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This paper studies the problem of the static behavior of a beam made of functionally graded materials (FGM) using a refined one-dimensional beam theory (RBT). This theory involves a group of 3D displacement modes of the cross-sectional (CS) reflecting its mechanical behaviour: these crosssectional modes are derived from the 3D Saint Venant (SV) solution. These CS modes lead to a 1D beam model that is consistent with the nature of the cross-sectional in terms of its shape and materials. The numerical strategy to apply this theory is based on an initial set of CS problems solved by 2D FEM computations, then the beam problem is solved by 1D FEM computations according to the RBT displacement model. The material properties of the FGM beam change by a power-law distribution in order to consider the continuous variation of its constituents across the thickness. The results obtained by using a refined beam theory showed a high performance in terms of deflections and stress fields in FGM beams compared to the literature.

Introduction

Functionally graded materials (FGMs) are among the new emerging materials in the engineering field. These materials have attracted a lot of interest from researchers because of their excellent mechanical performance. The application of FGM materials has increased in many areas of modern engineering and mechanics, such as aerospace, nuclear power, automotive, marine and biomedical engineering, due to the gradual and continuous change in material properties, which allows for improved strength, toughness and ability to withstand high temperatures. These materials are generally composed of a mixture of metal and ceramic, this can be achieved by switching from a ceramic medium to a metallic medium by continuously changing the volume fraction of the components involved. This continuous gradation is a good way to solve the problem of high transverse shear stresses when mixing two similar materials with a large difference in material properties, this difference makes it difficult to analyse the FGM beam and forecast its mechanical behaviour. It is therefore necessary to develop a suitable beam theory (RBT) that takes into account three-dimensional effects when using a onedimensional model with cross-section distortion for beam analysis. Based on a non-classical theory, a new model of the functionally graded Euler-Bernoulli beam has been developed by [START_REF] Kahrobaiyan | A strain gradient functionally graded Euler-Bernoulli beam formulation[END_REF], where mechanical properties vary through-thickness according to a power law. Hebbar et al (2020) employed shear deformation theories to examine the bending, buckling and vibration of FGM beams. [START_REF] Khebizi | Threedimensional modelling of functionally graded beams using Saint-Venant's beam theory[END_REF] studied the mechanical behavior of FGM beam, through the 3D Sainttheory Venant's model involving Poisson's effects and out-of-plane warping. [START_REF] Kang | Bending of functionally graded cantilever beam with powerlaw non-linearity subjected to an end force[END_REF], used large and small deformation theories to study the mechanical behavior of a non-linear functionally graded-material (FGM) cantilever beam. [START_REF] Guendouz | Bending-torsional behavior analysis using a refined beam theory[END_REF] examined the analysis of the flexural-torsional behaviour of functionally graded material cantilever beam according to the refined beam theory (RBT).

Functionally Graded Material (FGM)

For the calculation of the Young's modulus E(y), we have the distribution of the power-law (P-FGM) and the exponential distribution (E-FGM); are given by Guenfoud 2019, and Khebizi et al. 2019 Eq.

(1 et 2).

Beam Problem (displacement field)

The displacement fields studied in this paper are mentioned by El Fatmi (2016).

Application

In this section, we study the simply-supported FGM beam (L=1.6m, h=0.1m, b=0.1m) subjected to a uniformly distributed load 𝑞 (see Fig. 1). By studying this beam, the most important results obtained based on the 3D displacement fields are presented. The beam is composed of aluminum (AL: Em =70 GPa, v=0. 

Cross-section analyses

The cross-sectional analyses of this FGM beam are performed by 2D-FEM using the CSection tool. 

Analysis of the bending FGM beam

Fig. 3 shows the non-dimensional transverse displacements (w/wstatic) along the length of the FGM beam. The static deflection of a completely aluminium beam under uniformly distributed load is calculated as follows:

The non-dimensional deflections (Fig. 3), obtained by a refined beam theory (RBT), are compared with those provided by Şimşek (2009) using the higher-order shear deformation (HOSDT). It can be seen that the present solutions are in excellent agreement with HOSDT. It can also be seen that the deflection of full metal is greater than that of full ceramic, this can be explained by the fact that Young's modulus of ceramic is higher than that of metal. The Non-dimensional deflection of the FGM beam (P ≠ 0) is between those of the metal and ceramic beams. For the FGM beam, the nondimensional transverse deflection decreases as the power-law exponent P increases. This is due to the fact that an increase in the power-law exponent leads to a decrease in the bending stiffness of the beam.

Non-dimensional deflections distributions by RBT Non-dimensional deflections distributions by Şimşek(2009) Fig. 3 Non-dimensional deflection of the FGM beam for various values of power-law exponent

The axial stresses, 𝜎𝑧𝑧, are computed at the mid-span of the beam (Figs. 4 and5). Fig. 5 shows the distribution of non-dimensional axial stress through the thickness in the middle of the FGM beam for different values of P. The results obtained with RBT show good agreement with those obtained with HOSDT by Şimşek(2009).

The axial stress is normalized by:

In Fig. 5 We can see that the axial stress distribution is only linear for full metal, but for other cases (𝑃 ≠ 0) the axial stress distribution is not linear, and also the tensile stress values are greater than the compressive stresses in the case of FGM beam. on the other hand, we can note for the full metal, the value of axial stress zero (𝜎𝑧𝑧 = 0) at the mid-plane (ℎ/𝑦 = 0), As for the other cases (𝑃 ≠ 0) the axial pressures are not zero. This is due to the variation of the elastic modulus across the thickness of the FGM beam. 

Conclusion

In this article, the problem of the bending behaviour of the functionally graded material (FGM) simply supported beam is examined using a refined beam theories (RBT) built on the 3D Saint-Venant (SV) solution. These theories lead to the FGM beam that suits the nature of the cross-section in terms of shape and materials. The principal deformation modes of the cross-section are given by the enrichment of the displacement model (Poisson's effects, out-of-plane deformations and distortions), where these cross-section modes are derived from the 3D solution of SV.

The obtained results showed good agreement in terms of the beam deflections and the distribution of axial stress in the middle of the beam, this indicates that the RBT is able to describe the elastic structural behavior of the FGM beam and the three-dimensional solution in terms of displacement and stresses.

  3); and Zirconia (Zero2: Ec= 200 GPa, v = 0.3). The mechanical properties of the FGM beam change through the thickness. The top surface of the beam (y = + ℎ/2) is pure Aluminum. whereas the bottom surface of the beam (y = -ℎ/2) is pure Zirconia.
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 1 Fig. 1 Simply supported FGM beam
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 2 Fig. 2 Cross-section deformations: Poisson's effects(a), out of plane warpings (b) and distortions(c) for the FGM sections P=1
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 45 Fig. 4 Axial stress distributions obtained by RBT at (P = 0) and (P = 5)