for sub-critical values of A\, E/ for which the best way to realise the current constraint
is by having a constant density profile, one expects the current-biased dynamics to be well
approximated by a stationary Markov process as explained in the introduction. Our aim,
then, is to find a Markov process PV which describes fluctuations and correlations under
in this intermediate time range. For this Markov process PV to describe the fluctuations under
the current biased-dynamics it should satisfy, for a good choice of initial condition p”, any
bounded continuous F : D(R,,S'(T)) — R and each t,T,7 > 0 with t + 7 < T*.

curr,uy m
/F((YN>tSS§t+T) dP\pr = /F((YSN)t)sSsr) dPY + e, 1 (F), (2.15)

with &Y, -(F) a term that must be small, in the large N limit, for times away from the time
boundaries:
lim lim sup lim sup |2, (F)| = 0. (2.16)

=00 T 400 N—oo
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We call any PV satisfying ([2.15)(2.16) an approzimate driven process in analogy with the
driven process of [1§].

Let us now give more details on the construction of an approximate driven process. To
find such a process, we build the jump rates of PV explicitly, according to the following
considerations.

e For any T" > 0 and A # 0, the typical current Q)7 under the current-biased dynam-
ics is different from the current under the WASEP P¥. One expects the current-
biased dynamics to be better approximated by a dynamics that has the correct macro-
scopic current. The simplest way to modify P¥ into a dynamics that has the correct
current is to change the asymmetry from E to A + E, with jump rates:

iii+1)

op (") = cp(n, e N T A e Ty € Q. (2.17)

The resulting WASEP dynamics P} ' 1s, by construction, a good approximation of the
current-biased dynamics as far as the density and current of particles are concerned.
However, it does not have the correct correlation structure (recall that product Bernoulli
measures with constant parameter are invariant for the WASEP). It thus does not have
the same density fluctuations and therefore cannot serve as an approximate driven
process as defined in (2.15]).

e We then tune observables on the next finer scale than the current, that is we tune
the jump rates to obtain a dynamics that has the same two-point correlation structure
as the current-biased dynamics. We expect these correlations to be non-local, so we
need non-local jump rates. An effective way to tune correlations without changing
the density/current in the large N limit [13] is to consider, for a symmetric function
h : T? — R that we call a bias below, the jump rates:

charr(m, 0"t = Cxpp(n, )t (M= () () i€Tn,neQn. (2.18)

Let IP’{XME be the corresponding dynamics. We then optimise the bias h so that Py,
and the current-biased dynamics are, loosely speaking, as close to each other as possible.

As stated in the next section, tuning the current/density and two-point correlations is enough
and P, is an approximate driven process in the sense of (2.15) for a suitable bias h.

2.3 Results

A first result of this work is the computation of the correlation structure under the current-
biased dynamics in the green region of Figure[I] in Proposition [2.3] The correlation structure
is related to the optimal bias h that one must choose in order for P}]XME to be an approximate
driven process. This bias is characterised next. We start with some notations. Any ¢ €
Cp(T?) is identified with the kernel operator ¢f = [.é(z,-)f(-) dx for f € L*(T). We say
that ¢ is a positive kernel if:

vf € LX(T), f(@)o(x, y) f(y) dedy = 0. (2.19)

"]IQ
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A negative kernel corresponds to the opposite sign. Define also:

1

o:=p(1=p)lp=1/2 = 1 (2.20)

For A\, E € R, consider the following differential equation with unknown A : T — R:

{h”(x) — 2 [ W(z—2)W(z)dz=0 forz e (0,1), (2.21)
R'(0F) —R/(17) = 2A(A + 2FE).
Solutions to are continuous periodic functions with derivative having a jump.
Proposition 2.1. Let A\, E € R be sub-critical parameters at density 1/2 as in .'

oA\ +2E) > —72. (2.22)

There is then a unique family (hx g)sE sub-criticar 0f s0lutions in C°(T) N C>([0,1]) of (2.21)
such that |3 hyg(x)de =0 and:

(A, E) = ||hagll2 is a continuous function vanishing on the line A = 0. (2.23)
The function hy g is explicitly given by:

VeeT,  hyple)= Y2 S (1-[i+ %} Y 2>\/§ cos(2ml). (2.24)

g
>1

The kernel (x,y) € T? — hyp(x —y), still denoted hy g, is a symmetric kernel in C%(T?)
with eigenvalues given by the Fourier coefficients of hy g. In particular, hy g is a negative
kernel if A\(\ + 2E) > 0, a positive kernel if (A 4+ 2E) < 0 and the critical line can be
expressed in terms of the behaviour of the eigenvalues of hy g:

oA+ 2E) > —1* & ohyp has leading eigenvalue strictly smaller than 1. (2.25)

Remark 2.2. The family (hy g) is not unique without the continuity requirement 7 see
Appendiz [CL This requirement is however physically meaningful. Indeed, the current-biased
dynamics with X\ = 0 case corresponds to the WASEP PY for which there is no correlation
in the steady state. Proposition shows that h determines correlations under the current-
biased dynamics which in particular depend continuously on A. |

In the following, the subscripts A, £/ will be dropped and we simply write h for h) g.

Proposition 2.3 (Correlations under the current biased dynamics at times 1 < t < T).
Let \)E € R. Assume that A(\ + 2E) > 0 and is small enough (in particular N\, E are

sub-critical (2.22)). Then, for any fi, fo € C°°(T):

lim lim E

curr, ulj\h
>\7
T—o00 N—oo

Fr OB = § [ @i+ b )@ de. (220
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with keyrr € C*([0, 1)) NCY(T) identified with the kernel (z,y) € T? +— keyrr(z —y) and given
explicitly by:

kcurr (Z') - \/§O' Z L

= { 1 4 AQ+2B)

w242

— 11 V2 cos(2nlx). (2.27)

In addition, key ts related to h through:
(cYid— h)™! = gid + Kewpr- (2.28)

The expression (2.27) of k.. agrees with the one derived in [I5]. Yet another equivalent
formulation of the sub-critical region (2.22]) is then as the region in which k., has bounded
largest eigenvalue.

Proposition is obtained as a corollary of the next theorem, the main result of this
work, which characterises not just the spatial correlation structure but the full dynamics
of fluctuations under the current-biased dynamics: we show that P}, , is an approximate
driven process in the sense of . To state the result precisely, introduce a discrete
approximation v}’ of a Gaussian measure:

eQHN (h)

N N
2z} /

Above, Z}V is a normalisation factor. Properties of this measure are analysed in Appendix

in particular it converges to a Gaussian field with covariance oid + k... It is technical but

convenient to work with the dynamics P}, , , started from 1) as it is a good approximation

of its invariant measure, see Theorems below.

Theorem 2.4. Let \, E € R. Assume that A(\ + 2E) > 0 and is small enough (in partic-
l/N . . . .
ular holds). Then P\ g is an approzimate driven process for the current-biased dy-

Ccurr. I/

namics Py o "% That is, for any bounded continuous F : D(Ry,S'(T)) — R and t,T,7 > 0
witht+717<7T:

curr I/

k] VN
EA,E Tl/2 [F((YN)t§s§t+‘r)] = ]Eh},LA-o-E [F((Y;N)OSSST)] +5fjt£T](F) (230)

with:

lim sup lim sup lim sup ‘g F)|=o0. (2.31)

t,t
t—o00 T—o0 N—oo It +T]

In (2.30), t, 7 can also be taken to diverge with T provided T — T diverges as well.

We expect the claim of Theorem [2.4] to be valid throughout the sub-critical regime (2.22),
with some care required about the initial condition. This and extensions of Theorem
are discussed in Section [2.5] Let us however already mention that Theorem is the only
theorem for which we need to restrict to small A(A 4+ 2E) > 0. All other Theorems are valid
in the entire sub-critical regime as we shall see.

Equation implies that the fluctuation process under the current biased dynamics
converges to the limiting fluctuations under P}, , ;. These fluctuations can be characterised
precisely, as stated next in Theorem [2.5 where a more general study of dynamics of the form
]P’N~ is carried out for A € R and h € C(T?) (i.e. not just for h = h or A = A + E).

12



Theorem 2.5. Let A € R and let h € Cy(T?) be symmetric and such that oh has leading

eigenvalue strictly below 1. Define V}{V as in .

The law of (YN, IIV) under IP’ 5 then converges weakly in D(R+,S'(T) x Sh(T?)) to the
law of a couple (Y., 1IL.) satzsfymg

1. The law vs° of Yy is a Gaussian field on S'(T), with covariance Cj, := (o~ "id — h)~!
Moreover, Y. and I1. are stationary processes.

2. For any ¢ € CX(T?), if ¢° denotes the symmetric part of ¢, then 11 (¢) = IL(¢%).

3. Y. is uniquely characterised by the following martingale problem. For each test func-
tion f € CYR,,C>®(T)), the processes M.(f),M.(f) are continuous martingales with
respect to the canonical filtration (F;)i>o generated by Y.:

W0 M) = Yilh) = Vel = [ Vi(0uf+ £t )ds

M, (f) = (Mi(f))* - 20 / 1003 do, (2.32)

with L; the operator acting on f € C*°(T) according to:
Li f(x) = f"( —1—0/(92 x,2) = (id — ch)Af(z), zeT. (2.33)
4. The processes Y., 11. are related as follows:

W f) € CXIP, TR f) = YYD = [ o) h@)dn (239

5. (Non-smooth test functions and bound on correlations) The process 1. admits a unique
extension to a process in D([0,+00),SpH(T?)) (i.e. also defined on test functions that
may have discontinuities on the diagonal). If p € N and t1,...,t, > 0, ¢1,...,¢, €
Cy (T?), then the vector (TIY (¢1), ..., TI)Y (¢p)) converges weakly to (IT;, (¢1), ..., T, (¢y)).-

In addition, there is C(h,\) > 0 such that, for each e > 0:

P <|Ht(¢1)| > e> < M t>0. (2.35)

Remark 2.6. e In the special case where h commutes with the Laplacian, the operator
Lj, is self-adjoint and the associated fluctuations are reversible. This is the case for

translation-invariant h, in particular the fluctuations under the current-biased dynamics
are reversible as in that case h = h.

e Note that the parameter X does not appear in the martingale problem of Theorem .
This is due to the fact that we consider ﬂuctuatwns around density 1/2. At density
p # 1/2, there would be a term proportional to 5\0 fo (0 fs)ds in Mt(f) (12.32)),
with o(p) = p(1 — p) (and in particular even for tmnslatwn invariant h the resulting
fluctuations would not be reversible).

13



Item 3 of Theorem [2.5|is essentially proven in [36]. The key ingredient there is a refinement
of the relative entropy method of Yau [48]. This refinement has been used in [36]-[37] to
characterise out of equilibrium fluctuations in dimension d < 4. Putting Theorem and
Theorem together, one obtains that the fluctuations under the current-biased dynamics
in the intermediate regime 1 < ¢ < T (the green region of Figure [1)) are given by the only
solution of the infinite-dimensional Ornstein-Uhlenbeck process:

dY, = LY, dt + V20 VAW, (2.36)

with dW. a space-time white noise and L; = L, the non-local, self-adjoint operator defined
in (2.33)), acting on Y; by L,Yi(f) = Yi(Lnf) (f € C(T)). The non-locality of the drift
term L, is responsible for the non-local correlation structure of the current-biased dynamics.

Although Theorem 2.5 can be proven using the relative entropy bounds of [36], proving

that IP’h \+p 18 an approximate driven process for the current biased dynamics as in ((2.15)
requires yet finer bounds. These bounds, stated next, are the main technical ingredient. Like

Theorem they hold in the whole sub-critical regime (2.22)).

Theorem 2.7. Let \, E € R be sub-critical, i.e. satisfy (2.22). Let h be given by Proposition
. Fort > 0, let HY(f;) denote the relative entropy of the law of the dynamics f,v with
respect to vi :

HY(f,) = vy (filog f;) = Z fe(n)log fi(n)vy (n). (2.37)

neQN

There are then ~v,C > 0 depending only on A\, E such that:

HY(f,) C
N
vt > 0, oH"(f) < N + N1/2

t/y
N vCe

Theorem is proven in Section [3.4] Such a relative entropy estimate provides a precise
control on the dynamics that can be used in other contexts. In [13], they allowed for the
study of the probability of observing long time anomalous correlations in the symmetric
simple exclusion process in contact with reservoirs at different densities.

2.4 Heuristics and structure of the proof

Let us now sketch the proof of Theorem postponing technical estimates to later sections.

Step 1: Construction of a candidate for the approximate driven process. To
obtain a candidate approximate driven process, we carry out the procedure outlined in Sec-
tion successively modifying the jump rates to first obtain a dynamics with the right
macroscopic current, then with the right two-point correlations. This is the content of Propo-
sition which states that, for any symmetric, translation invariant bias he C%(T?), the

14



current-biased dynamics can be rewritten in terms of a tilted dynamics:

]P)CUTT’VUQ(_> Eh}L)\+E|: - €Xp ( - HIJY(h) HN + f(] HN FA E( dt + f h \NE T]t) dt>i|
\E,T = - ,
B [exp (= TGE) = T )+ ) TN (R () e + [, () )
(2.39)

Above, F) g is a differential operator while the random variable eN_involves three-point

hAE
correlations and higher that are expected to be negligible compared to)\ two-point correlations,
which one expects to be of order 1 in N.

In order for ]P)hNHE to be an approximate driven process in the sense of (2.15), we need
the exponential in - ) to be bounded with N, T when N, then T large. This suggests to
take h with F) p(h) = 0, which is equivalent to & being the bias h of Proposition

The error terms fo enap(ne) dt, I (h), T (h), however, appear inside exponentlals We

Check in Section [3] that they have are well-controlled in expectation under the dynamics

Ph \+ x> using the relative entropy estimate of Theorem that is also proven there. Still,
it could be that their exponential moment blows up with N T on a rare event. This would

N
l/h . . . .
mean that P, , ; is in fact not an approximate driven process.

Step 2: estimate of error terms. The key Proposition provides a control of the
exponential terms in (2.39)), proving that they indeed remain bounded when N, then T are
large. This is achieved through a domination bound of the following form: for any sequence
(On) of measurable events that involve the dynamics up to time 7" at most,

lim sup Pi?;’";m (On) < C(\, E) limsup P, AJFE(ON)U2 (2.40)
N—o0 N—o0
This bound is the only claim for which we need the (technical) restriction that A(A+2E) > 0
is small enough.
Equipped with the domination bound (2.40)), it is not hard to prove (see Proposition [£.4)
that the current-biased dynamics has the same fluctuations at times 1 < ¢t < T when N,
then 7" are large as the dynamics:

Ef g [LH (VN Ho (V)]
i, [Hy (YY) Ho (V)]

(2.41)

Above, Hy, H, are suitable bounded functions of the fluctuation field.

N
Step 3: fluctuations under EZ’L/\ .p and time decorrelation. Fluctuations un-
der (2.41)) are then analysed in two stages. The limiting law PZ’?:JFE of the fluctuation process

under PZ’% 1 1s first characterised in Section , in particular proving Theorem H We prove
that, for any bounded F' : D(R,,S(T)) — R and suitable bounded functions H;, Ho,

- By [F (YY) s<r) Hi (YeY) Ha (YY) _ B\ p [F((YS)“T)Hl(%)Hz(YTﬂ_ (2.42)

Noee L H (YY) (YY) )5 [Ha (Yo) Ha (V)]
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We conclude the proof of Theorem in Section [5, showing that the limiting fluctuation
process decorrelates in time in the sense that, for each ¢ > 0 and each A > 0 witht+ A < T

Ezgj\+E [F((Ys)tgsgur,q)Hl(YO)HQ(YT)] -
Eh,,\+E [Hl (Yb)Hz(YT)] RA+E

[F((Ye)ser)] + Cor(F, Hy, Hy),  (2.43)

with:
lim lim sup |Cy r(F, Hy, Hy)| = 0. (2.44)

t—=00 T y00
This decorrelation in time boils down to Gaussian computations on a family of finite-
dimensional diffusions approximating the limiting fluctuation process, constructed as in [31].

2.5 Discussion of the results and perspectives

In this article, the large N density fluctuations of the current-biased dynamics at intermediate
times 1 < ¢t < T are characterised. In this time regime, the current biased dynamics are
shown to be well-approximated by the explicit, non-local and homogeneous Markov dynamics

l/N . . . .
P+ Moreover, correlations at times 1 < ¢ < T" under the current-biased dynamics are
shown to agree with the expression predicted in [I5]. Let us discuss a few limitations and
possible extensions.

Dynamics for times around 0,7. Tt is also possible to investigate the behaviour of the
current-biased dynamics at times t,T — ¢t with ¢ of order 1. This would require no
change to the microscopic study, only work on the limiting fluctuation process. Indeed, for
such times the limiting fluctuations can still be expressed in terms of Ph \+p but the time
decorrelation (2.43)) does not happen, reflecting the fact that initial/final conditions still influ-
ence the dynamics. The corresponding fluctuation process therefore becomes inhomogeneous
in time.

Annealed and quenched dynamics. The current-biased dynamics is defined in an
"annealed" way, in the sense that it is a ratio of quantities averaged on the initial condition.
One could also ask about results on a "quenched" version of the dynamics. Several variants
of quenched dynamics can be envisioned. A fully quenched version, so to speak, would be:
n11 ANQr
EK‘J‘ENT() - Z MN(U)% for an initial condition . (2.45)
neQN E

If e.g. ™ = v}y, the only missing ingredient to prove Theorem [2.4| for the dynamics
is an equivalent of the domination bound (2.40). It is unclear whether such a bound should
hold. If it does, then the above quenched dynamics would have the same fluctuations as the
"annealed" dynamics (2.7).

Another possibility is to average on the initial condition while keeping the number of
particles fixed, as in the following dynamics started from the uniform distribution U, on
configurations with m € {0, ..., N} particles:

EUn[1.6V0r]

curr,Up,
Exer™ () = Bl o] (2.46)
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For this dynamics we expect Theorem to hold without much change to the proof. This
would be very interesting to prove as the initial condition U, has an advantage over uf\/[2 as
discussed in the next paragraph.

Influence of the initial condition. We now come back to the annealed current-biased
dynamics considered in the paper and discuss initial conditions more in depth.

Our main result, Theorem [2.4] is a statement about the current-biased dynamics in the
intermediate time interval 1 < ¢ < T'. Part of its proof consists in showing a time decorrela-
tion result according to which the effect of the initial condition is not relevant. One therefore
expects the statement to be independent of the specific choice Vf\b of initial condition (and
for instance Theorem also holds starting from a class of discrete Gaussian measures of
the form ([2.29), with the same proof).

On one aspect, however, the choice of 1/1]\;2 does matter. That is because this measure
allows all possible number of particles, including 0 or N particles where there is no current.
Since the number of particles is conserved by the dynamics, this has important consequences.
Indeed, start the WASEP dynamics from the uniform measure U,, on configurations with
m = | pN | particles (p € (0,1)). A direct computation using [9] shows that the denominator
in is informally given to leading order in N, T by:

E%m |:€)\NQTi| ~ eNTp(lfp)A()HF?E). (247)

I/N
As all densities are allowed under v7),, as soon as A(A+2FE) < 0 the denominator E’* [e*V97]
in the definition (2.7)) is therefore dominated by the contributions at 0, N particles when
T > 1 even though the typical density under Vi]\;g is 1/2:

N
vy 1 Z N
By [6ANQT} TN (m> Ey [e/\NQT]

N 2N1_1 (B8 [vor] 4 or(1)) = 2N1_1 (14 or(1)), (2.48)

where the or(1) is uniform in N. Thus for A(A + 2E) < 0 the "annealed" current-biased
dynamics started from I/i]\;Q does not capture any interesting dynamical phenomenon
when N, T are large. This is the reason for the restriction A(A + 2E) > 0 in Theorem
In particular, recalling the definition of the conjectured critical line, the restriction
A(A + 2F) > 0 means that only A\, E far from the critical line can be considered.

A natural way to bypass this problem would be to consider an initial condition with a
fixed number of particles as in (2.46]).

Extending Theorem [2.4] to that case should require no new ideas and would allow for \, ¥
with A(A+2F) < 0. Indeed, the structure of the proof of Theorem [2.4] for |A\(A + 2F)| small
enough would be identical: the candidate for the driven process and the time-decorrelation
result of the limiting fluctuation fields are the same. The key microscopic ingredient, the
relative entropy estimate, can also be set up at fixed density without change. To get bounds
similar to those of Theorem however, we would need an additional input: an equivalent
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of Appendix [A] for the canonical measure:
Ulnyja)n = Vév( - ( Zm = LN/2J). (2.49)

In particular exponential concentration bounds for n-point correlations under this measure
when A(A+2FE) < 0, corresponding to h being a positive kernel (recall Proposition 2.1)) would
be required. We would also need to prove a central limit theorem for density fluctuations,
which should be accessible, perhaps using the classical results on mean-field models of [39].
As these estimates are fairly technical and would still not allow to cover the full range of
sub-critical A\, F, we did not pursue that generalisation.

The non-perturbative case. Let us now discuss how to remove the smallness assumption
on A(A + 2F) in Theorem [2.4]

The requirement that A(A + 2E) > 0 be small comes from a single, but central technical
estimate: the domination bound (2.40). We claim that this bound can be proven for any
A, E with A(A\ 4+ 2E) > 0 provided the following estimate holds.

Write U,,, for the measure v;' conditioned to having 0 < m < N particles. Assume that,

for any A, E in the sub-critical regime of Proposition [2.1f

Up i satisfies a logarihmic Sobolev inequality
with constant ¢(\, E)N? uniform in m € {0, ..., N}. (2.50)

In other words, assume that there is ¢(\, E') independent of N and m € {0, ..., N} such that,
for any density f : Qn.,,, — Ry for Uy, p:

Uni(f10g 1) < e EYN*Ups (2 (VTG = VFm))*). (2.51)

1€Tn

Then Theorem with the current-biased dynamics started from V{\;Q holds for any A(A +
2F) > 0. Alternatively, assuming the above log-Sobolev inequality for m = | N/2|
only as well as a CLT under the measure U|ys, of (2.49), the result of Theorem [2.4] for the
current-biased dynamics started from U|y/) would similarly hold in the whole sub-critical

regime (2.22)).

The proof of such a logarithmic Sobolev inequality is currently under investigation.

3 Preliminaries: fluctuations and correlations under Piy NLE
and relative entropy estimate

In this section we establish preliminary results needed in the proof of the main result, The-
orem We prove Theorem characterising fluctuations and correlations under the
approximate driven process ]P’ﬁx aig (Sections to and the relative entropy estimate of

Theorem [2.7] (Section [3.4)).

Throughout, we consider the following more general case: rather than IP’hN7 aeps We study
fluctuation and correlation processes for a dynamics of the form ]P’EN 50 where A € R and
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h € O (T?) is symmetric (this set is defined in (2.14)). We assume throughout that ok has
leading eigenvalue strictly below 1: for some parameter 6 € (0,1):

sup F(@)oh(e,y)f(y) drdy < (1-38), o =(1/2(1-1/2) =1/ (3.1)
fEL2(T):||fll2=1 J T2

Remark 3.1. In the case h = h with A\ = A\ + E, the assumption (13.1) covers the full sub-

critical regime, recall Proposition [2.1. In particular and as mentioned above, no limitation

on A\, E come from Theorems[2.5H2.7} |
The dynamics IP’ 5 1s started from the discrete Gaussian measure 1/~ defined as in ([2.29))
with £ instead of h there. The fluctuations are studied as follows.

e Limit theorems for the law of the fluctuation process YN under a local dynamics (h = 0)
have been obtained in [36] using Ox(1) estimates on the relative entropy of the law
of the dynamics at each time compared to a suitable product measure. The extension
to h # 0 does not require new arguments provided a similar relative entropy estimate
holds. We therefore only provide a sketch of proof, in Section and refer to [36] for
details.

e The correlation process IV is then expressed in terms of YV when acting on smooth
test functions. This and an approximation argument characterise its limit uniquely
when acting also on test functions in C(T?) (recall (2.14)) that are smooth up to
singularities on the diagonal. Stationarity of the limiting processes Y., II. follows from
an explicit formula for the law of Y; (¢ > 0).

The following proposition contains the entropy estimate, and includes Theorem as a
special case. The oy (1) bound stated below is stronger than required for the proof of Theo-
rem Note that the law of the dynamics is compared to the correlated measure I/;LV rather
than a product measure as in [36]. This is essential for the oy (1) bound and does not change
induce any change to the proof of Theorem (where an On(1) bound is enough) compared
to the proof in [30].

Proposition 3.2. Let ftl/~ denote the law of the dynamics ]P’ﬁ~ at time t > 0. There are
~v,C > 0 independent of h such that, for each T > 0:
f}/CeT/'Y

VN € N3, sup HY (f,) = sup < i HY(f,) :== v (filog f1). (3.2)
t<T ¢<T N
This bound implies that, for each bounded ¢ : T? — R:
supsup]E [|HN ‘3/2] < C(T, ¢). (3.3)
t<T

Moreover, Pinsker’s inequalities yields the following useful consequence. For any function
N Qv = Rand any T > 0,

Fn|lso/27CeT/Y
sup [EX7 [Fu(1(t))] = v (F)| < 1P llosup [ 1 — 1] ¥ < Ll VYO g )
t<r | A t<T NV

The proof of Proposition is quite technical, and therefore postponed to Section
where we also discuss practical applications of this bound.
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3.1 The limiting fluctuation process

Here we sketch the proof of item 3 in Theorem [2.5]and characterise the law of the fluctuations
at time 0 (part of item 1). The proof of item 3 is standard: we prove tightness of (Y,);>q in
D([0,00),S8(T)), then prove that limit points satisfy a martingale problem that has a unique
solution.

3.1.1 Tightness

By Mitoma’s criterion [43, Theorem 3.1] (formulated for trajectories on bounded time in-
tervals, but immediately extending to unbounded intervals as in [I2] Theorem 16.4]), tight-
ness of (Y,N);>o in D([0,0),S'(T)) follows from tightness of all projections (Y,V(f));>o in
D([0,00),R) (f € C°°(T)). By [12, Theorems 16.8-16.10|, tightness of (YN (f))i>o follows
from the following two estimates:

(i) For each ¢t > 0,
lim lim sup ]P’Jk (‘YN = > =0. (3.5)

a—0  N_sc0

(ii) (Aldous criterion) For ¢t > 0, let Z; denote the set of stopping times for (V¥ (f))s>0
bounded by ¢ > 0. For each ¢ > 0 and ¢ > 0,

lim sup lim sup IP’JK (’ (N =YN(H| = 5) =0. (3.6)

=07, N—oo

Both items follow from On(1) bounds on the relative entropy HY(f;) uniform on compact
time intervals as we now show. Recall the entropy inequality:

B ()] < T 4

Let t > 0 and a > 0. For point (i), Markov- and the entropy inequalities give:

<

logu [e”’F], > 0,F:Qy — R (3.7)

P;f;(\w(f)\ a) < 1Eﬁ~[|YN Nl < W—I—ibguﬁ[exphﬂv(ﬁﬂ. (3.8)

Proposition shows that the last exponential moment is bounded uniformly in N, which
vields the claim as the entropy HY (/f;) is also bounded.
For point (ii), the starting point is the semi-martingale decomposition:

T
YA =Y+ [ NPL YN ds + MY (), 3.9)
0
with (MM (f))i>o a martingale independent from Yy and starting at 0. Let ¢t > 0, &,0 > 0

and 7 € Z; denote a stopping time. Then Markov property gives, recalling that fTVi]LV stands
for the law of the dynamics at time 7:

Bk (V) - 2 0] =B B [l - v
gEM{EW /N2L,~1XYN(f)dsH+]E£T;’£"V[|M§V(f)|u. (3.10)
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Note that, by Cauchy-Schwarz inequality, the estimate of the martingale term boils down to
an estimate on its quadratic variation:

) = [ NS st [0 -1 ] wn. e

ZETN

Using the entropy inequality as in and noticing that 7 < ¢t and that the relative entropy
is bounded with N uniformly on [0,¢ + ¢], item (ii) is therefore proven if We can prove that
the integrands in (3.10)—-(3.11)) have bounded exponential moment under ». This is indeed
the case. As computations similar to that of the action of the generator on YN(f) and
to are carried out to prove Proposition we omit them here and conclude the proof
of tightness.

3.1.2 DMartingale problem

vN

We now sketch the proof that limit points of (]P’;LN;\) satisfy the martingale problem of Theo-

rem [2.5]
The key argument is the following:

t t
YN () = Yo (fo) + / Y (0ufs + Lifs) ds + MY (f) + / e (N)ds,  (3.12)
0 0
where f € C'(R,,C>=(T)), L; is the operator appearing in Theorem and eV (f) is an

error term in the sense:
lim Efi ’
N—oo

The above estimate is an instance of the so—called Boltzmann-Gibbs principle. The expres-
sion of eV (f) is obtained through computations similar to those carried out in the proof of
Proposition [3.2 so we give no more detail. Estimates such as are proven in Corol-
lary [3.7] below, see also [36] for a different presentation.

= 0. (3.13)

Equation defines a limiting process (M;(f))i>0 for each limit point (Y;);>o of
(Y¥);>0. This process is (Y;),<;-measurable, independent from Yj and starts at 0 by con-
struction. It is also continuous as (V;);>o itself is a continuous process due to (VY (f))i>0
having jumps of amplitude bounded by || f|l.c N~'/2.

The continuous process (M;(f))0 = (Mi(f)? — f(f 10 fsll2ds),., can be constructed
similarly. To show that (M;(f))is0, (9:(f))i>0 are martingales, it is enough to show that
(MY (f)?¢) nen., is uniformly integrable for some & > 0 [35, Propositions IX.1.4 and I1X.1.12].
This again follows from explicit computations of the quadratic variation of MN(f) and Oy (1)
relative entropy bounds, see [36] (6.7) and Corollary 2.3] for a similar argument.

The fact that (M(f))i0, (M:(f))i>0 are martingales characterises (M;(f))i>0 by a result
of Dubins-Schwarz: for each ¢t > 0,

M,(f) = B! ) (B! )0 a standard Brownian motion.. (3.14)
20’f0 102 fs13 ds’ =
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For t > 0, taking as test function f,, = e*=9%f € C1([0,t],C=(T)) for f € C>(T) (the
regularity is proven in Appendix |C)), we find that any limit point (Y;)i>o of the (Y,V);>0
satisfies:

It
Vi) =Yo(£) + B, i i o as (3.15)

It follows that the law of (Y;):>0 is uniquely determined as soon as the law of the initial
condition YV converges, which we check next.

3.1.3 Imitial condition

vV
Proposition 3.3 (Law at the initial time). The weak limit v2° of the law of Y under P
is a centred Gaussian field on S8'(T), with covariance given for fi, fo € C*°(T) by:

E, [YO leOf2 /f1 Ci f2) (x)dz, Cy = (U’lid—iz)_l. (3.16)

Above, the function h is identified with the kernel operator hfz fT y)dy.

N
Proof. Let us prove that the law v o (YV)~' of ¥;V under IP~ 5 converges to a Gaussian
field with covariance C}. To do so, we compute moments of all order. Let n € N and
oL A e C°°(T). It is an immediate consequence of the invariance of vj under the
mapping n+ (1 —ni)iery that odd moments of YV vanish:

2n+1

u;j[ U YN(fi)} ~0. (3.17)

Above and in the following, we use v2(F) or v,Y[F] to denote expectation of F': Qy — R

under Vi]lv . Proposition provides the following estimate of even moments. Let AN denote
the matrix:

W (i, §) = hay h<N jif) WV@,i) =0, i#j€Ty. (3.18)

The following approximate Wick formula then holds: there is e = O(N™""!) such that,
with P, the set of pairings of 2n elements and Iy the N x N identity matrix:

AVILIEDS [T (o1 — N1 Gp)] < . (3.19)

pEP2y, j=1

sup
JCAN:|J|=2n

The inverse matrix above is well defined for large enough N, see the discussion around (A.31)).
Using (3.19) for each set J with even cardinal |J| < 2n as well as:

P=c (i€Ty), sup \(a—lfN - NN, ) - a\ =O(NTY), (3:20)

JETN
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we find:

PRI RRIRII SRy | O 321)

JisesJ2n€TN
=S (5 X 806 =N ) + e )
pEPoy, 1=1 a,beT N
where €/ (f1, ..., f,) = O(N™'). To conclude, it remains to prove that, for any f!, f? € C°°(T):
_1 —17N\—1 _ 1 _£2
Jm 5 X SR =N e = [ P@G @ 322)

a,beTn

Let f € C°°(T) and, for an N x N matrix M define, define for each i € T y:
= > M, j)f; (3.23)

JETN

From h € C¥(T?) € C°(T?) we get:

sup )(a—lid —B)f(2) = (0 Iy = N7RN) F(/N/N) | — 0. (3.24)

zeT

In addition, we prove in Lemma that (0~ Iy — N~'hN)~! satisfies, for some ¢ > 0:

Iy — NN )] < e Iy — NTRN) <=

sup max | (o~ I )@ <e sup max (o7 )] <
(3.25)

Using these bounds with (3.24) applied to Cj f, identified with the vector ((Cjf); )lGTN we

find that the vector:
(0" Uy — NTTRN) L = ¢ = (07 Iy — N7V [ f— (o Uy — NTTRN)O; f} (3.26)

has largest entry in absolute value that vanishes with N. This implies (3.22)) and concludes
the proof. O

Putting together the results of Sections to proves item 3 and part of item 1 of
Theorem In the next section, we move on to characterise limiting correlations, proving
items 2, 4 and 5. The stationarity claim of item 1 is proven in Section [3.3]

3.2 The limiting correlation process

Here, we prove that the correlation process 1IN € D([0, +00), Sj,(T?)) under IPJK has a unique
weak limit, as written out in Theorem [2.5] and characterise its properties. ThlS is first done
by expressing Il. in terms of Y. for smooth test functions. An approximation argument then
gives a characterisation of the correlation process also including test functions that are not
smooth on the diagonal. Let (ey),>0 be an orthonormal basis of eigenvectors of the Laplacian
on the torus: eg = 1, and:

V¢ € N5y, Vo € T, ear_1(z) = V2sin(2nlz),  eg(zr) = V2 cos(2mlx). (3.27)

23



Proposition 3.4. 1. (Smooth test functions). Consider TIN as an element of the set
D([0, +00),S'(T?)) of distributions tested against smooth test functions only. Then the

couple (YN TIV) converges in law to a measure PZ’?: on D([0, +00),S'(T) x S'(T?)).
Under this measure, for each (f1, fo) € C*°(T)?, with probability 1:

(i@ fo) = V) - ] [ A@fdn 200 @2

2. (Non-smooth test functions). For each t > 0, II; admits a unique continuous extension
to Sp(T?) and each vector (I (¢1), ..., T (dp)) converges in law to (T, (¢1), ..., Ty, ()

forp € N and ty,....t, >0, ¢1,...,0, € CF(T?). Moreover, there is C(iz, 5\) > 0 such
that, for each € > 0:

C(h, X)HMOO

“<|Ht(¢1)| > e) < t>0. (3.29)

Proof. 1. Take fi, fo € C*®(T) and N € Ns;. From the definition of IT" in (2.13)), one has
with probability one:

vt >0, Y (fi ® fa) = _YN(fl) N(fa) = — Z (f1)i(f2):- (3-30)

ZETN

In view of the characterisation of tightness of a process in Section and since all test
functions in C*°(T?) can be approximated uniformly by linear combinations of tensor prod-
ucts of functions of one variable, it follows that the sequence of laws of (Y IIV) is tight as
probability measures on D([0, +00),S'(T) x §’(T?)). As the sequence of laws of Y converges
and as [TV (f; ® f2) is a continuous function of Y,V (f1), Y,V (f2) for each ¢ > 0, the sequence
of laws of (YN TIV) converges to a measure P;h/\ The validity of for each N and the

fact that the second term in the right-hand side of is a (non-random) Riemann sum
for o [, fi(x) fo(2) dz conclude the proof of 1.

2. Let t > 0 As II; is a bounded linear form, it is a uniformly continuous function on
the complete metric space C*(T?) that is dense in C°(T?) D C¥(T?) for the topology of
uniform convergence. It therefore admits a unique bounded extension on C°(T?)" D S}, (T?).
Fix now p € N, ty,...,t, > 0, ¢1, ..., ¢, € C¥(T?) and sequences (¢7),, € C>°(T?)N converging
uniformly to ¢; (1 < i < p). We do the proof for p = 2, the general case being the same. Let
F :R? — R be a bounded Lipschitz function and write:

F (I, (¢1), My (¢2)) — F(Hi\lf(ﬁﬁl%Hg(ﬁbz))
= F(Iy, (¢1), My (¢2)) — F (I, (¢7), Iy (65))
+ F (I, (67), I, (65)) — F (I (67), I} (65))
+ F (I (61), 1175 (65)) — F (I (61), 1175 (62)) (3.31)

The middle line vanishes with N at fixed n when integrating on the laws of H IV by weak

convergence for smooth test functions. The average of the first line under P~ - vanishes with
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n by definition of the extension of II and the dominated convergence theorem. Lastly, the
average of the third line vanishes with n uniformly in N. Indeed, as F'is Lipschitz (say with
respect to the norm ||(x,y)||1 = || + |y|), it is enough to control times ¢, ¢, separately. E.g.
for ¢1, the entropy inequality gives, for each v > 0:
uN no_ n
B 10 o7 — )] < 80l fpv ) 4t (exp [T =20 (539
’ gl 167 — ¢1lloo
The entropy is bounded uniformly in N by Proposition and Proposition yields the
existence of 7, C' > 0 independent of N, ¢, ¢; such that the exponential moment is bounded
by C. This concludes the proof of 2. except for that we now prove. Let t > 0 and
e > 0. Since (II¥(¢))n converges weakly to I1;(¢),

P75 (I(00)] > ¢) < liminf P ([ (61)] > ). (3.33)

Markov- and the entropy inequality give the claim as in (3.32]). n

3.3 Stationarity
The last unproven claim of Theorem [2.5]is the stationarity of the processes (Y;)i>0, (IL)>0-

In view of Proposition it is enough to prove that (Y;);>o is stationary, i.e. that
the Gaussian field v on S'(T) with covariance Cj = (07'id — h)™! is invariant. It is
enough to check that the law of (Y;(f1),...,Yi(fn)) (t > 0) does not depend on time for each
fis oo fn € C°°(T) and n € N5, By Lévy’s characteristic function theorem and the linearity
of Y;, establishing the n =1 Case is sufﬁcient

Fix f € C>(T). Equatlons 4)—(3.15)), the fact that Y; is a centred Gaussian field with
covariance Cj := (o~ tid — h)™* and the independence of Yy and M,(f) imply that Y;(f) is a
centred Gaussian random variable with variance:

B = [ 5(0)(Cufola) da+ 20 / 10,1, 12 ds. (3.31)

Let us prove that this variance is just [} f(2)(C;f)(z)dx, which will suffice. Recall the
expression of £; and let t — f; = ewhf € C®(Ry x T) (see Appendix [C] for the
regularity). Then )

Oify = L fy = (id = ch)Afy = 0 C A fy, (3.35)

where we used C}; = o(id — oh)~" in the last line. Integrating the second term in the right-
hand side of (3.34)) by parts and writing the first term as its ¢ = 0 value plus the integral of its
time derivative, we find that the variance of Y;(f) is indeed [, f(z)(Cj f)(x) dz, concluding
the proof:

>/x38

)= [ rcne dx+2//f508f3 o f.AL) (@) do ds

- [ f@(Cipa) s (3.36)
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3.4 The relative entropy estimate

In this section, we prove the oy (1) relative entropy estimate of Proposition , which includes
Theorem as a special case.

The main idea is the following: the more information we put on the measure approximat-
ing the law of the dynamics IP’ 5 at each time, the better the resulting estimate. To obtain
information on the two-point Correlatlon structure of the law of the dynamics, one needs to
tune the density profile as well as two-point correlations of the approximation measure. One
way to do so is to compare the dynamics with a measure of the form Z/;V defined as in ([2.29))
for a symmetric g € C%¥(T?), and optimise on g to get the correct correlation structure of
the dynamics.

For the dynamics we study here the optimal choice ¢ = h. This is not true in general
and only valid here due to working at density 1/2. We choose to nonetheless work with a
general g € C¥(T?) in the following. This is to showcase that the optimal g is in general the
solution of a partial differential equation involving & (see [I3]). Moreover, the computations
for general g are very similar to those needed later in Section [4.1]

Notations: A function g € C%(T?) is henceforth fixed such that og has 1eading eigenvalue
eigenvalue strictly below 1. We write I/g for the associated measure as in ( . If fisa
density for VN the relative entropy of fu with respect to 1/ is denoted by

Hy(f) = v, (flog f), (3.37)

where v} (-) (or v)'[]) denotes expectation under »). In the special case g = h we simply

)
write HN(f) (f)

To prove Proposition the following lemma is the key starting point.

Lemma 3.5 (Lemmas A.1-A.2 in [36]). Fort >0, recall that H) (f,) = v}’ (filog f;) denotes

the relative entropy of the law of the dynamics ftl/;v at time t with respect to Vév. Then:

O (f) < =N*v (s (V) + N2 (fil} 5 31). (3.38)

Above I, 5 is the carre du champ associated with the dynamics (recall the definition (2.17)—
8) of the Jump rates): for each function F: Qy — R,

Lis(F)) = 3 el D [FG ) = Fop] (3.39)

The operator NQL* i 5 s the adjoint of the generator N*Lj 5 of the dynamics in L?(dvl):

Vé\/<ni,i+1>

NLy 5 3 F ) = N* 37 el E )0
g

€T N

—cialn i YEm)]. (3.40)
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A similar expression arises in the bound of exponential moments of time-integrated observ-
ables using the Feynman-Kac inequalily:

1 v g
T log ;" [exp [/0 F(n) dt”
2

< s Lun+ Togn-Taeawml e

F20w (f)=1

Using Lemma [3.5] the entropy estimate (3.2)) in Proposition [3.2] follows from the following
claim as proven next.

Lemma 3.6. Take g = h and write HY := HEN for the associated relative entropy. For each
N € Ny, there is a function Ry 5 : Qn — R such that, for any density [ for V;]LV:

2

(NI 51) < o (s (V) + o (FRi). (3.42)

Moreover, there are ~v,C > 0 such that:

C

W. (3.43)

1
VN € N5y, ;log Vg<exp [7|Rh/\\]) <
Let us prove the entropy estimate in Proposition [3.2] assuming Lemma [3.6] The remaining
part of Proposition the moment bound on II¥, is proven in Corollary below. Recall

that the entropy inequality (see Appendix A.8 in [38]) states: for any density f for yév, any
F:Qy — Rand~v >0,

Vi (fF) < w + % log 3 (e'VF). (3.44)

Using Lemma and the entropy inequality, the bound (3.38) on ;HY(f;) becomes:

2

O™ (1) <~ (Ths (V) + v (Ri5)

R
HY(f) | 1
. (3.45)

logy [6773,; i] <
Gronwall inequality and HY(f;) = 0 then give HV(f,) < vCe!/YN~1/2 as claimed..

The proof of Lemma spans the next two sections, with useful concentration estimates
(such as (3.43))) established in Appendix [A]

Before we start proving Lemma we give a useful corollary. It states that the relative
entropy estimate implies the so-called Boltzmann-Gibbs principle, or replacement lemma
at the level of fluctuations, as already observed in [36]. Corollary was already used in
Section to identify the limiting martingale process.
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Corollary 3.7 (Bounding error terms). Assume 60~ : Qn — R, N € Ny satisfies the
following conditions: there are functions (& (N € Nsy, § € (0,1/2)) such that, for any f for

N
Vi -
vV (F(£0Y)) < SNV (T(VF) + v (F¢), (3.46)
and for some v > 0 depending on ¢:
lim sup log 2’ [exp (fy|§§v|)} =0. (3.47)
N—o0
Then:
oo (T
lim sup E}'s H / o~ (1) dtH — 0. (3.48)
N—o0 ’ 0

If 6N = ¢} for some 6 € (0,1/2), the assumptions in the corollary are just saying that

716™] has exponential moments under v equal to 14 on(1). The result is then a direct

consequence of the entropy estimate of Proposition applied at each time ¢t € [0,T]. The
more subtle 0V # (I case will be proven at the end of Section [3.4.2]

3.4.1 Computation of the adjoint

Here, we compute the adjoint NQL; 7 51(n) of the generator in L2(1)) for a fixed configuration
n € Q. For any f:7Z* — R and any (i, j) € Z?, write for short:

OV f(i,5) == N[f(i+1,5) — f(i, )],

AYFg) = N*[f(i+1,5) + f(i = 1,5) = 2f (i, 5)]. (3.49)
Recall that 7; = n; — 1/2 for ¢ € Ty. Elementary computations yield, for each ¢ € Ty:
U (i)
L = —2(nip 1 — i) BY /N 3.50
VEJ]V(TI) eXp[ (77+1 77) z/ ]7 ( )
with: .
Bi(n) = 5 | Z ;01 i (3.51)
J¢{ii+1}
Similarly,

i) = es(n ™) exp [ = (i1 — Ui)BfL/N]
(:\ + BZ’:”) }

= c(n, ") exp [— (i1 =)~ (3.52)

With these relations, one has for the adjoint N2L*1:

27 % 2 i+l Vév(ni’iﬂ)
N2LY o 51(n) = N* Y [Ca,x(n’ N

7,5+1
—cpaln ™" )]
i€Tn yg(n)

— N2 Z ni(1 — mﬂ)(exp [_:\+TBZQJJL] — exp [;\-1- Bzﬁ])

€T N

+ N3 (1= ) (exp [A_—Bh] —exp | - “Bf}). (3.53)

1€T N
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Developing the exponentials using e* =1+ z + %- + ° 4 fo - t) e dt yields:

N2L 1) = 2N Y (i —m) (A= BE) 23 el [ Bg—h_X)Bf}
ZETN ZETN

LN Z (Th‘+1 — 77z‘) [(5\ — Bz?giﬁ)g - (5\ + Bzh) ] + 5order>4<77) (3.54)

i€Tn

3
Z NZL* )‘order k + 50rder>4(n)
k=1
with:
sup ‘5order>4(n)’ = O(Nil) (355)

neQN

The bound on 64>, comes from the fact that BY, Bh are bounded uniformly in ¢, N, 7. We

now focus on computing (NQL;B’/\l(n))‘mder . for ke {1,2,3}.

Computing (N2LZ,E,Z\1(77))|order L+ Since (i1 — ;) = (7iy1 — 0:), upon integrating 7; by
parts in the first sum in (3.54)) and re-indexing, one finds:

(NZL;JMS\]'(?? |order 1 NZ Z 77177] g h)

€T j:j— z|>1

+ Z 771772—&-1 g h)H—l i a{V(g - E)i—l,i—&-l}- <3'56)

i€Tn

Computing (NQLZ,E,S\l(n))brderQ' Recall definition (3.51)) of BY. One has:

* 1 /1 y -
<N2Lg,h,x1(77))|order 2~ 9N2 Z ﬁjﬂz(N Z c(n, ™oy (g — h)i,jafvgi,z>
JAET N i€Tn
i¢{j—1,j,0—1,0}

A
— N Z’L+l Z Ujafvg” (357)

1€Tn je{ii+1}

To proceed, rewrite the jump rates c(n, n*™1) in terms of 7;, 7;,1 as follows:

1 _ _
6(777 771 Hl) (1 - Th+1) + 7h+1(1 - Th') =5 = 20iMip1 = 2(0 - 77@'7]7;+1)- (3~58)

2

Splitting also the first sum in (3.57) between j = ¢ diagonal terms and non-diagonal ones
and recalling 7? = o, one finds:

(NQL;’M <77> jorder 2 — 7 Z 77]774( Z o (g — h)i,jafvgi,e>
JleTN i€Tn
J#L i¢{j—1,j,6—1,0}
2
g ~
TNz o> Rg—hi g +e s+ (3.59)
JETN €TN
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The term &, contains third-order correlations that will require more work to estimate:

2N — _
Eg(n) = N MiTi+1 Z 77331 Gij- (3.60)

i€Tn jéq{i,i+1}

The term €, in (3.59) contains all other terms that will be shown to be small:

1 _ 1
59,?1,5\ = _N NiNi+1 (N Z aN(g h) ,]al gz,j)
1€Tn J&{ii+1}
1 1 __aN N
- ¥ 771771+1< ¥ Z 70y gi,50; gi,é)
1€T N JALE{i,i+1}

2)\0 Z Z ;0N i ;. (3.61)

1€Tn j¢{i,i+1}

Putting together the initial expression (3.54) of the adjoint and the first and second order
estimates (3.56)—(3.59), we have so far obtained:

N2L; 4 )\ Z Z 77”7] g B)i,j

zGTN] l7— z\>1

+ Z 771771+1 g h)erl i aiv(g - B)Z'*l,’i+li|

€T n
o 71
T > 77j77€<ﬁ > (g —h)is0) gz€>
JleTN i€TN
j# i¢{j—1,j,6—1,6}
Z S 09— 1igdN g1 +0,5.5(), (3.62)
]GTN ZGTN
lg{]—l,]}
where 0, is given by:
69,?1,5\ - 59,?1,5\ T gg T <N2L2J~l,5\1<n))\order 3 + O<N_1)’ (363)

with the O(N~!) uniform on the configuration.

Postponing the precise estimate of d,j 5 to Section let us informally explain why
the choice g = his optimal. The contribution of two-point correlations i.e. the first four lines
of (3.62), are expected to typically be of order 1 in N since IV is, informally speaking, the
square of the approximately Gaussian random variable Y. On the other hand § 9 involves
higher order correlations or other terms that we expect to typically be of order oy (1). Thus,
in order to make the adjoint as small as possible as stated in Lemma we need to choose
g so that all two-point correlations vanish. This is the case when g = h and we obtain:

N2L; 5 51(n) = 0,7 5- (3.64)

Therefore bounding 9y, ; 5 is the same as bounding the adjoint.
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In Section {4 we will make use of a bound of 9, ;, 5 for g #* h, so we keep a general g for
now. In the next section, we conclude the proof of Lemma by constructing, for each
a € (0,1/2], a function R j 5, : @n — R such that, for each density f for 1.":

v (£6,55) < aN*vY (D) + ) (fRyhsa): (3.65)

with, for some ,,C, > 0 independent of N and all N € N5 ;:

1 Ca
o~ log I/;V<8Xp ‘%“Rgﬁ,XaD < iz (3.66)
The function Rj, 5 appearing in Lemma [3.5]is simply R _j 7 5 =1 /0-

3.4.2 Proof of (3.65) and estimate of error terms

Here, we complete the proof of Lemma by proving (3.65). At the end of the section,
we also establish the moment bound in Proposition and prove Corollary which in
particular implies the estimate (3.13)). Recall that we still work with a general g € C7(T?)
such that og has leading eigenvalue strictly below 1.

The proof of is split into two parts: the estimate of & (recall (3.60)), and the
estimate of the rest, i.e. € 7 5 + (N2L27I~17;\1)|0rder 3 (recall that € ; 5 is defined in (3.61)).

In Proposition the following concentration estimates under V;LV are established. Let
n > 1 be an integer and ¢, : T — R (N € Nx1) be a sequence of functions satisfying
supy ||@nllco < 00. For J C Ty and n > 2, define:

W;L;J(n) = N}L_l Z qbn(il? L) Zn)(HﬁzH—])ﬁlzT_]zﬂ; nec QN. (367)

i1,..,in€TN JjeJ

If n = 1, define instead:

W) = 30 i) (TTes). nen (3.68)

€T N jedJ

There is then ~,,,C,, > 0 depending only ]~Z7 J but not on ¢, such that, for each N € N:

1 YW C,  ifne{1,2},
— log VN<exp [—"D < . 3.69
Tn 9 supy [|onloo NCTL% if n > 3. (3.69)

Let us use (3.69) to bound ¢_; 5 and (NZL;E,I\l(n))mrder 4 The first line of € 5 in (3.61)) is
of the form N’1/2W$;{0’1} for a bounded ¢, depending on g, h and given by:

. 1 5 .
(Z§1<Z) = _W Z a@{v(g — h)i,jafvgiyj, 1€ TN- (370)
je{ii+1}
On the other hand, the second line of €41 18 of the form Wjjo’l} with:
¢3(i, 4, 0) = —Lj 2040041105 9,507 Gigs (,7,0) € Ty (3.71)
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Lastly, the last line of ¢ j § reads, exchanging sums and integrating by parts:

2 .
—Ta Z Z ;01 gij = —2\o Z 1 Z (915 — 93]
i€TN j¢{ii+1} J€TN  ig¢{j—1,j}
2\ _
=N N [gj415 — 9j-1.5] - (3.72)

JETN
Since g € C¥(T?), N times the bracket is bounded uniformly in N, j:

%(]) = N[9j+1,j - gj—l,j] = N[gj+1,j - 9j+,j] + N[ij,j - gj—l,j]
=095, — Owgj_j +on(1), (3.73)

with the oy(1) uniform in j and where we used the continuity of g on the diagonal. The

last line of (3.72) is thus of the form N~/ QWT;{O}. From (3.69) and the entropy inequality
applied to each three terms in € 5, it follows that there are constants 71,7{,73 > 0 and

C1,C1, C5 > 0 such that, for any density f for vV (recall HY (f) := v} (flog f)):

HY(f) 1 HY' (f)
N o g _ N 1’{0>1} g
vy (fegns) < N2 + " log v (eXp (W5, ]) T g N2
1 N 3,40,1} HY'(f) 1 N 1,{0}
+ = log v, (exp (W, }) + SN + O log v, (exp RALSS })
1 1 1 Cy+Cf + C:
N 1 1 3
< Hg (f) [,73 + ’YlN1/2 + 71]\[1/2} N1/2 ’ (3'74)

Consider now (N 2L;M\l(n)) Recalling the expression (3.54) of the third order term,

|order 3°

1

(N*L 3 5100) e s = gy 2 (s = )| = O3B! + 128281 — (570)" — (1)’

(2
€T N

(3.75)

Since BY, BZE are bounded uniformly in 4, N and 7,11 —n; = 7i41 — 7, (3.75) can be bounded
as follows for some C(g, h, \) > 0:

(N2L;E,Z\1(77))|order 3 < _% Z (Mix1 — 7)) BY + w Z [(Bf)2 + (Bf)2] (3.76)

€T N €Ty

The first term in the right-hand side of (3.76)) can be integrated by parts, after which it be-
comes bounded by O(N™!) uniformly in the configuration. On the other hand, for each

i € Ty, (BY)% (B"? are of the form N_IW;{O} for a family ¢} : T% — R satisfying
i 2

SUP v ; 72, |Y5| < co. Equation (3.69)) and the entropy inequality thus yield similarly to (3.74)),

for some C5, v, > 0 depending only on g, R, \:

HY'(f)
72N

+ (3.77)

2|0

N 271 %
V!] <f(N Lg,ﬁ,j\l(n))brder 3) S
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Putting together (3.74)—(3.77)), we have shown the existence of v, C' > 0, depending only on
g, h, A, such that (recall the definition (3.60)) of &, and (3.63) of 0,7 5):

aY C
W (5,15) <o () + L) 4 O

Lemma [3.8| below provides an estimate of &,, concluding the proof of (3.65) with the function
R,is.a (@ € (0,1/2]) appearing there given by:

(3.78)

— 27 - o
Rg7i7’75‘7a T (N Lg,il,jxl)order 3 gvth + W h7A7a7 (3'79)
and W, ;, 5, defined in the next lemma.

Lemma 3.8. Let & be given by (3.60) and o € (0,1/2]. There is W, ;5. : v — R such
that, for any density f for I/év.'

vy (F€;) < aN* v (a5 (V) + v (FVi5). (3.80)
and, for some v,C > 0 depending on g, h, X\, a but not on N:
1 C

;log Vév<exp [7|W;17;\7a|}> < Nz (3.81)

Proof of Lemma (3.8 Fix a density f for I/év throughout the proof. Consider more generally a
family of functions ¢ : T% — R that is bounded uniformly in N and let us prove Lemma
for Wj;{o’l} (recall (3.67)) rather than & (defined in (3.60)). A direct application of the
entropy inequality only yields a bound Ox(1) on the exponential moment. To improve this
bound to O(N~Y2), we make use of the long, diffusive time-scale, which appears in the
bound on the entropy production O;HY (f;) of the relative entropy through the carré
du champ. Following the technique of [36], we estimate the cost of replacing the sum on
niMi+1 by a sum on local averages of 77’s. To do so, let a € (0,1/2). For ease of notation, we
write aN instead of [aN|. Split Wj;{o’l} as follows:

Wit = wr w4 W (3.82)

with, for n € Qu:
1 L
W(n) = N Z Z Niflis17;$2(1, 7).
i€TN j¢{i,....i+aN}
_ 1 _
W=(n) = N Z Z NiMi+17702(, J)
i€TN jE{i+2,...i+aN}

W=(n) = % Z Z i1 021, j)- (3.83)

1€TN je{ii+1}

Note that, recalling (7;,)> = o (i € Ty), W= is of the form Nfl/sz}’l{O’l} for 11 = o[pa(i,4) +
¢2(i,7 + 1)]. One thus directly has by (3.69)) and the entropy inequality, for some ~,C > 0:

HY (f) 1 Hi(f)  C

Vlzzv(fW:) < + ’)/Nl/Q log V?(exp [7W:}> < ’le/Z + N1/2°

< (3.84)
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We now estimate W+ and W~. For i € Ty, define the local averages:
av . 1 = (3.85)

with ¢ + (aN — 1) understood modulo N. The only difference in the estimate of W' W~ is
that we replace each ;. (respectively ;) by mt"fN (respectively =) (i € Ty), so we only
treat W, Introduce W defined for n € Qy by:

W) = < Z Yo i)
1€TNJ¢{1 Jg+aN}

i€TN j¢{s,..i+aN} Le{i+1,...i+aN}

As a < 1/2 implies that the sums on j,¢ do not overlap, W is of the form W;’;{O} for a

bounded ¢s, so its log-exponential moments are bounded by O(N~'/?) according to (3.69).
We now show that the difference W+ — WY can be estimated in terms of the carré du
champ. To do so, notice first the following elementary identity:

_ _t.aN N n
Ni+1 — 77;;1 = ‘ Z Pa(p — 1) (np - T]p+1)7 @a(n) = lLoc, anv—1y <1 - W)
pef{i+1,...,i+aN—1}
(3.87)
Define then, for each p € Ty:
1 . _ o
up() = & > Y. eallp—ile)nilde(ij)  neQy,  (3.88)

ie{p—(aN-1),....p—1}

with [p — i|r, the torus distance between 7, p. The earlier choice of a € (0,1/2) removes any
ambiguity in the definition of this distance and:

W) = WHNm) = > ([ — Tpr)up(n), 1€ Q. (3.89)

peTN

Applying the integration by parts formula of Lemma [B.1] for each p € Ty to u = u,, then
summing over p gives the existence of C' = C(g, h, A) > 0 such that:

APV = W) < a2 (05 (V) + —g 30 v (Fluf?)

pETN
2(Mp+1 = Tp) 1
+ Z (fup np+1)<exp [— WB;] — 1)) (3.90)
pETN
Let us estimate the different terms in the right-hand side of (3.90). The quantity:
C
+ . 2
Ri=— >yl (3.91)
peTN



is of the form W;Z{O} for some bounded ¢4. By (3.69), it thus satisfies, for some 4, Cy > 0
(depending on «):
HY(f) C

vN(fRY) < + . 3.92
g (f a) ! YalN (3.92)

On the other hand, using [e* — 1 — z| < cx? for some ¢ > 0 and all z smaller than
2sup,, v N‘1|B;;|, we find that the second line in (3.90) is bounded by:

R = = S )+ 3 (s B ). e
pETN peTy P

The first term is an average of functions of the form W;’;{O}, the second one of the form
3

N—1W2’{0} for functions ¢%, ¢¥ bounded uniformly in p € Ty and N. The log exponential

moments under v} of both terms in the right-hand side of are thus bounded by
O(N7Y?) in a nelghbourhood of 0 by (3.69). This concludes the estimate of the cost of
replacing W+ by W+V: for some v, C > 0,

vy (FWF = W) < a2 (D 5(V ) + vy (FRE) + v, (FRY)

HN(f) C
< aN Y (Tha(VF)) + 97 + S (3.94)
Similarly building R™, R, and defining W, ; 5 , as follows concludes the proof:
Woisa =WH N+ RYARIAW N+ R™+ R, + W™ (3.95)
O

Lemma provides the entropy bound in Proposition We now prove the moment
bound on the correlation field at each time.

Corollary 3.9 (Moment bound for the correlation field). Let ¢ : T? — R be bounded. Then,
for any T > 0:

supsupE; [|HN \3/2]§C(T,¢). (3.96)

N t<T

Proof. Let t > 0. Recall the identity E[X*?] < 1+ 2 [*r!/2P(X > r)dr valid for any
random variable X > 0. This together with the bound |HN( )] < C(¢)N for each N gives:

C(e)N
IEftUHN )] < g/ 2P (\HN )| >r)dr. (3.97)
0

Using the entropy inequality (3.7) with a constant v = ¢r for ¢ > 0 to be chosen later and
the test function 1jyv(g)>, (7 > 0) yields:

shlimor) < [ a0 g e o

_ g/oowv 6\1[ <HN(ft) +log (1 + (e — ¥ (I ()] > r))) dr. (3.98)
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Proposition ensures that one can choose ¢ = ¢(¢) > 0 such that:

(e — D’ (1Y ()| > r) < e~er/?, r > 0. (3.99)
Using the entropy bound of Proposition [3.2] the bound log(1+ z) < x for > 0 and the fact
that r — r~/2e=“"/2 is integrable on R, concludes the proof. O

We now prove Corollary on time averages of error terms.

Proof of Corollary[3.7 Only the case 0V # ¢V (a € (0,1/2]) requires a proof as explained
below the statement of the corollary. This case corresponds to situations where a renormal-
isation procedure such as the one performed for &; in the proof of Lemma is necessary.
The proof below is basically the one in [36, Theorem 5.1] adapted to get bounds on expecta-
tions of time-integrated observables rather than just tail probabilities. Recall the definition
of the function Rj 5, of Lemma 3.6 E let @ > 1 be a parameter that will eventually become
large, define a : (4a) and write:

1 T
‘/ o (o dt‘ ‘/ [0 (me) = Ca ()] dt‘ ——/ Rj, 5 (me) dt
+/ | Cowa (7t ‘dt+_/ Ry 5(ne) dt. (3.100)
0

By assumption on ¢} and by Lemma 3.6/ for R; 5, the second line is controlled by the entropy
inequality:

vN
limsup]EBh;\[/ (SR +R,~17;(77t)|dt] =0. (3.101)
N—ro00 ’

On the other hand, subtracting Cé\z and R; ;5 gives us good control on the expectation of the

first line in (3.100) as we show below:
T 1 T

‘/ [6% () — Can (me)] dt’ ——/ R, 5 () dt} (3.102)
0

1logE~~[eXp ‘/ N () dt( /OTRm(m)dtH.

Inside the exponential, the absolute value can be removed using el < e* + e (z € R). Tt is
thus enough to separately bound, uniformly in N, a, the exponential moments of a6 —(J'].
Feynman-Kac inequality (see Lemma and the bound of Lemma [3.6| on the adjoint give,
e.g. for +aldV —

aa]

1ogE;’§[exp [a /O ! [0 () — ¢ ()] dt — = / Rivs m)dtH

<T sup {al/év(f[eN— 5@]) —lufv(me\)
1

200 (f)= 2"
N? N T - \/_ N2L* -
_TVh(h/\<2f))+ 9 vi ( hiA f)}
<T sup {auév(f[QN - ') - NTV}]LV(F,M\(\/?))} (3.103)

F20N (f)=1
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Recalling the definition (3.46) of ¢) and the choice o, = (4a)™', the last supremum is
bounded by 0. This bound and (3.101)) conclude the proof. m

4 A candidate for the approximate driven process

In this section, we start the proof of Theorem by carrying out the first step in the program
expounded in Section [2.4]

This involves computing the Radon-Nikodym derivative Dijx AE = dPy/ dIP’;Z - ol

T for A\, E € R and some h : T> — R (these two dynamics are defined in ([2.2)-(2.18)), then

finding conditions on h that make IP’BN g @ good candidate for the approximate driven pro-

cess as defined in . This is carried out in Section

In Section [4.2] we prove domination results between the current-biased dynamics and the
dynamics P}, ;, P}y, p, with h the bias identified in Section These domination results
ensure that the current-biased dynamics and Py, ; are indeed suitably close and reduce the
proof of Theorem to long-time decorrelation estimates at the macroscopic level, estab-
lished in Section [l

up to time

4.1 The Radon-Nikodym derivatives
Let h € C°(T) N C>([0, 1]) be fixed throughout. The function & is identified with (z,y) —

h(z —y) € C¥(T?) so that IIV(h) is a meaningful object. We always assume that oh has
leading eigenvalue strictly smaller than 1, so that the results of Section |3| on P¥ apply.

hA+E
Here, we compute the Radon-Nikodym derivative DY = := dPV /dPY

AR h’/\+E‘T for trajecto-

ries up to time 7' > 0, starting with DY, , =: D{, 5.

Lemma 4.1. Let pV be a probability measure on Qy (N € Ns1). Let \,F € R, T > 0 and
let Ay g be given by:

Axe(n) = —A(A +2E) Z NiMi+1, n e Qy. (4.1)

€T
There is then €3 p - Qn — R with sup, e | < C(X\, E)/N for each N € N>y, such that:

BYp | Lexp (fy Anplm)dt+ J) eXp(n) dt ) |

ElﬁE [exp <foT Axp(ne) dt + foT exe(ie) dtﬂ |

CcurT, N
]P))\,E,Ilf () = (4-2)

Proof. Let T > 0. The two dynamics P} and P}, ;, are absolutely continuous with respect to
one another on the space of trajectories on [0,7]. Fix n(:) € D(Ry,Qy). We write 7, rather
than n(t) for the configuration at time ¢ when there is no ambiguity with the occupation
number 7; at a site 7 € T. The Radon-Nikodym derivative Df\\fE until time 7" reads (see the
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proof of Proposition A.2.6 in [38]):
dPy
m‘T((m)th)

= exXp [— ANQr + N2/ ( Z n:i(t)(1 — 7h+1(t))€E/N(€A/N - 1)

€T N

DY g ((me)e<r) =

e (1 = mp(8)e B (e MY 1) ) . (4.3)

Developing the exponential in the second member, we find that there is C' > 0 and a function
exp: Qn — R with sup, o eV g| < C/N such that:

A(A + 2F) i ¢
DY g ((e)i<r) = exp [ — ANQr + / Z c(ne, ni" Yy dt + / exp(m) dt] (4.4)
0

The jump rates c(n,7°""!) can be rewritten in terms of the variables 7, = n; — 1/2 (i € Ty):
c(n, ™) = 20 — 20741 (4.5)

Note that the total number of particles >, 7;(t) is constant in time. The sum in (4.4) thus
reads:

/Z (e, my"™) dt = 2NTo — 2 / > Bt (t (4.6)

€T N SINY

Injecting the expression (4.6) in both numerator and denominator in the definition (2.7)) of

Pf\“g}‘ concludes the proof. ]

N N
. . curr, it . : M
Lemma expresses the current-biased dynamics Py 7 in terms of the dynamics Py, 5

which has the same macroscopic current. We now tune the long-range two-point correlation

structure by considering the dynamics P and optimising on h so that this dynamics is,

hA+E
loosely speaking, as close to ]P’f\“g# as possible when N, then T are large.

Proposition 4.2. Let u” be a probability measure on Qx (N € Nsi). Let \,E € R be
sub-critical in the sense of Proposz'tion and h = hy g be the associated solution of (2.21)).
Then, for each T > 0:

N
Bjep |1 exp (= TV () + T (B) + [ ey pn) dt )|
Ej\vw | exp (= TV () + T (h) + fy el o) dt )|

where €},  is a function that has small time integral under both Py, 5, Py, o (started from
suitable initial conditions )

P () =

, (4.7)

Vo > 0, limsupIE/\fE ‘/ en e dtH =0,

N—oo

hmsuthHE ‘/ eh/\E M dtH (4.8)

N—oo



Proof. Let T'> 0. By Feynman-Kac formula, see Appendix A.7 in 38|, the Radon-Nikodym

derivative D}JLV,\+E = d]IDf\V+E/dIP’h ,\+E|T up to time T reads, on each trajectory n. = (1)<
~ ~ T N ~ N ~
log Dy, p(n.) = Tl (h) + 113 (h) + / e WN2L, el () gt (4.9)
0

The computation of e ™ WN2L,, 5™ ® is very similar to that of N2L , \, ;1 performed
in Section so we only give the result. For each n € Qy,

1

e N2L, g TR (n) = B ﬁiﬁz’—&-l(a{\fﬁi—kl,i - (9{%1‘—1,%1) (4.10)
i€Tn
1 _ = o 7 7
ToN Z ;e [1|j—e|>1Athj,e TN Z a{Vh,,ja{Vh,-,g} (4.11)
J#ETN i¢{j—1,5,0—1,0}
+ — Z ST (0Vhig) 6, () + O(NTY), (4.12)

zGTN je{ii+1}

with the error term O(N~") uniform on the configuration. The quantity §; >\+E(77> reads:

N A+ E) s -
6h )\+E( ) - T Z 77iN [hifl,i - hi+1,i]
i€Tn
1 o o - -
vz 2o M Z 75760y hi O g
€Ty 0 {i i1}
A+ E) o s

TN Z 1iMi+1 Z Ujafvhi,j- (4.13)

i€TN je¢{ii+1}

Let us show that 6 satisfies (4.8). The term 62  is similar to (3.61) estimated in

hA+E hA+E
Section [3.4] There we showed that, for any a € (0,1/2] and any g € C3(T?) with og having

leading eigenvalue strictly below 1, there is a function ¢V such that, for any density f

g.hA+Ea
for v)Y:
vy (fo5 )\+E) < aN?yy (Fﬁ,i(\/?)) vy (FC G RALE, ) (4.14)
with, for some ~,,C, > 0:
1 N N Ca
ilogyg (exp [%}Cg,FL,HE,aH) < Nij2 N € N5;. (4.15)

N
Taking g = 0 and g = A this implies (@.8) for Pf\fE, ]P’hh/\Jr ,, Tespectively by Corollary .
We now choose h. The bracket in is a discretised differential operator acting on
h, while the first line 4.10) plays the role of a condition on the normal derivative of h on
the diagonal {(z,z) : = € T} of T? (recall that, as h is symmetric, d,h(z,y) = 0yh(y, x) for
each z # y € T?), see - ) below. To determine the continuous analogue of the discrete
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differential operator, let us replace discrete derivatives by their continuous counterparts using
the following error estimates that follow from h € Cgy(T?):

sup sup N‘Af[ﬁm - AJLM‘ < 00, sup sup N‘@{Vﬁm — ajzm-\ < 00. (4.16)
N i—j|>1 N ijeTn
¢ {i,i+1}
Let eﬁ)\E be given by:
N N
Ehiane = Oap T gdzsc z (4.17)
with 5%86 ; the discretisation error from switching to continuous partial derivatives:
1 o - -
551\;(:,}1(77) = oIN Z 77i77i+1N[(athz‘+1,i - afvhz‘—l,iﬂ) - (8 4,0 81 i z)}
€T N
1 o - -
tone Do WieN[AY Ry~ Aihy] (4.18)
5,0 j—e]>1

o 1 S - , -

+ 43 S njmzv[ﬁ | Z 8{Vhi,ja{Vhi,g—Aalh(x—]/N)alh(x—z/N) dx].
J#L Z¢{]_1’]>€_17£}

The exponential moment under VN y{\;z of each term above is controlled through Proposi-

tion [A.4] Corollary thus Shows that . . also satisfies (£.8) (replacing h there by h)

h\E’
and:
2
_nN i o
e N B N2 oIV E) () = o Z Z aNh” Z il ( 81 o= OB )
i€TN j¢{ii+1} ZETN
+ 211V (A h+(z,y) = = /81 2, 2)01h(z,y) dz) + ah/\E(n) (4.19)

Our goal is to now choose & such that the two-point correlation term in (4.19) precisely
cancels the term Ay p = —A(\ + 2E) Y, i1 appearing in Lemma 1.1} This fixes the
partial derivative of h across the diagonal:

Vie Ty,  Ohi,i—Oihi i=h(0y)—h(1_)=2\\+2E). (4.20)

The remaining two-point correlation terms in (4.19)) also need to vanish for the approximation

of the current-biased dynamics by IP’h A E to be better than that by PA-}—E Thus:

A+ (2,y) %/alh(z,x)almz,y) —0, a#yeT (4.21)
T

As h(z,y) = h(z — y) by assumption, &1 h(z,z) = I/ (z —x) = —h/(z — 2) (z # 2) and we see
that (4.21) is precisely the ordinary differential equation appearing in Proposition

V(z) o /T Wz — i () dy =0, xe(0,1). (4.22)

From this observation and it follows that / is the function h of Proposition Note
that oh indeed has leading eigenvalue strictly below 1 as A\, E' are sub-critical by assump-
tion. As the last term in the first line of is configuration-independent, the proof of
Proposition [1.2]is concluded. O
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4.2 A key domination result

The expression involves the exponential of terms that we know to have average bounded
with N under IP’Q{ME when N, then T are large. Since these terms appear inside exponentials,
we need to make sure that their exponential moments are also bounded uniformly in N, T
Unbounded exponential moments would mean that that IP’,]XME is in fact not a good candidate
for an approximate driven process. Proposition shows that the exponential moments are
indeed bounded, at least for parameters A, £ in a small enough subset of the sub-critical
region of Proposition This corresponds to Step 2 in the program outlined in Section

The main ingredient to establish Proposition is the following domination result. It is
the only result of the present paper for which we need to restrict the range of sub-critical
A, E, see the discussion in Section

Proposition 4.3. Let \, E € R be sub-critical parameters as in Proposition and let
T > 0. If \A+2E) > 0 and is small enough (independently of T'), there are constants
€ (0,1),C > 0 depending only on h,\, E such that, for any sequence (On)n of events
mvolving the dynamics up to time T':
curr,yl, vV K
limsupP, ;" "*(On) < Climsup Py (On)". (4.23)
N—oo ’ N—oo o

Proposition allows for an expression of the current-biased dynamics in terms of ex-

pectations of bounded observables under Py, . ; as follows. Let M > 0 and define Fy; by:

e* if x < M,
FM(CZJ) =<0 if v >2M, r e R. (4.24)

smooth and bounded by e otherwise,

Proposition 4.4. Let \, E € R be sub-critical so that oh has leading eigenvalue strictly
below 1. Assume that \, E are such that the domination bound of Proposition [{.5 holds with
exponent Kk > 0.

There are then C,C" > 0 and ' € (0,1) depending only on h,\, E such that, for each
T >0, each M > C" and each continuous and bounded G : D(Ry,S'(T)) — R:

Z/N
et B |GV )ecr) Far (= 103 () Fas (= (1)
lim sup ]E/\7E7T/ [G((Y; )ng):| - N
Voo By | Far (= T () Fas (= T (1)
CllG]lso
< : 4.25
< <o (4.29
4.2.1 Proof of Proposition [4.4] assuming Proposition [4.3
Proof. Let T, M,0 > 0, t > 0, and let G be as in Proposition [£.4] Introduce the sets:
T
Sy (M) = {\H,{V(h)\ < M}, Ur(6) = {‘/ e () dt‘ < 5}, (4.26)
0
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with 5h A\ given in Proposition Theorem [2.7], the entropy inequality and the concentra-
tion bounds of Proposition m give a control on St( )¢: for some v, C' > 0 depending only
on h, \, F,

1 HY 1 »
h>\+E<‘HN )| = M) < M hA—i—EHHN )] < M(jt) - M~ logwll\f<€’v |HN(h)|)
C@Ct C
< Nz T (4.27)

Proposition shows that 52{ »x has small time integral, thus for a different constant C' > 0:

lim sup P/* A+E((VT(M, 5))0) < % Ve(M,8) == So(M) O Se(M) N Ur(8).  (4.28)

N—o00

The domination bound of Proposition then implies:

C’U,?"T,I/N curr, l/

1/2 1/2 CGOO
By (6] ~ By []vi(ar,0))| « DU

Mn

lim sup
N—oo

(4.29)

It is therefore enough to prove Proposition for the current-biased dynamics conditioned
on Vp(M,d). The proof at this point is elementary but tedious. For short, write:

RY = RY ((n)eer) = —ILY() — TV (R) + / eV, ) dt. (4.30)

. . . . N . .
From the expression (4.7) of the current-biased dynamics in terms of Py, , we can write:

curr, V

N -1 N
]E)\ E, T1/2 [G{VT M 5)} ( h )\+E |:1VT(]\/[’5)6R71Y}> Eh},L)\—&-E [G].VT(Mﬁ)GRéY} . (431)

Recall definition (4.26)) of Ur(8) C Vp(M,4). On Ur(d), the time integral of &}, 5 is bounded
by 0. Moreover, on Sy(M), Fy(=IIN(h)) = e (") ¢ € {0, T}. Rewriting also the exponen-
tial containing 52{/\7]5 using e* = 1+ e® — 1, we find after elementary computations:
l/N
By |Gl ane) Far (= T (1) Far (= T (1) |
E,\ET [G‘VT (M, 5)} N N N
By [ Tvr v Fr (= T (1) Far (= T (1)

< (|G llooc(9),

(4.32)

with ¢(d) = 2(e’ — 1). To conclude the proof, it remains to remove the indicator function in
the last equation. We start with the numerator, the denominator being similar.

Recall from Proposition that h is either a negative kernel when A(A 4+ 2E) > 0
or a positive kernel if A\(A + 2E) < 0. Recall also that we always work with sub-critical
A, E or equivalently that the leading eigenvalue of oh strictly below 1 (see Proposition ,
say smaller than 1 — r for » = r(\, E) > 0. Recall finally that the domination bound of
Proposition is assumed to hold for A, E. Although this domination bound is established
only for A(A + 2E) > 0 corresponding to a negative kernel h, we conjecture it should hold
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throughout the sub-critical regime (see the discussion in Section and therefore carry out
the proof of (4.4]) also in the case A\(A + 2F) < 0.

Assume first that h is a positive kernel. This implies (recall 77 = o = 1/4 for each
1€ TN)Z

l —__ 1 «— hoo _ hoo _ |||
—IN(h) = —— ifjhi- — N Wik <2< : 4.
i#] 2]
From F;(x) < e” for each x € R, we get:
Fr(—Tp(h)) < e M) < llhlee/16, (4.34)
The same holds for IT’. Thus:
E)'ip [leT arg) Far (= TI5 () Fa (= H?(h))]
VN
-5 (G (0 0) Eu (- 0|
N
= |Evnie |:G1VT M6)CFM( H(])V(h))FM( - H?(h))} ‘
, C(h, A B)|G(1 1
< lGllwel=r B (e, ay7) < CLAENCle E on) -y g5

Assume now that h is a negative kernel. By the explicit formula for h in Proposition we
know that —oh has eigenvalues bounded from above. Let r, be the spectral radius of —ch.
Hélder inequality with exponents 1+ (2r,)7!, 2ry, + 1 and Cauchy-Schwarz inequality give:

VN
LA [leT(Mﬁ)cFM( —I05 () Far (= H?(h))] (4.36)

v 1 1 79541 . —
< NG [P T3 (00) 75 Fa (= 10 ) 55| 7 B, (v, o)1) 7

C(h, A, E)||G||oo N ST s S 24 L] 7k
< s [Fr (= T )5 | B[ (- 10 ()]
M2'rh+1
We claim that the last two expectations are bounded independently of N, M,T. Indeed, as
Fu(x) < e*, the exponential moment involving Ig(h) satisfies:

N 1 1
]EhA+E [FM( Hév(h))QJrrh] < y,]lv[exp [ — (2 + T—)Hév(h)ﬂ
h
1 1
< gl [exp | - EHé\’(h)H. (4.37)
By definition of r,, —(o/2r,)h has leading eigenvalue at most 1/2. By Lemma the
exponential moment in (4.37)) is therefore bounded with N. Lemma also gives Zi¥ > 1.
Consider now II¥. As F) is a bounded function, Pinsker’s inequality in Proposition
gives:

lim sup Eh L [FM( H?(h))wflh} -, [FM( HN(h))H%h” = 0. (4.38)

N—o0
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The bound is then the same as in (4.37]).
Consider now the denominator. Recalling that Fy,(—I1;(h)) = e " on S,(M), it is
enough to prove that, for M larger than some C'(h, A\, E) > 0:

. PSR [ Ny TN }
M>ér(lhf,>\7E)%2f()h]\in>lor<l>fEh”\+E Ly, (e exp [ — IIY (h) — 113 (h)] | > 0. (4.39)

Write 1y,.5) = 1 — 1y,(5)c. The moment bound in Proposition , Jensen inequality and the
convergence/stationarity results of Theorem give the existence of ¢ > 0 independent of
N, T, M such that:

l/N
lim inf B} [exp [— 11 (h) — 11 (h)H

> 2lim inf exp [ — By, [T (h) + 1Y (h)}] >e>0. (440)

N—oo

On the other hand, we know by (4.29) and (4.32]) that:

. u{bv N N
suplimsup E," | [1VT(M75)C exp [ — II) (k) — I} (h)]]
T>0 N—oo

C C

< ———Lowmso + 3 howen <o (4.41)
MZrh+1

Putting together this bound and (4.29) and (4.32)), we conclude that for all M larger than
some C' = C(h,\, E) > 0:

. C’u,7'7‘,l/1]\;2 E}VL}:)H—E |:GFM( - Hév(h))FM( - HIJY(h))]
limsup |E, 5, [G} i . .
Vo Eyiep | Far (= T () Far (= T (1)
CllG|ls
< 16 ef) + W, (4.42)

where ' = min{(2r, + 1)7!,k} if h is a negative kernel, ¥/ = min{1,«} if h is a positive
kernel. Since ¢(d) = 2(e’ — 1), taking § = M~ concludes the proof of Proposition
assuming the domination bound of Proposition O

4.2.2 Proof of Proposition the domination bound

The time-independent domination bound of Proposition is proven by first establishing
a weaker domination result, Proposition , in terms of the dynamics P}’ r that has the
correct macroscopic current but the wrong correlation structure. This first domination bound
provides a control of the current-biased dynamics to order 1 in N, but not yet uniform in
time, reflecting the fact that the correlation structure is not yet properly tuned.

Proposition 4.5. Let A\, E € R be sub-critical so that oh has leading eigenvalue strictly
below 1 (recall Proposition . Recall the definition of Ay g in (4.1)).
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Then, for each s > 0, if A\(A+ 2E) > 0 and is small enough depending on s, there is
C(s, A\, E) > 0 satisfying:

l/N T
VT > 0, sup E/\lﬁz [exp [s/ Ay e(n) dt” < CEART (4.43)
N>1 0

This implies that there is C'(h, A\, E) > 0 such that, for any event O depending on the dy-
namics up to teme T':

curr,v.

N l/N
P)\,E,Tl/Q(O) < ec(h’A’E)TPAfE(O)I/za N € N5;. (4.44)

Proof. Let us first prove (4.44) assuming (4.43). Fix O as in the proposition. Lemma
N

relates the current-biased dynamics starting from I/i% to ]P’:lﬁjz

N
curr,vly, EA:{QE |:1O exp |:f0T A)\,E(nt) dt:|]
PA,E,T1/2(O) =

5 (4.45)
]Ezzij [exp [fOT Ay e(n) dt”

Applying Cauchy-Schwarz inequality to the numerator and the bound (4.43), then Jensen
inequality to the denominator, one finds:

cC(s=2\E)T/2 | ,N exp[21TY (h 1/2 N
GG Py (0)2. (4.46)

curr,v

N
P)\,E,TI/Q (0) <

N
Yi)2

expE, [p [ foT Ax(m) dt}
Since oh has leading eigenvalue strictly below 1, Lemma gives:

sgfp V{\;Z(exp[QHN(h)]) < 00. (4.47)

The numerator of (4.46)) thus has the desired form (4.44)). Moreover, recalling definition (4.1))
of Ay r and the fact that v}, is invariant for P, , and product,

N

T
]EATE[/O A/\,E(Ut)dt} = TVﬁz [Axe] = 0. (4.48)

This concludes the proof of assuming , which we now prove. Foreach0 <m < N,
let U,, denote the uniform measure on the set {0y, of configurations with m particles. One
can check that the measure U, is invariant for the dynamics P}, ;. Let us rewrite A, g,
defined in ([£.1), in terms of quantities with vanishing average under U,,. Define, for each m
and 7 € Qn

—m —m —m m
AQ’TE(U) = —A(A+2E) Z i Mit1s N =m0 - N (4.49)
i€Tn
Then, on Qy :
m 1\2
Anp = ALs = MM+ 2E)N (B - 5) < AT, (4.50)
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where the inequality follows from the assumption A(A+2E) > 0. As a result, the exponential
moment to estimate satisfies, for each s > 0:

E:§2<exp [s /OT Ay p(n) dt]) < max E/\+E<9Xp [ /OT A () dtD. (4.51)

0<m<N

Fix 0 < m < N henceforth, and let us estimate the above exponential moment. Let 'y, g
denote the carré du champ operator associated with L) p:

Dyes(g) () i= > o [u@ ) —um)]’, neQy, u:iQy R (452)

Feynman-Kac inequality (see Lemma and the invariance of U, give:

%logEgj:E [exp [5 /OT Af{fE(m) dt”
< sup ) { m(fsA\E) — E Un (F,\+E(\/?))} (4.53)

F20:Unm (f)=1

An elementary computation shows that, for each density f for U,,:

Un(Tasn(V/ ) = cosh (A + E)/N)DL(V ), DE(F) = =Un(/TLoV/ ). (4.54)
The supremum in therefore reduces to:

2
sup  {nla(FeATy) - N7 cosh (A + E)/N) DL (VT) ) (4.55)
f20:Um(f)=1
Fix a density f > 0 for U,,. We aim to prove that this supremum is bounded by some
C(s, A\, E) > 0 provided )\()\ +2F) > 0 is small enough. To do so, we smooth out A}’ using
the carre du champ in as was done in the proof of Lemma [3.8 m Notice first that an
integration by parts gives, for each n € Qn and 1 € Ty

M1 = Z TIJ Z 77]+1)¢N 1(j — 1), (4.56)

J?él J#ii—1
with: N1 AN
dn1(a) = —— _N(a_ 1m0 ) sez (4.57)

Fix a density f for 1/11\;2. Using (4.56) on A} for each i € Ty and the integration by parts

Lemma (which applies to U,, by Remark D with a = 1/2, h=0and A = XA+ E, we
find that there is a numerical constant ¢ > 0 such that:

Unl1sA8e) < 0/~ 202y (157 gy

N —
i#£]
052/\2(/\ 2F)? 1 w2
+ - [ jGZT (\/—N§¢N—1(J —0)7; ) } (4.58)
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Adding and removing the (deterministic) ¢ = j term in the first sum and using A(A\+2F) > 0,
we get:

sA(A + QE (f Zﬁ;nn;n> < A\ + 2E)%%(1 —~ %) (4.59)

Since p(1 — p) < 1/4 for any p € [O, 1], the bound ( will be proven, recalling (4.55)), if
we can show that, for A(A + 2E) small enough:

2

o0\ 28 (f S (ke S ot 07) ) < Os.\ )+ 1 DRV, (460

JETN i#£]

where C'(s, \, E) > 0 is independent of f,m, N.
To prove (4.60]), we use the entropy inequality for each j € Ty to get, for any v > 0:

chAQ()]\VJr 2F)? (f Z (\/—Zqﬁw 1 )2)

< Un(flog f)
7

+ 7_ Z log U,, (exp (7082/\2(/\+2E (\/_Z¢N 1(j —0)n;" ) }) (4.61)

JETN

The entropic term can be estimated with the log-Sobolev inequality of Lemma for ~
larger than some vy > 0 independent of m,

lo
UnlFloef) < 2 /). (4.62)
0% 4
On the other hand, the function ¢n_1(j — -) is Lipschitz uniformly in j € Ty, in the sense:
sup max N|oy_1(j —i—1) — ¢n_1(j —i)| =2. (4.63)
N>24J€TN

Lemma [A.6} M then implies that, for A(A + 2FE) smaller than a constant depending only on s,~:

Z log Uy, [exp (7032)\2(A+2E (\/_ZQSN 1(j —)q" >2}) < % (4.64)

JGTN
Putting the last estimate together with (4.58)—(4.60)—(4.62)) inside (4.55)) concludes the proof
of Proposition O

We can now use Proposition together with the finely tuned correlation structure of
P} s+ to prove the time-independent domination bound of Proposition

Proof of Proposition[{.3. Let T > 0 and (Oy)n be a sequence of measurable sets involving

curr, I/N

the dynamlcs up to time T only. Recall the expression of P, 5"

Proposition

N
. Vh
in terms of IP’}%ME from

N
E o [1 L QR OETHE LY dt]
curr, vN s

P 20 ) = . 4.65
\E.h (N) Eufy [e_ng(h)—ﬂév(h)+foTa}IZA’E(m)dt} ( )

h, \+E
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The idea is to use the (time-dependent) domination bound of Proposition to reduce Oy
to aset Oy NV (8) (see (4.67)) on which the exponential moment in the numerator in (4.65)
cannot be too large when N > 1. This will allow us to use entropy estimate of Theorem
to bound these exponential moments uniformly in time and N. The arguments are similar
to those used to prove Proposition

Recall from the definition of the sets Sy(M), Ur(9) for M,6 > 0 and t > 0:

T
son={immi <}, G ={| [ ahsma<s). @
0
Choosing M = loglog N, define:
VA (8) = Sr(loglog N) N Ur(0). (4.67)

Proposition shows that V2 (4)¢ is unlikely under the current biased dynamics:

I/N CUTTV
limsupP\/5(VA(6)°) =0 = limsupP, ;" (V4 (6)°) = 0. (4.68)

N—oo N—o0

It is therefore enough to prove the domination bound for (Ox NV (§))n rather than (Oy)y.

On V}(), we can estimate the exponential moments of II{(h), e}, p in the numerator
as we show below. Let us bound numerator and denominator in (4.65) separately. For the
denominator, Jensen inequality gives the lower bound:

T
exp By [~ ) =10 + [ el sl ] (169

The expectation of TIYY (h), [T (h) is bounded uniformly in N, T as in (4.40). Together with
the estimate of £,  in Proposition we obtain the following bound on the denominator
of (L5

:lrgfo hjvm—>1£f Eh N [e_ng(h)_név(thOT 62{%E(m)dt} > 0. (4.70)
Consider now the numerator in for the set Ox NV (5). On V¥ (6), the time integral
of i, 5 is bounded by 4, so only the exponential moments of —IIJ'(h), —II¥(h) remain. As
in , one can use Holder inequality to estimate exponential moments of —ITY (), =TI (h)
separately. The key observation is that, on the set Sy(loglog N), exp[—IIr(h)] is bounded
by log N = o(N'/*), therefore one can still use Pinsker’s inequality in Proposition to
reduce the computatlon of this exponential moment to an estimate under Y. This is done
exactly as in and following equations, so we conclude the proof of Proposition as
in 4.3774.38:

curr, l/ curr, l/

limsupP, o, ""*(Oy) = limsupP, p,"*(On N VY (6))
N—oo N—oo
< C(h, A, E) limsup Py, (On)", (4.71)
N—o00

with k = (2r, +1)~! and r, the spectral radius of —ch (r, = 0 if h is a positive kernel). O
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5 Time decorrelation and fluctuations for the current-
biased dynamics

In this section, we carry out the second part of Step 3 as outlined in Section [2.4] establishing

time decorrelation estimates. This concludes the proof of the main result, Theorem [2.4]
Throughout, let A\, E' be sub-critical in the sense of Proposition and let h = hy g be

the associated solution of ([2.21]).

Let 7 > 0 and let G : D(R,,S'(T)) — R be a bounded continuous function. We need to

prove:

CUTT,V{VQ e
lim lim lim [ G((Y, )icscter) AP g r " = B [G((Ye)ocs<r) (5.1)

t—o0 T'—o0 N—00

where v° is the centred Gaussian field on §'(T) with covariance Cj, = (¢ tid—h)™! (o := 1/4)
and EZ’?O denotes the expectation associated with the couple (Y., I1.) of limiting fields as given
by Theorem

The proof of is carried out in several steps. We first start from the expression of
the current-biased dynamics obtained in Proposition to take the large N limit and reduce
to quantities involving only the limiting processes Y., IL; this is done below. We then study
the large time behaviour of the limiting fluctuation process. This is done through a classical
approximation in terms of finite-dimensional diffusions following [31], in Section to-
gether with a large time analysis of these approximations in Section

Let M > 0. Since F); (recall (4.24)) is continuous and bounded, Proposition and
Theorem 2.5 give:

lim sup
N—oo

(5.2)

B ) - o |G (= Thr() Fur(— Tho(0))| ' _ C)IG

- E;" [FM( —Tp(h)) Far(— Ho(h))] M

It is convenient to rewrite the ratio of expectations in (5.2) in terms of the fluctuation
field only. For any 0 > 0, let hs denote the truncation of the Fourier series of h given in
Proposition at some ns € N satisfying:

ns
Ihs = hlle <0, hs=> (e, h)e;. (5.3)
5=0
As usual, we identify hs; with the function (z,y) € T? — hs(x — y). Equation (3.29) in
Proposition quantifies the error made when replacing h by hs in (5.2): writing 1 = 15+1p.
with B¢ = {|lo(h — hs)| < 82, |Tlp(h — hs)| < 6/} and using that Fy is Lipschitz,

By |GEy (= (k) Fur (= (k)| — B [GFM(—HT<h6))FM(‘H°(h5))H

< 2 Gl Fu PP} (ITo(h — o)l > 62 or [Ty (h — hs)| > 61/2)

+ 26 2[1Glloo | Farllooll Figlloc

E29)
< C(HGHOO,M)&I/Z. (5.4)
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The function Fy(—IIr(hs)) is now a function of Yz in view of the link between Iz, Yr.
Since the right-hand side above does not depend on time, vanishes when ¢ is small and ¢
does not depend on M, the proof of the main result, Theorem [2.4] is reduced to the proof of
the following proposition.

Proposition 5.1. Let G : D(R,,S8'(T)) — R be a continuous and bounded function, let
7 >0, and let Hy, Hy : §'(T) — R be continuous and bounded. Then:

p g B (G izacier) H (Yo) oY)

= =E" [G((Ya)ozs<r)]- 5.5
t—00 T—00 EZ}L |:H1<}/E))H2(YT)j| [ (( ) <s< ” ( )

The result also holds if t, 7 are diverging functions of T provided T — 7 diverges with T.

In Proposition [5.1] the microscopic model does not appear any more. All that is required
is an analysis of the long time behaviour of the limiting fluctuation process (Y;)¢>o, carried
out in the next sections via an approximation procedure.

5.1 The finite-dimensional approximation

In this section, we follow [3I] to construct, for each n € N3, a diffusion process VARNNS
C(R4,S8(T)). This process is finite-dimensional in a sense made clear below, relaxes to its
invariant measure exponentially fast, and (Y.("))n will be shown to converge weakly to Y. in
the next sections.

Recall from ({3.27)) the definition of the eigenvectors (e;)sen of the Laplacian on the torus,
and notice that the fact that Y, is a bounded linear form for each ¢ > 0 implies:

Vi >0,Yf € C¥(T),  Yi(f) = {en f)Yiler). (5.6)

leN

To construct an approximation y.™ (n € N>1), let us make some preliminary remarks and
introduce notations. Recall the definition of the self-adjoint operator £, appearing in the
martingale problem of Theorem when & there is equal to h.

For n € Nsq, let m, be the projection operator on span(es, ...e,). In the following, if A is
a bounded linear operator on C*°(T), its projection 7, A, is assimilated when useful with
the matrix (<€k,A€g>)1§k75§n. Recall that the covariance operator Cj defining the centred
Gaussian measure v;° is given by:

Cyp = (o7 tid —h), o=1/4. (5.7)

For each n € Ns4, let (), := m,Cp,m, and let v™ be the centred normal distribution on R”
with covariance matrix C),:
zT'CH

exp [— Tnx], reR" (5.8)

1
(2m)"/2 det(C,)1/?

VO (dr) = p (@) da,  p() =

Let us now define the approximation process (Yt(”))tzo- First, by the martingale characterisa-
tion of fluctuations in Theorem[2.5] observe that Y;(1) = Y,(1) for all ¢t > 0 with probability 1,
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with 1 denoting here the function constant equal to 1. We therefore only need to approximate
Y. for functions with vanishing average.

For Y to be a good approximation of Y., it will have to satisfy the same martingale
problem in the large n limit. We build VAR by appropriate finite-dimensional truncations of
the drift and diffusion operator of Y.. It turns out to be convenient to do so by approximating
the drift, on the one hand, and the covariance C}, of the invariant measure on the other hand.
The diffusion coefficient is then fixed by the other two. Introduce thus the diffusion y.(") on
R"™ given by:

dy\™ = By dt + 2D aw ™ (5.9)

with (Wt(n))tzo a standard Brownian motion on R", and where B,,, D,, respectively approxi-
mate the drift and diffusion part:

B, = m, LT, = <<€k,£h€g>)

1<k t<n’
D, = _% [B,C, + C,B}| = —% [B.C,, + CpBy,]. (5.10)

Note that B,,C,, D, all commute since h commutes with the Laplacian (h is translation
invariant, recall Proposition . Note also that y" is a reversible diffusion, admitting »™
as its unique invariant measure as can be checked from direct computations. The process
Y™ (n € Ns,)is then defined as follows:

VO = L%+ (e (), fec™(Mt=0.  (5.11)

Let P E®™ denote the probability /expectation associated with Y™ Notice that there is
a continuous function ®™ such that V. = &® (y.(") ). Therefore, abusing notations, we

will also write P E® for the probability and expectation associated with y.("). Unless an
initial condition is specified, the processes are assumed to start from the invariant measure
v of y.(") (or the corresponding measure on distributions for Yf(n)).

5.2 Convergence to Y.

Here we prove:

Proposition 5.2. Assume yé") has law V™ and is independent from Yy(1). Then Y™
converges weakly to Y. in C(R,,S'(T)).

For deterministic initial conditions, the convergence in Proposition is proven in [31]
(on R?, adapting the proof to the torus T is straightforward) as stated next.

Proposition 5.3. [91, Theorem (1.23)]. Assume Yo(n) starts at a deterministic Xé") e S'(T)
with lim,, X(()") = Xy € §'(T). Then Y™ converges weakly in C(R,,S'(T)) to the process Y X°
starting at X and satisfying the same martingale problem as Y., written out in Theorem 2.5
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To prove Proposition , it is therefore enough to prove that, if y™ is distributed accord-
ing to ™ and independent from Y;(1), then YJ* converges weakly to the centred Gaussian
field v3° with covariance Cj, = (o~ 'id — h)~'. This is an elementary Gaussian computation,
given next. Let n € N. By definition,

() = (LYo + 3 (e ) (R), f € C(T), (5.12)

with y{" a normal distribution with covariance C,. As Y(1) and y{™ are independent, Y™

is a centred Gaussian field with covariance oid 4+ C,,. To prove that Yo(n) converges to the
Gaussian field Y, with covariance C}, it is enough to check convergence of the covariances.
Take thus fi, fo € C*°(T), and write, as y(()”) has vanishing average:

E™ [Yo(n)(fl)yo(n)(fﬂ} =o(L, fi)(1, f2) + Z (ej, fr){ee, f2)(e;, Cher)

=1
r;)o O'<1,f1><1,f2> + Z <6j7 f1><6g, f2><€j, Ch€g>. (513)
=1

To prove convergence of the covariances to those of Yy, we need the last line to be equal to:

o0

Z <ej, f1><€g,f2><€j, Oh€g> = /Tfl(:zc)(C'hfg)(x) dx. (5.14)

J,£=0

For this to be true, it is enough to prove that <ej, Ch1> = <1,Chej> = 0 for each j € N5;.
We show in Proposition that fT h(z)dx = 0. Tt follows that the symmetric operator C),
admits 1 has an eigenvector, thus the orthogonal decomposition L?(T) = 1@ 1+ (for the usual
inner product in L*(T)) is stable under Cj. This concludes the proof of Proposition

5.3 Long time asymptotics and conclusion of the proof

To conclude the proof of Proposition it is enough to prove that Y. decorrelates in time
in the following sense.

Proposition 5.4. Let \, E € R be such that oh has leading eigenvalue strictly below 1. Let
7>0and G: DT, S(T)) - R, H,Hy : S(T) = R be bounded continuous functions.
There is C' > 0 and ¢, > 0 such that, for any t > 0 witht+717 < T,

‘EZ’O;E [H1 (%)H2(YT)G((3§)t§s§t+T)} — v [Hy (V)] ™ [Hy(Y)] EZ;);—&-E [G((Ye)o<s<r)] ’
< Cexp [ — ¢min{t, T — 7 — t}]. (5.15)

As Y™ converges weakly to Y., it is enough to prove Proposition for Y("), v™ instead
of Y., v* with the same constants C, ¢, for each n € N5;. In particular, Proposition is a
direct consequence of the following lemma (recall the definition of E™ from below (5.11])).
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Lemma 5.5. With the notations of Proposition and ¢y, given by (5.18)) below, for any
0 > 0, there are constants C1, Cy depending only on Hy, Hy, h,d such that, for any t > 9:

sup
TLGNZl

B [H(1")G () r) | = (HDE [G((V)i0) || € Cre™, (5.16)

and fort+71 < T:

sup
nENZl

E® [HQ(qun))G((Y(n))sgt-i-r)} _ V(n)(H2)E(n) [G((Y("))sgtw)} ‘ < C2€—Ch(T—t—7')'
(5.17)

To prove Lemma the key element is the fact that the generator Ly, is for sub-critical
A\ B

Lemma 5.6. Let \, E € R be sub-critical in the sense of Proposition[2.1. Then the generator
Ly, is gapped: there is ¢, > 0 such that, for any f € C=(T) with [; f(x)dx = 0:

/f — Luf)(x)de > Ch/f (5.18)

Let uw € R™ with ||ulls = 1 and write f = _,_, wee. Then the gap (5.18) carries over to B,,:

u' (=B,)u = —/Tf(a:) (Lnf)(z)dz > cy. (5.19)

Proof. Recall that £, acts on f € C°(T) according to:

Lpf(z)=[f"(x) -0 /T W(z—y)f'(y)dy = (id — oh)Af(x). (5.20)

As h is translation invariant, A and h commute and are thus diagonalisable in the real
orthonormal basis (es)en of eigenvectors of the Laplacian. The assumption that A\, E are
sub-critical implies by Proposition that oh has leading eigenvalue p,; strictly smaller
than 1. As —A has gap 472 on T, this implies:

/f Ehf d.%' > Ch/f h) > 47T (1 — pah>- (521)

O

Proof of Lemma[5.5. The proof is an explicit Gaussian computation for finite dimensional
Ornstein-Uhlenbeck processes.

Let us start with some notations. Let I/t (x dy) = pg )(:L’,y) dy denote the law of yt(n)
starting from x, and recall that the Gaussian measure v (dy) = p™(y) dy is the invariant
measure of the diffusion y™. For two probability measures m(dx) = pi(x)dz, mo(dr) =
p2(x) dz on R", let || — m2||ry denote their total variation distance:

1

H7T1 - 7T2HTV =3

3 [, (@) = pal)l de (5.22)
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Let U(™ be the continuous function such that ¥, = 0™ (y™) for each t > 0. We first prove
decorrelation at time 0, i.e. (5.16)). By the Markov property for y.(n),

’E(n) [Hl(YO(n))G((Y(n»szt)} — y(")(Hl)E(") [G((Y(n))szo)} ‘
- ‘ [ o) m @) (B G () )] - BV (0 <y5“>>>szo)])\
<2/ Gl il [ @) @) = . (5:23)

Let us compute this total variation distance. Writing Vt(") (x) = pﬁ”) (x,y) dy, an elementary

elementary computation gives p™ (y) = lim;_, o pi") (x,y) and:

) B 1
Py (z,y) = (2m)"/2 det (C(1))

1 _
773 €XP [ - é(y —eBr)TC, () Hy — ePra) |, (5.24)
with, recalling (5.10) and the fact that B, D, C,, commute:
t 00
Co(t) := / DY2e3(BntBi) pL2 gs — ), — / D}/2esBr D12 5. (5.25)

0 t

The last integral is well defined as B, is gapped, recall (5.19). Let x € R™ and ¢t > 1. Pinsker’s
inequality (see Proposition , the inequality is valid on general measurable spaces) bounds
the total variation distance in terms of the relative entropy:

1 (@) = vl < A28 (P (@) ), (5.26)
with:
HOP @) = [ log (T E0),0(0,) (5.27
v, (x)|v = og P () p; (x,y)dy. .

The relative entropy between Gaussian measures can be computed explicitly:
1 1 1
H(l/f")(:zz)|y(”)) = §tr(C’glCn(t)) —g+§(etB"x)TC;1(etB"x) -3 logdet (C,,'C,(t)). (5.28)

Let us bound each term above. Consider first the trace. The explicit formula ([5.25) for
Cy(t), C, gives, as B, is invertible:

1 1 > 1
5tr((]n‘lcn(t)) — g = —§tr( — QBn/t e*5Pn dg) = _§tr(62tB")
1 .
— _ie*%ht tr (2 Bntenid)), (5.29)

Since A and h commute by translation invariance of h, the spectrum of B,, is known explicitly.
In particular, if 0 < A} < ... < A*(B,,) denote the eigenvalues of —B,, then:

50 A1 = Cey, 0<¢<|n/2]|. (5.30)
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As a result,
[n/2] ,
i (2(Bntedd)) 226 (E=L)ent (5.31)

which is bounded uniformly in n and ¢t > 1. Recalhng -, we have thus proven:

1
Vt > 1, sup §tr

n

(CTC ) — g] < et O =C(h) > 0. (5.32)
The determinant in (5.28)) is treated similarly:

1

5 logdet (C;,'C,,(t)) = = log det (1 — e*Pn) < Ce™?, C =C(h) > 0. (5.33)

All in all, recalling (5.28]), we find that (5.23) is bounded by:

1/2

CING ool i 1 / V) () et 4 (6T (e (5.34)

Equation (5.34) can be bounded using Cauchy-Schwarz inequality and the following inequal-
ity, valid for any matrices A, B:

tr(ATB) < tr(ATA)*tr (BT B)Y/2 (5.35)
The resulting bound on ([5.34) reads:
1/2
Gl Hillo 625+ [ 1) (e 0)" €, e
1/2
= ClIG ol Haloe [ + tx (CpetnCy et )|

1/2
< C||G||oo||H1||oo [G_QCht + tr(GQtBn)]
< C'||Gloo | Hillowe™". (5.36)

This proves the first inequality (5.16]) in the lemma. This and the reversibility of y™ imme-
diately give the second inequality (5.17)). ]

6 Correlations under the current-biased dynamics

In this section, we prove Proposition on the correlation structure of the current-biased
dynamics at times 1 < ¢ < T'. We then show heuristically that the result agrees with the
prediction of [15], where correlations were computed at fixed density of particles.

Proposition 6.1. Let \, E € R be sub-critical as in Proposition [2.1 Let key denote the
kernel encoding long-range correlations under the current-biased dynamics at times far away
from 0 and T, in the sense that:

curr, V

lim lim E, 7" [Y ()Y Da(f)] = /fl(x)(aid—i— keurr) fo(2) dx. (6.1)

T—o00 N—oo
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Then keyrr satisfies (07 id — h) ™' = oid + keyrr and is explicitly given by:

1
kewrr () = V20 g -1 \/5008(2%&), xeT. (6.2)
AA+2E)0
1+ e

Proof. Theorem shows that the current-biased dynamics has the same fluctuations as

the dynamics IP’Z}]‘\; . in the sense of convergence of bounded observables. To determine the
correlation structure of the current-biased dynamics (and in particular prove that the lim-
its in ([6.1) make sense), we check that Theorem also holds for observables of the form
YN()YN(f2) (t >0, f1, f» € C(T)), then compute this covariance using the characterisa-
tion fo limiting fluctuations in Theorem

Let f1, fo € C(T). The moment bound on ITY at each time ¢ and the relation-

ship (2.12) between IIY and Y,V give uniform integrability of (V;Y (f1)Y;N(f2))n under IP’Z}]LZ\ LB
Combining with the time decorrelation of Proposition [5.4] valid with the same proof for un-
bounded test functions G(Y7/2) = Yr/2(f1)Y7r/2(f2) that have bounded moments, we get:

curr, I/

lim lim E, ;7" |:YT (fl)YT (f2)] = By xip[Yo(f1)Yo(f2)], (6.3)

T—00 N—oo

where we used the stationarity of Y. under Ej\ , ;. Since Y{ is a Gaussian field with covariance
Cp, = (074d — k)7L, there is keyrr € C*°([0,1]) N CO(T) such that Cj, = oid + keyrr (because
Cj, — oid = ohC), can be checked to be a kernel operator on L*(T); the regularity of the
associated kernel is inherited from h).

It remains to find an expression for this kernel. We do so using Ito formula on Y;(f1)Y;(f2)
(t > 0) and the stationarity of (Y;)s>0. Recall the martingale problem characterising (Y;)s>o
in Theorem Taking expectations, we find:

/I[‘fl () (01d + kewrr) Li fo(x) dx + 0 /Ir f1(x) fo(x) dx = 0, (6.4)

where Lp,fo = f) — o [N (- —y)fi(y) dy. Taking f; = f2 = f With f’(as) = e % (y € T)
for £ € Z\ {0} and evaluating at 2 = 0 yields, with ¢,(u) = [, u(z)e” ™ dx the (" Fourier
coefficient, of a function u € L*(T):

— 27y (Keurr) + 0o (Keurr)ce(R) + 0%cy(B') = 0. (6.5)

Since ¢,(h') = 2umle,(h) is known by Proposition 2.1 we obtain:

O’QCg(h/) 1

kewrr) = = —1]. 6.6

el ) 2l — oc() 0{ 1 4 AO+2B)0 ] (6.6)
w202

]

Comparison with [I5]. The conjecture in [I5] (see Equation 61 there with the values
D=1, 0(p) =2p(1—p), jo=0(p)A+ E), jo = o(p)E) is the following. Let p € [0,1], and
consider the current-biased dynamics (|1.6)) starting from the uniform measure with p = | Np].

26



Then, in the large N limit, the two-point correlation kernel k7,
and z € T:

satisfies, for each f € C*°(T)

curr

- 1] ) f(y) dy. (6.7)
\/1 4 plp 2£;\+2E)

To be precise, the conjecture in [15] is formulated for the dynamics conditioned to having
current jg, rather than for our current-biased dynamics tilted by A times the current. In the
large N, large T limit, the two should be equivalent with jo = p(1 — p)(A+ E) at least in the
absence of dynamical phase transition [46].

Using the identity 6(-) — 1 = > ,o, 2cos(2m¢-), with 6(-) the Dirac distribution, (6.7)
becomes:

ke .. f(z)=p(l— Z 2 cos (2ml(z —y) (

T y>1

with the translation-invariant kernel k2, given for x € T by:
1
(- —p(L—=p)+p(l—0p 2 cos(2mlx —1]. 6.9
() = =0l =)+ pl1 = ) 3 2eon(2rt) w“a,p)wm (69)

The next proposition states that the expression of keurr and the k2 . of [15] are

compatible, in the sense that one recovers k., upon averaging k“ .. on all densities.

Proposition 6.2. Let By denote the Binomial law with parameters N,1/2. Then:

Eewrr(z) = lim |[Eg, [kg{ii( )} + N Varg,, [p/N}] = lim Eg, [l{:%fi( )} + 1, (6.10)

N—oo N—oo 4
Remark 6.3. The decomposition of ke as the sum of two terms is not artificial. Indeed,
on the one hand Koy is the limit of N times a certain covariance, and the right-hand side
of stmalarly involves two rescaled covariances. On the other hand k.. can be seen as
the limiting covariance under the convolution of a binomial measure determining the density
of particles, and a measure associated with the steady state of the current biased simple
excluston at fived density. The decomposition of ke then follows from the general fact that
for any three probability measures w, u, v such that m = p*v and any test functions F,G for
which the following quantities make sense:

Couvs(F,G) = Cou,(E,[F],E,[G]) + E,[Cou,(F,G)]. (6.11)
u

Proof. Note that Fourier coefficients of k%, in scale like o(¢=2) uniformly in p, thus
(p,x) — kP,..(x) is continuous on [0, 1] x T by Dirichlet’s normal convergence theorem. Let

curr

zeT. As p € 0,1] — k?,,..(z) is continuous and bounded, the law of large numbers gives,

C'U/f"l’

recalling the expression of Keyrr:

. 1
Jim Ep [K(@)] = =7 + Keurr (). (6.12)

On the other hand, elementary computations give NVarg,, [p/N] = N/4. O
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A Concentration of measure

A.1 Concentration for discrete Gaussian measures

Let g : T2 — R be a bounded function. Recall that V{\;Z is the product Bernoulli measure
with density 1/2 and that z/év is the following discrete measure:

N = (Zév)_leQHN(g)yf\;Q, Z;V a normalisation factor. (A1)

Q

We often decompose g as g = g_ + g, with g_ (g, ) a negative (positive) kernel on L*(T):

VfelXT), &+ 5 f(@)ge(z,y)f(y) dedy > 0. (A.2)

When g4 € C°(T?), it is known that the definition (A.2)) is equivalent to asking for the matrix
+(g+ (i, 7)) 1<ij<n to be positive for any n € N> and any z1,...,x, € T, see e.g. [29]. In
the following we will often assume g+ € C5(T?) C C°(T?), the set of continuous functions
with restrictions to {z <y}, {z > y} that are C' (the derivatives of the restrictions on the
diagonal need not coincide). Recall also the notations:

1
o:=1/4, n; = =5 ieTy. (A.3)

Lemma A.1. Let n € N and let I C Ty with |I| =2n+ 1. Then:
vy (Hm) —0. (A4)

Moreover, assume that the g of (A1) satisfies g+ € CL(T?) and that, for some § > 0:

VLM, o[ e nfidedy<1-0) [ faide (A5)
Then:

1 < sup Zév < oo and sup I/;V H@-) =O(N™), n € N>j. (A.6)
NeNsq JCTx:|J|=2n cJ -

A similar result was obtained in [I3, Lemma A.1] under the stronger assumption that
log+]l2 < 1. Here the assumption (A.5) is optimal.
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Proof. The mapping n € Qn +— (1 —n;)iery € Qn leaves Vév invariant due to the 1/2 density,

but it changes the sign of [[,., 7; (recall 7. := 1. —1/2). This proves (A.4). Moreover, Jensen
inequality implies:
zZV > exp [V{jz [2HN(9)H ~ 1 (A7)

The estimate on even correlations is proven in Lemma A.2 in [I3] provided supy Z)¥ < oo.
We thus only prove this bound.
Recall that g C C°(T?) being a negative kernel implies:

25 = g D20 Doy = 5y S0 — 57 D0 s < Gl (A9

i#£] (2%]
Thus:
N 1 1 =5 1) ollo- oo/
zV < Vl/g(exp [QN | Z (92)2377; + 57 Z (g—)i,mmjDe
1#jeTN €T N
1 = = o
< Vfiz(eXP [ﬁ Z <9+)z‘,j7h‘77jD€ lo-llee/2, (A.9)

1#j€TN

It is thus enough to bound Zév when g = g, i.e. g = 0, which we now assume. To make

use of Assumption (A.5) on g, it is convenient to replace (g; ;) jer2 by the matrix gV
N (i, j) = NZ/_ | g(z,y)dzdy,  (i,j) € T. (A.10)
k)R [0,1)?

The advantage of g™ over (g;;);; is that the spectrum of og"v /N is included in the spectrum
of og. Indeed, if u € RY is an eigenvector of 0§y, one can check that the following f € L?(T)
is an eigenvector for og associated with the same eigenvalue:

f(x) =Ny (@u,  zeT. (A.11)

As g = g1 € Cp(T?) C C°(T?), replacing g by ¢" is not restrictive as far as bounding Z is
concerned:

= 1 N
ZgN < C(g) Zév, ZgN = y{%(exp [ﬁ Z nmjgN(z,j)D. (A.12)
1,J€T N
Let us estimate Z;N . Expanding the exponential in (A.12)) yields:
1
N AN/ = —
Vl/a(exp [QN > (Zvj)ninj])

7]6TN
1 2n
_ Z s O U (gN(il,iz)..,gN(ianl,m) Hﬁ) (A.13)
n=0 ’ 81 ,ees82m 7=1
Let Py, denote the set of pairings of {1,...,2n} elements. As l/f\b is a product measure, the

average in ({A.13)) vanishes whenever an index i1, ..., 73, appears only once, i.e. vanishes unless
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Figure 2: Pairing of eight points (black dots) and associated bijection on four points (red dots)
obtained by fusing points 2i — 1,27 into a single point ¢ (i € {1,2,3,4}). Black lines link paired
points. Lines are conserved when the points are fused (in red) and determine the cycles of the
resulting bijection (here (1)(234)).

there is a pairing p € P», such that i; = i, for j € {1,...,2n}. Thus, using 77 = o for each
1€ TNZ

2n
1 AN/ o\ AN . _
Nn Z Vf\b [QN(% Zz)mgN(lzn—l, Z2n) H 771']}
Ulyeesi2n j=1
O-n A . . ~ . .
= m Z Z gN<ZlaZ2)~-~gN<ZQn717ZQn)l(ij)jSQn paired by p (A14)

PE P2y i1,...,02n

To use the assumption on the spectrum of og, we now express the right-hand side in terms
of the trace of §%¥. To do so, we need some notations. For p € P,,, let b(p) be the bijection
on {1,...,n} obtained from p by identifying integers 2i —1,2i (1 <1 < n), so that b(p)(i) = j
if either 2¢ — 1 or 2 is paired to either 2j — 1 or 25 (1 < i,5 < n), see Figure . This is
not a bijective mapping as discussed further along the proof. Let also ¢, (1 < ¢ < n) denote
the number of cycles with ¢ points in b(p), and note that >, c, = n by definition. For each
p € Py, one has:

n
Ce

D 15" Gajo1yi2)16,), <o pairea by = | | [ > (QN)e(ia’i)] : (A.15)

i1,..y02n J=1 (=1 €Ty

As a result,

" o ~ .. . ce n o . I\ ¢
=Y HlFX @] =X He((5))] - @0
Letting Ep, denote the average with respect to the uniform measure on pairings, we obtain:

2 < 5 el [T ol (7)) rn

=
m
-
o~
Il
-
~
m
=
2
=
m
-
~
Il
-
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The fact that |Ps,| = 27"(2n)!/n! and the Stirling equivalent give:
(2n)! (1+o0,(1)) < C

202~ I Jant 1) n=0
) < D, [H w((5))]] s

Let us estimate this expectation. For small values of ¢, the boundedness of g implies:
tr| 29" < g (A.19)
N <

Since all eigenvalues of 0" /N are in (0,1 —¢) by (A.5) and the discussion below (A.10]), the
trace will be dominated by the leading eigenvalue for large values of ¢ and we prove next the
existence of ¢y € N>, independent of NV, such that:

Ve > b, tr[(%gN)q <(1-e)" (A.20)
Write first, for any ¢ € N>q:
tr[(%ﬁN)q <(1—e) [%gﬂ <(1— e og|lw. (A.21)

Choose (1 = ¢1(g) € N>, such that the above is smaller than 1 for ¢ > ¢;. The claim (A.20)
follows for £ > ¢y = 204, as:

g ANy b O . N\¢ b ,
tf[(ﬁgN) } <(1-¢) tr[(NgN) ] <(l-e)fr<(1-9" (A.22)
It follows that the sum in (A.18]) satisfies, recalling >, lc, = n:

S [l

< C(o, [|9llo) + Z Ep,, [exp [f:éq log(|loglles) + % log(1 —¢) <n - f:éqﬂ]
(=1 =1

n>fg

< Cllallgll) + (=2 T[Bn. [ exp [Beslollolle ~ 3rout1 = 2)]] | (429

2
n>{lo (=1

where we used Hélder inequality in the last line on the sum Zﬁozl It remains to estimate
this exponential moment, which now only involves small cycles.

This is done by rewriting it as an exponential moments of cycles of general permutations
on n elements, which is a well known quantity. To do so, notice that each bijection on n
elements is associated with 22¢(=1ee = 2n=2rc different pairings in Pa,, corresponding to
the 2¢=1er ways of joining edges in each cycle. Thus, if Eg denote the uniform measure on
permutations with n elements, writing thanks to Jensen inequality:

Ep, [] = Eg, [Zn—ze cq _1E5n [ L 9n=32, Ce} < QZzlEsn[cz]]ESn [ . L (A.24)
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it is enough to prove that the following quantity has slower-than-geometric growth in n:

I
o= T B, | xp [Befolall ~ 3 tout1 ~ 9] | (.29

(=1

The statistics of the number ¢, of cycles of length ¢ under Eg,_ is well known [42] Theorem
2]. In particular, the moment of order & € N is smaller than the same moment for a Poisson
distribution of parameter 1/¢, which has moment generating function defined on the full real
line. The above exponential moment is thus bounded for each n > ¢y in terms of ¢y, g only.
Also, Eg, [c/] = 1/¢ for each n > {y. This concludes the proof:

Lo
1
22wl ] B, | exp [Belolalle  jlon(t - 2))]| < Cltwg2=", nzh (a20
/=1

]

In the following, let Iy denote the identity matrix on RY and define ¢V as the matrix:

gN(Zaj) = Gi,j5 gN(sz) = 07 i 7é] € P]FN' (A27)

Write also gY for the matrices similarly defined in terms of g..

Proposition A.2 (Approximate Wick theorem for 1)), Assume that g = g, + g_ satisfies
the hypotheses of Lemma [A.1. For n € N>y, let Py, be the set of pairings of 2n elements.
For each I C Ty with |I| = 2n, there is then an error term ek such that:

v (TIn) = X (07 v = N7g") 7 (i, (i) + ek, (A.28)

iel PEPan e=(i,p(3)) pair in p
where pairs are counted only once in the product, and with:

sup |ek| =O(NT"). (A.29)

|J|=2n

Proof. We claim that the hypothesis on g, ensures that o= 'Iy — N~'¢"V is invertible for all
large enough N € Ns;. Indeed, the continuity of g_ implies that ¢ has eigenvalues in R_,
see e.g. [29, Theorem 2.3]. On the other hand, recall the notation ¢% from (A.10). Since
g+ € CH(T?), one has:

o o

~ max|[gf —g¥)(i, /)] =O(N"?), = max|[g} —gl](i,9)| =ONT).  (A.30)
N i#j N i
It follows that the matrix &(g) — ¢7) has eigenvalues bounded by C/N for some C > 0.
Therefore, for any vector u € RN with [Juls = 1, by definition of g}

o o o N/ C C
Nzuiujgiv(laj) < Nzuz’ujgf(’hj)‘FN < 1—5+N- (A.31)

Y] ]
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If N is large enough, the spectral radius of < gJr is thus smaller than 1 —§/2 and the matrix
In — % g" is invertible as claimed. We henceforth work with such an .

For any J C Ty, write ); for the product Hjej n;. The key part of the proof is the

observation (A.32) below: the correlations v, (7,77,) can be expressed in terms of all other
correlations of the form v} (77;) (b € Ty), up to a small error that depends on the cardinal
|.J| of J. The claim of PI"OpOSlthIl is then established by recursion on |J|.

Let n € N>y. The set [ in the proposition will correspond here to sets of the form {a}U.J
with a ¢ J and J C Ty with |J| = 2n— 1. Let 7.7, denote the vector (77 )pery . Assume for
the moment that we have proven the following averaging identity, for each J with |J| = 2n—1
and each a ¢ J:

_ o _ ~
i (i) = | 29" v (0710) | () + & (@), (A.32)
with &% = (&4(i))ier, a vector satisfying:

sup  sup |éX (i)] = O(N ™), eL(i)=0 (ieJ). (A.33)

|J/|=2n—1 i¢t.J’

Let us then use (A.32)) to prove the claim of Proposition by recursion. Fix J C Ty with
|J| = 2n — 1. Equation (A.32) is valid for a ¢ J. Let us first extend it to general a € Ty.
Using (7.)? = o, with the convention 7jy := 1:

v (Ma11s) = L(a)ov) (ngay) + Lse(a)o [N~ g vl (7.475)] (a) + X (a).

Rearranging terms, this becomes:

(o7 Iy = N7 (1) (@)

ng
( (77\{a}) Nzgmv mm)) +oley(a) (A.34)
i#a
=1,(a ( (Tngay) + O(NT™)) + O(N1),

where the O(N™"),O(N—""!) are uniform on a,J as given respectively by Lemma
and (A.33). We now proceed with the proof of the claim of Proposition by recursion
assuming (A.32).

Take first n =1, a € Ty and J = {b} C Ty. We will make use of the following lemma,
proven afterwards.

Lemma A.3. Let M be the set of sequences of matrices on RN*N indezed by N € Nx; and
defined as follows. (An)n>n, € M for some Ny € N>y if and only if there are sequences
(Dn)n, (Rn)n of matrices such that, for each N > Ny, Dy is diagonal, Ry(i,i) = 0 for
1 <i<N, and Ax = Dy + N"'Ry. Moreover, (Rx)n, (Dn)n are such that there is ¢ > 0
with:

for each N > Ny, 1<i1‘1<fN |Dy(i,i)] > ¢, sup |Rn(i,j)| <ct (A.35)

1<i,j<N

It then holds that if (Ax)nsn, € M and Ay is invertible (N > Ny), then (Ay')nsn, € M.
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By Lemma [A.3] the matrix o~'Iy — N~'¢g" has inverse satisfying:

sup | (o' Iy — N’lgN)_l(i,i)| =On(1), sup [(o7'Iy-— N’lgN)_l(i,j)| =O(N).

ZETN Z#]ETN (A )
.36
The last equation and (A.34) with J = {b} yield:
_ _ _ —1
Vév(nanb) = (U 1]N - N 1gN) (a7b> + ej{\l;}< )7 (A37)
with:
{b}( )= (c""y— N~ lgN) a,b) l— —Engz (77 _lé%}(b) : (A.38)

i#b

The error term indeed satisfies sup,, |e}{\l,)}(a)| = O(N~?) by (A.36). Assume now n > 1
and the claim of Proposition to hold for each subset of Ty containing 2n elements. Let
J C Ty with |J| =2n+ 1 and a € Ty. Then, by (A.34),

v @aiis) =Y (07 Iy = N7g™) " a, vl (i) + ek (a), (A.39)
jer
with e, = (e%(7))ier, the vector given by:

ex(a) :== Z (o' y — N_19N>—1(a’j) [ - % Z giive (mins) + o el () |- (A.40)

jed 1€T N

The recursion hypothesis and (A.36) imply that e%;(a) = O(N~""?) uniformly on J,a. The
recursion hypothesis applied to each J\ {j} (j € J) then turns (A.39)) into:

l/év(r_]aﬁj) = Z (07 In — N7'g")(a,j) Z H (o7 'y — N_lgN)_l(i,p(i)) + e (a).
jeJ PEP 1\ (5} 1€I\{5}

(A1)

Since the sum on j € J and p € P\ = [, in the left-hand side exactly enumerates
elements of the set P,,,o of pairings of 2n + 2 elements, Proposition is proven assum-

ing :
ST OTT (0 n = NN (i) + eila). (A.42)

pEPan42 icJU{a}

We now prove the identity (A.32). Let J C Ty with [J| =2n—1(n > 1), andlet a € Ty \ J.
Recall that v}’ oc exp[2I1V(g)]v}),, and decompose IV (g) as follows:

1

MNa _ _
AV(g) = 0 D ihibei + 2G e (), G =75 D Wligis (A.43)
o iAi€T\ (o}
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Using e* = 1 + :Efo e dr with x = 1o % > it Mibais we find:

_ . M N =
Zévyév(nam) = Vf\;Q (e a3 7, [1 + = nga,/ exp [W ngm] dt} ) (A.44)

i#a i#a
Under the product measure 1/{\;27 7o is independent of 777, G4y (and has average 0). It follows

that v, (7la7s €xp[2G{qye]) vanishes. Since also (7,)? = o, (A.44) becomes, reconstructing
211N (g) from 2G4 through (A.43):

o (afis) = (m > figa / exp [w > ﬁiga,i} dt) . (A.45)

i#a i#a

To obtain (A.32)), we further expand the exponential in (A.45]), using the following formula:
for each t € [0, 1],

exp [ S, ] = 14 T )+ T2 () (A.46)
i#a
with:
1 <IN p/ 1 B P
T ) = 30 (= ) (5 2 e
p=1"" i#a

2n+1

2 = [ 0™ () e [ S s ()

i#a i#a
Injecting this decomposition in (A.45) yields:

v (Ta71s) = [X,gNVN(nﬁJ)](a) +0V§V(/ 1 > Migai (T () + TR (n )) dt)- (A.48)
i#a
The first term in the right-hand side above is exactly the first term in the right-hand side
of (A.32). We thus need to prove that the contributions of T}', 77 are of order O(N—"71)
uniformly on J, a.
Both T} and T? are readily estimated through Lemma [A.1] For T}, one has for each
t €[0,1] and each 1 < p < 2n:

O(N—n=@+h/2 if p is odd
<mz7hgaz- ((t—1)7 ( angaz> )— ( ) ) Pt
P p! P O(N—P/2) if p is even,

(A.49)
and the estimate above is uniform in ¢ € [0,1], a € Ty and sets J with cardinal 2n — 1.
For T?, bounding 7,7, by 1 and the exponential by el9l=one similarly concludes on the
existence of Cy, 1 > 0 such that:

{m > Nibai / )dt”

i#a

<y, +1e‘g”°° {( ngm)%ﬁ} =O(N" ). (A.50)
i#a
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The error term is again uniform on ¢, a, J. This concludes the proof of (A.32):

vy (afls) = o [N~ g™ vy (7175)] (a) + ex(a), (A.51)

where & satisfies Sup) i, _; Sup;¢; |€3(7)| = O(N~""") and is defined as follows:

ek (a) == 1se(a) / {WN Zm%( n) + T2(n ))} dt. (A.52)

i#a
[

Proof of Lemma[A.3 Let Ny € N5y and (Ax)ny>n, € M be a family of invertible matrices.
Then (An(7,J))1<ij<n is also invertible for each n < N. This implies (see Theorem 4.3.1
in [20]) the existence of a lower triangular matrix Ly with diagonal equal to 1, and an upper
triangular matrix Uy such that:

Ay = LyUy, N> N,. (A.53)

Ly is invertible by assumption, thus Uy is invertible by invertibility of Ax. The claim of
Lemma therefore boils down to proving that (Uy'Ly')x € M. Let us first prove that
(Ly)n, (Un)n € M. The coefficients of these matrices can be computed explicitly: for each
N > Nyand each 1 <7 <2N —1,

Un(iv ) = An(i ) — 3 Ln(i, OU(€, ) for j > i, (A.51)
(=1
Ln(ji) = UN(l )(AN@,) iLN(j,é)UN(e,zD for j > i. (A.55)
/=1

In particular, one can check that (Ly)y, (Uy)y indeed belong to M.
Let us now check that (L") n, (Uy')n also belong to M. The inverse Ly' of Ly is also
lower triangular, and can be computed straightforwardly: for N > Ny,

vizio 300 = s (” ZLN GO D), (A.56)
where:
1 i
5is = R (A.57)
’ 0 otherwise.

The same result holds for the upper-triangular Uy. A recursion thus gives (Ly')n, (Ux')n €
M. It remains to notice that M is stable under matrix product: (By)y, (Cn)y € M implies
(BnCy)n € M. This concludes the proof of Lemma O

The following proposition gives exponential concentration results under Vév

useful when applying the entropy inequality.

. These are

66



Proposition A.4. Assume that g satisfies the hypotheses of Lemmal[A. 1. Let J C Z contain
0, n € N and ¢, : TR, = R. We assume N to be large enough that J can be viewed as a
subset of T . Define the functions:

X;l;LJ(n) = Z (i1, ey @ (H%ﬂ)% i s n € Q. (A.58)

(#1058 ) E(TN)™ jeJ

Let W' = N==D X2 ifn > 2, and W7 o= N7V2X07.
Then for any n > O there are constants vl O™ > 0 depending on n, J but independent
of ¢n, N, such that:

J N ’Y|W$’J‘ J CnJ
VN € Nop, ¥y < 7™/, logv) [exp [—H <O+ Lise——s. (A59)
- supy || énlloo N'T

Proof. The proof can be found in Theorem A.3 and Corollary A.4 in [13]. Tt is written for
negative kernels only but this is just used to reduce to the case ¢ = 0. The assumption
that og, has largest eigenvalue A\, strictly below 1 similarly enables one to reduce to this
case. Indeed, for £, > 0 such that (1 + g/)Anax < 1, supy Z(1+E )y < 00 by Lemma
The identity E[X] = [;°P(X > t)dt for a non-negative random variable X and a change of
variable thus give:

W’VLJ 00 Wn,J
Vév[exp [¥” §1+/ etuév(M>t) dt
supy [|onlloc 0 supy [ ¢n
n,J
’Y’W% |

15 o0 t. N
<14 (Z(iey)y) ™ /0 ‘ VW(M

> t) gt (A.60)

]

A.2 Concentration for the uniform measure

Recall that 2y, is the set of configurations with m particles on the torus Tx (0 < m < N).
Recall also that U, denotes the uniform measure on Qy,,. Concentration results under U,
are given in Lemma relying on the following logarithmic Sobolev inequality.

Lemma A.5 (Theorem 4 in [41]). For m € {0,..., N}, let DI denote the Dirichlet form of
symmelric simple exclusion with m particles:

D7,(g) = %Um[ > gl - g(n)ﬂ, 9:Qnm = R (A.61)

1€TN

There is Crg > 0 independent of m, N such that, for any density f for U,,:

Unlflog f] < CLsN?D(\/f). (A.62)
For ¢ : Ty — R, define its discrete gradient at point i € Ty by:
0" o(i) = N[o(i + 1) — o(1)]. (A.63)

The log-Sobolev inequality provides concentration results for Lipschitz functions.
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Lemma A.6. Let ¢ : Ty — R be a Lipschitz function, in the sense that:

Sup 10V Bl o0 < 0. (A.64)
Similarly to (A.4), define:
i€Tn

There is then vy > 0 independent of m, ¢ such that, for any v < yo:

'Y(Wm)2 )
Un | exp [—] <3. A.66
(o [faveiz (400
Proof. Note that, for any ¢ € Ty, one has:

0N (i)

W. (A-67)

W (") = Win(n) = (1 — nis1)
The Herbst argument (see e.g. Proposition 2.3 in Ledoux’s course [40]) then gives, for some
C > 0 independent of m, ¢:

ow, 2
Up | exp | =0 ) < et? /2, 0 cR. A .68
(o [ (A9
The identity E[e¥] < 1+ [T €eP(X > ¢)dt applied to X = y(W2)/[|0V¢||2, for v small
enough depending only on C' and a Chernov bound conclude the proof. O]

B Integration by parts formula

Let A€ Rand h € C(T?) be symmetric. In this section, we provide an integration by parts
formula under V;]LV and U, j for 0 <m < N. Let f: Qny — R, and define I’%’Z;l(f) forie Ty

as the quantity: .

0y (D) = e n ) [Vig f(n)] " (B.1)
with: N

Vi f(m) = f"*) = f(n),  ne€ Q. (B.2)

Lemma B.1. (Integration by parts under v N) Let i € Ty, let f be a density for 1/~ and let
u: Qy — R satisfy u(n™') = u(n), i.e. u is invariant under a jump between sztes i1+ 1.

There is then a constant C' = C(h,\) > 0 such that, for any a > 0:

oY (fuliis — 1) < aN* (PE (V) + a% v (flul?)
+ vy (fu(nZH ﬁi)<exp [— %LN_WBEL] — 1)) (B.3)
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Remark B.2. The claim of the lemma also holds if l/év is replaced by the uniform measure
U,, on configurations with 0 < m < N particles, with the same proof. [

Proof. A direct computation using the fact that n — n***1 is bijective gives:

- Vijlv(ni’iﬂ) iji+1
(fu<77z+1 = Z V~ ) (M1 — i) [f(’f?) - VN—()f(W )] (B.4)
T]GQN il 77
and, for each n € Qxn:
YN (pisi+1 o 5 - ] ] i
R e (J\T/]( ] ) exp [— —(M;V m)BZh]? Bl =o5 D mdihig. (B.5)
Vi 1 ¢ {i,i+1}

Thus, writing e = 1+ ¢® — 1 for # = —2N"1(;11 — ﬁi)Bf and again changing variables
between 7 and n**1:

_ - _ 2417 ph
o (Futmn = 1) <03 (Vs fllud) 458 (Fulos =m0 (520 20) ). @)
Note that jump rates are bounded below:
C};,S\(na 7h‘+1) 2 COC(na 7h‘+1)a n € QNai € TN' (B7)

The claim then follows from the lower bound on the jump rates, the fact that sup; Bt < o0
and the inequality |ab| < £a* + b2 applied to k = 2aN?/co, a = /f(y"*+1) — \/f(n) and
b=u(y/f(r 1) + /£ (). O

C On some partial differential equations involving the
bias h

C.1 Existence and regularity of the bias h

In this section, we prove Proposition i.e. the existence and properties of h € C(T) N
C*°([0, 1]) solving:

h"(z) — %/Th’(:c — )W (y)dy =0 forxz € (0,1),
R'(04) — A (1) = 2X(\ + 2F).

(C.1)

Define:
¢6H1 /w da:—o (C.2)

Then H equipped with the norm ¢ — ||¢'|2 is a Hilbert space. Upon integrating (C.1)
against a test function f € C°°(T) and integrating by parts, (C.1) becomes:

/T W) () dx — 2A(A + 2E) £(0) — Z

2 ). [ (@)h(z — y)h(y) dz dy = 0. (C.3)

69



Proposition C.1. Recall the definition of sub-criticality in Proposition[2.1. There is a unique
Jamily (hyg)rE sub-criticat 0f S0lutions of (2.21)) in H. These solutions are in C°(T)NC>([0, 1])
and:

(A, E) = ||hagllz is a continuous function vanishing on the line A = 0. (C.4)

For each sub-critical A\, EJ, the Fourier series of hy g reads:
2 AA+2FE)71/2
VeeT,  hz)= V2 3 (1 - [1 + ‘”—H} )\/ﬁcos(zwex). (C.5)

o w202
>1

Moreover, the kernel (x,y) — hyg(x —y) is positive if (A + 2E) < 0, negative otherwise,
with eigenvalues given by its Fourier coefficients.

Proof. We look for a solution & to (C.3) in L?(T) by computing its Fourier decomposition.
For ( € Z, let ¢;(h) = [;h(z)e *™ dx, with > = —1. We look for h with ¢y(h) = 0 by
assumption. Note that, for any v, € L?(T), one has:

ce(/wa — Y)Y (y) dy) = co(Y)ee(1)). (C.6)

Taking f = e~27" for £ # 0, Equation ((C.3]) becomes:

—(210)%co(h) — 2A(\ + 2E) + %(2%@)205(}1)2 — 0. (C.7)
This gives:
1 oA(A+2F)
h :—(1 \/1 —) —11Y C.8
o) =~ (1 ma 1+ TR me{-1,1} 3
Note that h € L?(T) D H only if all n, are equal to —1 for £ large enough. In addition, we must
have 7y, = —1 for any ¢ # 1 in order for A to vanish on the line A = 0. This gives existence

and uniqueness of a family (hy g) of solutions to (C.3) in H such that (A, E) — ||hxgll2
is continuous and vanishes on the line A = 0. Note further that c/(hy ) = o(¢~?), thus
hyr € HY(T) C C°(T) by Dirichlet’s normal convergence theorem and holds pointwise.
Moreover, the Fourier coefficients ¢,(hy g) are the eigenvalues of the kernel operator h) g all
have the same sign, the sign of —A(A 4+ 2F).

It remains to observe that iy g € C*([0, 1]). Indeed, defining A} 5 on (0,1) through
gives by p € H'((0,1)), thus A} p € H*((0,1)), with H"((0,1)) the usual Sobolev space of
functions with n weak derivatives in L?((0,1)). Iterating we get hy p € H"((0,1)) for any
n € N, thus hy g € C*°([0,1]) by Sobolev embedding (Theorem 4.12 in [I). O

C.2 Forwards and backwards Fokker-Planck equations

Here, we establish well-posedness and regularity for solutions of certain Fokker-Planck equa-
tions. These are used to characterise limiting fluctuations in Section [3.1.2]
For a symmetric h € C%(T?), recall that £; is the operator acting on f € C°°(T) according
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to:
Lif@) = £(0) +0 [ Buh(o. ) )y
T
— f(2) — omy f(z) — o /Tr Bh(z, ) f(W)dy, €T, (C.9)
with m; € C°°(T) the function:

m,(z) = (0 — &) h(z_,z), z€T. (C.10)

For f € C*(T) and t > 0, consider the following forwards and backwards Fokker-Planck
equations:

Osus — Lius =0 for s <t, Osvs + Livs =0 for s <t, (C.11)
up = f, v = f.
Proposition C.2. Let f € C™(T) and t > 0. Then (C.11) admits solutions u,v in
C>([0,¢] x T).

Proof. Let f € C*(T). The Laplacian operator A generates a strongly continuous semi-group
on each of the Sobolev spaces H'(T) of functions with ¢ weak derivatives in L2(T) (¢ € N).
On the other hand, h € C%(T?) means that the operator f + m;f — 002hf is bounded
in HY(T). By Theorem II1.1.3 in [25], it follows that £; generates a strongly continuous

semi-group (P%(s))s>0 on each HY(T) (¢ € N). In particular, (us)s<i 1= (P5°(s)f)s<s is in

C>([0,t] x T) and solves the first equation in (C.11). Setting vs := u;—s for s < t yields a
solution of the second equation in ((C.11]) with the desired regularity. O
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