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Abstract

Optimality conditions for optimal control problems arising in network modeling
are discussed. We confine ourselves to the steady state network models. Therefore,
we consider only control systems described by ordinary differential equations.
First, we derive optimality conditions for the nonlinear problem for a single beam.
These conditions are formulated in terms of the local Pontryagin maximum prin-
ciple and the matrix Riccati equation. Then the optimality conditions for the
control problem for networks posed on an arbitrary planar graph are discussed.
This problem has a set of independent variables x; varying on their intervals
[0,1;] associated with the corresponding beams at network edges. The lengths
l; of intervals are not specified and must be determined. So, the optimization
problem is non-standard, it is a combination of control and design of networks.
However, using a linear change of the independent variables, it can be reduced
to a standard one, and we show this. Two simple numerical examples for the
single-beam problem are presented.

Keywords: Network, optimal control problem, weak local minimum, Pontryagin’s
maximum principle, critical cone, quadratic form, second order optimality conditions,
Riccati equation.



1 Introduction

1.1 Motivation

We are interested in the optimum design of optimal control systems for networks. We
restrict ourselves to the steady state nonlinear network models. First, a single element
is considered. Then, a network with the star graph is studied. The geometric domain
for the network is a star graph for the sake of simplicity.

Optimization problems for steady state models are important for networks that
enjoy some specific features of control problems. Roughly speaking, the control strat-
egy with long time horizons includes two parts. The first part is an exact controllability
problem for the first time interval to some steady state solution followed by the sta-
bilization of the steady state solution. The cost is chosen of tracking type with some
regularization components for the state and the control, if necessary to assure the
turnpike property for the control problems under studies. The steady state solution
could be selected by optimization of the steady state network model. In other words,
it turns out that for some control problems with nonlinear state equations, the so-
called turnpike property occurs. It means that optimal control and optimum design
for steady state system can be used for the evolution system in the specific case of the
cost. Therefore, our analysis of the optimality conditions is performed for the nonlin-
ear steady state models. Such an analysis can be useful for the real systems governed
by the networks of Nonlinear Partial Differential Equations. The practical examples
for our framework include e.g., the Gas and Hydrogen Distribution (GHD) Networks
[1], [2], and the Geometrically Exact Beam (GEB) Networks which lead to the Intrin-
sic Geometrically Exact Beam (IGEB) network models [3], [4]. The GHD Networks
are modeled by quasilinear hyperbolic systems. The IGEB Networks are governed by
semilinear hyperbolic systems under some assumptions on the transformation of GEB
models. The steady state equations for two types of networks are given by ODEs.

The quadratic tracking type cost depending on the specific solution to the steady
state equation is considered for the optimal control problem. The optimal control cost
is augmented by an auxiliary term depending on design, usually in a finite dimension
space, which models the cost of manufacturing the networks. We present an example
of the elastic networks governed by static GEB state equations.

1.2 Model for single beam

The networks of elastic beams are of primal importance for applications we have
in mind. Thus, we describe in details the nonlinear models of beams which lead to
semilinear state equations for static and evolution problems. The optimal steady state
can be determined by solving the control problem for static model. We are looking for
optimal control and optimum design in the framework of the systems which enjoy the
turnpike property.

The mathematical framework describing geometrically exact beams (GEB) focuses
on the position of the beam’s centerline and the orientation of its cross sections with
a fixed coordinate system denoted as {e; };3':1 (representing the standard basis of R3).
In the GEB context, the system state is denoted as (p,R), expressed in the basis



{ej}?:r This state comprises the position of the centerline, denoted as p(x,t) € R?,
and the orientation of the cross sections, represented by the columns {bj }321 of the
rotation matrix R(x,t) € SO(3). Here, SO(3) denotes the special orthogonal group,
which comprises unitary real matrices of size 3 with a determinant equal to 1. For
visual reference, we could refer to Fig. 1. The figure illustrates three pivotal states of
a deformable beam: the unchanged reference beam; the initial beam characterized by
a curvature described as Y. = vec (RT%R), where R = [bl b2 b3 ]; and the beam at

time t, represented by the state variables p and R = [bl b2 b3 ]

b3
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Fig. 1 The straight reference beam (bottom), the beam before deformation (upper left), and the
beam at time ¢ (upper right).

For a beam with a length [ > 0 positioned within the domain (0,7) x (0,7, the
governing system is defined as follows:

[(e%) g] HISIOJM} - H(ai%mox] [f}ﬁ” *[i} M

given external forces and moments ¢(x,t),1(z,t) € R? the mass matrix M(z) €

S%, (the set of positive definite symmetric matrices), the flexibility (or compliance)

matrix C(z) € S, and the curvature before deformation Y.(z), where v,z depend
on (p,R) :

_ RTo:p _ RT9,p—e; P

v= {Vec (RT@R) ’ vec (RT&ER) -, |’ z=C"s (2)



Here, for any u € R3, the skew-symmetric matrix % is defined as follows:

0 —Uus Uz
U= us 0 —U7
—U2 U 0

Consider the Intrinsic Geometrically Exact Beam (IGEB) model for a single beam.
The governing semilinear system consists of twelve equations. The state variable is

denoted as
_Jw
Yy=1.

expressed on a moving basis. Here, v(z,t) € RS represents linear and angular velocities,
and z(z,t) € RS represents internal forces and moments. We use vy, Zf, v, and z
to denote the first and last three components of v and z respectively. The notation
®(x,t) and ¥(z,t) € R? is employed for external forces and moments expressed in the
moving basis. Within the domain (0,1) x (0,7, the governing system of IGEB reads:

)
M 0 0 I _ Muo V7
o olow-|n g - a=sea S 5] @
0
where
0 07Y. 0 %0 0 %
00 & T, Br 03
A: A ) B ) = ~ o~ ) 4
Y.er 0 O (v,2) 0 0 v vy @)
0T.0 0 0007

and I is the identity matrix with the size 6 x 6. The system (3) is semilinear because
of the presence on the right-hand side of the quadratic terms

(v, 2) = B, 2) {M“] .

Cz

We introduce the matrix E(z) € R5% which contains information about curvature
and twist at rest, and the matrix Q7 (z) € S12,, defined by

e
o
e

, Q7 =diag(M, C).




We present in a simple example, that of a single beam clamped at x = 0 and controlled
via velocity free at x = [. The IGEB system with boundary conditions reads

Oy + A(2)0sy + B(z)y = g(z,y) in (0,1) x (0,7)

v(0,t) =0 for t € (0,T) (5)
z(l,t) =0 for t € (0,7
y(z,0) = y°(z) for z € (0,1)

where the coefficients A, B and the source g depend on M, C and R, and 3°(z) is
the initial velocity. The governing system is derived by left-multiplying Eq. (3) by the
inverse of Q. Specifically, the functions A(z) and B(z) are defined over the interval
[0,1] and map to R12*12

A——@ﬂ”[ﬁ%y B—@ﬂ”[§ff]- (©)
The function g : [0,1] x R? — R'? is defined by
g(z,u) = Q% (2)'G(w)Q" (x)u

for all z € [0,]] and u = (u]—,u;,u;,uz)—r € R'? with each u; € R?, where the map

G is defined by

U 0 0 Ts
G s
G(u) = 0 0 Uy 0
0 0 0 T

For the static problem, the nonlinear transformation results in v = 0. Denote L(z) :=

[ ~ } and we have a steady state system:

f()

-0,z =E(z)z — L(2)Cz + 0 in (0,1)

z(l)=0

where f(z) is control.

Remark 1 We are going to present numerical examples for the evolution state
equation in a separate paper. We are interested in the steady state models as well as
dynamic models. The framework and the analysis of optimization problems for the
steady state models are presented in the paper. The steady state problems for one edge
of the network are considered in Section 3. In the simplest case, the model problem for
the semilinear state equation for the steady state of a single edge of the network can be



considered in the form of the semilinear ordinary differential equation (14). We refer
the reader to Section 4 for elementary numerical examples.

The paper is organized as follows. In section 2, we recall the formulations of known
first-order necessary conditions and second-order sufficient conditions for a weak local
minimum for problems of optimal control of ordinary differential equations. In section
3, we discuss a problem of optimal control of a single beam that arises in network
modeling and obtain optimality conditions for a weak local minimum in this problem.
An elementary numerical example of a single beam problem is considered in Section
4. Section 5 studies a general optimal control problem with m beams that arises in
network modeling, which is not a standard optimal control problem. The characteristic
of our setting is the optimum design part of the cost which allows to include the
variable geometry of network in our analysis of the optimal control and at the same
time of shape optimum design. With the help of a change of independent variables, we
transform such a complex problem to the standard one in the reference geometry, and
in the latter, we use the known optimality conditions. We then rewrite these conditions
in terms of the original problem. In shape optimization this is a standard approach
which is called the material derivative method [5] in the reference domain setting, in
contrast to the shape derivative method in the variable domain setting. Note that a
similar technique was used by A.V. Dmitruk and A.M. Kaganovich in [6] and [7] with
slightly different goals. An example ends Section 5.

2 Preliminaries

2.1 Formulation of the First-Order Necessary Optimality
Conditions for an Autonomous Problem on the Interval
[0, 1]

Consider the following autonomous problem of optimal control:

J(z,u) = [ F(x(t),u(t)) dt — min, } @
@(t) = f(z(t),u(t) vt € [0,1], £(2(0),z(1)) < 0, K(z(0),2(1)) = 0.

Here x : [0,1] — R" is a continuously differentiable function, u : [0,1] — R™ is a
continuous function, and # = dx/ dt. Hence the problem is considered in the space

w = C([0,1],R") x C([0,1],R™).

A local minimum in this space is called a weak local minimum. We call z the state
variable and u the control. All data F : R*™™ = R, f: R*™ — R”, k: R?* = R,
K :R?" — R® are assumed to be continuously differentiable.

We say that w = (z,u) € W is an admissible point if it satisfies all the constraints
of the problem. For brevity we set £ = (2(0),z(1)).



Let us formulate first-order necessary optimality conditions for this problem. We
introduce the Hamiltonian (Pontryagin) function and the endpoint Lagrange function:

H(xauap, Olo) = pf(xau) + aoF(ZE,U), L= O‘”(g) + BK(g)a

where p, a, 8 are row vectors of the same dimensions as the column vectors f, k,
n

K, respectively, ag is a number. By definition, pf = > p; fi;, where p; and f; are the
i=1

components of the vectors p and f, respectively. '

Denote by R™T the space of row vectors of dimension n.

By F, and F, we denote the partial derivatives 0F/dx and OF/du, respectively,
considered as row vectors, i.e. F, € R*T, F, € R™T. Similarly, f, := df/0r and
fu := 0f/0u, which are matrices of order n x n and n x m, respectively. Note that
H, eR"T, H, € R™T are row vectors, and H, = f € R" is a column vector.

We say that at an admissible point w® = (2%, u®) € W the local minimum principle
(LMP) is satisfied if there exists a continuously differentiable function p : [0,1] — R" T,
a number g, and row vectors a € R¥T, g € R*T such that the following system of
optimality conditions holds:

) the nonnegativity conditions: ag > 0, o > 0,

) the nontriviality condition: o + || + |8] > 0,

) the complementary slackness condition: ar(£%) = 0, where £° = (2°(0),2°(1)),
) the adjoint equation: —p(t) = H,(w°(t),p(t),ao) YVt € [0,1],
e)
f)

—~ o~

a
b
¢
d

—

the transversality conditions: (—p(0),p(1)) = L¢(€°, o, B),
the stationarity of the Hamiltonian with respect to the control:
H,(w°(t),p(t), ) = 0Vt € [0, 1].

From the equation #° = f(w°) and conditions (d) and (f) it follows

(g) the condition for the Hamiltonian to be constant: there exists a constant cy such
that H(w%(t),p(t), ) = cy Vt € [0,1].
Indeed, %H(wo(t),p(t), ap) = Hy(wO(t), p(t), ag)i®(t) + H,(w®(t), p(t), co)ul (t)
+ P() Hy (w°(t), p(t), a0) = —p()a°(t) + p(t)3°(t) = 0. O

A,\

The following theorem is well known, see, for example, [8], [9], [10], [11], [12].
THEOREM 2.1 If w° is a weak local minimum in problem (8), then it satisfies the
LMP.

The case, when the cost Lagrange multiplier ag is not equal to zero (for any quadru-
ple (ag, o, B, p(+)) satisfying the LMP conditions), is called normal. Let us formulate a
condition that guarantees the normal case for the point w®. Introduce a set of active
indices

I={ic{l,....k}: (%) =0}.

We say that the Mangasyan Fromowitz constraint qualification (MFCQ) is satisfied
for the point w® = (2°,u®) € W if there exists a pair (z,u) € W such that

Ri(EDNE<0 Yiel, K'(€)6=0, &= (z(0),2(1), @=f(w)w,



where, for example, f/(w)w = f,(w®)x+ f,(w°)u. In this case, in the LMP conditions,
we can set ag = 1.

2.2 Formulation of the Second-Order Sufficient Optimality
Conditions for an Autonomous Problem on the Interval
[0, 1]

Consider again the autonomous problem (8). Now we suppose that all data F, f, &,
K are twice continuously differentiable.

Let us formulate sufficient second-order conditions for a weak local minimum at an
admissible point w® = (2°,u%) € W, satisfying necessary first-order conditions with
the adjoint variable p and Lagrange multipliers «q, «, 5. Define the critical cone at

the point w’:

C:= {0w = (6z,6u) e W: §i(t) = f'(w'(t))dw(t), K'(£°)56 = 0,
Ri(E0)8E < 0,0 € I, [y F'(wO(t))dw(t)dt <0},

where §¢ = (dz(0),6x(1)). The equation §& = f/'(w®)éw is called the equation in
variations.

In the normal case, where oy = 1, the inequality fol F'(w(¢))dw(t) dt < 0 can be
excluded from the definition of the critical cone, but then we must add the equalities
a;k5(€9)8¢ = 0, i € I. Thus, in the normal case, we have

C:={6w = (dz,0u) € W: §i(t) = f'(w'(t))dw(t), K'(£°)5¢ = 0,
KH(E0)6E < 0,i € 1, k(€956 =0, 4 € T}.

This is easy to prove using the LMP conditions. Later, in Section 3, where we consider
the normal case, we will use this critical cone representation.

Define the strengthened Legendre condition: there exists ¢y, > 0 such that for all
t € [0,1] we have (H,, (w°(t), p(t), ao)u,u) > cplul?* Vu € R™. Here Hy,, = 0*H/0u?
stands for the second partial derivative of H with respect to the control.

Next, define a quadratic form:

2Q(dw) = (ng(fo,a,,ﬁ)df,é@ —|—/0 (H oo (W (1), p(1), o) Sw(t), Sw(t)) dt.

Note that if x(§) and K () are affine functions, then L = ax + SK is also
an affine function of &, and therefore, L¢e = 0. In this case, the endpoint term
(Lee (€9, v, B)0E, 6€) vanishes, and © reduces to the integral only.

The following theorem holds, see, for example, [13].

THEOREM 2.2 Assume that for the point w°

(a) the strengthened Legendre condition is satisfied,
(b) there exists a constant cq > 0 such that Q(6w) > cq(|6x(0)|? + ||6ull3) Vw € C.



Then there are ¢ > 0 and € > 0 such that J(w) — J(w®) > c(||:c — 202 + fol |u(t) —

ul(t)]? dt) for all admissible w = (z,u) such that |w — w°||o < €, and hence w° is a
weak local minimum in the problem.
Remark 2 Since Q(—dw) = Q(0w) for all dw € W, condition (b) in this theorem is
equivalent to the condition Q(dw) > cq(|6x(0)]2+]|6ul|3) Véw € X, where & = CU(-C).
In particular, let C = {ow € T, I(dw) < 0}, where T is a subspace, and 1 is a linear
functional. Then, obviously, ¥ =T.

2.3 Matrix Riccati equation

Now we consider a sufficient condition for positive definiteness of the quadratic form
Q on the subspace I'. Assume that I" has the form:

r— {5w = (dz,0u) €W : 8@ = fo(w®)dz + fu,(w)ou, E5¢ = o},

where £ is a constant matrix, d§ = (6x(0), 0x(1)). Let us show that the quadratic form
Q could be transformed into a perfect square if the corresponding Riccati equation has
a solution Q(¢) defined on [0, 1]. Assume that the strengthened Legendre condition is
satisfied. Define the Riccati matrix equation along (z%(¢),u%(¢), p(t)) by

Q+ Qf + fIQ+ Hyy — (Hyw + Qfu)Hyy (Huw + f1Q) =0, t€[0,1], (9)

where Q = Q(t) is a symmetric matrix of order n whose elements belong to C*,
fo = fo(w®), Hyp = Hyo(w®, p, ), etc., f,] means the transposed matrix f,.
THEOREM 2.3 Assume that the strengthened Legendre condition is satisfied and there
exists a symmetric solution Q (with the entries belonging to C') of the matriz Riccati
equation on [0,1]. Then the quadratic form Q has the following transformation into a
perfect square on the subspace T':

1
2Q(6w):/ (H, ov, dv) dt + (MSE,66)  Vow €T, (10)
0

where §v := (Hy, + fJQ)(Sx + Hy0u, H,L is the inverse matriz of matriz Hy,, and

R Lwowo + Q(O) Lzoxl
M o ( Lwlwo LI1I1 - Q(l) ’

For the reader’s convenience, we give a proof of this theorem. We follow [13] (see also
[14]).
Proof Let (0x,0u) € T'. Then

2(Qéx, 0x) = 2(Q(fr0x + fudu),0z)
(Qfe + fF Q)ox,62) + (Q fu0u,dz) + (f.] Qz, Su).



Consequently,

Qo 62) = (Qoz, 62) + 2(Qdi, 6x)
(Qoz,62) + ((Qf + [ Q)52 67) + (Qfudu, 6z) + (f,] Qdx, 5u)

(Q+ Qfs + £ Q)0 02) + (Qfudu,0x) + (f] Qbz, du).

Integrating over [0, 1], we get

(Q(1)dz(1),02(1)) — (Q(0)2(0), 62(0))
= Jo ((@+ Q12 + £TQ)dw,52) + (Qfudu, 62) + (£ Qow,0u) ) dt

Consequently,

Jy (@ + Q. + £ Q)0w, 62) + (Qfudu, 62) + (£ Qbz,6u) ) dt
+(Q(0)82(0),02(0)) — (Q(1)dx(1), 62(1)) = 0.

Adding this zero form to the form 2Q(dw), we obtain
w) = fy (((Q +Qfe + £ Q+ Hyy)dx, oz)

+{((Qfu + Hyw)ou, 6x) + ((f.F Q + Hywbw, u) + (Hyudu, 5u>) de
+(Q(0)d2(0), 02(0)) — (Q(1)dx(1), 6x(1)) + (Leedg, 0€).

Now let @ satisfy the Riccati equation (9). Then
=y ({(Hou+ Q) Hi} (Hoz + £ Q). 02)

F((Qfu + Hew)ou, 62) + (£T Q + Hywdz, u) + (Hyubu, 5u>) dt
+(Q(0)d2(0), 02(0)) — (Q(1)dx(1), 6x(1)) + (Leedg, 6€).

Since  (Hyubu,6u) = ((Huy) ' Hyubu, Hydu)  and  (Q(0)5z(0),52(0)) —
(Q(1)52(1), 61 )) + (Leed€, 66) = (MO, 66), we obtain

20(0w) = fy (((How + QL) Hy (Huo + 1T Q)62 6)

FU(QFu + Hon)du, 62) + (fTQ + Huwdw, 0u) + (Huw) ™ Huudu, Huu5u>) dt
(M€, 6¢).

Further,

+<(qu + qu)(su 5x> + <(fJQ + Hux6x7 5u> + <(Huu)71Huu6U7Huu5U>
= <(Huu)_1((Huw + fJQ)(Sx + Huuéu)a ((Huw + f;rQ)(Sx + Huu5U)> = <(Huu)_16")7 5U>’

10



where 0v = (Hyz+ f,] Q)02+ H,,,0u. Consequently, 2Q(5w) fo Lo, 6v) dt+
(Mo, 5¢) O,

Assume that M is non-negative definite. Recall that H,,, is positive definite, and
then (H,,)~ ! is positive definite too. Hence Q(dw) >0 Vdéw = (§z,0u) € T.

Suppose that Q(éw) = 0 for some dw = (dz,6u) € TI'. Then, given (10)
both non-negative terms fo wu) H0v, 6v) and (MEE, 5€) are equal zero. Condition

fo )" Lov (5v> dt = 0 implies dv = 0, i.e. (Hyy + f] Q)dx + Hyydu = 0. Hence
ou = —(H W) N Hye + £,7Q)6x. Tt follows that éz is a solution to the homogeneous
differential equation 6@ = f,(0)6z— fu(0)(Hyuu) " (Huz+ f,] Q). Let us now assume
that the conditions £6§ = 0, (Md€,0¢) = 0 imply that éx(0) =0 or odz(l) =0.
Then dz = 0 and hence du = 0. Consequently, Q(dw) > 0 for all ow € I"\ {0}. Since
Q is a Legendre form, its positiveness on the subspace I' implies positive definiteness
on I'. Thus we obtain the following result.
THEOREM 2.4 Assume that the strengthened Legendre condition is satisfied and there
exists a symmetric solution Q (with the entries belonging to C*) of the Riccati matriz
equation on [0,1] such that

(a) the matriz M is non-negative definite;

(b) for all ¢ = (x0,71) € R?™ the conditions £€ = 0, (ME,€) = 0 imply that
xg9 =0 orxy = 0. Then the quadratic form Q) is positive definite on the subspace I'.

Other designations

Let T" has the form:
I = {ow = (0w,0u) :  8i(t) = A(t)Sw(t) + B(t)ou(t), £5¢ =0},
and

Q(ow) = (NOE, 6¢)

+/0 ((R(t)éx(t),&x(t)} + 2(S(t)du(t), oz (t)) + <U(t)5u(t),5u(t)>) dt, (11)
t

where £ and N are constant matrices, A(t), B(t), R(t), S(t), U(t) are matrices with
continuous entries. Assume that the matrices R(¢) and U(t) are symmetric and, more-
over, the matrix U(t) is positive definite for all ¢ € [0,1], and the constant symmetric
matrix N of the order 2n has the form

Noo Noz
N = ,
<N10 Ny
where Nog, No1, N1g, N11 are constant n X n matrices, Nog and N1 are symmetric,
and Nyg = Ng}. Previously, we had A = f,, B = fu, R= Hyy, S = Hyy, U = Hy,.

We can prove similar results for the new quadratic form and subspace in the same
way as before. Now the Riccati equation and the matrix M are:

Q+QA+ATQ+R—(S+QBU ST +BTQ) =0, (12)

11



_ ([ Noo+Q(0)  Nou
M= < OONlo Ny OQ(I)) . (13)

3 Single Beam Problem
3.1 Statement of the Problem with One Beam

Consider the following optimal control problem. Let z(z) be a state variable, f(z) be
a control, where x € [0,1]. Here z = (21,...,2,)" € R", f € R}, [ > 0. We assume
that z(z) is a continuously differentiable function and f(x) is a continuous function.
The control system has the form

dz(z
) g taf@). sl KEO.:0)=0. ()
where ¢ : R — R" is a twice continuously differentiable function, e; = (1,0,...,0)T €

R", and K : R?® — R® is an affine function of its arguments (o := 2(0) and ¢; := 2({).
Set ¢ = (o, ;). The cost that needs to be minimized is:

!
J= / F(z, 2(x), f(2)) dx, (15)

0

where F(z,z, f) is a twice continuously differentiable function. In this problem [ is
not fixed, but satisfies the constraint

l €a,b], where 0<a<b. (16)

An arbitrary admissible process in this problem is defined by the triple (, z(+), f(-)),
where z : [0,]] — R™, f:[0,]] — R. We will consider a fixed admissible process

(1% 2°(), £°0)), (17)

where 2° and f° are defined on [0,1°].

Let us represent this problem as a problem on the interval [0, 1]. To do this, we use
the following change of the independent variable x. Let ¢ € [0, 1] be a new independent
variable. We set

Z(t)=1t, te][0,1].
Then 7 : [0,1] — [0,1]. We treat Z(t) as a new state variable. We also treat [ = I(t) as
another state variable, constant on [0, 1]. Hence

di(t)
dt =0,

=I(t), tel0,1], &(0)=0.

To any admissible process (I, z, f) in the original problem, we associate the process

(l~7 Z,Z, f) in the new problem by the formulas

(t) =1, &) =1t, 2(t)==(&()==2(t), [(t)=[@EE)=/f0t) Vie0,1].
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This is one-to-one correspondence. In what follows, we will continue to use the tilde
for variables in the interval [0, 1].
Thus, we obtain an autonomous problem with a new independent variable ¢ € [0, 1]:

%(;) =0, diit) =1(t), telo,1], (18)

O _i(ozw) + eafw). e (19)

#(0) =0, K(2(0),%(1)) =0, (20

—1(0)+a<0. 1(0)—b<0, (21
1

J= / [()F(z(t), 2(t), f(t)) dt — min (22)
0

We study the local minimum at the point
(10, 2%, 2°0), F°C), (23)
such that
Py=1° 20 =1, 2°@t)=2"0), f£°r) =71, telo,1].

This point corresponds to the process (17) in the original problem (14)-(16). Clearly,
the minimum at (17) in problem (14)-(16) implies the minimum at (23) in problem
(18)-(22) and vice versa.

3.2 Local Minimum Principle for Problem with One Beam

Denote by p#(t) the adjoint variable which corresponds to the equation for Z in the
new problem. We consider p* = (p%,...,p%) as a row vector. We also introduce
one-dimensional adjoint variables $*(¢) and p'(¢). The Hamiltonian and the endpoint
Lagrange function are:

%,z
= q,(—

Nl anfl

5%, a0) = PP+ 571(0(2) + er f) + a0l F(, 2, f),
)+ ap(U(0) = b) + B.2(0) + BK(%(0), 2(1)).

+
Q

Note that L is an _affine function of the endpoint values 1(0), 2(0), 2(0), (1), (1),
Z(1) of the states I, &, and Z, since K is an affine function by assumption.

Let us write down the first-order necessary optimality conditions at the point (23)
in problem (18)-(22). The partial derivatives of H with respect to I,, Z, f have the
form

Hy = p° + 57 (¢(2) + erf) + a0 F (&, 2, f),
ﬁj:aoiF~(i'2f)
H: =57l (2)T + ol F5(, 2, f),

H~— peley —l—aolF (, 2, f).

13



Hence, the conditions of the local minimum principle at the point (23) in problem (18)
-(22) are as follows.

(a) The nonnegativity conditions: ag > 0, @ >0, «ap > 0.
(b) The nontriviality condition: ag + aq + o + |8z + |B| > 0. .
(c) The complementary slackness conditions: ag(1°(0) — a) = 0, ap(1°(0) — b) = 0.
(d) The adjoint equations:
At ~ -0 70 F(30(1). 39(p). 70
g =D (t) + 7 (1) (0(Z°(t) + en fO(1)) + a0 F(2°(t), 2°(t), fO(t)), (24)
dp® (¢ ~ - - ~
S P E ), 20, ) (25)
CdpE(t) 0, 0 70 (=074 5001\ O
o 7 B (Z7(1) + ol Fz(27(1), 2 (1), £7(1)), t€[0,1]. (26)

(e) The transversality conditions:
—7'(0) = —ava + o, p(l) =
—p*(0) = K¢ (2°(0),2°(1)), p
where 50 = 2(0), 61 = 2(1)

(f) The condition Hj = 0: p*(t)%1 + agl® Ff(i°(t), 2°(t), f°(t)) = 0. Since I > 0 and
p*(t)er = pi(t), we get

Pi(t) + aol" Fp(°(t), 2°(1), fO(t)) =0, t€[0,1].
(g) Finally, the condition H = const has the form: there exists a constant ¢z such that
B P + (O (p(2°(0) + e f(1) + ol F(@ (), 2°(1), f' (1)) = & ¥t € [0,1],

Denote the left hand side of this equality by H(t). Dividing this equality by 0 we
obtain

Nm s - ~ N - 5 ¢

P(8) + 57 (1) (0(2°(1) + e fO(t) + ao F(2°(2), 2°(2), fO(2)) = i—f vie[0,1].

Integrating equation (24) over the interval [0,1] and using the above condition, we

get p1(0) — (1) = %f This and the transversality conditions —p!(0) = —a, + a,
(1) = 0 give

cH

ZT = g — Qp

This relation means the following.

(1) If @ < I° < b then by the complementary slackness conditions (c) we have a, =
ap = 0 and therefore ¢ = 0.

14



(2) If I° = a, then by (c) we have a;, = 0 and, therefore, ég = a,l° > 0.

(3) If I° = b, then by (c) we have o = 0 and, therefore, ¢y = —al° < 0.

(4) Moreover, if ég > 0, then «, > 0, and, therefore, by (c) [ = q; if ¢y < 0, then
ap > 0, and, therefore, by (c) 0=

Note that the transversality condition p®(1) = 0 and adjoint equation (25) imply

7o (t) = apl® /t Fz(2°(7),2°(r), fo(r))dr, tel0,1]. (27)

Thus, we obtain the following result. If (23) is a local minimum in problem (18)-
(22), then there exist a number ay > 0, a row vector 8 € R*T, and a continuously
differentiable function p#(¢) such that the following system of optimality conditions
holds:

E = P(pW) +e W), telo], K(E(0),2°1) =0,
- Cif; = ()00 (29(1)) + apl®F5(2°(t), 2°¢), fO(t)), te[0,1],
— 7°(0) = BK;, (2°(0), 2°(1)), 5°(1) = BK( °(0),2°(1)),

fo e 1

Bi (1) + aol F(2°(1), 2°(1), fO(1) = 0, t€[0,1].

These conditions imply the condition of the constancy of the Hamiltonian: there exists
a constant ¢g such that

B OF + 5" (P (2(2°(1) + e fO(1)) + aol®F(3°(t), 2°(t), fO(1) = & Yt € [0,1],

where p*(t) is defined by (27). } .
Moreover, the following is true. If a < 1Y < b, then éy = 0. If 1Y = a, then ég > 0;
if & > 0, then [ = a. If [° = b, then ¢y < 0; if &g < 0, then [© = b.

We now represent this system in an equivalent way on the interval [0, °]. Introduce
a function p* : [0,1°] — R"T such that p*(t) = p*(2°(¢)) = p*(I°t), that is p*(z) =

ﬁz(l%)7 x € [0,1°]. Then % = %lo. Hence the adjoint equation for p* takes the

form

D = p*(2)¢' (z°(2)) + a0 Fx(2°(2), 2°(t), f°(t)), = €[0,1°).

So, the obtained result has the following formulation on the interval [0,°]. Below
we replace p* with p, and we also replace (I°,2°(-), fO(-)) with (I, 2(-), f(-)) omitting
the superscript zero.

THEOREM 3.1 If (I, 2(-), f(+)) is a local minimum in problem (14)-(16), then there
exist a number ag > 0, a row vector B € R*T, and a continuously differentiable

15



function p : [0,1] = R™T such that the following system of optimality conditions holds:

% = L)O(Z(x)) + elf(x)7 U [Ovl]’ le [CL, b]v K(Z(O),Z(l)) =0,

_ dﬁ(xm) =p(x)¢' (2(x)) + aoFx(z, 2(x), f(x)), = €][0,]],

= p(0) = BK¢,(2(0),2(1)), p(l) = BK¢ (2(0),2(1)),
pi(x) + aoFy(z, 2(z), f(z)) =0, x€]0,1].

These conditions imply the condition of the constancy of the Hamiltonian: there exists
a constant cg such that

p* (@) + p(x) (9(2(2)) + e1f(2)) + a0 F(z, 2(2), f(2)) = cn Yz €[0,1],

where p*(z) = oy fi F.(y,2(y), f(y)) dy, = € [0,1]. Moreover, the following is true. If
a<l<b, thency =0. Ifl =a, then cg > 0; ifcyg > 0, thenl =a. Ifl = b, then
cg <0;ifcg <0, thenl =0b.

Since p*(I) = 0 and cy = H(I), we get

e = p() (0(2(1) + erf (1)) + a0 F (1, (1), f(1)).

This formula does not use the adjoint variable p®.
In what follows, we consider the case of

Fla,z f) = 5l = @) + (7 — @) (28)

where |z| = \/(z, z) and z*(z) and f*(x) are twice continuously differentiable functions
defined on [0, b].

3.3 Second-Order Sufficient Conditions for Problem with One
Beam

For problem (18) -(22) on [0,1] with the function F defined by formula (28), we
formulate sufficient second-order conditions for a weak local minimum at the point
() = (1), 2(), 200, ().

Now suppose that the normal case holds for this point. Therefore, there are a
row vector 3 € R*T and a continuously differentiable function p : [0,1] — R"T such
that the necessary optimality conditions in Section 3.2 are satisfied with ag = 1. In
problem (18)-(22) on [0, 1], by definition & = (1(0), 2(0), 2(0); (1), (1), 2(1)). Since L
is an affine function of £, we have iég = 0. Since oy = 1 we have

H(,7,2, f,5. 5", 5°) = p"l + 5°1(0(2) + er f) + IF (%, 2, f).

Recall that fI}; = pley + apl(f — f*(Z)). Consequently, ﬁ~f~ =1 Sincel=1>a>0,
the strengthened Legendre condition is satisfied.
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Let us write down the definition of the critical cone C. Equations in variations for
the system ~
dl dz -~ dz 5 =
at the point w have the form

Sl=0, 6i(t) =06, &3(t)=1(¢(Z(1)53(t) + erdf (1)) + (p(3(1)) + er (1))l

The endpoint conditions #(0) = 0 and K(2(0),Z(1)) = 0 imply the following
conditions in the critical cone

where ¢ = (2(0), 2(1)), 6¢ = (62(0), (1))
Further, recall that
CH
7 = Qg — p.
The initial conditions —I(0) 4+ a < 0 and 1(0) — b < 0 imply:

eifa<l< b, i.e., these constraints are not active, then ¢y = 0, and we have no
conditions on 61(0 ( ),

e if a = [ and, therefore, [ < b, then the following conditions are satisfied
61( ) >0, cH(SZ( ) =0,

e if | = b and, therefore, [ > a, then the following conditions are satisfied
5l(0) <0, cH51< ) = 0.

Consequently,

é= {(m — (81,0%,82,6]) - 8l =0, 63(t) = oI, 62(0) = 0, K'(C)6¢ = 0, cHaz( ) =

S3(t) = I(¢' (Z(0)82(1) + e16F (1)) + (9(3(1)) + ex (1) )
y<o}.

As stated in Remark 2, if ) is positive definite on C, then it is positive definite on
(=C). Only one of the two conditions I =a orl=b could be realized. Therefore, the
conditions [ =a = 61(0) >0; [ =b = 6(0) <0 in the definition of C can be
ommitted. More precisely, we can replace C with a subspace

l=a = 61(0)>0; I=b—= 51(

i:{éw:(éf,éi:,éé,éf): 5i= 0, ;()z [ *(0):0 K'(C)6¢ = 0, &61(0) = 0,
= U/ (G(0)52(0) + €18 () + (2(2(0) + en f(1) ol }.

Note that if ¢ # 0, then in the definition of & we have 5l~(0) = 0,which gives 6] = 0,
and this means that 6Z = 0. In this case,

¥ = {m = (01,0%,02,6f) : 0l =0, 6% =0, 02(t) = 1" (2(£))82(t)+le 6 f(t), K'({)6C =0
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Let us write down the quadratic form Q. Since ap = 1,

i=0"+p°(0(2) +erf)+ F(z 2 ),
1 = 1F; = —1(2 - 2° (@) (")'(@) — (] - [*@)(f*) (@)

Once again we emphasize that we consider z, Z, z* as column vectors, and p*, p*,
H: as row vectors. Therefore, (2 — z*(a?))T(z*)’(i) =, (G — 27 (@) (2))(2).
The second-order partial derivatives have the form

t

=0,
iy = Hyp= (3 = 2(2) " () (2) = (F = 1 @)V (@),
Hy, = H} =p°¢/(2) + (2 - 2°(2))
Hij=Hy=pi+ f—f(7),
Haz = (") (&)] T (2")(%) = 1(2 — 2 (@) T ()" (&)
Y @P U - @)U @),
Hy: = HL = —I[(") @), Hyj=Hp, = -I(f*)(&)
Hzz = p*lg/ ()T + 1, Hyp=H] =0
Hip=1

Here I,, is the identity matrix of size n and
T e - NN
(E—2"@) )'(@) =) (5 -z @) )" (@)
Denoting w = (Z,:i, z, f), we get
(Huww(l, 7,2, f,0', 57, 57)0w, Sw) = Hy(51)* + Hzz(52)? + (H::0%,62) + H7(5f)?
+2H, 0% - 61 + 2H}20% - 6l + 2H; 56 f - 1 + 2Hz20% - 6% + 2H ;0 f - 0% + 2H ;0% - 6.

Using the above formulas, we obtain

Il
— o~
—
w

4+ o+
=t
—~
=
=

|+ +
NN N
T~



Recall that here [ = [ = const > 0. Since Lég = 0, the quadratic form € is:

1
Q((S'IZ)) = / <H~u~)(l~a ‘%a 27 faﬁlaﬁ$7ﬁz)5ﬁ)v 51D> dt
0
Thus, we obtain the following result: if there exists a constant ¢q > 0 such that
Q(dw) > Ea((61)2 + |02(0)|* + |6 f]|3) Véw € X,

then the quadruple (1(-),Z(-), 2(-), f(-)) is a weak local minimum in problem (18)-(22)
on [0,1].

Now let us rewrite the obtained sufﬁcient~second—or~der cgndition in terms of the
independent variable € [0,!]. Let éw = (dl,0%,02,0f) € X. Introduce dz(z) such

that 82((1)) = 02(1t) = 03(t), that is 62(x) = 63(%). Then 82(t) = (32)(F()I,
where (62)(x) = d(zi(m Define 6 such that 6] = 161, that is 0l = 57[. Similarly, we
define 6 f(x) = (7>7 dx(z) = 555(%) Then the equation 62(t) = i(g@’(é(t))éé(t) +
erdf(t ) + (e(2(2) + erf(t ))(5l~ takes the form

(02)'(z) = ¢'(2(2))dz(z) + e1d f(2) + (p(2(x)) + e1 f(x))dl
and the subspace ¥ in the new variables reads as follows

= {5w = (dl,0x,02,0f) : (61) =0, (dz)'(x) = dl, dz(0) =0, K'(¢)d¢ =0, ¢ydl(0) =0,
(02)'(2) = ¢'(2(2))d2(z) + e1d f(z) + (p(2(2)) + er f(x))dl }

where ¢ = (2(0), 2(1)), 6¢ = (62(0),dz(1)). Recall that = and 6l are one-dimensional,
6l = const and dx = xdl. Therefore,

- {(m = (81,82,02,6f) : (81) =0, dx(z) = a - 8l, K'(C)6¢ = 0, edl(0) = 0,
(52 () = @' (2(2))35(2) + €18 (2) + (p(=(2)) + e1 /()L }.

Let us rewrite the quadratic form Q in the new variables. Recall that =11z =
Z(t) = It, then dz = Idt and 2(t) = 2(x), f(t) = f(x), 6l = 10l, 0z(x) = Z(t),
ox(x) = 0Z(t), 6 f(x) = df(t). Therefore, we have
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Below we replace p* with p, omitting the superscript z. Since §l € R is a constant,
dxr = x-0l, and §f is one-dimensional, we obtain

) (@) (2" () = (2(z) — 2* () T (%) " ()
2= (f@) = [ (@) (f)" (@) a? do
x))+ In)o0z(x ,5z(:l:)>dx—|—f0 §f(z))?dx

(%) (@) + (f (@) = f*(@)(f*) (2))zdz  (29)

Q(w) = ()2 f; ([

+201 [, (p(x)¢(2(2)) + (2(x) — z*(m)) )oz(z) dz
201 Jy (pr(@) + (@) = ()0 (2) da
—261 fé ((z*)'(m))—réz(x)xdx 261 fo ) ()6 f(z) d.

This quadratic form is independent of §z. We can exclude dx from the definition of %
as well. Therefore, the quadratic form (2 is considered on a subspace, which we still
denote by ¥ (we also keep the notation dw for the shorter collection (81,02, f)):

Y= {5w = (81,62,8f) : (1) =0, cpdl =0, K'(C)5¢ =0,
(62)(z) = ¢/ (2())0z(x) + e10 f () + (p(2(x)) + e1f(x))dl }

Thus, we obtain the following result:
THEOREM 3.2 Let an admissible triple (I,z(-), f(+)) satisfy the first order necessary

optimality conditions of Theorem 3.1 in problem (14)-(16) with the corresponding
multipliers ag = 1, 8, p(+). Suppose there exists a constant cq > 0 such that

Q(6w) > CQ((&)? +162(0)) + ||6f|\§) Vow € ¥
Then the triple (I, z(-), f()) is a weak local minimum in problem (14)-(16).

3.4 Matrix Riccati equation for One Beam: Case Cy # 0

In this case, as we know, the condition Cy > 0 implies | = a, and the condition
Cpg < 0 implies [ = b. Then in the definition of ¥, we have §l = 0, so that we can put

= {(5w = (02,0f): (82)(z) = ¢'(2(x))dz(x) + e10f(x), K'({)6¢ =0 }
Since dl = 0, the quadratic form reduces to
! !
() = [ (e () + 1,)32(a). 52(0)) o + [ (6f(@))*da

We study the question of the positive definiteness of 2 on ¥ in terms of the solution
of the matrix Riccati equation. Obviously, the strengthened Legendre condition is
satisfied.
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Comparing the differential equation in the definition of ¥ with the equation (4z)" =
Abz+ Béf (see end of section 2.3), we obtain

A=¢'((2(x)), B=e =(1,0,...,0)7.

Comparing ) with (2.3), we get

Consequently,

C'211
(S+QBU N (ST+BTQ)=Qeref Q= 1| ... | (Qu1 ... Qu)
an

Q1111 .. QuQ1n
anQll cee anan
Thus, the Riccati equation (12) reduces to the following

= [|Q1:Qu 7 j=1-

LQ QAT ATQHR-Quel @=0, zef0,l] (30)

where

A=¢'((2(z)),  R=plx)e"(z(z)) + In,

er = (1,0....,0)7, Qeref Q = [|QuiQu;ll} =1
The matrix M has the form

M= (Q(()O) —5(1)) |

To this Riccati equation, one can add the initial condition
Q(O) = I,

where I, is the identity matrix of order n.

Similarly to Theorem 2.4 the following theorem holds.
THEOREM 3.3 Assume that the strengthened Legendre condition is satisfied, Cy # 0,
and there exists a symmetric solution Q (with the entries belonging to C1) of the
Riccati matriz equation (30) on [0,1] such that

(a) the matriz M is nonnegative definite;

(b) for all ¢ = (o, (1) € R*™ the conditions K'(¢)( =0, (M(,¢) =0 imply that
Co=0 or (1 =0. Then the quadratic form ) is positive definite on the subspace .
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3.5 Matrix Riccati equation for one beam: case Cyg = 0

In this more complicated case, we have

g {5w — (81,62,8f): (61) =0, K'(C)d¢ =0,
(02)'(x) = @' (2(2))02(x) + €16 f () + (p(2(2)) + e1 f(2))dl }

Consider again the sufficient condition for the positive definiteness of the quadratic
form Q on the subspace ¥. Now X is defined by a linear system of differential equations

{ (31 =0,
(02)" = (o((2(2)) + e1 f(2))8l + ¢ ((2())d2(x) + e1d f (x).

In the sequel, we denote

l ol
X — <l> _ 21 ERnJ’_l, §X = (51) _ 521 ER”+1,
z 0z

l ol
wz(‘};):(z e R"T2, 6w=<%§>:(52)6ﬂ%n+2.
f of

Let us represent the above system in matrix form (6X) = AéX + Bdf, where A
isa(n+1)x (n+1) matrix, B is a (n 4+ 1) x 1 matrix such that

A:<¢<z<x>>0+e1f<x> ¢'<?§T<x>>)’ B:<O) 02 =(0,...,0) €R"T.

It is convenient to present
0 o /
A= A, A , where A, =op(z(z))+eif(z), A..=¢ ((z2(x)).
Compare quadratic form (29) with the standard form (see (2.3)):
!
Q(5w) = / ((RoX.5X) +2(5X) TS5 +U(5)?) dt,
0

where R is the symmetric (n + 1) x (n + 1) matrix, S € R"*! is the column vector, U
is the number. Let us find the matrix R. Denote

[ Ry Ry,
R= <Rzl Rzz) ’
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where Ry, Ry, R, = Rl—; R,., = R;—z are matrices of orders 1 x 1, 1 X n, n x 1, n X n,
respectively. Then,

(R6X,0X) = Ry(01)* + 2R;.0281 + (R..52,62).

Using (29), we obtain

(RX,0X) = (7Y @) T (=) (@) = (2(2) = =* (@) T (=")" (@)
HUY @2 = (@) = @) (@) a?

Consequently,

Ry = ([(2*)’(66)}T(2*)’(x) — (2(2) = 2" (2)) " (") " ()
() @) = (f(@) - f*(év))(f*)”(ff))ﬂﬂ2

() — (@) (Y (@) + (F@) — PN @)r, (3D)

R.. = p(x)p" (2(x)) + I, (32)
Ri. = RY, = (p(2)@ (2(2)) + (2(2) — 2°(z)) " —a((z")'(x)) .

Further, U = 1, and finally, S has the form

_ S n+1
S<%>€R ,

where S; = p1(z) + f(z) — f*(x) — z(f*)'(x). Recall that the Riccati equation has the
form

(%Q—i—QA—i—ATQ—FR— (S+QBU ST +BTQ)=0, zec]0,],

where

aw=(g"3:) @

Qzll
Quiz)eR, Qux)=| ... | (z)eR™,
anl
Quz(z) = QL (x) = (Quzy - Quzy ) () € R™T,

24



and

QZIZI e Qzlzn
Q..(z) = (2)
Q2n21 A anzn
is n X n symmetric matrix. Since U = 1, we have

(S+QBUST+BTQ)=(S+QB)(S+QB)".

Further,

_( Qu Qi 0\ [ Qe

QB_(QZZ sz)<61>_<szel).

Hence S o o g

_ l 1z€1 \ _ 1z€1 + 9

SWB‘(O)*(QZZel) ‘( Q--e1 )
Consequently,
s+ap(s+mT = (U575 (Qua + 5.
— ( (leel + Sl)z (leel + Sl)elerz )
szel(leel + Sl) (szel)(eierz) ’

Moreover,

QA — <Qll le) < 0 OI > — (QZZAZZ leAzz) ATQ _ (leAzl AZQZZ)

Qzl sz Azl Azz szAzl QZZAZZ ’ A;I;Qzl A;erZZ '
Here Q. A, QiA.., Q.. A, Q.. A,, are matrices of order 1 X 1, 1 xn, n x 1, n X n,
respectively. Consequently,

QA + ATQ _ ( 2Q12 Az QizA.. + AZQZZ > .

szAzl + A;I;Qzl szAzz + A;FZsz

Thus, according to (12), we obtain the matrix Riccati equation in the form

i Qll le + 2leAzl leAzz +A;|;sz + Rll Rlz
dz Qzl sz szAzl + A,;I;Qzl szAzz + A;sz Rzl Rzz

_ < (leel + Sl)2 (leel + Sl)eTlez (34)

=0, € [0,1],
(leel + Sl)szel (sze)(eierz) ) o [ }
where the blocks of the matrix R are determined by formulas (31)-(33). Further, the

matrix M has the form
. <Q(0) 0 )
0 -QU) )"

- (50)
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Then
(Mg, 6€) = (Q(0)6X(0),6X(0)) — (Q()6X (1), 0.X (1)),

where

5X(0) = ( 52‘5(50)>, X (1) = ( 55(51)), (61) =0, i, 6l = const.

The condition £6§ = 0 in the definition of ¥ (see Section 2.3) means K, dz(0) +
K. 6z(1) =0, (61) = 0. Consequently,

5Xo = 5X(0) = (53(10)) X = 6X(I) = (55&)) .

Similarly to Theorem 2.4 the following theorem holds.
THEOREM 3.4 Assume that the strengthened Legendre condition is satisfied, Cy = 0,
and there exists a symmetric solution @ (with the entries belonging to C') of the
Riccati matriz equation (3.5) on [0,1] such that

(a) the matriz M is nonnegative definite;

(b) for all pairs of vectors in R"+1

ol ol
o= (1), o= ()

the conditions K, 020 + K, 0z = 0, §l € R, (Q(0)0Xy,Xo) — (Q(1)dX;,0X;) = 0
imply that §Xo =0 or 0X; = 0. Then the quadratic form Q) is positive definite on the
subspace .

4 Numerical example

4.1 Example 1

Consider a steady state scenario involving a single beam, governed by a semilinear
differential equation. The control system has the form

Z(x) = ¢(2(2)) + f(z), 2z€l0,1), 2()=0,

where z is one dimensional and [ is not fixed. The beam’s behavior is described by the
function

o(z) =2z —2°.
Set

F=1, zx)=-2+z+2% [ (x)=7-32z— 42>+ 22 + 2.

It is easy to check that the triple (I*, z*, f*(z)) defines an admissible process of a given
control system.
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The cost functional is expressed as:

J= 5/0 (@) = @) + (@) — £ (@))?) da+ 20~ 1%)? = min.

The parameter [ is constrained [ € [1, 3].

Obviously, (I*,z*, f*(z)) is the solution to this problem. But assume that this
solution is unknown and let us write down the necessary optimality conditions of
Theorem 3.1.

Since fol(x —I*)dz = $(1 —1*)? — 1(I*)?, we can consider the equivalent problem
of minimizing the functional

1
J:/o F(z,z(x), f(x))dzx

with F(z, 2, f) = 1((z = 2*(2))? + (f — [*(x))?) + = — I*.

Let the triple (I,z(:), f()) be a solution to this problem. Then, according to
Theorem 3.1 there are numbers ag > 0, 8, and a continuously differentiable function
p:[0,1] — R such that

#(x) = ¢(z(x) + f(z), =() =0,

—p'(x) = p(2)¢' (2(2)) + a0 F. (2, 2(2), f(2)), € [0,1],
p(0)=0, p(l) =75,
p(x) + aoFy(z, 2(2), f(2)) =0, x€[0,1].
If ap = 0, then p(z) = 0 and 8 = 0. Therefore, ay > 0, and we put oy = 1. Hence,
taking into account that p(2) = z — 22, ¢'(2) =1 — 22, F. (2,2, f) = ( — z*(x)), and
Fi(z,z, f) = f — f*(z), we get a system

—p'(z) = p(x)(1 — ?z x))+z—2"(x), p0)=0 (35)

Theorem 3.1 gives one more necessary optimality condition for determining
(1,z(*), f(*)). Recall that we are considering ! close to I* = 1, which means a <1 < b
with a = 0.5, b = 1.5. As we know, in this case ¢y = 0. Since «y = 1, this condition
looks like

e = p" (@) +p(@) (0(2(2) + f(2)) + F(z, 2(2), f(2)) =0 Yz €[0,1],

where p*(z) = «p fll/, F,(y,2(y), f(y)) dy, = € [0,!]. Considering that p*(I) =0, z(I) =
0, and —p(l) = f(I) = f*(), we get

0= p(1)((z(1)) + (1)) + F(1, 2(D), (1))
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= p(1)((0) + f()) + F(1,0, f(1))

= pU)F ) + 5 P + S ((FO) ~ WP +1-1
= pUF) + 5 (D) + 5O +1-1,
that is . .
PO + 5 WP + 560 +1-1=0 (36)

Conditions (35) and (36) constitute a complete system of necessary optimality con-
ditions for determining (I, z2(-), f(-)). Obviously, the triple p(z) = 0, f(z) = f*(z),
z(z) = z*(x) is a solution to this system.

We will now show numerical results for this problem. We conducted the computa-
tion using the finite element method and the Newton method to handle the nonlinear
component. Here are the results. Fig. 2 illustrates the variation of the cost functional
with respect to the length parameter. It is observed that the cost functional attains
its minimum value at [ = 1 = [*, indicating the optimality of this length. This sig-
nifies that the length I = 1 is the optimal choice based on the minimization of the
cost functional. In Fig. 3, we show the optimal control and state under the optimal
length. Then, we computed the L? norm error between the numerical solution and the
analytical solution to assess the accuracy of the results:

ferr = 1f (@) = f*(2)]] = 1.6236e — 12, zepr = ||2(x) — 2" (2)]| = 4.5426e — 11.

0.9
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Fig. 2 Cost with respect to [

4.2 Example 2

Consider the steady state for a single beam governed by the semilinear differen-
tial equation (Eq. 7). We present results from numerical simulations. The flexibility
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Fig. 3 Optimal control and optimal state
matrices are given by
C = diag (c1, ¢2,¢3, ¢4, ¢5,¢6) " = diag (10%,10%,10%, 500, 500, 500)’1 .

In Eq. (14), setting f*(x) = —1, then the steady state values are zf = —z + 1,25 =
0,...,25 =0. For IGEB model, the function

¢(r) = —E(z)r + L(r)Cr,
and its derivative is given by

o' (r) = —E(x) + (L(r)Cr) := —E(x) + G(r).

The optimality system of equations can be written as

Z(z) = —E(z)z(z) + L(2)Cz(z) + e1 (f* — p1(2)), z € 10,]
—p'(z) = —p(2)E(2) + p(2)G(2) + 2(2) — 2" (2), z e [0,1]

zi(l) =0, i=1,2,...,6

pi(0) =0, i=1,2,...,6.

The weak form of this system is given by:
l l l
/0 <(C11;/;, z> dx — z(0)¥(0) + /0 (Ez,¢) dx — /o (CL(z2)z,v) dz
l 1
+ [ertpwyde= et o vo v

/Ol <(C112’p> dz — p(1)n(1) + /Ol (Ep,n) dz — /Ol (G(2)p,n) dx

l 1
—/ <z,n>d:v:—/ (z*,m) dx, Vn € Vs,
0 0
(37)
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where

Vii={¢ € H (0,1;R%) (1) = 0},
and

Vo :={ne€ H"(0,l;R®),n(0) =0}.

In numerical discretization, the interval [0,1] is discretized into N, points {zj}r",,
where 21 = 0 and z, = I. Each subinterval w® := [x9._1,Zo.41] for e € {1,2,... N}
constitutes an element. These elements are defined by the points zo._1, 2., and
Zoet+1 and have a uniform length h, = x9.41 — T2.—1. It is important to note that
N, =2N, + 1.

We utilize P2 (quadratic) elements to define function spaces Vi, and Vs as
described below:

Vip:={weC (0.0;R™) : ¢l,. € (B)" forall e € {L,..., N}, (1) = 0},

Vo= {77 cC’ ([O,l];RNa) 2. € (Po)™ forall e € {1,...,N.},n(0) = 0}.

The approximations for z;(x) and p;(z) are represented by the following expressions:
N, Ny
zi(x) =Y Ziji(z), pilx) =Y Pini(x),
j=1 j=1

where Z; ; denotes the value of z; at the Py basis function 1);, which value is 1 at node
z; and 0 at other nodes, and similarly for F; ;. In the discretized system, we define
the following matrices and vectors:

l l l
_ T _ NT _ T
Al—/oww ,AQ—/O«M) ,Ag[z]—/ozw ,
l

! l
A1=/ nnT,Azz/ n(n’)T,As[Z]:/ 2’
0 0 0

where ¥ = (1,%2,--- ,¥n,) " and n = (1,72, -+ ,nn,) . The matrix form of Eq. 37
can be written as

—KSJZ - MCL(Z)Z + élMP = élFA‘,
KsoP — Mg P - MZ = -2,

() (5)- (" ) (2)- (7).

where e; = diag(Iy,,0On,,Opn,,Opn,,Opn,,Op,). O, is the zeros matrix. Further-
more, the vectors Z and P are defined as:

(38)

ie.,

T
Z:(Z1,17"'7ZI,N17"'726,17"'7Z6,Nx) )
P=(P P P Psn,) '
_( 1,1, LI Ny " 5 46,1,° 77 G,Nm)
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Similarity,

. . . . . T
Z:(Zl,la"'7ZI,N17"'7Z6,17"'aZ6,Nm) ;
. . . T
F= (Flv"’ ’FN:I:’(())NJC’@Nm’@Nm7@N.7:’@Nm) ;
where Z,j represents the value of z; at the basis function v; and Fj represents the

value of f* at the basis function 7;.
The other matrices are defined by:

A2 A2
A Ay
Ay Ay
Ks - bl KS. - 1 b
,1 A2 ,2 ) AQ )
Ay Ay -4 Aa
-4 Aa A Ay
0 c6As(26) —c5A3(25) 0 —c5Az(23) c5A3(22)
_06:43(26) 9 (34143(24) C4A§(Zg) 70 —CGAg(Zl)
Mo — 5 As(zs) —caAz(2) 0 —cyAz(22) 5 As(21) 0
&) 0 (c3 — c2)As(23) (c3 — c2)As(22) 0 (e6 — c5)As(z6) (co —c5)As(25) |’
(€1 —c3)As(23) 0 (e1 = e3)As(21) (ca — co)As(26) 0 (ea = c6)As(24)
(c2 = e1)As(22) (c2 — 1) As(21) 0 (c5 — ca)As(25) (c5 — ca)As(za) Y
0 0 0 0 —c5A3(23) ceAs(22)
0 0 0 C4A3(Z3) 0 _C6A3(Zl)
M. o 0 0 0 —C4A3(22) C5A3(Z1) 0
CL(2) 0 7CQA3(23) 03A3(22) 0 *C5A3(ZG) 06A3(25) ’
ClAg(Zg) 0 —63A3(21) C4A3(2’6) 0 66A3(24)
—01A3(2’2) 62A3(21) 0 —C4A3(Z5) C5A3(Z4) 0
M:diag(Al,Al,AhAl,Al,Al).
Denote

So Eq. (39) become as:
AW — N ()W =F, (40)

where Np (z) represents the nonlinear component. The iterative process is governed
by the equation:
AW[n+1] 7 NL(Z[n])W[n+1] _ F,
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where the superscript [n] denotes the n-th iteration. Define the function S, by
Sn(¢) = AC = N1 (2I")¢ — F.

Equation (40) can also be expressed as Si(W[+1) = 0. To find an approximate
solution to S, (¢) = 0, we employ the Newton-Raphson method, i.e., find ¢ such that
Sn(¢) = 0, by means of the scheme:

Cn-i-l = C:n - (Jac Sh (Cn))_l Sp (Cn) y

where Jac S, = A — Ny (2["]).

For our problem, the initial data is set to zero. The following Algorithm 1 outlines
the steps taken to approximate the solution to Eq. (37). The results of this iterative
scheme are visually presented in Fig. 4. These figures demonstrate that the optimal
state and control closely approach z* and f* respectively when [ = [*. Furthermore,
Fig. 5 illustrates that the cost is convex with respect to the length of beam with the
unique minimizer. The optimal design corresponds to the length | = * = 1.

Algorithm 1: Solve the obtained ODE for W
Set C, f*, z*;
Given initial guesses z
while convergence do

‘ Cn—H = Cn - (Jac Sn (Cn))il Sn (Cn) 5

end
W = Cn+1

0.

b

1 1 -0
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Fig. 4 Optimal state z(left) and optimal force f(right) (I = 1*)
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0.2

Fig. 5 Cost with respect to [

5 Network modeling: optimal control problem P

5.1 Statment of Problem P

Consider now the following optimal control problem that arises in network modeling.

Let z;(z;) be state variables, f;(x;) be controls, where z; € [0,1;],1; > 0,i=1,...,m.
Here z; = (2i1,---,2in)" € R®, f; € R, i = 1,...,m. We assume that z;(z) are
continuously differentiable functions and f;(z;) are continuous functions, i = 1,...,m.

Problem P: The control system has the form

dzi(z; _
% = (zi(x;)) +erfi(zi), i €[0,l], i=1,...,m, (41)
where e; = (1,0,...,0)T € R", » : R® — R" is a twice continuously differentiable

function. Additionally, there is a constraint:
K(21(0),21(11) . - ., 2m(0), zm (Im)) = 0, (42)

where K = (K1,...,K,) € R". The cost to be minimized is:
m I;
J:Z/ Fi(xi, zi(4), fi(w:)) day, (43)
i=170

where

Filai oo fi) = gl = @) + 50— fr@))s @i € 0,4,

zf(-) and f/(-) are given twice continuously differentiable functions, ¢ = 1,...,m. The
lengths of the intervals I; satisfy the constraints

l; € la,b], where 0<a<bd.

We assume that 2} and f* are given on [0,0], i =1,...,m.
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We will be interested in optimality conditions in problem P for an admissible
process

(zi(s), filzi) [ i € [0,5])7%,. (44)

This is not a standard optimal control problem, since it has many independent
variables x;, and each independent variable changes on its own interval [0,;]. Now our
goal is to represent this problem as a standard problem with one independent variable.

5.2 Change of independent variables x;. Problem P on the
interval [0, 1].

Rewrite this problem on the interval [0, 1]. Let ¢ € [0, 1] be a new independent variable.

We set x; = jz(ﬂ =1t te [0,1], i =1,...,m. Then .i‘l(t) S [0,@;]7 t=1,...,m.

We consider each z; = #;(t) as a new state variable, i = 1,..., m. Moreover, we treat

each [; = l?(t) also as a new state variable, that is constant on [0,1],4 = 1,...,m.

Therefore, we have

dl; (t)
dt

=0, =Li(t), telo,1], #(0)=0, i=1,...,m.

Further, we set % (t) = z(Z:(t)) = z(it), fi(t) = fi(@:i(t) = fi(lit), t € [0,1], i =
1,...,m. Then

ds _ daig
dt N dl‘z v

i=1,...,m.

Also, note that

mool moo1
J = 22/0 Fi(wi, zi(2i), fi(@i)) da; = z}/o L) Fi(2(t), 2 (), fi(t)) di.

In what follows, we will continue to use the tilde for variables in the interval [0, 1].
Thus, we get a Problem P on [0,1]:

di;(t) di;(t) - o
i 0, —g— =), teo,1, i=1....m, (45)
d’zf) =I;(t) ((z:(t) + elﬂ-(t)), telo,1], i=1,...,m, (46)
i’Z(O):O, _~1(0)+a§07 Zl(o)_b§07 1:1aam7 (47)
K(7(0),21(1) ..., Zn(0), 2, (1)) = 0, (48)
m 1
J=Y / Li(t)Fi(z:(t), %(t), fi(t)) dt — min. (49)
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5.3 Local minimum principle for Problem P

The endpoint Lagrange function is:

L =00 cai(—1(0) + a) + 320 ani(1:(0) — b)
+ 2oty Beii(0) + BK(21(0),21(1) . . ., Zm(0), Zm (1)),

where ag;, api, Bz are numbers, f € R"T is a row vector of dimension r. The
Hamiltonian is:

H=> p"li+ Y 5" li(e() + e fi) +040le (&, %, fi),

i=1 i=1 i=1

where g, p*¢ are numbers and p** are row vectors of dimension n. It is convenient to
introduce

H* l ( I‘+pz‘((p(2l)+61ﬁ)+aOF1(izvgzvﬁ))a 7’:17’m

Then H = > H.

i=1
Let us write down the necessary first-order optimality conditions at an admissible

point ~
L), Ei (), ), il )i, (50)
which corresponds to the process (44).
The partial derivatives of H with respect to ll, Tiy Zis fl have the form

i

f’{~ —ﬁibl +ﬁ21( (~) fN)+O[0F(.'Ey,ZfL,f7): R

ll ~ ~
H;, = aol Fiz, (%1, %, fi) = —aols (% — 21 (& )) (27) (&) — aoli(fi — [ (@) (f7) (&),
HZL lcp Z) —|—ozol~( ~z:‘ )

Hf_ —p il;e1 + apl; Fr (%, %, fi) = er + aoli(fi — [ (&)

We use these formulas below. In what follows we remember that ll(t) = [; = const.

The LMP conditions at the point (50) in problem (45) -(49) are as follows.

a) The nonnegativity conditions: oy > 0, am >0, abl >0, +1=1,.

(a)

(b) The nontriviality condition: «g + Z g + Z api + Z |Bzi| + 18] > 0.
)
)

The complemantarity conditions: ozm(lz(O) - ) =0, abz(lZ(O) -b)=0,i=1,....,m
The adjoint equations:

(
d

. ~ ~
- dpdt(t) = " (1) + 57 () (9(Z () + er fi(t)) + a0 F(E:(t), Z(t), fi(t)), (51)
dﬁz;(t) = —agl; (Ez(t) — zf(:%l(t)))—r(z;“)’(;%z(t))
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—aol; (fi(t) — £ (@:(6))) (1) (#:(2)), (52)

dﬁ;(t) = 57 (1) (Z:(1) + aoli(Zi(1) — 2 (F:(1))) T (53)

tel0,1], i=1,...,m.

(e) The transversality conditions:

_ﬁli (O) = —Qqi + Qp, f)li(l) =0,
_ﬁZ1(O):BKZL(O)7 ﬁZI(l):ﬂKzz(l)a ’L:1,,m

Integrating equation (51) over [0, 1] and using the first two transversality conditions,
we obtain

Cai — o = / (5 () + 5 O (e (1) + e1fi() + a0 Fu(@:(8), Z:(8), Fi(1)) ) d.

Multiplying this equality by I;, we get
1 ~ .
(Qai — ani)li = / H'(t)ydt, i=1,...,m,
0

where F4(t) == 1 (57 (1) + 5% (0(0(2:(0) + 1 1)) + 00 Fu(E(0), 5(0), F(1)).
(f) The conditions fIfi = p¥ (t)le1 + aol; (fz(t) — fH (&) =0,i=1,...,m.
Since I; > 0 and p* (t)e; = pi(t), we get

Pri(t) + ao(fi(t) — f7(#:(t)) =0, te[0,1], i=1,...,m.

(2) Finally, the condition H(t) = const has the form: there exists a constant ¢z such
that

m
Sou (57 0+ 5 () (p(2:(0) +er fi(t) +aoFilEi(), Z(8), fi()) = e VEe[0,1]
i=1
Integrating equation (g) over [0, 1] and using the condition H = 3 H', we get
i=1
m 1 5
em=>Y [ H'(t)dt
i=170
Equations
diy _ oAb g dE g T WP a s
s U - U e A
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imply ((11 i(t) = 0, whence it follows that H'(t) = const Yt € [0,1], i = 1,...,m.
We set _

Hit)=és, tel0,1], i=1,....m.

Then

Consequently,
m
ey = ZcH H(t)=¢y, telo,1].
Using the relation (aq; — api)l; = fo Hi(t) dt, we obtain
i = (g —ap)ly, i=1,...,m.

From these relations together with the complementary slackness conditions (¢) the
following statements follow: for any ¢ = 1, ..., m we have

(1) if a < l; < b, then oy = ap; = 0 and, therefore, ¢z = 0,

(2) if I; = a, then ap; = 0 and, therefore, ¢ = ag;l; > 0,

(3) if I; = b, then «a,; = 0 and, therefore, éxi = —apl; <0,

(4) moreover, if ¢z > 0, then «ag; > 0, and, therefore, I; = a; if ¢g: < 0, then ap; > 0,
and, therefore, I; = b.

Thus, we obtain the following result. If (1;(-), (), Zi(-), fi(-))I™, is a local minimum in
problem P, then there exist a number ag > 0, a row vector 3 € R”T and continuously
differentiable functions p*i(¢t), p*(t), t € [0,1], ¢« = 1,...,m such that the following
system of optimality conditions holds:

—aoli (fi(t) = £7(&:(1)) (f) (@), 57 (1) =0, te[0,1], i=1,...,m,
AP = )/ (5 (1) + aoli(2:(8) — 2H(@E (1) T, te(0,1], i=1,...m,
—p*(0) = BK.,(0), P°'(1) =BK.q), i=1...,m,

i)+ ao(fi(t) — £ (#:(t)) =0, te€0,1], i=1,...,m.

Further, each function

() = 1 (5 (0 +57 () (25 (0) +e1 fi(0) + 0o Fa(@(0), 50, Fi(1) ), i =1,0.im
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is constant on [0, 1]. Set
égii= HY(t), tel0,1], i=1,...,m. (54)

Then for every i = 1,...,m the following is true:

if a <l; < bthen ¢y =0,
if I; = a, then ¢gi > 0,
if Zi = b, then EHI < 0.

Moreover, if ¢« > 0, then I; = a; if ¢y < 0, then [; = b.
Note that the equation (52) for p** and the transversality conditions for p** imply

ﬁ%ﬂz—%hl (G =2 @) T ) @)+ ()= F @ () (1) (@a(7)) ) dr,

where t € [0, 1]. This is a complete information following from the LMP for Problem P.
The adjoint variable p** can be excluded from the system of optimality conditions.

For this we can use the formula ¢z = H'(1),i = 1,...,m, following from (54). Since
p¥i(1) =0, we get

This allows us to define the sign of éz: (only that sign is important) without using p*:.
Let us represent the above conditions using independent variables x; € [0,l;],
i=1,...,m. R
Fix anyi S {1, [N ,m}. Recall that Ty = li't, te [0, 1}, gz(t) = Zi(lzt), fl(t) = fz(lit)
We set p*i(z;) = p*i(¢), p* (x;) = p*(t), where t = x;/l;, z; € [0,1;]. Then it is easy
to see that for a given i we get a system on [0, ;], where a < [; < b:

% = (zi(x;)) + e filxs), x4 €[0,1;],

K(Zl(O),Zl(ll) AN ,Zz(O),Zl(ll), PN ,Zm(O),Zm(lm)) = O,

— ) — g (i) — 25 (20) T (22) (i) — a0 (filw) — F7 (@) (1) (2a®)), i € [0,

— ) o (g) ¢ (24(ai) + oo (i) — 2 (2:)) T, @i € [0,1],

dxi

—p*(0) = BK.,0), P* (L) = BK.,1,)
Pi‘ () + a0 (filws) = f7(22) =0, @i € [0,4]

Moreover, the function
H'(z;) == p" (2;) + p™ (23) (@(2i(24)) + e fi(z:)) + o Fi(wi, zi(5), fi(z:))
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is constant on [0,;], where

p ) = a0 [ ()2 @) T @ (@)1 @) () (@) dey i€ 0.1

Set cpi == H'(z;), #; € [0,1;]. Then for every i = 1,...,m the following is true: if
a <l; <b, then cg: = 05 if [; = a, then cy: > 0; if I; = b, then cyx: < 0. Moreover, if
cgi > 0, then I; = a; if ¢ < 0, then [; = b.

It is convenient to use formulas

e = H' (L) = p* (1) (p(z:(l) + e fi(ls)) + aoFi(li, zi (L), fi(ls)), i=1,...,m,

which does not require calculations p®i (z;).

Note that only the constraint K (z1(0), z1(l1) ..., 2:(0), z:(l), - - ., 2m(0), zm (L)) =
0 and the corresponding transversality conditions —p*(0) = BK. ), p*(l;)) =
BK,1;), @ = 1,...,m do not break up and unite system of necessary conditions for
Problem P.

5.4 Problem P, and its relation to Problem P
Let (19(-),29(-),29(-), f2(-))™, be a solution to Problem P. Set ¢; = ((0), (1)),

(2

¢9 = (29%(0),2%(1)), i = 1,...,m. Fix any ¢ and define the function

KZ(@) = K(é?a .- -,5?_1,51', ~zQ+17 .- 75&)

Consider the following Problem P; on [0,1]:

dis) _ 0 da(t) _ [i(t);

de ’ dt
dz(it(t)_l()( (Z:(t) + e fi(t)), teo,1],
7;(0) =0, ()+a<0 1;(0) —b <0,

—l;
K (%(0 ) i(1)) =
Ji = [o L) Fi(F:( t) (), ﬁ-(t))dt — min .
The following assertion holds for any i = 1,.
Lemma 1 If a point (ZO( D, 29(-), 29(), fo(- ))Z | is a solution to Problem P, then the
point (19(-),29(-), 22(), f°()) is a solutzon to Problem P;.
The proof is trivially carried out by contradiction.

Necessary first-order optimality conditions in Problem P; are given in Section
3.2. Sufficient second-order optimality conditions in Problem P; are given in Sections
3.3-3.5.

Similar relations between problems can be formulated on intervals [0, [;]. Let

(13,20 (), 2 ())i
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be a solution to Problem P. Set ¢; = (2;(0), 2:(I;)), ¢ = (29(0 ),zzo(l ), i=1,. .
Fix any i and define the function K*(¢;) := K(¢Y,...,¢0 1, G CPhqs oo, Co)- Con51der
the following Problem P; on [0,;]:

600 = o(a(m)) + e fulw), @i € 0,11,
a<l; <b, Ki(zi(0)7zi(li))20,
Ji = fo (g, zi (), fi(zy)) dt — min.

For any i = 1,...,m, the following assertion holds.
Lemma 2 If (19, 2 ( ) ()™, is a solution to Problem P, then (12,29(-), f2(*)) is a
solution to Problem P;.
First and second order optimality conditions in Problem P; are given in sections 3.2,
3.3-3.5.

5.5 Example

Consider the following control system described by second-order differential equations
for a three-beam network:

d?z;(x;)

12 0i(zi(xi), fi(xs)), = €[0,0], i=1,2,3

The endpoint conditions are as follows:
z1 (O) = O, ZQ(ZQ) = 0, Z3(l3) =

z1(l1) — 22(0) =0,  22(0) — 23(0) =0,
21 (l) = %(0) — 23(0) = 0.
Here z;(x;) are one-dimensional state variables, f;(z;) are one-dimensional controls.
We assume that f;(-) are continuous functions, and z;(-) are twice continuously
differentiable functions, i = 1,2, 3. We refer to Fig. 6 for visualization.

Let us represent this system in an equivalent way as a system of first-order
differential equations, introducing new one-dimensional state variables y;(z;):

dz(;ig(:ﬂl) = yi(xi), @575(51) = ¢i(zi(@i), filzi)), i €[0,L], i=1,2,3, (55)
z1 (O) = 0, ZQ(ZQ) = 0, Z3(l3) = 0, (56)

z1 (11) - 22(0) = O7 22(0) — 23(0) = O, (57)

y1(l1) — y2(0) —y3(0) = 0. (58)

In addition to this system, there is a constraint on the length of the intervals

i+l +13=up, (59)
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Fig. 6 The three-star graph

where [; > 0,¢=1,2,3, u > 0 is a given number. The cost that needs to be minimized
is:

l;
7= [ (Gt =@ + G ~ £(2))?) do = min, (60
i=1
where 2] () are given twice continuously differential functions, f(-) are given continu-
ous functions, and @; (-, -) are given Lipschitz continuous functions i = 1,2, 3. Problem
(55)-(60) will be called Problem PZ.

This problem is not a special case of problem P studied in this section, but we will
show that the method of reduction to a standard optimal control problem used in this
section can also be applied to problem PF. Thus, this method has a much broader
application than was shown in Section 5. Here, we restrict ourselves to first-order
optimality conditions only.

Problem PF on the interval [0,1] has the form

é31(0) =Y 22(1) = 07 23(1) =Y,
Z1(1) = 22(0) =0,  2(0) — 23(0) = 0,
(1) = 52(0) = g3(0) = 0,

<
e
S
I~ —
N
—
IS3
A
—
~
N
\
N
-~
—~
=1
N
—
~
N
=
S~—
N
+
=

(J;z(t) - fi*(i'i(t)))2> dt — min.
Let (19,29(:),49(), f2(-))i=1,2,3 be an optimal solution of problem P¥. Set
D=0, &0=0t 20 =200, @) =y@, F =0
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Then (19,29(-), 29(-), 52(-), f°(-))i=1.2.3 is an optimal solution of Problem P¥. Let
g > 0 be the cost Lagrange multiplier for this solution. Recall that cg = 1 in the
normal case and ag = 0 in the abnormal case.

Let us write down the LMP conditions. Here,

L = 7171(0) + 72@2(0) + v383(0) + B121(0) + BaZa(1) + B3Z3(1)
+B4(Z1(1) — 22(0)) + B5(22(0) — 23(0)) + Be(91(1) — 92(0) — 73(0))
+8(11(0) + 12(0) + I13(0) — ),

where

Set

H = po,li + polii + Py, lipi (3, i) + aoli Fi(%4, 21, fi),

- 3. ..
Then H = > H".
i=1
The adjoint system and the condition H} = 0 have the form:

—1,(t) = P, (8) + 52 (DT (1) + By (Vi (0 (), JL (1) + a0 Fi (& (8), 20(8), [ (1)),
—ai(8) = —aoly (2)(t) — 27 (@0 (£))) (27) (@0 () — awl? (F () = F7 (@0 (0)) () (@ (1)),

(
~2 (1) = By, (O 0iz, (2 (1), F (1)) + a0l (2 (1) — 27 (1)),
—by, (1) = Bz, (DI,
Py (OB 0,7, (Z2(1), F2(8)) + aolf (F (1) — f7(30(2)) =0

for all i = 1,2, 3. Moreover, there exist constants ¢g: such that

H'(t) = 1 (B, (8) 45 (7 (1) +Dy, (8) i (2 (1), [ () a0 Fi (& (8), 2 (1), f (1)) = s

forall t € [0,1],7=1,2,3.
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The transversality conditions are:

—p1,(0) =4, P (1) =0,
Pz, (0) = 71, Pay (1) =0,
—P=(0) = b1, Pz (1) = Bu,
—Py, (0) =0, Py, (1) = Bs,
—pi,(0) =, pi,(1) =0,
—Pz,(0) = 72, Py (1) =0,
—Pz,(0) = —B4 + Bs, Dz, (1) = B,
— Py, (0) = —Ps, Py, (1) =0,
—pi,(0) =4, P, (1) =0,
—Pa;(0) = 73, Pas(1) =0,
—Pz(0) = —Bs, Pz (1) = Bs,
—Pys(0) = —Bs, Pys (1) =0
This implies that

P1,(0) = P, (0) = pr, (0) = =4,

P (1) = i, (1) = pry (1) = 0,

Py (1) =0, Pay(1) =0, pPay(1) =0

Dy, (0) =0, 157;2(1) =0, ]57;3(1) =0,

ﬁy1(1) = Dy» (0) = Dys (0),

Py (1) = P2,(0) — P2, (0) = 0

It follows from the condition of the constancy of the Hamiltonian H' and the
transversality conditions for p;, that ég: = —d, @ =1,2,3. Consequently,

Cp1 = Cg2 = CH3.

The nontriviality condition means that ay = 1 or not all adjoint variables are equal

to zero.
Let us reformulate these conditions in the intervals [0,1?]. We set

~ ~ - i
Pz; (xl) = Du; (t)7 Py, (xl) = Py, (t)7 DPz; (331) =Pz (t)v where ¢ = lTj’ i € [07 l?]

i
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Then it is easy to see that for a given i we get a system on the intervals [0, 19]:

) (i) = —ao (20 (i) — 27 (20)) () (25) — a0 (F (@) — £7 (2:)) () (20),
—(p=)' (1) = Py, (@) piz, (27 (22), £ (1)) + @0 (2 (2:) — 27 (24))

—(py,) (i) = pz; (),
Py (@) pig, (27 (x2), £ (1)) + a0 (fP (@) — fi (@) =0,

where z; € [0,19], i = 1,2, 3. Moreover,

pz7(l )*0 Z: 132737 pyl( ) 7 pyg( ) pys( ):07
Do (10) = s (0) = Dy (0), or (19) — pa (0) — oy (0) = 0 } (61)

Set

pi(xi) == py, (7)), @ €[0,1)], i=1,2,3.
Then

pg(mi) = —Dz (xz)v T € [Ovl?L t=1,2,3.

Thus, we obtain

(1) (x5) = pi(@0) @iz, (20 (), [2(20)) + a0 (2 (2:) — 25 (24)),
pil@i)pig, (20 (i), f(2:)) + o (f2 (i) — fi (1)) =0,

where x; € [0,19], i =1,2,3. }
The condition of the constancy of the Hamiltonian H? becomes

H'(2:) 1= pa, (1) + 0z, (20) 97 (20) + 0y, (@) (27 (20), f7 (22)) + a0 Fi(wi, 2 (x1), f7 (@2).
whence it follows that
H'(2) = pa, (1) = Pi(@a)y (@) + pilw)pi(27 (x2), £ (x0)) + aoFy(ws, 2] (1), 7 (x20)),
and there exists a constant cg: such that

H'(z;) =cy: Vo, €10,19], i=1,2,3.

In particular, for z; = ¥ we get

i = H'(17) = —pi ()9} () +pi (1) i () (@), fLUD))Feo B (1, 27(), f2(1)),  i=1,2,3.

Here,
pi(l?):pyi(l?)zov =12
Moreover,
Cglr = Cyg2 — Cys.
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Note that the adjoint equation for p,, and the condition p,, (I?) = 0 give

0

par(w) == [ (a0(:00) - 21 (2)) (1) (0) + a0 (£2(a) ~ £ ) (1) (@) i

To the resulting system of necessary optimality conditions, we have to add the
transversality conditions (61), which are equivalent to the system

p1(0) = p2(13) = ps(18) =0, p1(I9) = p2(0) = ps(0), pi(If) — P5(0) — p5(0) = 0.
Moreover, ag = 1 or not all py, ps, p3 are equal to zero.

To conclude this section, we write Problem PZ for each beam. It has the form:

ﬁ = yl(x)’ % = cpl(zl(m)vfz(x))’ RS [Oall]v
K(l3,2(0),4:(0), (L), i (L)) = 0,
Ji=Jy' (3() = 2 @) + L(file) = f7/(2))?) dx — min,
where I; > 0 is not fixed. Here K = 0 means
21(0)=0, z1(h)—25(0)=0, wi(l)—y3(0) —y3(0) =0, L +I3+I3=np,
K2 = 0 means
2(l2) =0, 20(17) = 22(0) =0, 22(0) —25(0) =0, y7(1) — y2(0) — y5(0) =0,

B+l +13 = p,
and K3 = 0 means

23(l3) =0, 23(0) = 23(0) =0, (1)) —92(0) —y3(0) =0, 1) +5+15=p,

We know that (12,29(-), (), £2(-)) is the optimal solution to problem PF, i=1,2,3.

REad

6 Conclusion

We consider the optimal control problem combined with the optimum design prob-
lem in one optimization problem for networks. The analysis of steady state model is
useful for dynamic models with the so-called control systems with turnpike property.
We refer the reader to the optimum design of the linear wave equation on networks in
the forthcoming paper entitled Network design and control. The turnpike property for
wave equation, by Martin Gugat, Mezhi Qian and Jan Sokolowski, where the bilevel
optimization problems is considered. The results are presented at MMAR 2023 [15].
The numerical analysis of the optimum design for nonlinear control systems on net-
works is still to be performed. Two main examples of such systems are networks of
nonlinear elastic beams and the gas transportation networks.
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