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ON THE NUMEROLOGY OF TRIGONOMETRIC POLYNOMIALS

HANS-CHRISTIAN HERBIG® AND MATEUS DE JESUS GONCALVES

ABSTRACT. This note is about the observation that the various transition formulas between bases of trigono-
metric polynomials can be expressed in terms binomial coefficients. More specifically, we write the entries
of the Chebyshev matrices T' and U in terms of binomial coefficients. We remark that the inverses of certain
submatrices of the Chebyshev matrix T correspond to classical power reduction formulas for trigonometric
functions. Therefore the entries of T—1 are expressible in terms of binomial coefficients and powers of two.
The inverses of certain submatrices of the Chebyshev matrix U appear in power reduction formulas involving
the Catalan triangles. We could not spot them in the literature. As a corollary the Catalan triangles are
interpreted as inverses of rather natural matrices of binomial coefficients. We explain the matrix inversions
in terms of Riordan arrays. We solve the integral fozﬂ cos?™(z) sin?"(z)dz and deduce a hypergeometric
identity from the Fourier expansion of cos?™(z) and sin?”?(x). As a corollary we prove that super Cata-
lan numbers are integers. We emphasize that from the point of view of these base changes between the
trigonometric polynomials it is more natural to work with 2 cos(z) and 2sin(x) instead of cos(z) and sin(x),
since the transition matrices become invertible over the integers. We do a similar analysis for the spread
polynomials. This enables us to make a conjecture of Goh and Wildberger more precise. In this exposition
we give a mostly self-contained account of the matter, the prerequisites just being four semesters of calculus,
linear algebra, elementary complex variables and the residue theorem.
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1. INTRODUCTION
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When teaching basic calculus and trigonometry the educator is faced with the challenge that he or she

cannot employ in a systematic way binomial coefficients, as Pascal’s triangle is said to be too complicated for

the modern student. On the other hand, since the advent of the Wilf-Zeilberger method binomial

coefficients are considered to be too shallow to be a subject of serious research. In the end, nobody appears

to be responsible for this old subject, except the Online Encyclopaedia of Integer Sequences (OEIS) [OEI23].
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To find proofs of classical
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In this article we take the opportunity to discuss a number of trigonometric formulas that arise when
doing base changes between the various bases of trigonometric polynomials. The formulas are all classical,
even though the ones involving Catalan triangles we were not able to spot in the literature. We do not know
of a reference where they are discussed in context and proofs are provided. Moreover, we try to exhibit the
appearance of binomial coefficients as succinctly as possible and deduce the relevant simple hypergeometric
identities behind the inversions. Among other things, we point out the close relation between the coefficients
of the Chebyshev polynomials and higher dimensional pyramidal numbers, a link we stumbled into while
contemplating on the OEIS. This is closely related to the observation that the base change formulas simplify
when working with 2 cos(x) and 2sin(x) instead of cos(z) and sin(x) (but remember to keep the 1 !). We
do a similar analysis for Norman Wildberger’s spread polynomials that play a central role in his rational
trigonometry [Wil05]. We express them in terms of the even-dimensional pyramidal numbers. The most
elegant point of view on our matrix inversions is provided by the language of Riordan arrays [SSBT22],
relating generating functions and matrix multiplication. Since we got rid of the annoying factors of four,
we cleared the view to make a conjecture of Goh and Wildberger on the factorization of spread polynomials
more precise.

The paper is organized as follows. In Section [2] we review the definitions of the Chebyshev polynomials.
In Section [3] we recall the the notion of a trigonometric polynomial. In Section [ we discover the higher
pyramidal numbers and binomial coefficients in the coeficients of the Chebyshev polynomials. In Section
we propose an easy way to deduce quickly the first few Chebyshev polynomials T, on a sheet of paper. In
Section |§| (the only section in this paper where we refer to other sources) we recall the definition of the even
and odd Catalan triangles. In Section [7] we provide proofs of the well-known power reduction formulas and
not-so-well-known variants thereof. In Section [§ we relate the Chebyshev polynomials to the power reduction
formulas via matrix inversion. In Section [J] we provide another proof of the matrix inversions using Riordan
arrays. In Section [10] we deduce further hypergeometric identities evaluating Fourier integrals and deduce
the integrality of the super Catalan numbers. In Section [L1] we once again go through the laundry list of the
paper for the case of the spread polynomials. In Section [12]elaborate on a conjecture of Goh and Wildberger
and provide some empirical evidence.

Acknowledgements. The paper arose from HCH teaching Calculus and Linear Algebra. The more HCH
dug into the material he came to the realize that it should be known to Louis Shapiro in some form or
another. The paper is part of an undergraduate research project of MdJG. He is acknowledging financial
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A.-K. Gallagher for disposing [PS98] on his bookshelf. HCH thanks his administration at UFR.J for forcing
him to teach beginner’s courses for a decade, turning him into an Elephant im Porzellanladen (He really
tried to teach them Eqn. , but they do not want to listen!).
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2. CHEBYSHEV POLYNOMIALS

For convenience of the reader we review here some basic facts about the Chebyshev polynomials (see,
e.g., [PS98| Exercise VI.2]). The Chebyshev polynomials of the first kind (7},(z))n>0 and of the second kind
(Un(x))n>0 are defined by the recursions

To(x) =1, Ty(x) = x,
(2.1) Tn(x) =22Th—1(x) — Th—2(x) forn>2,
Uo(l') = 1; Ul(‘r) - Q‘T,
(2.2) Up(2) =22Up_1(x) — Up—a(x) forn>2.
Proposition 2.1.
= 1—tx
2. T, n_—__ - =
(2:3) nz:% n(@)t 1 — 2tx + t2

ad 1
2.4 U ()" = ———
(2.4) T;) n(@) 1— 2tx + 12
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Proof. From
(1-2tx+¢ Z T (x)t" = Z T, (z)t" — Z Ty (z)2t" Mo + Z T, (z)t" 2
n>0 n>0 n>0 n>0
DI SENETNE S TS
n>0 m>1 m>2
=14tz —2x+ Y (Tn(z) = 22T 1(2) + Troo(x) t™ =1 —to
m>2

we deduce Eqn. (2.3); the proof of (2.4) is similar. O

Theorem 2.2. For each integer n > 0 we have

cos(nf) if nis even

fnleos(O)) = contnfl Tl = (_1)@/% {Sin(ne) if nis odd ’

sin(6) st D)8) -y odd

i cos((n+1)0)
1 cos({n+2)0)
Un(COS(Q)) — M l’n(sm(e)) _ (_1)Ln/2J { ~cos(0) n even.
cos(0)

Proof. We give an inductive proof of T, (cos(f)) = cos(md) and sin(0)U,,(cos(d)) = sin(m@). The start of
the induction is obvious. Let us assume that these identities hold for m = n — 1 and m = n — 2. Let us put
for simplicity Uy, (z) =0 = T,,(z) for m < 0. From

Z xTyp_1(z) + Z (12 _ 1) Un—af Z 2T, (x t"“ + Z o 1 )t"+2

n>0 n>0 n>0 n>0
1—t 1 t—t? 142z —t>+1—at
VIS e B N b S b
1 — 2t + t2 1 — 2t +t2 1 —2tx + t2 1 — 2t + t2
1—tx
== 1=N"T,(2)t
1— 2%z + 12 > Tulx)

n>1
we see that 27,1 (z) + (22 — 1) Up—2(x) = Ty, (z) for n > 1. Similarly, we observe that

1—tx
§ To(2)t" 42U, 1 (2))t" =Y Ty (x)t" Uy (z)t" ! = § Un(
n>0( (el T;J +;3§ 172t:r+t2+1*2t$+t2

so that T, (x) + 2U,—1(x) = U, () for n > 0. But, using the Addition Theorem for cosine,
cos(nf) = cos(#) cos((n — 1)8) — sin(f) sin((n — 1)8) = cos(0)T,_1(cos(h)) — sin(0)U,,_2(cos(8)),

the first relation proves T, (cos(d)) = cos(nf). Moreover, the second relation in combination with the
Addition Theorem for sine

sin((n 4 1)0) = cos(#) sin(nh) + sin(#) cos(nf) = sin(0)(cos(0)U,,—1(cos(0)) + T;,(cos(6)))
shows sin(6)U,, (cos()) = sin((n + 1)6). O

3. TRIGONOMETRIC POLYNOMIALS

A trigonometric polynomial of degree < d in the variable 6 is a univariate real function of the form
ap + ZZ 1 Gn cos(0) + Ei 1 bp sin(nf) with ag,a;,b; € R for i =1,2,...,d. The (2d + 1)-dimensional real
vector space of trigonometric polynomials of of degree < d will be denoted by Trig 4. By 2m-periodicity an
f € Trig., is uniquely determined by its restriction to the interval [—m, 7]. There is a inner productﬂ

o) = 5 | fO0)as

n Fourier analysis it is more convenient to work with the inner product 2(f, g).
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making Trig; into an euclidean vector space. There is an orthogonal decomposition Trig; = Trig% 4D ’Iiriglg d
into even and odd trigonometric polynomials Trig’, := {f € Trigey [f(—0) = (=1)7f(6)}, j =0,1. It is
well-known that B

[1 V2cos(f) +2cos(20) v2cos(30) ... +/2cos(dd)]
forms an orthonormal basis for Trig% 4 and

[V2sin(d) 2sin(20) +2sin(30) ... +/2sin(db)]

forms an orthonormal basis for Triglgd. In this paper we find it convenient to view a basis as a frame,
i.e., a row of vectors with trivial kernel. We can understand the space of all trigonometric polynomials as
the direct limit Trig := Ug>o Trig<,; with a decomposition Trig = Trig? @ Trigh, Trig? := Ua>o Trigl ;. It
follows that [1 v/2cos(d) +/2cos(20) +/2cos(30) ...] forms an orthonormal basis for Trig and that
[V2sin() +2sin(20) +/2sin(30) ...] forms an orthonormal basis for Trig'.

There are a lot of other (non-orthogonal) bases for Trig?, j = 0,1. In this paper we are concerned, e.g.,
with the bases

sint sin? sin® sin®
[os*(0) cos!(6) cos*(6) cos?(9) ..], [Tml) ) ) sl

for Trig® and
[sin(z) sin®(z) sin’(z) ..]
for Trig'. To verify that these form bases we refer the reader to the classical literature (see, e.g., [PS98]).

Alternatively, the claim also follows from the calculations of Section [9]
The Chebyshev polynomials T,, provide, for example, a base change between the bases

[cos®(0) cos'(f) cos?(f) cos®(f) ...] and [1 cos(d) cos(20) cos(30) ...],
while the Chebyshev polynomials U,, provide a base change between the bases

sin’(0)  sin?(f)  sin®(0)  sin*(9)
|:sin(9) Sn(0)  sm(d)  sm(0) } and [1 cos(f) cos(20) cos(30) ...].

In the interest of keeping the entries of the base change matrices as simple as possible we advocate (see Section
for working with the basis [1  2cos(f) 2cos(20) 2cos(30) ...]insteadof [1 cos(f) cos(260) cos(30)
and with [2sin(f) 2sin®(f) 2sin®(f) ...] instead of [sin(d) sin®*(@) sin®(f) ...]. For the kabbalist
the Chebyshev polynomials themselves appear to be a bit convoluted, and are probably defined this way for
historical reasons.

There is also a more modern variation of the subject. The so-called spread polynomials, introduced
by Norman Wildberger (see [Wil05]), mediate a base change between [sin®(f) sin®(#) sin®(#) ...] and
[sin2 (0) sin?(260) sin?(30) ...]. Again, from the point of view of numerology it seems more natural to
work with [4sin*(#) 16sin*(f) 64sin°(0) ...] and [4sin®(f) 4sin®(20) 4sin®(30) ...] instead. The
details of the base change are to be addressed in Section [[1}

4. CHEBYSHEV MATRIX AND HIGHER DIMENSIONAL PYRAMIDAL NUMBERS

We define the infinite matrix T = (Tun)m,n>0

! -1 1 -1 1 -1 .
1 -3 5 —7 9 —11
2 -8 18 -32 50
4 —20 56 -120 220
8 —48 160 —400
16 112 432 —1232
(4.1) T:= 32 —256 1120 ,
64 —567 2816
128 ~1280
256 —2816
512
1024
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so that [To(z) Ti(z) Ta(x)
to not annotate zero entries.

..]:[1 z z°

5

T e, To(z) = Ym0 Lmna™. We take the liberty

Let us start our analysis by making an empirical observation. For ¢ > 1 we record in a table the sequence

(!

) § of nonzero entries of T ith row multiplied by (—1)727%"1. The 0th row does not yet fit into the
>0

pattern.

i\J 01 2 3 4 5 Entry in OEIS
lthrow |1 3 5 7 9 11 A005408
2ndrow |1 4 9 16 25 36 A000290
3rdrow |1 5 14 30 55 91 A000330
4throw |1 6 20 50 105 196 A002415
Sthrow |1 7 27 77 182 378 A005585

The number sequence (pgﬂ) N
§>0

is usually referred to as the i-dimensional pyramidal numbers (we are sloppy

here about the index shifts). Its generating function pll(t) = 3 y pg-i]tj is simply

) 1+1¢ 2—(1-1) 2 1 1+ i+5—1 .
() = S . — —— - 2 - .
L s e i N (W N (PO Z( () j
The matrix
1 —1 1 —1 1 7
2 —4 6 -8 10
4 —12 24 —40
8 —32 80 —160
16 —80 240
(4.2) U= 32 -192 672 ,
64 —448
128 —1024
256
512
on the other hand, is defined such that U, (z) = Zm>0 Unnz™. For ¢ > 0 we record in a table the sequence

of nonzero entries of the ith row of U multiplied by (—1)727%

i\Jj 01 2 3 4 5
Othrow |1 1 1 1 1 1
Istrow |1 2 3 4 5 6
2ndrow |1 3 6 10 15 21 ,
3rdrow |1 4 10 20 35 56
4throw |1 5 15 35 70 126

which apparently turns out to be the Pascal matrix.

We phrase our observation as follows (this type of formulas is known for quite some time [Cle62]).

Theorem 4.1. The Chebyshev polynomials are given by the formulas

] +'224—1 [2 ] 27
1

n+j ;
( 2jj)x2ja U2n+1

(4.3) Ton(z) = (=1)" +

J

n
n

Usalr) = Y 2(-1)H72

=0

(4.4)

where n > 0 is an integer.

(1) = D (1) tigai

=0

n

n

, Topyi(x) = Z(_l)n+a’22jp§§1]xzj+1,

j=0
n+j+1
25+ 1

)x2j+1’
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Proof. The first step is to cleanse Eqn. (4.1]) from its powers of 2. The trick is to define

(4.5) Py(z) =1,
P,(z):=2T,(z/2) forn>0

to ensure that Py(1) = 1 and P,(2cos(#)) = 2T, (cos(#)) = 2cos(nf) for n > 0. We easily deduce the
bivariate generating function

2 — 2t 1—¢?
4.6 Pa)'=—""°" 1=~ _
(4.6) ng() (2) 1 — 2t +t2 1—zt+¢2

To cleanse the Taylor coefficients from the signs we make the substitution t — t/v/—1, z — /—1z to obtairﬂ

1—¢2 n 1+ ¢2
1— 2t 412 1—z2t—1t2

(4.7)

We extend our definition of the pyramidal numbers to include also }; pgo] th=(1+t)/(1—t) = 1+2t+2t> +
2t3 4 .... Let K C C* be compact and 7 = min {|[t| — [t|7'| | t € K}. If [2| < r it follows that |25 | < 1
for all t € K. Then we have fort € K, |z| <r

2 2 m 2 2
E [m] __mym+20 _ i m 1+¢ tz 71+t 1 . 1+t
pl zt - Z (17t2)m+1(tz) - Z 1_t2 1_t2 - 1_t21_ tz - 1_t2_t2
m,l>0 m>0 m>0 1—¢2

2—t2

This holds everywhere outside of the poles, and obviously also at ¢t = 0. But now > Pn(2)t" = =155 =

> pg»i]t% (—2)%. Similarly, we define
(4.8) Vi(z) := Un(z/2) for n >0,

so that V,,(2cos(6)) = U, (cos(#)) = sin((n + 1)0)/sin(d) for n > 0. Hence the bivariate generating function
is
1
(2t = ———.
2 Ve = T

n>0

To get rid of the signs we make the substitution ¢ — t/v/—1, z — y/—1z to obtain 17;“2 — 17542. The
relation

m+1 (tz)™ 1 tz \" 1 1 1
mtm+2l: _\=) Rz _ _
Z( ! )Z Z(l—ﬂ)’”“ Zl—t2 <1—t2> 1—1¢21— 2 1_12 _t2’

m,1>0 m>0 m>0 1—t2

holds for t € K and |z| < r, hence everywhere outside the poles. ]

For practical matters, let us mention that for ¢ > 0 the coefficients of 3 j pg-i] tJ are the difference pattern of

the coefficients of Zj p§i+1]tj . This is because the generating functions differ by a factor 1 —¢. We introduce
the infinite matrix P = (P )n,m>0 so that P, (z) = ZmZO Ppx™ (cf. Eqn. (4.6]).

5. MINEMONICS

If you are stranded on a lonesome island and want to recall quickly the Chebyshev polynomials T, (z)
without entering some tedious recursions we have a suggestion. Start with the row of odd numbers and write
on top of it its difference pattern. Then put on the bottom the row of the sequence whose differences are
the odd numbers, (i.e., the square numbers). Proceed the same way with the resulting row and continue

2—tz
1—tz—t2"

2This is almost the generating function of the Lucas numbers L(z) = Donso Ln2™ =
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recursively. Introduce alternating signs for the diagonals and fill the gaps with zeros. The result is P.

1 2 2 2 2
1 3 5 7
1 4 9 16
1 2 2 2 2 ! 1 o 6 14 20
1 3 5 7 — 1 7
1 4 9 16 1 8
1
1
1 0 -2 0 2 0 -2 0 2 ]
0o 1 0o -3 0 5 0 =7 0
0 0 1 o -4 0 9 0 -16
0 0 O 1 0 -5 0 14 0
P 0 0 0 O 1 0 -6 0 20
0 0 0o 0 O 1 0o =7 0
0o 0 0 0o 0 O 1 0 -8
0o 0o o0 o0 o 0 O 1 0
o o o0 o o o0 0 o0 1

To obtain 7" turn all 2s in the Oth row into 1s and for each ¢ > 1 multiply the ith row with 2.
There is another way to look at the coefficients of the Chebyshev polynomials that we would like to
mention. We plan to discuss it in a more general context at another occasion. Namely, put

" Too/2
{ } =< Top if n > 0 is even,
T2k+1 n if n odd.

Then {n} satisfies the recurrence {Z} =a {n ; 1} +b {k ﬁ 1} with a = 2, b = —1 and initial condition

k
Rt R H

6. CATALAN TRIANGLES AND THE FUSS-CATALAN NUMBERS

The Catalan sequence (C,),>0 can be defined by the Segner recursion

Cpo =1,
n—1

Cn = Z Okcn—l—k~
k=0

In term of the generating function C'(z) = ", <, Crz™ this can be written as C = C?—1. On other words, if

you have forgotten C,, but know Cy, C4,...,C,_1, let your computer expand (ZZ;S Crx*)2. The coefficient
in front of z”~! is C,,. By complementing the squares one can determine the two roots of C?2 —2C — 1. This
leads to the formula

1—+v1—4zx
6.1 C =
(61) ()= Y72
noting that only one root is a power series. From this one deduces C, = #_1(277) = (2:) — (2"n_1). The

literature on the Catalan sequence is extensive (see, e.g., [Stal2l [Staldl [GKP89l [Kos09]). A closely related



8

HANS-CHRISTIAN HERBIG|®| AND MATEUS DE JESUS GONCALVES

function is the generating function of the central binomial coefficients

(6.2)

B(z) = Z

C(x)

1

<2n) o
so\n 2—-C(x)

N

The Fuf-Catalan numbers are defined by

(6.3)

Fon(p, 1) 1 mp+r
m\D,T) = =
P mp+r m m(p—1)+r

for integers m, p,r > 0. They satisfy the important convolution property Fy, (p, s+7) = Y ;"o Fr(p,7) Frm—1(p, 5)

r

(

m m—1

mp+r—1\ r (mp+r—1
- m

see [GKP89, Eqn. (5.36)] or [Rio68]. From this it follows that

Le, >2,50 Fm(p,m)a™ is the r-fold convolution of >, -, Fn(p,1)2™. By inspection, >_ <o Fn(1,1)a™ =
(1—x)~! and Ym0 Fm(2,1)2™ = C(x). The series ), - Fin(p, 1)z™ is also called the generalized binomial

Z Fo.(p,r)x™

m>0

T

_ Z Fm(p, 1)1‘7” ,

m>0

series. Let us record the first r-fold convolutions of C(z):

Clx)=1+ x+ 222+ 52°+ 1da’ + 4225 + 13220 + 42927 + ...,
C?*(z) =142z + bx®+ 14a® + 422% 4+ 13225 + 42925 + 143027 + ...,

C3(x)=1+3z+92% +

The coefficients of the 2I-fold convolutions C?!(x) for I > 1 have been arranged by Louis Shapiro [Sha76]
into an infinite lower triangular matrix B°V" that is usually referred to as the Catalan triangle. We will call
it here the even Catalan triangle since we also need the odd Catalan triangle B°4. The latter is formed by

)

) 282 + 90z* + 297x° +10012° + 343227 + ...

) =144z + 142® + 482 + 1652* + 5722° +20022° + 707227 + ...
x) =14 5z + 2022 + 752% + 275x* + 10012° 4 36402° + 1326027 + . ..

) =14 62 4 272% + 1102° + 4292* + 16382° + 61882° 4 2325627 - ...
C™(z) =1+ Tz + 3522 + 1542 + 6372 + 254825 + 99962 + 3876027 + ...
C¥(x) = 1+ 8z + 442® + 208z® + 910" + 3808z° + 155042° + 6201627 +

)

)

)

arranging the (21 — 1)-fold convolutions C2'~1(x) for [ > 1 into an infinite lower triangular matrix.

1
2 1
5 4 1
(6.4) BYr =14 14 6 1
42 48 27 8 1
132 165 110 44 10 1

The matrix entries are given by the formulas

(6.5)

oy
By = ].<. ' )
’ T\i—]

Catalan triangles in the next section.

Theorem 7.1.

1
1 1
2 3 1

BdM=|5 9 5 1

14 28 20 7 1

podd _ 2 +1 <2i+1>

U941

where 4,7 > 1. One of the authors met B;/*" already on another occasion [CHILS].

i—J

7. POWER REDUCTION FORMULAS
(1) 2 L eos®(0) = 5 () + 2y () cos(2k0),
(2) 227 cos?"+1(9) = S _ (3"H)) cos((2k + 1)6),
(3) 2°r = sin®(0) = 3 () + 2o, (1F(,7)
(4) 227 sin®"TH(0) = S0 (= 1)* (>"F!) sin((2k

n—k

cos(2k0),
+1)0).

42 90 75 35 9 1

We encounter the

)
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Proof. The following proof of (1) we learnt from Daniel Herden.

n L N IR U , n n \ 2 HRVTIO L 2(n—k)y/ 16
_ _ _—2ny/—160
Z( >C0S2k9)_z(n—k> 5 =e Z( ) 5
k=1 k=1
e zn: 2\ a(n-k)v=16 *Z (2(n+k)V/=10
2 n—k
k=1
_ e—2nV—10 Z": 2n (2(n— k)r9+z o2(n+k) V=16
2 —\n-— k

—2n+/—160 2ny/—160

e 20\ ony 1o n\ g5 10| eV ( zﬁe)zn L(2n
= — n = - 1 —_ =
2 ( n >6 * Zj: i)e 2 te 2\ n

1 2n 1 (2 1/2
3 (eﬁ9+e—\/fle) _ 2(:> — 2211 g7 () — 2(5)

By shifting the argument we deduce (3):

1
9211 gin2n () — 9211 ¢og2n ( _ [) =

LY oo () cos(arn)
=5\, o) €08 .
To show (2) along the lines of Herden’s proof we calculate

LV | " /o +1 e(2k+1)\/—719+e—(2k+1)\/—719
Z(n_k)cos((2k+1)9)—2(n_k> 5

k=0 k=0

o~ (2n+1)v=10 ( n

2+ 1\ omrryr2v=io , N= (20 1\ opopyyTe
2 Z(n—k‘)e +Z n—k)°

k=0 k=0

—@2n+1)v=T10 [ 2241 /9 n
_6 n+1 2j/—16 2n+1 2j/—10
T2 2 ( j )e Ty
j=n+1 7=0
—(2n — 2n+1 o — — "
_e (2n+1)v/—=16 <2n—|— 1)e2f'ma _ e(—2n—1)v/~T160 (1+62m9)2 +1
2 j 2

J=0

= % (e\/jw + (27‘/771‘9)271—Irl =922 COSQ”H(H).

By shifting the argument we deduce (4):

227 sin*" 1 () = 22" cos®" ! (9 — g) = 2": <2:—+k1> cos ((2k +1) (0 — g))

k=0

= g% <2:_+,€1> cos ((2k +1)0 — km — g) = zn:(—l)’“ (i"fkl) sin((2k + 1)0).

k=0

The following banal calculation has a pretty matrix inversion as a consequence (see Eqn. —)

Corollary 7.2. (1) 22" cos®™(0) = > p_, Bo3 W,

_ — n even sin(2k6
(2) 227~ teos®~1(0) =Y p_, B} si1(12(9))'
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Proof. We derive (1) of Theorem

n— : n— d n— n S 2n .
—22"" 1o sin(6) cos®™ 1 () = = (22" cos®™ () = — 2 (n B k> 2k sin(2k0)
_ _ " k([ 2n \sin(2k6)
22n 1 2n—1 — -
- cos™(6) ; n (n - k) sin(9) ’

which shows (2). Similarly, taking the derivative of (2) of Theorem [7.1] we obtain:

d —~ (2n+1
2n : 2n _ 2n 2n+1 _ :
—2°"(2n + 1) sin(0) cos“" (0) = 70 (2°™ cos (0)) =— kZ:O (n g ) (2k + 1) sin((2k + 1)6)
"\ 2k 41 (2n + 1\ sin((2k + 1)6)
2277, 2n 0) = — 7 7
— 27 cos™(0) ;02n+1(n—k) sin(6) 7
proving (1). O

8. HYPERGEOMETRIC IDENTITIES FROM MATRIX INVERSIONS

In order to distill the relevant hypergeometric identities we choose to get rid of the superficial powers of

2. We put
(8.1) k(0) i= 2cos(6), o(6) = 2sin(f), vm(6) = W

and work with the following bases
[1 k(0) k(20) k(30) .. } ,
1 1(0) 12(0) ws(0) ..]
for the even trigonometric polynomials and
[0(0) o(20) o(30) ...

for the odd trigonometric polynomials.
We are prepared to understand that Tb,(cos(f)) = cos(2nf) and Theorem (1) can be interpreted as
the following mutually inverse linear systems

(8.2) [1 K(20) r(40) w(60) K(86) -]

AR L
21 2l 2] 2]
bo b1 P2 2!
(4 _ 4] (4]
= [62(0) K2(0) K4(0) K5(6) K3(0) --] Po 1[761} p2[6] ,
Do D
(8]
Do

(8.3) [s°(0) w2O) rKUO) KO(O) wB(O) -]

=[1 k(20) r(40) rK(660) kK(86) --]

The equivalence of the relation Ty, (sin(f)) = (—1)" cos(2nd) and Theorem (3) boils down to essentially
the same matrix inversion.
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Similary, To,,41(cos(6)) = cos((2n + 1)8) can be compared with Theorem (2):

(8.4) [k(0) r(30) w(50) K(70) K(96) -]

pé” P[ll] p[Ql} *pm p[l]
Bl
S0 O KO K6) 0 -] N
0 Py
)
(55) [K10) #0) #50) K0 £0) -
O ) 6 @
IR
— [5(0) (30) w(56) K(76) (96) --] 0 ()
(o) E

O O—= O OW O ©
N — —

11

Essentially the same matrix inversion shows up when comparing 75,41 (sin(f)) = (—1)"sin((2n + 1)6) and

Theorem [7.1] (4).
Finally, Us,,(cos(0)) = v2,(0) is the inverse linear system to Corollary (1)

(8.6) [1 k20) w*0) £5(0) £5(0) --]

28
20

— =
W N
= Ot O Ut

=[1 (0 w(d) ve(0) vs(6) -]

and Usy,11(cos(0)) = vo,11(0) is the inverse linear system to Corollary [7.2] (2)

88) [v K(0) £°B) KT(O) &6) -]

1 2 5 14 42 ...

1 4 14 48
=[n w(0) vs(0) vr(0) w(6) -] 1 (15 287

1

14 .-



12 HANS-CHRISTIAN HERBIG|®| AND MATEUS DE JESUS GONCALVES

(89) [1/1(9) Vg(e) 1/5(0) 1/7(9) 1/9(9) ]

The transposed matrices of Eqn. and are the odd and the even Catalan triangles B°d9 and Beve™.
The latter two matrix inversions were already observed by Louis Shapiro in [ShaOl], and we gave here a
trigonometric proof. In fact, all the matrices of this section are transposes of Riordan arrays. This can be
used to explain all the inversions of this section; we do this in the next Section.

9. INTERPRETATION IN TERMS OF THE RIORDAN GROUP

The Chebyshev matrix T itself cannot be interpreted as the transpose of a Riordan array, but the matrizes
P, B®*" and B°%9 can. This means that the matrix inversions of the previous section can be understood as
inversions in the so-called Riordan group. The calculations are based on Lagrange inversion and turn out to
be surprisingly simple. Some of the statements of this section can be found in some form in the PhD thesis
of Aoife Hennessy [Henll1].

Let us review some basic ideas of the theory of Riordan arrays. The proofs of the facts reviewed here
are actually quite accessible; we refer the reader to the monograph [SSB™22]. We write R[z] for the formal
power series with real coefficients. By R[z]* we mean the multiplicatively invertible formal power series.

The composition map Rz] x xR[z] — R[z] that sends g(x) = >, ~q9n2" € Rlz] and f(z) =

Yoms1 fm2™ € TRz to 30, 54090 (Zm21 fmxm>n is denoted by (g, f) — go f. The space xR[z]* is

comprised of compositionally invertible formal power series. ILe., if f € zR[z]* then the map Rz] —

R[z], g — go f is invertible. The inversion is provided by the Langrange inversion formula: if f(x) = Jz)

then the coefficients of the compositional inverse f are given by the formula (see, e.g., [Ges16])

(9.1) WP T ) = = [ (b))

n

Definition 9.1. An infinite lower triangular matrix A = [ank]n x>0 € R™** is called a Riordan array if

there exist (g, f) € R[z] x x R[z]* such that a,j = [2"] g(z)f(z)*. It is tradition to write, abusing notation,
A= (g,f), so that (g, f) can be interpreted as a matrix or as a tuple. If g € R[z]* then (g, f) is called a
proper Riordan array.

It turns out that R[z]* x xR[z]* with the composition (g1, f1) * (92, f2) = (g1(g2 © f1), f2 © f1) forms a
group, the so-called Riordan group, with identity (1,z) and inverse (g, f)~* = (g%?,?)

The Fundamental Theorem of Riordan Arrays links the Riordan group to matrix multiplication. Let
us denote by h = [ho h1 ho ]T the infinite column vector associated to the formal power series

h(z) = 3,50 hnt™ € R[z]. Then the theorem says that (g, f)h =g(ho f). As a consequence one deduces
the relation (g1, f1)(g2, f2) = {(917]“1)9_2> (91, f1)g2f2 (91, f1)92f% } = (91, f1) * (g2, f2).

Lemma 9.2. Assume for i = 1,2 the following inversions in the Riordan group (g;, f)*l = (G4, F). Then
(9192, f) "t = (G1G2, F) follows.

Proof. The assumption means (g;, f) * (Gi, F) = (1, z). It follows that

(9192, f) * (G1G2, F) = (9192(G1G2 0o F), f o F) = (g1(G1 0 F)g2(G2 0 F), f o F) = (1, 7).
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The key observation we want to make now (it seems to be combinatorialist’s folklore) is that

Bodd (C 1,02) Beven — (0271,02) ,

(Peotm=s) = (Frarer): (eoelmen) = (e arer)

are Riordan arrays. This permits to interprete Equations 1D in Section [8as inversions in the Riordan
group.

Theorem 9.3. Let C' and B the generating functions of the Catalan numbers and of the central binomial
coefficients, respectively. Then

(1) (C.ac®) ™" = (v iy ).
2 (€*ac?)” ((1+1m>27 <1+m>2)
(3) (B,xC?) ™" = (352 e )
0 (00 = (i ).
Proof. First we show zC2(z) = W using formula . Namely, for n > 1 we have
e R R A B

To prove (1) it remains to check that C'oxC? = 1+ z. We do this by comparing C' = C o xC?o (¢C?) with
(14+z)o (2C?) = (14 2C?) =1+ C —1=C, and remember that g — go (zC?) is invertible.

~1
To prove (3) we observe that (%;igi) = % = B is the generating function for the central binomial
coeflicients.
Now (2) and (4) follow from (1) and (3) by Lemma[9.2] O

Theorem 9.4. Let n,m be integers with m > 0. Then }_ .- (2j+") i =BC"(C—-1)™

Proof. We generalize here a trick from [Pap99 Exercise 8 6]. Note that for a simple closed curve around

0 € C we have for N, M € Z that (A]\g) = %F f 1+Z . For z € C with |z| < dist(0,v) we can swap
summation and integral in the following calculatlon

; n2
=y [
i j—m 27 23 z
1 (1+ 2)? jdz / 1 dz
- m(1 n - (1 - -
j§2m/1/72 (1+2) < z x) z 271'\/ +2)" 1 +=22 . 2
1 1
B e Ry U
2my/—1z J, 2 — (1 +2)? 2my/—1x J, (1+2)?2 -2
We substitute 1 + z = w, xw” = (w — 1)¢ and write

n+ 25\ 1 1 w™(w —1)™
E Tt =— — — a1 dw.
; k+j 2ry/ =1z [, w? — 2=

j=0 z

Factoring the quadratic polynomial in the denominator

o ) (- ) et oLt

and observing that C(z) — 1 +C(z) = ;545
In fact the second pole is outside v + 1 for |z| small enough. O

we can apply now the Residue Theorem and deduce the claim.
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Corollary 9.5. (B,acC’2) = {( 2 ):|n,m>0’ (BC’ mCQ) = [(%—H)me'

Proof. According to the Theorem [9.4] we have
2 2 1
3 ( " )x" —(C-1)"B=a"BC*, Y < nt >m” — C(C — 1)"B = 2™ BC?™+1,

n—m
n>0 n>0

Corollary 9.6. (1) m =1 —+ 2 ZnZl COS(QTLG).T”

x) cos(0 n
w)a@%%a%%; s c08((2n + 1)0)z
_ in((2n+1)0)
(3) TP ier ) = Lnzo it M g,

2 cos(0) _ sin(2(n+1)0) e
(4) (14x)2—4x cos?(6) — Zn>0 sin(0)

Proof. We put £g""(z) == }_, 5, (/{Q(Q)x)n = % and note that the right hand side of Equation (8.2)

is

<1x T )mlx 1 (1—a?)

1+2" (1+x)2 fo = 1+ 21— r2(0) 52 T U+ 2)2 —2r2(0)

This shows ﬁ =1+ >,>; £(2n#)a", which is equivalent to (1). Slmllaurl‘y7 we put kgdd(z) =

S nso K(0) (K2(0)z)" = #) _ and express the right hand side of Equation (8.4) as

1—r2(0)x
< 1—=x x )/ﬁ: 1—= k(0) (1 —2)x(0)
(1+2)2 (1+x)2) " (1+2)21 = w2(0) i T (1t —ar2(0)

This shows % =250 £((2n +1)0)z", which is equivalent to (2). Writing the right hand side of
Equation @

1 x over _ 1 1 - 1+
I+z2 (1+xz)2)" 71—}—301—/@(9)@7(1+x)2—9m2(9)

= > >0 v(2nf)z", and hence (3). Finally, writing the right hand side of Equation

we prove

(8.9) as

14+x
(14x)2—zK2(0)

( 1 x ) ,‘ﬁ—>0dd B 1 k(6) B k(0)
Ao Tra2) "~ Ar P 1= O ats (1407 - o2(0)
we deduce % = >0 v((2n +1)0)2™, which is equivalent to (4). O

10. HYPERGEOMETRIC IDENTITIES FROM TRIGONOMETRIC INTERGRALS

This section is not essential for the logic of the paper, but gives an example how the matrix inversions
can be used. Our first aim is to deduce further hypergeometric identities by inspecting the trigonometric
integral f027r cos™(#) sin™(6)df. This could be evaluated using the beta function, but we prefer here an more
elementary treatment. When n > 1, m > 0 we perform the partial integration

2m n—1 om41 2m 2T
Lnm = / cos™ (0) sin™ (0) df = {COS (6) sin (9)} + / (n—1) sin(0) cos" 2(0)
’ 0 m + 1 0 0

We deduce (m + 1)Im = (n — 1) In_2m12. From the substitution s = 6 — 7/2 we find

27 3mw/2
Inm = / cos™ () sin™(6)do = / (—sin(s)™) cos™(s)ds = (=1)" Iy n.
0

—m/2

sin™*1(9)
m+1

db.

Evidently, I = fo% cos™(6) sin(9) df = {7%} . = 0. Moreover, from the power reduction formulas
(see Theorem we obtain

10.) Lo if n odd
’ 0T ) o 2’”(;;2) if n even
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Hence I,, ,, # 0 if and only if n are m even. By induction we obtain for k£ > 1 > 0:

l
(2m+1)
I = — | I .
= (11 Grets) s

But Hfmzl(Qk + 2m — 1) = % and hence IQk,2l = (2;—?—2%2;"'(2[ _ 1)” I2(k+l)}0- From
@< 2T B @Rt (20-1)!
B (2k + 20 — 1)1 2F=1(k — 1) 21-1(1 — 1)!
k+1—1 k4l—1 _
o) @-n o ) (Y

(RIrenr C=Dt - (L) (R

(2k — 1)l
(2k + 21— 1)l

Remembering Io; 91 = I2; 2k, we finally deduce that for k,1 > 0
k+1—1

_ l
IZk,Ql - (2k+2l71) I?(kJrl),O'
21

Combining this this with ((10.1]) we have proven the following.

: 2m 2k .21 —atktt) (D CER)
Theorem 10.1. For integers k,l > 0 we have [, cos**(6)sin*(0) df = 2m 2 e
21

We evaluate

o1 = %Xmﬁw)+aﬁw»md9= > kjl %aﬁﬁw sin? (9) db
0 k>0 0

2o

(4 1) oo L DCED)
2k+21—1
: )

and find as a corollary

m (m—1
22m 3 (" ()
(Qm) - (2m71) :
m =0 21
The rest of this section we use our base change of the previous section to show that the infinite symmetric
matrix M = [Mkl]k,lzm

(10.2)

L e (4 ()
My = % Ii2k(0)02l(9) do = W
o 21

has integer entries. On the way we deduce another hypergeometric identity (namely Eqn. (10.3)) below).
For the kabbalist| the matrix M looks actually a bit curious

[ 1 2 6 20 70 252 924
2 2 4 10 28 84 264
6 4 6 1228 72 198
20 10 12 20 40 90 220
70 28 28 40 70 140 308
252 84 72 90 140 252 504

924 264 198 220 308 504 924

The first row is comprised of the central binomial coefficients and the second row of doubled Catalan numbers.
The lower triangular part of M appears in the OEIS as entry https://oeis.org/A182411| Let us mention

other empirical observations about the entries of M. It appears that My, = % and the textbook

3In the words of Fields medalist Edward Witten, M stands for Magical, Mystery or Membrane.
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[UH39] asks in Exercise 4. on p.103 to show that this is an integer. Nowadays these numbers are called super
Catalan numbers (see [Ges92l BorOS])ﬁ That our My,; are the super Catalan numbers can be easily verified

(k420! @) k-1 (k+1-1)! 2(k+1) (20)! (2k)! B (20)! (2k)!
(k+0D12 (2k+20—1)! (E—D0  (k+DNk+D (E—DW2k  (k+D! (k—DWE
Moreover, according to computer algebra the matrix M admits the neat LU factorization

(10.3) M = Ldiag(1,-2,2,-2,2,...)L7,

where L is the lower triangular matrix [(12—23)} " This entails that the upper left n x n-block M ™) of M
,j>0
has determinant (—1)1"/2127=1 and that M is integer. Once again, the number sequence 1,2,2,2,... pops

up.
It turns out that with our preparations we can easily find an explanation for Eqn. (10.3). By the results
of Section [§ we have

[2(0) w2(0) K*0) K5(O) -]
[0°(0) o%(0) o*(0) %) -]

Transposing and integrating we deduce

1 k(0) r(20) k(46) --] LT,
1 k(0) k(20) k(46) ---]diag(l,-1,1,-1,...)L".

k()
M—i/7r Zzggg [0°(0) o*(0) o*(0) b)) ---]db
), K5(0)
1
1 k(20)
=L %/ k(40)| [1 k(20) k(40) k(60) ---]df | diag(l,—1,1,—1,...)L"

-7 | k(606)
= Ldiag(1,2,2,2,...)diag(1,—1,1,-1,...)L".

11. SPREAD POLYNOMIALS

The spread polynomials (Sy(x))n>0 (see [Wil05]) play a central role in Wildberger’s Rational Trigonom-
etry, an approach to plane geometry free of transcendental expressions. They encode rotations in the plane
and are defined by the following recursion:

So(z) =0, S1(z) ==,
Sp(x) =2(1 — 22)S,_1(x) — Sp—2(z) + 22.

Proposition 11.1. For every integer n > 0 we have S, (x) = M
Proof. We define
1-T,(1— 22)
Sp(x) := — (%)

Obviously, So(z) = 0, Si(z) = . Assuming (%), we want to deduce the recurrence for S, (x) from the
recurrence for T),(z). We observe that (x), is equivalent to

To(1—22) =1-2S5,(z) (k).
We have
T,(1—2x) =2(1—22)T5,—1(1 — 22) — T,—2(1 — 2x)

and hence
1 =2(1—22)T 1 (1 — 2x) + Tp—2(1 — 22)

Sp(x) 5

In [LW22] the rational numbers in Theorem m have been named circular super Catalan numbers.
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From (#%),_1 and (*%),_o we now obtain
1
Sp(x) = 5(1 —2(1=22)(1 —2S,-1(z)) + 1 — 25,_2(x))

- %(495 421 — 20028 1) — 250 _(x)) = 20 + 2(1 — 22)Sn_1(2) — Sn_a().
O

Corollary 11.2 (M. Hirschhorn). The bivariate generating function of the spread polynomials is given by

te(l+1)
(11.1) ;S 1_t) (1 — 2t +t2 4 4tx)’

Proof. Using formula (2.3)) we deduce

S S, @) = ZMW — YLy ma

n>0 n>0 n>0 n>0
B Z 1—t(1—2z) 1< 1 1—t(1—22) )
2 % 21—2t1—2x)+t2 2\1—t 1-2t(1—22)+¢

1 1—2t(1—22) +2— (1 —¢t(1—2x))(1 —1)

2 (1—t)(1 —2t(1 — 2x) + 12

1 1—2t44dte+t2— (1 —t—t+ > + 2z — 2t°x)
T2 (1—1)(1—2t(1 — 22) + 2
1
2

2tx + 2% tz(1+t)

(1—1) (1 —2t(1 —22) +t2) (1 —t) (1 — 2t + 2 + 4tx)’

Corollary 11.3. For each integer n > 0 we have S, (sin?(#)) = sin”(n#).
Proof. From the Addition Theorem cos(2z) = 1 — 2sin?(z) and Proposition we deduce
1-T,(1—2sin*(f)) 1—Ty(cos(20)) 1 — cos(2nf)

Sy, (sin®(9)) = 5 = 5 = 5 = sin?(nf).

The spread matriz S = (Spn)m,n>1 is then defined such that
[S1(z) So(z) Si(z) ... ]=[z 2* 2* ..]S.
Corollary 11.4. For each integer n > 1 we have 22"~2sin®"(0) = > _, (—1)*~ (n2” )sm (k09).
Proof. We use Theorem [7.1] -(3 ) to deduce from Proposition m

n

2211 gin2" (9) = ;(2:) +> (-D)* <n2_”k> (1 - 2sin?(k6))

k=1
_ ;(2:) + kzn:_l(_nk (fﬁ@ - 2;2(_1)’@ <n2_”k) sin?(kA)).

The first two terms cancel each other. In fact, we have

() e () =50 e () 2 o )

k=1 =1 =
e (I VRS s W R o Py

) ;(—1)”;(_1)1 (2;») - %(—1)"(1 - 1)* =0,
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since n > 1. O

Let Wild be the subspace of the space Trig” consisting of functions that vanish at § = 0. Put w(h) :=
4sin?(0) and consider the two alternative bases for Wild:

(11.2) (W) w(20) w(36) w(4e) w(se) ...],

(11.3) (W) w?() wie) we) wi@) ...

The idea is now to get rid of the powers of 4 in the coefficients of S,, by putting Z,,(x) := 4S5, (%) We refer
to the polynomials Z,,(x) as the zpread polynomials. It follows that

(11.4) Z,(W(0)) = w(nb),

and we will see in a moment that Z,(z) € Z[z]. We introduce the infinite zpread matriz (Z,n)m n>1 such
that

It turns out Z is a matrix of even pyramidal numbers of dimension > 2.

Theorem 11.5. For m,n > 1 we have Zp,, = (—1)m+1p§3]n.
Proof. Let k > 0 be an integer. From the generating function of the pyramidal numbers we deduce
2m] n m|yn 1 + t
Zpnglit = Zpg ]t +k :tkil ; Imtl’
n>k n>0 (1-1%)

and hence obtain
Z (_1)m+1p[2m] — L+t

n—m W
n>m
For the bivariate generating function this leads us to
t
m (ca)™tml4t 1+t g 14t at
(1L.5) ()" = - r - :
n%l mza(l*t)Zml*t I*tl"‘rﬁ I*t(lft)2+q:t

where we assume —1 < z,t < 1 and by default plpm] = 0 for | < 0. The last expression in Equation ([11.5)
coincides with 45 (,t). O
The mutual inverse linear systems corresponding to Corollary [[1.4] turn out to be

(11.6)  [w(o) w2(0) wO) wo) ws@) ...

1 4 15 56 210

-1 -6 -28 -120

1 8 45
-1 =10 ’
1

= (W) w(20) w(36) w4s) w(se) ...

(1L7) [w(e) w(20) w(36) w4h) w(se) ...
1 4 9 16 25
1 -6 —20 —50
1 8 3

= [w@) w?@) wi@) wie) wi@e) .| 1 10 :

the latter matrix being Z, whose entries are relatively small. The former equation can be rephrased as

- 2n
11.8 w@)" =y (=11t L (k).
(118) O =2 () we
The zpread matrix Z can also be understood as the transpose of a Riordan array.
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Theorem 11.6. The transpose of the zspread matriz Z is the Riordan array ZT = (ul_%’”)s, ﬁ) with
inverse (Z7)~! = (BC?,—zC?) = (C', —xC?).
Proof. From Lemma and Theorem [9.3|item (2) and (3) we deduce
<(11+ ;)3, a —fx)Q) « (BC?,2C?) = (1, ).
To adjust the sign in front of z we argue as follows. Let p € zR[z]* and consider the formal pullback
p* :Rz] — R[z], f— fop, which is an automorphism of the algebra (R[z],-). Let us denote the product

of two Riordan arrays (g1, f1) and (g2, f2) as (g1, f1) * (92, f2) = (91(g2 © f1), f2 0 f1) =: (G, F). It then
follows that

(P*g1, 0" f1) * (92, f2) = ((91(g2 © f1)) o p, (f2 0 f1) o p) = (p*G, p*F).
In the special case, when p(z) = —z we deduce

<(11+;)3’ (1 _2)2> * (BC?,2C?%) = (1, —x).

But (1, —2) is an idempotent, i.e., (1, —z)*? = (1, z). Hence we obtain

1+zx —x 9 9 1+ —x 9 9
L) = B 1,—z) = BC?, — .
) ((1—@3’ <1—x>2) H(BO%eCT) » (=) ((1—@3’ <1—x>2> (5% —aC)
The verification of the well-known fact BC? = C’ we leave to the reader. O

We refer to the following formula as the spreadometric series since it specializes to (1 — 22)~! when
0=m/2.

.2
Corollary 11.7. %% =Y s0sin’((n+1)0)z".

Proof. We use the language of Riordan arrays. Let us put We(z) == >, 5o W(0)(W(9)z)" = %. The
right hand side of Equation ([11.7)) can be understood as

ST — 42z @ o 1+z (o) _1+z ()
TN =2 T P w0 sy 1-a (-2 taw(0)
Hence Equation (|11.7)) means
1+zx Lwi(0)

Ol > w((n+ 1))

_ — )2
l—z(1—2z)2+2wWw =

The claim follows by writing this in terms of sin?(8). O

To memorize S, (x) one can proceed as the follows. Start with the square numbers and put below it the
sequence whose differences are made by the square numbers. Underneath that sequence put the sequence
whose differences are made by the latter. Continue recursively.

1 4 9 16 25 36 49
1 5 14 30 55 91
1 6 20 50 105 196
1 7 27 77 182
1 8 35 112 294
1 9 44 156
(11.9) 1 10 54 210
1 11 63
1 12 77
1 13
1 14
1
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In the resulting pattern take every second row and arrange them into a triangle. The spread matrix S is
then made by multiplying the mth row with (—4)™~!, keeping in mind that the first row carries the row
index m = 1:

1 4 9 16 25 36 49 --- 1 4 9 16 25 36 49 i
1 6 20 50 105 196 4 —24 —80 —120 —410 —784
1 8 35 112 294 16 128 560 1792 4704
1 10 54 210 G 64 —640 —3456 —13440
1 12 77 o= 9256 3072 19712
1 14 1024 —14336
1 4096

To obtain Z one has to multiply the mth row with (—1)™~! instead. The transpose of the spread matrix

is the Riordan array ST = (ﬂl—%)?” ﬁ), whose inverse (BC’Q, fxC2/4) does of course not have integer

entries.

12. A CONJECTURE OF GOH AND WILDBERGER

Goh and Wildberger [GNJW09, Wil22] formulated an interesting conjecture concerning the factorizations
of the spread polynomials over the ring Z[z]. We take here the liberty to formulate it in terms of the zpread
polynomials and speculate a bit about numbers appearing in the coefficients of the factors. Using the zpread
polynomials those become less obscure. As spread polynomials are encoding rotations in the planeﬂ we find
these unexpected phenomena intriguing.

Conjecture 12.1. There are ®4(x) € Z[z], d > 1, with deg ®4(x) = ¢(d) such that for each n > 1 we have
Zn(x) = [lgjn ®alz). For d = 3 the polynomial ®q4(x) = Ya(x)? is the square of an irreducible polynomial

Va(z) = Z[z] with constant term ¢4(0) > 0. This constant term evaluates to ¥q(0) = [y, (%)“(d) (see
entry A014963 in |[OEI23|].) Here ¢(d) denotes the Euler totient function and p(d) the Mébius p-function.
If p > 5 is a prime then ¢, (1) = (—1)¢(®)/2,

In order to convince the reader we provide some empirical evidence:

d |1 2 3 4 5 6 7 8
Dy(x) ‘ r 44—z (3-12)? (2-x)? (575x+:ﬂ2)2 (1—z)? (7714x+7x27x3)2 (274x+x2)2
9 10 11 12
(3—9z+622—2%)° (1—3x+22)" (11— 552+ 7722 — 4da® + 1zt —2°)7 (1 —da 4 22)°
13 14 15
(13 — 91z + 18227 — 1562° + 6527 — 132° +25)7 (1 — 62+ 522 —2°)° (1 — 8z + 1422 — 72® + %)’
16 17

(2 — 162 + 202 — 82 +2*)” (17 — 204a + 71422 — 112207 + 9352* — 4424° + 1192 — 1727 + 28)”

It comes as a surprise that the coefficients of 14(z) seem to almost coincide with certain columns of the
array . Up to shifts, there are merely differences in the linear and/or constant coefficients. The column
index in the array relevant for 14(x) seems to be the coefficient in front of —z?(d/2=1 From the empirical
data we guess it is ¢(d) — pu(d) (see entry A053139 in J[OEI23]). We would like to mention that it seems to
be the case that for each prime p we have ®,(x) = ®3,(2 — z). Furthermore, the evaluations of the ®,(z) at
the integers = 0,1, 2,3, 4 look interesting. One may ask which of those values ®,,(x) appear for infinitely
many n.

Clearly, for each n > 1 we have that Z,, maps the square [0,4]? into itself and all the zeros of Z,,(x) have
to be in [0,4]. The question for what = € [0,4] there are distinct n,m such that Z,(z) = Z,,(x) deserves
further attention. With regards to this let us mention some empirical observations.

Conjecture 12.2. Let n > 1 be an integer an ¢ = (1 + \/5) /2 be the golden ratio. Then
(1) 2=Z,(2) if and only if n =1 mod 2,

5That is, they come straight from the almighty.
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(2) 3=2Z,(3) if and only if n =1,2 mod 3,
(3) 24+ ¢ =Z,(24 ¢) if and only if n = 1,4 mod 5,
(4) 3—o=2Z,(2+ ) if and only if n = 2,3 mod 5.
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