N

N

Towards a versatile polynomial criterion for
architectured materials

Nassim Kesmia, Nicolas Auffray, Boris Desmorat

» To cite this version:

Nassim Kesmia, Nicolas Auffray, Boris Desmorat. Towards a versatile polynomial criterion for archi-
tectured materials. 25e Congres Francais de Mécanique,, Aug 2022, Nantes, France. hal-04280194

HAL Id: hal-04280194
https://hal.science/hal-04280194
Submitted on 10 Nov 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04280194
https://hal.archives-ouvertes.fr

25°"¢ Congrés Francais de Mécanique Nantes, 29 aoiit au 2 septembre 2022

Towards a versatile polynomial faillure criterion for
architectured materials

N. KESMIA?, N. AUFFRAY %, B. DESMORAT P

a. MSME, Univ Gustave Eiffel, CNRS UMR 8208, F-77474 Marne-la-Vallée, France,
nassim.kesmia@univ-eiffel.fr, nicolas.auffray @univ-eiffel.fr
b. Sorbonne Université, CNRS, Institut Jean Le Rond d’Alembert, UMR 7190, 75005 Paris, France,
boris.desmorat @sorbonne-universite.fr

Résumé :

Les matériaux architecturés, comparés aux matériaux standards, constituent une classe de matériaux ou des
propriétés intéressantes peuvent étre exploitées, comme un rapport rigidité/masse élevé. Avec le développement
rapide de la fabrication additive et des outils d’optimisation de la topologie, ces matériaux ont désormais un
grand potentiel. Cependant, d’un point de vue mécanique, le fait que les matériaux architecturés aient un
comportement particulier peut rendre les choses difficiles. Nous souhaitons optimiser les matériaux treillis
(une sous-classe de matériaux architecturés) en considérant la résistance mécanique comme une contrainte de
conception. Pour ce faire, nous devons d’abord établir une fonction de seuil qui puisse décrire avec précision
leur résistance mécanique. Une fonction de seuil polynomiale de degré éleve est proposée dans cet article.

Abstract:

Architectured materials, compared to standard materials, are a class of materials where interesting properties
can be exploited, such as a high stiffness to mass ratio. With the rapid development of additive manufacturing
and topology optimisation tools, these materials now have great potential. However, from a mechanical point
of view, the fact that architectured materials have a particular behaviour can make things difficult. We want
to optimise lattice materials (a subclass of architectured materials) by considering mechanical strength as a
design constraint. To do this, we first need to establish a threshold function that can accurately describe their

mechanical strength. A generalised polynomial threshold function is proposed in this paper.

Key words: Threshold functions, anisotropy, tensors, harmonic decomposition,
architectured materials.

1 Context and introduction

Architectured materials are materials that present a mesostructure between their macrostructure and their mi-
crostructure [1]. They are known to have many interesting properties such as a good stiffness/weight ratio, wave
guide, energy absorption [2]. It is important to use all these properties in an optimal way and this can be done
with the help of topology optimisation tools [3]. Ensuring mechanical strength while having optimal properties
remains, until now, a problem. Architectured materials are known to have a particular mechanical behaviour
where two modes of failure can be found: (1) plasticity (or brittleness) in traction and (2) buckling (or plasticity)
in compression. They are therefore highly anisotropic and exhibit asymmetries (in traction and in compression).
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It is necessary to define a faillure criterion capable of accurately describing this behaviour in order to ensure
the mechanical strength of the optimised structure. In the literature, multiple approaches are available when
it comes to to define a criterion that takes into account the anisotropy. We find (i) the group representation
theory [4], (ii) linear transformations [5] and (iii) the use of a higher degree polynomials [6]. From all these
approaches, we are interested on the (iii). Polynomial criteria have been shown to be efficient and accurate in
modelling high-order anisotropy and in modelling asymmetries in traction/compression [7].

Our study will be limited to 2D for a static linear elastic behaviour. A criterion is most often expressed in the
stress space and is defined by the function F'(¢) which we call threshold function, o is the Cauchy stress tensor.
The presentation is organised as follows: in section 2, we start by briefly recalling some basics of the geometry
of the stress space (in 2D only). We introduce in this section the harmonic basis with respect to which all
threshold functions will be expressed. In section 3, we introduce the proposed threshold function and in a very
brief manner, we explain the harmonic decomposition. Finally, we try to identify with our model some existing
threshold functions that can be found in the literature for standard and architectured materials.

2 Geometry of the stress space

Threshold surfaces are mostly expressed in stress space. The stress tensor is therefore an important variable in
our study. In order to get a better insight, we will talk about some geometric basics concerning the stress tensor.
We will present some properties that can certainly help us to look for interpretations when it comes to describing
the anisotropy.

2.1 The Cauchy stress tensor (2D)

In an orthonormal basis B3, the stress tensor is represented by a the given matrix [o]:

_ o1 o012
lgl=1_ |-
12 022],
Noticing the index symmetry, we write o € S%(R?) where S?(IR?) is the space of totally symmetric 2nd-order
tensors on R?. We have the decomposition of ¢ into a deviatoric part and a spheric part:

o=0 450, where o(*) = %Tr(a)l and o' =5 — ¥,

We introduce the polar parameterisation:

o11 =t + rcos(26), Tr(o) o) . ()

,and r =

o992 =t — rcos(20), where t =

012 = rsin(26),
0 is related to the orientation of o with respect to the principal basis (diagonal form). The polar parameterisation
is a parameterisation of the O(2)-orbit of a given stress tensor.

Harmonic basis:

The harmonic basis H is an interesting basis that separates the deviatoric and spherical parts of the stress tensor.
From the polar parameterisation, the expression of the stress tensor in H is given by:
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od, r cos(26)
{o} =04 | = rsin(20)
V2t

Op y

Harmonic basis

* The polar parameters (r, 26, v/2t) in har-
I s monic basis can be interpreted as cylin-

H

drical coordinates.

* The blue circle represents the orbit of the
stress tensor (which is the set of all tensors
coming from all O(2) actions on o).

* In H, an orthogonal transformation on o

is represented by a rotation around the hy-

drostatic axis oy,.

Figure 1: Harmonic basis (Cylindrical coordinates).

3 Threshold functions

The transition of the behaviour of a material from elasticity to anelasticity occurs when the stress tensor reaches
a critical state in the stress space. Mathematically, the critical state is usually defined by a relationship between
the components of the stress tensor defined by the application F as follows:

F:S*R?*) — R,

o — F(o),

~

F is called the threshold function. The level set F'~1(o,) is a surface S in the stress space defined as follows:
S = {a € S2(R2), F(0) — 0eq = o} .
The surface S is the threshold surface and o, € R*" is the threshold stress.

3.1 The proposed threshold function

We are interested in using the high-degree polynomial function approach. Polynomial threshold functions has
proven to be very effective when it comes to modelling higher order anisotropy and showing the asymmetric
aspects in traction/compression stress state [7, 8, 9].

The proposed threshold function is the contribution of all terms from 1st degree to 4th polynomial in o:

§(a®a®a)+g:: (0‘®0‘)—|—9:g,

~ ~

where A, B, C and D are respectively 8th, 6th, 4th and 2nd order tensor which contain all material parameters.

~o

With polynomial terms of even degree, we can only generate symmetric surfaces [7] verifying F'(—o) = F(0).

~

On the other hand, with odd terms, we can generate asymmetric surfaces.
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3.2 Harmonic decomposition

We recall that the expression of our threshold function is in a general form and can be simplified according to
the anisotropy of the described material. To do it in the spatial basis is complicated specially for high order
tensors. In order to do so, we use what we call the harmonic decomposition. In a nutshell, it is a generalisation
of deviatoric and spheric decomposition of the stress tensor to higher order tensors. In the harmonic basis, we
can distinguish some physical aspects e.g. isotropic and anisotropic materials. Technically, the harmonic de-
composition is the decomposition of T", nth-order tensor space, into a direct sum of O(2)-irreducible subspaces
K™:

T" ~ P K, (1)

k

in which K" denotes the space of nth-order harmonic tensors (i.e. totally symmetric and traceless tensors, for

n=0, we have scalars). The equation (1) gives us the harmonic structure of a given tensor space and can be
established using Clebch-Gordan formulas [10]. The harmonic structure of our 4 given tensors are as follows:

AeA~KoK®a2K! ¢ 2K? ¢ 3K°, dim(A) = 15,
B eB~K®a Ko 2K? @ 2K°, dim(B) = 10,
CeC~K'@K?o 2K, dim(C) = 6,
DeD~K2pK?, dim(D) = 3.

Y
I~}
~

~

where A, B, C and I are tensor spaces to which A, B, C and D respectively belong. In total we have 34 harmonic

parameters. Knowing the harmonic structure of each tensor, an algorithm [11] is used in order to obtain the
explicit decomposition. At the end, the function can be written as follows:

F(O’, é? 27 g’ D) :SO(O-7 28,4’ §J8,3’ §J6737 I_~18,4’ 1;18727 EIG,Q’ 1;14,27 h873, h&l, }16,37 h6,17
NN N RS Ny R N R ~ ~ ~ N N T8 R
41 121 84 82 80 62 60 42 40 20
E ) }/\/1 ) a bl a ) a ) a b a ) a bl a ) a )7
where
Terms degree | K® K6 K* K2 KO
4 ESA §8,3 EISA’ EIS,Q nS3 182 a8,47 a2, 080
N ~ ~ ~
3 §6,3 Ijﬁ,? h6’3, h6’2 046’2, aG,O
N ~ ~s ~
2 H42 hAl at2 40
1 n21 20

The harmonic parameters have some physical meaning, e.g. the K" parameters are isotropic.

Considering T?P € K", the index ¢ means that T is derived from a tensor of order g. Meanwhile, the index p
is related to the related to the process of decomposition (not detailed in the paper).

4 Some identification examples

With the proposed threshold function, we want to find out whether we can identify some existing functions in
the literature. We only show here 2 examples. The first one is Cazacau threshold function [12] and the second
one is a threshold surface established numerically by V. Jeanneau [13]. The process of identification is simple.
The first step consists of generating enough number of points from a given example. For second step, we try to
identify all harmonic parameters by using standard fitting tools.

4
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4.1 Cazacu 2004 (3D)

The Cazacu et al. [12] threshold function is given by:

F(0) = (J)*? = cJa,

~

where c is a material parameter and Jo and J3 are the second and third invariant of the deviatoric part of the
3D stress tensor. The function is meant to be used for isotropic materials that present a traction/compression
asymmetry in tensile yield stress. In planar stress the function is given by:

1 32 ¢
FQD(g) = [3 (03 — o109 + O’%):| ~ 5 (207 + 203 — 3 (01 + 02) 0102] |
2

1 3/2 c
—[ja-sn)| - et -onm),

where o1 and o9 are the principal stresses while /; and I are the first and the second invariant of the stress
tensor. The expression (2) proves that the function is isotropic. We notice that the function is purely deviatoric
in 3D but not in 2D.

m analytic
u fitted Oq,

(b) The plane o, = 0.

Oh On
Y Y
3 3
2 2
1 1
Oy, Oy,
R 1 2 3y R 1 2 3y
=1 -1
-2 -2
=3 =3
(c) The plane o4, = 0. (d) The plane og, = 0.

Figure 2: The threshold surface and the fitted of Cazacu’s function for F'(c) = 1. The green one is the analytical expression from
equation (2). The orange one is the fitted one from the proposed function.

For the proposed function, it means that all harmonic tensors of order n > 1 are null. Indeed, only pure scalar
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harmonic parameters remain in order to be isotropic and they are:

6,0 42 40 20
,at att att )

{aB*, 082,080 082 o
The identification results are shown in the figure 2. It shows that with the proposed threshold function we are
able identify precisely the Cazacu’s one. The surface is axi-symmetric with respect to the hydrostatic axis oy,
which means that the creterion is isotropic (i.e. constant over the O(2)-orbit of o).

4.2 A numerical example

A threshold surface is established numerically by V. Jeanneau [13] for triangular 2D lattice by using buckling
instability theories. A semi-analytical technique is used, which combines Bloch wave theory and a finite element
model of the 2D lattice unit cell [14]. The resulting threshold surface is shown in figure 3. We can see clearly in
figure 3b that the material is completely anisotropic due to traction/compression asymmetry. In the process of
identification, we attempted to identify the numerically established threshold surface. In the proposed threshold
function we considered only the terms of degree 3 and 4. This means we have the following harmonic parameters:

84 @83 6,3 1184 1782 16,2 1,83 1.8,1 1.6,3 1.6,1 84 82 80 62 6,0
{E>%, 852, 8%, H>%, H>%, H™%, h™?, h®" h™? h™ a™%, a7, o™, a7, a7 ).
% [~ N ~ ~ ~ ~ ~Y ~ ~

~ ~o

0.010.
€ 0005 i
0.000"
-0.005"
-0.010"
0.010
I 0.005
0.005
\ m analytic
u fitted

€@ |
0.000} 0005 0.010 €

-0.005|
Vo
-0.010,

—0.01

0.00
e

0.01

(a) Tri-component representation.

(b) The plane €j, = 0.
€ €p
0.010 0.010

0.005, 0.005 \
~0.0 -0.005 0.005 010 €02 ~0.01 -0.005 0.005 0.090 €

-0.005 -0.005
-0.010 -0.010
(c) The plane €4, = 0. (d) The plane €4, = 0.

Figure 3: The threshold surface of the a triangular lattice (green) and the fitted surface (orange).

The results are shown in figure 3, we observe that despite that the material is completely anisotropic we are
able to approximate the threshold. In order to be more precise, we should add more higher degree terms in the

proposed threshold function.
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5 Conclusion

We proposed a polynomial threshold function where we considered the contribution of terms from degree 1
to 4 in o. Thanks to the harmonic decomposition, we were able to use harmonic parameters instead of spatial
ones. The harmonic parameters allow us to have some physical interpretation of the higher degree coefficients
involved in the model. With the proposed threshold function, we were able to approximate some existing criteria
from the literature.

References

[1] M. Poncelet, A. Somera, C. Morel, C. Jailin, and N. Auffray. An experimental evidence of the failure of
Cauchy elasticity for the overall modeling of a non-centro-symmetric lattice under static loading. Interna-
tional Journal of Solids and Structures, 2018.

[2] A.S. Phani and M. 1. Hussein. Dynamics of Lattice Materials. Wiley, 2017.

[3] G. Allaire, L. Cavallina, N. Miyake, T. Oka, and T. Yachimura. The homogenization method for topology

optimization of structures: old and new. Interdisciplinary Information Sciences, 2019.
[4] J. P. Boehler. Applications of Tensor Functions in Solid Mechanics. Springer, Vienna, 1987.

[5] F. Barlat, J. W. Yoon, and O. Cazacu. On linear transformations of stress tensors for the description of
plastic anisotropy. Infernational Journal of Plasticity, 2007.

[6] S.Soare, J. W. Yoon, and O. Cazacu. On the use of homogeneous polynomials to develop anisotropic yield
functions with applications to sheet forming. International Journal of Plasticity, 2008.

[7] S. Soare, J. Yoon, and O. Cazacu. On using homogeneous polynomials to design anisotropic yield functions
with tension/compression symmetry/assymetry. AIP Conference Proceedings, 2007.

[8] M. V. Bower and D. H. Koedam. Tensor polynomial failure criterion: Coefficient limits based on convexity

requirements. Journal of Reinforced Plastics and Composites, 1997.

[9] A. Sanyal, J. Scheffelin, and T. M. Keaveny. The Quartic Piecewise-Linear Criterion for the Multiaxial
Yield Behavior of Human Trabecular Bone. Journal of Biomechanical Engineering, 2015.

[10] N. Auffray, B. Kolev, and M. Olive. Handbook of bi-dimensional tensors: Part i: Harmonic decomposition
and symmetry classes. Mathematics and Mechanics of Solids, 2016.

[11] N. Auffray, H. Abdoul-Anziz, and B. Desmorat. Explicit harmonic structure of bidimensional linear strain-
gradient elasticity. European Journal of Mechanics - A/Solids, 2020.

[12] O.Cazacu and F. Barlat. A criterion for description of anisotropy and yield differential effects in pressure-
insensitive metals. International Journal of Plasticity, 11 2004.

[13] V.Jeanneau, C. Combescure, and M. Francois. Comportement effectif et limite de linéarité d’un matériau
architecturé 2D périodique a celulles triangulaires. 2022 (submitted).

[14] C. Combescure, P. Henry, and R. S. Elliott. Post-bifurcation and stability of a finitely strained hexagonal
honeycomb subjected to equi-biaxial in-plane loading. International Journal of Solids and Structures,
2016.



	Context and introduction
	Geometry of the stress space
	The Cauchy stress tensor (2D)

	Threshold functions
	The proposed threshold function
	Harmonic decomposition

	Some identification examples
	Cazacu 2004 (3D)
	A numerical example 

	Conclusion

