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In quantum metrology, one of the major applications of quantum technologies, the ultimate
precision of estimating an unknown parameter is often stated in terms of the Cramér-Rao bound.
Yet, the latter is no longer guaranteed to carry an operational meaning in the regime where few
measurement samples are obtained, which we illustrate through a simple example. We instead
propose to quantify the quality of a metrology protocol by the probability of obtaining an estimate
with a given accuracy. This approach, which we refer to as probably approximately correct (PAC)
metrology, ensures operational significance in the finite-sample regime. The accuracy guarantees
hold for any value of the unknown parameter, unlike the Cramér-Rao bound which assumes it is
approximately known. We establish a strong connection to multi-hypothesis testing with quantum
states, which allows us to derive an analogue of the Cramér-Rao bound which contains explicit
corrections relevant to the finite-sample regime. We further study the asymptotic behavior of
the success probability of the estimation procedure for many copies of the state and apply our
framework to the example task of phase estimation with an ensemble of spin-1/2 particles. Overall,
our operational approach allows the study of quantum metrology in the finite-sample regime and
opens up a plethora of new avenues for research at the interface of quantum information theory and

quantum metrology.

Metrology, the scientific study of measurements, has
naturally evolved to encompass the realm of quantum
theory. Quantum metrology seeks to realize practical
advantages by harnessing quantum effects. The grow-
ing quantum technologies sector, especially, holds high
expectations for achieving unparalleled sensitivity with
quantum sensors. Anticipated applications range from
the calibration of atomic clocks over gravitational-wave
detection to potential medical uses [1-5]. It is crucial
that the theory of quantum metrology accommodates the
emerging technological capabilities of near-term quantum
sensors, which necessitates an in-depth understanding of
their performance in realistic settings, where the size of
experiments might be limited.

A standard question in quantum metrology is to deter-
mine the value of an unknown parameter that has been
encoded in a quantum state. For instance, suppose we
wish to estimate the difference of time ¢ between two
events. One might prepare an initial clock state pg, e.g.,
an ensemble of spin—% particles, in some standard state
when the first event occurs, let the system evolve un-
der its natural dynamics — say, a magnetic field of fixed
strength — resulting in a state p(t), and perform a mea-
surement on the system when the second event occurs.
The accuracy to which ¢ is determined can be improved
through suitable choices of the initial state, the dynam-
ics, and the final measurement. A similar scheme can be
employed to sense the value of an unknown parameter in
a Hamiltonian, such as the strength of an external field.
In this case, one lets the system evolve under the un-
known Hamiltonian for a fixed amount of time. In either
case, the problem reduces to estimating the value of a
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FIG. 1. The setup we consider for quantum metrology in the
finite-sample regime consists in applying a measurement onto
the quantum state p(t), and inferring an estimate £ of the
value of the unknown parameter ¢ from the outcome of the
measurement. The estimation process is successful if the esti-
mate ¢ and the true parameter value ¢ differ by at most some
fixed error tolerance §. Our approach quantifies the probabil-
ity that the estimation procedure is successful. In contrast,
the standard quantum Cramér-Rao bound quantifies the vari-
ance of the outcome # for a given estimation procedure that
reveals the correct parameter in expectation; its operational
meaning is guaranteed only after collecting many outcomes.

parameter ¢t among a parametrized set of states ¢ — p(t).

A standard treatment of this problem proceeds as fol-
lows [1, 2, 5, 6]. One assumes that t is already known
to be close to some value t;. The task is to refine one’s
knowledge of ¢ by accessing the expectation value of some
observable. A central result in quantum metrology quan-
tifies the variance o2 of a quantum measurement whose
expectation value is equal to t. The quantum Cramér-
Rao bound states that [5, 7-9]

1
o> =

= (1)

where F is the quantum Fisher information, a quantity



that measures how distinguishable the states of the fam-
ily p(t) are around ¢¢. Furthermore, there exists a quan-
tum measurement which achieves equality in Eq. (1).
One thus frequently resorts to the quantum Fisher in-
formation as a measure of sensitivity, including when
quantifying the advantages of using entangled states for
quantum sensing [1], the effect of noise on the sensitivity
of probe states [10, 11], as well as the advantages of using
quantum error correction in metrology [12]. The quan-
tum Fisher information naturally generalizes the classical
Fisher information and enjoys the geometrical interpreta-
tion of being the metric tensor associated with the fidelity
of quantum states [5, 6, 13].

In this work, we consider the regime where few mea-
surement samples are available. This regime is increas-
ingly expected to be relevant when considering the lim-
ited capabilities of quantum sensors in the near term.
Specifically, we revisit some of the founding assumptions
that lead to the quantum Cramér-Rao bound which are
difficult to justify in the few-sample regime. First, the ex-
pectation value of an observable can only be reliably es-
timated if sufficiently many samples are available. Thus,
access to few samples of the measurement that achieves
equality in the quantum Cramér-Rao bound might not
provide meaningful information about the unknown pa-
rameter. Second, few samples from a quantum measure-
ment are unlikely to yield the degree of precision that
is compatible with the assumption that the parameter
is already approximately known. Relaxing this second
assumption furthermore enables us to consider general
families of states p(t) without the smoothness properties
required to apply the quantum Cramér-Rao bound.

We establish a general finite-sample analysis of quan-
tum metrology rooted in fundamental principles of quan-
tum information theory. We consider a general one-
parameter family of states ¢ — p(t), where t is known
to belong to some real interval I C R (Fig. 1). We then
consider a quantum measurement whose outcome leads
to an estimate ¢ of the value ¢t. In our model, the measure-
ment is applied only once. Access to a finite number n of
samples is modeled by explicitly considering the copies of
the state in parallel, p®"(¢). The estimation procedure
is successful if # is within some fixed estimation error
tolerance 6 of the true parameter value t. We then ask,
“What is the probability that our estimate of the underly-
ing parameter is within a given estimation error tolerance
around the true value?” and “What is the smallest esti-
mation error tolerance such that this success probability
is at least some given threshold?” For these questions to
have a well-defined answer, we can either assume prior
knowledge about the underlying parameter ¢ or we take
the worst-case among all possible values of ¢. In our work,
we explore both settings in depth.

We show that computing the optimal success proba-
bility over all possible measurements for a fixed estima-
tion tolerance belongs to a class of convex optimization
problems known as semi-infinite programs, which are es-
sentially semi-definite programs with an infinite number

of semi-definite constraints. We explicitly show how the
semi-infinite program reduces to a semi-definite program
upon discretization.

We also establish close connections between metrology
in the finite-sample regime and multi-hypothesis testing
of quantum states [14—17]. In quantum multi-hypothesis
testing, one receives an unknown state from a fixed set
of quantum states, and seeks to identify which state was
provided. The metrological task considered here can be
intuitively understood as a continuous version of multi-
hypothesis testing of quantum states, where we seek to
identify the value of an unknown parameter ¢ in the
family of states p(t). In contrast to the discrete multi-
hypothesis task, it is impossible to determine the value
of t exactly given the parameter’s continuous nature. In-
stead, the parameter ¢ should be determined up to some
fixed precision, quantified by §. We make this intu-
itive connection rigorous by proving upper bounds on
the success probability of the metrological task in terms
of the success probability of a related multi-hypothesis
testing task. More specifically, we show that determin-
ing the parameter ¢t to precision 0 is at least as hard
as distinguishing quantum states corresponding to pa-
rameters that are at least 29 apart. Along the same
vein, we express quantities of interest, such as the suc-
cess probability of our estimation procedure, in terms of
known single-shot entropy measures such as the condi-
tional min-entropy [17, 18]. We also connect our frame-
work to known estimation lower bounds in terms of the
the hypothesis testing relative entropy [19].

We then connect the finite-sample regime to the many-
sample regime as follows. We study the behavior of the
success probability of the estimation where a finite num-
ber n of copies of the state are available, and consider
the limit n — oo. In this regime, we prove an upper
bound on the rate with which the success probability ap-
proaches one in terms of the Chernoff divergence of quan-
tum states. This result extends known distinguishability
rates in multi-hypothesis testing [15].

Exploiting the connection to multi-hypothesis test-
ing allows us to formulate an analogue of the quantum
Cramér-Rao bound that is valid in the single-shot regime.
The estimation error tolerance ¢ replaces the standard
deviation o on the left-hand side of the inequality of
Eq. (1), and we obtain correction terms on the right-
hand side that depend on the desired success probability
and properties of the set of states p(t).

We then turn to an alternative setting, in which
the parameter to be estimated is accessed through
the use of a parameter-dependent quantum channel.
This setting offers richer estimation strategies than the
parameter-dependent state setting. For instance, an es-
timation strategy may interleave the application of the
parametrized channel on a probe system with interac-
tions with a memory system. We extend a selection of our
earlier results to such general strategies, like the formula-
tion of the optimal success probability as a convex prob-
lem as well as the rigorous connection to multi-hypothesis



testing of quantum channels. Such generalizations be-
come possible by viewing such strategies in their entirety
as quantum combs [20, 21] or general strategies of indef-
inite causal order [22].

We further consider the task of estimating the param-
eter t in a family of pure states |¢(t)) for which the pa-
rameter t corresponds to time, and whose evolution is
governed by a fixed Hamiltonian. Furthermore, ¢ is to be
estimated globally over the entire period of the Hamilto-
nian [23]. We establish a closed-form expression of the
worst-case estimation success probability, exploiting the
group-covariant structure of this set of states with respect
to time evolution. We finally consider examples of this
setting on an ensemble of spin—% particles. We numeri-
cally compute the optimal success probability, as well as
the optimal estimation error tolerance, for a collection
of states. The GHZ state fails in the global estimation
setting considered here, despite the state being optimal
for local estimation. We compare the sensitivity of a se-
lection of states, including a standard ensemble of spins
prepared in a superposition of a ground and an excited
state (i.e., a spin-coherent state) as well as a uniform su-
perposition over all distinct energy levels (the Holland-
Burnett state [24]). We also determine the state that
achieves optimal success probability, for any n and for
any fixed estimation error tolerance.

To further motivate our approach, consider the follow-
ing example [11, 25, 26] (see Section II of the supple-
mentary material for details). Alice prepares a particle
in the state pg = |+)+|, where |£) = (]0) + [1))/V2.
The particle evolves according to the Hamiltonian H =
(w/2) Z for some fixed w, causing it to rotate in the
X-Y-plane of the Bloch sphere. At time ¢, Alice sends
the particle instantaneously over to Bob through a com-
pletely dephasing channel acting in the Pauli-X ba-
sis, defined as po — (+|po|1) [+ X+ + (~lpol—) |-)~I-
As a consequence, Bob thus receives the state
p(t) = cos?(wt/2)|+)+]| + sin®(wt/2)|—)—|. The quan-
tum Fisher information that Bob has with respect to ¢

is [25, 20]
o

That is, F is constant equal to w? except in a discrete
set of points where F = 0. While the discontinuity
at t € (m/w)Z is concerning given the operational
nature of the quantum Fisher information, it can be
attributed to the vanishing first-order expansion of
p(t) at those points and therefore to a failure of the
first-order approximation of the curve p(t) [25, 20].
Consider now a point ¢t ~ 0 with ¢ > 0 arbitrarily
small. The quantum Cramér-Rao bound guarantees the
existence of a measurement 7" with expectation value
(T) = t and with variance (AT)? = 1/w?. This operator
is T =tl+w (- tan(wt/2)|+)+| + cot(wt/2)]—}—|)
(compare Section |1 of the supplementary material). The
eigenvalue of T associated with |—) diverges as ~ 1/t.

if t ¢ (1/w)Z,

ift € (m/w)Z. @)

In fact, both eigenvalues contribute significantly to the
expectation value and variance of T'; the effect of the
divergent eigenvalue associated with |—) is kept finite
only thanks to the corresponding outcome happening
with vanishingly small probability ~ t2. That is, a mea-
surement of 7" almost certainly yields the outcome |+);
the outcome |—), necessary for an accurate estimation
of the expectation value, only occurs after an expected
~ 1/t* number of samples. Therefore, a naive estimation
of the expectation value of this observable yields little
useful information on t if fewer than ~ 1/t samples
are collected. One of the main goals of this work is to
develop a rigorous and precise analysis of the accuracy
limits of sensing a parameter in the regime where the
number of samples is insufficient to accurately estimate
the expectation value of the sensing observable given
through the Cramér-Rao bound.

Our inherently operational, information-theoretic ap-
proach to the estimation task guarantees an operational
meaning to the estimation error achieved by a given mea-
surement, in contrast to the variance of an observable
whose operational meaning is ensured only in the asymp-
totic limit of many samples. Our approach is strongly
inspired by recent advancements in single-shot quantum
information theory [17, 18, 27, 28], whose aim is to quan-
tify the resource requirements of information-theoretic
tasks beyond the traditional regime where many indepen-
dent and identically distributed (i.i.d.) copies of a quan-
tum state are available. The approach of quantifying the
performance of a quantum metrology protocol through
the probability of obtaining a sufficiently accurate es-
timate is also similar in spirit to the de-facto standard
approach to computational learning theory, namely prob-
ably approzimately correct (PAC) learning [29]. As such,
we will also refer to our framework as probably approzi-
mately correct (PAC) metrology. Our approach can also
be understood as constructing sets known as confidence
intervals in the field of statistics, and characterizing the
effect of different choices of quantum measurements on
their size. Our approach is thus closely related to confi-
dence region estimation of quantum states [19, 30-33].

Our framework enables the study of estimation proce-
dures that can interpolate between local estimation, as
in the context of the quantum Cramér-Rao bound, and
global estimation, where the possible values of the un-
derlying parameters are not constrained to a very small
neighborhood of a known value. Intuitively, the local
setting corresponds to the case where the possible range
of values for the parameter in question is small com-
pared to the right hand side of the quantum Cramér-Rao
bound Eq. (1). The global setting requires states to re-
main distinguishable over the full range of values that
the unknown parameter might take. Probe states that
are accurate in the local estimation setting are not nec-
essarily accurate for global estimation. For instance, the
n-qubit GHZ state |GHZ) = (|00...0) +[11...1))/v/2 is
optimal for local estimation of a parameter ¢ of a non-
interacting ensemble of Spin—% particles. However, its



very short period 27 /n prohibits us from distinguishing
values of ¢ spaced by more than 27 /n. In contrast, the
state [+)®" = [(|0) 4+ [1))/+/2]®™ has a period of 27 and
is capable of identifying greater time intervals at the cost
of a worse accuracy in the setting of local estimation.

While the general approach of using the quantum
Fisher information can be extended to the global esti-
mation regime by considering Bayesian prior information
about the underlying parameter [2, ], this does sim-
ilarly suffer from possible issues in the few-shot regime
we outlined above. Our alternative approach, on the
other hand side, can interpolate between the local and
the global setting, both in the presence and absence of
prior information about the underlying parameter, and
is applicable in the few-shot setting.

Our approach furthermore does not suffer from ap-
parent inconsistencies that can arise when the family of
quantum states p(t) is not sufficiently well-behaved (e.g.,
if the derivative vanishes), in contrast to the singularities
and divergences that the quantum Fisher information is
prone to in such cases [25, 20].

Our framework is summarized in Fig. 2. We identify
three key quantities of interest: the success probability at
fixed estimation error tolerance, the best achievable tol-
erance at fixed success probability, and the sample com-
plexity, which quantifies the minimum number of exper-
imental repetitions needed to achieve a desired success
probability and tolerance. We discuss two scenarios of
these measures, one assuming information in the form of
a prior — referred to as Bayesian — and one that captures
guarantees that can be made agnostic to the underlying
parameter — referred to as minimazx. The minimax set-
ting enables a rigorous treatment of the lack of any prior
knowledge on the unknown parameter. In particular, at-
tempts to capture this lack of knowledge in the Bayesian
setting, e.g. by picking a uniform prior, fail to achieve the
worst-case statements that are enabled by the minimax
setting. The minimax setting indeed leads to guarantees
that hold even when an adversary can choose a param-
eter value that a particular metrology strategy is least
likely to work for.

Prior works focusing on metrology with finite repeti-
tions [39—45] in both the classical and quantum case usu-
ally take a “large deviation” perspective, such that the
number of samples is understood to be finite but still
large. A notion of success probability already appeared
in Ref. [416]. The authors of Refs. [413, 47] have quantified
asymptotic properties related to the achievable precision
under statistical assumptions on the estimators, some-
thing that can be tightened with our results as we explain
in the supplementary material. References [14, 45, 18]
have extended this approach to quantum state tomog-
raphy. The problem of optimizing the metrological tol-
erance with a given guarantee on the success probabil-
ity has been treated in Refs. [19, 46, 19, 50], where some
bounds have been given. In a spirit similar to our work,
connections between quantum metrology and hypothe-
sis testing have been used to obtain precision bounds in
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Metrology around the true value?
l Bayesian Minimax l
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FIG. 2. The fundamental quantities forming the probably ap-
prozimately correct (PAC) metrology framework quantifying
non-asymptotic quantum metrology. The success probability,
defined intuitively through the statement given in the above
figure, forms the cornerstone of the framework. The toler-
ance is obtained from it by answering the question: “What
is the smallest tolerance that still guarantees a given success
probability?” Similarly, the sample complexity is the answer
to the question: “How many repetitions of an experiment do
I need to perform to achieve a certain tolerance at a fized
success probability?” We rigorously define them in Defini-
tion | (success probability), Definition 2 (tolerance) and Def-
inition 3 (sample complexity). The relation to the theory of
PAC learning [29] lies in the spirit of how the quality of a pro-
tocol is quantified through the success probability — beyond
that, there is no overlap between the frameworks.

the standard approach to quantum metrology [51]. The
reverse direction of using metrology bounds to quantify
channel discrimination has also been explored [52]. Our
analysis of the phase estimation problem has overlaps
with work by Imai and Hayashi [53], where the asymp-
totic distribution of phase estimates is analyzed. Alter-
native methods for multi-parameter estimation are re-
viewed in [54]. The authors of Ref. [55] have studied the
case of a fixed measurement with a focus on the admissi-
bility of said measurement. The connection to previous
work is explored in greater detail in Section I of the sup-
plementary material.

After summarizing the main contributions of our work
in Section [, we outline the non-asymptotic framework for
quantum metrology in Section [I and discuss optimizing
over metrology protocols in Section [II. We describe the
optimal post-processing in the practically relevant case
of a fixed quantum measurement in Section . We
go on to describe the intimate connection to hypothesis
testing in Section and show in Section V how it can
be used to understand the achievable asymptotic per-
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FIG. 3. Metrological tasks consist of estimating some physical properties of a quantum system. A basic protocol involves
preparing a probe state po, letting it interact with the quantum system of interest, and then measuring the output state. We

describe the most general protocols in Section

. (a) In quantum parameter estimation, the parameter ¢ € R indicates the

physical property of interest, which may be governed by an underlying random process with probability density function p. In
our PAC metrology framework, we identify the success of the estimation procedure by correctly identifying the parameter ¢ up
to a given tolerance §. (b) In quantum hypothesis testing, a set of quantum states with labels z € X is given and the task is
to design a measurement that maximizes the probability of correctly identifying the label z. (¢) The core contribution of our
work is a rigorous connection between quantum hypothesis testing and quantum parameter estimation. Specifically, we show
that the parameter estimation problem of (a) is at least as hard as distinguishing states that are mutually at least 2§ apart in

the hypothesis testing setting of (b) — see Theorem

formance in general quantum metrology problems. Sec-
tion is dedicated to the optimal metrological toler-
ance for a fixed success probability and relates it to the
hypothesis testing relative entropy. We showcase the var-
ious applications of our quantifiers in Section where
we perform a minimax analysis of the phase estimation
problem. We discuss the generalization of our definitions
and results to multivariate quantum metrology and their
relation to learning from quantum systems in Section

Our work concludes with a detailed outline of future di-
rections in Section and a discussion of our results in
Section

I. OVERVIEW OF OUR MAIN RESULTS

We establish the following main results.

> A framework for quantum metrology in the finite-
sample regime.

The framework of PAC metrology established in Sec-
tion [I and summarized in Fig. 2 constitutes an approach
to quantum metrology that is both operational and valid
in the single- and few-shot settings. We give rigorous
definitions in Definition | (success probability), Defini-
tion 2 (tolerance) and Definition 3 (sample complexity).
We show that the optimization of the success probabil-
ity over metrological protocols can be carried out as a
convex optimization problem, concretely a semi-infinite
program [56, 57], an infinite reading of a semi-definite
program [58, 59]. We further establish properties of the
proposed quantifiers, relate them to entropic quantities
and detail their practical computation.

> A rigorous connection to hypothesis testing.

In Theorem 10, we establish rigorously that the task
of estimating a parameter encoded in a state p(t) is at
least as hard as performing a quantum multi-hypothesis
test between parametrized states {p(t;)}, associated to
parameter values that are separated by at least twice the
tolerance 4, i.e. [t; —t;| > 26 for i # j (see Fig. 3). We
also extend this upper bound to the case of parametrized
quantum channels in Corollary 23. We make use of this
theorem to derive a simple relation of success probability
to the fidelity of states in Corollary that forms the
base of our further results.

> Asymptotic rates of quantum metrology.

We exploit the hypothesis testing bound of Theorem
to study the rate with which the success probability ap-
proaches one when using more and more copies of the
same quantum state p®"(¢) while maintaining a fixed tol-
erance. In particular, we provide upper and lower bounds
on error rates in Theorems 13 and 14 and show the exact
asymptotic rate for commuting problems in Corollary

> A single-shot Cramér-Rao-like bound.

The metrological tolerance, which quantifies the small-
est deviation of metrological estimates that still guaran-
tees a given success probability, fulfills a role similar in
spirit to the standard deviation in the asymptotic frame-
work of quantum metrology. We exemplify this similar-
ity by giving a bound in Theorem 18 that resembles the
Cramér-Rao bound but is valid in the single-shot set-
ting. It establishes, among other insights, that the best
achievable tolerance under many copies of the same state
is 6 = O(1/+/nmin; F(t)), similar in scaling to the quan-

tum Cramér-Rao bound on the standard deviation.

> A finite-sample analysis of phase estimation.



We devote Section to a minimax analysis of the
1

phase estimation problem on an ensemble of spin-3 parti-
cles, i.e. the estimation of a phase imprinted by a Hamil-
tonian evolution. For the general case of a covariant
Hamiltonian evolution, we give the measurement achiev-
ing the optimal success probability and provide a formula
in closed form in Theorem 24. This allows us to find the
optimal probe state in the phase estimation scenario and
to establish the optimal asymptotic rate of the error prob-
ability in Theorem 25. We perform exhaustive numerics
that showcase the differences of the single-shot analysis
from the asymptotic framework, highlighting that the op-
timal probe states in this instance of global estimation are
notably different from the optimal states for local estima-
tion. We furthermore give evidence that in the setting of
i.i.d. copies of the same state, the quantum Cramér-Rao
bound gives a faithful estimate of the achievable minimax
tolerance.

II. A FRAMEWORK FOR QUANTUM
METROLOGY IN THE FINITE-SAMPLE
REGIME

We consider the task of estimating an unknown param-
eter that is encoded in a quantum state. Let ¢t — p(t) be
a one-parameter family of quantum states, where the pa-
rameter ¢ belongs to some fixed real interval t € I C R.
For technical convenience, we assume that the interval
I is given as the domain of the function ¢t — p(t) and
henceforth omit explicit mention of I, all while assuming
that ¢ belongs to the domain of t — p(t).

We first review the general abstract basics of Bayesian
parameter estimation and the alternative minimax pa-
rameter estimation setting. These definitions work in-
dependently of the actual metrological problem and, as
we show later, can be easily generalized to multivariate
quantum metrology and metrology of quantum channels
We then consider the setting depicted in Fig. 1, where a
parameter is to be extracted from a parametrized quan-
tum state through a quantum measurement. This allows
us to rigorously establish our framework as outlined in
Fig.

Through this development, we establish measures of
performance that have a direct operational meaning in
the non-asymptotic setting where only few experimen-
tal repetitions can be performed. Our approach revolves
around the question: “What is the probability n of out-
putting an estimate that is within a given tolerance §
around the true value?”

We first see how we can answer this question in the
general setting of Bayesian parameter estimation. Sup-
pose the value of the underlying parameter is distributed
according to a prior distribution p(t), t ~ p(t). Given a
value of ¢, we assume that the probability of our estima-
tion procedure producing the estimate 7 is distributed
according to v (7 |t). Then we can compute the Bayesian

success probability as
y = / du(t) dv(r | £) ws(t — 7). 3)

where ws(t — 7) = x[|t — 7| < 0] represents a window
of size § around the true value, with x(-) the indicator
function that is equal to one when its argument is true
and zero otherwise.

An alternative setting applies to the case where we
have no prior information about the parameter t € I.
Suppose that for a fixed value of ¢, the probability of our
estimation procedure producing the estimate 7 is again
distributed according to v(7|t). In this case, the proba-
bility of success, in the worst case over t, is determined
as

7= inf / (7| £) ws(t — 7). (4)

While this setting is radically different from Bayesian es-
timation on the conceptual level, we exploit a close rela-
tion between these settings at the technical level in order
to simplify our derivations. Specifically, the quantity in
Eq. (1) can be expressed as the Bayesian success proba-
bility of Eq. (3) minimized over all possible priors with
support in I:

= i?lf)zl/du(t) wlr | wsli—7).  (5)

Indeed, the minimum in Eq. (5) is achieved by a prior
wu(t) that is concentrated at the time ¢ where the mini-
mum in Eq. (1) is achieved. In other words, we might
consider an adversary who gets to choose the prior u(t)
according to which the parameter value is distributed.
The worst thing that can happen is that an adversary
chooses a very unfortunate prior. In this case, we can
still guarantee the success probability lower bounded by
7. We refer to this setting as the minimax setting, follow-
ing standard terminology in statistics. The name stems
from the two optimizations that are involved when we op-
timize Eq. (5) over possible estimation procedures: one
optimization ranges over the estimation procedure and
the other one over u(t).

The window function ws (¢t —7) in the definitions above
identifies the successful events as those where ¢t and 7
differ by at most 6. More general window functions can
be employed to quantify alternative definitions of suc-
cess. For instance, if the parameter represents an angle
t € [0, 27], a meaningful window function would identify
t and ¢ as d-close under the topology of the unit circle.

We now turn to our specific setup in quantum metrol-
ogy as depicted in Fig. 1. We consider the setting where
the parameter in question is encoded in a set of states
t +— p(t). In this case any prediction must be ob-
tained from performing some sort of quantum measure-
ment on the given state and subsequently classically post-
processing the outcome of the measurement into a pre-
diction. We can combine both of these elements into a



POVM 71 +— Q(7) such that
v(r[t) = Tr[p(t)Q(7)]. (6)

This leads us to the following formal definition.

Definition 1 (Success probability). For a given toler-
ance §, a set of states p(t), possibly with prior u(t), and
a measurement Q(T), the Bayesian success probability is
given by

n@ﬁum@):i/dMﬂddeﬁ—ﬂTHMOQUH-(ﬂ

The minimazx success probability is given by

M6..Q) =it [ drus(e - 1) TG ()

We observe that the success probability can be more
compactly written using the convolution notation

<w*maw=/h¢w@—rmw> (9)

nwwmm»=/hmwn@umm*@un (10)
=/mﬂwMMﬂwme

and we will use this notation in the rest of this work.

The success probability of Definition | quantifies the
probability that our metrology protocol outputs a cor-
rect estimate. This is very reminiscent of the strategy
used to quantify the performance of learning algorithms
pioneered by Valiant [29], which was coined as proba-
bly approximately correct (PAC) learning. As this nam-
ing also conveys the essence of our approach to quantum
metrology, we refer to it as probably approximately correct
(PAC) metrology.

As we show in Section V of the supplementary mate-
rial, both the Bayesian and minimax success probabilities
have basic continuity properties in all their arguments
and allow for intuitive majorization relations.

In addition to the success probability as a measure of
metrological performance, it is equally fair and opera-
tionally relevant to reverse the question and ask: “What
is the smallest tolerance & that still guarantees a success
probability of n?” We condense this reasoning into the
following rigorous definition:

Definition 2 (Estimation tolerance). For a given suc-
cess probability 0, a set of states p(t), possibly with prior
w(t), and a measurement Q(7), the Bayesian estimation
error tolerance is given by

6(n, p, p, Q) = inf {8 > 0[n(d', u,p, Q) >n}.  (11)

The minimax estimation error tolerance is given by

§(n,p,Q) :==inf {&' > 0[75(¢', p,Q) > n}. (12)

Looking at the estimation error tolerance instead of the
success probability allows for a simpler comparison with
the standard bounds encountered in quantum metrology,
as the tolerance has comparable meaning to the stan-
dard deviation of an estimator, which is the target of the
quantum Cramér-Rao bound.

Both the success probability and the tolerance intro-
duced in Definitions | and 2 are truly single-shot quanti-
ties, in that they consider a single outcome of the quan-
tum measurement. Usually, however, the desired per-
formance can only be achieved by performing multiple
repetitions of the same experiment. We model multiple
repetitions of an experiment by having access to n copies
of the parametrized state, i.e., t = p®"(t). The measure-
ment Q(7) is then collectively measure the n copies of the
state.

The multi-copy scenario leads us to a third opera-
tionally relevant question: “How many repetitions n of
my experiment do I need to perform to obtain a desired
tolerance § with a fixed success probability n?” We can
cast this sample complezity into the following definition:

Definition 3 (Sample complexity). For a given success
probability n and tolerance §, a set of states p(t), pos-
sibly with prior p(t), and a sequence of measurements
{Q™ (1)} the Bayesian sample complexity is given by

n(n, 8, 1, p, {Q™7})

_ o (13)
= min {n/ € N|U(5,M70®n 7Q(n )) > n}.

The minimax sample complexity is given by

7i(n, 8, p, {Q™}) = min {n' | 7(5, p®"', Q")) > n}.
(14)

Results in the context of more general metrology tasks,
like state tomography or Hamiltonian learning are there-
fore usually phrased in terms of the sample complexity.
We explore this connection and the multivariate general-
ization of this framework in Section , where we show
how our definitions and results generalize to these set-
tings and how the languages can be compared.

Practical settings in quantum metrology often involve
estimating an unknown parameter present in the dynam-
ics of a system, rather than directly encoded into the
state itself. Such dynamics might involve interactions
with an environment system, or another quantum sys-
tem whose properties we seek to estimate. Formally, the
task becomes that of estimating an unknown parameter
present in a quantum channel by applying the unknown
channel on suitable inputs and performing suitable sub-
sequent measurements. In simple cases, the channel pa-
rameter estimation problem can reduce to a state estima-
tion problem: One prepares a fixed initial state py and
sends it through the channel, resulting in a state p(t); the
task is now to estimate the parameter ¢ encoded in the
quantum state. The channel estimation problem, how-
ever, provides a richer landscape of estimation strategies



when more than one copy of the channel is available. We
discuss this setting in Section

With the preceding definitions that form our few-shot
framework of PAC metrology, we have established a set of
quantities that capture the performance of finite-sample
quantum metrology protocols. Here, we discuss the op-
timal values these quantities can take, when we optimize
over all possible metrological prescriptions. This brings
us to the following definitions of optimal counterparts of
the Definitions 1, 2 and

Definition 4 (Optimal Bayesian quantities). The op-
timal Bayesian success probability is obtained by opti-
mizing the Bayesian success probability over all possible
POVMs:

n* (0, p, p) = Zt(m) n(0, 1, p, Q). (15)

We use it to define the optimal Bayesian tolerance

6" (n, p, p) = inf {&" > 0|n* (0", u, p) > n} (16)

and optimal Bayesian sample complexity

n* (1,6, p1, p) = min {n’ € N|n*(8, p, p*") = n}. (17)

The optimal minimax quantities are defined analo-
gously.

Definition 5 (Optimal minimax quantities). The op-
timal minimax success probability is obtained by opti-
mizing the minimax success probability over all possible

POVMs:

7°(0, p) == sup (6, p, Q). (18)
Q(r)

We use it to define the optimal minimax estimation tol-
erance

8 (n,p) =Mf{&' >0[7° (5, p) =0} (19)

and optimal minimax sample complexity
(1,6, p) = min {n’ € N|7*(5,p%") > n}.  (20)

The optimal Bayesian and minimax success probabil-
ities have desirable properties such as convexity in their
arguments and data-processing under noise channels, a
point we elaborate on in Section V of the supplementary
material.

We do not have an a-priori restriction on the domain
of the parameter ¢ when calculating the success proba-
bility. However, it is often easier to compute it, both
analytically and numerically, if we restrict it to a finite
interval. While this is trivially giving a bound in the min-
imax case, the following lemma ensures that we can also
use the restriction to a subinterval to compute bounds
for the optimized Bayesian success probability:

Lemma 6 (Subdivision trick). For a given tolerance ¢
and a set of states p(t) with prior distribution p(t), define
the restriction of a prior to an interval I C R as

uli(t) = X[t € D() /(D). (21)

Let us further denote with I the interval of size T cen-
tered at t. Then, we have that

* 1 *
o) < 3 [dtut)w Gpnl) @2
< max (6, p, po1,)-

The proof is provided in Section of the supple-
mentary material. The above immediately implies corre-
sponding subdivision lower bounds on the optimal toler-
ance and optimal sample complexity.

III. COMPUTING OPTIMAL MEASUREMENTS

A. Generally optimal measurements through
convex optimization

Of the three quantities, the success probability is the
most amenable to optimization. It is linear in the chosen
measurement, and we can show that the optimization
over the measurement Q(7) can be cast into the form of a
convex problem [59]. Specifically, it assumes the form of a
semi-infinite problem [56, 57], so a semi-definite problem
with infinitely many objective variables and finitely many
constraints, or the other way around. For the theory
of semi-definite programming to largely take over, the
involved functions must be analytically defined, smooth,
and convex [57], which can be safely assumed here. In
what follows, we refer to such infinite readings of semi-
definite problems as convex problems. This does not only
provide a path to more easily compute them, but is also
a reliable tool to prove upper and lower bounds.

Proposition 7 (POVM optimization). For a given tol-
erance 6 and a set of states p(t) with prior distribu-
tion u(t), the optimal success probability n* (0, u, p) can
be computed using the convex program

ano { [ a0 Bitws vl i) | [aram =t}
(23)

The optimal success probability is equally characterized
by the convexr program
i > . .
min { Tr[X]| X > (ws * [1- p])(t) for all t} (24)

The minimax success probability can be computed in a
stmilar way by additionally optimizing over all priors.

The second convex program in Eq. (24) is derived
through the notion of duality in semi-infinite program-
ming. The proof of the above proposition, along with a



more detailed statement is provided in Proposition 2 of
the supplementary material, where we also explicitly give
the convex formulation of the minimax success probabil-
ity.

From a practical standpoint, it is also important that
the above semi-infinite program can actually be imple-
mented numerically while having guarantees on the qual-
ity of the approximation.

Proposition 8 (Discretization). There ezists a dis-
cretization of the convex-program of Proposition 7 that
yields a semi-definite program that can be solved with
standard tools. If p(t) is Lipschitz with respect to the
trace distance, the error of the discretization can be made
arbitrarily small by choosing a suitable scale of the dis-
cretization.

We give the detailed statements of the above in Sec-
tion of the supplementary material. The optimal
tolerance and sample complexity can in principle be com-
puted by combining the above semi-definite program with
binary search [60].

B. Maximum-likelihood-inspired post-processing of
the outcome of a fixed measurement

The general structure of the solutions to the convex
problem of Proposition 7 is unclear a priori. Conse-
quently, the optimal measurement for a given metrologi-
cal problem might be either impractical or impossible to
implement in an experiment. Here, we study the perfor-
mance of strategies that naturally model strategies that
deal with experimental restrictions on the possible mea-
surements that can be performed.

As shown in Fig. 4, we consider an estimation strat-
egy that begins by applying a fixed quantum measure-
ment described by a POVM {M (XA)}. For instance, the
POVM might represent a projective measurement in a
fixed basis. Subsequently, the procedure infers from the
outcome A an estimate 7*(\) for the value ¢ that is en-
coded in the measured state. We focus on a particular
post-processing strategy 7*(\) inspired by the maximum-
likelihood estimation technique.

If we only fix the quantum-to-classical measurement,
the question of the optimal post-processing of the mea-
surement outcomes for such a fixed measurement of the
quantum system arises. The authors of Ref. [55] stud-
ied such a setting, but focusing on more fundamental
point of view on when a quantum-to-classical measure-
ment can be considered admissible in a statistical sense.A
fixed measurement can be discrete, like a measurement
in a specific basis, or continuous, like a pretty good mea-
surement. We can model both cases in a unified way by
assuming a POVM with continuous outcomes {M(A)}x.
For a given set of states p(t), we can define the likelihood
function

A1) = Tr{p(t) M (V)] (25)

Fixed
Measurement

Parametrized
State

Optimal
Post-processing

FIG. 4. Metrology setting with fixed measurement as dis-
cussed in Section . A parametrized state p(t) is measured
with a POVM {M (M)} fixed by, e.g., experimental feasibil-
ity restrictions. We show that the the optimal way of post-
processing the measurement outcome A into predictions of
the underlying parameter ¢ is given by a smoothed analogue
of maximum a posterior estimation in the Bayesian case. A
similar strategy also manages to provide a guarantee on the
achievable success probability in the minimax case.

which captures the distribution over measurement out-
comes for a fixed value of the underlying parameter ¢.
The joint distribution of measurement outcomes and un-
derlying parameters is then given by

(A1) ~ p() AN 2). (26)

If we denote the marginal distribution of the measure-
ment outcomes A as

v(A) = /du(t)A(Mt), (27)

then the joint distribution is related to the posterior dis-
tribution of the underlying parameter given an observed
measurement outcome A as
p(t)AA 1)
P(t|A) = —F——"—. (28)
Jdu(t) A(XT2)

With this notation, we equivalently have that the joint
distribution can be written as

(M 1) ~ v(NPE|N). (29)

As the measurement {M(\)} is fixed, the only thing
left to optimize is the prediction we make when observing
a certain measurement outcome \. We denote this pre-
diction as 7*(A) and refer to this function as a prediction
strategy. The POVM Q(7) associated to the combina-
tion of fixed POVM {M (A)}, together with a prediction
strategy 7*(\) is given by collecting all POVM effects
M (X) associated to a particular prediction 7:

Quir (1) = / D) = 7M. (30)

With this POVM, it is straightforward to see that the
Bayesian success probability takes the form

08,1 pr Qagre) = / du(t) s (t — T (A)AR| )

- / (A (ws * P(- [ V)T (V). (31)



In the second line, we see that the posterior distribution
of t given the observed measurement outcomes is critical
to the success probability.

A look at Eq. (31) reveals that the optimal prediction
strategy is to always predict the 7* that maximizes the
smoothed posterior probability wsxP(-| A). In accordance
with the naming conventions of classical statistics, we
refer to this prediction rule

Tsmap(A) = argmax (ws x P(-[))(7)  (32)

as the smoothed mazimum a posteriori (SMAP) estimate.
This represents a smoothed version of maximum a poste-
riori estimation, the Bayesian generalization of maximum
likelihood estimation. The so achieved Bayesian success
probability is consequently

.15 @tz ) = [ AV(N) ma (s P[0

_ / dv(A) ws * P(-| N)]leo:  (33)

The relation to the function infinity norm allows us to
derive some simple upper bounds on the success proba-
bility from Young’s convolution inequality, as stated in
Lemma 141 of the supplementary material. We will later
make use of smoothed maximum a posteriori estimation
to obtain lower bounds on the asymptotic error rate of
quantum metrology protocols. To summarize:

Theorem 9 (Optimal post-processing of a fixed mea-
surement in the Bayesian setting). For a given toler-
ance 0, state set p(t) with prior pu(t) and a fized POVM
{M (XN}, the optimal Bayesian success probability of
an estimation strategy that measures {M(\)} and post-
processes the result is achieved by the smoothed mazximum
a posteriori estimator:

SU*PU((;aHvPvQM,T*) = 77(&%%% QM,Té‘MAP)' (34)

Having established the optimal strategy in the
Bayesian setting, we now turn to the minimax case. With
the definitions introduced earlier, the minimax success
probability associated to a prediction strategy 7* is given
by

M0.0. Qar-) = min [ dhws(t = T VAR D). (39

The minimum over ¢ is outside the integration over the
different measurement outcomes A, which means that,
contrary to the Bayesian case, we cannot optimize the
prediction for each A\ independently. We can, however,
still establish a lower bound on the minimax success prob-
ability for the optimal prediction strategy. To do so, we
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need to go via the minimax error probability:

1- ﬁ(éa Ps QM,T*) (36)
=1- mtin/d)\ ws(t — 7 (N)A(A|?)

_ m?x/d)\A(Mt) —mtin/d)\wg(t—r*()\))A(Mt)
:mtax/d)\ [ — ws(t — 7" (\)AN D).

Here, we have exploited that [dAA(X|t) = 1 for all ¢.
We have thus reformulated the minimax error probability
as a function of the complement of the window function.
We can then exchange integration and maximization to
obtain the upper bound on the error

1—75(8, p, Qi) < /d/\ max [1 —ws(t — 7" (A)JAA 1)
(37)

The above bound can now be optimized independently
for all A which gives us a strategy analogous to the maxi-
mum a posterior estimation we have used in the Bayesian
case. We will refer to as smoothed minimax complemen-
tary likelihood (SMCL) estimate,

Témon(A) = arginin max [1—ws(t—7)]AN]L). (38)

This strategy amounts to choosing 7 such that the largest
values of A(A|t) are contained in the window centered
around 7. Using this strategy then establishes the bound

1 —sup7(6, p, Qs .+) (39)

< /d)\ mTin max [1 —w(t—7)]A\]T)

on the minimax error probability that can be achieved
using the optimal post-processing.

IV. FINITE-SAMPLE QUANTUM
METROLOGY AS CONTINUOUS HYPOTHESIS
TESTING

One might imagine that, intuitively, determining a pa-
rameter encoded in a quantum system is intimately re-
lated to the task of distinguishing states for different val-
ues of the parameter. This reasoning has already been
used in the standard approach to quantum metrology
to obtain asymptotic bounds, for example through the
quantum Ziw-Zakai bound [51]. These approaches, how-
ever, are still hampered by the limitations of the stan-
dard approach to quantum metrology. As we outline be-
low, by choosing the success probability as a measure of
metrological performance, the connection to the task of
distinguishing quantum states is much more natural and
fundamental.



The optimal probability of success for distinguishing a
set of N quantum states {p;}}¥.; with prior probabilities
{pi}I¥| — atest between N quantum hypotheses — is given
by

Pr({pipi}is,) =

sup
POVMs i

N

Zpi Trpi Q). (40)
(Q}, =
Similarly, the optimal minimax success probability is de-
fined as

PN ) : 0.
Po{pidizy) = sup - min TrpiQi].  (41)
{Qi}il,

Already, Yuen et al. [61] have studied an extension of
this definition with an additional cost matriz C;; and
the associated optimal expected cost

N N
i 2 2Pl
{QipL, i=1=1

and have shown that this constitutes a semi-infinite prob-
lem. A look at Proposition 7 shows that our notion of
Bayesian success probability can be understood as a con-
tinuous version of this definition in which the complement
of the window function, 1 — wg, takes the role of the cost
function.

Because of this close resemblance of metrological prob-
lems to generalized multi-hypothesis testing problems,
it is unsurprising that every quantum multi-hypothesis
testing problem can be written as a particular metrol-
ogy problem with suitably chosen prior distribution and
tolerance (see Section of the supplementary mate-
rial). We, however, also establish a result in the other di-
rection that bounds the optimal Bayesian and minimax
success probability for a metrological problem through
multi-hypothesis testing. It is intuitively clear that being
able to determine a parameter ¢ to a precision § means
that we must be able to sufficiently well distinguish be-
tween states that are at least 2§ apart. We make this
reasoning rigorous in the below theorem.

Theorem 10 (Hypothesis testing bound). For a given
tolerance 6, fix any set S = {(\, s)} of prior probabilities
A € [0,1] and shifts s € R such that for all distinct s, s’ €
S we have that |s — s'| > 26 and ), s A = 1. Then, for
a state set p(t) with prior p(t) we have the upper bound

n" (0,1, p) < /dtP;({)‘M(t+S)p(t+8)}(A,s)68)' (43)

1 This is the definition of symmetric hypothesis testing, where all
states are treated equally and the average success probability is
used as quantifier. In asymmetric hypothesis testing, the states
are treated independently.
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FIG. 5. A visualization of Theorem 10. Telling the time with
a certain tolerance J is at least as hard as deducing if an
adversary manipulated the clock, under the guarantee that
the manipulation is not smaller than twice the tolerance §.

Optimizing over the prior probabilities A then yields the
analogous upper bound in the minimaz setting

7°(8.p) < mf P({p(t + 9)}ses)- (44)

We established that a metrological problem is at least
as hard as determining whether an adversary has manip-
ulated the clock used for the experiment by shifting its
time by one of the values s in the set S with probability
A. The tolerance § gives us a lower bound on the dis-
tance between the different shifts and therefore works in
our favor. The proof of the theorem is presented in Sec-
tion of the supplementary material. It also gener-
alizes to parametrized quantum channels as discussed in
Section

We note that application of Theorem is especially
useful analytically when restricting to two shifts, because
then the analytic expression for the success probability
of binary hypothesis testing due to Helstrom [62] can be
used. Looking at the minimax case with two shifts, we
further obtain what can be considered as an analogue of
Le Cam’s two point method [63]:

Corollary 11 (Two-point method). For a given toler-
ance ¢ and state set p(t), we have the upper bound on the
minimax success probability

T(6,p) < inf P(p(t),plt)): (45)

T —t>28

The above result, together with the Fuchs-van-de-
Graaf inequalities allows us to further deduce a relation
to the quantum fidelity

Flp,0) = Tx{(c"/po/?)'/”] (46)

which we will use later to give a concise sample complex-
ity bound, as shown in Section of the supplemen-
tary material.

Corollary 12. For a given tolerance § and state set p(t),
we have the minimax error probability lower bound

sup  F(p(t), p(t')*.  (47)
[t—t'|>28

. 1
17ﬁ (57p)27



We can use similar reasoning as in the derivation of
Theorem 10 to obtain a lower bound that makes use of
asymmetric hypothesis testing. The resulting bounds are
presented in Section of the supplementary mate-
rial.

We explore other directions that yield metrology
bounds of different forms in Section of the sup-
plementary material. Along the way, we present some
bounds for quantum multi-hypothesis testing in Sec-
tion of the supplementary material.

V. ASYMPTOTIC BEHAVIOR OF THE
SUCCESS PROBABILITY IN THE 1L.I.D. REGIME

In this section, we consider our framework in the
limit where many independent and identically distributed
(i.i.d.) copies of the state are available. We aim to un-
derstand this asymptotic limit of our framework in or-
der to connect our finite-sample approach to standard
approaches in metrology and information theory where
many copies of the state are assumed to be available.
We exploit Theorem to compute an upper bound on
the asymptotic rate with which both the Bayesian and
minimax success probability approach one. Formally, we
define the asymptotic error rate as

R*(0, i p) i= lim ——log (1 —7"(8, 11, p%")) ,  (48)

when the limit exists. The minimax rate R (4, p) is de-
fined analogously.

We relate the asymptotic rate of a metrological prob-
lem to the asymptotic rate of hypothesis testing [15, (4],
which is given in terms of the Chernoff divergence

s s _l—s
Clp,0) = = inf logTr[p*o"""]. (49)

By analogy to multi-hypothesis testing, where the
asymptotic rate is given by the smallest Chernoff diver-
gence between two states that are to be discriminated,
we obtain the following upper bound:

Theorem 13 (Upper bound on asymptotic rate). For a
given tolerance § and a set of states p(t), possibly with
prior u(t), the Bayesian and the minimax rate obey the
upper bounds

R'(0,p) <R'(0,p1,p) < inf

T =t |>28

Clp(t),p(t),  (50)

where the optimization is over time values that have non-
vanishing support in the possible priors.

We emphasize that for the above statement and the
ones are to follow in this section, we implicitly assumed
that the support of ;1 encompasses the whole admissible
set of values for the parameter ¢ that is used to compute
the minimax success probability. Restrictions to smaller
admissible sets of parameters are possible and the results
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carry over straightforwardly. The above theorem estab-
lishes that a metrological problem is asymptotically at
most as hard as the hardest binary hypothesis testing
problem of two states whose associated time values are
at least 20 apart. The proof of the theorem uses Theo-
rem 10 together with Laplace’s principle and is presented
in Section of the supplementary material.

In quantum multi-hypothesis testing, the smallest pair-
wise rate is actually achievable [15] and, because of the
results below on the commuting case, we believe this to
also be true in the case of quantum metrology, at least un-
der suitable regularity assumptions. While we were not
yet able to prove this general statement, we succeeded in
establishing a lower bound that guarantees an asymptotic
rate equal to the best pairwise hypothesis testing rate for
a fixed measurement sequence. Formally, we consider a
fixed sequence of measurements {M ™} for n € N with
outcomes A (compare to Section ), and denote the
channel that maps states to their output distributions
over \ as

MO = [N THM OO (5)

This sequence achieves the following rate for binary state
discrimination:
R(pv g, {M(n)}RGN) =
1
lim —— log (1 — PX(M™[p®7]), m™) [0®”])) .

n—oo N

(52)

With this notation in place, we have the following theo-
rem, which adds the additional assumption that the set
of states is continuous:

Theorem 14 (Asymptotic rate with fixed measurement
scheme). For a given tolerance § > 0, a continuous set
of states p(t), possibly with prior u(t) of full support, and
any fixed measurement sequence {M(”)} forn € N, we
have

R*(8,1,p) >R (8,p) > inf

T t—t/]>26

R(p(t), p(t'), {M™}).
(53)

In the above theorem, the possible values of ¢ are con-
strained to the domain of p(¢t) and priors that have full
support on said domain. Priors with restricted support
fulfill the theorem with ¢ and ¢’ contained in the restricted
domain. The proof uses a discretization argument to-
gether with the smoothed maximum a posteriori estima-
tion technique introduced in Section and is given in
Section of the supplementary material. In the case
where an optimal measurement sequence is known, how-
ever, this lower bound already achieves the rate. This is
particularly true in the commuting (i.e., classical) case:

Corollary 15 (Asymptotic rate for commuting states).
For a given tolerance § > 0, a continuous set of states
p(t) such that [p(t),p(t")] = 0 for all t,t', possibly with



prior u(t), we have that

(8 =R'(6,p)= inf
R*(0,11,p) = R (6, p) ol

Clp(®),p(t),  (54)

where the optimization is over time values that have non-
vanishing support in the possible priors.

We believe that the strong connection we established
here to hypothesis testing between multiple quantum
states serves as a motivation to further explore the con-
nection between quantum metrology and quantum infor-
mation tasks. This should be a fruitful endeavor that
allows researchers both with a background in quantum
metrology as well as in quantum information processing
to make an impact on quantum metrology.

VI. RELATION TO ENTROPIC QUANTITIES

In the single-shot approach to quantum information
theory [17, 28], many quantum information processing
tasks can be quantified through generalized notions of
entropy. In this section, we explore how our definitions
relate to some of these concepts.

We start by giving an alternative definition of the op-
timal Bayesian success probability. To do so, we define
the conditional min-entropy of a bipartite and positive
semi-definite classical-quantum operator [65]

Hupin(T]S)x = —inf Dyax(X1s | It ® 05), (55)
os
where the maz-relative entropy [66] of two positive semi-
definite operators X and Y is given by
Dinax(X || Y) = log [Y TV2XY 72| . (56)

We then have the following corollary of the dual formula-
tion of the optimal success probability in Proposition

Corollary 16 (Relation to conditional min-entropy).
For a given tolerance 6 and a set of states p(t) with prior
distribution u(t), define the classical-quantum operator

Xps = / At |t)tlr ® (ws * - p)(B)s,  (57)

where T is the time register and S the system register.
Then

—logn* (0, i, p) = Hunin(T'| S)x (58)

Another angle on the same fact is given by defining
the maz-relative entropy radius [10] of a set of positive
semi-definite operators X as

Pmax(X) == inf max Diax(z | 0). (59)

In this case, the optimal success probability can be un-
derstood as the max relative entropy radius of the set of
states “smoothed” using the window function

log 7™ (6, 11, p) = Tmax({(ws = [ p])(1)}).  (60)
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Both relations can be thought of continuous analogues
of the known connection between the success probabil-
ity of multi-hypothesis testing and the conditional min-
entropy of classical-quantum states [16, 65]. In addition
to the various known operational meanings of the condi-
tional min-entropy [18, 65, ], the relation of Corol-
lary 16 endows it with yet another operational meaning,
this time in the context of quantum metrology. Notably,
the operator Xrg of Corollary 16 is not normalized, un-
like in the case of multi-hypothesis testing, due to the
window function ws. Another instance in which the con-
ditional min-entropy of a non-normalized operator has
an operational meaning is in the context of channel sim-
ulation [68, 69]. We provide the proofs of both relations
in Section of the supplementary material.

Finally, we exploit the connection between quantum
metrology and hypothesis testing derived in Ref. [19] to
give an alternative lower bound on the optimal mini-
max success probability 7*. The lower bound is ex-
pressed in terms of the hypothesis testing relative en-

tropy [17, 70-71]
Dy(pllo) = —logBi(pll o), (61)

where the asymmetric hypothesis testing error 3 is de-
fined as

Bllpll o) = inf {Te(Mo]| Ts(Mp] = n}. (62

We have the following proposition, reminiscent of a com-
parable result in Ref. [19].

Proposition 17 (Lower bound on estimation tolerance
in terms of the hypothesis testing relative entropy). For
a set of states p(t) and any 0 < n <7*(0, p), the minimaz
tolerance satisfies

Sn.) > 5 [ dt exp(-DYo(t) o)) (63)

for any state o.

The proof exploits the SDP dual formulation of the hy-
pothesis testing relative entropy and is given next to the
more general statement of Theorem 32 of the supplemen-
tary material. We provide a proof that is independent of
Ref. [19] for completeness.

VII. A CRAMER-RAO-LIKE BOUND IN THE
FINITE-SAMPLE REGIME

In this section, we want to further our understanding of
the metrological tolerance defined in Definition 2 and its
ultimate limits when optimizing over metrological pro-
tocols. Basic exploration of the definition of (optimal)
tolerance was performed in Ref. [50], where the authors
proposed a dimension-dependent lower bound that al-
lowed them to conclude that the tolerance can only de-
crease asymptotically as O(1/n), which corresponds to



Heisenberg scaling. Ref. [19] derived an upper bound in
the case of i.i.d. repetitions with a fixed measurement.

In the asymptotic approach to quantum metrology, the
most important tool is the quantum Cramér-Rao bound,
which gives a lower bound on the standard deviation of
any locally unbiased estimate, relating it to the inverse
square root of the quantum Fisher information. This
inherently geometric quantity measures how quickly the
quantum states p(t) change when the parameter ¢ is al-
tered. As the first contribution of this section, we derive
a lower bound that fulfills a similar role for the minimax
tolerance.

We derive the bound from Corollary 12, which we
rephrase in terms of the sandwiched Rényi relative en-
tropies, which are defined in terms of a constant o €
(0,1)U (1,00) as [17]

1
a—1

Du(pllo) = log Tr [(U%pa%>a} . (64)

In our case, the value a = % is crucial, as it connects to

the fidelity of quantum states defined in Eq. (46):
. 1
Di(pllo) = —510gT1“[(01/2P01/2)1/2] (65)
1
= —;log F(p,0).
2
can be

With this notation at hand, Corollary
rephrased as

1 . = ’
log (4(1_77(”))) <4 int D(p(t),plt"). (66)

Before we come to the formal statement, let us outline
how this bound comes about in the case of i.i.d. copies.
We can make the choice ¢ =t + 24 in the above bound.
For sufficiently small § we can perform a Taylor expan-
sion. We denote the Taylor expansion as

Dy(p(t) [l p(t + 7))

1 , 1 s 1 . (67)
= ifg(t)’r + gfg(t)’r + Ef;;(t)’r + .. .y

where we envision 7 = 24. The values fi(t) are the Taylor
coefficients of the function 7 +— D%(p(t) [l p(t + 7)) at
7 =0, an explicit formula is given in Eq. (71). Because
of the relationship between the sandwiched Rényi relative
entropy and the fidelity, we have that the coefficient f5(t)
is a constant multiple of the quantum Fisher information
f2(t) = £ F(t), see Section of the supplementary
material.

Let us now drop the explicit time dependence. If we
could ignore the higher order terms in the Taylor expan-
sion, we could simply choose 26 = 7 o< 1/1/f2 to render
the error probability lower bound constant, which would
give us the desired scaling of the bound. We will, how-
ever, need to work a bit harder to get something analyt-
ically meaningful. Let us choose 7 = v/+/f2 in the above
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expansion. Then, as long as 2§ = 7 is within the radius
of convergence of the Taylor series, we have

Dy(p(t) || pt + 7))
1 1 f 1f (68)

We immediately observe that the validity of the second
order approximation depends on the ratios f,/f3 2 To
get some intuition for these ratios, it is rather instructive
to look at the case of i.i.d. copies, i.e., p(t) = p®*(t). In
this case, the additivity of the sandwiched Rényi relative
entropy implies that

Dy (p*™(t) || p™" (t + 7)) = nDy (p(t), p(t + 7). (69)

This in turn means that all coefficients f, grow linearly
in n, i.e. f, = nf, which implies that

o L

p/2 =2 _p/2’
2 nz fy

(70)

meaning that higher order ratios decay more quickly, jus-
tifying the second order approximation in the limit of
large n. Note that this is the same regime in which the
asymptotic Cramér-Rao bound is attainable as well.

With the intuition we gained, we can now make sense
of the following theorem.

Theorem 18 (Non-asymptotic Cramér-Rao-like bound).
For a given smooth set of states p(t), we define

k
fu(t) = 5 5% log F'(p(t), p(t + 7)) ., (71)
and the coefficient
a7
¢ = sup sup ‘?;2 ) . (72)
t 3<peN| f, (t)

We then have for any desired minimaz success probability
7> 3/4 that

0 (7,p) =2 ——=, (73)

where

q 1 1
6ﬁ10g4(1_ﬁ)>1/10gm—1“>0. (74)

The bound holds as long as I'/+/inf; F(t) does not exceed
the smallest convergence radius of the Taylor expansion
of the sandwiched Rényi relative entropy.

We note that the coefficient ¢ is a measure of close-
ness to a Gaussian shape of the fidelity curve 7 —
F(p(t), p(t+7)) and again emphasize that fo(t) relates to
the quantum Fisher information as fo(t) = £ F(t). The



proof is presented in Section of the supplemen-
tary material. As we discussed above, in the case of i.i.d.
copies p(t) — p®"(t), we have ¢ = O(1/4/n) giving a
bound that is asymptotically constant.

The above gives a lower bound for the optimal minimax
tolerance that, asymptotically, has the expected scaling
both in the quantum Fisher information and the desired
logarithmic dependence on the success probability. It
furthermore is valid in the single-shot setting, where the
finite-size corrections depend on the higher-order deriva-
tives of the sandwiched Rényi relative entropy. We find
it conceivable that the ratio of third to second derivative
could give the factual second-order asymptotics, but to
conclude that it would be necessary to find a matching
upper bound (i.e. a protocol) with similar performance
guarantees.

It is also interesting to gather some intuition about the
workings of the above bound. First of all, the right-hand-
side involves the quantum Fisher information, which is a
local quantity that captures how much states change in-
finitesimally. This quantity yet puts a bound on §, which
quantifies the estimation accuracy globally over the range
of possible parameter values. This is because we effec-
tively reduce to a setting where the quantum Fisher infor-
mation captures the dominant contributions to the sand-
wiched Rényi relative entropy even at non-infinitesimal
distances — the case when it is dominated by the second
order expansion. The coefficient ¢ measures how close we
are to this setting.

The proof of the above theorem hinges on the conver-
gence of the Taylor expansion of the sandwiched Rényi
relative entropy. As the convergence radius is the dis-
tance to the closest pole of the function, we can conclude
that the smallest radius of convergence is

r:=min{|7|| F(p(t), p(t + 7)) = 0 for some t}. (75)

This shows that in the case of i.i.d. copies, for example,
the radius of convergence is independent of the number of
copies. We thus do not expect the radius of convergence
to be an issue in practically relevant scenarios.

We further observe that the expansion we use is very
reminiscent of the Edgeworth/Gram-Charlier series ex-
pansion method in statistics [75], where the ratio f,/f5 2
can be understood as the normalized p-th cumulant. It
is an important direction of research to further our un-
derstanding of the higher derivatives of the sandwiched
Rényi relative entropy.

VIII. BOUNDS ON THE OPTIMAL SAMPLE

COMPLEXITY

The sample complexity defined in Definition 3 cap-
tures the number of copies of a quantum system needed
to achieve a target tolerance with a guaranteed success
probability. It is a quantity for which bounds follow in
a relatively straightforward manner from our previous
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results. This is because any bound that relates the tol-
erance and the success probability to each other can be
used to establish a sample complexity bound. In this
way, the sample complexity is — in a way — mathemati-
cally secondary to success probability and tolerance.

We can use Corollary in the form of Eq. (66) to
obtain the following concise minimax sample complexity
lower bound that involves the sandwiched Rényi relative
entropy of order 1/2 introduced in Eq. (65).

Corollary 19 (Two-point sample complexity bound).
For a given tolerance 6 and state set p(t), we have the
following lower bound on the minimax sample complexity

1

4 inf Di(p(t t
ot 1(p@) [ p(t'))

7t (n,d,p) > log

41 —n)
(76)

The above result concerns the sample complexity in
the setting of parametrized states. When talking about
sample complexities, we usually present them in Big-O
notation, where the relevant limits are 6 — 0 and n — 1.
In the limit § — 0, the above bound is dominated by
close values t' = t + 24, motivating a Taylor expansion.
As we have discussed in detail in Section , we have

Dy (ot) | plt +20)) = TFF + 0%, (70)

where F(t) is the quantum Fisher information at time
t. This means Corollary 19 immediately implies an i.i.d.
sample complexity lower bound of

1 1 1
o(smrmateis) ™

The above result applies to i.i.d. states. It is, however,
equally important to have a sample complexity bound
that does not rely on the i.i.d. structure of the under-
lying state. This can, for example, happen when quan-
tum metrology with quantum channels is performed. In
that case, we deal with a parametrized family of states
p™(t) for n € N. To get results about this case from
Corollary 12, we have to work harder. Luckily, we al-
ready performed the heavy lifting in Section and can
build on our non-asymptotic Cramér-Rao like bound of
Theorem 18. Said result hinges on two quantities, first
the smallest quantum Fisher information inf; F(¢) and
second the coeflicient ¢ that quantifies the validity of a
quadratic approximation to the sandwiched Rényi rela-
tive entropy.

Many results in the existing literature on quantum
metrology concern themselves with the asymptotic scal-
ing of the quantum Fisher information, which is usually
F = O(n) in the standard quantum limit and F = O(n?)
in the Heisenberg limit [76]. We can use results of this
type in the form of the following Corollary:

n*(n,0,p) >

Corollary 20 (Sample complexity scaling bound). In
the setting of Theorem 18, where p(t) is replaced with a



parametrized family of states {p™ (t)}nen, assume that
we have the asymptotic scalings in n:

inf FM (1) = 0(n®) (79)
™ = o(1), (80)
for a > 0. Then we have that
log ;]
7i(n,8) > O 5; "] . (81)

The proof of the above Corollary is exhibited in Sec-
tion X of the supplementary material. As was shown in
Section , in the case of i.i.d. copies, we have a = 1 and
q = O(n~'/?) = o(1), reproducing the scaling of Corol-
lary up to a worse dependence on the inverse error
probability.

IX. METROLOGY OF QUANTUM CHANNELS
IN THE FINITE-SAMPLE REGIME

So far in this work, we have considered the task of esti-
mating a parameter t encoded in a set of states p(t) and
we have presented results on the optimal success proba-
bility, tolerance and sample complexity for this task. In
practice, as alluded to in Fig. 3, parametrized quantum
states arise from the interaction of some probe system
with some physical system whose properties in the form
of the parameter ¢ we wish to determine. In this case,
the primary object of interest is not a set of parametrized
states t — p(t), but a set of parametrized quantum chan-
nels t — N (t), which represent the evolution of the probe
system and its properties. The goal is then to estimate
the parameter ¢, given access to the quantum channel
N(t), with the same goals as before: optimize the esti-
mation success probability, the tolerance, and the sam-
ple complexity, i.e. the number of times the channel is
accessed.

Access models. As quantum channels represent evolu-
tions of quantum systems, the possible ways of interact-
ing with multiple copies of them to extract the under-
lying parameter are much richer than in the case of a
parametrized quantum state where the only way of in-
teracting is to choose a suitable POVM. As we show in
Fig. 6, a variety of access models for multiple copies of
quantum channels can be distinguished. In the simplest
case, the same single-shot protocol is repeated multiple
times and the individual outcomes are processed classi-
cally, effectively reducing to the case of the parametrized
quantum state — we therefore refer to it as the .i.d. case.
In the parallel case, we use n copies of the channel in
parallel, but possibly with entangled inputs and mea-
surements. If adaptive processing is allowed, then every
use of the channel can be followed by a round of adap-
tive quantum processing before the next channel use.
Such causally-ordered strategies are modeled by quan-
tum combs [20, 21]. Finally, the most general conceivable
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access to n copies of a quantum channel allows for indef-
inite causal order of the channel uses, e.g. through the
use of a quantum switch [77]. Such strategies can lead
to an asymptotic quadratic advantage over the Heisen-
berg limit for infinite-dimensional systems [76, 78], and
there exists a strict performance hierarchy in the finite-
dimensional case [79)].

If we fix a particular way of interacting with n copies
of a parametrized quantum channel in a particular ac-
cess model and subsequently measuring a POVM that
predicts the underlying parameter, we will refer to this
as a strategy. Luckily, we can give a formal description of
access models and strategies via the Choi representation
formalism. In this framework, every strategy within an
access model for n copies of the channel, S, is a func-
tion 7 — P, (1), P, € S,, that maps possible predictions
to positive semi-definite operators. With this, we can
extend Definition 1 of the success probability as follows.

Definition 21 (Success probability (channels)). For a
given tolerance 8, a set of channels N (t) of which we can
access n copies, possibly with prior u(t), and a strategy
P, (1), the Bayesian success probability is given by

n(0, w, N, P,)

82
= /d,u(t) drws(t — 7) Te[CIN ()%™ Po (7)), (82)
where CIN (t)] is the Choi representation of the quantum
channel N'(t). The minimaz success probability is given

by
76N, P)

= irtlf/dr ws(t — 7) Tr[CIN (1)]®™ P (7)) (83)

The Bayesian and minimax tolerance sand sample
complexities in the channel case are then defined similar
to Definitions 2 and 3 from the above defined Bayesian
and minimax success probabilities.

The natural next step is now to define the optimal
(Bayesian) success probability relative to an access model
as

n* (8, i, N',Sp) = sup n(d, u, N, P,). (84)
P,€Sn

The optimal Bayesian tolerance and sample complexity,
as well as the corresponding minimax quantities are de-
fined analogously.

In Section , we have shown that the optimal
Bayesian and minimax success probabilities can be com-
puted by solving a convex optimization problem without
duality gap. As evidenced in Fig. 6, protocols that in-
volve a parametrized quantum channel have more mov-
ing parts that can and need to be optimized. Let us, for
example, take the simplest case of only one use of the
parametrized quantum channel. In this case we have to
optimize over both the probe state pg that is fed into the
quantum channel and the measurement Q(7). Naively,
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FIG. 6. The different types of protocols that can be realized when accessing multiple (in this case, two) copies of the same
parametrized channel NV (t). We distinguish: (a) the i.i.d. case when the same single-shot protocol is repeated multiple times.
(b) the parallel case where the probe state can be entangled by a suitable unitary transformation. (c) the adaptive case where
an auxiliary system can be used as a memory to coherently adjust processing based on the outcomes of the first use of the
channel. The gray shaded area represents an instance of a quantum comb. (d) the case of indefinite causal order, where a
superposition of orders of invocations of the quantum channel can be used to boost the sensitivity. The blue and orange arrows
represent the two orders of invocation. The solid black line in the middle indicates an auxiliary system. The gray shaded area

represents a general strategy with indefinite causal order.

the objective is then a nonlinear function of the argu-
ments of the optimization py and Q(7) and we would not
expect that this can be cast as a semi-infinite program.
However, if we change our perspective and combine the
preparation of the probe state and the measurement into
a single object represented by a parametrized quantum
comb, we can exploit the convexity of the set of quan-
tum combs to again cast the computation of the opti-
mal success probability as a semi-definite program. This
reasoning then immediately means that also the case of
adaptively interacting with n copies of the channel can
be efficiently optimized for. The same is true for strate-
gies involving indefinite causal order as we summarize in
the following proposition.

Proposition 22 (Joint optimization). For a given toler-
ance 8, a set of channels N'(t) of which we can access n
copies, possibly with prior u(t), the optimal success prob-
ability n* (8, 1, N, Sy) and optimal minimaz success prob-
ability n* (8, N, Sy,) can be computed using a semi-definite
program without duality gap for both adaptive S,, = S22
and indefinitely causally ordered S,, = S access.

The detailed statements of the convex programs and
their duals are given in Section III of the supplementary
material.

Connection to hypothesis testing. The core contri-
bution of this work is the rigorous connection of PAC
metrology with quantum hypothesis testing given in Sec-
tion I'V. There, we gave an upper bound on the suc-
cess probability through the success probability of cor-
responding multi-hypothesis testing problems between
quantum states. As we show below, these results also
carry over to the case of parametrized quantum chan-
nels. In this case, the reduction is to multi-hypothesis
testing between channels under different access models.
Formally, we define the optimal Bayesian success proba-

bility of testing n copies of the quantum channels {N;}}¥
with prior probabilities {p;}}¥.; under the access model
S, as

N
PrpNY S = swp S p THCINGEm P
{Pi}i\lecsn i=1
(85)

under the condition that the set {P;}¥; corresponds to
a valid combination of processing and POVM. The mini-
max statement is given analogously by choosing the prior
probabilities adversarially for the chosen strategy. The
fact that our results from the state case carry over to this
more general case comes with little surprise when we re-
alize that upon fixing the strategy P(7) to the optimal
strategy and executing it right until before the final mea-
surement is performed, we obtain a parametrized set of
states to which we can then apply Theorem 10, leading
to the following result.

Corollary 23 (Hypothesis testing bound (channels)).
For a given tolerance 0, fiz any set S = {(A, s)} of prior
probabilities X € [0,1] and shifts s € R such that for all
distinct s,s" € S we have that |s—s'| > 25 and ) s A =
1. Then, for a set of channels N(t) of which we can
access n copies with prior u(t) and a fized access model
S, we have the upper bound

n*(57 M?N’ Sn)

< [ @R u+ N+ N rmes S

Optimizing over the prior probabilities A then yields the
analogous upper bound in the minimaz setting

T (0N Sn) Sif PL{N(t + 8)}ies; Sn)- - (87)



Because of the richer structure embodied by dif-
ferent access models for multiple copies of the same
parametrized channel N (¢), we can define multiple types
of asymptotic rates to generalize the analysis carried out
in Section V. Of particular interest to us are the rates cor-
responding to i.i.d. strategies R, (item (a) in Fig. (), be-
cause there we can make use of our results on the asymp-
totics of the state case, and the rates corresponding to
parallel strategies R, (item (b) in Fig. 6).

par

X. PHASE ESTIMATION OF A PURE STATE
HAMILTONIAN EVOLUTION

In this section, we analyze one of the most prototypical
scenarios of quantum metrology, namely phase estima-
tion with pure states. We analyze the minimax success
probability, as it represents the most stringent achiev-
able guarantees. It is further important to emphasize
that our analysis takes the perspective of global estima-
tion, contrary to the local estimation routinely seen in
the literature.

As a first step, we establish a general result on the
minimax success probability in the U(1)-group-covariant
setting, which applies beyond phase estimation. We con-
sider a set of states |t(t)) generated by unitary evolution
of a pure initial probe state |¢)) under a Hamiltonian H,
reflecting the evolution of a closed quantum system

[¥(1)) = e~ [y) = U(t)[v). (88)

To ensure that ¢ can be understood as a “phase”, H is
assumed to be such that all differences between eigenval-
ues are integer-valued, in which case the recurrence time
of the Hamiltonian is guaranteed to be 2w. Let now H
decompose as H = ), AIl, where X are the different
eigenvalues and Il are the projectors onto the possibly
degenerate eigenspaces. Then, we can expand

) =Y ealiha), (89)
A

where we defined the normalized projections of |¢) onto
the eigenspaces of H such that IIx[i) = ¥a|¥y).

For such a covariant set of states ¥(t) = | (¢)Xv(¢)],
the following theorem establishes that the pretty good
measurement [30-385] is minimax optimal, and we obtain
a closed form solution for the optimal minimax success
probability. This result is well in line with known re-
sults on the optimality of the pretty good measurement
in other covariant state discrimination and parameter es-
timation tasks [23, 86-91].

Theorem 24 (Minimax optimal measurement). For a
state set (t) given by a pure initial probe state py =
[)| evolving under a Hamiltonian with integer eigen-
value differences for time t € [0, 2x], the pretty good mea-
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surement

Qran(t) = R0, where B = [ dto(o),
(90)

achieves the optimal minimazx success probability, equal
to

T0,0) =Y [alliha s (A — X'), (91)

AN

where Ws(w) = sin(dw)/(ww) is the Fourier transform of
the rectangular window ws at frequency w.

The above theorem establishes a direct relation be-
tween the amplitudes of the probe state |¢) and the min-
imax success probability. It especially shows that only
the spectrum of the Hamiltonian and the absolute val-
ues of the amplitudes matter. The result holds for any
window function. The proof exploits strong duality and
complementary slackness to establish a formula for the
optimal dual variable and is presented in Section of
the supplementary material.

One important consequence of Theorem is that it
greatly simplifies the search for a minimax optimal probe
state. If we arrange the absolute values of the amplitudes
in a vector 1 := (|1ox])x and construct the matrix associ-
ated to the Fourier transform, Wy x = ws(A — '), then
the optimal minimax success probability is given by the
quadratic form

7 (6,9) = (¢, Wp). (92)

The optimal probe state is hence obtained by solving the
following optimization problem:

= argglax{w, Wap) [y > 0 for all A, [[4» = 1}.
(93)

Because of the positivity constraint on the entries of the
vector, this is in general an NP-hard optimization prob-
lem [92].

XI. PHASE ESTIMATION WITH AN
ENSEMBLE OF SPIN-% PARTICLES

We now turn our attention to the special phase estima-
tion on a spin chain [93]. This is a covariant problem in
the above sense with the single-spin Hamiltonian given
by H = diag(0,1). If we have n spins separately evolv-
ing under this Hamiltonian, the effective Hamiltonian is
given by summing up the local terms on the individual
copies

H, = ZH H, =1%"1g HgI®" . (94)

i=1

As we have seen in Theorem 24, only the spectrum of the
Hamiltonian matters. For the Hamiltonian H,,, it is given
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FIG. 7. Optimal error probability of quantum metrology
that can be guaranteed for any prior distribution for differ-
ent probes in the phase estimation scenario for § = 0.04.
We compare a generalized GHZ state (Eq. (99), red), a ten-
sor power of plus states (green), the Holland-Burnett state
(Eq. (96), orange), the Gaussian state (Eq. (99), yellow) and
the optimal state (Eq. (93), blue). The generalized GHZ state
never performs well because it cannot resolve the time glob-
ally. For n < 1/4, the Holland-Burnett state performs almost
optimally but has comparable asymptotic performance to the
tensor power probe. The Gaussian probe performs almost op-
timally in a larger regime than the Holland-Burnett and has
an intermediary asymptotic. The overset plots show the en-
ergy profiles of the optimal probe for n = 41 (A), the optimal
probe for n = 561 (B) and the tensor power probe for n = 561
(C). The asymptotic rate in the i.i.d. case is consistent with
R ~ §?%, whereas the optimal entangled rate is consistent with
R =~ §. We present additional numerical results for different
values of § in Section of the supplementary material.

by spec(H,) = {0,1,...,n}, which grows linearly in n.
We can therefore treat the equivalent problem of a Hamil-
tonian with spectral decomposition H = Y, _, k|k)(k|,
where the eigenstates |k) are understood to be any eigen-
state of the Hamiltonian H,, with energy k, e.g., |3) could
be |001101) for n = 6.

Applying Theorem allows us to compute the opti-
mal minimax success probability (Fig. 7) and the optimal
minimax tolerance (Fig. 8) for different kinds of probe
states. We note that our analysis of the asymptotics of
the minimax success probability has significant overlap
with prior work by Imai and Hayashi in Ref. [53]. They
discuss the asymptotic distribution of phase estimates
and discuss the asymptotic rate.

Our first and most obvious candidate for a probe state
is a generalized Greenberger-Horne-Zeilinger (GHZ)
state

L
V2

which is optimal in the standard approach to quantum
metrology [94-96]. However, in the minimax setting, it
fails spectacularly — with a minimax success probabil-
ity amounting to random guessing and a similarly high
tolerance (see Figs. 7 and 8). This is an immediate con-

|GHZy) := —=(10) + [n)), (95)
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FIG. 8. Optimal tolerance of quantum metrology that can
be guaranteed for any prior distribution for different probes
in the phase estimation scenario for fixed success probability
7 = 0.99. We compare a generalized GHZ state (Eq. (95),
red), an tensor power of plus states (green), the Holland-
Burnett state (Eq. (96), orange), the Gaussian state (Eq. (99),
yellow) and the optimal state (Eq. (93), blue). The gen-
eralized GHZ state never performs well because it cannot
resolve the time globally. The tensor power of plus states
performs adequately for small n, but only achieves standard
quantum limited scaling O(1/+4/n) asymptotically. For small
n, the Holland-Burnett state does not perform satisfactorily,
but achieves the optimal Heisenberg scaling O(1/n) in the
asymptotic limit. The Gaussian probe performs almost op-
timally except for very small n. We present additional nu-
merical results for different values of 7 in Section of the
supplementary material.

sequence of the fact that the standard approach to quan-
tum metrology is concerned with local estimation. In
our case, however, the probe needs to be able to perform
well in a task of global estimation, i.e., the probe state
should allow us to discern values in the whole interval
[0,27]. The recurrence time of ~ 27 /n of the generalized
GHZ state, means it can very well resolve small differ-
ences in values, but not larger ones. A clock can serve
as a good metaphor for this phenomenon: If we want to
tell the time, we need to make use of the hour, minute
and second hand. In this picture, the generalized GHZ
state corresponds to a clock with only a second hand —
which is very suitable if you want to time a short sprint
but useless when telling the time of the day.

The analogy of a clock inspires the use of another state,
namely the Holland-Burnett (HB) state

n

== D] (%)

k=0

[HB,,) :=

which consists of an equal superposition of all energy
eigenstates. Metaphorically, this state uses all the avail-
able hands of the clock equally. The Holland-Burnett
state indeed has a much more desirable performance. As
shown in Fig. 7, this probe state achieves almost opti-
mal success probability in the regime where n < 1/4.
This behavior can be explained by expanding the Fourier



transform of the window function, ws(w) = 2 sinc(éw),

around w = 0, because the largest frequency scales as

O(n):
ws(w) = % [1-0(8°w?)]. (97)

The zeroth order contribution to this term is given by

76,0 = O Y [allvw |+ 06%?)  (98)
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In this limit, a probe that maximizes the one-norm of the
amplitude vector is clearly optimal, which corresponds to
the Holland-Burnett state. This state was also identified
in recent work as a suitable probe state for (multi-)phase
estimation [97]. In the case of the optimal tolerance,
see Fig. 8, we observe the inverse of this behavior: For
small n, the performance is not satisfactory. Asymptot-
ically, however, the Holland-Burnett state achieves the
same Heisenberg scaling 6 = O(1/n) as the optimal
probe. As we show in additional numerics presented in
Section of the supplementary material, the criti-
cal value of n at which the Holland-Burnett state starts
to enter the Heisenberg-scaling regime increases with in-
creasing success probability.

Next, we have analyzed the performance of a separable
probe state. We chose i.i.d. copies of the optimal single-
spin probe state, the |+) = (|0) + |1))/v/2 state. We
observe in Fig. 7 that the success probability achieved
with this state reaches towards unity much more slowly
than the optimal probe state, with an asymptotic rate
quadratically smaller. When looking at the optimal tol-
erance in Fig. 8, we observe the expected asymptotic scal-
ing of the standard quantum limit 3~ = O(1//n).

We additionally compare the aforementioned probe
states with a Gaussian probe whose amplitudes have a
Gaussian shape:

1 26 2

The optimality of the choice of the standard deviation,
v/ (n+1)/24, is discussed in Section of the supple-
mentary material. Regarding the success probability, we
observe in Fig. 7 that the Gaussian probe performs close
to optimally in a larger regime than the Holland-Burnett
state and achieves better asymptotics, but also does not
match the optimal probe. In the case of the tolerance, we
do, however, observe in Fig. & that it nearly reproduces
the optimal probe state. As we show in additional numer-
ics presented in Section of the supplementary ma-
terial, a gap in tolerance opens between the optimal and
the Gaussian probe when the target success probability is
increased, but the Gaussian probe preserves Heisenberg
scaling and a good performance.

20

Last but not least, we study the optimal probe state.
Normally, we would need to solve the optimization prob-
lem of Eq. (93). However, in the special case we en-
counter here, in which W is defined through the Fourier
transform of a rectangular window function and the
eigenvalue spectrum has no gaps, we can build on prior
work studying a similar problem in the context of clas-
sical signal processing [98], where W is referred to as
the prolate matriz. In Ref. [98], Slepian establishes that
the largest eigenvector of the matrix W is given by the
so-called discrete prolate spheroidal sequence (DPSS) of
zeroth order. While he studies the problem without the
positivity constraint on the eigenvector, we can build on
a different result of Slepian to show that the largest eigen-
vector is always non-negative. In the case of phase esti-
mation, we can therefore compute the optimal probe by
finding the eigenvector associated to the largest eigen-
value of W.

In our numerical investigations, we observe in Fig.
that the success probability tends towards unity with an
asymptotic rate quadratically greater than what is pos-
sible with the separable probe and also outperforms the
Gaussian probe significantly. It further achieves a clear
Heisenberg scaling & = O(1/n) for the tolerance as ev-
ident in Fig. 8. To get a feeling for the amplitude dis-
tributions of the different probes, we plot in Fig. 7 the
amplitude distribution over the eigenvalues of the opti-
mal probe states for n = 41 and n = 561. These plots
clearly show that the optimal probe state for small n
has a flat spectrum, whereas asymptotically a moder-
ately concentrated shape is optimal. We compare this
with the corresponding shape of the tensor power probe
at n = 561, which is much more concentrated, explaining
its inferior performance.

Our numerical results make it quite clear that the set-
ting of optimizing the success probability for a fixed tol-
erance and of optimizing the tolerance for a fixed success
probability are qualitatively different. We especially see
that probes that perform well in one setting do not nec-
essarily perform well in the other.

Finally, we also want to shine a light on the relation
of the minimax tolerance with the quantum Cramér-Rao
bound. To this end, in Fig. 9, we plot the achievable
tolerance for a subset of the states presented above to-
gether with the quantum Cramér-Rao bound for a fixed
success probability of 7 = erf(1/v/2) ~ 0.6827, repre-
senting the probability that the value of a normally dis-
tributed random variable is within one standard devia-
tion of its mean. We observe that the quantum Cramér-
Rao bound only faithfully predicts the achievable preci-
sion in the case of i.i.d. copies, but is overly optimistic
otherwise. This underscores the interpretation that the
quantum Cramér-Rao bound necessitates a degree of reg-
ularity of the underlying problem to be tight, and its con-
nection to maximum-likelihood estimation which is opti-
mal for Gaussian distributions. The sometimes overly
optimistic estimate obtained from the quantum Cramér-
Rao bound is especially evident for the GHZ state, which
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FIG. 9. Optimal tolerance of quantum metrology that can
be guaranteed for any prior distribution for different probes
in the phase estimation scenario compared to the quantum
Cramér-Rao bound embodied by the inverse square root of
the quantum Fisher information. The success probability is
fixed to 7 = erf(1/v/2) ~ 0.6827, representing the probabil-
ity that the value of a normally distributed random variable
is within one standard deviation of the mean. We compare
a generalized GHZ state (Eq. (95), red), an tensor power of
plus states (green), and the optimal state (Eq. (93), blue).
The quantum Cramér-Rao bound is shown in dashed lines.
We observe that the quantum Cramér-Rao bound faithfully
predicts the achievable precision in the case of i.i.d. copies for
the chosen success probability, underpinning the interpreta-
tion that the quantum Cramér-Rao quantifies the i.i.d. case
with a Gaussian shape for the fidelity curve. Both for the
GHZ state and the optimal state, the quantum Cramér-Rao
bound is way too optimistic, showcasing a decoupling of the
quantum Cramér-Rao bound from the achievable performance
in the few-shot and entangled regime.

achieves the maximum quantum Fisher information, but
the actual achievable tolerance is very bad. Nevertheless,
these numerical experiments also suggest a positive re-
sult about the quantum Cramér-Rao bound. We observe
that there exist settings where it gives a good measure
of metrological precision, even in the global and non-
asymptotic regime — this is indicated by the fact that the
agreement with the achievable precision is already very
good at n =~ 10 repetitions. These results highlight that
there are regimes where the quantum Cramér-Rao bound
faithfully predicts the achievable precision, but that it
is too optimistic in the case of few shots and entangled
strategies.

Analytical results. The numerical observations pre-
sented in Fig. 7 motivate an analytical study of the
asymptotics of the minimax error probability, extending
the results of Section [V. There, we established results
on the asymptotic rate for i.i.d. copies of the same state,
which corresponds to the case of the tensor power probe
discussed above. We observe that when entangled probe
states are allowed — corresponding to the parallel setting
— the asymptotic rate is much improved, as the rates we
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observe numerically are consistent with

Ria(9)
R...(0) ~

%

5, (100)
. (101)

=

par

In the following, we make this observation rigorous.

As we already argued above, the optimal probe for
phase estimation on a spin chain is given by the discrete
prolate spheroidal sequence (DPSS) of zeroth order [98].
We can combine two results by Slepian to obtain the
following result on the optimal rate in the parallel case:

Theorem 25 (Optimal minimax rate). For a given min-
imaz tolerance 0 < § < w/2, the parallel minimax error
rate is given by

The proof combines two results from Ref. [98] and ex-
ploits the Perron-Frobenius theorem to establish positiv-
ity of the DPSS of zeroth order and is given in Section
of the supplementary material. While the DPSS has no
closed-form, there exist efficient approximations involv-
ing the modified Bessel function of the first kind of zeroth
order Iy [99]. In our case, the optimal probe can thus be
approximated by choosing

on 2\ + 1 2
Ip| —1/1— -1
Unoclo | \/ (n 1 )
and subsequently normalizing.

We can use the result on the rate for i.i.d. probes of
Theorem 13 to calculate

(102)

Riq(0) < —logcos?(d) ~ 5 (103)
for small §, see Theorem 41 of the supplementary mate-
rial. Combined with the above Theorem 25 this implies
that entangled strategies have a quadratic advantage in
the asymptotic minimax rate, which can be understood
as the rate analogue of the dichotomy between the stan-
dard quantum and Heisenberg limits.

We further perform a theoretical analysis of the opti-
mal standard deviation for the Gaussian probe. We can
use tail bound estimates for the Gaussian distribution to
prove that the optimal choice of standard deviation (see
Eq. (99)) achieves half the optimal rate.

Theorem 26 (Minimax rate for Gaussian probes). For
a giwen minimaz tolerance § > 0, the Gaussian probe
achieves the minimax error rate of

EGauss (3) = =. (104)

| >l



The proof is presented in Section of the supple-
mentary material.

Building on the previous result, we can also give a
guarantee on the asymptotic tolerance achieved by the

Gaussian probe.

Observation 27 (Asymptotic tolerance of Gaussian
probe). For a given minimax success probability 7, the
Gaussian probe achieves a minimazx tolerance of

«

dGauss = I (105)
where
a =~ 2log <2 — > , (106)
m(1—7)
up to logarithmic factors.
The argument is likewise presented in Section of

the supplementary material.

XII. EXTENSIONS AND CONNECTIONS TO
OTHER FIELDS

This section is dedicated to exploring the various con-
nections and possible generalizations of our definitions
and results to other areas of quantum metrology and
quantum information theory.

A. Multi-parameter quantum metrology

Measuring multiple parameters at the same time
[13, 100] creates additional challenges, such as having to
reconcile measurements [101, 102] and probe states [52]
that are optimal for each parameter but might be in-
compatible. It furthermore offers a framework to study
networks of quantum sensors [103] and the optimal esti-
mation of functions of multiple parameters [104].

We can capture arbitrary instances of multivariate
quantum metrology by replacing the parameter space R
with an arbitrary set X. We equip the set X with a pos-
itive real-valued function d(z,y) that quantifies the esti-
mation error associated with an estimate y when the true
value of the parameter is z. A natural choice for d(z,y)
might be a suitable distance measure. In this case, the
success probability for a given set of states x — p(z),
prior distribution p(z) and POVM y — Q(y), is

0(5.11.0.Q) = /X du(z) /X dy ws(d(x, 9)) Trlp(x)Qy)).
(107)

The definitions for the tolerance and sample complexity,
the corresponding minimax quantities and the optimal
quantities follow analogously as in the previous sections.
Some of our proofs extend naturally to general parameter

22

sets X. In Section X of the supplementary material, we
give a generalization of Theorem 10 to the multivariate
case and use it to derive a multi-parameter analog of
Corollary

B. Confidence region tomography and shadow
tomography

A particularly well-studied variant of multivariate
quantum metrology concerns the task of state tomog-
raphy, in which the parameter space X is taken to be
the quantum state space itself. A suitable distance mea-
sure, such as the infidelity or the trace distance, typically
quantifies the estimation error.

This extension of our framework connects with a se-
ries of works in quantum tomography on establishing
confidence regions in state space given measurement
data [30-33]. Confidence region estimators process the
measurement data to output a subset of the state space
(the confidence region) in which the true state lies with
high probability. The region can furthermore be specified
as the set of all states that are at least d-close to some
reference state in a suitable distance measure.

Another setting that connects to the multi-parameter
estimation version of our framework is shadow tomog-
raphy [105, ]. Shadow tomography aims at predict-
ing the expectation values of a set of M observables
O = {0;}M, when evaluated on a given quantum state
p. If we define a distance measure

do(p,0) = do(p— o) = sup | Tr[O(p — 0)]|,  (108)

0eco
then shadow tomography with precision ¢ is equivalent to
finding an approximation of the quantum state p that ful-
fills do(p, p) < §. Defining a measurement scheme then
corresponds to a POVM with effects labeled by quan-
tum states, Q(p), and the minimax success probability is
hence

10.Q.) = min [ 4p Telp @(A)us(do(p — o). (109

where both the minimization and integration are over all
quantum states. A probabilistic procedure introduced in
Ref. [106] achieves the sample complexity

n*(n,d,p) <O (52 log (1_77> 12%)1(\/[||Oi”shadow> ;
(110)

where the shadow norm ||-||shadow captures properties of
the particular randomized protocol used. We thus see
that contemporary techniques like shadow tomography
are captured by our PAC metrology framework.

In the same spirit, other tomography tasks, e.g. the to-
mography of quantum channels and non-Markovian pro-
cesses in the form of quantum combs, can be considered
in the PAC metrology framework. Exploring the ultimate
limitations of these tasks would constitute an intriguing
direction of future work.



C. Cryptography and adversarial parameter
estimation

There is an emerging subfield of quantum metrol-
ogy concerned with its intersection with cryptogra-
phy [l1, , ].  As an example, we might seek a
metrological protocol where the precision with which an
eavesdropper might estimate a parameter should be as
low as possible. This regime corresponds to a regime of
small success probability, n — 0.

We make use of the fact that the success probability
and tolerance have a functional relationship that corre-
sponds to an inversion of the success probability seen as
a function of the tolerance. This allows us to analyze the
limit of small success probability for smooth, i.e., arbi-
trarily often differentiable, measurements Q(7).

Proposition 28. For a given set of states p(t), possibly
with prior u(t), a smooth measurement Q(7) and a small
success probability n, the Bayesian tolerance is given by

S 1.@) = 3 [ uto) To0@0])  + 007
(111)

whereas the minimaz tolerance is given by

5n.0.@) = 2 (inf Tlp(0Q(0])  +06P).  (112)

Both statements hold conditioned on the inverted quantity
to be nonzero.

The proof is shown in Section of the supplemen-
tary material.

Let us now assume that Alice performs a quantum
metrology protocol and obtains a quantum state pa(t)
which it communicates to Bob via a quantum channel N,
such that he receives the state pp(t) = N[pa(t)]. At the
same time, an eavesdropper Eve tries to obtain as much
information as possible about the transmitted state. The
state Eve can obtain in the worst case is modeled by the
complementary channel N [109], which describes the in-
formation the environment can obtain when viewing N
as part of a larger, unitary evolution. As such, we assume
that Eve holds the state pg(t) = Nc[pa(t)]. The above
proposition tells us that, if we want to limit the precision
with which Eve can estimate the parameter ¢ from the
state pg(t), we need to choose the initial state of Alice
such that the quantity

sup [ du(t) Telpe()Q()
o) (113)

. / du(t) Te[pa(ONT Q)]
Q(t)

is as small as possible.

23

D. Optimization over constrained sets of
measurements

In the formulation of the success probability as a con-
vex problem of Proposition 7, we optimize over all pos-
sible quantum measurements of the system. We already
obtained the optimal post-processing for the practically
important case of a fixed measurement. In this section,
we discuss another possible way of including practical
constraints that might limit the possible measurements
by only optimizing over POVMs from a set Q that repre-
sents the set of measurements that can be implemented
on the system.

In this case, we obtain a restricted optimal success
probability n§ (9, i, p) quantified as

77*9(57,“,/)) (= max (114)

{ [ mitws « - shirate) \ Jaan -1qeof.

A particular case of interest appears when Q is a con-
vex set, in particular, if it is specified by semidefinite
constraints. In this case, the optimization above is a
convex optimization problem. Such a situation occurs,
for instance, if we assume that Alice prepares a state
p(t) and sends it to a noisy channel £ to Bob, who at-
tempts to estimate ¢ using any possible POVM on his
system. Bob’s optimal POVM Q(t) can be mapped to
the POVM E£T(Q(¢)) on Alice’s system through the ad-
joint map £ of £. Consequently, Bob’s optimization over
any POVM can be equivalently expressed as Alice opti-
mizing over all POVMs in the image of £7. The thus
defined set Q = {£T[Q]| [dtQ(t) = L,Q(t) > 0} is a
convex set and Bob’s optimal success probability can as
such be computed efficiently.

The minimax variant, as well as the corresponding tol-
erance and sample complexity are then defined analo-
gously to their non-restricted counterparts.

E. Estimation of properties beyond parameters

We now consider the setting where we seek to estimate
some property x, e.g., the expectation value of an observ-
able, of a general unknown state p. Crucially, multiple
states might share the same property value x, hindering
the use of our analysis which assumed that the unknown
state belongs to a set of states that is fully specified by
one parameter.

This task can be treated by the introduction of so-
called “nuisance” parameters. Nuisance parameters are
additional parameters that ensure that each quantum
state is associated with a distinct set of parameter val-
ues. The consequence of introducing nuisance param-
eters is to reduce the property estimation problem to a
multi-parameter estimation problem. In our case, we can
perform a similar strategy that proceeds like the exam-
ple of shadow tomography discussed above. By taking



the space of quantum states as the parameter space, we
introduce the maximal possible number of nuisance pa-
rameters, and by introducing a distance function

do(p, o) = [z(p) — z(0)], (115)
we obtain a way to only pick out the relevant parameter
x. These settings are of extremely high importance for
practical applications, e.g. for near-term applications on
NISQ devices [110]. There exists a large variety of exist-
ing techniques to treat this particular application [111],
but these tools pertain to the local estimation setting. It
is therefore an intriguing direction of future research to
see how these analytical approaches can be generalized
to the framework of PAC metrology.

XIII. FUTURE DIRECTIONS

In the standard approach to quantum metrology built
on top of the quantum Cramér-Rao bound, most fun-
damental questions have already been answered. In our
single-shot PAC metrology framework, on the contrary,
a broad collection of open question — both fundamental
and practical — is still looking for answers. In this section,
we highlight some questions of particular interest.

Optimal measurements in the finite-sample regime. A
significant open question that remains open is the devel-
opment of measurement schemes or protocols with guar-
antees on either the success probability or the estimation
tolerance. While the formulation of the success prob-
ability as a convex problem provides an efficient way to
compute the optimal POVM associated with a discretized
version of the estimation problem, a closed form of the
optimal measurement remains elusive beyond the covari-
ant case treated in Section X. Furthermore, solutions to
the convex optimization problem are not likely to provide
additional insight on measurement schemes that are per-
haps sub-optimal but far more convenient to implement
than the optimal measurement.

Natural candidates for measurement schemes are adap-
tive protocols [112] as well as the pretty good measure-
ment that constitutes the optimal measurement in the
pure and covariant setting of Theorem Promising
candidates might furthermore be constructed using the
class of measurements studied in Section

Open Problem 1 (Measurement schemes with perfor-
mance guarantees). Develop measurement schemes with
provable performance guarantees that are either practical
to implement or that achieve close-to-optimal estimation
error tolerance or success probability in the finite-sample
regime.

Such measurement schemes would significantly aid in
deriving upper bounds on the optimal estimation toler-
ance and lower bounds on the success probability in vari-
ous settings. So far, such lower bounds have been elusive
because of a lack of such schemes. For instance, an open
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question would be whether a measurement scheme is ca-
pable of achieving the rate given in Theorem

A finite-sample analogue of the quantum Cramér-Rao
bound. The quantum Cramér-Rao bound of Eq. (1) is
the fundamental cornerstone of the standard approach
to quantum metrology. It relates an operational quan-
tity (the standard deviation of the optimal unbiased es-
timate of a parameter) to a geometric property of the
underlying set of quantum states (the quantum Fisher
information). We call the quantum Fisher information
a geometric property because it quantifies the distance
between quantum states whose parameters are close to
each other when “distance” is measured through the fi-
delity of quantum states. States that are close in terms
of the fidelity are difficult to distinguish, and we have
already learned in Theorem 10 that this is a prerequisite
for successful parameter estimation.

In our finite-sample approach, the estimation tolerance
fulfills a role comparable to that of the standard devia-
tion. We expect that the smallest achievable estimation
tolerance should — similar to the standard deviation — be
constrained by a quantity that captures geometric prop-
erties of the underlying set of quantum states. As our
framework pertains to cases where the estimation is not
necessarily local, we expect that the we need quantities
that go beyond the quantum Fisher information in the
sense that they capture the geometry of the given state
set at non-infinitesimal length scales. Moreover, there is
the additional factor of the desired success probability
7 that factors into any relation between the optimal es-
timation tolerance and the structure of the given state
set.

We managed to derive Theorem 18 by quantifying how
well the fidelity is approximated by a Gaussian as

F(p(t),p(t+ 1)) =~ exp <;]~"(t)7'2) .

In that sense, we quantified how close we are to a case
where the quantum Fisher information dictates not only
the behavior in an infinitesimally small neighborhood but
also for larger values of the perturbation 7. It is of im-
mense interest if we can obtain more general statements
of the same kind that resemble the Cramér-Rao bound
in the following sense.

(116)

Open Problem 2 (Finite-sample analogue of the
Cramér-Rao bound). Find improved lower bounds on the
optimal Bayesian and minimaz estimation tolerance that
put fundamental limits on the achievable estimation tol-
erance based on geometric properties of the underlying
state set, i.e., bounds of the form

- f(n)
o (n,p) = T

where f(n) quantifies the dependence on the success prob-
ability and T is a measure that captures the geometric
structure of the given state set in the finite-sample set-
ting. Note that Z can in general also depend on the de-
sired success probability.

(117)



An important improvement of our quantum Cramér-
Rao-like bound of Theorem would be a bound that
accurately predicts the achievable estimation tolerance
in the i.i.d. limit — 4.e. given a state p®"(t) where n — oo
— in the sense that there exists a matching upper bound.
It would not be surprising if a different geometric quan-
tity than the quantum Fisher information would appear
in such a bound. This is because the converse on hy-
pothesis testing involving the fidelity of quantum states
we use to derive Theorem 18 is known to not be tight in
certain settings and that a proper converse should rely
on the Chernoff divergence which is in turn associated
to a different geometrical quantity, namely the Wigner-
Yanase-Dyson information.

As we have argued above, Theorem builds on the
insight that there are settings (e.g., the ii.d. setting)
where the quantum Fisher information carries informa-
tion about the set of states beyond infinitesimal pertur-
bations. As such, we expect that the development of
quantities that better capture the distinguishability of
states in non-infinitesimal neighborhoods could lead to a
more general Cramér-Rao-like bound valid in the single-
shot setting.

Advantage of entangled measurement strategies. A
further open question is to delineate the boundary of
performance between different classes of protocols us-
ing entangled and non-entangled probe states, adaptive
and non-adaptive processing and coherent and incoherent
measurements. In particular, it is unclear whether op-
timal measurements in the finite-sample regime require
the use of large amounts of coherence. When estimat-
ing a single parameter in the many-sample regime, the
Heisenberg scaling can be achieved only with the use of
entangled probe states and without the use of coherent
measurements [113] — does a similar statement also hold
in the non-asymptotic case?

Open Problem 3 (Understanding relevant resources).
What advantages can be gained from resources like entan-
glement of the probe state, coherence of the measurement
and adaptivity? Can we quantify the gaps in tolerance
and success probability between these different allowed re-
sources?

Naturally, finding general purpose strategies, e.g. spe-
cific adaptive protocols, that give a competitive baseline
success probability would significantly simplify address-
ing the above problem.

In our investigations of the phase estimation exam-
ple, we observe an exact quadratic relation between the
asymptotic rates for i.i.d. states and entangled states for
small d. This echoes the quadratic relation between the
standard quantum and the Heisenberg limits in the stan-
dard approach to quantum metrology. Understanding
the generality of this phenomenon — especially for chan-
nels where Heisenberg-limited scaling is impossible [114]
— would further deepen our understanding of the asymp-
totic rate for entangled inputs.

Open Problem 4 (Standard quantum and Heisenberg
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limit for rates). For a given set of channels N (t) with
prior u(t), do we in general have that

RGN
lm*—
6—0 R (0, u, N)

where the symbols Ry, and R4 have been defined in Sec-
tion

=1, (118)

The effect of noise on estimation performance. While
noise can be implicitly treated in our formalism by in-
cluding it in the construction of the parametrized set of
states p(t) or channels NV (t), a much deeper understand-
ing of the influence of noise is desirable, especially with
an eye towards practical applications. It would be in-
structive to see how much the influence of noise destroys
advantages of entanglement in this setting [114—116]. As
we have outlined in Section , the minimax success
probability also pertains to communication tasks, where
the study of noisy channels is of utmost importance. Can
we therefore relate the decrease in success probability (or
the increase in tolerance) to properties of the noise chan-
nel? A deeper understanding of noise could then be used
to study the application of quantum error correction to
quantum metrology [11, 12] in this context.

Incompatibility in finite-sample multi-parameter quan-
tum metrology. As discussed in Section , our defi-
nitions extend in a natural way to multi-parameter quan-
tum metrology. In this setting, challenges arise that
are not present in the single-parameter setting, such as
the incompatibility of measurements and probes that are
optimal for different parameters [52, ]. These phe-
nomena particular to multi-parameter quantum metrol-
ogy have been extensively studied in the asymptotic con-
text. We expect that a quantification of incompatibil-
ity and other multi-parameter phenomena through our
finite-sample framework could deepen our understanding
of these effects.

Quantifying generalized communication tasks. The
minimax setting of quantum metrology has a further in-
teresting interpretation, as it directly quantifies how well
a sender Alice can communicate a scalar parameter t € R
to a receiver Bob when she encodes the parameter in a
set of states p(t). It is important to note here, that the
worst-case nature of the minimax setting is critical in
quantifying the performance, as Alice wants to be able to
communicate any value ¢ with similar guarantees. In this
sense, the minimax setting of quantum metrology quan-
tifies a generalization of the commonly encountered task
of communicating one of multiple discrete symbols [17].
In practical scenarios, Alice will usually send the state
through a quantum channel N that degrades the mes-
sage, giving an additional impetus to study quantum
metrology with the noise model p(t) — Np(¢)] [11].

Further open questions of information-theoretic na-
ture. In Section V, we have given an upper bound on
the asymptotic rate of quantum metrology, which is tight
for commuting states. It is an open question to determine
under which general conditions on the set of states this
bound is tight.



Open Problem 5 (Asymptotic rate (states)). For a
given tolerance § > 0, a set of states p(t), possibly with
prior u(t), when do we have that

R*(8,u,p) =R (5,p) = inf
[t—t'|>28

Clp(t), p(t"))? (119

Naturally, it is also interesting to quantify the second-
order asymptotics of the success probability, which
will, however, first require progress on the second-order
asymptotics of the symmetric hypothesis testing error
probability for quantum state discrimination. Another
quite natural extension is the case of mized asymptotics:
We fix a desired scaling of the tolerance, decreasing
slower than the optimal scaling; how fast can the suc-
cess probability still attain unity?

As already outlined in Section , the setting of
parametrized quantum channels offers much richer struc-
ture in its asymptotics, owing to the possibility of differ-
ent strategies (separable use, parallel use, adaptive use
and indefinite causal order). Given that Corollary 23 ex-
plicitly relates the success probability of quantum metrol-
ogy under different access modes with the success proba-
bility of a corresponding hypothesis testing problem with
similar access modes, we expect that the asymptotics
of quantum metrology with different kinds of strategies
should relate to the asymptotics of the corresponding
multi-hypothesis testing tasks.

XIV. DISCUSSION

Our work extends the foundations of quantum metrol-
ogy to the regime where few measurement samples can
be obtained. To study this regime, we present a truly
single-shot framework for quantum metrology that re-
moves two important assumptions that are used to derive
the quantum Cramér-Rao bound. First, our approach
quantifies estimation accuracy directly as the probability
that the true estimate lies close to the parameter value
instead of quantifying the variance of an unbiased estima-
tor. This definition guarantees operational significance
even in regimes where the variance is only a poor indi-
cator of single-shot performance. Second, we remove the
assumption of a local estimation setting. We have devel-
oped two ways of doing so: the Bayesian approach which
allows us to reconnect to the local setting by choosing
suitably narrow prior distributions and the minimax set-
ting that truly quantifies the absence of knowledge about
the underlying parameter.

In the setting of our framework (Fig. 1), a parameter
t is encoded in a set of quantum states t — p(t). We
quantify the probability that a measurement embodied
by a POVM 7 — Q(7) produces an estimate £ of ¢ that
is within a tolerance § of the true value. “Probability” is
evaluated with respect to the random nature of the mea-
surement outcomes, either in the worst case over possible
parameter values (minimax setting) or in the case where
the parameter value is sampled from a prior probability
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distribution (Bayesian setting). Our framework therefore
captures any standard setting in quantum metrology in
which an unknown parameter in the quantum state, pos-
sibly imprinted via a parameter-dependent dynamics, is
to be estimated by the application of a quantum mea-
surement.

The optimal success probability optimized over all pos-
sible POVMs 7 — Q(7) can be obtained from a semi-
infinite program, an extension of semidefinite program-
ming that enables the inclusion of a continuous POVM
as a variable. The rich structure offered by such a con-
vex optimization enables numerical computations as well
as some of our proofs including the derivation of both
upper and lower bounds on the success probability. The
solution to the convex optimization problem might be
difficult to obtain, which is why there is a need for good
“general purpose” measurement strategies, i.e. POVMs
Q(7) that give guarantees on an achievable success prob-
ability without the need to perform the convex optimiza-
tion. A possible candidate for such a general purpose
strategy could be the pretty good measurement.

Another practically relevant case arises when the quan-
tum measurement is fixed, for instance by experimental
constraints, and only the post-processing of measurement
outcomes into predictions of the parameters may be op-
timized. In this setting, we showed that a strategy gen-
eralizing maximum a-posteriori estimation is optimal for
the Bayesian setting and gives bounds in the minimax
setting.

Our quantum metrology setting naturally extends
quantum multi-hypothesis testing. Instead of selecting
one of finitely many alternatives, we need to discriminate
states from the set {p(¢)}+. This continuous generaliza-
tion of hypothesis testing requires a tolerance § in the
precision to which the parameter is to be estimated. This
difference seems to significantly complicate extensions of
existing error bounds for multi-hypothesis testing to our
continuous hypothesis testing setting: Such analyses typ-
ically analyze a protocol by assuming a unique correct
output rather than a range of acceptable outputs. We
make this connection rigorous by giving a general upper
bound on the success probability of the estimation proce-
dure in our metrology setup by showing that estimating
a parameter to precision ¢ implies the ability to success-
fully distinguish between states with parameter values
separated by at least 2J in a hypothesis testing setting.
We exploit this result to give bounds on the success prob-
ability in terms of the fidelity of quantum states, a more
tractable and familiar quantity.

This connection provides an important application of
quantum hypothesis testing. The main use of quantum
hypothesis testing so far is the study the asymptotic be-
havior of entropy measures, which is then applied for
instance to the study of quantum communication sce-
narios beyond the i.i.d. regime. The application of quan-
tum hypothesis testing to quantum metrology, an inher-
ently physical setting, highlights a need to extend exist-
ing bounds and protocols in quantum hypothesis testing



to more general settings relevant to metrology, which in-
clude an error tolerance on the unknown parameter. This
connection is an exciting opportunity for quantum infor-
mation theory to inform the development of estimation
procedures and the derivation of fundamental bounds in
quantum metrology.

The fact that quantum metrology can be seen as a gen-
eralization of multi-hypothesis testing also opens upon
a wealth of open questions of a distinctly information-
theoretic flavor. We analyzed the asymptotic behavior of
the success probability of quantum metrology and have
shown a bound on the asymptotic error rate in terms of
the Chernoff divergence, a bound which can be achieved
in the case of commuting states. As such, we estab-
lished that the quantifier of the asymptotic properties
of hypothesis testing also applies to quantum metrol-
ogy. Our metrology setting also opens new kinds of
questions regarding the asymptotic behavior of quantum
information-theoretic quantities that appear in hypothe-
sis testing tasks. Theorem 13 bounds the rate at which
the success probability 7 approaches one as the number
of i.i.d. copies n goes to infinity, supposing that the es-
timation tolerance § is kept constant. The asymptotic
behavior of d, keeping 7 fixed, is in turn bounded by
Theorem 18. A particularly relevant regime to study is
a “mixed asymptotics” regime where § — 0 and n — 1
simultaneously as n — oo. For instance, what is the
behavior of 7 if the tolerance decays as 6 ~ 1/y/n?

We take much inspiration from recent developments in
single-shot quantum information theory, where many re-
sults are expressed through entropic quantities that have
explicit single-shot interpretations. Popular examples are
min-, max- and Rényi-relative entropies. Similarly, our
single-shot framework for quantum metrology can be con-
nected to entropic quantities. In particular, we give an
alternative definition of the optimal success probability
of quantum metrology as a generalized conditional min-
entropy and bound the optimal tolerance through the hy-
pothesis testing relative entropy. One one hand, these re-
lations further strengthen the connection between quan-
tum metrology and quantum information theory, demon-
strating that concepts deeply rooted in quantum informa-
tion theory can offer alternative alternative approaches
to proving accuracy bounds in quantum metrology (e.g.
[19]). On the other hand, these relations further demon-
strate the broad usefulness and applicability of the tool-
box of single-shot entropy measures [17, 18, 117]. We
further anticipate opportunities to exploit new relations
between quantum metrology and entropy measures to de-
rive a deeper understanding of the fundamental accuracy
bounds through the lens of single-shot quantum informa-
tion theory.

Next to the success probability, the estimation toler-
ance is the second important pillar of our single-shot
framework for quantum metrology. It corresponds to the
natural question of quantifying the estimation accuracy
that can be obtained with a fixed success probability. It
is important because it fulfills a similar role as the stan-
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dard deviation that is used as a measure of estimation
precision in the standard approach to quantum metrol-
ogy. The importance of providing useful lower bounds on
the optimal estimation tolerance is further underscored
by its use to manifestly express advantages that can be
obtained with entangled quantum states as opposed to
classical estimation strategies, such as Heisenberg scal-
ing [1]. We derived a general lower bound on the esti-
mation tolerance that resembles the quantum Cramér-
Rao bound. This bound involves the standard quantum
Fisher information and contains corrections pertaining to
the explicit single-shot nature of the estimation tolerance.
Obtaining improved bounds on the optimal tolerance —
especially bounds that are achievable in reasonable limits
—is a pressing question in the area of single-shot quantum
metrology.

Metrological problems are in many cases given by
parametrized channels t — N (t) instead of parametrized
quantum states. This setting offers a much richer struc-
ture of both the available ways of interacting with
the quantum channel itself (e.g., adaptive versus non-
adaptive protocols) as well as the underlying complica-
tions of the metrological protocols. We have adapted
some of our central results, such as the formulation of the
success probability as a convex program, as well as our
central theorem about the connection to hypothesis test-
ing, to this setting. There is a plethora of open questions
of operational relevance, especially concerning the power
of particular types of protocols with more restricted ac-
cess to the parametrized quantum channel, which are de-
tailed in the preceding section.

An important class of parametrized channels are uni-
tary evolutions under a given Hamiltonian. We study
this setting by establishing a closed-form expression for
the optimal minimax success probability associated to a
covariant state set, i.e. when a pure state evolves under
a given Hamiltonian and the parameter range is identical
to the recurrence time of said Hamiltonian. It is an inter-
esting question of further research if metrology protocols
that use adaptive processing with a memory system can
achieve a higher minimax success probability.

We apply this result to the traditional problem of phase
estimation using an ensemble of spin—% particles. This is
one of the most basic, but still technologically impor-
tant, applications of quantum metrology. The closed-
form expression we derive for the optimal minimax suc-
cess probability allows us to characterize the optimal
probe state through a foundational result of Slepian [9¢]
and to compute the optimal asymptotic rate achievable
via entangled probe states. It also facilitates numerical
experiments for up to n = 1000 particles that we use to
compare different kinds of probe states in terms of the
achievable minimax success probability and minimax es-
timation tolerance. We observe that reasonable guesses
for good probe states, like the Holland-Burnett state or a
Gaussian profile do only coincide with the optimal state
in certain limits. The GHZ state is a poor probe state
this global estimation task because its period is much



shorter than the whole parameter range. Another out-
come of our numerical experiments was that there seem
to be settings where the quantum Cramér-Rao bound
faithfully predicts the optimal minimax estimation toler-
ance — in our case in the limit of many i.i.d. copies of the
optimal probe state when the success probability is fixed
at the probability that a normally distributed random
variable is within one standard deviation of the mean.

The observation that the quantum Cramér-Rao bound
can faithfully predict finite-sample performance is per-
haps surprising, given that we could expect the finite-
sample estimation tolerance to deviate significantly from
the optimal estimator variance, whose operational signif-
icance only appears in the many-sample regime. Indeed,
there is much fine print to this observation — the phase
estimation setting is highly regular and we analyzed it in
the pure state setting where many information measures
collapse into the quantum Fisher information. It nev-
ertheless proves that the quantum Fisher information,
which serves as a proxy for the single-shot distinguisha-
bility of neighboring quantum states p(t) and p(t + dt),
is likely to still be relevant in some finite-sample estima-
tion scenarios. Theorem |8 provides a specific connection
between the optimal estimation error tolerance and the
quantum Fisher information which involves the presence
of additional error terms. Quantifying the magnitude of
these error terms in various settings is likely to provide
clarity onto the regimes where the optimal estimation
tolerance is well approximated by the inverse square root
of the quantum Fisher information.

Our work reinforces the value of an operational ap-
proach to fundamental questions in quantum metrology,
especially in the finite-sample regime which is increas-
ingly relevant for current and near-term quantum tech-
nologies. The foundations of our approach are formal-
ized in our framework of probably approximately cor-
rect (PAC) metrology. Furthermore, the newly reinvigo-
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rated connection between quantum metrology and quan-
tum information theory offers exciting opportunities for
progress in metrology using advanced techniques devel-
oped in quantum information theory, for instance, the use
of matrix analysis and convex optimization to character-
ize quantum information entropy measures. Contrary to
quantum metrology in the standard many-sample regime,
where many fundamental questions are already answered,
our operational approach to quantum metrology finite-
sample regime offers a plethora of intriguing questions
and research directions with the potential of uncovering
new practical estimation procedures with increased accu-
racy in quantum sensors and quantum clocks.
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I. RELATION TO PRIOR ART

Because of its technological importance, quantum metrology is a very important subfield of quantum information
theory. Most works in the literature focus on the asymptotic theory of local estimation centered around the quantum
Fisher information — a good overview can be found in Ref. [118]. In this work, we establish an inherently single-shot
characterization of quantum metrology via an operational characterization of the success probability of parameter
estimation. From this characterization, we establish a coherent framework to quantify the quality of quantum metrol-
ogy protocols by analyzing the success probability, the tolerance and the sample complexity. We develop a deep
understanding of these quantities through analytical bounds and numerical experiments.

Due to the prominent role of quantum metrology in the field of quantum information science, it comes as no surprise
that parts of our definitions and some analytical results concerning those have already appeared in the literature. In
the following, we exemplify how our work goes well beyond the prior art by giving a detailed account of the similarities
and differences between our results and the results already found in the literature.

In Ref. [13], the author also defines a notion of success probability with a given tolerance similar to Definition
They study the properties of consistent protocols that ensure that the success probability, asymptotically, approaches
unity for all nonzero tolerances. For those protocols, a large-deviation analysis where the number of samples is finite
but still assumed large is performed. This allows the author to bound the local curvature of the asymptotic rate
defined in Eq. (48) of the main text. In our work, we go beyond this result by establishing bounds that hold in the
single-shot setting and that we then use to establish bounds on the asymptotic rate that hold for fixed tolerance ¢
and that at the same time give tighter constraint on its local curvature (see Section ).

Refs. [44, 45, 48] contain what is essentially the multi-parameter generalization of Ref. [43] to the multi-parameter
setting, with quantum state tomography as the most prominent application. It is a common feature of all these works
that they assume the sequence of quantum measurements associated with the different numbers of possible copies of
the state to be fixed. This allows the authors to make good use of tools from classical estimation theory. Especially
in Ref. [19], the author analyzes the scaling of the tolerance for a fixed success probability when a measurement is
fixed and a maximum-likelihood estimate is performed. This can be seen as studying a particular prediction rule as
introduced in Section . We wish to emphasize that all our results except for the lower bound on the asymptotic
rate and the developments of Section pertain to the case where measurements are not fixed a priori but the
optimal measurement can be chosen.

The setting of fixed measurements (compare Section ) was also studied in Ref. [55]. There, the authors fixed
on the question if there exists a measurement that is admissible in a estimation-theoretical sense, i.e., if there is a
measurement basis that works equally well for all possible values of the underlying parameter.

The optimal achievable tolerance was also studied in Ref. [19, 46]. The authors there studied parametrized quantum
states as classical-quantum states, similar to what we use in Corollary 16 to relate the success probability of quantum
metrology to the conditional min-entropy.

The authors of Ref. [50] also put forth a definition similar to the minimax tolerance of Definition 2, referring
to it as “inaccuracy”. They furthermore obtain a lower bound on the minimax tolerance by making a particular
multi-hypothesis testing reduction. Their lower bound, however, is limited by its dependence on the dimension of the
underlying quantum systems.

Parameter estimation of quantum channels using the Fisher information has been considered in Refs. [79, 119-120].
We note that while in some of these works the number of channel uses is finite, the estimation strategies are still
evaluated using the quantum Fisher information. In this work, on the other hand, we evaluate strategies for quantum
channel parameter estimation using our inherently single-shot success probability.

Phase estimation, as studied in Section of the main text, is the generally most-studied application of quantum
metrology. It is an instance of a covariant estimation problem whose study dates back to the foundational works
of Holevo and Helstrom, with important contributions from Belavkin and Maslov [23, 62, 83, ]. Already in these
works, it has been shown that covariant measurements are optimal for covariant estimation problems, but not neces-
sarily which covariant measurement. The authors of Ref. [37] have shown that the pretty good measurement is optimal
both for symmetric multi-hypothesis testing as well as covariant estimation with a maximum likelihood approach. In
Section XI, we extend this result by showing that the pretty good measurement also achieves the optimal minimax
tolerance in the case of covariant estimation with pure states.

We note that our study of phase estimation goes well beyond these results, as it also covers the single-shot regime
and as we also give results on the optimal minimax tolerance of phase estimation. Our study of phase estimation
has novel results valid in the single-shot regime and gives explicit bounds on the optimal asymptotic tolerance. Our
results on the asymptotic rate (Theorem 25) do however overlap significantly with prior work of Ref. [53]. The authors
establish the distributions of measurement outcomes that can be realized asymptotically in phase estimation and build
on the continuous version of the work of Slepian and Pollak [128] to claim the asymptotic rate of Theorem 25. The
authors of Ref. [53] did not prove the required positivity of the DPSS of zeroth order necessary for such a claim, as
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such we filled a small gap in their proof. Furthermore, Refs. [34, 93, 97, | have also went beyond the asymptotic
regime and considered the phase estimation problem from both the local and global perspectives.
Another approach to non-asymptotic metrology was studied in Refs. [129, ]. The authors explicitly evaluate the

mean-squared error for phase estimation problems with a small but increasing finite number of independent repetitions
of a single-repetition estimation scheme, and they examine its convergence to the Cramér-Rao bound as the number
of repetitions increases. Similarly, in Ref. [35], the authors consider a finite number of independent repetitions of
a single-repetition estimation scheme, but they also develop a Cramér-Rao-like bound on the mean-squared error
that applies to biased estimators. Notably, in these works, the estimation performance is evaluated using the mean-
squared error [129, ] and the quantum Fisher information [35], both of which are asymptotic quantities, while
in this work our estimation procedure is evaluated using the inherently single-shot J-accurate estimation success
probability presented in Definition

It is worth mentioning that Ref. [71] also uses a reduction of the parameter estimation problem to hypothesis
testing, but it does so in a different way than in our work. In particular, in Ref. [51], the author defines a quantum
version of the Ziv-Zakai bound from classical estimation theory, which provides a bound on the mean-squared error,
in terms of binary hypothesis tests. The quantum Ziv-Zakai bound is then formulated in terms of the optimal binary
symmetric hypothesis testing error probability. While the quantum Ziv-Zakai bound can improve upon the quantum
Cramér-Rao bound in the regime of finite samples [129], it is still hampered by the fact that hypothesis testing is
used to bound an inherently asymptotic quantity. Starting from the inherently operational single-shot definition of
the success probability allows us to develop a way stronger connection to hypothesis testing, as evident in Section

Further work on continuous hypothesis testing includes Refs. [131, ]. The “continuous” in these works actually
refers to measuring the (unknown) system at different points in time and then deciding which among two possible
states the system was in initially, or about deciding among two possibilities for the dynamics of the system. However,
notably, in Ref. [131] (Section IV), the authors already allude to a continuous version of quantum hypothesis testing
as we view it.

II. THE CRAMER-RAO BOUND IN THE PRESENCE OF FINITE SAMPLES

Here, we review how the operational relevance of the Cramér-Rao bound might be compromised in the regime where
limited data is available. Consider a one-parameter family of states p(t). Suppose we know that the true value ¢ of
the parameter is close to some value ty. We seek an observable T' that reveals the true value ¢ in the neighborhood
of ¢y in its expectation value, i.e. (T),,+at) = to +dt + O(dt?). The observable T serves as estimator for the true
parameter. A formulation of the Cramér-Rao bound states that the minimal variance achieved by such an estimator
is the inverse of the quantum Fisher information,

_ 1
F(p(to))

where the quantum Fisher information F(p(t)) is defined as F(p(t)) := Tr[p(t)L?], where the SLD operator L is a
solution to the equation (p(t)L + Lp(t))/2 = O¢p(t).

The estimation strategy considered by the Cramér-Rao bound requires the estimation of the expectation value of the
corresponding observable T'. In practice, this requires repeated measurements of 7" and averaging the corresponding
individual outcomes. However, in the presence of limited data, an accurate estimation of the expectation value might
require a large amount of data. In the following, we review such a situation. In such a setting, the fundamental
accuracy limits might be fundamentally different than the one predicted by the Cramér-Rao bound.

Consider the following situation detailed in Refs. [25, 26]. Let w > 0, then the one-parameter family of qubit states
p(t) and the derivative O.p(t) are given as

o(6) = <0052(8Jt/2) SinQ((; t/2))’ Quplt) = —5 sin(wt) (é _01> (121)

This evolution actually induces a discontinuity in the quantum Fisher information: As shown in Ref. [25], the quantum
Fisher information F(p(t)) is

min((T" — t0)%) (o) = (120)

Flp(t) = (122)

2

0 if wt =mm, m € Z,
w otherwise.

Now consider the regime where ¢y =~ 0, to # 0. According to the Cramér-Rao bound, it is possible to estimate the value
of t close to tg with optimal sensitivity 1/w? with a suitable observable. As computed e.g. in Ref. [11] [Appendix H.2],
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the optimal observable in question is

1 /-t to/2 0
T=tol + ( an(ow o/2) 0 ) . (123)
w tan(wto/2)
We can check indeed that
Tr[Tp(te + dt)] = to + dt + O(dt?) . (124)

It is, however, instructive to write out the expectation value as a sum of two terms, one associated with each outcome
of a measurement of . With ¢ = ¢¢ + d¢, the contributions to Tr[Tp(t)] are, with T; = (j|T|j) — to,

To{0|p(t)|0) = cos?(wt/2) é (—tan(wto/2)) (125)
= 7% (cosz(wto/Q) - %dt sin(wtg) + O(dt2)> tan(wtq/2)

1
=35 sin(wtg) + dt sin®(wtg/2) + O(dt?) ,
w

Ty (1|p(t)[1) = sin®(wt/2) 1 1

w tan(wto/2) (126)

1

= 2 (s (oto/2) + Sesingune) + 0 ) (s

1
=5 sin(wtg) + dt cos?(wto/2) + O(dt?) .

Indeed, Tr[Tp(t)] = to + To(0|p(t)|0) + T1{1]p(t)|1) = to + dt + O(dt?). However, as to — 0, ty # 0, we see that
the value Ty diverges while the corresponding probability (1|p(to)|1) vanishes. It turns out that that large term
times a tiny term conspire to provide just exactly the required difference in the expectation value so that we have
Tr[Tp(to + dt)] = to + dt. In the regime where limited data is available, the outcome |1) is never observed, because it
occurs too rarely. As a consequence, only the first outcome is observed and the reported estimate for the parameter,
computed from the averages of the samples of the outcomes of T, is tg — [tan(wto/2)]/w. This value does not depend
on dt; therefore, the estimation procedure fails to accurately reveal the value of dt¢ to the desired accuracy 1/w?. The
approach presented in this work aims to tackle settings such as the one above, where the estimation procedure must
rely on a limited number of samples.

III. OPTIMIZATION THROUGH CONVEX PROGRAMMING

In this section, we consider the optimized success probabilities and show that we can cast them into the form of
convex semi-infinite problems (SIPs) [56, , ]. These represent continuous analogues of semi-definite programs,
which have to be discretized to be solved on a computer. We elaborate on this point in Section

Throughout this section, we make use of the following standard forms of primal and dual semi-definite programs [17]:

maximize Tr[AX] minimize Tr[BY]
subject to X >0, subject to Y > 0, (127)
P[X] < B. Y] > A,

where A and B are Hermitian operators and ® is a Hermiticity-preserving linear map. The convex semi-infinite
programs that we consider in this work have the form of these semi-definite programs, with either given tuple
(A,B,®) = (A(t), B(t),®(t)), the optimization variables X = X(t) and Y = Y (¢), or both, being parameterized
by t € R. As in the theory of semi-definite programs [58], the notions of (weak and strong) duality and Slater’s
conditions carry over to such convex SIPs [134, |, and we make use these concept throughout in what follows.

A. Measurement optimization

It is quite straightforward that the optimal measurement in the Bayesian case can be determined using a convex
program.
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Proposition 1 (Bayesian measurement optimization). For a given set of states p(t) with prior distribution p(t) and
a fixred window function w(r), the optimal success probability n*(w, u, p) defined in Eq. (15) can be computed using
the convex problem

maximize [ dt Tr[(w * [p- p])(£)Q(¢)]
subject to Q(t) >0, (128)

JdtQ(t) =1
There is no duality gap and the associated dual program is

minimize Tr[X]
subject to X >0, (129)
X > (wfu-p)) Yt

Notably, the definition of the success probability arising from the dual coincides with a continuous version of the
“least upper bound” for state discrimination [16] which was also shown to be optimal in this case [61].

Before proving Proposition 1, let us make the following definitions. For a function A : R — P(H), t — A(t), where
P(H) is the set of positive semi-definite operators acting on a Hilbert space H, and for a POVM {Q(t) : t € R}, we
let

G(A,Q) = / at TH{Q() A(1)], (130)
Gmax(A) = sup G(A,Q). (131)
Q(t)>0
[dtQ(t)=I

From this, we see that the Bayesian success probability is given by

" (w, g, p) = Gmax(w * (11 - p)). (132)
The statement of Proposition | then follows from the following lemma about Guax.

Lemma 29. For a function A: R — P(H), t — A(t), the function Gpax(A) can be computed via a convex problem
such that its dual formulation results in

Gunax(4) = nf{Tr[Y]: Y 20, Y > A(t) Vt€R} = inf sup Amax (0 ZA(t)o™2), (133)
g teR
Tro]=1

where Amax denotes the largest eigenvalue.

Remark 30. Note that, because Apax(X) = [| X||oo for all X € P(H), we equivalently have

Grmax(A) = inf supllo 2 A(t)0™ 7 |- (134)
020 R

Trlo]=1

Proof. By comparing the definition of Gpax(A) in (133) with the primal convex problem in (127), we immediately see
that Gmax(A) is characterized by a convex problem based on the following identifications:

X = / dt et ® Q(b), (135)
A / dt 1)t @ A(t), (136)

_ dat Q(t
2] = (f Y Q(t)>’

B = (H _]1)~ (133)

Here, {|t)}1cr refers to the (continuous) orthonormal basis of position-operator eigenstates, satisfying (¢|t') = 6(t —t')
for all t,t' € R, where 6(t — t') is the Dirac delta function evaluated on ¢t — ¢'.

(137)
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In order to obtain the dual convex problem, we simply determine the adjoint of the map ®, as defined by the
relation

Tr[Y®[X]] = Tr[®T[V]X]. (139)

Now, because B is block-diagonal, it suffices to let the dual variable be of the form

Y = (Y1 Yz) : (140)
such that ¥; > 0 and Y3 > 0. We then find that
DY S[X] = T :(Y1 Y2> (I dt Q(t) _ra Q(f))} (141)

:(Yl ~Ys) </ dt Q(t)ﬂ
(/ dt ¢t @ (Y1 — Y2)) (/ dt [t)t] ® Q(t)ﬂ :

which means that we can identify ®[Y] as

=T

-

=T

—

B[] = [ dt [t (V2 - Vo) (142)

The dual convex problem is thus
minimize Tr[Y; — Y3]
subject to Y7 >0, Y5 > 0, (143)
Jdt i)t @ (Y1 = Ya) > [dt [t)t| @ A(t).
Now, the final constraint implies that Y; — Yy > A(¢t) for all ¢. Furthermore, because only Y7 — Y5 appears in the

objective function and in the constraints, and because A(t) > 0 for all ¢, by a change of variable the dual optimization
above simplifies to the optimization problem

minimize Tr[Y]
subject to Y > 0, (144)
Y > A(t) Vit
Finally, because strong duality holds, we have that the primal and dual convex problems have the same optimal value,
which concludes the proof of the first equality in (133).

To prove the second equality in (133), we make another change of variable. For the convex problem in (144), we
let Y = zo, such that > 0, 0 > 0 and Tr[o] = 1. Then, Tr[Y] = z, and the convex problem in (144) becomes

minimize =z

subject to x > 0,
xo > At) Vi,
o >0, Tr[o] = 1.

(145)

Next, observe that we can restrict thle optimizlation to density operators o Ichat havelz full rank, such that the inequality
xo > A(t) is equivalent to zI > 0~ 2 A(t)o~ 2. Furthermore, because 0~ 2 A(t)o~ 2 is positive semi-definite for all ¢,
optimizing with respect to > 0 is equivalent to optimizing with respect to all z € R. Therefore, because

inf{x:2x € R, 2l > H} = Apax(H), (146)
where H is an arbitrary Hermitian operator and Anax(H) is the largest eigenvalue of H, we find that the convex

problem in (115) is equivalent to

minimize SUpP;cp Amax(0” s A(t)o2)

(147)
subject to o > 0, Tro] = 1.

This concludes the proof of the second equality in (133). O
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We can also determine the optimal measurement in the minimax setting using a convex program.

Proposition 2 (Minimax measurement optimization). For a given set of states p(t) and a fized window function
w(T), the optimal minimax success probability " (w, p) defined in Definition | can be computed using the following
convex program:

maximize 7
subject to Q(t) >0, n € [0, 1],

148
Faro (148)
Tﬂ(xw*QXHzn vt
There is no duality gap and the associated dual program is
minimize Tr[X]
subject to X >0, u(t) >0,
J >0, p(t) (149)

Jdtu(t) =1,
X = p(t)(w=p)(t) V.

Proof. Comparing the primal problem in (148) with the primal problem in the left-hand side of (127), we can make
the following identifications:

X= ( fdt 1)t @ Q(t )> (150)
(1 (151)

Jdt [EXt| (n — Tr[p(t) (w = Q)(¢)])
Jdt Q) , (152)

( —[dt Q1)

A

(153)

This establishes that the optimal minimax success probability is characterized by a convex problem.
Now, for the dual, because the operator B defined above is block-diagonal, it suffices to let the dual variable be of
the form

Jat (b))t

Y = Y : (154)
Y,
where p(t) > 0 for all ¢, and Y7, Y2 > 0. Then, the adjoint of the map ® defined above is given by the relation
Tr[Y ®[X]] = Tr[®T[Y]X]. (155)
In particular,
Ty elX]) = [ dtu(o) (n - Telp(o)w = Q) + [ dt (Y - Y2)Q(0) (156)

:n/amw—/amwﬂwmwwmm+ dt TH{(Y: - ¥2)Q().

Now,
t/dtu@YHM@Xw*Qﬂﬂ] (157)
:/adﬂTmmmww@—me1

o (fasao o)

:/m”mw*m¢WﬁMﬂL
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where to obtain the last line we have used the symmetry of the window function, i.e., w(t —t') = w(t’ —t). Therefore,

Ty o)) =y [t o)+ [ de TV - Yo = (w0 (- 9)()QO) (158)

which implies that the adjoint of ® is given by

1= (M e 06— e e o) 159
The dual convex problem is therefore
minimize Tr[Y; — Y5]
subject to Y7 >0, Y2 >0, u(t) >0 Vi, (160)

Jdt p(t) > 1,
Jdt |6t @ (Vi — Vs — (w (- p))(1)) 0.
The final constraint is equivalent to Y7 — Y5 > (w * (p - p))(t) for all ¢. Furthermore, because only Y; — Y5 appears
in the objective function and in the constraints, and because (w * (u - p))(t) > 0 for all ¢, the convex problem above
simplifies to the following:
minimize Tr[Y]
subject to Y >0, u(t) >0 V¢,
Jdt p(t) > 1,
Y > (w (- p)(E) Vi

(161)

Finally, let us apply the complementary slackness condition [17] ®f[Y]X = AX. Based on the definitions above,
this implies that n [ dt u(t) =n, i.e., [ dt p(t) = 1. Therefore, we obtain
minimize Tr[Y]
subject to Y >0, u(t) >0 V¢,
Jdt u(t) =1,
Y = (wx(u-p))(t) Vi,

(162)

as claimed. It is straightforward to verify strong duality, so that the primal and dual programs have the same optimal
value. O

B. Probe optimization

In certain applications, especially considering real experiments where capabilities can be limited or pre-existing
experiments should be used, the optimization of a probe state for fized measurement Q(¢) and encoding channel N/ (¢)
needs to be considered. Note that fixing a measurement corresponds to fixing both the quantum part and the classical
post-processing. In this case, the optimization takes a particularly simple form. Here, ||.||s denotes the infinity or
spectral norm.

Proposition 3 (Probe state optimization). For a given set of encoding channels N (t) with prior probabilities u(t),
a fized measurement Q(t) and a fized window function w(t), the optimal success probability optimized over all probe
states is given by

(w1 N Q) = H [ano i Q><t>]H (163)

o0

and is achieved for the pure eigenstate of the operator [ du(t) N'T(t)[(w*Q)(t)] corresponding to the largest eigenvalue.
Similarly,

7" (w, N, Q) = min [N (#)[(w+ Q)(1)]]| . (164)

which is achieved for the pure eigenstate of the operator ming N'T(t)[(w+* Q)(t)] corresponding to the largest eigenvalue.
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>

FIG. 10. Depiction of an adaptive procedure for estimating the parameter ¢ encoded in a quantum channel N'(¢). The number
of uses of the channel here is n = 4.

Proof. Writing out the objective of the optimization yields
n(w, u, N (-)[po], Q) = /du(t) Tr[N(t) [po] (w * Q) (t)] (165)
=1 |0 [ aut) 400w+ Qo)

which is clearly maximized over quantum states py for the largest eigenstate of [ du(t) NT(¢)[(w* Q)(t)], as the latter
is a positive semi-definite operator by construction. This proves the statement for the Bayesian case. The minimax
case follows straightforwardly by noting that taking the infimum over priors will yield the minimum. O

From the above proposition, we learn that the optimal probe states can always be assumed to be pure states, mixed
states can only be admissible if the operators in Eqgs. (163) and (164) have a degenerate subspace corresponding to
the largest eigenvalue.

C. Optimization with respect to strategies with definite causal order

Typically, metrological problems are defined by a parametrized physical process modeled as a quantum channel
N (t) and an optimal combination of probe state and measurement needs to be found to best extract the parameter ¢.
This necessitates a joint optimization over both variables. Applying such an optimization naively, i.e., by optimizing
over both variables in the expression

1 (w, i, N) = / du(t) TN ()] (w * Q) (1), (166)

does not yield a semi-definite program, as it is quadratic in the variables p° and Q(t). Another possible alternative
would be to exploit the result of Proposition 3 which gives the optimal probe for any measurement, and optimize over
the measurement, i.e.,

o e d) =suw { | [ auto) V00w Q)(t)]Hoo o >0, [aran =1 (167)

This, however, corresponds to mazimizing a convex function, and hence is not a convex optimization problem.

The above arguments might suggest that performing a joint optimization is impossible; however, we can circumvent
these obstacles by a change of perspective. This is because the repeated use of a quantum channel, possibly in an
adaptive way as shown in Fig. 10, can be described by a quantum comb [20], also known as a quantum strategy [21].
In the following, we exploit the fact that the set of quantum combs is convex and formulate a convex problem for the
joint optimization of probe state and measurement.

To see how this works, before describing the general case, let us consider the example described above, with an
input state p” and a measurement ¢ — Q(¢), both of which we wish to optimize jointly. This scenario corresponds to
the adaptive strategy depicted in Fig. with n = 1. The probability of the outcome ¢’ of the measurement, when
the channel is N (t), is given by

Tr[QrE(t)Nass(1)PRall, (168)

where A and B are the input and output systems, respectively, of the channel, and R is a memory system of arbitrary

dimension. Let us write the output state Na_p(t)[p%4] in terms of the Choi representation Cﬁfg) of N(t) as
follows [17]:

Nasp(t)[p%a] = Tral(p% @ 15) Iz @ CYS)]. (169)
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FIG. 11. A general quantum comb with n = 4 elements. The input and output systems are A; and Bj, respectively, and the
memory systems are R;.

Therefore, the probability in (168) can be written as Tr[P4 (¢ )CN(t)] = Pap(t) *Cﬁfét), where the “x” refers to the
link product [20] and

Pap(t') = Trg[(p%ha ® I)(Is ® QR4 (). (170)

Now, because t — Q(t) is a POVM, we find that
/dtPAB(t)ZTrR[p%A](@HB. (171)

In other words, for every state-measurement pair (,0% At Q(t)), we can construct a positive semi-definite operator
t — Pap(t) such that [dt Pap(t) = 04 ® I for some quantum state o4. The converse is also true [21] (Theorem 6),
which implies that the optimal success probability, optimized with respect to both input probe state and measurement,
can be obtained as the solution to the following convex problem (in the Bayesian setting):

maximize [ dt pu(t) Tr[(w * Pap)(t )C’N(t)]
subject to Pap(t) >0 V¢,

Jdt Pap(t) =04 ®1p,

o4 >0, Tr[oa] =1,

(172)

where ¢ — u(t) is the prior probability density function. In the minimax setting, the optimal success probability can
be obtained as the solution to the following convex problem:
maximize 7
subject to Tr[(w * PAB)(t)Cﬁ[g)] >n Vi,
n € [0,1],
Pap(t) =0 Vi,
fdtPAB(t) =04 ®Ip,
o4 >0, Tr[oa] = 1.

(173)

We provide a formal proof of these results, in the general context of multiple adaptive uses of the channel ¢ — N (),
in Propositions 4 and 5 below.

A general quantum comb of length n = 4 is shown in Fig. 11. The comb is simply a concatenation of quantum
channels &7, with input systems Aj, output systems B;, and memory systems R;. We refer to the comb using the

notation £, Tt can be shown that the Choi representation C’f\[;]B? of the comb satisfies the following constraints:

Trs, [CA:M Co i ®1la,, (174)
Trp, [Cfl,{,Bﬂ Cjﬂf g @Iy, Ve {2,301}, (175)
Trp, {cfffgl} =1y, (176)

These constraints tell us that by iteratively tracing out the output systems we obtain Choi representations of the
same comb but with one fewer round each time. Conversely, every set {C;?Bf }r_, of positive semi-definite operators

satisfying the constraints in (174)—(176) gives us Choi representations corresponding to a quantum comb with length
n; see Ref. [21] (Theorem 6). Note that these operators do not give us the Choi representations of the channels &7
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themselves, only the Choi representations of the combs obtained by concatenating the channels in the manner shown
in Fig.
Following Ref. [21], for every n € {1,2,...}, we define the set S, (A}, BY) as

k-1 k—1
= Ol @ Ly, O 20 VR E{2,3,.0n),

1 1
Tep, [C4)g,] =Ta,, ), = 0}, (177)

n ny . n n k
S, (A", BT = {cg;B? :Clgy = 0,Trg, [CF)

In other words, S, (A}, B}) is the set of all Choi representations of length-n quantum combs with input systems
A, As, ..., A, and output systems By, Bs, ..., B,. Similarly, for the set of combs consisting of quantum state prepa-
ration at the beginning, known as co-strategies (see the red comb in Fig. 10), we let

] =c®) ®HA1971’

S, (AL BT = {c“” L0 >0, Teg, [C®) PRy

n—1 n—1 - k—1
Ay By AT BY Ay B

C’X“,;?Blk_l >0 Vke{34,.. . n} Ty, [cfffB%

1 1 1
| =CH) @, Cf) 20, Tp,[C5)] =1} . (178)
Now, returning to the parameter estimation problem, note that in Fig. 10, we have a concatenation of two combs:
One corresponding to the strategy itself (in red), and the other corresponding to the channels N'(¢) containing the
parameter to be estimated. The Choi representation of the latter is simply a tensor product

N (t) S
g =iy, (179)
j=1

because the channel uses are independent of each other. Using this, we can obtain the optimal success probability
as the following primal-dual pair of convex problems, concretely semi-infinite problems, in both the Bayesian and
minimax settings. (We refer to Ref. [130] for a similar result.)

[
Proposition 4 (Bayesian optimization of adaptive causal strategies). Let C’Q/,f(g? be the Choi representation of the

comb ./\/'(t)["] corresponding to n uses of the paramterized quantum channel t — N (t), as shown in Fig. 10. Also, let
t — wu(t) be a prior probability density function. Then, the optimal Bayesian strategy for estimating the parameter t
can be determined using the convexr problem

. [n]
maximize / dt 1u(t) Tr[Pay gy () (w * CXo g ) (1))
subject to Panpr(t) >0 Vt,

dt P ) =™ i (180)
Jat Paypp (6) = O s @1g,,
clm L eS (BT A,

AP BT

where the variable CX:L)B"* represents a length-n co-strategy quantum comb, excluding the measurement, (see the red
1 1

comb in Fig. 10). The variables Parpr(t) correspond to the measurement.
The convex program dual to the one above is
minimize A\
subject to A >0,
(n) N(t)["]) (181)
AY (e > plt) (w*C )@ v,
Yz&?)B{’ S Sn(A?a B?)v

where the optimization is with respect to X\ > 0 and length-n quantum combs represented by the operator Yf(‘?)B{l.
Furthermore, strong duality holds, so that the primal and dual problems have the same optimal value.
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Proof. Starting with the primal problem in (180), we can cast it into the standard form in (127) as

( / At [£)(t] @ Pay sy (t ) <Zlk Nkl ® O - ) (182)
A= (/dt|t)<t|®u( )(w*c%LE,L ) <Z|k k|®0> (183)

B1X] = 10.040.01 & [ dt Paey(t) - €y 1, )
+|0,1><0,1|®<—/dtPA;LBn() C(nB,L 1®]IB )
+[1,00(1,0] @ Tra, [CU] + 1,101, 1] @ (= Tra, [C)])

- k k—1
+ Z \k,O)(k‘, 0‘ ® (TTA;C [C‘ik)Bk 1] - 01(4116—1)]316—2 ® HBk—l)
k=2

- (k) (k—1)
+ kzzz 1R, 1] @ (= Tra, (O pl + C @ In, ).
=10,0%0,0] ® 0+10,1)0,1| ® 0+ |1,0X1,0| ® 1 + |1, 1)X1,1| ® (—1) (184)

+ ) 1k O)k, 0l @0+ Y [k, 1)(k, 1] @ 0.
k=2 k=2

Now, without loss of generality, we can let the dual variable Y have the block-diagonal form

=0, 00, 0] ®YAan +10,1X0, 1| ®YA,LBn +11,0%1,0| @ o+ |1,1X1,1| ® B8

+ Z [k, ), 0] @ CIR0% s + D Ik Ik, 1 @ CIR0 s (185)
k=2 k=2

From this, we obtain
Tr[Y ®[X K / dt Py ( ) (Y}‘?Bn Yf‘?B?)} (186)

+ Tr{(C’I(q,L)Bw 1 ® HBH) ( Y,ﬁ(li)B” + Yf(l?f)Bfﬂ

+Tra, [CF)])(a — 8)

+ZTI[TTA’€ [C,(ﬁlkk)Bk 1} (Cixk’colB’“ ! C,(Ak’“l)lB'“ 1)}
(g 1) (O + )

. K / dt [£)t] © Pag gy (t)) ( / de [¢Xt] © (Yxﬁzl)B;l - fo?Bi‘)ﬂ

+Tr [C( ) <( = B)la, +Trp, {_55‘21)%)1 + 55‘21)’19)1})}

n—1
>0 (60 s = CU ) @ Lay + T, [~Cl” + OV )
k=2
(n,0) =(1,0) (1) ) @)
+Tr [CA?,IB?,l ((CA?,le = O ) ® L4 +Trp, PYA?BIL tyY ?B?m .
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This implies that

1 2
Biy] = / atfeel @ (Vi — Viny ) (187)
~(n,0) ~(n,1) (1) (2)
& ((C40 s = C0D ) ©La, + Trp, [~V + Vil |)
n—1
~(k,0) ~(k,1) ~(k+1,0) |, ~(k+1,1)
’ sz; Kkl ((CL% s = O ) Ty o+ o, [0 + O )

~(2,0 ~(2,1
® ((a — B)La, +Trp, {—C,(LMB)I + 0213)1]) :
The dual problem is therefore
minimize « — (3

subject to o >0, 8> 0, Vg > 0, Y450 >0, 6;’“,5913?,1 >0, 5’2}’23{9,1 >0,kef{1,2,...,n},

1

rI‘rBl |:51(421’OB)1 - 5.(421’13)1:| S (a - B)]IAlﬂ

(k41,00 A1) ~(k,0) ~(k,1) (188)
Ter |:CA’fo _CA’fo } < <CAI1(:—1BT—1 _CAllc—le—l) ®HAk7 ke {2,37...,71—1}7
1 2 ~(n,0 ~(n,1
TI'Bn [ng’f)B? - Y“(l?)B?} < (C‘(A?f)lBILfl - 01(4117)13?71) & ]IA,Lv

1 2 [n]
Y — Yign > p(t) (w « O, BIL) (t) ¥t
It is straightforward to verify that strong duality holds, which means that the primal and dual problems have the
same optimal value.
Let us now make several simplifications to the dual optimization problem. We start with the following change of
variables:

A=a- B, (189)
(k) _ A(k+1,0)  ~(k+1,1)
Vg = Ol = Clip?, ke {12, n—1}, (190)
) _ v @
Yiver = Yadee — Yivon. (191)

Then, because the operator p(t)(w * C’A@[E?)(t) is positive semi-definite for all ¢, we have that Yf(‘?)B? is positive

semi-definite. Due to the second-last constraint in the above convex problem, this implies that Yﬁj j)gn,l > 0, which
1 1

in turn, from the third constraint in the convex problem above, implies that Yéi)Bk >0foral ke{l,2,...,n—2},
such that finally A > 0 is also implied. Therefore, the convex problem above simplifies to
minimize A
subject to A >0, Yf(ﬁ)Bk >0 Vke{l,2,...,n},
1-1
1
Trp, [V5) 5] < A, (192)

Trp, [V ] S VT ©la, VEE (23,0},

[n]
Yy = p(t)(w s CRy 3y ) (1) V1.

Let us now argue that the inequality constraints Trp, [YE)BI] < My, and Trp, [YQ?B,IC] < Yf‘?j}gf,l ® 14, k €
{2,3,...,n}, for every feasible set of variables, can be made into equality constraints, without changing the value A

of the objective function. First, by adding an appropriate positive multiple of the identity to Yﬁ)Bl’ we can obtain

an operator 171&11)31 > (0 such that EN/E)BI > Yf(ﬁ)Bl and Trp, [EN/}‘?BI] = M4,. Now, because P>P=PI>P®Ifor
all P > 0, we have that

(1 1 2
Yivs ®Lay 2 Vip, @1a, = Trp, [Yi3]. (193)

This implies that there exists a sz) p, = 0 such that 57}‘?31 ®@ 4, =Trp, [Yﬁ)Bz} + sz) p,- Letting
1 1-1 1

R =@ gl

A2 B2 a2, @ g (194)

2
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and f/f(‘?B% = Yf(é)B% + Rf%B%, we have that 1714(‘%)3% > Y}(‘?B% and Trp, [17}(1?3%] = )N/IS)BI ® I4,. We can proceed
analogously for all k € {3,4,...,n}, defining new variables Y/(x]’;)Bf such that YX;)Bf > Yf(é)Bf and Trp, [ng?Bf] =
?ﬁjllj)sk,l ® [ 4,. In particular, for k = n, we obtain the constraint
1 1
v (n n [n]
Vit 2 Yiisy = (ws Chipp)(®) (195)

for all ¢. With this change of variables, the value A of the objective function does not change. Therefore, we have
shown that the convex problem above is equivalent to

maximize

subject to A >0, vk >0 Vke{l,2,...,n},

AR BF
Tr, [YA)g,) = AL, (196)
Trp, Vi) = YT ©la, VE (23,0},

n [n]
Yithy > pu(t)(w x O ) (1) V.
Finally, let us make one more change of variables. Let ?ji)Bk = %Yéi)Bk for all k € {1,2,...,n}. Then, we find that
1-1 1-1
Trp, [YE)BI] =1y,, Trp, [YQ?B{V_] = Yfi?;? ® 14, for all k € {2,3,...,n}, and )\Y(?)B? > u(t)(w = C’N,l,[,g?,)(t) for all
t. To conclude, we have that Yf(l?)Bf/ € S, (A}, B}), based on the definition in (177), which gives us the desired dual
problem. O

(n]
Proposition 5 (Minimax optimization of adaptive causal strategies). Let C'N?(g? be the Choi representation of the

comb J\/(t)[”] corresponding to n uses of the paramterized quantum channel t — N(t), as shown in Fig. 10. Then, the
optimal minimax strateqy for estimating the parameter t can be determined using the convex problem

maximize 7
[n]
subject to Tr[Cﬁf?(g? (w* Panpgp)(t)] >n Vi,
n =0,
Pappp(t) 20 Vi,
_ )
Jdt Panpn(t) = CA?B{L,I ®1g,,

) €S (BYTAD),
An BT 1 € ( 1 1)

(197)

where the variable C,(;)B"*l represents a length-n quantum comb, excluding the measurement, with a quantum state
1 1

preparation at the beginning (see the red comb in Fig. 10). The variables Panpy (t) correspond to the measurement.
The convex program dual to the one above is

minimize A
subject to A > 0,
YD > () (wx CX( () Y, (198)
Y g € Su(A7, BY),
p(t) >0 Ve, [dt ) =1,
where the optimization is with respect to A > 0, probability density functions p(t), and length-n quantum combs

represented by the operator Yf({;)BIL. Furthermore, strong duality holds, so that the primal and dual programs have the
same optimal value.

The convex problems in the above proposition are the continuous analogues of the semi-definite problems for multiple
channel discrimination [20, , ]. Notably, as with Proposition 2, the optimal minimax success probability can
be obtained via optimization of the Bayesian success probability with respect to all possible priors.
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Proof. The proof is analogous to the proof of Proposition 4, so we omit some of the details. First, upon inspection of
the primal problem in (197), we find that it is of the standard form of the primal problem in (127), with

A

( dt [¢)¢| @0) <Z |k)k| ®0> @0,

k=1
(dt £\t (n T {PAan (t) (w * c%f’;?)(t)}))
& 0,0)0,0 ® (/ At Payp (1) = Cay ot ®]IBH)
+[1,001,0] @ Tra, [C)] + 1,11, 1] @ (= Tra, [CY)])

+ 37 1k Ok, 0] @ (Tra, [C)

] = CE V2 15, ) (200)
k=2

+ 7 1k, 1 @ (= Tra, )

AkBk—l
=2 11

B=0®0,0%0,0] ® 0+ [0,1)0,1] ® 0 + [1,0)(1,0| @ 1+ [1,1)1, 1] @ (~1) (201)

]+ CA’f’le’z ® Hkal) )

+ ) 1k, 0k, 0] @0+ Y |k, 1)k, 1| ® 0.
k=2 k=2

Now, without loss of generality, we can let the dual variable Y have the following block-diagonal form:

</dt,u |t><t|> 10,0)(0,0] @ Y50 +10,1)0,1] @ Y2 g + [1,001,0/ @ &+ [1,1)(1, 1] @ 3

- ~(k, (k
+Z|k,o><k,0|<z<>C£1,1£)1Bf 1+Z|k 1)k, 1|®0Ak1>1Bk . (202)
k=2 k=2
This implies that
[n]
Ty 0] = [ dtu(t)n — TePag e (0w x AT 1) (203)
+ Tr K / dt Panpp (t)) (Yz‘(l}f)B“f' - yj‘?B?)} (204)

+ Tr{(cﬁl,wa V@I, ) (Vi + YiYsy )]

+Tra, [CY)] (= B)

+ZTr[TrAk [CXC,C)B,C 1} (CikkolBk 1 _CAk’fl)lB’“ 1)}

Pt 0T ) (O )
=2

[n]
=Tr {(/ dt [t)t| @ Paypy (t)) (/ de|e)t| @ (Y. A}I)B” _ Y,L(X%)Bn — ut) (w % C%B{L)@))}
[ (1=t + 00 O, + O
spy=t \MNabBit o YAkt

n Z ,I\r[cék? ) (@(kf) L —C%D )@ L, + Trp, [—5;2}150) i Cﬁgﬁ ])}
k=

+Tr[cg;>3n (@G0 s = OO ) @, + Teg, [V Ay + Y P)]
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which in turn implies that

1 2 [n]
#11v) = ([ el o 0y ~ V2 0w A0 (205)
~(n,0 ~(n,1 1 2
o ((Cil?‘)lBT‘l - 01(4?_)13?_1) @I, + Trp, [-Y i g + Yf‘(‘?)Bi”’D
n—1
~(k,0 ~(k,1 ~(k+1,0) |, ~(k+1,1
® ; k)| @ ((c;,le,f,l — O, ) ® L, + T, [-C0 + O )

~(2,0 ~(2,
< ((Oé — B)La, + Trp, [-CL, + 01(41113)1])

® (/dtu(t))

The inequality ®[Y] > A, therefore, implies that the dual problem is given by
minimize o« —

subject to a >0, 8> 0, Vg, >0, ViDp >0, CG% >0, C%Y >0 VEe{1,2,...,n},

M (2) ) S A

Yiwgy = Yangn — p(t)(w CN?B;L)(LL) Vi,

(52?9)1 . C‘X},’ﬂ pro) @La, +Trp, Y (e + YR 5n] > 0, (206)
~(k,0) ~(k,1) ~(k+1,0) |, ~(k+1,1)

(Cai=i s = Ot i) @ Lay o+ Trp [0 + Cuip ] Wk €{2,3,...,m =1},

(Oé - B)I[Al + TI‘B1 [_5,(421’03)1 + 5,(421’13)1] =0,
[dtp(t) > 1, p(t) >0 Vi

Strong duality is straightforward to show, which implies that the optimal solution to this dual problem is equal to
the optimal solution of the primal problem.

Next, by the complementary slackness condition ®f[Y]X = AX, we find that J dt pu(t) = 1. We can further simplify
the dual problem above via change of variables, in exactly the same way as we did in the proof of Proposition
Doing so gives us the desired dual problem in the statement of the proposition. O]

D. Optimization with respect to strategies with indefinite causal order

In the previous section, we considered sequential/adaptive quantum metrology protocols in which every use of the
parameterized channel ¢ — N (t) is causally ordered. Let us now consider a more general class of protocols, based on
non-causal ordering of the channel uses. Following Refs. [139, |, we define a general, non-causal strategy for n uses
of the channel N4_,5(t) by operators t — Paypr(t) such that Panpn(t) > 0 for all ¢, and Wanpr = [t Panpr(t)

satisfies Tr[Way gy (01(411)31 ® 0222)32 Q- ® CX:L) 5, )] = 1 for all Choi representations C’X?Bk of quantum channels (i.e.,

Hermitian operators C[(qkk)Bk satisfying C,Exi)Bk >0 and Trp, [C&?Bk] =14,). Welet

r n n - k k k
CProd(AT, BT = {®cgk?3k OV, 20, Tep, (O 1 =14, ke {1,2,... ,n}} (207)
k=1

be the set of all tensor n-fold tensor products of Choi representations of quantum channel. Then, we define
SL‘;O(A?, B?) = {WA?BQ : WA?BIL Z O, TT[WA?B{"YA?B?] =1V YA;LB? S CfLmd (A?, BIL)} (208)

to be the set of all operators representing n-partite non-causal strategies. An explicit form for this set for arbitrary
n € {2,3,...} can be found in Ref. [I41]. As an example, for n = 2,

S5°(A%, BY) = {WA§B§ :Wazpe > 0, Tr[Wyzp2| = dp,dp,, Wazpz = (Rp, + Rp, — Rpy8:)(Wazp2),
RAIBI (WAfo) = RAIBIBZ (WAfo)’ RAsz (WAfBIQ) = RA2Ble (WAfo)} ) (209)

where Ra(Xgra) = Tra[Xgra] ® g—i is the completely depolarizing channel acting on a system A, which discards the
state of the system A and replaces it with the maximally-mixed state.
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Lemma 31. For everyn € {2,3,...}, it holds that

S;,‘;O(A?)B?) = {WA?B{L : WA?BIL > O7 TI'[WA;LBTL (Cj(ﬁhB ® CA2B2 - ® CAILB’VL)] = 1,

C(k)B Hermitian, Trp, [CA Bk] =1I4,,ke{1,2,... ,n}} (210)

Proof. We follow the arguments presented in Ref. [141]. The inclusion “2” is clear. For the inclusion “C”, assume that
Wanpr € SE°(A7, BYY). We now show that Tr[War pp (05111)31 ®- - '®C$L)Bn)] = 1 for every collection CA(AII)Bl ey CX;)Bn
of Hermitian operators satisfying Trp, [01(411)31] =14,,...,Trp, [Ciz?Bn] =14,. To that end, note that for every such

CXC)B , there exists aj > 0 such that C}E@Bk + ag ﬁk]l A, B, > 0. Furthermore, we can decompose C’E@Bk as

k k.0 (k1

g, = (an+1)CLY — oy (211)
wo) _ 1 (k)

CaBy = an 1 <CA,CBk + akdBk]IAkBk> ) (212)

1

k1

OE%B)k = dp I[AkBk' (213)

k

Observe that C’XCOB >0, C’Akg >0, and Trp, [C’I(LQOB)IC] = Trp, [Ci‘kk’gk] =14,. Then, we have

Te[Wappp (C)p, @@ Cp = > (H (g 4+ 1) (o)™ I) Tr | Way by ® gig)k] (214)
ze{0,1}n \k=1 k=1
=1 V ze{0,1}"
SOl || CRRRERES
z€{0,1}" \k=1
= (*Oék + ag + 1)
k=1
=1,
which implies the desired result, because the operator Wanpr € Sico( A7 BT') was arbitrary. O
Let
CPod(Ar, BY) = {® C,(kak)Bk 1(41‘)3 Hermitian, Trp, [CA Bk] =14, ke {l,2,... ,n}} . (215)

Lemma 31 tells us that
Sico(An, Br) = {WAan Wapps >0, T{Wag g Vagpa] =1 ¥ Yaupn € EE{“‘(A’{,B?)}
= {WA?B{" :Wanpgr >0, Te[WarprYanpn] =1 V Yanpn € aff(CEd (AT, B?))} 5 (216)
where aff(S) == {3, x;s; : 5, €S, x; € R, Y, x; = 1} denotes the affine hull of a set S.

[n]
Proposition 32 (Bayesian optimization of non-causal strategies). Let CNIL(EIL be the Choi representation of the

comb N ()" corresponding to n uses of the parameterized quantum channel t — N (t). Also, let t — u(t) be a prior
probability density function. Then, the optimal non-causal Bayesian strateqy for estimating the parameter t can be
determined using the convex problem

maximize [ dt p(t) Tr[Par pn (t)(w * C%m“fén)( t)]

subject to Pappr(t) >0 V¢, (217)
[ dt Parpn(t) € S°(AT, BY).
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The dual problem, which has the same optimal value as the primal problem above, is
minimize A
subject to AYappp > pu(t) (w x O ) (1) V1, (218)
Yappp € SNS(AT, BY),

where AS'QS(A’I’, BY) is the set of all Choi representations of n-partite Hermiticity-preserving non-signaling superoper-
ators with input systems A, ..., A, and output systems By,..., By, defined as [1/2, ]

ggs(A?,B?) = {YA{‘B" YAan Hermltlan TI'BK [YAan] = ]IAK & YA By YA By > O K C {1 ce ,n}} . (219)

Here, By denotes the B systems labeled by the subset K, and K denotes the complement of K.
Proof. Using (216), we can write the primal problem as
maximize [ dt p(t) Te[Panpn (t)(w * C’Aan)( )]
subject to Panpr(t) >0 Vt,
Wanpn = [dt Panpn(t),
Te[Wappp Yarpp] =1 ¥ Yarpy € aff(Co4(A7, BY)).

(220)

Now, let us pick a basis {Yf{? Bil} ; for the affine space aff(EELmd(A?, B7)). With this, the infinite number of constraints
in the final line of the above convex problem can be made into a finite number of constraints, such that the primal
problem can be formulated as
o (n]
maximize [ dt p(t) Tr[Panpp (t)(w * CNTLBn)(t)]
subject to Panpr(t) >0 Vi,

Wanpp = [dt Parpy(t), (221)
Te(WapppYiepe] =1 V.
We can now cast this into the standard form (127) of a primal problem. Specifically, we have
X = / At |8t © Pag e (1), (222)
A= / At[EE] © p(t) (w + CAy e ) (1), (223)
ZTY [(Wanpp YA"B" l7)4| @ Z WA"B"YA"B"])UX B (224)

J

B= Zu JI@Z (225)

Now, for the dual variable, we can take it to be of the form Y = . a;|j)(j| & >_; B;|7)(j|, where a; > 0 and 8; > 0
for all j. From this, it is straightforward to show that

Te[y ®[X]] = Tr ( / dt|t>(t|®PA5LBy(t)> / at [t) t|®z B | | (226)

so that
/dt|t (| ®Z Y- (227)

The dual problem is therefore
minimize (o — 5;)
subject to a; >0, 3; >0 Vj, (228)
S, (@ = BV gy = u(t)(w = CYT (1) VL.
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Strong duality is straightforward to verify, which means that this dual problem has the same optimal value as the
primal problem. Now, let A = Zj (oj — ;). Then, A € R and

, s — B
Z(O‘j - Bj)YXxyBy =A Z . b\ & Y,fplnB;L = AYappyp, (229)
J J

where Yanpn € aff(CPd (AT, BT)). We thus conclude that the dual problem is given by

minimize A
subject to AYanpr > pu(t)(w * Cﬁgg?)(t) Ve, (230)
Yagpy € aff(CR°d(A}, BY)).

Finally, we use Ref. [112] (Theorem 14), which implies that aff(CPod(A7, B1)) = SNS(A?, B, completing the proof.
O

[n]
Proposition 33 (Minimax optimization of non-causal strategies). Let C’i‘\;(giz be the Choi representation of the

comb N(t)[”] corresponding to n uses of the parameterized quantum channel t — N (t). Then, the optimal non-causal
minimazx strategy for estimating the parameter t can be determined using the convex problem

maximize 7

subject to Tr[Paypp (£)(w = CAu ) (8] = 0 V1,
n =0, (231)
Pappn(t) >0 Vt,
[ dt Panpn(t) € Si°(AT, BY).

The dual problem, which has the same optimal value as the primal problem above, is

minimize A
subject to AYanpp > pu(t)(w * Cﬁ/;gf)(t) v, (232)
Yappy € aff(Cood(AY, BY)),

u(t) > 0, [ dtp(t) =1.

Proof. We proceed similarly to the proof of Proposition 32. By picking a basis {YX?BIL }; for aﬁ(azmd(A?, BY)), we
can write the primal problem as

maximize 7
subject to Tr[Panpn (t)(w * C%[T;?)(t)] >n Vi,
n=0,
Pappp(t) >0 Vi,
Wappy = [ dt Pappy (1),
Te[Wappp Yippe] =1 V.

(233)
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We can then cast this into the standard form (127) as
X=n& (/ dt[t)Xt| ® Paypry (t)) , (234)
A=1a® (/dt [tXt] ® 0) , (235)
d[X (/ dt[t)Xt| @ (n — Tr[Pan gy (t)(w * OA”B")( )])

Z Tr[Way By YIZ? B{"] 7}
J

& | S0 TlWoag Y o DI | (236)

5= (farmxeo)e | Sl | @ v (237)

Then, letting the dual variable Y be

v = ( [ arlexelu) o (Zu a|aj)ea(zj><j|ﬁj), (238)

with p(t) > 0 for all ¢ and a; > 0, 8; > 0 for all j, we obtain

Tr[Y [ X]] = / () (1 = TelPag sy (1) (w0 CAL 3y ) ()]

+> 0y TrWappp Vi gl = Y 85 Tr(Wapp Yo g (239)
J J

= n/dtu(t)
(/dtt><tl ®PA’1’B{”(t)> (/dtltxtl ® (Z(% — B))Y ey u(t)(w*CNyg;)(t)))] - (240)

+ Tr

This implies that

ATnl
#'1v) = ( [atuo) o | [arlels | Ses - )V~ now s A0 | | (241)
J
The dual problem is therefore
minimize Z]‘ a; —
subject to a; >0, 5; >0 V j, pu(t) >0 V¢, (242)
Jatp(t) > 1, Y (0 = B)Yiapp = () (w x CRL ) (1) V¢

Strong duality is straightforward to show, which means that this dual problem has the same optimal value as the
primal problem.

Now, the complementary slackness condition ®[Y]X = AX implies that [dtp(t) = 1. Furthermore, letting
A= Zj a; — B, we find that

a ~
Y (= B)Yhnpy = )\Z J BJ Yiepy = \NWappp, Yappp € aff(CP°(A7, BY)). (243)
J
With these simplifications, along with Ref. [112] (Theorem 14), which states that aff(CPed(A7, Br)) = SNS(A, BP),

we obtain the desired dual problem. O
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The convex programs presented in Propositions 32 and 33 are continuous analogues of the SDPs in Refs. [140, ]
for channel discrimination using strategies without causal ordering of the channel uses.

E. Numerical implementation

The optimization programs presented in the preceding sections typically involve continuous objects, both in the
inputs to the problem as well as in the optimization variables. As optimization over these quantities is not readily
available in numerical solvers, we have to discretize the problems for actual implementation. This means, we need to
choose a number of points in the discretization which we denote with k. We then replace any function f(¢) with a
vector of discrete values (f¢)§_, corresponding to points in time (t¢)5_,.

Typically, t varies only in a finite interval [0,T]. In this case, the most straightforward way to discretize is to fix
a number of discretization steps k and choose time points that are evenly spaced in time, i.e., t, = ¢T'/k. We then
replace the time-varying quantity f(¢) with the average over the preceding interval in the discretization as

ko[t
=g [ aso. (244)
te—1
where we use the convention that to = 0. This corresponds to replacing f(¢) with a piece-wise constant function
k
F@&) =" foxlte—r <t < td], (245)
=1

where x denotes an indicator function which takes the value one if the argument is true and zero otherwise. As an
example, we give the discretized version of the convex program of Proposition . The objective of said program is
given by

/ dt dr w(t — 7) Te[u() p()Q(7)]. (246)

We now replace all functions by their piece-wise approximations, to obtain

)=
M=

wp TrpepeQm) /dt dr x[te—1 <t < telx[tp—1 <t —7 < tp]x[tm—1 < T < ty) (247)
1
k

|
M-I
M- i~

T 2
We—mX[1 <L —m < K] Tr[pepe@m] (k>

{=1

I
3
Il
i

p=1
min(k,£—1)

=i > Wi Tr[aepeQu) (DQ

£=1 m=max(1,0—k)

The discretized version of the convex problem would thus be

" (w, p, p) = 1" ((we), (e), (pe)) (248)
. 2 min —
= maximize (L) 2521 Zm:xﬂi(i)@_k) Wo—mm Tr[pepeQm)]
such that Qe >0 for all ¢
such that >0 Q=1

In this case, the sum over m denotes a discrete convolution. Under the assumption of periodic boundary conditions,
this convolution would be changed to wrap around the interval which would yield a simpler expression.

The other possibility, namely the case in which ¢ can take arbitrary values on the real line, makes sense only if
we have access to a prior pu(t). This case can be treated in a similar manner, but the discretization is not uniform
anymore. Instead, one can choose regions Ry C R of equal measure p(Ry) = 1/k for all £. In this way, we are replacing
the measure over values of ¢ with a uniform measure over the choice of region Ry. For each such region we replace
the function value with its average over the region, i.e., a piece-wise approximation

1

= 71, () (249)

K
&)=Y fixlte R, fu
=1
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such that

k
[aut s~ > fo (250)

Ideally, one would like to do away with the discretization completely. To do so, one could consider an expansion of
the optimization variable, for example the measurement,

Q) =) Quon(t), (251)

for some set of functions ¢,. Typical choices, like the Fourier basis, however do not work, as the positive semi-
definiteness constraint Q(t) > 0 is very difficult to enforce. It is an intriguing direction for future research if we can
use bases of non-negative functions [145] to get around this limitation.

F. Discretizing the success probability

In this section we will discuss how to discretize and formalize the POVM optimization problem in Proposition 7 in
order to obtain mathematically formal statements. Recall that it was given by

max { [ Tltws « e sl | [ arqn =1} (252)

Q)20

Here we will focus on the Bayesian case for simplicity, as the minimax case is completely analogous. First, we note
that to be formally correct in its formulations it is necessary to restrict the continuous-parameter POVMs we optimize
over to make sense of the optimization and maximum above. Here, we will consider two natural possible restrictions:
first, to POVMs that are Lipschitz with respect to the operator norm with a Lipschitz constant Cy, i.e. for all ¢,¢':

1Q(t) = Q)] < Cslt —'|. (253)

We choose to make the Lipschitz constant depend explicitly on § to emphasize that, as § — 0, it is also necessary
to make Cs5 — +o0o to make sure we are optimizing over POVMs that are sufficiently sensitive to distinguish the
underlying states. Indeed, if we want the POVMs to distinguish states that are § apart it is necessary that ||Q(t) —
Q(t")]loo = (1) for |t —t'| of order §. Note that the set of Lipschitz POVMs is a compact, convex subset with respect
to the operator norm, and that the success probability is a linear functional of the parametrized POVM. Thus, the
max in Eq. (252) is justified, as it is attained. Another natural variation is to consider the set of continuous POVMs.
As we let Cs5 — 400 we can approximate any continuous function by a Lipschitz function, so this can be seen as a
limiting case of the previous problem.

We now discuss how to discretize the problem in Eq. (252) and show convergence. For the setting of Lipschitz
POVMs we will also obtain quantitative statements. To obtain such statements, we will assume that the curve of
states p(t) is Lipschitz with respect to the trace distance, i.e. for all ¢,¢':

o(t) = p(t)|l < Cplt =11 (254)

We further need to discretize the set of possible measures . We will assume here that p has compact support and
periodic boundary conditions, but the general case can be considered by considering a sequence of measures with
compact support p, that approximate pu.

We will pick a discretization parameter A satisfying 1 > § > A > 0 such that 6/A € N and consider a discretization
of the image of p(t), i.e. on the level of states. Let T' = |supp(u)| be the size of the support of y. We will discretize it
into N = [TA~Y] points {t1,%2,...,ty} that are A apart. Furthermore, we will call T; = [t; — A/2,t; + A/2]. Given
the ¢; and ¢, we will call

Ni(i) = {j ] [t: — ;] < 3} (255)

We then consider the following semidefinite program for a given parameter §, which gives the maximal success
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probability for this window function:

N

maximize Zu(Ti) Z Tr [Q;p(t;)] (256)
i=1 JEN (i)

subject to @Q; >0,

N
Z Ql = ]L
1=1

Qi — Qit1]loo < CsA for all ¢

The semidefinite program in Eq. (256) can be solved in time that is polynomial in N and the dimension of the states
p(t), and, as the number of constraints is linear in A~!, the complexity will also depend polynomially on A~!. Note
further that the operator norm constraint can be recast as the linear matrix inequality —CsA < @Q; — Q11 < C5A,
so it is a valid SDP constraint.

Of course, the central question is how fast the value of the above SDP converges to that of Eq. (252). Before we
prove the convergence, let us give some Lemmas:

Lemma 34. Let A be a discretization parameter satisfying 1 > 8§ > A > 0, T = |supp(u)| be the size of the support
of u. Consider a discretization of the image of p(t) into N = [TA™Y] points {t1,ta,...,tn} points that are A apart
given by p(t;). Furthermore, we will call T; = [t; — A/2,t;+A/2]. Further, assume that the curve of states is Lipschitz
continuous:

[o(t1) = p(t2)[ln < Cplts — taf. (257)

Then we have:

([ aut00) = ot < cuaum, (258)
Proof. Note that:
( / dtu(t)p(t)> — Tt = [ At - o) (259)
T; T;
Thus, by the triangle inequality,
([ autor o) = maoten| < [ autolote) - sl (260)
T; 1 T;

By the Lipschitz condition in Eq. (258) and our choice of ¢; we have that

lp(t) = p(ti)lls < Cplt —til. (261)

Inserting this bound in Eq. (260) we get that:
[ an®o0 = st < €, [ dute) e =1l < Can(1), (262)
which proves the claim. O

Lemma 35. Let A be a discretization parameter satisfying 1 > § > A > 0, T = |supp(u)| be the size of the support
of w. Let {Q(t)} be a continuous POVM that is Lipschitz with respect to the operator norm, i.e.

1Q(t1) — Q(t2)lloo < Cslty —tal. (263)

Consider the following discretization discretization of the POVM:

Q= [ ara. (264)

k3



Then for all 1 <i<T:
[Qiv1 — Qilloo < CsA?

and for all t € T; we have

)

t+§
/tg dsQ(s) — > Q| < Cs5As.

- JENs(4) 0o

Proof. Let us start by proving Eq. (265). Note that:
Q= Q= [ asis+8)- Q).
By a triangle inequality followed by our Lipschitz condition we have:
1Qis1 — Qille < /T as Qs + A) — Q)| < CsAA /T ds = C3A2.

Let us now prove Eq. (260) in a similar manner. We have that:

N[
04

/ttzi dsQ(s) = > Q= /2 s[Q(s) — Qs +t; — 1)),

JEN5(2) 2

where we used the fact that §/A € N. Thus,

t+g t+6
[ asiew-aern-ol < [ asioe -+t -0l
=3 - =32
t+%
§05|ti—t|/ 5 ds
t=3
< CsoA.

96

(265)

(266)

(267)

(268)

(269)

(270)

(271)

(272)
O

Our strategy will now consist in showing that the above discretization {Q;} of a continuous POVM gives a feasible
point of the SDP in Eq. (256) whose value does not change significantly from that of its continuous-time counterpart.

Proposition 36. Under the same conditions as in Lemmas and 35 we we have that:
[t Tl DOQO) - ST Y TrQuple0)]| < Co0A + €y
' JENs(3)

Proof. We will proceed by showing the statement on each interval T;. We have:

|t TolGws « e sDOQOI - (T 3D TQiolt

JGNJ()

= [ (o) { Tlplo)ws < @)~ 30 TQip(t)

JENs(3)

First, note that as Q(t) is a POVM, ||(ws * Q)(t)||co < 1. Thus, by Holder’s inequality:

/ du(t) Te{[p(t) — p(t:)](ws * Q) (¢ / dut) l1p(t) — p(t) 1l (ws * Q)()loe
T;
T))C,A,

(273)

(274)

(275)

(276)
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where we used Lemma to bound the 1—norm. From this we conclude that:

[ dtn(o) { lpows s Qo - 3 i@yt (277)
T JENs (i)
= | dute) { 1ulote) = el ws = Q)+ T o) | (wsx @)~ > @, (278)
T JEN ()
<H()CA +| [ aut) o |pte) [ wsx @0 - ¥ ol (279)
T JENs (i

Let us now estimate the second term in the RHS of the last equation. Again applying a combination of Holder and
triangle inequalities,

/ ap) {1 o) [wss @) - 3 @ || b < / A ot 15 = Q) = 3 Q@)oo (280)

‘ JENs(3) T JEN;(%)

By Lemma 35 we have that:

[ ) lws + @0~ ¥ @)l < u()5ACs. (281)
T JENS (i)
We conclude that
/ du(t) { Telp(®)(ws * Q] = S Tr[Qup(t)] | < p(T)(BACs +C,A). (282)
i JEN5 (i)
An application of the triangle inequality and summing over all i yields the claim. O

The proof above shows how, given one feasible POVM for the continuous-time version of the metrology problem, it
is possible to construct a feasible POVM for the discretization without significantly changing the success probability
as long as A is small enough.

We now present the other direction: given one feasible point of the discretized problem, we construct a continuous-
time version thereof that is Lipschitz-continuous and whose success probability does not differ significantly from the
original value.

Given a feasible POVM of the SDP in Eq. (256), {Q;}, we define the continuous POVM Q(t) by linear interpolation,
i.e., for some ¢t = pt; + (1 — p)t;y1 as

Q(t) =pQi+ (1 = p)Qi1- (283)
We will now show that this is indeed a POVM and that it is Lipschitz:
Lemma 37. Let {Q;} be a family of POVMs such that:
Qi — Qit1lle < Cs5A (284)
and define Q(t) as in Eq. (283). Then Q(t) is a POVM and
[Q(s1) = Q(s2)llo0 < CsA[s1 — 5. (285)

Furthermore, fort € Tj,

l(ws = Q)(t) = > @Il < Cs0A. (286)

JEN;5(3)
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Proof. Note that we have that:

1
1
/ dt Q(t) = / dp (pQi + (1 = p)Qiy1) = Q(Qi + Qit1). (287)
T 0
summing over all ¢ (recall the periodic boundary conditions) we see that

/dtQ(t) =1 (288)

The fact that Q(t) is positive semi-definite is obvious, as it is point-wise the convex combination of positive semi-
definite operators, which shows that it is indeed a POVM. Let us now show Eq. (285). For s1,s2 € T; we have
that:

Q(s1) — Q(s2) = (51 — 52)(Qi — Qiy1)- (289)

The claim follows by using the Lipschitz continuity of the @;. For si1,s2 in different intervals, say s1 € T;,,s2 € 15,
we apply the same argument to the sequence of points s1,4; + 1, 41 + 1,41 + 2,.., 42, 82. To show Eq. (286) we can
follow the same route as for Eq. (260), as we have already established that the POVM is Lipschitz. O

Now we have constructed a candidate for a feasible point of the continuous-time problem given a feasible point of
the discrete problem. We will show below that the value they achieve is also close, which will lead us to conclude that
the discretized and the continuous problems have comparable values for small enough values of A.

Proposition 38. For given §,Cs > 0 and A < §,< 1, let ns be the value of Eq. (252) when restricted to POVMs that
are Lipschitz with Lipschitz constant at most Cs. Furthermore, assume that p(t) is Lipschitz with constant C,. Then
the value of the SDP in Eq. (2506), ns,a, satisfies:

Ins — ns.al < (C, + Cs)A. (290)

Proof. Tt follows from Proposition 36 that, starting from the continuous version of the problem, we can construct a
feasible point of the SDP whose success probability differs by at most (C, 4+ Cs)A. This gives ns < ns5,a — (C,+Cs)A.
On the other hand, Lemma shows how to construct a continuous-time Lipschitz POVM from a feasible point
of the SDP whose success probability will differ by at most (C, + C5)A. This follows from Eq. (286) and similar

reasoning as in Proposition 36. In a nutshell, we first approximate (ws * Q)(t) by > FENS(6) Q; on each interval Tj.
Then we approximate the averaged states on each interval by p(t;). This gives na < ns — (C, + Cs)A, which yields
the claim. O

We can then obtain the convergence to continuous POVMs from the last statement:

Corollary 39. For given §,Cs >0 and A < §, let ns o be the value of Eq. (252) when restricted to POVMs that are
Lipschitz with Lipschitz constant at most Cs and n when only requiring continuity. Furthermore, assume that p(t) is
Lipschitz with constant C,. Then we have:

n= lim lim nsAa. (291)

Cs—o00 A—0

Proof. The statement follows from the fact that, by the Stone-Weierstrass theorem, any continuous function can be
approximated arbitrarily well by Lipschitz functions. Thus, we can find a sequence of Lipschitz POVMs (with possibly
diverging Lipschitz constant) that approximates the target POVM. In turn, these will be approximate arbitrarly well
by the discretized SDP as we let 7 — 0 by Proposition 35. This gives the statement. O

It would be interesting to obtain statements about the Lipschitz constant of good POVMs for the metrology task
to get more quantitative statements even in the continuous case. Indeed, one intuitively expects that it should not
be too advantageous to have POVMs that vary significantly faster than the states p(¢) themselves. Thus, we leave to
future work to investigate if we can always take Cs = O(C,) to obtain a good approximation.
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IV. RELATION TO ENTROPY MEASURES

A. DMax-entropy radius

We can generalize an argument of Ref. [16] that gives an alternative characterization of the success probability in
terms of the max-relative entropy [66] as
Dinax (X | Y) =loginf{y| X <Y} =10g Amax (Y 2 XY~ 7) =log||Y "2 XY 7| o, (292)

for X and Y positive semi-definite and supp(X) C supp(Y’), where ||-||o is the operator norm and the last equality
holds because Y "2 XY "2 is positive semi-definite. Indeed, we have the following corollary of Proposition

Corollary 6 (Max-entropy radius). For a given set of states p(t) with prior distribution u(t), we define its maz-
relative entropy radius with respect to the window function w(t) as

Tmas (W, 1 p) = i $Up Dinase(w * [t p]) ()|, (293)

where we optimize over arbitrary quantum states . We have that
Tmax (W, 4, p) = log 0™ (w, p, p). (294)
Proof. This follows immediately from Proposition 1, (132), and Lemma 29. [

The above corollary implies the following upper bound on the success probability

Corollary 7. For any state o, we have that

0" (w, 1 p) < expsup Dnae(w * [p]) ()| 0). (295)

B. Conditional min-entropy

We can also relate the Bayesian success probability n*(w, u, p) to the conditional min-entropy [65], which is defined
as
Hmin(A | B)p = ingo Dmax(pAB || ]IA X aB)a (296)
OB Z
Trlopl=1

for arbitrary positive semi-definite operators pap, where Dyayx is defined in (292).

Corollary 40. For a given set of states p(t) with prior distribution u(t), and a window function w, the optimal
success probability n*(w, u, p) is given by

—logn*(w, pt, p) = Humin(T'[ 5) x, (297)
where Prg is the classical-quantum operator [/0]
Prs = [ dt [t)the ® (w [n- A)(0)s. (298)

Proof. This is a straightforward consequence of definitions. Using the definition of Dy in (292), we have that, for
all states og,

_1 _1
Dunax(Prs || Ir ® os) = log Has ? Proog H (299)
1 _1
- H [t it @ o5t el pshres?
_ 1 _1
= sup o5 (w [ p) (05|
= Sl%p DmaX((w * [M : p])(t)||0).
Therefore,
Uisn>fo Diax(Prs | Ir @ 0g) = inf sngmax((w* (- p]) () || o) = logn™ (w, u, p), (300)
Tr[os]=1 Tr[o]=1

which implies the desired result, where for the last equality we have used Corollary 6. O



V. PROPERTIES OF THE PROPOSED QUANTIFIERS

In this section, we outline some properties of the proposed quantities.

A. Properties of the unoptimized quantifiers

60

In this section, we outline some properties of the Bayesian success probability n and the minimax success probability

7. We first establish that the Bayesian success probability is continuous in all arguments:

Proposition 8 (Continuity properties of the Bayesian success probability). The Bayesian success probability n has

continuity

(i) in the window function as
|77(U), s Py Q) - ﬂ(wl, K, p, Q)‘ < ”w - w/||007

(i) in the measure as
1
|77(waﬂa Ps Q) - U(W,ﬂlvp, Q)| < iHH’ - :u’/Hla

(iii) in the state set as
w110, Q) ~ (w1 Q) < [ Au®) ofe) = O]l < max o(e) O]
(iv) jointly in measure and state set as
w0, Q) nlws it Q) < [ dtle)olt) — 'O ()]
(v) in the measurement as

(1) = s Q) < [ ) H [arute - - @)

.
< ([ arut) e - ...

Proof. The properties are shown as follows.

(i) follows because
(0,19 Q) = (0. Q)| = | [ aule)a (r) = o/ ()] QU = 1)
— [arfuw(n) = w@) [ dutt) TiQ( - rple)
< [drfu(r)  w (o)l [ dute) TQ( - Tple)
< (maxfu(t) ~ w'(0)]) [ drdu(®) (e - 7)p(0)
yr—r
(ii) follows from the change of measure inequality [146],

1 /
E 6] < B [6(0) +5ln =1l

which is valid if 0 < ¢(t) < 1 when we note that
n(w, p, p,Q) = E {Tr[p(t)(w = Q)(®)]}

is exactly of that form. The statement follows by symmetrizing through exchange of u and p'.

(301)

(302)

(303)

(304)

(305)

(306)

(307)

(308)
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(iii) directly follows from item (iv).

(iv) follows from the short rearrangement

n(w, g, p, Q) — n(w, 1, p', Q)| = /dt drw(t —7) Te[Q(7)[u(t)p(t) — //(t)p’(tﬂ]‘ (309)
=| fam|( [ arute - nem ) o) - o)
<| [ at oo - wio )

< / at [[u(®)p(t) — 1 (O ()1,

where we have used the matrix Holder inequality and exploited the fact that [drw(t — 7)Q(7) < bI because
Q(7) is a POVM.

(v) follows from

0w, 11, . Q) — nlw, 0, Q)| = \ [ anttyarute - i) - Q/(T)]p(t)]’ (310)

_ ‘/ dp(t) Tr [p(t) (/ drulé =R = Q/(T)])”

< /du(t) H/drw(t - 7)[Q(1) - Q'(7)]

’ o0

/ dr w(t —1)[Q(r) — Q'(+)]

< mtax

.

< ([arum ) maxlio) - @)l

where we have used the matrix Holder inequality.
O

We can exploit the linearity and positivity of the success probability in its arguments to establish majorization-type
statements as follows.

Proposition 9 (Majorization properties of the Bayesian success probability). The Bayesian success probability n has
the following majorization properties:

(i) Let w_(t) and w4 (t) be two functions such that w_(t) < w(t) < w4(t) for all t. Then
n(w—7U7p7Q) Sn(w7uap7Q) < U(w+aN7P7Q)~ (311)

(ii) Let g_(t)X_(t) and g+ (t) X4 (t) be sets of operators such that g—(t)X_(t) < u(t)p(t) < g+ () X4 (t) for all t.
Then

n(wvg—vX—vQ) S 77(71)7#, paQ) S n(wag+7X+aQ)' (312)

This directly implies similar statements when only measure or states are changed.
(iii) Let X_(t) and X (t) be sets of operators such that X_(t) < Q(t) < X (t) for allt. Then

77(’w7ﬂup7 X*) < 77(w»/hp7 Q) < 77(’w7ﬂup7 X+) (313)

Proof. The properties directly follow from the linearity of 7 in its arguments and the fact that the arguments which
are not bounded above and below are non-negative. O

The minimax success probability also has comparable properties, some of which are inherited from the Bayesian
success probability:
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Proposition 10 (Continuity properties of the minimax success probability). The minimaz success probability 7j has
continuity

(i) in the window function

n(w, p, Q) = (W', p, Q)| < [lw — 0[], (314)
(i) in the state set
n(w, p, Q) = n(w, p', Q) < max||p(t) — p' ()1, (315)
(ii) in the measurement
(0.9.@) = 7w Q) < ([ ar () ) max Q00 - Q1. (316)

Proof. The properties are shown as follows.

(i) Follows from the calculation
M(w.p,Q) = min [ dru(t - 7) TQT)p(0)] (317)
= min /dT [wt—7)+w'(t—71)—w'({t—7)]Te[Q(T)p(t)]

< min / dr ! (t = 7) THQ(7)p(t)] + max / dr [t — 7) — w'(t — 7)] TH[Q(F)p(1)]

< ﬁ(w/a Py Q) + mtax {U}(t - T) - w/(t - T)}

/

IA
3

(w',p, Q) + max |w(t —7) — w'(t —7)|

= ﬁ(wla Py Q) + ||w - w/”OO?
where we have exploited the inequality min; f(¢) + g(¢) < min, f(¢) + max; g(t) as well as the fact that

[ aratt=n1Q(r) < maxg o (318)

because Q(7) is a POVM and the matrix Holder inequality. The statement is then obtained by symmetrizing,
via exchange of w and w'.

(ii) follows from the short rearrangement
M(w.p, @) = min [ dru(t - 7) TQ(T)p(0) (319)
—min [ dr (e - 7) TQEIp() - (1) + /()]
<uin [ dru(t - 7) TQE ) + max [ drw(t -1 TQNp(O) - /(1)

o Q) 4 mpx x| ([ ar ot = 10 ) ) - (0]
< (0. 1.Q) + max Tr (1) — /(1)
(. /. Q) + max p(8) — D).

IN

where we have exploited the inequality min; f(¢) + ¢(¢) < min; f(¢) + max; g(¢) as well as

/d’T w(t—71)Q(1) <1, (320)

because Q(7) is a POVM and the matrix Holder inequality. The statement is then obtained by symmetrizing
via exchange of p and p’.
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(iii) follows similarly as
w,p,Q) = min [ drw(t— 1) Q7)) (321)
—min [ dru(t - 1) Q) - Q'(7) + QDo)
<uin [ drw(t - ) TQ (7o) +max [ dr (e — 1) TIQ() — Q(lple)
—(1,0.@) + s o || ([ arute-nam ) - ([ arute-nem)] o]
[arutt-n i) - Q')

< ﬁ(wa P, QI) + mtaX

‘ o0

<(w.0.@) + ([ aruln)) max 10 - Q)

where we have exploited the inequality min, f(¢)+ g(¢) < min, f(t)+max, g(t) as well as the fact that [ drw(t—
T)Q(7) < T because Q(7) is a POVM and the matrix Holder inequality. The statement is then obtained by
symmetrizing via exchange of p and p’.

(ii) directly follows from the same argument as (i) when we note that
Tr[Q(7)p- ()] < Tr[Q(T)p(8)] < Tr[Q(7)p(1)], (322)
and hence the same ordering holds for the minimum.
(iii) directly follows from the same argument as (i) when we note that
Tr[Q-(7)p(t)] < Tr[Q(7)p(t)] < Tx[Q4(T)p(D)]- (323)
and hence the same ordering holds for the minimum.
O

Note that some of these continuity bounds are necessarily loose as the other parameters could be chosen in a
particularly pathological way.
The minimax success probability has majorization properties similar to the ones of the Bayesian success probability:

Proposition 11 (Majorization properties of the minimax success probability). The minimaz success probability 7
has the following majorization properties:

(i) Let w_(t) and wy(t) be two functions such that w_(t) < w(t) < wy(t) for allt. Then
n(w-, p,Q) <7(w, p,Q) < N(wy, p, Q). (324)

(i) Let X_(t) and X, (t) be sets of operators such that X_(t) < p(t) < Xy (t) for allt. Then

M(w, X, Q) <7j(w, p, Q) < 7w, X4,Q). (325)
(iii) Let X_(t) and X (t) be sets of operators such that X_(t) < Q(t) < X (t) for allt. Then
n(w, p, X-) <7(w, p, Q) < 7w, p, X ). (326)
Additionally, it has
(iv) monotonicity in the state set:
(PO} <{p®)} = N(w,p,Q) <7(w,p, Q). (327)

Proof. The properties directly follow from the fact that 77 is the result of a minimization of a linear function and the
fact that the arguments which are not bounded above and below are non-negative. Item (iv) follows from the simple
observation that the set of all measures over {p(t)}; includes all measures over {p'(¢)}; and hence the optimization is
bound to yield a higher value. O
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B. Properties of the optimized quantities

As outcomes of a convex optimization, the optimized quantities fulfill convexity in the remaining parameters:

Proposition 12 (Convexity). The optimized Bayesian success probabilities n* (w, u, p), n* (w, p, N', Q) and n*(w, u, N)
are convex in all arguments and especially fulfill a triangle inequality in the window function.

Proof. The convexity of the Bayesian quantities is a direct consequence of linearity and the fact that

sup f(Q) + g(Q) < sup f(Q) + sup g(Q). (328)
Q Q Q

The triangle inequality in the window function follows similarly. O
The optimized probabilities also fulfill a type of data processing inequality:

Proposition 13 (Data processing). The optimized Bayesian success probabilities obey the following data-processing
inequalities

n*(w, 1, Np(-)]) < n*(w, p, p(-)), (329)
U*(w M?N()OA Q) SU*(IU,MN(')aQ)v (330)
n (w M7BON() ) Sn*(wauvj\[('))a (331)

which directly imply similar statements for the optimized minimax success probabilities

7 (w, Np()]) <7 (w, p(-)), (332)
7 (w,N(-) 0 A, Q) <7 (w, N (-),Q), (333)
7" (w, BoN(-) o A) <77 (w,N(-)). (334)

Proof. Denote with Q the set of all POVMs and with A[Q] its image under a quantum channel A/. We note that for
all quantum channels, we have that N'T[Q] C Q due to the CPTP property of A/, which implies that AT is completely
positive and unital. Then, we find

(N0 = s / du(t) drw(t — 7) TN [p(8)]Q(7)] (335)
— swp_ [ du(t)drult - 1) TlpONTQ()]
Q(t)eQ
= sup /d,u,(t) drw(t—7) Tr[p(t)Q'(T)]
Q'(t)eENT[Q]
< / du(t) drw(t — 7) Te[p(t) Q' (7))
=n"(w, i, p(-)),

where we have used the fact that a value optimized over a subset can never exceed the value of the fully optimized
case. The minimax result is implied as the Bayesian statement holds independently of the prior. Similar arguments
give rise to the statements for optimization over input states and joint optimization of probe and measurement. [J

C. Subdivision trick

We now prove the subdivision trick of the main text.

Proof of Lemma 0. The proof follows a similar idea as the proof outlined for the reduction of multi-hypothesis testing
to the binary case in Ref. [16]. We consider the case in which, additionally to the (unknown) state p(t) with ¢ sampled
according to u(t), an oracle supplies us the information that ¢ lies in a certain interval I;; where the oracle samples ¢/
uniformly from I, i.e., it uniformly randomly samples one of the intervals of size T containing ¢. With this additional
information available, we can restrict our attention to the interval Iy and perform a Bayesian update of our prior
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which means we now deal with p[7,,. We can then perform the optimal strategy for this prior. As the additional
information can only improve our estimate, we obtain

wGoon) < [ du(t) [ QB 1t Gpnlr,) (336)
— [dutt) [ o it € Ll Gpunl,) (337)
— [autt) [t 2xit € Lol @.ponl,) (338)
=7 [ 4t ully 6. ool (339)

Renaming ¢’ to ¢ yields the first statement of the lemma. The second statement follows by bounding 1*(é, p, p|1,,) by
its maximum over ¢’ and recognizing that

% / dt’ u(Iy) = % / dt /1 ) dt u(t) (340)
= %/dt’ /dtu(t)XHt -t <T/2] (341)

- % / dt p(t) T (342)
-1 (343)
O

VI. OPTIMAL POST-PROCESSING WITH FIXED MEASUREMENT

In this section, we give additional content relative to Section of the main text. There, it was established in
Eq. (33) that the success probability for the smoothed maximum a posteriori estimate relates to the function infinite
norm of the smoothed posterior probability:

0.1, Qatry ) = [ A ) max s« P(-| ) (344)

= [ ) s« PC V)
The connection to the infinity norm allows us to derive some simple upper bounds by applying Young’s convolution
inequality [117]:

Lemma 14. The success probability of the smoothed mazimum a posteriori estimate obeys the upper bound
11,0, Qat ) < el [ ) 1PC IV (345)

foralll/p+1/q=1.

The above inequality immediately trivializes when choosing p = oo, ¢ = 1 but yields a non-trivial upper bound
otherwise. This can be useful, when for example an upper bound on the likelihood is known.

A particularly interesting property of the smoothed maximum a posteriori estimate, of which we will use a discrete
analogue later to relate metrology to binary hypothesis testing, is the following bound on contributions to the error
for the § window, which makes the dependence on the window size explicit:

Lemma 15. For any interval I of cardinality |I| < 25, define its 6-complement as
I° := {t| there exists t' € I such that |t —t'| > 26}. (346)

Then, for any interval I outside the smoothed maximum a posteriori interval, i.e., any interval contributing to the
error, we have that

/ dt P(t]\) < / dt P(£] V) (347)
I Is

for all X.
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Proof. Let us denote the smoothed maximum a posteriori interval as I* = [1dap(X) — 9, T5yap(A) + 0]. Then, by
definition of the smoothed maximum a posteriori estimate, we have that

/ dt P(£] \) < / dt P(£] \) (348)
g *

for all compact intervals J of cardinality |J| = 2§. We can exploit this and optimize over all intervals J that contain
the target interval I to obtain

/ dtP(t|N\) < inf / At P(t| ), (349)
I T |J[=28,1CT J 1\ 5

where we implicitly made use of the assumption that I lies outside of I*, i.e., that I N I* = (). By construction, I° is
the complement of the union of all possible J of cardinality 20 that contain I, which is exactly what we achieve as
well on the right hand side by choosing the smallest interval 7*\J, making the interval achieving the optimization a
subinterval of I°. Extending the integration to all of I° yields the statement of the lemma. O

The further study of upper and lower bounds for the smoothed maximum a posteriori strategy would be a promising
direction for future research, especially to relate to concepts of classical statistics.

VII. RELATION TO HYPOTHESIS TESTING
A. Multi-hypothesis testing as a special case of metrology

The notions introduced above can be considered as a continuous generalization of the discrete multi-hypothesis
testing problem for quantum states and quantum channels, respectively. In the multi-hypothesis testing problem for
quantum states, one is given a set of states {p; }7"; — in the Bayesian setting with associated prior probabilities {p;},
— and is tasked to find a measurement given by POVM effects {Q;}/, that maximizes the success probability [16, 17]

Po({pipi}iti) = sup > p; TrlpiQil- (350)

iti=1

In a similar way, one can define the associated minimax multi-hypothesis testing problem where we desired to find a
measurement

Py({pi}iZ1) = sup min Tr[p;Q;] (351)
{Qiy *
with optimal worst-case performance. The hypothesis testing has in the binary case already been solved by Helstrom
and Holevo [62, ]. In particular, the optimal success probability has been determined by them in seminal work to
be
1 1
Py(pp1; (L =p)p2) = 5 + S lppr = (L =p)p2l, (352)

where ||-]|1 denotes the trace or nuclear norm. In general, it is known that [65]
Pul{pipi}izy) =27 (X190, (339)

where Hyin(X|B) = —inf, >0 1v[05]=1 Dmax(px B[|Ix ® o) is the conditional min-entropy and pxp = S piliXi @
pi- It has been shown in Ref. [15] that the asymptotic rates for the Bayesian and minimax multi-hypothesis testing
problem coincide and are given by the minimal pairwise Chernoff divergence

_ 1 _
Am Y — ] J— — m — _ : : s l1—s
R({pi}izy) = lim ——log(l — Pu({pi}iZ1)) = —logmin min Tr[p]p;~"]. (354)

It now becomes clear that our notion of success for quantum metrology encompasses the quantum multi-hypothesis
testing problem when we consider the following metrological problem that embeds a multi-hypothesis testing problem.
Consider the following prior over states,

p(t) = Zm(t — i), (355)
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together with any parametrized state p(t) such that p(i) = p; and a window function

1 if|¢|<1/3
wl/?’(t) - {O els|e| / (356)
It is obvious that
0" (w13, s p) = Ps({pipi}izy)- (357)

Later in this manuscript, we make use of this property to derive upper bounds on the metrological success probability
from binary state discrimination.

In a similar way, we can consider the problem of multi-hypothesis testing for quantum channels. In this case, a
discrete set of quantum channels {N;}",, possibly again with prior probabilities {p;},, is given and the optimal
experimental prescription for distinguishing between these quantum channels is to be found. In the single-copy case,
we need to find an input state pp and a measurement {@;}!", that maximizes the success probability

P({piNi}it) = sup > pi Tr[Ni[po] Qi (358)
p0,{Qi} i=1

Using again the prior u(t) of Eq. (355) together with any parametrized channel N (t) such that N (z) = N; and the
window function w; /3 of Eq. (350), we see that the success probability is given by the corresponding metrological
success probability:

0 (w13, 1, N') = Ps({piNi}ity)- (359)

As we outlined in the preceding section, in the setting where multiple copies are available, there are different possible
ways of using the quantum channel in question, corresponding to the i.i.d. case where the same input state is used
repetitively, the separable case where only separable states are used as inputs, the parallel case where an entangled
state is prepared and fed through the quantum channel and the adaptive case where a quantum comb is used. The
success probabilities we defined in these cases naturally generalize the same notions available in the multi-hypothesis
testing problem for channels.

B. Upper bound on success probability from multi-hypothesis testing

In this section, we prove Theorem 10 of the main text and discuss its extensions to arbitrary window functions and
quantum channels.

Theorem 16. For a given window function w, fix any set S = {(A,s)} of prior probabilities X > 0 and shifts s € R
such that )\ g A =1. Then, for a state set p(t), possibly with prior j(t), we have the upper bounds

7 () S K [ AP+ )+ 9))oes) (360)

7 (w,p) < Kinf P ({p(t + 5)}ses), (361)

where we introduced the constant
K = sup{Zw(t+s)}7 (362)
t seS
which measures the overlap of the windows for the different shifts.
Proof. First, we recall the definition of the optimal multi-hypothesis testing success probability for a set of operators

Pr({A;}) = sup Y Tr[A;Qi]. (363)

0<Q,<I %
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We exploit that we can shift the time axis of the integration that computes the success probability arbitrarily, to
observe that

wwgp Q= 3 [ ATttt (e + 5)w Qe + 9, (364)

(A,8)eS

Using the definition of K given in the theorem statement, we see that defining the operators

LwsQ)t+s) (365)

Qs(t) = e

yields a valid sub-normalized POVM for all ¢ as

> Q) =1 Zw*Q )(t + ) (366)

seES €S
L ([ o))
sES
Si
=1*Q)(t)
=1

This means that the operators {Qs}scs can serve as a candidate POVM in the optimization that computes Ps({\ u(t+
5)p(t + 5)}(r,s)es),and hence

0w, 1, p,Q) < K / At P ({Au(t + 5)p(t + 5)bomesH) (367)

which implies the first statement of the theorem as the upper bound is independent of the chosen POVM Q(¢).
The minimax statement is derived in a similar fashion, observing that we can also apply the time shifting trick to
obtain

Mw.p.Q = 3 Nt Telp(t +5)(w = Q)(t +5)] (368)

(A\,8)ES

<inf Y ATr[p(t+ s)(w Q)(t + 5)].

(\,8)€S

Here, we again make the argument that the {Qs}scs form a candidate POVM and then optimize over all possible A
to obtain the theorem statement. O

Note that if K in the above theorem is larger than the inverse success probability, then the bound becomes vacuous.
This means, as the success probability asymptotically approaches 1, any bound that should work asymptotically must
have K = 1. Let us now prove the Theorem from the main text:

Proof of Theorem 10. In the case of a rectangular window with tolerance d, we have that as long as |s — s'| > 24 for
any two shifts in S, that the rectangular windows do not overlap. Therefore, under the assumptions of Theorem 10,
we have that K = 1 and the statement therefore directly follows from Theorem 16. O

Next, we present a corollary of Theorem 16 that extends the statement to metrology protocols defined with respect
to channels. In this setting, the success probability is defined as a joint optimization over the input state and the
POVM, possibly using an ancillary system:

P ({pis i) —sup{zpm (1 N} lpolQi] | po > 0, Trlpo) = 1,0 < Qs < L. ZQZ-H} (369)

The minimax success probability is defined analogously by optimizing the minimum over i. With these notions in
place, we obtain the following statement:
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Corollary 17 (Upper bound on success probability). For a given window function w, fiz any set S = {(\,s)} of
prior probabilities X\ > 0 and shifts s € R such that ), s A = 1. Then, for a channel set N(t), possibly with prior
wu(t), we have the upper bounds

WG A) <K [ AP+ 9)plt + 9 rsres): (370)
7(6N) < Kinf P({p(t + 9)}ucs). (371)

where the constant K is defined in Eq. (362).

Proof. Theorem 16 is valid for any set of states, which means it also applies when p(t) = (I®Q N (¢))[po] for the optimal
probe state pg. The fact that the optimal success probability for discriminating quantum channels is obtained by
optimizing over pg and Q(¢) implies the corollary. O

Similar statements are readily obtained for adaptive discrimination of multiple channel copies and other variants
of the channel metrology task.

C. Upper bound via binary hypothesis testing
In this section, we will derive some bounds using tools from symmetric hypothesis testing. Our first step is to derive
a quantum analog of a Bretagnolle-Huber inequality (see e.g., Ref. [149])

Theorem 18 (Binary hypothesis testing lower bound). Let p and o be two quantum states and 0 < A < 1 a prior
probability. Then, the optimal binary hypothesis testing error can be bounded from below via the fidelity as

P (g, (1= X)a) = A1 = \)F(p,0)* = X(1 = N exp (= Dijalp | 0) ), (372)
where D, denotes the sandwiched Rényi-relative entropy.
Proof. We employ a strategy similar to the proof of Lemma 17 of Ref. [150] (compare also the proof of an analogue
classical result in Ref. [119]). To this end, we denote with A = Ap and B = (1 — A\)o and write the optimal hypothesis
testing success and error probabilities as
PI(A, B) = Tr[All 4] + Tr[BlIg], (373)
Pr (A, B) = Tr[Allg] + Tr[BI14], (374)

where II4 and I[Ig =1 — 114 are the optimal POVM effects. Then, we define a CPTP map

AX@Y)=Tr[XII4, @ Y1Ig] & Tr[XTp ¢ Y14 (375)

such that
A(A® B) = PX(A,B) @ P/(A, B), (376)
A(B® A)=P}(A,B)® P;(A,B). (377)

The data-processing property of the fidelity implies that
F(A® B,B® A) =2/AX1 — \)F(p,0) < F(A[A® B], A[B® A]) = 2¢/P:(A, B)P*(A, B). (378)

Using PX(A,B) < 1 and the definition of the sandwiched Rényi relative entropy then yields the statement of the
Theorem.

O

We can use the above theorem to deduce the following lower bound for metrology:

Theorem 19 (Two-point error probability lower bound). For a given tolerance § and a set of states p(t), we have
the lower bound

1=7G.0) 2 Fow (= int | Dualolt)16(0)) (379)

on the minimaz success probability.
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Proof. We start from the upper bound on the minimax success probability derived in Theorem 10. Applied to a single
time shift, it especially implies that

(6, p) < 1t P (p(t), plt +20)). (380)
This is equivalent to a lower bound on the minimax error

L=7(6, p) = sup P (p(t), plt + 20)). (381)

For the sake of simplicity, we will lower bound the optimal minimax error with the one obtained from a uniform prior,
i.€.

_ (1 1
Lo = s P (500 50(0)). (352)
[t—t'|>28
Now, applying Theorem 18 yields
1
L=7(6.0) 2 5 sup  F(p(t), pt'))? (383)
[t—t'|>26
— 1 3 B /
rep (=t Dualol0) 1) ) (351)
1 L~
> Zexp (= inf Dyja(p(t) | plt +26)) ) (385)
O

Corollary 12 of the main text follows immediately.

D. Upper bound on the success probability from asymmetric hypothesis testing

We can use similar reasoning as in the derivation of Theorem to obtain a lower bound that makes use of
asymmetric hypothesis testing. In asymmetric (binary) hypothesis testing, the goal is to determine a measurement
{M,I — M} that distinguishes between two hypothesis p and o, such that the so-called type-II error Tr[Mo] is
minimized while maintaining an upper bound of € € [0, 1] on the type-I error probability Tr[(I — M)p]. In particular,
the optimal type-II error probability is given by [17]

Be(pllo) = inf{Tr[Mo]: 0 < M <T, Tr[Mp] > 1 — €}. (386)
The hypothesis testing relative entropy is then defined to be the optimal type-II error exponent, namely,

Dyi(pllo) = —log By (pllo), (387)

for n € [0,1].
We can establish the following theorem:

Theorem 41 (Asymmetric hypothesis testing bound). For a given tolerance 8, fix any set of shifts S = {s} such that
|s| > 28 and for all distinct s,s’ € S we have that |s — s'| > 2. Then, for a state set p(t) with prior u(t) we have the
upper bound

W6, @ <1 [ du(t) 3081 (ot -+ 5) (1),
sES
where we defined the shorthand
H(t) = Tr[(ws * Q)(t)p(t)]. (388)

In the minimax case, we have that for all 7 < 77*(0, p) that

7°(6,p) < 1—max ) Bl(p(t+ ) | p(t)).

seS
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An advantage of this bound is that the asymptotic behavior of the asymmetric hypothesis testing error is better
understood than the asymptotics of the symmetric hypothesis testing error and that especially the second-order
asymptotics are known.

Proof. Our strategy consists of using (w * Q)(t) as a candidate POVM effect for the asymmetric hypothesis test. We
first treat the minimax case, where the error probability can be expressed as

1-77(6.p, Q) = maxTe((® Q) (1) (1)), (389)

where W(t) = 1 —w(t) can be seen as the complement of the window function. We now make use of the fact that the
set S is defined such that we have w(t) > > _sw(t + s) and hence

1-7(6,p,Q) = m;dXZ Tr[(w(- + ) = Q) (t)p(t)] (390)

seS

As the POVM effect (w * Q)(t + s) achieves Tr[(w * Q)(t + s)p(t + s)] > 7(, p) by definition of the minimax success
probability it is a candidate for a binary hypothesis testing and hence

1=7(0,p,Q) = max >~ 81 (p(t + 5) | p(1))- (301)

seS

The claimed statement follows from the monotonicity of the asymmetric hypothesis testing error and by optimizing
the left hand side over the POVM . For the Bayesian case, we introduce the notation

7(t) = Trl(w * Q)(D)p(t)] (302)

such that 77 = min, 7j(t) and n = [ du(¢) 7(t). Now, we can use the exact similar reasoning as above and write

1—7(t) = Tr[(@ * Q)(1)p(t)] (393)
> STBI (ot + ) | o(t)), (394)
SES

where the only difference is that the argument of the asymmetric hypothesis test is now a function of t. We therefore
obtain

n<i- [du) X 81 ott + ) (o) (395)

seS

E. Fano-type bounds for quantum multi-hypothesis testing

In this section we derive some bounds for quantum multi-hypothesis testing.

We first establish an analogue of Fano’s inequality for quantum multi-hypothesis testing. To this end, we need two
lemmas. The first establishes the behavior of the relative entropy under a direct sum:

Lemma 20 (Relative entropy and direct sum). We have the identity

M

@ ViUi) = D(pllv) + ) miD(pi| o). (396)

i=1

M
D (@ Hipi
i=1
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Proof. The proof is a straightforward algebraic manipulation based off the additivity of the matrix logarithm,

M M M
D (@Mipi %, VNi) =" D(uipi || vics) (397)
=1 i=1

i=1

M

= Z Tr[pipi{log(pipi) — log(vioi)}] (398)
2:41

=2 Trluipi{log(p:) —log(os) +1og ) — log(v:)] (399)
1;41 y

= Z pi Tr[pi{log(pi) — log(0i)}] + Z pi{log(y;) — log(os)} (400)
=1 o =1

=D(pllv) +ZM¢D(M | i) (401)

O

The second lemma we need concerns the optimization of the above expression over the prior probabilities ;.

Lemma 42 (Relative-entropy regularized expectation value). Choosing u; < v;e”%i and subsequently normalizing
yields

M M
inf {D(u ) +> ux} =—log» wvie " (402)
" i=1 i=1

Proof. We first expand the expression as
M M I
D i = i | i+ log = 4
AEE LA CRETY (403)

and perform Lagrange optimization under the restriction Zf\il w; = 1. The Lagrange function is given by

M M
Hi
L(u, \) = il zi +log = Al 1- il - 404
(12, A) ;u ($+ng>+ ( Z}u) (404)
The Karush-Kuhn-Tucker conditions enforce that 9;L(p, A) = 0 for all 4, i.e.
8:L(p,\) = z; + 1 + log ’Ij— —A=0. (405)

We thus set
i = viexp(A—1—x;) oc ve” . (406)

The constant A is implicitly chosen such that the above is normalized, which yields
-1

M
i = Z vie vie T, (407)
j=1

The value of the optimization problem is then
—1

M ‘ M M

E i (mi + log M) = E wi | z; +log E vie i e " (408)
Vi : .

i=1 i=1 j=1

M M
=D i | —log) vje™
i=1 j=1

M
= —log E vie ",
Jj=1
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as claimed. O
We are now ready to prove the Fano-type bound:

Theorem 21 (Fano-type bound for quantum multi-hypothesis testing). Let {uipi}f\il be a quantum multi-hypothesis
testing problem. For any reference state o, the error probability obeys

—log Pr({pipi}iLy) <

M M
T — (h(l/M) +D(ullu)+ > (o | o>> , (409)

i=1

where u is the uniform distribution over M elements and h is the binary entropy function. Optimizing over i yields
the following bound on the minimax error probability:

M
. M 1 Do lls
—log PL({pity) < - <h<1/M>_1ogM§;e Dl | >). (410)
=1

Proof. We will combine three ingredients to obtain the result. First, a result of Vazquez-Vilar that relates the multi-
hypothesis testing error to a asymmetric hypothesis test [151]

M
_ 1
maxﬁlll M <@M1‘Pi MU@M> (411)
i=1

M
- 1
exp <— minDé 1M (@uipi MU®M>> )

i=1
where Dy is the hypothesis testing relative entropy with success probability 7. Next, we use the standard bound

P ({pipi}ily)

1

Dy(pllo) < n(D(pHJ) +h(1=n)) (412)

that relates the hypothesis testing relative entropy to the regular relative entropy [17]. The final ingredient is
Lemma 20. Putting everything together yields that for all o,

M
* —1/M
—log P} ({uipi},) < Dy (@Mz‘m

i=1
M
M
< 7 —1 [D (G?mpi

M M
T M1 lD(N lF) + ; D (pi |l o) + h(l/M)]

1
L) i

1
MU@M> + h(l/M)]

as claimed. The result on the minimax success probability follows by minimizing the above bound over u, with the
resulting bound obtained via Lemma 42 using x; = D(p; || o) and v; = 1/M. O

Usually, in the literature for lower bounds in quantum information science (see, e.g., Ref. [152]), Fano’s inequality
is used in a different form, namely the one that bounds the mutual information of a quantum channel. The mutual
information in turn is bounded by the Holevo information of an ensemble of quantum states, usually taken to be a
uniform mixture of the multi-hypothesis testing states. We recover a similar argument from the above bound by using
a uniform distribution as the candidate for the minimax optimization and the expected state as the candidate state

o= Zf\il wipi, in which case the average relative entropy is exactly the Holevo information of the ensemble {1;p; }2,
M M M M
S owiD | pi | D wipi | = wiTr | pi (logpi —log > pip; (414)
i=1 j=1 i=1 j=1

M M
=S (Z ,Uipi> - Zuis(pi)

ey,
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We note that the major improvement over this strategy is the logarithmic dependence on the hypothesis testing error,
which, however, comes at the cost of a missing cross-dependence between the Holevo information and the number of
samples. We can phrase this as the following corollary:

Corollary 22 (Fano-type bound with Holevo information). Let {p;}}, be a quantum multi-hypothesis testing problem.
We have the following bound on the minimazx error probability:

~logPL (o)) < (h(l/M) x ({M}_)) , (415)

where x is the Holevo information of an ensemble of quantum states.

We can also use a similar strategy as in the proof of Theorem 18 to obtain a multi-hypothesis testing lower bound
involving the fidelity. Let us extend the fidelity to mixtures of states as follows:

M
({szz}z 17{%01 i=1) (@Mpweayzaz) = Z\/Mil/iF(pivUi)~ (416)
=1

We can then establish the following lower bound:

Theorem 23 (Multi-hypothesis testing lower bound). Let {p;}}, and o be quantum states and {u;}, be prior
probabilities. We define

Favg = F({:uipi}i]\ila {J/M}i]\il) (417)

and obtain the lower bound

2 2
P ({pipi}) > MA{ : (Favg - @) > (Favg - ]\14> : (418)

The bound is valid in the regime where Fayg > 1/M

Proof. We employ a strategy similar to the proof of Theorem 18. To this end, we denote with A; = u;p; and X = ﬁa
We can write the optimal hypothesis testing success and error probabilities as

Pr({4;}) = ZTr [A,IL] (419)

P*({A}) = Z Tr[A I1,)] (420)

where {II;}, are the optimal POVM effects. Then, we define a CPTP map
M M M M M
A(@r) x| (@) (@) | o7 | (D7) (-
i=1 i=1 i=1 i=1 i=1

(@ ) Pr({A}) @ Pr({A)) (422)

A (XOM) = [X]@(M—l)Tr[X]:%@Mﬂzl.

& Tr (421)

such that

(423)

We can now again use the data-processing property of the fidelity. To this end, we observe that

(@ A, XM ) = Fovg. (424)
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Now, applying the channel A yields
M M
F (@ Ai,X@M> <F (A @Ai A [X@M]> (425)

: \/M Pr({pipi}) \/P* ({nipi})

We now apply the bound P} ({u;p;}) < 1, rearrange and square to obtain the first Theorem statement. The validity
range arises from the fact that the left hand side must remain non-negative for this to be sensible. O

F. Further bounds

Similarly to our argument for Theorem above, which applied to quantum multi-hypothesis testing, we can do
the same natively for quantum metrology. It involves the extension of the fidelity to parametrized quantum states
defined as

F(u(t)p(t), v(t)o(t)) == /dt\/M(t)V(t)F(p(t)va(t))- (426)

We obtain the following result:

Theorem 24 (Metrology error lower bound). Let p(t) a set of states with prior u(t) supported on a compact interval
of size T. Let o be a reference state. We define the random guessing probability x = 20/T and a measure of average
fidelity as

Fuvs i= Fu(t)p(t), o/T). (427)

With these definitions, the optimal Bayesian error probability can be lower bounded as
N 1 2 2
=17 (0 p,1t) 2 77— (Favg = V)" 2 (Fave = V5)" (428)

The bound is valid in the regime where Fayg > VE.

Proof. We employ a strategy similar to the proof of Theorem 18. The Bayesian success probability is given by

08, 9,1 Q) = / at Te{u(t)p(t) (ws * Q)(1)]. (429)

We can now see a set of states with prior as an operator-valued measure p(t)p(t) with the trace map given as [ d¢ Tr[-].
In this sense, we can define a CPTP map

AO()) = { [t o - Q) >]} & { [ a0 - ws *Q)(t)]} (430)

such that
A(p)pt)) =n®l-n (431)
MF)=Te T =reion ()

where we introduced the random guessing probability x := 2§ /T. Our results will be formulated in terms of sandwiched
Rényi relative entropy of order 1/2,

- 1 -
Dyjs(pllo) = *510gQ1/2(P|| o)) (433)
= —% log Tr[(0/2pat/2)1/?) (434)

= —log F(p,0), (435)
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essentially the log-fidelity. Using the data-processing relation of the fidelity, we obtain a relation to the Bayesian
success probability

F(u(t)p(t),%) <F@®l-ne®dl- k) (436)

= Vinr+ V(1 =)l —rk)
< Vit V(L= - k).

Combining the two preceding results allows us to deduce

1
1_n2m(Favg_\/E)2~ (437)
as long as
Fove > V. (438)
O

Another possibility to get a metrology bound is to use the Fano-type bounds we derived before. Going along this
path gives the following theorem:

Theorem 25. Fiz a sub-interval of size T = 4ké for k € N. We set M = 2k + 1 and have that
—log1 —7(6,p) < (439)

M 1 p(t+250) || p(1))
rntax]\/[_1 (h( > log— Z e~

l—fk

Proof. We first use the subdivision trick of Lemma 6 to establish the following lower bound relating to a subinterval
I=[t—T/2,t+T/2] of size T = 4kd centered around ¢:

_ﬁ*<67p) thax{l_ﬁ*(évph)}’ (440)

where p|; is the restriction of p(t) to t € I. Next, we apply Theorem to the above, choosing a set of states
{p1 = p(t +261)}F__, that fulfill the condition that the associated times are at least 2§ apart. This gives

—77(6,p) = max P, ({p = p(t +280) ). (441)

We then apply the above Theorem 21 with the reference state o = p(t) to obtain the statement of the Theorem. [

G. Upper bound on asymptotic rate

Theorem 16 allows us to get bounds on the asymptotic rate for quantum metrology from the corresponding upper
bounds for binary hypothesis testing. These bounds rely on the fact that the asymptotic rate for multi-hypothesis
testing is given by the smallest quantum Chernoff divergence [14]

C(p,0) = — 1nf logTr[ Sote] (442)

among two states that are to be tested [15]. To be able to establish such bounds, we first need the bound of Theorem
not to be vacuous which corresponds to enforcing K = 1, as the success probability asymptotically approaches 1, but
K is independent of the number of copies of the state that are used. As a further ingredient to establish the bounds
on the asymptotic rate, we need the following Lemma that generalizes Laplace’s method in a way relevant to our
work.

Lemma 26 (Laplace principle). Let u(t) be a probability measure on R and f(t) a bounded measurable function. The
essential infimum with respect to u(t) is defined as

essinf f(#) = sup {b € R | u({f(t) < b}) =0} (443)

We have that

— lim l1og / dp(t) e ™™ = essinf f(t). (444)

n—oo u(t)



7

Proof. We assume without loss of generality that
" = essinf f(1) = sup {b € R u({f(1) < b}) = 0} =0, (445)
“w

as we can otherwise consider the function f — f*. First, note that

1
~log / du(t) e ™ ® <o, (446)
n
as e~ ™) < 1 almost everywhere. Thus,
1
lim sup — log/d,u(t) e M <. (447)
n—oo N

By the definition of the essential minimum, for every € > 0 we have that there exists a § > 0 such that

n({f(t) <e}) =4 (448)

From this, we obtain that for all n

/du(t) e 1) > gmneg, (449)

Taking the log and dividing by n we obtain:

%log ( / du(t)e ! “)) > e+ 080), (450)

Taking the lim inf of both sides we obtain that

lim 1nf — log (/ du(t)e ™ t)> (451)
n—roo

As € > 0 was arbitrary, we conclude that

1
lim inf — log (/ dp(t) e"f(t)> > 0. (452)
n—oo
The claim then follows by combining Eq. (452) with Eq. (447). O

We are now equipped to show that Theorem 16 implies the following bound on the asymptotic rate.

Theorem 27 (Upper bound on asymptotic rate). For a given window function w, state set p(t) and possibly a prior
w(t) that has non-vanishing support on the parameter domain, the Bayesian and the minimaz rate obey the upper
bounds

R (w,p) < R*(w, p, p) < inf { Clp(t), p(t")) ‘ t,t': sup{w(t +z) +w(t' + )} = 1} ' (453)
x
Proof. Let us first recall the definition of the asymptotic Bayesian rate

R*(w, i, p) = lim ——log (1 — (w,u,p®")). (454)

n—oQ

We will apply Theorem 16 for a set S = {(1/2,0),(1/2,s)} where s is chosen such that the constant K is equal to
1, i.e., such that the shifted windows do not overlap. In the case of binary discrimination, we can make sue of the
Helstrom formula

1 1
P{(A,B) = 5 Tr[A+ Bl + S|4~ Bl (455)
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The Theorem then implies the following lower bound on the error:

Lo ™) 2 1 [ e (Gu00™ 0. gute+ 900+ 5)) (456)

)

1 % </ dt T Bﬂ@p@”(t) + %u(t + )Pt + s)} + H;u(t)p‘@”(t) + %u(t + )%t + 5)

)

! ( Jarm [§u<t>p®"<t> b o+ s>} - Himp@”w R

[tz (Guon 0. gute+ 5o+,

where we have used the fact that

1 1
/dt Tr [ZM(t)p®"(t) + §u(t +5)p®"(t + s)} =1. (457)
We can now make use of the fact that the asymptotic scaling of the error probability for binary hypothesis tests is
known [153]. We only have to take care of the additional measures p(t) and p(t + s) that appear in the expression
we look at. For the sense of brevity, we do not reproduce the whole proof of Theorem 2.2 of Ref. [153] but we just

note that using the relation min{ab, cd} > min{a, c} min{b, d} for non-negative real numbers a,b, ¢, d after Eq. (12)
of Ref. [153] implies that

P! (§u<t>p®"<t>, St )™t + s>) > L min(u(t), p(t + 5)) exp (-n(Clp(t), plt +5) +o(1). (458)

Therefore,
L o) > / dt min{p(t), p(t + 5)} exp (~n(Co(t), plt + 5)) + 0(1))) . (459)

For the next step, we define v(t) = min{u(t), u(t + s)} and have that [dév(t) = ¢ > 0 by the assumptions of the
theorem statement. With this at hand, we have that v(¢t)/c is a proper measure so that

i~ Jog(1 — 1" (w0, p°) < lim - log 5 | O exp (-nC(p(t) ot + ) expl(—o(m)). (460

n—o0 2

We can asymptotically take care of the o(n) term by adding —ne with an arbitrary € > 0 to the exponent and then
apply Lemma 26 to obtain

n—oo N e—»0n—oc0 N

lim *llog(l =" (w, i, p")) < lim lim *llog/dyc(t) exp (=n[C(p(t), p(t + ) + €]) (461)

li inf C(p(t), p(t
liny ess in (p(t), p(t +s) + €

ess(i)nf Cp(t), p(t + s).
v(t

In the above statement, the prior enters only through defining the support of v(¢), which by virtue of the assumptions
of the theorem is the full support of the domain of the metrological problem which we left implicit. This means that
asymptotic rate bound applies both to the Bayesian and the minimax case. The theorem statement follows by writing
s =t —t' and the condition sup, {w(t + s) + w(t' + s)} = 1 enforces K =1 as desired. O

The statement of Theorem 13 in the main text follows straightforwardly by noting that the condition on ¢ and ¢’
reduces to |t — t'| > 2§ for the rectangular window with tolerance 4.

H. Relation to Wigner-Yanase-Dyson information

Under continuity assumptions, the most similar states — and thus the states that are hardest to distinguish from
each other — are the ones that are close in time. In the case of a rectangular window with very small tolerance ¢ we
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thus expect the rate to be limited by the states that are 2d-close. In this case, we can expand the Chernoff divergence
as [154]

Clp(t), plt +20)) = 50°T(1) + O, (162)

where Z(t) is the Wigner-Yanase-Dyson information. We can alternatively define it through the affinity of quantum
states

A(p,0) = Tr[p'/?0"/?), (463)

such that
A(p(t), plt +26) =1 — ia?z(t) + 0. (464)
Compare this to the Bures fidelity, which expands into the quantum Fisher information F(¢) as
Flp0), e+ 20)) = 1o(0)* 2t +26)" /21 = 1 = 38°F (1) + O(5) (465)

For small &, we thus expect the asymptotic rate to be bounded by

—*

1
R (ws,p) < 552 mtinI(t). (466)

As the Wigner-Yanase-Dyson information is always smaller than the Bogoliubou-Kubo-Mori information associated
to the quantum relative entropy, this is tighter than the characterization given by Hayashi in Eq. (71) of Ref. [43].

I. Lower bound on success probability

In this section, we will establish a lower bound on the success probability. Such lower bounds are obtained by
exhibiting a POVM Q(7) for which we can guarantee a certain performance. In our case, we will assume a suitable
measurement {M(A\)} has already been chosen and we then compute guarantees for the smoothed maximum a poste-
riori strategy introduced in Section VI. Our bounds allow us to reduce the problem to the hardest binary hypothesis
testing problem for two states p(t) and p(t') that can never be in the same window. We use our bounds to establish
a lower bound on the asymptotic rate for the § window and show that it matches the upper bound of Theorem 27 for
commuting states. We conjecture that a suitable lower bound can be derived in the general case as well and sketch a
possible direction to do so.

To establish a lower bound on the success probability — or equivalently an upper bound on the error — we will
discretize the problem in question, establish the bound in the discrete case and then lift the result again to the
continuous case by taking the appropriate limits. To this end, we will first establish the discrete version of the success
probability:

n*(WApi} Api}) = {Sgp} Z Z Wi ipi Tr[pi Q). (467)

The first argument is a matrix W that takes the role of the window function, whereas the other arguments are a
collection of quantum states and a collection of prior probabilities. With this notation settled, we can establish the
following lemma that establishes a lower bound through a specific discretization:

Lemma 28 (Lower bound through discretization). For a given window function w, state set p(t) and prior u(t), we
define a discretization with respect to a set of mutually disjoint intervals {T;}N | as

_ 1 L :
po=u(). o= /T AP0, W=, it wl =), (468)

Then, we have that

n*(w, p, ) = 0 (W, {pi}ily {pi L)) (469)
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Proof. As a first step, we can obtain a lower bound on the success probability by restricting the optimization over all

POVMs Q(7) to discrete POVMs Q(t) = Z;vzl d(t —t;)Q; associated to predictions t; € T;. This yields

7 Gpon) = sup [ dut) dr (e = 1) Tlp()Q(7) (470)
Q(7)

> supz_/dw) (t — 1) Tep(H)Q;).

Next, we split the integration over ¢ into integrals over the intervals T; and exploit the definition of W; ; as a lower
bound. The statement of the lemma follows from collecting the resulting terms

7o) >supZZ/du wlt = ) Trlp ()] ()

Qj}i=1 j
>supzz/du ) Wi s Tr[p()Q)]
{Qj1} 1= 1] 1
= sup ZszW,J Tr[p:i Q]
{Qi}i=1 =1

=n"(w, {pi}i:h {pz}i\il)
O]

Our next step is to provide a bound for the discrete problem that achieves a reduction to binary hypothesis testing.
We will now define the discrete analogues of the smoothed maximum a posteriori estimation strategy of Section
For a given measurement {M(\)}, we define the discrete likelihood function

A(N]4) = Tr[p; M(N)]. (472)

Analogously to Section , we also define the marginal probability of observing \ as

N
A) = me (473)

such that the discrete posterior distribution is given by

. pil(A]4)
= 4
Pi| ) = 0 (474)
The discrete likelihood function corresponds to a state
A < A / ANV A7) / dv(\) N PG | A) (475)

that captures the conditional distribution of measurement outcomes conditioned on the underlying state being p;.
A given strategy 7*(\) induces a POVM

Q= [ MO () = ) (476)
The discrete success probability for that strategy is then

n(w, {pi}ily, {pi}ie 17{Q] /d)‘ ZZMW”TI piM(N)]x[T*(A) = j] (477)

11]1

- / IS WA D ) =

i=1 j=1

N N
= [0 33 W PG I () =

i=1 j=1
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The smoothed maximum a posteriori estimation strategy corresponds to

N
Témap(A) = argmaxz Wi iP(j| ). (478)

1<i<N S
=1

The smoothed maximum a posteriori estimation strategy allows us to derive the following proposition that relates
the error to binary hypothesis testing of the output distributions of a fixed measurement for any window which takes
only values in 0 and 1, like the § window.

Pr0p051t10n 29 (Error bound in the discrete case). For a given discrete set of states {p;} ., with prior probabilities
{pi ¥, and a window matriz W with entries that are either 0 or 1, we have that the posterior states {;}_, provide
the upper bound

sz WA L) SN max PpiA)pAG)): (479)

Fk: W, =W, =1

The condition on the indices i and j means we optimize over all states that cannot be in the same window at the same
time.

Proof. By the construction of our measurement, we know that for all ¢

N N
STWi PG <D Wee (PG IN. (480)
Jj=1 j=1

We can reformulate this by introducing a neighborhood of an index i, K (i) == {j | W, ; = 1}, as
S PGEIN< D PG, (481)
JEK () JEK(T*(N))

where we implicitly made use of the fact that W; ; can be only either zero or one by assumption. We will denote the
complement of a neighborhood as K = [N]\ K. Note that the total error of our construction will be

sz nW o} A0 Q) = / w3 PG (182)

€K (7*(N\)

The first key observation we can draw from the above is that for any neighborhood K (k) that contains i, we have
that

N N
PEIN< S PGIN= Y P (483)
JEK(T*(N)) leK (k)

This upper bound will be non-trivial for any i € K (7* (A)). We can remove the overlapping terms in the upper bound
to obtain the following inequality which holds for all i € K(7*()\)) and all k such that for i € K(k),

PGEN< Y PG (484)
JEK(T*(M\K (k)

Hence, we can conclude that if we define the union of all neighborhoods that contain ¢ as U (i) := J{K (k) |i € K(k)},
we have that

PalN < 3 PG, (485)

JEU(2)

The next crucial step in our derivation is to observe that the above immediately implies

P@i|A) < Y min{P(i| ), P(j | })} (486)

JEU (i)
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for all likelihood values that contribute to the error of the smoothed maximum a posteriori estimate. We can thus
bound the total error as

Zpl W (b b QD = [y 3 P (487)

€K (T*(N))

< / W) S > min{P@[A), PGV}

i€K(m* () €U (3)

N
< / w() S S min{PG| ), PG| \)}

i=1 jqU (i)

XU: /dy ) min{P(i| \), PG | \)}

Z piA(7))
ZU (i

2 4 )
N 1<i ?ENP e (Pl (i), piA(5))-
JEU ()

)
)

IN

The first equality is the error under the smoothed maximum a posteriori strategy, the first inequality is Eq. (480),
the second inequality — a further crucial step — extends the summation over i to include all possible indices. The
second equality exchanges the order of integration and summation and the third equality compares to Eq. (475) and
recognizes the term [ dv(A\) min{P(i|A), P(j|A)} as the minimum attainable error when discriminating the classical
states A(7) and A(j) with prior probabilities p; and p;. The final inequality bounds the sum via the maximum. The
statement of the proposition follows by recognizing that j & U(4) is equivalent to Ak: W, = W;; = 1. O

Let us now turn to the § window and lift this proposition to a bound in the continuous case. To this end, recall the
following definitions: We have the likelihood function

AA[E) = Tx[p(t) M (N)] (488)

capturing the conditional distribution of measurement outcomes A for a given ground truth ¢, the associated likelihood
state

AH) = / ANV A D), (489)

and the marginal distribution of measurement outcomes and the posterior distribution:

V() = [ dute) T M) (490)
P(t] ) = ’:((;))A()\ 10). (491)

With these definitions at hand, we can establish the following proposition pertaining to a rectangular window function:

Proposition 30. Assume a rectangular window with fized tolerance 6, state set p(t) with prior u(t) and a fized
measurement M(X). We can then take any given compact interval T and discretize it into N € N equally sized
sub-intervals of size A = |T|/N. We define a smoothed state as

AJ2
/ drpu(t+ 7)A(t + 7). (492)
A A2
Then, we have the bound
W(T) =G, pp) SITIN  max  P(T2(1), TA®F)). (493)
t,t'eT

[t—t'|>2(6—A)
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Proof. Let us use the discretization introduced in Lemma 28 for a set of mutually disjoint intervals T; of cardinality
bounded as |T;| < A such that T = Ufisz where N = [T/A]. We combine the discretization lower bound of

Lemma 28 with Proposition 29. Recall that the discretization involves the definitions
pi = u(Ti) (494)
1
pi=— [ du(t)p(t). (495)
Pi JT,

Subsequent application of Proposition 29 then gives the bound

:LL(T) - n*((Sa P N) < N2 1<Hil?)<(N Pe(piA(i)vij(j)), (496)
T W, =W, p=1

where we have used Zfil p; = u(T) and, for t; the midpoint of T;, we have that

1

K3

pih(i) = p; / AN [AYA| Trlp M ()] (497)
tﬁdmwmwMuﬂ

o [ [
:/d)\|>\)<)\\ /T du(t) A(A[)

:AgmwAu>
= ATA(t).
Hence,

p(T) =" (0,p,p) SAN? - max - P(T2(), T2(t))). (498)
Pk Wj:j:*vvj,kzl

To bring this inequality to its final form, we revisit the definition of W; j for the § window

Wi, = inf w(t;—1t}) (499)
t;GTi ) )
t, €Ty
= inf X[t t] < 4]
tieT;

i

tzETk
xllti =tk + € — €| < 4]

inf
—A/2<e,e!<A/2
= Xlti—tl <5 -4,

where we recall that t; and t; are the midpoints of T; and T}, respectively. The condition that there should not be a
k such that W; ; and W; ;. are one at the same time thus translates to

/Hk': Wi,k = Wj,k =1 < |ti — tj‘ > 2(5 — A) (500)
We, therefore, have

p(T) = (6,p,0) <AN?  max P (T2(t:), T2(t;))
1<i,j<N
[ti—t;|>2(5—A)
SAN®  sup  P(TR(1), TA()),
tt'eT
[t—t'|>2(6—A)

where the second inequality follows from the fact that we can always extend the optimization in the maximum to
also include points that are not the midpoints of the discretization intervals. The statement of the proposition follows
from A = |T|/N. O
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We will now use the above proposition to get a lower bound on the asymptotic rate for the § window. We consider
the case of a defined sequence of measurements {M ("} for n € N. We denote the channel that maps states to their
output distributions over A as

MOg] = [ AP oM ) (s01)
This sequence achieves the rate
1
R (p,0, {MID(N)}) 1= — lim— log P2 (M) [p#"], MO 52 (502)

for binary state discrimination. With this notation in place, we can now proceed with the proof of Theorem 14 of the
main text:

Proof of Theorem 1/. We will use Proposition 30 and choose an interval T = [—Tp, Tp], and a number of discretization
intervals N € N such that A = 2T,/N < §. We actually have to choose A much smaller than that as will become
apparent later. In our case, the likelihood state is given by

AT () = MO (1)] (503)
and its smoothed counterpart by
1 A2
Tam@p = L / dr p(t + F)A™ (¢ 4 7). (504)
A J a2

The upper bound on the error obtained from Proposition 30 then takes the form

u([—To, To]) — 0" (8,p%", 1) <2ToN  sup  Po(THM (1), TAM(1)). (505)
—To<t,t'<To
[t—t'|>2(5—A)

We will introduce the smoothed state set and measure as

Ay 1 A/Qd 1 v o N

w0 g [, i) = ul= A2 A7), (506)
J(n) _ 1 A/2 7_ .

S u(lt — A2t +A/2) /_A/Qd pu(t)p®"™ (). (507)

With these notions, we have that

1 (A2
A0 () = M™ [A / dr p(t +7)p®"(t +7)
—A/2

(508)

= MO (0> ()],

For technical reasons, we will need a full rank state in the following derivations. We therefore introduce the perturbed
state set

p~(t) = (1 = 7)p(t) +w, (509)

where 0 < v < 1 and w is the maximally mixed state. We will use p$ ’(n)(t) to denote the associated smoothed state
sets analogously defined as in Eq. (507). We can use the upper bound

1 n n 1o — n
pt) < mpy(t) = pon(t) <e log(1/(1 7)),0% (t). (510)

The state p® (") appearing in the upper bound of Eq. (505) is a mixture of i.i.d. states, but for our purposes we need
an i.i.d. state. We therefore use the chain of inequalities

pA M) < enlog(1/(1—7))p$,(n) (t) < en[log(l/(l—v))JrD,T,,%f”][pWA(t)]Q%’ (511)
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where we have introduced the quantity

Dy = sup Sup  Dinax(py (t+7), 95 (1)) (512)
—To<t<To —A/2<T7<A/2
We have thus reduced from the state p® (™ (t) to the state [05(£)]®™ at the cost of a correction to the asymptotic rate

given by log(1/(1 — 7)) + DI0:2:7 as becomes apparent from the following chain of inequalities:

N’([_TOaTO]) - ﬂ*(‘saﬂ ,,LL) (513)
<2TGN  sup  Po (MW (0)p™ M (6)], MU [ (1) p™> M (#)])
—To<t,t'<To
[t—t'|>2(6—A)
<OTN  sup OB/ DIHDIETT B (U [ (1) 62 ()] 7], MU [ () [ (#)]27])
—To<t,t'<To
[t—t'|>2(6—A)
<2LN  sup OB/ DS s [ (1), 1A (1) L P(MD [[02 ()], M2 (#)]27])

—To<t,t'<To
[t—t'|>2(6—A)
SN sup  Os/OTIDERRETE (MO [ (1)) 2], MOV[pA (1)),

—To<t,t'<To

[t—t'|>2(5—A)
The first inequality is Eq. (505), the second inequality uses the facts that for the optimal binary hypothesis testing
error we have that A < A’, B < B’ implies that PX(A, B) < PX(A’, B’) as well as that PS(ad,aB) = aP(A, B).
Both of these facts are readily observable from the Helstrom formula and the convex problem formulation of the
hypothesis testing error. The third inequality extracts the measure via maximization and the fourth inequality upper-
bounds the maximum of the smoothed measures by one. We can conclude that the asymptotic rate of approaching
w([—To, To)) is thus at least

— tim loglu([~To, To)) — (0, p%", )] = inf  R(p2(8), p2(¢), {M™}) — log(1/(1 — 7)) — DIGAT.  (514)
00 [t—t/|>2(5—A) v K

Having established this bound, we now desire to let the number of discretization steps N — oo and thus A — 0. By
assumption, t — p(t) is a continuous function and hence

T [o2(6) = 20 = (1 =) lim [lo(t) ~ /(1) (515)
. 1 A2
awg%pmA/;pwmur>
AJ2
=(1— ilElOH/A/Z p(t+T)

<1 —p(t
—Alﬁlo,A/gg);A/gnp() pt+ 7l

=0.
This implies that

Jim R(p2(0), 2 (#), {M)}) = Ripy (2), (¢, {M™}) (516)

as R is a continuous function in the first two arguments with respect to the trace norm by the uniform limit theorem
as it is a composition of continuous functions.

To wrap up our proof, we also show that the quantity DT0-27 vanishes. To do so, we rely on the formulation of
the max-relative entropy that involves the pseudoinverse:

Dinax(p+ (t + ), p5 (1)) = 1og [|p (¢ + 8)p3 (1) *[| - (517)
We can then make use of some results on the perturbation theory of the pseudoinverse. Namely, that if rank(A) =
rank(A + X) and || X ||oc < 1/[|A"| 00, we have that [155]
AT = (A+ X) oo <31 AT (ool (A + X) ool X ]| (518)
AT 211X Nl

<3 .
1= [[A* oo | X [|oo
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In our case, we would like to show that A+ X = pﬁ(t)‘* is not too far from A = p,(t+06)*. As we perturbed all states

with the maximally mixed state, we know that pﬁ(t) and p,(t+J) both have full rank, fulfilling the first requirement
of the above result. Next, we use a similar argument as in Eq. (515) to establish that as long as |§] < A/2

: A : A
Tim [lp,(t+8) = p2 (0] = (1 =) lim [Jo¢ +8) = p> 1) (519)
AJ2
< hi - —
< lim p(t+9) N dr p(t+7)
Ll rar
= i{r}ox /—A/Q drp(t+6) —p(t + 1)

< i t+8) — plt
_AlgloiA/;r%ag;A/QHp( +0) — p(t +7)||

:0’

by continuity. This implies that we can make ||p% (£) — p (t+0)||so arbitrarily small when decreasing A. This especially
means that we can make fulfill the second requirement of the above result on the magnitude of the perturbation. This
is because for sufficiently small +, we have that 1/|p,(¢t + &) *||sc = O(1/) which is independent of A. Hence, there
exists a sufficiently small A such that we can apply the result. This allows us to conclude

1 Diase(ps (£ +0), 95 (1)) = lim loglpy (£ +8)p5 (£) oo (520)
lim log]|p, (¢ 4+ 8)[p(6) " — oy (t+8)* + p, (¢ +0) ]Il

Lim 1og (o, (¢ + 6)ps (£ 4 8)*lloc + I (£ + D) () = pr (8 +8)Tlloc)

< lim log (L + [l (t 4+ 8) oo 105 (5)* = p (£ 4 8) 1)

iiglo log (1 + ||p§‘(t)Jr —py(t+6)" )

Jim [0 F = ot +0) il

o ot IR0 = py(t+ 8o
A5 T, 0+ ) [l o2 0 — o+ )
0.

IN AN N

IN

IA

The last line follows by choosing A sufficiently small. This immediately implies the desired relation

lim DTo:A7 = . (521)
A—0
and we obtain that
— lim log[u([~To, To]) — n* (5, 0%" )] = inf_ Ripy(£).py (¥). {M™}) ~log(1/(1 7). (522)
n—o00 —To<t,t'<Tpy
[t—t'|>25
Finally, we let ¥ — 0 and Ty — oo, which recovers the theorem statement. O

Looking at the structure of the above proofs, we see that Open Problem 5 could be solved if there exists a
measurement M (\)) such that in the discrete setting the pairwise discrimination error of the outcome distributions
{A; = Mp ]}, fulfills

max P.(p;Ai,p;A;) < C in Tr[pSpl=* 523
| Jnax e(Pil\i, piA;) < | Jnax - ming rlp;p; "l (523)
Ik Wiy =W =1 Ik Wi p=W; =1

where the constant C' can be polynomial in the number of discrete states and the dimension of the underlying system,
as i.i.d. states live in the symmetric subspace.
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VIII. OPTIMAL TOLERANCE

In this section, we will focus our attention on the rectangular window with tolerance ¢. Until now, we have
analyzed the problem of finding and optimizing the success probability we can guarantee for a fixed window size §. It
is however also operationally meaningful to ask the reverse question: How small can we make the window tolerance
0 while keeping the probability of success constant? This is especially interesting, as this quantity compares more
naturally to the usual quantifiers in quantum metrology, namely the standard deviation.

We defined the success probability of a metrology protocol over states p(t) with prior u(t) as a quantity dependent
on ¢ as n(d) = n(0, u, p, Q). In the same spirit, we now define the optimal tolerance (as in the main text) as

5(n, 1y p, Q) = inf {8 > 0[n(d', 11, p, Q) > m}. (524)

If the function n(d, i, p, Q) is injective in §, this is functionally equivalent to the inverse of this function seen as a map
from § to n. Contrary to 7, the quantity § cannot be written as a semi-definite program, because the dependence of
7 onto ¢ is non-linear. The associated minimax quantities are defined likewise.

We can learn something about the relation between 1 and § by performing a Taylor expansion:

Proposition 31 (Limit for smooth POVMSs). For a rectangular window with small tolerance 0, a set of states p(t),
possibly with with prior u(t) and a fized smooth POVM Q(1), we have that

06 1., Q) = 25 / du(t) Telp(H)Q(1)] + O(), (525)
(0.9, Q) = 20 min Te[p(H)Q(1)] + O(5"). (526)

Proof. A simple Taylor expansion of @) around Q(t) gives

Qt+7) = Q(t) + 7O(t) + %#Q(t) + 0@, (527)

Integrating this from —4§ to d yields

/6 dr Q(t + 1) = 26Q(t) + %63Q(t) + O(8%). (528)
-6

4
06 11.p. Q) = / du(t) / A7 Tp()Q( + ) (529)

the statement of the proposition in the Bayesian case follows. The minimax case is also evident when recognizing
that we just have to take a minimum of the same expression. O

The above proposition highlights that in the limit of small §, the optimal POVM is independent of §, at least if we
optimize over smooth POVMs only. We can also use it to give a simple proof of Proposition 28 of the main text:

Proof of Proposition 28. The formula for the derivative dsn at 6 = 0 can be readily read off the result of Proposition 31,
the statement then follows by applying the formula for the first derivative of the inverse function. O

A. Lower bounds via asymmetric hypothesis testing

In this section, we provide lower bounds on the size of the window function in terms of asymmetric hypothesis
testing. We refer to Section for a brief description of asymmetric hypothesis testing.

Theorem 32. For a given window function w and set of states p(t), we have for every quantum state o and constant
0<no <7"(w,p) that

[atuv) = [ dt s o0 (530)
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Proof. By duality of semi-definite problems, it holds that the optimal type-II error probability defined in (386) can
be expressed as [17]

Belpllo) = sup{(1 — ) — Tr[X] : 1 > 0, X > 0,p < 7 + X}, (531)
Define fi(t), X(t) to be the optimal candidates in this convex problem, such that f(t)p(t) < o + X(t) and
Bi—n, (p()|lo) = m(t)no — Tr[X(¢t)]. The strategy of the proof is to find dual candidates in the convex program
for 7 (w, p) in ( .
Let v = [ [ dt i(t)] " and let u(t) = vii(t), and observe that Jdtpu(t) = 1. Let
1
5= / dtw(t), (532)
For any ¢’ € R, we find
[atuo e~ ¢)p) =v [ atule- ) et (533)

< V/dtw(t —t) o+ X(1)]
< 2wb0 + u/dw‘((t) ,
where for the second term in the last line we have used the fact that w(¢t —¢') < 1. Defining
X = 2vdo + V/dt X(t) (534)
thus ensures that
/dt p(t)w(t —t') p(t) < X. (535)

Therefore, u(t) and X are feasible candidates in the dual problem for 77*(w, p). The objective value attained by this
choice of variables directly gives us an upper bound on the optimal value 7*(w, p), i.e.,

7 (w, p) < TY[X] = 206 + v / dt Te[X (1)]. (536)
The second term of (536) is
v [[at mx(0) = [ at (@0 = 51 (o)1)
—m v [ By, (pO)]) (537)

where the first equality follows from the properties of the optimal candidates in the convex problem defining hypothesis
testing entropy, and the second by the definition of v. Plugging this into Eq. (536), and recalling that 1y < 7" (w, p),
we find

m < (w) <ot v [ atsipit)lo)], (539)
which implies that
|25 [atsnolo)] 2o (539)
Finally, because v > 0, we obtain
25> [ dt i plt)]o) (540)

This proves the claim, recalling the definition of § in Eq. (532). O
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Alternatively, the theorem states that for any 0 < 79 < 1, any attempt to use a window function that is not as wide
as prescribed by (530) will result in a success probability 77*(w, p) that is less than 7. The left hand side of (530) is
a measure of the width of the window function.

We can now give the proof of the asymptotic lower bound of Theorem 36 from the main text. For this, we need
the famous Laplace’s method which we use in the following simplified version (see, e.g., Ref. [150]):

Lemma 33 (Laplace’s method). Let ¢(x) be a twice continuous differentiable function such that it has a unique
minimum ¢(xg) = 0. Then, for any interval I that contains xo in its interior, we have that

2

—_— n=3/2).
n¢//(x0) + O( ) (541)

[ o exp(-nofa)) -
I

We can now prove the desired statement:

Using a § window and a suitably chosen state o we can obtain the following corollary.

Corollary 34. For a rectangular window function with tolerance 6 and a state set p(t), we have for any no < 7" (ws, p)
that

1 ’ . ’
52 / dt exp(—D (p(1)||p(t'))) = sup &' sup  inf__exp(—D{ (p(t)]p(t'))). (542)
5'>0 t o [t—t[<26

Proof. As Theorem 32 holds for any state, we can also choose any p(t'). We therefore have

25> [ dt exp(- D ((0)o(t). (543)

We can now go further and restrict the integration to any interval T of size |T'| = 2§’ that contains ¢ and maximize
over these intervals:

25> sup [ dt exp(~DP(p(t)]p(t) (544)
|TlZ;5' T

We can now lower-bound the integral by the lower-bound of the integrand over the interval to obtain

20 > 26" sup inf exp(=Dy°(p(t)llp(t')))- (545)
|T|:25/ teT
t'eT
As t' has been arbitrary, we can instead just optimize over T as well to obtain

26 > 28" sup sup inf exp(—D{" (p(t)|lp(t"))). (546)
|T|=28't'€T teT

As t and ¢’ have to lie in the same interval, we have that

26 > 28 sup inf exp(—=D(p(t)||p(t))). (547)
¢ |t—t'|<25
The statement of the Corollary follows by optimizing over ¢’ and dividing by 2. O

The above result allows us to exploit Laplace’s method and the relation of the hypothesis testing relative entropy
with the sandwiched Rényi relative entropies of Eq. (64) to get an asymptotic bound. We will use Laplace’s method
in the following simplified version (see, e.g., Ref. [156]):

Lemma 35 (Laplace’s method). Let ¢(x) be a twice continuous differentiable function such that it has a unique
minimum ¢(xg) = 0. Then, for any interval I that contains xo in its interior, we have that

/ dz exp(=ne(z)) = || —7— + O(n~2/2). (548)

1 n¢(zo)
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The asymptotic behavior of the hypothesis testing bound is dominated by the hypothesis testing relative entropy
of states close in time. In this case, the information measure induced by the sandwiched Rényi relative entropy [0]
becomes relevant. We denote it by Z,,(¢t) and it is implicitly defined via [157]

Da(p(t) ]| p(t +9)) = 56°Ta(t) + O(6%). (549)

We obtain the following asymptotic result that reproduces the scaling of the standard quantum limit:

Proposition 36 (Asymptotic lower bound). For all o > 1, the optimal minimaz tolerance for a given minimaz
success probability 1 obeys the inequality

—x 1__ 2w 1
5 (M, p®") > ~qpe-1 — + 0 —+ 550
o) = e [ 22 o () (5%0)
where
7, = mtin_'za(p(t)). (551)
As Theorem , the above theorem visibly reminds us of the Quantum Cramér-Rao in the scaling of n, but the
dependence on 7 is inferior.
Proof. We start from Proposition 28. To obtain a lower bound, we employ the standard upper bound
o ~ o 1
Dy (pllo) < Dalpllo) + log — (552)
a—1 o
on the hypothesis testing relative entropy via the sandwiched Rényi relative entropies [17], which holds for 1 < a < .

We now set ¢ = p®" (') for some ¢’ to be determined later. Exploiting the additivity of the sandwiched Rényi relative
entropy, we obtain

o1, p=™)

v

5 [ at e (=nDato(0) 0) - 22 10x ) (553)

377 [t exp (<nDalo®) 1)).

The integral on the right hand side can be evaluated by a simple application of Laplace’s method as given in Lemma 35,
recognizing that D, (p(¢t)||p(t')) achieves its minimum for ¢ = ¢, yielding

_ 1 o 2
= 8N > “pa-1 ~ —3/2 4
07, p7") 2 57 D) +0(n™""7), (554)

where we have denoted

. 52 .
Dy (t") = 55 Dalp(t’ + A)||p(t 555
o(t') = 573 Dalp(t’ + A)]p(t)) . (555)
The second order expansion of the sandwiched Rényi relative entropy was studied in Ref. [157]. We have that
D) = aZa(t)), (556)

where 7, interpolates between the Bogoliubov-Kubo-Mori (BKM) information in the limit & — 1 and other informa-
tion measures. The associated Petz function is given by

tl/a
Optimizing over ¢’ yields Z,, := miny Z,(t'). Putting this into the bound then gives

=/ 1__a 2w _
57, p%") 2 57T [—=+ O(n 2. (558)
«
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B. Lower bound via symmetric hypothesis testing

In this section, we will give the proof of the non-asymptotic Cramér-Rao like bound presented in Theorem 18 of
the main text.

Proof of Theorem 18. Our derivation starts from Corollary 12, which states that
x 1
7 (6,p) > 7 sup  F(p(t), p(t"))*. (559)
[t—t'|>28

Using the fact that the sandwiched Rényi relative entropy of order 1/2 is given by

(0]l o) =~ 5 log F(p, o) (560)

and choosing t’ = ¢ + 2§, we obtain

1
log ——— <41nfD (p(t) || p(t + 20)), 561)
4(1—mn) (
as we can readily compare to Eq. (66) of the main text. Our desire is now to determine the scale of § that we are
allowed to choose. To this end, we perform a Taylor expansion of D 1

~ o Tk
Dy(olt) 1l +7)) = S 247 (562)
k=2 ’
= %fQ(t)TQ + %fg,(t)TS + %f;;(t)# +... (563)

We assume that the Taylor expansion is valid in a radius of convergence |7| < R(t). The coefficients fx(t) are given
by

6k

fu(t) = WD%(P(t) [ p(t+7)) (564)
T 7=0
As the quantum Fisher information can be defined via [0]
32
F(t) = =2 o Fp0) ot +7)?| (365)
7=0
we have that — as, for example discussed in Appendix C of Ref. [6] —
1 9?
fo(t) = =5 S5 log F(p(t), p(t + 7)) (566)
2 or 7=0
1 62 )
=—7 53108 F(p(t), p(t + 7)) (567)
4 ot or? 7=0
1/ 0 02 9
1 (grree| ) (Frematen?| ) (568)
1
= g}'(t). (569)

We note that the higher derivatives of the sandwiched Rényi relative entropy do not coincide anymore with the higher
derivatives of the fidelity up to a constant. Having established the relation between the leading terms of the expansions
of fidelity and the sandwiched Rényi relative entropy, we can now turn to the actual scale of §. As was made intuitive
in the main text, for i.i.d. copies we are able to asymptotically choose § = O(1//fz) = O(1/+/F), the same scaling
we expect from the quantum Cramér-Rao bound. We will thus make the ansatz

v(t)
fa(t)

T=20=

(570)
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in Eq. (562). In this case, we have

% f§3§t<1> V() + 41,;;;((?) Y+ (571)

To obtain a general upper bound for this expression, we define the constant

Dy (p(t) || plt + 7)) = %72(16) +

1

L) |7
at) = A9 (572)
3<peN | f75(t)
such that we can bound the fractions f][,(t)/fg/2 (t) in Eq. (571) as
> L o 1 3 L oo
Dy(p@) ot + 7)) < 577(8) + 57007 (1) + [ (O () + ... (573)
L
_ 1OV _ 1 _ gty (t ) , 574
=0 (1) (574)
We now insert this bound into Eq. (561) to obtain
1 1 1
“log—— < (eqa)v(t) 1 — gt ) . 575
108 15 < (11 (1) (575)
We observe that the right hand side is always non-negative and that this only gives a nontrivial bound if 77 > 3/4,
similarly to Corollary 12. We will henceforth assume that this condition is met. Substituting the left hand side as
a = —log(4(1 —7))/4, we can now solve the above for equality using Mathematica
Solve [
{(Exp[gq\[Gammal]l-1-q\[Gammal])/q~2 == a, gq>0},
\[Gamma]
]
to obtain
1
V=(t) = ol ag®(t) + Wi(—e 170" )] | (576)
where Wy, () is the product logarithm function, i.e., the solution of we® = x. The integer k identifies the corresponding
branch, in our case k = —1 is relevant because the argument —e~17a4*(®) lies between —1 /e and 0. ~v—(t) identifies
the smallest admissible v we can take to still satisfy Corollary 12 for fixed reference time ¢t. We can now continue to
place bounds on v—(¢). To do so, we exploit the results of Ref. [158] that show that
2
—1—V2u—u<W_q(—e 1) <—1—\/2u—§u. (577)

Identifying u = ag?(t) and inserting into Eq. (576) yields
1
V2a — gaq(t) < 7v=(t) < V2a. (578)

Substituting a = —log(4(1 —7))/4 then gives

1 1 q(t) 1 /1 1
glogm—ﬁlogm <v=(t) < ilogm. (579)

We now use the fact that we chose 26(t) = v(t)/+/ f2(t) and f2(t) = F(t)/8 to deduce

50.0) 2 sup 3 &;% (550)
o V2=(0)
= sup = (581)
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To obtain the Theorem statement, we define

g = sup q(?). (582)

The coefficient T'(t) := v/2v(t) now fulfills the inequality

q 1 1
log — > /log ——— —TI'(¢) > 0. 583
R R T R e 59
This holds especially for the ¢ achieving inf; F(¢) in Eq. (580) and as such completes the Theorem statement. O

IX. OPTIMAL SAMPLE COMPLEXITY

In this section, we provide supplementary material for Section of the main text.

Proof of Corollary 20. Theorem 18 states that

87, p) > ———=, (584)

q 1 1
lo — > [log ———— —I" > 0. 585
6va Bai—n " aa—g) (585)

_ IOg 4 11_* £ log 1 —
) P it S R e Y ) (586)

\/inf, F(t) V/inf, F(t)

Inserting the assumptions of the Corollary then establishes the scalings

where

We thus have the lower bound

3, p) > O(n~ %), [log %

e (587)

After rearranging, we have

V0o = o(1) log ==
Oms)> Y (1) 108 3117 (588)

which means that

log 117
1‘"] , (589)

as desired. O

X. BEYOND UNIVARIATE METROLOGY

In the case of arbitrary parameter spaces, let us consider a parameters x from a set X over which the prior
distribution p is defined such that x — p(z). We assume that X is equipped with a distance measure d(z,y) that is
not necessarily symmetric. In this case, the definition of the Bayesian success probability becomes

n(w,uyp)=/xdﬂ(ff)/Xdyw(d(x»y))Tl"[p(x)Q(y)]o (590)
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Likewise, the minimax success probability is given by

) = int, [ dylie.) Tlp@Qw)L (591)

In this definition, we associate any parameter x the accepting POVM effect
Qu@) = [ ayutdle.n)Qw) (592)
which takes the role of (w * Q)(t) in the univariate case. To see how our results extend in this realm, we introduce a

generalization of Theorem 16. For it, we only need the further notion of a space-preserving transformation:

Definition 43 (Space-preserving transformation). We call a transformation T: X — X space-preserving if it is
invertible and T[X] = X.

We now give a generalization of Theorem 16 which in turn generalizes Theorem 10 of the main text:

Theorem 37. For a given parameter space X with distance function d and window function w, fix any set S = {(A\, T)}
of prior probabilities X\ > 0 and space-preserving transformations T such that ), g A = 1. Then, for a state set p(x),
possibly with prior u(x), we have the upper bounds

W) < K [ do P MTDATE o mes) (593)
7 (w,p) < K inf PL({p(Tla]) }res), (594)

where we have introduced the constant

K = sup {Z w(d(T[z],y))} , (595)
TeS

z,yeX

which measures the overlap of the windows for the different transformations.

Proof. First, we recall the definition of the optimal multi-hypothesis testing success probability for a set of operators

{Ai}:
Pr({Ai}) = sup Y Tr[A4Qi. (596)

0<Qi<1 5
Zi Qi:H

We exploit that the transformations are space-preserving and we can thus transform the domain of integration that
computes the success probability arbitrarily, to observe that

06,0, Q) = D | de NTe[u(Ta])p(T2]) Qu(TTa])]. (597)
A\T)ES X
Using the definition of K given in the theorem statement, we see that defining the operators
_ 1 ~
Qr (@) = 2 Qu(Tla) (598)

yields a valid sub-normalized POVM for all x as

S Q) = 3 QulT) (599)

TeS TeS

IA
|
T
oL
<
=
O
S
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This means that the operators {@T(:v)}Tes can serve as a candidate POVM in the optimization that computes
Ps({Au(T 1)) p(T 1))} x,mes) and hence

(w1 p.Q) < K / at P (O (T p(Ta)  amyes (600)

which implies the first statement of the theorem as the upper bound is independent of the chosen POVM Q(y).
The minimax statement is derived in a similar fashion, observing that we can also apply the transformation trick
to obtain

w,p, Q) =Y A inf Tr[p(Tla])Qu(Tl])] (601)
(\T)es

< inf > ATp(TIa])Qu (TTa])].
N\,X)es

Here, we again make the argument that the {Q;(z)}7es form a candidate POVM and then optimize over all possible
A to obtain the theorem statement. O

Note that if K in the above theorem is larger than the inverse success probability, then the bound becomes vacuous.
This means, as the success probability asymptotically approaches 1, any bound that should work asymptotically must
have K = 1. Let us now turn to the practically important task of the rectangular window with tolerance d: We can
define a distance ball around a points as

Bs(z) = {y € X|d(z,y) < d}. (602)

In this case, the definition of the accepting POVM effect becomes
()= [ dyQu) (603)
Bs ()

The transformation that ensure that different balls do not overlap and hence K = 1 are the ones that make sure that
for all z,y € X there is at most one among the {7 [z]} such that d(7[z],y) < ¢. In other words, if we define the union
of all balls of size § around z as

Us(x) = J{Bs(y) |« € Bs(y)}, (604)
then
K=1<% forallz € X,T € S: x & Us(T|z]). (605)

This is analogous to the notion that metrology is as hard as distinguishing two points that are at least 2§ apart in
the univariate case. For very small §, one expects that Us(z) ~ Bas(x).
We can cast the above reasoning into a corollary that can be seen as an analogue of Le Cam’s two-point method:

Corollary 38 (Generalized two-point method). For a given parameter space X with distance function d and given
tolerance 6, we have that

NCYORSN N P (p(x), p(y))- (606)

y&Us ()

XI. THE COVARIANT CASE: PURE HAMILTONIAN EVOLUTION

In this section, we initiate the analytical study of the minimax success probability in a group-covariant setting.
We consider a set of states |¢(t)) generated by unitary evolution of a pure initial state |¢)) under a Hamiltonian H
reflecting closed system quantum mechanical evolution, i.e.

[¥(2)) = e ") = U(t)[y). (607)

To ensure the group structure, H must have eigenvalues such that all differences between eigenvalues are integer, in
which case the recurrence time of the Hamiltonian is guaranteed to be 2.



96

Let now H decompose as H = ), All, where X\ are the different eigenvalues and II, are the projectors onto the
possibly degenerate eigenspaces. Then, we can write

¥) = XA: Ualn), (608)
where we have the normalized projections of 1)) onto the eigenspaces of H such that IIy[) = tx|tx). Then,
W(t)) = XA: re”Aaby) (609)
and
P(t) = [P (610)
= %w;/e“m')wmww

=3 e i [Ua Al
w A
=3 ety
- wH
w
where we have made use of ¢(t) to denote the density matrix associated with the state |14(t)) and v, are the coefficients

of its Fourier transform given by

1

Yy = o / dt e~ "tap(t). (611)

In this setting, we can identify the optimal measurement strategy for any window function.

Theorem 39 (PGM is minimax optimal). For a state set p(t) given by a pure initial state py = |¢)Xv| evolving under
a Hamiltonian with integer eigenvalue differences for time t € [0, 27], the pretty good measurement (PGM)

Qpam(t) == R™Y2)(t)R™Y? where R = /dtw(t)7 (612)

achieves the optimal minimaz success probability for any window function w(7). The minimax success probability is
given by

M (w, ) = [al[a [ibr—x, (613)

AN
where ,, is the Fourier transform of w(r) at frequency w.

Proof. The pretty good measurement is by definition a valid POVM and thus a feasible point for the primal problem
given in Proposition 2. The associated success probability is now independent of ¢, and we can thus let go of the
minimum, to get

Mpay = min Tr[)(2) (w * Qran) (¢)] (614)
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where we have used the symmetry of 7 and the fact that we integrate over a cyclic interval. Now, if we look closely

at the definition of the pretty good measurement and compare to Eq. (611), we see that

R=2my =21 ) [¥al*[oa)el,
A

which in turn implies that

R7Y? = \ﬁZW) ||1/),\ (1hal-

We can now use this to complete the POVM elements

Qt) = o (Z TN w) (Z *MZMA AN w|> (Z TN w)

7zwt %\% —w
2772 ZWHW B ||w)\><7/})\—w‘

and evaluate Tjpgy via

f(1) = Tr[(0)Qpcm(T)]
1 . AN _,
= 726 T D Unk [ | (Z NI |¢A><1/J,\w|>

AN

_ Zejsz Z |1/JA||¢A wl
_ Z efzw'rfw.
With this, we can Parseval’s theorem to determine
pam = /dTw(T>f(T)
=27 Z Wy fw
= iy Y [allea—ul
w A

=D [allonldn-x

AN

as claimed in the theorem statement. Note that we can also see f(7) = |p(7)|? where

_ L — AT
p(T) - m;e |w)\‘

(615)

(616)

(617)

(618)

(619)

(620)

To show the optimality of the PGM, we use complementary slackness and give a feasible point of the dual. First, we

use p(t) = 1/27 as the dual prior. The only non-trivial complementary slackness condition then is

1w ) (0)Q).

XQU) = o

(621)

We first expand the right hand side in the frequency picture, using the duality of multiplication and convolution under

the Fourier transform,

(w)(t Ze Mtzwé'l/’éQw 5

(622)
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The complementary slackness condition can therefore be written as

Yo (XQw - wmsézw) =0. (623)
w é

As we want the above to hold for all ¢, we expect this to require to hold independently for all frequencies, especially
w = 0. This gives

XQo =) wsthsQ-s- (624)
5

But, as we know that Q is a valid POVM, we have that Q, = I/2m, and hence we get a formula for X given by

X =21 1ishsQ_s (625)
5

= Zwaiﬁéiﬁaélﬁ—é?ﬁg;
5

_Zwé (Zlﬁ,\ﬂ},\ slOANUA- 5> (Z D ||¢,\ 71%\) (Zm s l¥a—s) 1/&) (Z o ‘|1/J,\ M\)
= Zw(; D 1eallasllva)wal.
5 X

We can immediately see that the dual value is correct, as
X] = Z@SZWHW/\JL (626)
s A

It is left to be shown that X and pu(t) = 1/27 constitute a feasible point of the dual, i.e., that
X > Lwr)) (627)
> 5-(w :

Note that by construction, X commutes with the Hamiltonian and is therefore invariant under time evolution, which
means it is sufficient to check the above condition at ¢ = 0, where it evaluates to

X > %/dTw wawwy (628)

™

where we again used Parseval’s theorem. We can then collect the hermitian conjugate terms to obtain

D i Y ([alloa—wl + [DAlloara DIl 2 Y~ b Y ati_o [oaXtor—w| + ati w03 Wrtel; (629)

w>0 A w>0 A

where we have used that w,, = w_,, because it is a symmetric function. As w is still arbitrary, this should hold for
all w independently. We can exploit that the sum runs over all A\, which allows us to replace (A, A + w) = (A — w, )
and obtain

D Ialla—wl XAl + [or—wl[allor—w)tr—w| > (630)
X

D AN r—w| + Yr—wt3r—w)Xal-
A

We can write this as a sum over matrix-inequalities on the subspaces spanned by |1} and |x_,,) to arrive at the
final

(25N 25 R 2y 5
;{ Giowtn [oallral |, 2" (631)
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Denoting now for brevity a = ¥31x_,, we can chat the inequality by computing the characteristic polynomial
la| — a | _ o — ler —
det [ o Ja|—a| =© 2|a|\ = a(a — 2lal) (632)

which has the two non-negative roots 0 and 2|a|, which, together with the fact that a sum of positive semi-definite
matrices is positive-semi-definite, concludes the proof that X is indeed a feasible point of the dual and hence the
pretty good measurement is optimal. O

We can exploit the optimality of the pretty good measurement together with the formula for the minimax success
probability to optimize the probe state. If we define the vector ¢ = (|¢a, [, [¥asls - - - |9, ]) and the matrix Wy x =
wWx—x, we can write the minimax success probability of Eq. (613) as a quadratic form 77 = (¢, Wap). This implies
that the optimal probe state is the solution of a quadratic program over the positive orthant

7 (w,U(¢)) = maximize (¢, Wep) (633)
over P; >0
such that ¢ 42 = 1.

Programs of this form are in general NP-hard to solve in worst case complexity, but as the optimization is over n x n
matrices where n is the number of channel repetitions, we can still use numerical methods to solve this problem for
large numbers of qubits, as direct simulation is not required. Note that the normalization condition for v implies
that

7" (w,U(¢)) < [[Wl|oo- (634)

By the Perron-Frobenius theorem, this bound is tight if the matrix W has only positive entries, which is only
guaranteed if the Fourier transform of the window function is a non-negative function, which will most of the time
not be the case.

Every candidate for the optimal probe state will allow us to determine a lower bound on 77*(w,U(¢)). One such
candidate is a uniform superposition of energy eigenstates ¥ = (1/v/d, 1/v/d,...,1/y/d). This will give a near optimal
success probability in the limit where + is large compared to the spectral Wldth of the window. This can be seen by
noting that in this limit the first order ¢ expansion of the Fourier transform is approximately constant

Wy, ~ 1 (635)
In this case, the success probability is dominated by the one-norm of the vector ||4|1:
7" (w, ) ~ Y [al[oa o = tiol|9p|7. (636)
AN

This is only meant as a intuitive argument.
Let us make this more concise in the case of a § window in the limit 4 — 0. We can show the following proposition:

Proposition 40. In the phase sensing example, for a rectangular window ws and a probe state 1(0), we have that

. ) 1 522
7w, U(0) < & | Tfi 12 = 5 5 Vargo () + 08" (637)
Proof. We use the second order expansion
sinwd 4§ 162
~ - 7 1 - 2 4 .
Wy, — - [ 53w +0(6 )} (638)
If we use this together with the formula for the success probability, where w = A — X/, we obtain
7 (w, ) = > [allgoa ion—x (639)
AN
52
=2 % lunllond 1 55+ 006"
UBWY
0 162
= — Il = 55 D [allen (A = V) + O(5")

PRV
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The quadratic term can be recast into

D el (A = X2 =D [l (A2 + A% = 22)) (640)

AN AN

2
=2[[¢|lx Z [WAIN? =2 <Z 7/1,\|)\>
A
(fﬁ}{ 20§] = TelH GG )
Now, we show that the map
V(X) = Tr[X] Tr[H?X] — Tr[H X)? (641)

is an operator monotone. We can rewrite it as

V(X) = %Tr[(H2®]I+]I®H2 —2H® H)(X ® X)) (642)

and can explicitly check the positivity of the operator by checking its action on an products of eigenstates of H|\) =
A|A) given by

(H*@T+1® H? —2H @ H)AN) = (A2 + X2 = 22\)[\N) (643)
= (A= X)),

We can then also use the facts that

A>B>0 = A® A>B®B, (644)
A>B = Tr[MA] > Tr[MB] for all M >0, (645)
to conclude that
A>B = V(A) >V(B). (646)
Considering
I>9(0) >0 = ¢ > 4(0) (647)

together with the operator monotonicity of V(X)) allows us to conclude that

a1
V(¥g) = V(¥(0)) = Var(H). (648)
Putting this back into the success probability we obtain

7 (w, ) = H¢m—vw®+owﬂ (649)
1) 6292

i - 5 Vanlan) + 06"

<
- 23

The above proposition implies that as long dn < 1, the uniform superposition probe state will work well.

XII. MINIMAX ANALYSIS OF PHASE ESTIMATION

We now treat the practically important case of phase estimation. We consider without loss of generality a phase
t € [—m, 7] to be encoded via U(t) = e~ for the Hamiltonian H = diag(0,1). If we perform n repetitions of the
experiment, we encode with

Un(t) = e 2 g =19 g He IO (650)
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The effective accessible spectrum is then
A, ={0,1,...,n}. (651)
In the following discussions, we always use the rectangular window function

wslt) = {1 if [t < 6 (652)

0 else.

We first give a proof of Theorem 25 of the main text, which establishes the asymptotic rate of the optimal probe
for phase estimation on a spin chain.

Proof of Theorem 25. Slepian gives an asymptotic rate with which the largest eigenvalue of W approaches 1 as

. 2v/1 — cosd
Ry =log | 1+ (=
V2 — /1 —cosd
o V2 ++/1—cosé
T8 V2 — /1 =coséd

1+sin?
= log fg .
1—sing

A quick Taylor expansion yields the theorem statement. We do, however, still need to establish positivity of the
associated eigenvector, the DPSS of zeroth order. To do so, we rely on another result of Slepian, namely that the
DPSS of zeroth order also corresponds to the largest eigenvector of the tridiagonal matrix W with entries

(653)

/\("+1—>\2 for V' =X-1
. (ﬁ — /\) cosd for N =\
_J)\3
Wi = W for ' =X+1 o
0 else.

As 0 < X < n, the entries of this matrix are positive as long as 6 < m/2 as required by the Theorem as well
as being the only non-trivial parameter range. Because of the positive entries, we can apply the Perron-Frobenius
theorem to conclude that the eigenvector associated to the largest eigenvalue — the DPSS of zeroth order — must be
non-negative. O

Next, we give a proof of Theorem of the main text that establishes the minimax rate for a Gaussian probe.
In the course of the proof, we will optimize the width of the Gaussian to have an optimal trade off between § and
n. Note that in the below proof, ¢ refers to the standard deviation of the distribution of estimates, and is thus the
inverse of the standard deviation of the probe state itself.

Proof of Theorem 20. Before we start the proof, we recall the Fourier transform
= e fw), (655)
fw) = 5= [ aswe (656)
w) =5 » e,

We prove the statement by constructing a probe state that achieves the given asymptotic rate. Our target will be the
construction of a probe state whose associated PGM fidelity function is a wrapped normal distribution

o] 2
B0= 7= 3 ew (—i (22 ) (657)

with standard deviation ¢. In the following, we use fa (t) to denote an unwrapped normal distribution. Our aim is to
let o vanish asymptotically in the number of repetitions n. Because the available frequencies of the Hamiltonian are
A, ={0,1,...,n}, the Fourier transform of the actual PGM fidelity function must be supported on the frequencies
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frequencies {—n,...,n}, which are all possible differences of frequencies in A,,. Our strategy will be to assume that
we choose Fourier coefficients of the PGM fidelity function such that they are equal to our target in Eq. (657) on the
frequencies {—n,...,n} and zero outside. With this approximation, we will make an error, which we will see below.

Then, we need to judiciously choose ¢ so that we keep both the approximation error in check as well as making o as
small as possible to fit most of the Gaussian into the window.

Let us first analyze the error we make when we approximate f,(t) on frequencies from —n to n. We denote this
approximation to f, as f=" so that f,(t) = f="+ f>™. Note that f=" is still a properly normalized function as only
f (0) conributes to the integral. The expected error probability for this probe is then

t-g,-1- [ " drw(t) 27 (1) (658)

—T

=1 —/ﬂ dtw(t) f,(t) +/7T dtw(t) f7" (1)

—T —T

:/ﬂ dt f,(t) /(S dtfc,(t)Jrfr dtw(t) f7"(t)

— 5 —

> /5 at f, () + / a7 ()

:2/5 dt fo(t) +2m > (w)f7"(w)

wWw=—00

oo

:2/5 At fo() +4r S (@) folw),

w=n+1

where we have used the definition of ws and Parseval’s theorem, which for real-valued functions and our Fourier
transform conventions reads

/_ Catfgn =2 S Fw)iw). (659)

We just expanded the error in terms of two tails of f,, one in real space and one in frequency space. The next step
is to choose ¢ judiciously to balance the two tails to achieve a minimal error. The first tail is easy to treat,

2/5 dt £, (t) = o Z / exp<— (H%k)) (660)
z/ ()
<o [T (3 (3))
<2 [ g0

— e <\f0)

<o (3 (2)) V35

where we have used the definition of the cumulative error function x — Erfc(z) and the standard tail bound. Note
that the first inequality follows from the positivity of the normal distribution.
The second term will be treated in a comparable manner, however we have to be careful when relating the discrete
summation to an integral. We will need the Fourier transforms of the involved functions, given by
sin dw 1

ws(w) = — ga, (661)

o) = 5 o0 (5 (0?). (662)
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We will apply the bound

twits(w) o) < Zoxp (500 < Zexp (5 (0w?). (663)

W

where the last inequality is valid for w > 1. In this approximation, we can use the integral approximation formula for
positive and monotonically decreasing functions

Y b Y Zew (;w)?) (664)
w=n+1 w=n+1
< 2 exp (;(U(n +1)2 )+ = /::1 dw exp <(aw)2>

IN

IN
SRR RN
o]
>
o}
/-\/T\/-\
)

3
+
=
o

D P N

+

| —
o]
>
ko)
/?
I
B8
3
+
=
e
——
| no
—_

Putting both upper bounds together, we see that

1-7, < exp (—; (j>2> %% + %exp (—;(a(n-i- 1))2> {1 + ;WJ . (665)

In practice, the error will be dominated by the larger exponent, so we can optimize it by making both exponents
equal, i.e., choosing o such that

in which case we have that
n+1

gzo’(n—i—l) & o= (666)
_ S(n+1) 2 1 2 1
1‘”0§exp<‘z>{ﬁ\/a<n+n+w VT

} . (667)
The asymptotic rate of the above quantity is §/2 as claimed in the theorem statement.
To round off the proof of the theorem, we need to show that the desired fidelity function can actually be realized.
Note that the PGM fidelity function fulfills

F(&) = Ip(t)? (668)
where the Fourier transform of ¢ — p(t) has coefficients
. 1
plw) = EI%L (669)
The Fourier transform is such that
flw) = (p*p")(w). (670)

Here p*(w) = p(—w) is a time reversed version of p which coincides with the complex conjugate when p(¢) is real-valued
as we will choose below.
As the weights |1,,| need to correspond to a valid quantum state and w € {0,1,...,n}, we require that

Plw) = 0and > plw)’ = % (671)
w=0
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We also note that shifting the support of the Fourier transform of p(7) only introduces a phase. We will therefore
consider the Fourier transform to be supported on the interval {—n/2,...,n/2}.

As we let 0 — 0, we can work with the unwrapped Gaussian instead of the wrapped Gaussian which will significantly
simplify our calculations. Formally, this is

fo® _ ¢ (672)
fo(t)

for some C' that can be chosen arbitrarily close to 1 for appropriately large n. As we want to construct f,(t), we can
exploit the fact that

fo(t) = (f,a(t)? (673)
and choose
p(t) = FE12 (). (674)

By approximating this expression, we make an error that we need to correct for through re-normalization, the factor
of which is given by

n/2

N 1 1
) Z exp(—g(aw)2) (675)
w=—n/2
R R 1,
=5~ 5.3 ;Qexp(—Q(Uu}) ).

We see that the right term is again the tail of the Gaussian in frequency space which becomes arbitrarily small for
n — oco. We therefore know that there exists an n such that 1/2 < A < 1. This means the actual probe we will use
is given by

Plw) =N (w), (676)
Y = V21N ff\%(w). (677)

The correction factor, as well as the error of approximating the wrapped Gaussian with the unwrapped Gaussian is
bounded and will thus not contribute to the asymptotic rate. This concludes the proof. O

Next, we will discuss the constant factor of the Heisenberg scaling of the Gaussian probe and give a proof of
Theorem 27 of the main text.

Argument for Observation 27. We use the same setting as in the above proof of Theorem 26. We start from Eq. (667)
and set
a
0= 678
n+1 (678)
to obtain
2 o 1 s 1
< Zem 7 — Z _
1 s —e (1—1—\/@ \/;—F\/Qﬂ_(n—l-l)) (679)
2 «
~ Zexp (f5 +O(log a) + O(log n)) . (680)
Rearranging then yields
2log ——>— > a+ O(loga) + O(logn) (681)
— 0 = (0% n
m(1=17)

which implies the Observation. O
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A. Chernoff bound and entanglement advantage

In the previous section, we have shown that the optimal rate for the phase sensing problem is lower-bounded by
4/2 in the case of an entangled probe. In this section, we also provide an upper bound on the best rate that can be
achieved with tensor power inputs. We can exploit the upper bound on the asymptotic rate for the tensor power case
derived in Theorem 27 to establish the following theorem.

Theorem 41. The optimal minimazx rate for tensor power inputs for the phase sensing problem is upper-bounded by
Riq(ws, U(t)) < —logcos?(d) = 6% + O(5%). (682)
We can, therefore, guarantee a quadratic advantage over the i.i.d. case through the use of entanglement.

Proof. We know from Theorem that we need to bound the Chernoff coefficient, which for pure quantum states
relates to the fidelity according to

C(p(t), ¥ (t +20)) = —log o2, Tr[y(t)* ¢ (t + 26)' 7 (683)
—log Tr[tp () (t 4 26)]
—log (s (1) (t + 26)) .

Note that due to the covariance property it is sufficient to study the fidelity for ¢ = 0. As for our setting, we have
used a single qubit as our building block we can expand

[((0)[1(26))[% = [|eol® + e~y [ (684)
= vhol* + [¢1]* + 2[¢po[*|1h1|* cos
= ([¢0]* + [¢1]*)? = 2(1 — cos 26) [t [*[¢1]?
=1—2(1 — cos 28)|¢ol* |y |

For the best protocol, this quantity has to be as small as possible, hence the optimal probe has |¢g|? = |¢1]? = 1/2.
Therefore, for the optimal probe state

|(1(0)|(26))* =1 — %(1 — c0s20) = cos?(6). (685)

We conclude by the Taylor expansion of — log cos?(9). O

B. Additional numerics

In this section, we present additional numerical results for the minimax analysis of phase estimation performed in
Section XI of the main text.
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FIG. 12. Optimal error probability of quantum metrology that can be guaranteed for any prior distribution for different probes
in the phase estimation scenario for different values of the target tolerance . We compare a generalized GHZ state (Eq. (95),
red), an tensor power of plus states (green), the Holland-Burnett state (Eq. (96), orange), the Gaussian state (Eq. (99), yellow)
and the optimal state (Eq. (93), blue).
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FIG. 13. Optimal tolerance of quantum metrology that can be guaranteed for any prior distribution for different probes in the
phase estimation scenario for different values of the target success probability 7. We compare a generalized GHZ state (Eq. (95),
red), an tensor power of plus states (green), the Holland-Burnett state (Eq. (96), orange), the Gaussian state (Eq. (99), yellow)
and the optimal state (Eq. (93), blue).
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