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The classical black hole spacetime is modified semiclassically, depending strongly on the choice of the
quantum states. In particular, for the Boulware state the spacetime often takes a wormhole structure
mimicking closely a spacetime with a horizon. In this paper, in the context of the two-dimensional dilaton
Russo-Susskind-Thorlacius model, we consider all possible important interplays between the Hartle-
Hawking, Unruh and Boulware quantum states. Special attention is given to the hybrid states made up of
quantum fields either in the Hartle-Hawking or Unruh states, and some nonphysical fields (with the wrong
sign in the kinetic term in the action) in the Boulware state. We present a detailed analysis of the
semiclassical geometry in all these cases paying attention to the presence or absence of horizons, curvature
singularities and to the geodesic completeness of the spacetime. In the space of parameters specifying the
generic quantum state, we find a wide domain (with dominating nonphysical fields) where the semiclassical
geometry represents a geodesically complete, asymptotically flat causal diamond, free of horizon or
curvature singularity. However, a distant observer still finds Hawking radiation at asymptotic infinity. In the
Unruh-Boulware hybrid state solution, we find that the energy flux at asymptotic infinity receives
important corrections from its thermal behavior, leading to information recovery as we go from early to late

retarded times. As a result, the corresponding entropy shows a typical Page curve behavior.

DOI: 10.1103/PhysRevD.108.125012

I. INTRODUCTION

The information paradox, or problem of information loss
in black holes, presents a conflicting point between the
previsions of general relativity and the laws of quantum
mechanics. Historically, the information loss problem was
posed in the framework of semiclassical gravity where the
properties of quantum fields are studied on a classical
background geometry, and this is the framework where the
information problem is most concretely posed and has been
investigated the most. Even though the problem will be
fully solved only within a setup of quantum gravity, one can
still wonder whether the change in the classical geometry
due to the back-reacting quantum fields may have some-
thing illuminating to say about the information paradox.
A first order thought would seem to suggest that it is not
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possible, not to mention the fact that such an approach is
perturbative by construction. However, such conclusions
turn out to be naive, and in fact, with certain conditions on
lower dimensional systems (and also in some higher
dimensional cases), the back-reacted spacetime solutions
can be understood as nonperturbative and complete. In two
dimensions, string inspired classical theories [1,2] were
indeed a subject of collaborative focus in the early to
midnineties which led to the study of quantum fields in
their background (for a review, see e.g. [3]). Various studies
of two-dimensional gravity systems have once again
resurfaced in the past few years (in the context of black
hole information paradox), and our present work can be
understood as an entry to this vast and unfolding topic. In
particular, we study a two-dimensional model of semi-
classical gravity, where quantum fields propagate on a
classical spacetime, thereby influencing its geometry in a
manner that reinstates unitary evolution of the black hole
system. We have already studied some aspects of this
model in [4], focusing on static solutions, and here we will
review these static solutions with a different coordinate
system, which will allow us to discuss dynamical situa-
tions. This paper was written in parallel to a shorter one [5]
which focuses on one of the most interesting scenarios
regarding the information paradox.

Published by the American Physical Society
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The model we chose to study is the semiclassical Russo-
Susskind-Thorlacius (RST) model [6], which extends the
classical Callan-Giddings-Harvey-Strominger (CGHS)
model [7] by taking into account conformal anomalies.
The way to do this is unclear in four dimensions, but in two
dimensions it is done by adding the Polyakov action [8] to
the CGHS one. This additional term is nonlocal, and this
translates into some unfixed parameters when solving the
gravitational equations, which can be determined by choos-
ing a state for the quantum matter. The states we have already
discussed in previous publications are as follows:

The Hartle-Hawking state: 1t contains thermal radiation
at infinity, and the stress-energy tensor is regular at the
horizon. It describes a black hole in thermal equilibrium
with the Hawking radiation.

The Boulware state: The stress-energy tensor is vanish-
ing at infinity, and there is no radiation there. However,
considered on a classical black hole metric, it is singular at
the horizon.

In the present paper we will also focus on

The Unruh state: The stress-energy tensor is regular
only at the future horizon; it vanishes at past null infinity,
and there is a thermal flux of radiation at future null infinity.
The Unruh (U) state is usually considered to describe the
process of the black hole evaporation.

For physical quantum particles in equilibrium with the
classical black hole, the Hartle-Hawking (HH) state is the
most natural and suited one, as an observer at infinity should
detect the radiation due to these particles. The Boulware state
(B) is the most appropriate one when considering nonphysical
particles, such are ghosts, in the spacetime. By ghosts in the
present paper we mean the particles whose kinetic terms have
a negative sign. Indeed an observer at infinity should not
detect these particles, and the Boulware state is the only one
with this property. The problem of ghosts in black hole
evaporation was discussed in e.g. [9-11]. As suggested
briefly in our previous paper, it is possible to consider a
hybrid quantum state where both physical and nonphysical
particles are present, each in its own quantum state (HH or U
for physical particles and B for nonphysical ones). In this
paper we analyze what new ideas these hybrid states can bring
to the discussion of the information paradox.

Our aim here is to consider all the combinations and
complexities of these states. The usual approach, where a
classical black hole background and the Hawking radiation
are taken separately, is obviously fundamentally incom-
plete. That is why our primary goal is to address the issue of
the backreaction of the Hawking radiation on the spacetime
as a part of the self-consistent picture. The first principal
question here is whether the black hole horizon is still
present in the backreacted geometry. Previous studies have
shown that the answer to this question is sensitive to the
choice of the vacuum state for the quantum fields in
question. In the case of the Hartle-Hawking state the
horizon is still there rather similarly to the classical

spacetime, although the parameters of the spacetime
geometry receive certain corrections and the geometry is
deviated from the classical one (even leading to naked
singularities in some cases). On the other hand, the
situation is radically different when the Boulware state is
chosen. Our analysis here makes it fairly clear that the
classical horizon is no longer present in this case. Indeed,
the semiclassical geometry depends on the parameters
present in the theory, and quite generally, the following
possibility is realized: a timelike or a lightlike singularity or
a narrow throat is formed. The narrow throat represents a
black hole mimicker, a horizonless spacetime that models
rather closely the general properties of a black hole.

The main focus of the present paper is on the hybrid
quantum state. We identify a situation in which the back-
reacted spacetime is a complete diamond similar to the
Minkowski spacetime without an horizon or a singularity.
No information can be fundamentally lost in such a
spacetime. However, looking from a distance this space-
time behaves like a black hole during a relatively long
retarded time. A distant observer does detect a thermal
radiation similar to the Hawking radiation. So the usual
information problem would seem to arise for the observer
during this period of time. However at later retarded times
important deviations from thermality start to show up in the
asymptotic radiation and effectively lead to restoration of
the information and to the expected form of the Page curve
for the asymptotic radiation. When the hybrid state consists
of particles from the HH and B states, this is the picture
presented in [5]. In the present paper, we have filled in
certain technical details which we omitted in [5]. After-
ward, we generalize the discussion to the hybrid Unruh-
Boulware state that has more realistic properties compared
to the Hartle-Hawking counterpart, and represents a time
dependent, evolving situation. This investigation is new,
and it represents our main result in this paper. We expect
that the two-dimensional case discussed here is indicative
of what may happen in a more realistic four-dimensional
situation, that is less technically accessible (although we
refer to [12] as a step toward a realization of the present
program in four dimensions).

A brief outline of our present work is the following. We
start with a discussion of the (semi)classical CGHS (and
RST) models in Secs. II and III, which illustrates how the
relevance of the quantum state arises when going from the
classical to the semiclassical analysis. Afterward, in Sec. IV,
we start by reviewing the static and dynamical solutions for
the classical CGHS model and the RST model with only one
type of particle in a single quantum state (namely HH or B).
The dynamical situations are obtained by sending in a shock
wave of classical matter into the static spacetimes, and this
analysis is done quite easily in the conformal gauge. In
Secs. Vand VI, we then investigate how considering a hybrid
quantum state modifies the solutions. There are three
possible cases to consider, according to the kind of particles
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(physical or nonphysical) that predominate the backreaction
on the spacetime. As it turns out, the most interesting
situation is when the number of nonphysical particles
exceeds the number of physical particles, which is why it
was the focus of our shorter paper [5]. Notably, there we
explained that the static spacetime is completely regular with
a geodesically complete, wormhole type structure, while in
the dynamical case an apparent horizon appears. The energy
balance in the asymptotic region is also interesting, and has
been studied for all cases in Sec. VII. For the hybrid case,
if the spacetime is static, a thermal radiation is detected at
infinity, while for the dynamical situation, the radiation
deviates from thermality as time passes. In this case the
change in entropy of radiation exhibits the behavior
expected from the Page curve [13,14]. The study of the
Page curves for black holes and the importance of wormhole
type structures have been a topic of recent investigation for
both two and higher dimensions, fueled by the new develop-
ments in the direction of quantum extremal surfaces (see for
example the reviews [15,16]. And for an application toward
a black hole firewall [17,18], see Ref. [19]). The references
above are of course far from complete, but for some
concluding remarks along this line, with an enumeration
of our results in various cases, see Sec. VIII.

II. THE CLASSICAL MODEL

We begin our discussion with the classical CGHS
model [7] whose action is

So= % Mdzx\/:§{€_2¢[R +4(Vg)® +42%) —%Wf)z},
(2.1)

where ¢ is the dilaton scalar field, f the matter field and 1> a
cosmological constant. This model has origins in string
theory but is interesting in its own right as a toy model of
two-dimensional gravity. Note that the coupling strength is
given by e?.

As noted in [20] it is instructive to compare this model
with the action obtained by considering a spherically
symmetric metric in four-dimensional gravity:

7= gudxdx’ + r*(x°, x')(d6? + sin’0dg?),

u,v=0,1. (2.2)

If we compute the Einstein-Hilbert action for this metric
and define ¢ = —In(4r) we get

1 -
SEH = 2—/ d4X\/—gR

K

1
— | d*xy/=ge *[R + 2(V)? + 222e?],

:271
27\ 2
k=|—],
A

4

which is similar to (2.1); therefore one can think of % as

the radius of a transverse sphere at (x°, x!). See also [21]
for more discussions on this effective 2D model of gravity.
This analogy can help us to find a condition for the
existence of apparent horizons in terms of the dilaton field
¢. Indeed an apparent horizon is defined as the outer
boundary of a region of trapped surfaces, i.e. surfaces
whose area decreases along any future direction. Using the
four-dimensional metric (2.2) we see that the area of a
transverse sphere at (x%, x') is % ¢~>?. In null coordinates

x* = x% £ x! this transverse sphere is trapped if its area is
decreasing in both null directions, i.e. if d ¢ > 0. Going
back to the two-dimensional theory while using the
conformal gauge (see Appendix A 1) where the metric
takes the form

ds? = —e?dxtdx, (2.4)
there will be a region of trapped points where d_ ¢ > 0.
Since (V¢)? = —4e 0, ¢d_¢ this implies that
(V$)? <0, which means that the vector field V¢ is
timelike in this region. The corresponding apparent horizon
is the boundary of this region, where therefore (V¢)? = 0.

However this condition is not enough to define an
apparent horizon as one also has to check that (V¢)?
changes sign when crossing this boundary, it is positive
outside the horizon and negative inside. If (V¢)? vanishes
on an hypersurface but is positive on both sides then there
1S no apparent horizon but what we will call a Type I
wormhole: the radius of the transverse sphere has a
minimum there, but it increases on both sides. To summa-
rize we have the following definitions:

Apparent horizon: hypersurface on which (V¢)? =0
with (V¢)? > 0 on one side (the outside of the horizon) and
(V)? < 0 on the other (the inside).

Type I wormhole: region containing a hypersurface
where (Vg)? =0 with (V¢)? > 0 on both sides. This
represents a local minimum of the dilaton function
¢(xT,x7). Taking the analogy between the dilaton ¢
and the radial coordinate r in the 4D picture, this definition
corresponds to a usual understanding of the wormhole.

Finally we define the following:

Type Il wormhole following [22]: If the spacetime has a
timelike Killing vector field &, which we will normalize by
imposing that £ = 0, in flat asymptotic coordinates (7, x),
and the (¢) metric function g = —£> has a minimum in
some region, then this region corresponds to the throat of a
wormhole, where time flows slowly with respect to the time
of an external observer. If this minimum of g is exponen-
tially small and the spacetime is asymptotically flat on both
sides (which in particular means it has to be singularity
free) then this is a black hole mimicker, as discussed
in [22]. Note that this definition can be used in the static
case and is only approximative in a dynamical situation.
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We note that this discussion is motivated by the earlier
study in four dimensions where the black hole mimicker is
represented by a spacetime in which wormhole structures
of both type I and II are present at the same spherical
surface. This is however not a necessary condition to have a
good black hole mimicker as the examples discussed in the
present paper show, so that a wider class of mimickers is
possible to exist.

Now we will review some results discussed in the
original CGHS article [7].

A. Equations of motion

As we work in two dimensions, the Einstein tensor is
identically zero so the equations of motion for the metric
are given by the vanishing of the stress-energy tensor, i.e.,

T<0) _ 2 580

T

=20 (-9,9,6 + 9,0 - (V9 + 2]}

1 , 1
_Eg;w(vf) +§ Mfavf

= 0. (2.5)

Note that we use the same normalization of the stress-
energy tensor as in [4]. There is also the equation of motion
for the dilaton, given by

R+4{0¢ — (Vg)> + 22} =0, (2.6)
and the one for the matter,
Uf =0. (2.7)
The trace of the stress-energy tensor is
2
T = Ce?Op-2Ve) +202) =0, (28)

and combining this with the dilaton equation (2.6) leads to

R+20¢ = 0. (2.9)

B. Killing vector

Let us define the vector field & by
A, =¢,"V,, (2.10)

where € is the Levi-Civita tensor defined by €¢,; = /—¢g and
€,, = —€,,. The normalization in (2.10) is chosen so that
& = 0, asymptotically. Using the equations of motion for

the metric (2.5) and the dilaton (2.6) we obtain that

1 e (1 , 1
vuvvd) = _Zngu - 7 Zg;w(vf) - Eaufauf ’

(2.11)

j’(vﬂiy + vvfﬂ) = eul)vﬂv/)¢ + €ﬂ/)vvv/)¢
1 e
=7 {R + —<vf)2}(€w + €/41/)
4 2 N2
=0
e
+ T (euﬂaﬂf + €;4l)avf) a/)f

2

- % (€,/0,f + €,0,1)0,f- (2.12)

Therefore if there is no classical matter (f =0) £ is a
Killing vector, and its norm is given by

(Ve =~ (Vo) 2.13)

The vanishing of & will indicate the presence of a Killing
horizon; in this classical model it corresponds to the
vanishing of (V¢)? so that it coincides with the apparent
horizon condition defined previously, provided that the
norm of £ changes sign when crossing this horizon.

C. Conformal gauge

Since we work in two dimensions we can put the metric
under the conformal form (see Appendix A 1),

ds? = —e¥dxtdx, (2.14)
and in these coordinates the equations of motion become
T, = Le(40.p0sp = 202 ) + 5= (0.1)* =0,
T = 16720(20,0_¢p — 40, po_p — 12e*) = 0,
(2.15)

while the dilaton and matter equations respectively
become

—40,0_¢p + 40,.¢p0_p +20,0_p + 12e* =0, (2.16)
and
0,0_f=0. (2.17)
Finally the trace condition (2.9) gives
3.0_(p—¢) =0, (2.18)
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and this allows us to write 2p = 2¢) + j where j satisfies
0,0_j = 0, which means that it is takes the form

J= () 4+ (x0). (2.19)
By changing the coordinates to
xt
¥E(xE) = / e/=Mduy, (2.20)
we get
ds? = —e?dxtdi, (2.21)

which means that we can set j =0 and p = ¢.

In this new system of coordinates the TS?)_ equation

becomes

e—2¢(2a+a_¢ — 40, ¢po_¢) = 12, (2.22)
1.e.
a+a_e—24' = )2 (2.23)

and we can integrate this equation 2 times with respect to
xT and x~ to get that

e =u—xtx, (2.24)

where

u=u, (x*)+u_(x7). (2.25)

The matter equation is immediately integrated to get that

f=rrO) 4+ f- (). (2.26)

Now we can insert all this into the equations Ti)i = 0. This

gives, for TS?J)F,

A0, -2 9) + 3 (077 =0, (22)
1.e.
R(e) + 3 (0,1 =0, (2.28)
so that u, has to satisfy
W =~ 0. (2.29)

D. Solution without classical matter

If there is no matter (f = 0) then u™ is a linear function
of x* so

u=2(cxt+c_x)+C, cy,CER,  (2.30)

and
e =C—-2(xtx —cpxt —c_x).

(2.31)

We can then translate the coordinates by defining ¥* =
x* — ¢4 and set C + A*c,c_ = to finally obtain

M
e = i APxtxm. (2.32)
Therefore the metric is given by
dxtdx~
ds? = _m, M >0, (2.33)

which is the well-known solution for the CGHS model. The
parameter M corresponds to the Arnowitt-Deser-Misner
(ADM) mass of the spacetime so we take M > 0. Note that
e™?? > 0 so that the spacetime corresponds at most to the
region xTx~ < 2—{ We can compute the components of the
Killing vector field ¢ defined by (2.10), and we get

£=A(xta, —xa_). (2.34)

E. Minkowski spacetime

Let us check that taking M =0 in (2.32) gives the
Minkowski spacetime. In this case we have e 2% =
—22xTx~ > 0, so that the spacetime corresponds to the
region x*x~ < 0, and the metric is

_ datdx

ds? =———,
Axtx

(2.35)

There are two distinct regions where x™x~ < 0, namely
{x*>0,x7 <0} and {x* < 0,x™ > 0} which are caus-
ally disconnected and separated by a coordinate singularity
at (x*,x7) = (0,0). These two regions are the same as x*
and x~ are symmetric in the solution (2.35), so let us study
the right diamond {x™ > 0,x~ < 0}. There we define the
new coordinates

1
ot = iiln(i/lxi), -0 <0t < 400, (2.36)
such that the metric becomes ds?> = —do*do~, which is
simply the flat Minkowski metric in null coordinates.
Therefore we have indeed recovered the Minkowski space-

time by taking M = 0 in the CGHS solution (2.32). Note
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that in these 6% coordinates the Killing vector £ is given by

=0, +0d_, so that if we define the usual Cartesian
coordinates (¢, x) by 6= = ¢ + x we get & = d,, recovering
the timelike Killing vector field of the Minkowski
spacetime.

F. Classical black hole

Let us now study the solution (2.32) for a positive mass
M > 0, which corresponds to the well-known classical
black hole of the CGHS model.

Horizon: As f = 0 here, ¢ is a Killing vector, and there
is a Killing horizon where & = 0. Since

1 Pxtx~
& = —P(V¢)2 = m, (2.37)
this horizon corresponds to the two axes x* = 0. The sign

of & changes when crossing the horizon, so it is also an
apparent horizon, £ is timelike outside and spacelike inside.
This is the CGHS black hole event horizon.

Singularity: The scalar curvature is given by

4MA?
R = (2.38)

so there is a curvature singularity located on the curve
(xi, x5) defined by

i —
VRN

(2.39)
which corresponds to the boundary of the region e™2¢ > 0.
Note that, as one should expect, the scalar curvature is
everywhere zero for M = (0 which, as we have seen
previously, corresponds to the flat Minkowski spacetime.
Using the criteria established in Appendix C with
F(xt,x7) = x"x™ —H we get

(2.40)

which means that this singularity is spacelike.

Geodesic (in)completeness: Now let us check whether
geodesics are complete when approaching the singularity.
To do this (see Appendix B) we first take a null geodesic
defined by x* = xJ > 0 and look at the integral

Ay = / " dE 2 ), (2.41)

0

in the limit x~ — % We have
0

Adx~ 1 -
A = In(M — 2Bxf 7))
t= | e = g M = AL

(2.42)

which diverges when x~ — /13 T Therefore null geodesics

are complete when approachmg the singularity of the
CGHS black hole.

For timelike geodesics we use static coordinates (see
Appendixes A2 and B 2) where for a timelike geodesic
going from ¢, to ¢ the change in proper time 7 is

AT—/¢dr7) % E€R, (243)

with
oD =HLP). ) =2 D). 2=+
(2.44)

The singularity is located at ¢ — 400, and it is easy to
check that this integral is convergent in this limit, which
means that timelike geodesics are incomplete when
approaching the singularity (the geodesic incompleteness
in Dilaton gravity models has been studied in the past.
See e.g. [23]).

Asymptotic flatness: At spatial and null infinity we have
x* — doo0, and using (2.38) we get that the scalar curvature
R — 0 in this limit, so the spacetime is asymptotically flat.
We actually recover the Minkowski spacetime asymptoti-
cally as in this limit we have e™2? ~ —12x"x~ which was
the solution for M = 0. We can define the asymptotic
coordinates 6* = 1In(£Ax*) to put the metric under the
flat form ds*> = —do*do~ at infinity. This spacetime is
represented in Fig. 1.

G. Perturbed classical black hole

Now that we have studied the static solution for the
CGHS model we would like to know what happens when it
is perturbed by infalling classical matter. Equation (2.29)
can be integrated twice to get that, up to constant trans-
lations of x* and of the matter distribution d_ f,

1 [x* u
u (xi):Ci—z/ du/ dv(d.f(v))?, CL€eR.
(2.45)
For simplicity let us consider a pulse of mass m traveling

along a null geodesic x™ = xj in the x~ direction. The
corresponding stress-energy tensor is

125012-6
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***** Horizon
——— Singularity

FIG. 1. Static CGHS spacetime for f = 0 and positive mass
M > 0. Both singularities are spacelike and hidden behind a
Killing apparent horizon. The spacetime is asymptotically flat
and not geodesically complete. This picture also applies to the
spacetime for the Hartle-Hawking state in the RST model.

2 _ M

2.46

S0, = ot —xp).

This normalization guarantees that the mass of the space-
time will increase by the mass m of the shock wave.
Therefore u_ = C_ is simply a constant while

u, (xF) = c+—Mi+/x du/“ dwolv—x7).  (2.47)
0 J— )

where
/_" dvé(v—x3) = O(u - x7). (2.48)
with 6 the Heaviside function. Therefore
w (x*)=C, - % (= xD)O(t —x3). (249

Hence, defining ¥ = C, + C_ to recover the previous
solution for x™ < x, the solution is given by

M
e = — " (xT = x3)0(xt = x§).

—PxtxT = — 2.50

The spacetime before the shock wave (x™ < xj) is the
static CGHS solution, with a singularity hidden behind
an horizon. After the shock wave (x™ > xsr ), the solution
becomes

***** Horizon

——— Singularity
Pulse

—00

FIG. 2. CGHS spacetime perturbed by a shock wave of
classical matter sent in at x* = x/. It changes the trajectory of
the singularity, which remains spacelike, and the position of the
horizon. As for the static solution this picture also applies to the
perturbed Hartle-Hawking spacetime of the RST model.

oy M+ m _ m
e %0 :i—iz)ﬁ(x +m>, (2.51)

which is exactly the same as (2.33) with total mass M + m

and a translation x~ — x~ — # The event horizon is
0

shifted from x™ = 0 to x™ = — 37, and the singularity lies
0

on the curve (x;,x;y) defined by

of - m _ M+m
E\S T ET) T T

so the trajectory of the singularity is continuous at
x™ = x7, but its derivative is not. This dynamical space-
time is represented in Fig. 2.

(2.52)

III. THE RST MODEL

The RST model [6] is an extension of the CGHS model
discussed previously. It takes into account the backreaction
of conformal matter on the geometry of spacetime by
including the quantum conformal anomaly in the action.
Since the respective theory is nonlocal one has to specify
certain boundary conditions. This effectively reduces to a
choice of the quantum state. We reserve the possibility
to have a situation when different quantum fields are in
different quantum states, as was discussed in the
Introduction. We consider the following action:

S=8,+8 +8,. (3.1)
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where S is the CGHS action (2.1) and

— _izzl:zK—;/dzx\/—_g{%<V‘l’i)2+WiR}’ (3.2)

K]+K2

8§ =-= / dx/=g¢R. (3.3)

S, is the Polyakov action written under its local form with
two auxiliary fields w; and y, so that we can study
situations where two different types of particles are present,
each having different boundary conditions. The constants
k; and k, are the central charges associated with y; and y»,
respectively. The central charge is taken to be positive for
physical particles and negative for nonphysical ones (such
as ghosts). In order to recover the usual RST model one
simply has to take x, = 0. First we will compute a general
solution, before studying various particular cases.

A. Equations of motion

For each action term S; we define the associated stress-
energy tensor by

288,

— \/—magﬂy )

and as this is a two-dimensional gravity model the total
stress-energy tensor must vanish, i.e.

—~

!
5

(3.4)

T, =Tw +TW + T =0. (3.5)
Of course T,(g) is the same as in the CGHS model
2
Ty =~ e {(=V,9,4 + 9,04 — (V)* + ]}
1 1
- 2,
1 (VI 50,0, (3.6)
while for S§; and S, we get
o I (1
T/u/ :72 { aul//z Wi — \Y vbWz
T4 2
o (Owi- )| 6)
and
@2 _1
TI“/ - ; (Kl + K2)(g;w|:|¢ - v[lvl/¢) (38)
Each auxiliary field y; satisfies
Oy, =R, i=1,2, (3.9)

so that by plugging this into (3.2) one gets the usual
Polyakov action. The equation for the dilaton becomes

<1+K1‘; b 2¢) +4{D¢_(v¢)2+12}20’ (310)

and the equation for the matter is unchanged,

Uf =0. (3.11)
Finally the trace of the stress-energy tensor is
2
$T,, = = e {0 - 2(Vg)? + 242}
/4
12
- Oy =0, 3.12
+”;m (vi + ) (3.12)

and using (3.9) to combine this with (3.10) so as to
eliminate the terms containing (V¢)? we get that

(R4 200¢)(k; + x5 — 2e‘2‘f’) =0. (3.13)
This implies that, for a nonconstant dilaton,
R +200¢ =0, (3.14)

which is the same condition as in the CGHS model (2.9).

The other possible solution to (3.14) is to have a constant
dilaton field ¢ = —1In(*3%2). It corresponds to a 2D
spacetime with constant curvature R = —24%. We do not
consider this solution here.

B. Conformal gauge

Just like in the CGHS model, the condition (3.14)
expressed in the conformal gauge imposes that

0.0_(p— ) =0, (3.15)

SO

20=2p+j. Jj=j&)+j-(7).  (3.16)

and once again we can perform a change of coordinates

defined by
)?i = /eji(xi>dxi’

to set p = ¢. In these new coordinates the components of
the stress-energy tensor are given by (2.15) and

(3.17)

T(l) 1 2

1+ = i=1K { (Opw;)? — oLy + 26i¢aiWi}’

T(+)_ 132 k0 0_w,,
(3.18)
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and

-9},

{ T, =Lk, +1,){2(0:00)? 5.19)

2
7% =1(k, +x,)0,0_9.
Combining equations (3.9) and (3.14) we obtain that (I (y +
2¢) = 0 so each auxiliary field y; can be expressed as

Wi =—2¢+w, (3.20)

with Ow; = 0, i.e.

wi =wi (x) +wi_(x7). (3.21)

The functions w; will be determined by the boundary

conditions of each auxiliary field y;. Using this the

components of T,(,ly) become

1
{ T(i)i :% L ki{0ig— (0:9)* — 1,1}, (3.22)
T = —2 (k) +&2)0,0_,
where we have defined
— 1 /! 1 / 2
tii ziwii—z(wii) . (323)

‘We also define T,(,,l,z) =T f,},) + T,(,%) , which we consider as the

stress-energy tensor of the quantum matter, while T,(,g) is the
purely geometrical part. It is given by

{Tﬁ =152 ki {Pg -2}, 3.24)
TS_IE) = _;(Kl —I—K2)0+0_¢.

The £+ component of the total stress energy tensor is now

1 13
T, = ;e_2¢{4(5i¢>2 - 2059} + ;;K,»(()igb —2t;1)

(0.f)*=0 (3.25)

N 1
2n
and the +— component gives

Lo 4 2
T+_:;(2€ —Kl—Kz)a+a_¢—;€ 0+¢0_¢—;:0

(3.26)

We define the new variable

Q(p) = (k1 +K2)p + e (3.27)

and we get that

Al =RQ -2 gxitii + % (0.f)*=0, (3.28)
and
T, =-0,0_Q-1>=0. (3.29)
Hence € can be expressed as
Q=-2x"x" +u, (x7) +u_(x7). (3.30)
Inserting this into the equation for 7, gives
ul—ZZKt,i aif (3.31)

Note that, defining Q' = gg, the curvature can be expressed

in terms of Q as

8e 2 Q"
R==5— <a+ag 0+ Q) (3.32)

so we will have to look for possible curvature singularities
where Q' vanishes. We also have

(Vg)? = —4e720, ¢po_¢p, (3.33)
and d.¢ = &, 0..Q, so the condition (V¢)* = Ois satisfied if
0.Q = 0. This means that we will have to look for possible
apparent horizons or wormhole throats where 9, Q = 0.

C. Static solution

For a vector field ¢ = 70, + £ d_ the Killing equations
give

0. =0=0_¢",

{ +e ; (3.34)

0, (&) +0_(& ) = 0.

Assume that ¢(x*, x~) = ¢(x"x~). We can show that this
situation corresponds to a static solution. Indeed in this case
the second Killing equation becomes

0, &t +0_& + (x ¢ +xtE)P =0,  (3.35)
so the vector £ = A(x"d, —x~0d_) is a Killing vector. Note
that this is the same expression as we had found for the
Killing vector of the CGHS spacetime (2.34). As we will
see soon, this normalization guarantees that £ = d, in
asymptotically flat coordinates at infinity. Its norm is

& = g, 8¢ = Pe¥xtx, (3.36)
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so & is timelike where xtx~ <0 and spacelike where
xTx~ > 0, and there is a Killing horizon where x*x~ = 0.

For such a static solution, Q is also a function of the
product xTx~, and we must have

u, (xM) +u(x7) = a(xtx), (3.37)

which means that, for a solution without matter (f = 0),

ui(xi):2(KlPl +K2P2)1n(l|xi|)+ci, Pl,z,CieR.

(3.38)

Therefore

M
Q= —22xtx" +2(k, Py + k,Py) In [22xF x| + -

M > 0. (3.39)
Taking x; =k, =0 we must recover the CGHS
solution (2.32) where the parameter M corresponds to
the ADM mass of the spacetime so we take it as non-
negative. Since Q diverges when x*x~ — 0 we can expect a
coordinate singularity there, so let us study this solution on
one of the four quadrants delimited by the two axes x* = 0.
We want the Killing vector £ to be timelike at infinity, so we
choose the region {x* > 0,x~ < 0} (which by symmetry
is equivalent to the region {x* < 0,x~ > 0}). Then

M
Q= —22xtx" +2(k Py + k3 Py) In(=A%xTx7) + -
(3.40)

We can recover the solution of the CGHS model (2.32)
by taking x; = k, = 0, while if we take (P, P,, M) =
(=1.—1%.0) then

K+ e = —Pxx - gln(—/lz)ﬁx‘), (3.41)
and the solution for this equation is e># = —A>x*x~ which
is the flat Minkowski spacetime, as discussed in Sec. I E.
Taking the limit x*x~ - —oco with ¢ > —co in (3.40) we
get that e72? ~ —22xTx~, which means that asymptotically
this static solution is also the Minkowski spacetime. Using
the asymptotic coordinates o= = £ 1In(4+x*) the metric
takes the flat form ds> = —do"do™, and the Killing vector &
becomes ¢ = d, + d_ = d,. We can check explicitly that
the curvature goes to zero in this limit by using the
formula (3.32) with

Qre 2 o —)2xtx,

Q ~=2e7, Q' =4e7?

(3.42)

and

P\ +x,P
0.Q=—22xT + 2%~ ~2x%, 0,0 Q=1
(3.43)
to get
R — —4(=% + 1) = 0. (3.44)

Finally, inserting (3.40) into the 7';, equations gives

2(k1 Py + Ky P;)

l/lg: = —T = 2(K1tli + K2t2j:); (345)
therefore we can take for a general pair (k,«;)
P;
tiy =— o0 (3.46)

The value of the constants P; depends on the quantum state
in which the particles described by the auxiliary fields y;
are, as we will discuss soon.

D. Perturbed solution

Just as in the CGHS model, let us now consider the static
solution for the RST model seen previously perturbed by a
pulse of classical matter of mass m traveling along a null
geodesic in the x~ direction. The corresponding stress-
energy tensor is once again

1 m
2 (0.f)* = mfs(fr - x3), (3.47)
and we need to integrate (3.31), using (3.46). Imposing that
for x* < xar the solution should be identical to the static

situation described by (3.40) we get

Q = —22xtx" +2(k, Py + K, Py) In(=A2xFx7)
M m
T—H(x““ —x§)0(xT —x7). (3.48)

After the shock, x™ > x{, we have

Q= -22x* (x‘ + %) +2(k1 Py + k2 P5) In(—=21%xTx7)
0

G MEm (3.49)
A

which is no longer static as € cannot be written as a
function of the product x*x~. We will later study the effect
of this shock wave on the spacetime, according to the
quantum states of particles.
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E. Quantum states

Now we would like to determine which quantum states
correspond to which values of the constants P; in (3.46). To
do this we consider the usual RST model, that is to say with
only one auxiliary field v =y of central charge x = k;
and we take x, = 0. Then (3.40) becomes

E

Q=k¢+ e = -2xtx + 2P In(=1x*x7) +

—~

3.50)

We need to compute the energy density detected by an
observer at infinity, the quantum part of the stress-energy
tensor being

T =s{@g+2.L1,

(3.51)
T = -£9,0
W =-20.0.4.
Therefore let us study these quantities when x*x~ — —oo
with ¢ — —oo. In this limit e7?¥ ~ —A2x*x~ and a careful
analysis shows that

kP
Pp~—rs, 0, 0_p~—5—7—. 3.52
:t¢ Z(Xi)z + ¢ 2‘2<x+x_)2 ( )
which leads directly to
12)
ngjg ~ Ezl(;“; ’
(3.53)

Then we need to compute these components in the
coordinates ¢ = +1In(+Ax*) in which the metric is
asymptotically flat, and we get

(12 £\ 2,,(12 2
Y = (1) 420+ 47)

do” (3.54)
T(+13> = %%TSE) ~ —ﬂ’;i—i, - 0.

Thus the radiation detected by an observer at infinity will
be zero only for P = —}P which therefore corresponds to
the Boulware state. Note that the Minkowski spacetime,
for which P = _71; and M = 0 as discussed previously, is
simply the Boulware state with zero mass. This was to be
expected as there should obviously be no radiation in
Minkowski spacetime.

Then for P = 0 we get T(ili’a) - ’122—;‘ which is the energy
density of a thermal gas with temperature 7 = %
Besides for P = 0 the solution (3.50) is regularat x™x~ = 0
and can be extended throughout the whole plane
{—00 < x* < +oo}. Therefore there is a Killing horizon

where xTx~ =0 and P =0 corresponds to the Hartle-
Hawking state.

Note that these values of the constant P for the Hartle-
Hawking and Boulware quantum states are consistent with
what was found in [4] (see Appendix A 2 for a detailed
discussion).

IV. SINGLE QUANTUM STATES

In this section we will consider the usual RST model,
that is to say when all the particles, described by a single
auxiliary field y and with central charge «, are in the same
quantum state. Therefore we use the solution (3.50), taking
P = 0 for the Hartle-Hawking state and P = —‘l‘ for the
Boulware state. As noted in Sec. III C the static solutions
thus obtained will all be asymptotically flat. The dynamical
solutions will be obtained by taking (3.49) with (k;, P;) =
(k,P) and k, = 0.

A. Hartle-Hawking state

We start by examining the case where the particles are in
the Hartle-Hawking state (P = 0) [24], meaning in par-
ticular that thermal radiation can be detected at infinity.
Since nonphysical particles should not be observed at
infinity we will only consider physical particles here, so
we take k > 0.

1. Static solution

In this situation the static solution (3.50) becomes

M
Q=kp+e 2 =-xtx —|—7, M>0, (41)

and it is valid on the whole plane {—co < x* < +o0}. Let
us study the structure of this spacetime.

Horizon: As discussed while defining the Hartle-
Hawking state in Sec. III E this spacetime has a Killing
horizon where x* = 0 which coincides with the apparent
horizon condition d,.Q = 0 since d.Q = —A’xT here.

Singularity: Since k > 0 here Q' = k — 2e~>¢ vanishes
at p = ¢, = —%ln% where Q takes the value

Q,, =Q¢,,) = g (1 —In g) (4.2)

Therefore, according to (3.32) there is a curvature singu-
larity on the curve (x, x;) defined by Q(x/, x7) = Q. i.e.

M_ & (K
32 2)

This singularity is located behind the horizon x™x~ = 0 if
and only if the right-hand side of this equation is positive, i.e.

(4.3)

XXy =
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Ak K
M>MC,=7<1—ln§>. (4.4)

If this is the case then the singularity is spacelike, as in the
classical black hole. As for the CGHS solution, we can study
whether null geodesics are complete near the singularity by
considering the integral

(4.5)

0

where x;y(x;) defined by (4.3) is the point where the
geodesic meets the singularity. Since at this point e™2¢
takes the finite value e =% = 5 this integral is convergent, so
the geodesic is incomplete. Note that this is a difference with
the classical CGHS singularity for which null geodesics
were complete. The finite value of ¢ on the singularity also
means that the change in proper time for timelike geodesics
is finite, so that they are also incomplete.

Two-branch spacetime. The above mentioned incom-
pleteness of null geodesics may have the following inter-
esting interpretation. As it was suggested in [24] the dilaton
¢ is a twofold function of x*x~. The one branch is valid for
values ¢p > ¢.., and asymptotically approaches the classical
CGHS black hole solution. The other branch is for ¢ < ¢,
The second branch is also asymptotically flat, and it
contains a Killing horizon. The two branches are glued
together at ¢p = ¢,,, where the metric is of the C' class.
(Notice that the classical CGHS metric is not even of C°
class at the singularity.) This means that the geodesics may
not end at the singularity but go further and re-emerge in
the second branch, so that the full two-branch spacetime
would be geodesically complete. The RST model can
be viewed as a one-loop effective action. It was speculated
in [24] that taking into account the higher loops would
smoothen the classical singularity even more so that the
two-branch spacetime would be regular but keeping the
discussed twofold structure (see also [25] for some related
work on two-loop effects extending the RST model).

Considering the spacetime that corresponds to the single
branch ¢ > ¢.. we see that the picture of the Hartle-
Hawking spacetime for M > M, is thus pretty much
identical to the CGHS solution represented in Fig. 1.
For M = M, the singularity coincides with the horizon
at xtx~ =0 while for M < M, there is a naked
singularity.

2. Dynamical solution

The dynamical solution for the Hartle-Hawking state
(P = 0) is given by

M
Q=k¢p+e 2 =-22x"x" —&———iJr(x+ —x3)0(x" =x3),
A Axg

M >0, (4.6)

where we also only consider the case x > 0. After the shock
wave (x* > xa“ ) the solution can be written as

M+ m m
Q=-2xtx + , I=x+——. 47
A Bxg

This is the same as (4.1) with an increase of mass by m and
a translation by —-+ in the x~ direction. Therefore the

Px;
structure is essentially the same, the only differences being
that the x~ = 0 horizon is displaced to xj, = — 5~ and the
0

singularity lies on the curve (x7,xy) defined by

R L N s P 4.8
X3 <x5+ﬂ3x[{> JE 7 nz ). (4.8)

If the initial mass M is bigger than the critical mass M.,
defined in (4.4) then the singularity will remain hidden
behind an horizon and spacelike. As for the static case the
picture of the spacetime for M > M, is identical to the
dynamical CGHS solution represented in Fig. 2.

B. Boulware state: Nonphysical particles

We will now study the Boulware state (P = —i) for
which there is no radiation at spatial infinity. A limited
number of aspects for Boulware in the context of the RST
model was studied in the past in [26]. This state is
particularly adapted to the nonphysical particles (x < 0),
which should not be detected at infinity, so we will study
this situation here.

1. Static solution
Taking P = —7 in (3.40) we get

M
Q=k¢p+e 2 =-)xtx - gln(—/lz)ﬁx‘) +

Kk <0, (4.9)
and we analyze the structure of this solution on the region
{x* > 0,x~ < 0}, following similar steps to what we have
done for the Hartle-Hawking state previously.

Singularity: Since k < 0 we have Q' =k —2¢72% < 0,
so it never vanishes. Therefore, according to (3.32), the
only possible curvature singularity is on the border of the
region of interest, i.e. where x™x~ = 0. Let us therefore
study the curvature (3.32) in the limit x*x~ — 0. In this
limit Q — —oo which implies that ¢ — +o0. Thus

M
K¢ —|—§ln(—12x+x‘) - = e Pxt -0, (4.10)
SO

et ~ eMIA(—)2xtx™)/2, (4.11)
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and
e ~ e MIK(_2xFx7) = 0. (4.12)

Note that the behavior or e~ in this limit will be useful
when discussing geodesic completeness. Besides

1 K\2 K
9,00.Q = .l :
- x*x‘( o 2> 4xtx~
0,0.Q = -2, (4.13)
and
Q =x—2e% >k, Q' =472, (4.14)

Plugging all this into (3.32) we get that R — 0 in this limit.
Hence there is no curvature singularity on the border
xTx~ = 0 but spacetime is asymptotically flat there.

Geodesic completeness: Now that we know that the
region {x" > 0,x~ < 0} is singularity free let us study
whether it is geodesically complete. For null geodesics (see
Appendix B) we have to look at the integral

0 .
Ay = / dx— 200 ), (4.15)
%

2 ) e
- XO X

divergent and null geodesics are complete. Conducting the
analysis in static coordinates one can show that timelike
geodesics are also complete. Therefore this spacetime is
asymptotically flat and geodesically complete at both
ends ¢ - +oo.

Horizon: The apparent horizon condition d.Q(x},
xj;) = 0 gives the equation

but since e when x~ — O this integral is

xXpx, =—=5>0, (4.16)
but this is outside of the region of interest, which thus does not
contain any horizon.

Wormhole structure: Since this spacetime is singularity
free and asymptotically flat we can study whether it has the
structure of a type Il wormhole, as defined at the beginning
of Sec. II. In order to do this we study the metric function
g(xtx™) = =& = 22e*’x*x~ to see if it has a minimum for
some value of x*x~. Since x <0 the function Q(¢) is
monotonous, and so is Q(x"x7), meaning that for each
value of x"x~ there is a single corresponding value of ¢.
Then one can check that g — 1 from below when
xtx~ = —co, and using (4.12) we get g — e*M/* < |
(as k < 0) when x*x~ — 0. Therefore the function g does
not necessarily have a minimum, and if we impose the
conditions 0, g = 0 we get xT0,¢p = —%, which, inserted
into the differentiated master equation (4.9) gives

e? = —)2x*x~. But this is only true in the limit
xtx™ - —o0, so the function g has no minimum, and
the spacetime does not have the structure of a black hole
mimicker.

2. Dynamical solution

The corresponding dynamical solution is given by

Q=k¢p+e 2

=—2xTx - gln(—/lzx*x_)

M
+7—M%(x+ X0t —xP). k<0, (4.17)
which for x™ > xj becomes
M
Q=-22xt% - Eln(—/lszrx_) + 2T =,
2 A
F=a (4.18)

Bxg
The limit x* — 0 is essentially the same as in the static
case, so the region {x™ > 0,x~ < 0} is still singularity
free. The only difference is the appearance of an apparent
horizon as the condition d,Q(x;, x;) = 0 now gives

m K
xZ(xh +m> :_2_/12’ (419)
and this equation defines a curve which is partially
contained in the region {x* > 0,x~ < 0} and across which
the sign of (V¢)? changes.

Therefore the Boulware solution for nonphysical par-
ticles is always singularity free, and sending in a shock
wave of matter creates an apparent horizon which is absent
in the static solution. This spacetime is represented
in Fig. 3.

C. Boulware state: Physical particles

Let us now study the Boulware state (P = —%) for
physical particles (k > 0) which can also be a plausible
scenario.

1. Static solution

The static solution is

M
Q=x¢+ e =-22x"x - gln(—/lz)ﬁx_) +

k> 0. (4.20)

Singularity: The noticeable difference with the non-
physical case (k < 0) is that now Q' = k — 2¢~2% vanishes
at ¢ = ¢, = —%lng where Q takes the value Q,., defined
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***** Horizon

Pulse

—00

FIG. 3. Boulware spacetime for nonphysical particles perturbed
by a shock wave of classical matter at x™ = x/ which creates an
apparent horizon, but the solution remains singularity free.

by (4.2). This means there is a possible curvature singu-
larity on the curve (x;, x;) defined by

M
g <1 - 1n§> = —2alx; —In(=2xfx5) + 5. (421)
If we define
2)?
Z,=——xixj, (4.22)
K
this equation can be rewritten as
2M
W(Z)=2Z -z =1-"". (4.23)
K

For Z; > 0 the function W has a minimum at Z, = 1 which
is W(1) = 1 so for M > 0 this equation has no solution in
the region Z; > 0, and this singularity is not in the
region {x* > 0,x~ < 0}.

Therefore we need to look at what happens where
xTx7 =0. As in the k <0 case, let us study the limit
x~ — 0 for a fixed value of x*. In this limit Q — oo,
which corresponds to ¢ — +oco, but in order to get to
¢ — +o0 one would have to pass through the singularity at
¢ = ¢, (as ¢ - —oo at spatial infinity). Thus the relevant
limit is ¢p — —oo0 as x~ — 0 (at a fixed value of x*). Let us
compute the curvature in this limit. First we have

Qe 2 n —gln(—%ﬁx—), Q' ~—2e2, Q=407

(4.24)
and
0, Q=-aF - K g0 0=-22 (425)
2xt 2x*t
so in this limit the curvature (3.32) is
Q//
R~4 </12 +on agza_sz) : (4.26)
with
Q' K2 —K
—0,0_Q ~ ~ —00,
Q2 de 2 xtx~  2xtx" In(=2%xTx7) -
(4.27)

so there is a null singularity on the axes x* = 0.

Geodesic completeness: We can check whether null
geodesics are complete when approaching this singularity
by considering the integral

0
Ay :/ dx~ 200,

0

(4.28)

~— =2
KIn(—A2x; x7)

x~ — 0 so this integral is convergent, meaning null geo-
desics are incomplete. In static coordinates a careful
analysis shows that timelike geodesics are also incomplete
at this singularity.

Horizon vs type I wormhole: The conditions 0.Q(x},
x;) =0 give

This time we have e2() — 0 when

K
5z <0, (4.29)

Xy Xy = =
which defines a curve (x;,x}) contained in the region
{x* > 0,x~ < 0}, but the sign of (V¢)? does not change
when crossing this curve, meaning that this is not an
apparent horizon but rather the throat of a Type I wormhole.
On one side there is the null singularity and on the other an
asymptotically flat spacetime. This is what we had already
found in [4].

The static Boulware solution for physical particles thus
contains a singularity located behind the throat of a
wormhole; it is represented in Fig. 4.
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***** Wormbhole throat
Singularity

FIG. 4. Static Boulware spacetime for physical particles; there
is a null singularity at x*x~ = 0 on the other side of a type I
wormhole throat. Geodesics are incomplete when approaching
the singularity.

2. Dynamical solution

The corresponding dynamical solution is given by

Q=kp+e 2 =-22xtx"— gln(—/lz)ﬁx‘)

M

m
T—E()CJF—X(—;)Q()CJF—XS_ s K'>O, (430)
which for x* > x; becomes
M
Q=-2x"% — Eln(—/lz)ﬁx‘) + * ~
2 A
. _ m
X =x + ﬁ . (4'31)

0

Horizons: We notice that there are now two distinct
apparent horizons as

(4.32)

0_Q=0sx"x" =—5;, (Hy)
—5,

0,2 =0 x"(x + ) = (H,)

and the sign of (V¢)? changes sign when crossing these
two curves. The apparent horizon H; is the continuation of
what was the wormhole throat before the shock wave, while
'H, is a new apparent horizon.

Singularities: As in the k > 0 case the limit x*x~ — 0
gives the same behavior as before the shock wave, so there
is still a singularity there. However we have to check
whether the singularity at ¢ = ¢., has moved into the
region {x" >0,x" <0}. It is on the curve (x],x)
defined by

F(xf,x;) = —A2xt <x; + i) — S n(=22xtx7)

Bx§ 2
M+m « K
—=(1=In=) =0, 4.33
T2 ( n2> (4.33)
which can be rewritten as
2(M +m) 2m
WZ)=Z.—InZ,=1-— +,
( S) N n A /1K /IKX(—)‘,- ‘xS
202
Z,=——x/x;. (4.34)
K

For each value of x| > x, = (1 +)x; the right-hand
side of this equation is greater than 1, so there are two
solutions, one on the branch Z; < 1, located behind the
horizon H; (which can be defined by Z = 1), and one on
the branch Z, > 1, located before this horizon.

Therefore a singularity appears at x™ = x;};, and to see

whether it is spacelike or timelike we study the sign of

2m L+
0. F xy Text Xs
S(xf . xy) = = s (1 ++)
e a_ xg 1+ 2}&- xixy
2m_ .+
XS_ Akx; Xs
=211 0 . 4.35
x;r < * 1 _Zs> ( )

On the branch Z; < 1 this quantity is always negative
(note that % < 0) so that the singularity is timelike. For
the other branch Z; > 1 we have, in the limit Z, — 1T,
S(x$,x7) = 400, and in the limit Z; - +oco we get
S(xy,xy) ~ )f—; < 0. Therefore on this branch the singular-
ity is spacelike at first, and then it becomes timelike. The

point at which this happens is such that S(x;,x;) =0
which gives

22 _ m

This is actually the equation satisfied by the horizon
‘H, (4.32), which means that the singularity collides with
this horizon and becomes timelike at a finite point (x}, x7),
which is given by

(4.36)

" (4.37)

_ m 1
Xe = _/szar |_o-2m/ix *

{xi _ /”;_Xg(ezm/ix -1),

Thus the singularity is naked for x* > x. Note that
both the singularity and H, have the same asymptote

x~ = — 5= when xT — +oo. This solution is represented
0

in Fig. 5.
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+o00

***** Horizon

Singularity

Pulse

FIG. 5. Boulware spacetime for physical particles perturbed
by a shock wave of classical matter at x™ = xJ. What was a
wormhole throat before the shock becomes an apparent horizon
'H;, and a singularity appears. The upper branch of the singularity
is timelike, and the lower one is spacelike behind the horizon H,,
and it becomes timelike after they collide at a finite point.

V. A HYBRID QUANTUM STATE

Now that we have studied in detail the various solutions
corresponding to the Hartle-Hawking and Boulware states
when all the particles are in the same state, let us focus on a
hybrid quantum state with two auxiliary fields y; and y»,
with central charges k; and k, respectively. We will assume
that y; describes physical particles in the Hartle-Hawking
state, so that x; > 0 and P; =0, and that y, describes
nonphysical particles in the Boulware state, meaning that
ky <0and Py, = — }r This choice is motivated by the fact
that an observer at infinity should only detect the radiation
of physical particles. The static solution (3.40) then
becomes

M
Q=k¢p+e 2 =-2xtx - %ln(—/lz)ﬁx‘) +

(5.1)

K = K; + K,

and the dynamical solution for x* > x(*)' (3.49):

Q=kp+ e =—)2x+ <x‘ o ) - K—zln(—ﬂﬁx*x‘)

/13x5r
M+ m
_|_
A

. (5.2)

We will study the three cases xk =0, k >0 and x <0
separately in the following.

A. Zero k case
Let us assume that x = x| 4+ x, = 0, meaning that the
contribution of nonphysical particles exactly compensates
for the physical particle’s. In this case Q = e7># > 0.

1. Static solution

The static solution takes the form

(5.3)

M
e = —)2xtxm — K—zln(—/12x+x_) +—,
2 A
which can be rewritten as

M
M=)+ Z=-Pxx hZ)=2-Zz.

(5.4)

Note that Z > 0 on the region {x* > 0,x~ < 0}. Since
e™* > 0 only the region i(Z) > —* is available, which
corresponds to Z > Z; where Z; is the only solution of
h(Z) = =Y (k, < 0 so the function A is increasing on
|0, +o0[). Therefore the available spacetime is the region
xtxm < —%.
Horizon: We have
K2

0.Q(x;,x;) =0 & xfx;, = —5p 0, (55)
so there is no horizon in the spacetime.
Singularity: The curvature (3.32) can be computed

explicitly in terms of (x,x™) to get

29 2
_ 2, ¢ 24, 4 K2
R—4{/1 - (ﬂ xtx +E> }, (5.6)
and it diverges when x"x~ — —% since Q — 0 and
¢ — +oo in this limit. Therefore the border x™x~ = —%

corresponds to a curvature singularity. Applying the criteria
from Appendix C we get that this singularity is timelike.

Geodesic completeness: Let us check whether geodesics
are complete when approaching this singularity. For null
geodesics we look at the integral

—Z,)22x5
X,

(5.7)

0

As x~ — —/122703 we have e%? = Q7! ~ [f(Zy)(Z - Z,)] ™!

so this integral diverges, and null geodesics are complete
in this direction. However, using static coordinates and the
fact that the function Z is finite at the singularity one
can show that timelike geodesics are incomplete there.
Therefore this spacetime contains a naked singularity and is
geodesically incomplete. It is represented in Fig. 6.
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—+00

——— Singularity

FIG. 6. Static spacetime for the Hybrid RST model with k = 0
and k > 0. The singularity is timelike and naked, and geodesics
are incomplete when approaching it.

2. Dynamical solution

The dynamical solution is

e = —2xtxm - %ln(—/lzxﬂc‘)
M m
+ e M (xT =x3)0(xt —x§).  (5.8)
which, for x* > x7, becomes
_ m M+ m _
20 = n(Z) —m)ﬁ PR 7 =—xtx",
h(Z) Z—EZInZ (5.9)

Here the available spacetime is the region where
h(Z) > 2 x* =¥ For a fixed x* this corresponds
0

to Z> Z,(x") where Z,(x") is the only solution of
h(Z) = — Mctm

m_ et Mtm
prod -
Horizon: Contrary to the static case, here an apparent
horizon appears as

m Ky
6+Q(xh,xh) —O@Xh (Xh +m> :_W’ (510)
and this equation has a solution in the studied region for
X+ 2= -

is therefore the asymptote of the horizon.

icyx;
2m

o When x; — +o00 we have xj, — — "= which
0

Singularity: Compared to the static case, the trajectory
of the curve (x;, x;) defined by Q(xj, x;) = 0 is modified
as this gives

7 (x+
xhxr = —% (5.11)
As in the static case it corresponds to a singularity as the
curvature
2¢
B , € 5 m K
R—4{ﬂ. +x—+x [ﬂx*(x +l3 >+?]

(5.12)

K
Pxtx— 22
x<xx +2>}

diverges when ¢ — -+co and x* go to finite values. On this
singularity curve we also have x7 — —-{- when x;” — oo,
0

so the apparent horizon and the singularity have the same
asymptote. Let us study their relative behavior. We have

x};('x+) 2;;+ - ( )
5.13
x5 (x7) = zz=In /lzxﬂc )+ - /13";3 ’
SO
M+ m
() = 5 () = A (=2 = 1} 4
(5.14)

and this is positive for sufficiently large values of x™ so that
xy > x;. The point of intersection between these two
curves is at (x;,x; ) such that 9,Q(x; . x; ) =0=
Q(x;\,, x5,) which leads to

N
+ A (kg 1-2(M+m)/x
Xns = "m (2 te b
_ —m (5.15)
X = - .

l3x:)r 7le—l+2(M+m)/K1_,'_1

Besides, as Q(x/, x;y) = 0, we have

dxy 0+Q
dxt  0_Q’

(5.16)

so the maximum of the curve x; (x*) corresponds to the
intersection with the apparent horizon at (x,x; ). Since
0_Q = —x"— 52 > 0 the nature of the singularity is
determined by the sign of 0, Q, i.e. by the position of the
singularity relative to the horizon (defined by 0, Q = 0). At
first it is outside of the horizon, where 9, < 0, so it is
timelike. After the intersection with the horizon it is located
inside it, where 0,Q > 0, and it becomes spacelike. This
spacetime is represented in Fig. 7.
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——— Singularity

***** Horizon
Pulse

FIG. 7. Dynamical spacetime for the Hybrid RST model with
k = 0. At first the singularity is naked and timelike, but it goes
behind the apparent horizon at a finite point and becomes
spacelike. This picture also applies to the case x > 0.

B. Positive « case

Let us now consider the case where x > 0. Then € has a
minimum at ¢ = ¢.. = —%lng and takes the value
Q. =5(1—In%). Therefore the situation is essentially
the same as in the previous case (k = 0), the only difference
being that the minimal value of Q is now reached at a finite
value of ¢. As we will see the global structure will thus be
almost the same.

1. Static solution

The static solution can be written as

M
A 9
K3

Q=x¢p+ e =h(Z)+ Z =2 xtx",

(5.17)
and only the region f(Z) > Q. —* is available. This
corresponds to Z > Z; where Z; is the only solution of
h(Z) = Q,, —*. Therefore the available spacetime is the
region xTx~ < —%

Horizon: As in the x = 0 case the apparent horizon
condition gives

K>

0.Q(x7,x;) =0 xfx; = ey

>0,  (5.18)

so there is no apparent horizon in the spacetime.

Singularity: The curvature is

Be= 2 ,  4e™ (k)2

and it diverges when xtx™ — —% since ¢ — ¢,

and Q' — 0 in this limit which means that the border

xtx™ = —% corresponds to a timelike singularity.
Geodesic completeness: We can see that these null

geodesics are incomplete when approaching this singularity
by looking at the integral

—Zy/2*x§
Ay = / d
-

0

X ),

(5.20)

which is convergent since ¢(xj,x") > ¢, When
X~ - —/IZZ%. As in the k = 0 case timelike geodesics are
0

also incomplete there, as Z goes to a finite value. The
spacetime therefore has the same structure as in the k = 0
case, with the only difference being that timelike geodesics
are incomplete near the singularity.

2. Dynamical solution

As in the static case the dynamical spacetime for « > 0
has the same structure as for x = 0.

C. Negative k case

Finally let us consider the case x < (0, meaning the
number of nonphysical particles exceeds the number of
physical particles. The properties of this solution were
already described in [S], so we will recall the most
interesting ones.

1. Static solution

Here the static solution is given by

M
Q=kp+ e =-)xtx - I;—Zln(—/lz)ﬁx‘) +

Kk <0. (5.21)
Singularity: First, since Q' = k —2e¢>* < 0 never van-
ishes, there is no associated singularity. Then it appears that
Q diverges when xt =0, so let us study the curvature as
x~ — 0 for a fixed value of x™ (by symmetry the result
will also be valid for x* — 0). Since x, < 0, Q — —o0 s0
¢ — +o0 and we get
K2 2,4y
Q~ —Eln(—/l xtx7) ~ ke,

Q~k, Q'=4e7,

(5.22)

and
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K2 K3
0,Q=—35, 0.Q~v—5=—Fw, 0,0.0Q= 22
(5.23)
The first curvature term in (3.32) goes to zero as e 2%, so we
have to compute the behavior of the second term,
o 8e Q" 8k3 e =47

To do this we use the fact that

M
— —K—221n(—12x+x—) +o =R e 50, (5.25)
SO

22xtx ~ eZM//IKQ €—2K¢/K2’

(5.26)

and

2.2
R—0(e ) ~ %e‘zwm e 22K/k2)d, (5.27)

Since 0 > k > Kk, so K£2<1 and 2 —->> 0 which means

that R — 0, so there is no curvature singularity when
x* — 0. Therefore the region {x* > 0,x~ < 0} is singu-
larity free.

Geodesic completeness: Let us see if null geodesics are
complete when x*x~ — 0 by considering the integral

0 L
Ay = / dx~ 2007, (5.28)
Xy
According to (5.26) when x~ — 0 we have
62¢ ~ ezM/ﬂK<_/12x+x—)—K2/K’ (529)

where k,/k > 1 so that the integral is divergent and the
geodesic is complete. For timelike geodesics we use static
coordinates and (5.26) which can be rewritten as

Z(¢p) = O(e™d/x2). (5.30)

Then we have to compute the integral (B10) where, when
¢ = +oo,

1 (¢)

B gg) = O = e,

(5.31)

since 0 < k/k, < 1. Thus the integral is divergent, and
timelike geodesics are also complete when x™x~ — 0.
Therefore the region {x* > 0,x~ <0} is geodesically
complete. We can also check this by performing a change
of coordinates. Let us define

1
Sy P S 5.32
y e X1 (ixi)_Kl/K ( )
such that
ds? ~ —dy*dy~, (5.33)

when x* — 0%, so the metric is regular in this limit which
corresponds to y* — F oo. In these coordinates the metric
is given by
ds? = —e2M/*ke=20 (—2xTx™) ™ /kdyTdy~.  (5.34)

In the limit x* — 0% we have y* —F oo so the geodesics
are complete in these directions.

Horizon: The apparent horizon condition 0.Q =
0(x;, x;) gives

Ky

0. (5.35)

Frm = —
XpXp =

so there is no apparent horizon in this spacetime. It is
represented in Fig. 8, where we used the variable r = =%
which can be seen as a radius.

Type Il wormhole structure (black hole mimicker): As
explained in [5] this solution is a type II wormhole, i.e. a
black hole mimicker as suggested in [22] with a throat
where time flows slowly compared to an external observer.

FIG. 8. Static spacetime for the Hybrid RST model with ¥ < 0.
There is no singularity and no horizon, and it is geodesically
complete. We have used the variable » = ¢~? which can be seen
as a radius.
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2. Dynamical solution

Let us now consider the dynamical solution for this
k < 0 case. For x* > xJ we get

Q=kp+ e = —)2x*+ <x‘ o ) — K—zln(—ﬂzx*'x_)

Bxg 2
+M +m
A

' (5.36)

Horizon: An apparent horizon appears because of the
shock wave since the apparent horizon condition now
gives

K

-5 (),

m

(LrQ(x;,x;) =0 xh+ (X; +/13X+> =
0

(5.37)

and this is the equation of a curve H partially contained
in the region {x* > 0,x~ < 0}, which corresponds to an
apparent horizon. Its asymptote when xT — 4oco is
X, == ﬁ

Singularity: The limit x~ — 0 is essentially the same as
in the static case, and a similar computation shows that the
curvature goes to zero there. We can also check what
happens for the curvature at future null infinity, i.e. when
xT — +oo for a fixed value of x~. We have to distinguish
according to the sign of X~ = x~ —x;, that is to say
according to the position relative to the asymptote of the
apparent horizon H.

(1) Inside the horizon x~ > xj: here Q — —oco s0
¢ — +o0, and we get that R — 0.

(2) Outside the horizon x~ < x;,: we have Q — +00 50
¢ — —o0, and it is easy to check that R — 0.

(3) Along the horizon x~ = x;: here we also have
Q — +o0 and ¢ - —o0, but computation of the
limit shows that R — 442, which means that there
seems to be a curvature discontinuity along the
future null infinity at point C, which is defined by
xT — oo for x~ = —ﬁ.

This curvature discontinuity deserves a bit more analysis.
Let us study the behavior of timelike geodesics in the limit
xt — +o0 and outside of the horizon (x~ < xj;). The
geodesic equation for xT is

d2xt dxT\2
—+20 — =0,
dz? * +¢< dr )

where 7 denotes the proper time along the geodesic. When
xT goes to infinity we have 0,.¢ ~ — 2){% and we can solve

the geodesic equation perturbatively to get that

(5.38)

xT et a>0. (5.39)

Inserting this into the timelike geodesic condition

ds\2 5y At dx”
— ] == =1 4
(dr) “Tdr dr ’ (5.40)
and solving for X~ = x~ — x; one gets that
22
X —ed". (5.41)

Note that we have xTx~ ~ —ea(l_i_i)r, so for the first term to
be dominating in the right-hand-side of (5.36) we have to
take a > A. From this we can say two things. First note that
the proper time 7 can take arbitrarily large values, meaning
that timelike geodesics are complete when x™ goes to
infinity, and then taking the limit 7 — +oc0 we see that
(xT,x7) > (400,0), which corresponds exactly to the
coordinates of the point C. This means that, at the right-
future null infinity, all timelike geodesics go to this point,
although they need an infinite amount of proper time to
reach it.

We can study the limit of the scalar curvature along one
of these timelike geodesics, and it turns out that it goes to
zero, so an observer will not observe any curvature
discontinuity at infinity.

Note that the spacetime is still singularity free, as in the
static case. It is represented in Fig. 9.

***** Horizon

Pulse

FIG. 9. Dynamical spacetime for the Hybrid RST model with
x < 0. There is no singularity, but an apparent horizon appears.
The coordinate r = e~? is the usual radius.
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VI. THE HYBRID UNRUH STATE

A. Definition

In Sec. IIIE we defined the Hartle-Hawking and
Boulware state by imposing energy conditions at infinity.
In the Hartle-Hawking state there is thermal radiation at
both past and future null infinity, while particles in the
Boulware state do not emit any radiation at infinity.
Now in order to get a somewhat more realistic picture
of a black hole formation and evaporation we would like to
have no radiation at past infinity and thermal radiation of
physical particles at future infinity. This situation defines
the so-called Unruh state. In appropriate asymptotic
coordinates (0" (x"),07(x7)) these energy conditions
translate into

A(12) _ <dx+> (12)
o) =|—|TY — 0, (6.1)
++ do, ) e
at past infinity, and
- 2
702 = (P2, AR (6.2)
do_ yrotoo 27

at future infinity. Note that only the physical particles are in
the Unruh state, as the nonphysical ones should not emit
radiation at past or future infinity they are still in the
Boulware state. Also the Unruh state inevitably leads to a
nonstatic solution as it breaks the x™ <> x~ symmetry.

B. Boundary conditions

In order to get a solution which satisfies (6.1) and (6.2)
we have to modify the boundary conditions of physical
particles, that is to say the functions ¢, (x*) defined by
(3.23) and which appear in the stress-energy tensor 7(!2)
defined by (3.24). Let us recall that the classical static
solution is given by

M
e = —2xtx + R (6.3)
At null infinity (x* — 4-c0) the metric is asymptotically
flat as is seen by passing to the coordinates o* =
+1In(+4x*) in which the metric takes the form
ds? ~ —do"do™. In these coordinates the energy fluxes are

12 _ p (r (2 /12(36 ~
=P ()T = Z (0L —211).

(6.4)

From (6.3) we can easily compute the asymptotic behavior
of 03¢ to get

02+¢x—§_m 2<x1+)2 '
(6.5)

[l
—~
><I
~—

o

xt ——+00

so that the simplest choice for the functions ¢, to satisfy the
asymptotic energy conditions (6.1) and (6.2) is, for physical
particles

1 _
ho() =g B0 =0 (69)
and for nonphysical particles
the(¥) = : . (6.7)
4(x:t>2

Note that this last equation simply corresponds to the
Boulware state. Of course we will have to check once we
have the complete solution that the energy conditions (6.1)
and (6.2) are indeed satisfied. The energy fluxes then take
the form

12) _
15 (e-s)
2) _ K 2 K.
0D = £ (R - ).
Using null static coordinates (u, v) (see Appendix A 2) one

can check that, on the classical black hole background, this
(12) _ _ 2k

(6.8)

leads to an energy flux at the future horizon 75, = =5~
(12)

and at future null infinity 7,,,” = % This is in agreement
with the Unruh state mentioned in [27], with the addition
here of nonphysical particles.

C. Solution

Having defined the Unruh state using the classical black
hole background, we can now study how the backreaction
modifies the geometry of the spacetime. In the absence of
matter (f = 0) the choice (6.6) and (6.7) for ¢, leads to

—SIn(Axt) +a xt + By,

uy(xt) =
{ =3 In(=Ax") + a_x™ + p_, (6.9)

u_(x7) =

where a, and f, are integration constants. The master
equation becomes

Q=kp+ e =-xtx - %ln(—22x+x‘)

M
—%ln(bﬁ) +axt+axT +—, (6.10)

A
where we have set f, 4+ f_ = % Note that because of the

logarithmic terms we cannot freely translate x* without
changing the solution, so the constants . cannot be set to
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zero arbitrarily. However, as we have seen previously,
adding a linear in x* to the solution corresponds to a
perturbation caused by a pulse of classical matter, so the
solution for a nonperturbed spacetime is given by

Q=kp+e 2 =-xtx - %ln(—ﬂzﬁx‘)

Ky

M
5 In(Ax*) +—.

- (6.11)

When perturbed by a pulse of classical matter along a null
geodesic x™ = xJ with energy

m

3O = falt =) (612
the solution after the pulse (x™ > xg ) becomes
Q=kp+e 2 = -xtx — K—zzln(—/lzxﬂc_)

—%ln(ﬂx*)#—M::m, (6.13)

where we use the notation ¥~ = x~ + #
0

In the hybrid Hartle-Hawking/Boulware state discussed
previously, the most interesting situation was when the total
central charge k = k| + k, was negative. As such we will
only discuss the Unruh state for k < 0. Note that what we
call Unruh state here is really a hybrid quantum state as
only the physical particles are in the Unruh state, while the
nonphysical particles are still in the Boulware state.

D. Unperturbed hybrid Unruh state solution

The unperturbed solution for the Unruh state is therefore
given by (6.11).
Horizon: We have

0,Q=0ex"x" =—55>0, (6.14)
0_Q=0&x"x" =-3%>0, '

so there is no horizon in this spacetime.
Asymptotic behavior: Let us recall the expression for the
scalar curvature

8e2¢ Q

with 0,0_Q = —2%. Since Q' =k —2¢72# <0 does not
vanish the only possible curvature singularities are on the
border of the region {x* > 0,x~ < 0} so we need to study
the asymptotic behavior of the curvature on each compo-
nent of this border.
(1) Right future null infinity (x* — +o0): Here careful
analysis shows that the curvature R goes to zero.

This can also be proved by noting that e >/~
—22xtx~, which corresponds to a flat metric.
(2) Right past null infinity (x~ — —c0): Again e 2%~
—2?xTx~ and R — 0.
(3) Left past null infinity (x™ — 0): The analysis shows
that
e ~ @2 (Ax ) (=Ax7)7, a=ex>0, (6.16)
and note that "—KZ > 1. Let us define the asymptotic
coordinates o*(x*) by

Aot =LIn(Ax")

o™ = ﬁ N
a(2-1)(—ax")x!

(6.17)

the metric becomes asymptotically flat, ds’~
—do"do™, at x™ — 0. One can check by a direct
computation that R — 0 in this limit.

(4) Left future null infinity (x~ — 0): Here the behavior
of e72? is the same as in the previous case, namely
xt — 0, meaning that the metric is asymptotically
flat there with the same asymptotic coordinates.

To summarize, this spacetime is singularity and horizon
free, and is asymptotically flat.

E. Perturbed hybrid Unruh state solution

Let us now study what happens when the solution for the
Unruh state is perturbed by a pulse of classical matter sent
atx™ = x{ . Before this shock wave the solution is the same
as in the previous section, and after it is given by (6.13).

Horizon: There is no horizon before the shock wave,
as seen for the unperturbed solution, and after the pulse
we have

0,.Q=0exx =-X>0 H),
i 2 () (6.18)
6_Q:0©x+x_:—2—;2>0.

The curve () is partially contained in the region {x* > 0,
x~ < 0}, and it corresponds to an apparent horizon, as
(V¢)? changes sign when crossing it. The asymptote of this
horizon when x* — +oco is x™ =xj, = —ﬁ.

Asymptotic behavior: As in the previous case let us
study the asymptotic behavior of the metric and curvature.
First note that before the shock the spacetime is identical to
the unperturbed solution, so it asymptotically flat. Let us
study the other infinities (for x™ > x(T ) now.

(1) Right future null infinity (x* - +o0):

(a) Before the horizon (¥~ < 0): In this case ™2 ~
—J2xTX~ so the metric is asymptotically flat.

(b) Behind the horizon (X~ > 0): This limit is a bit
more involved as
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=20 @R P T (Axt)(—axT)elx, a=e R,

(6.19)

and it is not obvious how to find asymptotically
flat coordinates. However a direct computation
shows that

2

R~—%e_2¢ - 0,

. (6.20)

so spacetime is also flat there.

(2) Right past null infinity (x~ = —o0): There e™2¢ ~
—22xTx~, so actually nothing changes compared to
the unperturbed solution; the metric is still flat.

(3) Left past null infinity (x* — 0): Since this border is
located before the shock the perturbation does not
change anything, and spacetime is also flat.

(4) Left future null infinity (x~ — 0): Here the situa-
tion is almost the same as for the unperturbed
case, as

kK2

02 o o2 N, (Jxt)(=Ax)R,  a= e Mm)/ix

(6.21)

This is similar to the unperturbed situation, and one

can check that the curvature indeed goes to zero.
As far as spacetime geometry is concerned we can see that
the hybrid Unruh state gives a very similar solution to the
one studied previously for the hybrid Hartle-Hawking/
Boulware state. The only notable difference is that the
unperturbed solution is no longer static, because of
the inherent nature of the Unruh state. But of course the
main motivation behind the Unruh state is to determine
whether the energy fluxes are consistent with what we
wanted to observe, namely radiation at future infinity
without radiation at past infinity. This is what we will
discuss now.

VII. ENERGY FLUXES

In this section we will compute the energy fluxes on the
spacetime border of the hybrid Hartle-Hawking/Boulware
and the hybrid Unruh states for both the unperturbed and
perturbed cases. To reduce the amount of computation one
can study these fluxes in the perturbed case, and then take
the limit m — 0 to get the corresponding flux in the
unperturbed situation. Note that the apparent horizon
disappears in this limit. On each border component we

are interested in computing the outgoing or ingoing flux

Tﬁg in asymptotically flat coordinates.

A. Energy for the hybrid
Hartle-Hawking/Boulware state

Let us go back to the hybrid Hartle-Hawking/Boulware
state discussed earlier and compute the outgoing or ingoing
energy flux at each border. See Fig. 10 for an illustration of
spacetime in this case.

(1) Right future null infinity (x* - +o0)

(a) Before the horizon (¥~ <0): Here e 2%~
—A?xTX%~, so we have the asymptotically flat
coordinates o, =1e* and 6~ = —1e™*" . The
outgoing energy flux is then

- 1 /dx™\?2 K
pon L (AN (g

n \do~ ¢ 2(x7)?

12 ()?_)2

- —|k=——=5K|.

2r (x )22
We discussed this result in [5], arguing that one
could define a radiation entropy and recover a
Page curve, meaning the whole information is
recovered.

Taking the limit m — 0, ie. ¥~ =x", we
obtain that in the unperturbed solution without

(7.1)

horizon there is still radiation as 7(2) — % for
all values of x~.
(b) Behind the horizon (¥~ > 0): Since

e~ aze%ﬁ?(—ﬂﬁx‘)"z/’ﬂ (7.2)
the asymptotic coordinates on this border are far
from obvious. However it is rather straight-
forward to show that 7U2 — O there, so we
can consider that there is no outgoing flux
behind the horizon.

(2) Right past null infinity (x~ — —o0): With and with-

out perturbation we have e 2¢ ~ —12x*x~, so we can
define the asymptotically flat coordinates o =

+1e* and get that the incoming energy flux is

S LA\ Ky 2K,
FO_Z(E ) (g2 ) A
A ﬂ(d0'+ o 2(xt)? o

This energy flux does not appear to have a physical
reason to exist, hence the need to define the Unruh
state where it is absent.

(3) Left past null infinity (x* — 0): As this is before
the pulse it has no influence. We have e™2¢ ~
a*(=22xtx™)%/* so we can find asymptotic coor-
dinates such that

(7.3)

do* 1

do 1 7.4
dx®t  a(EAxT)R/x (7.4)
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***** Horizon
Pulse
—— Energy flux

_ Nk
- 27

FIG. 10. Spacetime for the hybrid Hartle-Hawking/Boulware
state perturbed by a pulse of classical matter. An apparent horizon
is created and there is radiation at both past and future infinity.
Note that without the pulse the horizon disappears, but there is
still thermal radiation.

and obtain that 72 — 0, meaning that there is no
incoming energy.
(4) Left future null infinity (x~ — 0): A similar reason-
12
ing to the previous limit leads to 7"}, so there is no
outgoing radiation there.

B. Energy for the hybrid Unruh state

We can follow the same procedure for the Unruh state,
and the results will be the same except for one important
difference which is that there is no incoming radiation at the
right past infinity, i.e.

72 S o, (7.5)
when x~ — —oo. This is in accordance with the definition

of the Unruh state. Note that on the right future infinity,
before the horizon, we still have

P &)
- (-l

so once again, as done in [5] for the Hartle-Hawking/
Boulware state, one can define an entropy radiation and
show that it exhibits the Page curve. Therefore with the
Unruh state we have a completely regular solution with an
apparent horizon and where the only energy flux is an
outgoing one corresponding to Hawking radiation. This is
presented in Fig. 11.

We also note that the spacetime corresponding to a
Unrubh state is nonstatic, so that the energy is not conserved.
This is seen in our energy analysis: zero incoming energy at

(7.6)

***** Horizon
Pulse
—— Energy flux

FIG. 11. Spacetime for the hybrid Unruh/Boulware state
perturbed by a pulse of classical matter. An apparent horizon
is created, and there is Hawking radiation at future infinity with
modifications at later retarded times.

past null infinity is transformed to a nonvanishing flux of
energy at the right future infinity. This flux is thermal for
earlier retarded times while it gets the important corrections
as in (7.6) for later times. These corrections are responsible
for the restoration of the initially seemingly lost informa-
tion that is manifested in the declining branch in the Page
curve for the entropy of the asymptotic radiation.

C. Entropy of asymptotic radiation

Here we present a discussion of the entropy of the
asymptotic radiation as is seen at the right future infinity.
We notice that in the context of the Page curve one usually
computes the entanglement entropy. In the RST model
it is given by value of the field y at the horizon; see
Refs. [28,29]. Instead, we present here an analysis of the
thermal entropy in asymptotic infinity. This analysis is
common both for the hybrid Hartle-Hawking and the
Unruh quantum states.

In [5] we studied the asymptotic energy radiation at the
right future null infinity, and we suggested that the radiation
entropy could be defined by the equation

0_S = 2z(—x")TU2), (7.7)
where TU?), defined by (3.24), is expressed here as
AT = k2 p — 2. (7.8)
2(x7)?

As is seen from the asymptotic values of the energy
densities (7.1) and (7.6), the energy flux is positive for
earlier values of x~ and changes sign for x~ > x;, with
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K2

-1
Xy = (1 - i) x,,. So, the entropy defined by (7.7)

grows for x~ < x; and becomes decreasing for times
X~ > x;,. This is precisely the behavior expected for the
Page curve in an information preserving scenario.

We can compute the variation of the radiation entropy
along the right future null infinity by computing, for a finite
value of xT,

AS =2z / " A (=) T2, (7.9)
L

where &, L > 0 are two regulators designed to regularize
the possible divergences at x~ — 0 and x~ — —oo respec-
tively. Then we will take the limits ¢ — 0 and L — +o0 and
finally x* — +o0. Note that we can assume —e > x; and
—L < x;,. The result of this computation was presented
in [5], and we will present the important steps here.
Replacing TU2 by its expression and performing an
integration by parts leads to

AS = [iy In(=x7) + 2x(p = x~0_P)[i-=25 = [s(x7)F-=2f
(7.10)

so we need to compute the behavior of the quantity s(x™)
for x~ = —e - 0 and x~ = —L — —co. Note that for the
moment we work with a finite value of x™.
(1) For x~ = —e — 0 we have (we recall that k = k| +
K2<OandK2<0)

Q=x¢+e 2 =2xte —I;—zlns +C o (7.11)

where C is a constant, which depends on xT,
given by

M+ m

C = Pxtx; — K—Zzln(ﬂzx’L) + (7.12)

Therefore Q — —oo when € — 0, and hence one has
that ¢ — 4o0. Thus

Kqﬁ:—%lne—f—c—i-O(e). (7.13)

Then differentiating (7.11) it is straightforward to

show that
KEO_p — %, (7.14)
when x~ = —e — 0, which leads to

s(—e) =2C + ks, e—>0. (7.15)

125012-25

(2) Let us now consider the limit x™ = —L — —oco0. We

have
Q=kp+e 2 =2x L — %lnL +C, (7.16)

where C is the same constant as in (7.12). Since
Q~>xTL - +c0 we have that ¢ - —co with
¢™* ~ J2xTL, meaning that ¢ ~ —3InL for large
L. Inserting this into (7.16) gives

e — 2yt +%lnL +C+O(1/L). (7.17)

Then it is once again easy to show that
Lo — % (7.18)
in the limit —x~ = L — oo, which leads to
s(=L) = =, InL + k(1 —=In(2%x%))  (7.19)

in this limit. Now we can write the change in entropy
between x~ = —L and x~ = —¢ for a fixed value
of x as

AS = s(—¢e) — s(=L) = x; In(A>x"L/e)

2M  2m xT
—t— (1 -——, 7.20
) 720

using the expression (7.12) for the constant C as well
as that x;’ = — . This is indeed the result pre-
0

sented in [5]. As was discussed in [5] the first term in
the above equation represents the entropy of thermal
radiation (at the Hawking temperature 7y = 1/27)
that is seen by passing to the asymptotic coordinates
(6%,07). The second term represents the entropy of
the classical black hole of mass M while the third
term is decreasing in x*, and it represents the
contribution due to the classical matter perturbation.
The other observation is that the sum of the two last
terms in (7.20) is in fact the classical Wald’s entropy
Sw = 2e72? computed for the perturbed classical
solution (2.51) at the unperturbed horizon x~ = 0.
This is so at least for relatively small values of x*.
The significance of this observation is not clear at
the present point and perhaps deserves further study.
We also note that the change in the entropy (7.20)
does not depend on the parameter x, due to the non-
physical particles.
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TABLE I. Main properties of the static solutions of each case studied. Hy stands for for Hybrid. WH stands for wormhole.
State HH B (nonphysical) B (physical) Hy (x =0) Hy (x > 0) Hy (x < 0)
(k1,%7) (>0,=0) (<0,=0) (>0,=0) (>0,<0) (>0,<0) (>0,<0)
Horizon Killing None None None None None
Singularity Spacelike None Null Timelike Timelike None
Geodesics Incomplete Complete Incomplete Incomplete Incomplete Complete
WH Type 1 No No Yes No No No
WH Type 1I No No No No No Yes

VIII. CONCLUDING REMARKS

We have summarized the main properties of every static
solution to the RST model studied in this paper in Table L.
When a singularity and (or) a horizon are present, sending
in a shock wave of classical matter to get a dynamical
spacetime modifies their trajectory, while for solutions
containing neither of these two things the shock has the
effect of creating a horizon. Our analysis reveals that as
soon as at least one (physical or nonphysical) particle in
the multiplet of fields is in the Boulware quantum state, the
horizon disappears in the backreacted geometry. Instead, the
norm of the Killing vector may have either a minimum that
signals a wormhole structure which mimics a black hole
horizon, or be monotonically decreasing with the spacetime
ending at either a timelike or lightlike singularity. The global
structure of the backreacted spacetime would be quite
radically different from the classical CGHS black hole.
We expect that a similar behavior should be valid in the four-
dimensional situation when the backreaction is taken into
account in a self-consistent manner. The respective analysis
is of course much more complicated due to the increasing
technical difficulties, although performing this analysis
becomes urgent and practical given the potential possibility
of seeing the deviations from the classical black hole
structure in the gravitational wave experiments.

As explained here and in [5], the most interesting
scenario is the hybrid state when there are more nonphysi-
cal particles than physical ones (x < 0). Note that this
solution is similar to the Boulware solution for nonphysical
particles, the differences being that it is geodesically
complete, has the structure of a black hole mimicker
suggested in [22], and contains the thermal radiation due
to physical particles (as only physical particles radiate
energy at infinity; see Ref. [5] for more details about energy
radiation). The fact that one can recover the Page curve for
the change in entropy of radiation could suggest that this is
a possible realization of an object which mimics a black
hole without allowing any information loss. An interpre-
tation in terms of creation of physical and nonphysical
particle pairs was proposed in [5] to try to understand this
result conceptually. In the future, it will be interesting to
study these aspects more closely and investigate the

connection of our work with the recent and ongoing studies
on quantum extremal surfaces.
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APPENDIX A: COORDINATE CHOICE

1. Conformal coordinates

In a two-dimensional spacetime one can always perform
a change of coordinates to put the metric under the
conformal form (see for instance [30])

ds? = ¥ (=df* + dx?) = —e¥dx"dx™,

where the light-cone coordinates x* are defined by

xt=t+x (A2)
The nonvanishing metric coefficients are therefore
1
gi-=—5e¥. g =2V (A3
which give the Christoffel symbols,
I, =20d,.p, I~__=2d_p, (A4)
and the Ricci scalar is given by
2 -2
R=-R,._,_=8e 0, 0_p. (AS)
g

Note that since we are working in two dimensions, R _ _
is the only independent component of the Riemann tensor,
and the spacetime is flat if and only if R = 0. For a scalar
function f we have

(Vf)? = —de0, fo._f. (A6)
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and

Of = —4e~%0,0_f. (A7)
A s explained in detail in the main text these conformal
coordinates are well suited when treating solutions per-
turbed by an incoming pulse of energy.

2. Static coordinates

In [4] we had exclusively worked in static coordinates
(t,¢) in which the metric is written as

2 __ 2 h2 (¢) 2

ds g(p)dr + ) d¢?,

where the coordinate ¢ corresponds to the value of the

dilaton field ¢. By definition these coordinates are only

suited to describe static solutions and are therefore not

adapted to discuss the dynamical situations considered

in this paper. However, for static solutions, the study of

geodesic completeness is rather easy with this metric, as we
will see in the following.

For now let us discuss how to transition from the
conformal coordinates to the static ones for the solution
(3.50). In [4] we found that the functions g(¢) and h(¢),
which determine the static metric (A8), could be written as

(A8)

h(¢) = 1 7' (9).

o) = *2(9), N

(A9)
with the function Z(¢) determined by the equation

Q(p) =kp+ e =Z(¢p) + AInZ(p) + a, aeR,

(A10)
where

K

A=
842

C(C+42)., CeR. (A11)

Note that this solution and the following discussion are
easily extended to the hybrid case where there are two
constants (A, A,) for each of the two types of particles
considered.

Let us define

1
y(¢) =;InZ(9), (A12)
22
such that the static metric takes the form
ds? = €22 (—dr? + dy?), (A13)
and
Q=rk¢p+ e =¥ +2)Ay + a. (A14)

Then we define the null coordinates

ct=t+y,
oo =t-y, (A15)
and we get
ds? = =M - )dotdo. (A16)
Finally let us define
xt = :t%eﬂ‘#, (A17)
so that the metric becomes
ds? = —e*Pdxtdx, (A18)
and
Q=kp+e 2 =-22x"x"+Aln(-2x*x")+a, (A19)
Z=e"=-)xtx. (A20)

This suggests that the constants P and M in (3.50) are
related to the constants A and a by

A C(C+42) M

BT (A21)

In [4] we found that the Hartle-Hawking state corresponds
to A =0, ie. P =0, and the Boulware state to A = -7,
ie. P=— }r This is consistent with what we found here in

Sec. III E.

APPENDIX B: GEODESICS

In this section we will explain how one can study
geodesic completeness of the various solutions presented
in this paper. In order to do this one needs to determine
whether the affine parameter associated to each geodesic
can take arbitrary large values, in which case the spacetime
is geodesically complete. Otherwise it is incomplete. It
turns out that null geodesics are easily studied in the
conformal metric (A1) while for timelike geodesics the
most adapted coordinates are the static ones (A8). Note
that timelike geodesics are therefore difficult to study in
dynamical solutions, where we cannot use static coordi-
nates, and can only be solved perturbatively in some cases.

1. Null geodesics

Let us use the conformal coordinates (x*, x~) where the
metric is given by (A1). The geodesic equations are, for an
affine parameter y,

d2xt dxt\ 2
20.0(E) =0
a7 <dﬂr>

(B1)
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Note that we consider a general situation when spacetime is
not necessarily static and a generic function p(x™, x™). For
timelike geodesics these equations are not easy to solve,
which is the reason why it is preferable to use static
coordinates, as will be explained later on. However null
geodesics, which satisfy ds?> = —e*dxTdx™ =0, are
curves of constant x™ or constant x~ so that the geodesic
equations are greatly simplified and can be solved analyti-
cally. Let us consider a null geodesic defined by x* = x
and parametrized by an affine parameter y (of course the
following discussion is easily adapted to a geodesic defined
by x~ = x5). Then % =0 along this lightlike geodesic
which means that

dp dx~
—_—=— B2
a4 O (B2)
so the geodesic equation for x~ becomes
dx—\ 1 d%x~ d
@ x2 — 2% (B3)
dy ) dy dy
and this can be integrated into
A
In—=-2p+c, ceR, (B4)

dy

where we chose d;—); > 0, which corresponds to a future-
oriented geodesic. Redefining the affine parameter y by
x — ey this leads to

dy = e¥dx~, (BS)
so for a geodesic of constant x™ = xJ going from xj to

some value of x~ the variation of the affine parameter y is
given by the integral

Ay = /x_ du e2051),
X,

0

(B6)

This geodesic is complete if and only if this integral is
divergent for limiting values of x~. Of course there is the
analog integral for geodesics of constant x~ = xj.

2. Timelike geodesics

As mentioned previously it is rather difficult to study
timelike geodesics in the conformal metric (A1). Since we
have seen how to transition between conformal and static
coordinates let us use the static metric given by (AS8). The
nonvanishing Christoffel symbols are

g 99 hoog
r, ==, ¢, =2 ¢, ———-=
0 op? " 2g

2 (B7)

so the geodesic equation for the time coordinate 7 is

&t dpdr d [ dt

— ——=—(g—) =0, B8

952 drdr ~ @ \Yar (B8)

which means that g% = FE is a constant of motion for the

geodesic. Note that we denote the affine parameter by 7 as it

corresponds to the proper time along timelike geodesics.
ds

Then we can use the condition (£)? = —1 to get

AW\ _E g
dz)  R*

The variation of the proper time 7 is then given by

[t | P9
AT/O dd)\/Ez—g(tiﬁ)'

We can thus study the completeness of timelike geodesics
by examining whether this integral is convergent or
divergent for limiting values of ¢. However note once
again that this is only possible for static solutions, as
dynamical spacetimes require using conformal coordinates
in which timelike geodesics are not easily determined.

(B9)

(B10)

APPENDIX C: TANGENT VECTORS OF
IMPLICIT CURVES

When discussing the nature of singularities or horizons,
that is whether they are timelike, null or spacelike, it is
useful to have a concrete criteria. Thus let us consider
an implicit curve defined by F(x*,x”) =0. A tangent

vector { is
o= (1200
and its norm is
o= (&)

Therefore the singularity is timelike if (;f—i < 0 and space-

like if % > (. We use this useful criteria several times in
the main text.
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