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CONVERGENCE OF STATES FOR POLARON MODELS IN THE CLASSICAL LIMIT

MARCO FALCONI, ALESSANDRO OLGIATI, AND NICOLAS ROUGERIE

ABSTRACT. We consider the quasi-classical limit of Nelson-type regularized polaron models describ-
ing a particle interacting with a quantized bosonic field. We break translation-invariance by adding
an attractive external potential decaying at infinity, acting on the particle. In the strong coupling limit
where the field behaves classically we prove that the model’s energy quasi-minimizers strongly con-
verge to ground states of the limiting Pekar-like non-linear model. This holds for arbitrarily small
external attractive potentials, hence this binding is fully due to the interaction with the bosonic field.
We use a new approach to the construction of quasi-classical measures to revisit energy convergence,
and a localization method in a concentration-compactness type argument to obtain convergence of
states.

CONTENTS

1. INTRODUCTION

A quantum particle interacting with a quantized bosonic field (e.g. an electron interacting with
the phonons of a crystal) may exhibit self-trapping: the particle is confined in a “hole” of its own
making in the field. Usual linear models (Frohlich’s polaron, Nelson model) are translation invariant
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2 M. FALCONIL A. OLGIATI, AND N. ROUGERIE

and this phenomenon thus may not take the form of existence of actual bound states. One of the
strongest mathematical evidence for the phenomenon is the existence of energy minimizers for the
non-linear quasi-classical approximations of the models. In the case of the Frohlich polaron [46] 56]],
the limiting model is Pekar’s, for which the existence and uniqueness (up to translations) of ground
states was proven in [40}44]]. Other related models also exhibit this phenomenon, some being studied
e.g. in [6 17, 25 24, 38, [39, 48]

The validity of the quasi-classical approximation has been established in [15}, 142} 45]] in the strong-
coupling limit at the level of the ground state energy. Quantum corrections are investigated in [},
20]]. The corresponding dynamical problem is considered e.g. in 33] 26]]. 1f
a trapping external potential (increasing to infinity at spatial infinity) is further added to the model,
the convergence of ground energy states to quasi-classical minimizers is proved in [12]].

Here we shall break the translation invariance by an arbitrarily small, decaying, external attractive
potential, and prove that this is sufficient for self-trapping in the quasi-classical limit. For simplicity
we consider Nelson-type models with regular particle-field interactions, where the definition of the
Hamiltonian

HY = (-A+V)®1

. 1.1
+a”? (11 ® / T(k)e' (kyetk) dk + a / (e *0(k)e" (k) + h.c.) dk) (b
R4 R4

as a self-adjoint operator is straightforward (the Lieb-Yamakazi method [43]] or Gross transforma-
tion [56] are not needed). The above acts on

9 = L’ RY) @ F(L*(R?)), (1.2)

the tensor product of the particle and field Hilbert spaces, the latter being the bosonic Fock space
constructed from the one-particle space L>(R?),

FL@) = P (LR
n>0
The particle’s coordinate is labeled by x, i.e. el acts as mutliplication on the particle’s side. The
standard bosonic operators ¢ (k), ¢(k) create/annihiliate a field excitation in the Fourier mode k €
R, and satisfy usual canonical commutation relations (CCR).

The limit @ — oo is a strong coupling one. A heuristic square completion in the second term
of (LI} indicates that the number of field excitations is of order @2 in this limit. To obtain a well-
defined limit we therefore multiply all terms involving the field degrees of freedom in (II) by a~2.
For the true Frohlich polaron model, this is equivalent to a change of length/energy units [56]].

One can see the strong coupling regime as a quasi-classical limit (i.e. a semi-classical limit for
the field degrees of freedom only) by redefining creators/annihilators in the manner

a'(k) 1= a”'E k), alk) 1= a"'ek) (1.3)
so that
HY :=-A+1@1+1® / T(k)a'(k)ak) + / (e*~D(k)a’ (k) + h.c.) (1.4)
R4 R4
and
[ak), a" (k"] = a6 p0,  [alk), @k =0, [a"(k).a"(K')] =0 (1.5)

for all k, k¥’ € R¥. The data of the problem are
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o The field’s dispersion relation T : R +— R* for which we assume a gap at 0, to avoid
infrared problems. In polaron models one typically takes T" = 1.

o The field-particle interaction potential v € L?>(R¢). For the Frohlich polaron one should
consider a singular dipole-charge interaction, something we could include with extra effort.

o The external potential V' : R? — R~. Our point is that it can be arbitrarily small (but
negative), so that we impose V' (x) | - 0.

Xx|—o0
We give more precise definitions and assumptions below. Our main goal is to show that binding holds
in the @ — oo limit for arbitrary V' decaying at infinity, thus generalizing results of applying to
trapping potentials. We opt to consider only the case v € L?(R¢) because the difficulties linked to
singular v on the one hand, and to lack of trapping on the other hand are rather orthogonal.
. . )

Our analysis bears on sequences of approximate ground states for H, ’, whose energy reproduce
the infimum of the spectrum up to small corrections in the limit @ — co. Let a sequence (¥,), € 9
be such that

(W HW ) g <info(H)) +0,(1),  ||¥,]

In particular we can take for each a a sequence (¥, ), such that

=l (1.6)

14 : 14
<an,a|H(5 th,a)Sj n—_>)oo inf G(H[E ))
and diagonally extract a subsequence (¥, ;(,)),- A consequence of our main results below is that if

Yo i= Trgamay (1% )(¥,l) (1.7)

is the particle’s (reduced) density matrix then

Ya 7 / |u)(u|d P(u) strongly in trace-class norm (1.8)

where P is a Borel probability measure on the set of minimizers of the quasi-classical Pekar func-
tional obtained as

M e i )
Epg Ul wefg;&)(tt@é((ﬂ)l% u®&(@)g.

Here
E@)=e" @D H0D0D ... € FLARY))

is a coherent state of the field (the definition of a(¢), a’(¢) is recalled in 2.3) below). The above
means that an arbitrarily small potential well is sufficient to trap/bind the particle in the quasi-
classical limit.

Acknowledgments: Funding from the European Research Council (ERC) under the European Union’s Hori-
zon 2020 Research and Innovation Programme (Grant agreement CORFRONMAT No 758620) is gratefully
acknowledged. M.F. also acknowledges the support of the MUR grant “Dipartimento di Eccellenza 2023-
20277, and of the “Centro Nazionale di ricerca in HPC, Big Data and Quantum Computing”.

2. MAIN RESULTS

2.1. Model. The natural Hilbert space for a system composed by one particle in R and a quantum
bosonic field is

9=L, R)®F, @2.1)



4 M. FALCONIL A. OLGIATI, AND N. ROUGERIE

with the bosonic Fock space

[o0]

% %< fleld(Rd) @( fleld(Rd)) Symn- (22)

n=0
In most of the sequel, the « dependence of the model will be encoded into the fact that the annihilation
operator a(f) acting on $& as

(a()®,) (Xps e Xpy) = a—‘\/Z/Rd FOOW, 06, %1, 0, X, )dx, VY, € L2 (R (23)

and its adjoint at(f) satisfy the rescaled Canonical Commutation Relations (CCR)

[a(f).a(®)] =[a’().a"(@)]=0,  [a(f).a"(g)] = M, Vf.g € L7 W R, (24)

We still denote by a(f),a’(g) the operators on $ which act as (2.4) on the factor § and as the
identity on the factor Lgart(ﬂ%d). We associate to these operators the operator-valued distributions

a, ai defined by

afy= [ faudx,  a'(f)= / S dx, (2.5)
R R
together with their Fourier transforms
~ ! ikx A~ 1 / —ikext
=— dx, = — d 2.6
W= 2myl? /Rde Dl T gyl [ 26)

and the number operator
N, = g aladx = /R ) ala.dk. Q2.7)
Our Hamiltonian acts on $ as

HY) = (-0 +V(0)) ®L+1Q N, + / RD(k)a] + e l”%&,& dk

(2.8)

= (-A+V(®))QL+1® N, + / v(x — y)a; + v(x — y)ay) dy
Rd

We made the simplifying choice T = 1 in (L)), corresponding to the Frohlich polaron. We can
easily accomodate functions such as

Ty = (k> +1),0<s<1

i.e. a kinetic energy operator for the field such as (1 — A)°. This requires only an extra use of an
IMS-like localization formula (from Appendix B] for s # 0, 1) in Lemma[3.6] below.

Here V is an external potential, v is a function which couples the field and particle modes, and 0
is its Fourier transform.

Assumption 2.1 (The external potential).
We assume that V' € L® (RY) is a strictly negative function such that

part
Iim V(x)= (2.9)

|x]—>00

Assumption 2.2 (The interaction).
We assume that v € L*(R?) is real-valued.
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We define the ground state energy
EY) =inf o(H!"). (2.10)

It is known [15 421 43] that, to leading order as @ — oo, EY  is close to the minimal energy obtained
through product trial states of the form

Y=y Q&Ww),

2 (R?) is a particle wave-function and £(u) € § is the field coherent state defined by

where v € Lpart

Eu) = ¥ WO e (2.11)
2 d
foru e Lﬁeld([R ). Here

Q=100 €F

is the vacuum vector.
The expectation of H, ,E,V) in¥ =y ® &(u) reads

(v ®Ew. HY) y ® &w)) = / Vy(ol2dx + / V(0)ly (0 2dx
Re R (2.12)

el [ (w0 +00)) el = lwoday

Minimizing the above expression with respect to u (which is tantamount to a square completion)
s a1 dT
yleld

u=u, =—|y|*xv (2.13)

and thus the Pekar functional is

X)) = / |V (x)|2dx + / V() lw(x)|2dx
R4 Rd

(2.14)
- /// o(x = Wo(x — 2) lw )2 lw(z) Pdxdydz.
RIxRIxRd

Observe that

/// v(x = Yo(x = 2) [y W) lw(2)*dxdydz = // W (x = y) ly )| lw)|*dxdy
RIXRIXRA R4 xR
with
Wx-—-y) = // v(z—x)v(z—-y)dz = // v2)v(z+x—ydz=(w=*v)(y—x) (2.15)
RIxR? RIxRd

so that the effective interaction term in (2.14) is always a non-positive/attractive pair interaction, in
the sense that

W k) = [0 > 0.

Also note that, since we assume v € L? we have that W € L*® by Young’s inequality.

TForT = (1kI?> +1)° this is replaced by u,, = —(1 = A)~* (|w|? * v).
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2.2. Statements. We define the minimal Pekar energy at mass m > 0 in the manner
) = V) 2 _ _ o)
EX)m) = int {200 | w13 = m } = 50 (wy.) (2.16)

with the convention that El(,(il(m) is the minimal translation-invariant Pekar energy corresponding to
the choice V' = 0. We denote

My = {w € PR | Iyl = m, &5) ) = Egom) } . (2.17)

That the above is not empty (i.e. that Pekar minimizers always exist) follows from the usual concentration-
compactness method as in 48] for example, or by using rearrangement inequalities as in [40]]
if W is assumed radial.
It follows from the results/methods of [T3] that
: V) — M)
o}erolo E;’ = E, (). (2.18)
We shall revisit a proof of (Z.I8)) along the lines of [12]] for completeness, providing in particular an
alternative construction of the quasi-classical measures used as main tools.
In this paper we are particularly interested in the associated convergence of states, which is our
main result:

Theorem 2.3 (Convergence of states in the quasi-classical limit).
Let¥, € 9 be a (family of) normalized vector(s) such that

(P, HW,) < EY) +0,(1). (2.19)

Let k, ¢ be non-negative integers with k+¢ < 2. Modulo extraction of a subsequence in a, for every
bounded A € B(L2 ([Rd)) and for every fi, ..., fi-8&1»----8¢ € L? ld(Rd),

part fie

VK21 <‘I’a, A®d'(g)...a" g )alf)) ... a(fk)‘I’a> -

— 00

k 4
/ o Sweaw) e [T ) T 8 aPwd. 220
weM 1) =1 =1

Pek

>)

where P is a probability measure over the set of Pekar minimizers M,

defined as in 2.13).
A few comments:
(1) Picking k = Z = 0 in 2.20) gives

Tr [y,A] — / (v, Ay) 2d P(y)
yeMy, (1)

(1) at mass 1 and u, is

aA—>o0

for any bounded operator A, where the particle reduced density matrix is defined as in (I.7).

Hence
sk
ya—‘/ L v wld P(y)
weM,) (1)

weakly-star in the trace-class. Since P is a probability, the right-hand side has trace 1.
Hence the trace of y, converges. The latter equals the trace-class norm because y, > 0. The
convergence is thus strong in the trace-class (see or [57, Addendum H]), as claimed

in (L8).



CONVERGENCE OF STATES FOR POLARON MODELS IN THE CLASSICAL LIMIT 7

(2) Taking A = 1,k = £ = 1 in Z20) and varying f,, g, € L*(R¢) yields that the field reduced
density matrix described by the integral kernel

TrLgan(Rd) [l‘Pa><‘Pa|aiay]

converges weakly- in the trace-class to the operator with kernel

/ u,, ()u,, (y)d P(y).
weEM)(D)

Taking k = 1 or £ = 1, varying A, f|, g, gives a similar convergence for what we shall call
the field-particle density matrix in Section 3]

(3) The limitation k£ + # < 2 comes from the fact that, for general quasi-minimizing sequences,
we only have a control via the energy on the expectation of the field excitation number

N = 12 ®a'(f)alf)),
j>1

with (f;); a orthonormal basis of L%ie] d([Rd). Under the strongest assumption that

(W IN* Y, ) < C,

independently of a, we can allow for k+7¢ < 2k in the main result. If ¥, is a true eigenstate
of the Hamiltonian (assuming such exist), estimates of this form follow from the variational
equation and so-called pull-through formulae [1} 49].

(4) Again, since the external potential can be arbitrarily small, its only function is to break trans-
lation invariance. The binding/self-trapping only comes from the particle-field interaction.
In particular, in space dimensions d > 3, the Cwikel-Lieb-Rosenblum inequality Chap-
ter 4 and references therein] ensures that if ||V'|| La/2ge) is small enough, the Schrodinger
operator —A + V acting on the particle has no bound states.

(5) Our proof does not require a purely negative external potential V7, but only that

) ©
Epg (1) < Epy (1)

which is certainly the case for V' < 0 by using a translation-invariant ground state as trial
state for the functional with trapping potential.

2.3. Organization of the paper. In essence we combine the philosophies of [12]] and [35} [37]:
quasi-classical measures, and systematic combination thereof with localization methods. This allows
a concentration-compactness-type analysis of the many-body problem in the quasi-classical limit
reminiscent of what was performed in [33] for the Bose gas in the mean-field limit (see [51} 50} [52]]
for review).

We will start by defining reduced particle/field/field-particle density matrices in Section 3l An
important tool is then to define states localized in a given region of space, such that “the reduced
densities of the localized state are the localizations of the densities of the initial state” in the spirit
of and references therein.

With this we may split the energy into the contribution of the region localized close to the potential
well, and the contribution of the complement. Using for both terms separately and simple
binding properties of the classical Pekar energies (essentially that the classical energy in the potential
well is smaller), we conclude that it is energetically favorable to have all the mass concentrated close
to the potential well, which leads to binding/strong convergence.
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We find it useful to revisit the construction of quasi-classical measures in Section 4 This was
performed in [9, [11} 10, 12] based on a Weyl quantization approach building on [3} 4]. We provide
an alternative construction yielding slightly stronger results by using anti-Wick quantization as in [35},
[37]], combining with ideas from [19]].

Using the simplified construction of the measures, we give a self-contained proof of (2.I8]) in
Section [3] for completeness, and because some of the steps are re-used when finally completing the
proof of Theorem 2.3]in Section [6l

3. REDUCED DENSITIES, LOCALIZATION OF STATES AND LOCALIZATION OF ENERGIES

3.1. Reduced densities.
Identifying states on $ = L? (RY) ® § with F-valued functions. We recall that, by the Schmidt

part
decomposition, any ¥ € $ can be written as

(o]
V=) cu®u;, 3.1
j=1
where {u ; } jeN is a suitable orthonormal set in Lgm(Rd ), {v ; } jeN is a suitable orthonormal set in
&, and ¢; > 0 for all j. By construction then RIS Zj’;l cj?.

We also recall that ¥ € $ can be written canonically as an element of the space L>(RY, &). If

Y =u® v, where u € Lf)art([Rd )and v € §, is a factorized state, then W is identified with the

function ¥(-) : RY - & whose action is
Y(x) = u(x)v. 3.2)

This definition is then extended by linearity to the whole $.
The identification (3.2)) between vectors induces a similar one for states on $. A pure (normal)
state on $) is a rank-one projection I' = | W) (¥|, where ¥ € $ has unit norm. By (3.I)) there exists

an orthonormal set {u;} ;o of elements of L;am(Rd ), an orthonormal set {v;};cy of elements of

L2 (R?), and coefficients {c;};cy such that

F= 2 ol © 1o, Xuy. (33)
k=1
We naturally identify I with the rank-one projection on L*(R?, &) whose integral kernel is
Ty = ) ¢y, ) (vl. (3.4)
k=1

The identification is then extended by linearity to mixed states. Since I'(x, y) is of the form |V () ){(U (x)|,
it is a trace-class operator on § for almost every (x, y) € R? x R¢. We also note that I'(x, x) > 0 for
almost every x € R?.

Reduced density matrices. For generic states I" on $ we will define objects that monitor the state of
the two subsystems (i.e., the particle and the bosonic field). Let us first recall the standard definitions
of reduced density matrices in Fock space. Let I'g be a state on ¥ satisfying
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for some k € N. For p, ¢ € NU{0}, the (p, g)-reduced density matrix associated to I's is the operator

7 ¢ (Ligg®D) ™™ = (L @)%’

& fie
defined by the relation

(21 @y By 8 TV 1 By =+ By £, ) = Trg (T @' (1)) - @' (£ )ae)) .. a(g)

3.5)
for g, ... - &p> Si1s--- ,fq € L%ield([Rd). We will mostly use Fg’l), Fg’o), and Fg’l). For the latter two
the above definition reduces to

(LO)\ _
(8:Tg") = Trg[g a(e)] 56)
((rg")", ) = Trg[Tg a’ ()] = (/. [100).
or, in terms of operator-valued distributions,
g () = Trglra,l = 110D (). 3.7)
Moreover, for Fg’l) we have the relation
Trpe oy (T§") = Trg (M Tg). (3.8)

We next define reduced density matrices for states on the full Hilbert space §.

Definition 3.1 (Reduced density matrices for particle and field).
Let I" be a positive trace-class operator with unit trace on $, with the further property

Trg[1 ® N'T| < +oo.

We define the associated

e particle reduced density matrix as the unit-trace, positive, trace-class operator y on Lﬁm(Rd )
defined through the partial trace

y = Trg(T), (3.9)
or, equivalently, as the operator with integral kernel
y(x,y) = Trg(I(x, ). (3.10)

Notice that, as a consequence of (3.4) and its extension to mixed states, I'(x, y) is indeed
trace-class for almost every x, y € R¢.

o field one-body reduced density matrix as the unit-trace, positive, trace-class operator !>
on L2  (R?) defined by

field
an (1,1)
ran — [TrL2 (Rd)(r)] = L/Rd F(x,x)dx] . (3.11)

part
e field-particle reduced density matrix as the operator-valued linear map

.72 2
o Lt (RY) - B(me([Rd))

whose action on a generic f € L7, (R?) is defined by

(w,o(f)v) = Tr(lo)ul & (a'(f) +a(f)) T), Yu,v € Lﬁm(w). (3.12)
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We have the following properties of the field-particle reduced density matrix:

Lemma 3.2 (Field-particle reduced density matrix).
The field-particle reduced density matrix defined above takes values in the trace-class:

0 LiggRY — £N(L] (RY).
Denote (o(f))(x, y) the integral kernel of o(f) and
o(x,x;z) = Tr% [F(x, X) (‘IZ + az) ]

as an operator-valued distribution satisfying
(e(fN(x, x) = /d f(@)o(x,x;z)dz.
R

The distribution o(x, x; z) is in fact a function in L)lc (Li([Rd])).
Proof. To see that o(f) is indeed trace-class we may define it as an operator via the requirement
(u,6(f)0) = (u,0,(0) = (u,0_()v)
= Tr(lo)(ul ® (a'(/) +a(f), T) = Tr(lo)ul ® (a'(f) +a(f))_T)

with A, the positive and negative parts of a self-adjoint operator. This way, if

Tr(l@WF><w

then o(f) is the difference of two positive trace-class operators.

Thus for every f € L%iel d([Rd ), the integral kernel (o(f))(x, y) of o(f) is the function

(6(f) (x,y) = Trg[T(x, ) (a"(f) + a()) .

Notice in particular that
/d l(6(fN(x,x)] dx < 400
R

as is the case for the kernel of a trace-class operator. That o(x, x; z) is in L! (L*(R%)) follows from

1/2 172
/ ( lo(x, x; z)|2dz> dx < / </ Trg (F(x,x)) Tr%(aTazF(x, x))dz) dx
Rd Rd R4 R4 z (313)

<Trg(1Q@ (N + DI

3.2. Localization of states. Animportant ingredient in the proof of our main result is the possibility

to localize a generic state I on § to a certain region of R¢ both for the particle’s and for the quantized

field’s degrees of freedom. We here adapt to our coupled system the known construction for a single

bosonic (or fermionic, for that matter) field [34].

Proposition 3.3 (Construction of localized states).

Let 0 < g < 1 be a linear operator on L*>(R?), and T be a positive trace-class operator on $. Let

v, TV 6 be the reduced density matrices associated to T according to Definition 3]
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There exists a positive trace-class operator I, on $ whose reduced density matrices are

Ye=47r4 (3.14)
D =g [Tr,» qTq) o (3.15)
q Lpart(Rd) q q q :
and, for f € L%ie]d([Rd),
o,(f)=q0(qf)q. (3.16)
Moreover,
Trgr = Trgrq + Trgl—‘(l_qZ)]/z. (317)

Proof. We follow and adapt the proof of Section A.1.2]. Define the partial isometry
0: L RYES=af®U-¢)"f e L] ,R)® L] (R (3.18)
and its second quantizatiorE

G@O) : %(L%ield(Rd)) - %(L%ie]d(Rd) ® L%ield(Rd))

(G = 0%y, e
The latter operator satisfies
GQ)d'(f)=d' (af ®(1-¢)"2f) G(O). (3.20)
Recall now that there exists a canonical isomorphism
U: %<L%ield(Rd) ® L%ield(Rd)) - %<L%ield(Rd)) ® %<L%ield(Rd))’ (32D
and define the creation and annihilator operators on g (L%ie] Cl([Rd)) RF (L%iel d([Rd )) as
FNH=d(NH®ly c(f)=alf)®1g a2

d'(f)=1g®ad'(f)  d(f)=1g®a(f).

We denote with the same symbols the extensions of these operators to $ = Lf)art(le )® § which act
as the identity on Lﬁm(Rd). The relation between U, the latter creation and annihilation operators,

2 d 2 v ;
and those on %(Lﬁeld([R YD Le (R )) is

Ud'(f @ g) = (") +d"()U .
Ua(f ®g) = (c(f) +d(g))U. '

Finally, define the operator

YO =1 ®)® (UGQ) : § = L3, R) @ F(LY g R) ® F(Lq(RD). (324

part

2The reader should think of the more familiar notation I'(Q) for the second quantization of an operator on the base
space. In our setting such a notation would clash with the way we are denoting states I" on $.
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By the relations above, Y(Q) satisfies the intertwining properties (see [14, Lemma 2.14 and 2.15])
Y©@a'(H) = (@) +d"((1 - a)'2f) ) 3@

Y@ a(f) = (ctaf) +d((1 - 1) )30 (3.5)
YV(Q)a(gf) = c(HPQ)  V(Qa((l —g»H'*f) =d()HYQ)
a' @ HVQ) =) c(f)  a' (=) f)V)* = Y(©O)d'(f)

Moreover, since Q*0 =1 2 R it follows that Y(Q)*Y(Q) = 1 5
ield
Let now I be a positive trace class operator on §. We define the g-localization of I" as the trace-
. . 2 d
f:lass operator I, on $ whose action on a factorized bounded operator AQ B € B(Lpart([R )R B(F)
is

Trg [(4® BT, ] = Trg [ (0)"(44¢ ® BR 1)(Q)T |, (3.26)

and the extension to non-factorized operators follows by linearity. The fact that I', is positive follows
from the positivity of I'. Moreover, the identity Y(Q)* Y(Q) = 1 5 implies that

2
Trgl', = Trg [(¢° ® 1)1 . (3.27)
Repeating the construction by switching the roles of ¢ and (1 — ¢?)'/? we similarly find
Trgl_pye = Trg [(1 - ¢°) @ 1)1 . (3.28)

The last two identities prove (3.17).
In order to show (3.14) we compute

(8.7,f) =Trg(1/) (gl ® 1gT,) =Trg(lqf) (g8l ® 1gT) = (f.qrqg). (3.29)
This is precisely (3.14). In order to show (Z.13), in turn, we recall (3.11)) and (B.3)) to write

(s81) = [t 1) =0 (11 e @) 0

Eq. (3.13) is then deduced using the definition of I'; and the intertwining properties (3.23). Finally,

in order to show (3.16) we write, for a generic O € B(Lf)art([Rd ).

T2 @[O0 0,(f)] =Trg [(0®a())T]
Again, the definition of I, and the intertwining properties allow to conclude. U
3.3. Energy localization. We fix a smooth partition of unity > + > = 1 with y(x) = 1 if |x]| < 1

and y(x) = 0if |x| > 2, and define yz(x) = ¥(x/R) and nx(x) = n(x/R). We further assume that
¥, and thus 7, are monotone functions. We then have

Proposition 3.4 (Energy localization).
Let V, v be as in Assumptions 2.1l and and let H be defined in Z8). Consider a family ¥,
of normalized vectors ¥, € $,, and the associated states T, = |¥,) (¥, |- Assume that

Tr[HT,| <C
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(1.1

uniformly as @ — oo. Lety,,I;,’, 0, be the reduced density matrices associated to I', according

to Definition 3.1} Let Ly IR’ Fa,nR be the localized states corresponding to the choices I' = T', and
q = xgr- g in Proposition Then

liminf Trg (HT,)

a—>o0
(3.31)
> hlreri}or;f hglorolf [Trg) (Ha Fa’“) + Trsj (Ha FWIR) ]
We split the proof into three lemmas, corresponding to the three terms in the energy.
Lemma 3.5 (Particle energy localization).
In the same assumptions of Proposition we have
lim inf Trb((—A +V)®1 ra> > liminf lim inf [TrLgm(Rd)( ZR(=A+ V) xr72)
0 (3.32)

+ TrLf’art(Rd)< B nRAnRya)] ’
Proof. Letus first focus on proving a lower bound on the term involving —A. Using the IMS formula

—A = —yrAYr —NRANR — |V)(R|2 - |V’7R|2-
The two gradient terms are bounded functions which, by the definition of y and 7, satisfy

C
|V)(R|2 + |V’7R|2 < I

This immediately implies, using also the definition of y,,,
Trg)( —AQ® ll“a) = TrLf)an(Rd)< - Aya)

C
Z TrLgal‘l(Rd)< - /YRA/YR y(l) + TrLian(Rd)( — }’]RArIR y(l) —_ ﬁ

Passing to the lim inf for @ — oo followed by R — oo, we conclude

lim inf Trg(-AQ1IT,) > lim inf lim inf [Tr Lf,mmd)( — XRAXRYy) + Tr L,%a,-ARd)( - nRAnRya)].
For the V' -term in (3.32) we proceed in a similar way, by writing
V= xiV+npV.

Since V is a bounded function that decays at infinity, we have, as R — oo, V;ﬁz > —og(1). Passing
to the two lim inf’s concludes the proof. O

We next localize the field energy. We could generalize this to more general field dispersion rela-
tions using appropriate IMS formulas, cf the discussion following (2.8]).

Lemma 3.6 (Field energy localization).
In the same assumptions of Proposition we have

ligngrs)(l QNT,)
(L1
L . 2
> llllgl)lgf hor[rl)lorgf {TrL?iem(Rd) [)(R<,/[Rd X (O (x, x)dx> ;(R] (3.33)

(1D
+ Tr;2 (Rd)[nR</ ni(x)ﬂ,(x,x)dx) nR] }
field Rd
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Proof. Recalling (3.11)) we have

(R
Trsj(l ® Nra) = TrL%ield(Rd) <[,/Rd I, (x, x)dx] > .

Using the fact that ;(i + 11]%2 = 1 twice and discarding the two mixed terms for a lower bound (recall
that I'(x, x) > 0) leads to

(1.1)
Trg)(l ® ./\fFa> > TrL?ield(Rd) <;(R [./Rd ,}/lza(x)l“a(x, x)dx] )(R>

(L1)
+Trp2  (gay <’1R [/ nlzg(x)ra(x,x)d-x] 71R> .
field Rd

Finally we deal with the particle-field interaction:

Lemma 3.7 (Interaction energy localization).
Under the same assumptions as in Proposition we have

liminf Tr$j</ v(-—z) (al + az) Fa>
a— o0 Rd

> liminf liminf [// ;(i(x);(R(z)v(x —2)o,(x,x;z)dxdz (3.34)
R2d

R—>o00 a—o
+ // ni(x)nR(z)U(x —2)o,(x,x;z)dxdz
R2d
Proof. First, by definition of ¢,

Trg(/ v(- — z) (‘IZ + az) F,,) = / v(x — z)o,(x,x;z)dxdz.
R4 R2d

Using y2 + % = 1 we have

// V(x = z)o,(x,x; z)dxdz = // )(,%(X);(R(z)v(x —2)0,(x,x;z)dxdz
R R2d

+ // nlze(x)nR(z)v(x —2)o,(x,x;z)dxdz (3.35)
R2d
(1 (@)
+ 8Int + glnt ’
with
Sl(rit) = /M Xizz(x)(l — yr(2)v(x = 2)0,(x,x;2)dxdz
* (3.36)

81(1123 = //RM r]i(x)(l —nr(2)v(x — 2)o,(x, x;z) dxdz.
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Let us show that these are negligible in the limit @ — oo followed by R — 0. The two terms are
treated similarly, starting with 81(;3 . First, we have

1= yp =
XR 1+ IR = 71R
In addition, since
2 2 2 2

we have the bound

1£0) < // PO (D0(x — 2] [o4(x. x: 2)|dxdz

R (3.37)

+ // XR) (M(2) = Mip(2) 10(x = 2)] |og (x, x; 2)|dxd z.
R2d

To control the first term in the right hand side we notice that ;(i(x)ni R(z) S Ljx—z>R)s and therefore,
by Cauchy-Schwarz,

// RO, (D 0(x = 2)| |og(x, x; 2)|dxdz
RZd

172 1/2
< / (/ |U(x—z)|2dz> (/ |6a(x,x;z)|2dz> dx
R4 {|z—x|>R} R4

<ogr(D)

uniformly in a. Here we have used the fact that v € L*(R?), as well as (3.13) and the fact that the
energy of I, is uniformly bounded by assumption.

For the second term in the decomposition (3.37)) of 81(1113 we argue using an adaptation of Lions’
concentration-compactness argument, already used in [35, Lemma 4.8]. Let us define the function

0,(R) = // lo(x = 2)[ 1,15k [0, (x, x; 2)|dxd z.
R2d

Then (recall that ni > nﬁ R since # is monotone)

// X)) (13(2) = 13 ,(D)) [0(x = 2)| |og(x, x; 2)|dxdz < Q,(R) — Q,(8R).
Rd

Now, for fixed a, the function R — Q,(R) is non-increasing on [0, c0), and

1/2
0<0,{R) < IIUIILz/ (/ log (x, x; Z)|2¢1'2> dx < C,
Rd \JRd

uniformly in @ and R thanks to (3.13) and the fact that the energy of I', is uniformly bounded. Then,
by Helly’s selection principle, there exists a subsequence «,;, and a decreasing function Q : [0, c0) —
[0, C,] such that

klim 0, (R) = O(R), VR € [0, o).

Since limy_, ., O(R) exists by monotonicity and is finite, we conclude

Jim lim (0, (R) =0, (8R)) = lim (Q(R) — O(8R) = 0.
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Since the limit is the same for every subsequence of the initial sequence, the whole term must con-
verge to zero. We conclude that
lim lim &Y =0

R—co a—oo Int

and argue similarly to obtain 81(33 - 0. O
We now conclude the

Proof of Proposition[3.4] The result follows immediately from Lemma and [3.7] after re-
calling the expressions of the reduced density matrices of the localized states I', , and I, from
Proposition 3.3 O

4. QUASI-CLASSICAL MEASURES

We revisit the construction of quasi-classical measures from [[17,[16}[11}12]], linking them with the
approach of [37]]. Slightly improved statements are obtained by using anti-Wick rather than Weyl
quantization in the basic definition of the measures, but otherwise the spirit is extremely similar.
Related statements and ideas may be found in [19]].

4.1. Notation. For a complex separable Hilbert space $ we denote 3($) the set of bounded oper-
ators acting thereon, B($)* its dual and S($) the state-space, i.e.

S(®) 1= {we B(H)*,w(B) > 0forall0 < B € B(H)*,w(l)=1}. @.1)

These are “abstract states” by opposition to trace-class operators, i.e. normal states. One advantage
in considering them is that a sequence of abstract states always has a weak-x cluster point which is
a state. A bit of care is needed in using the weak-* topology on B($)* because the pre-dual 5($),
is not, in infinite dimension, separable. The compactness of sequences of states thus takes the form
that (by the Banach-Alaoglu Theorem) given a sequence (®,), € S (9N there is a @ € S($) such
that w,, converges to @ along a subnet. This means that for any B € B($)

Ope(B) = &(B) 4.2)

where 7 : A — N is a monotone cofinal function from some directed set A to the integers. It is
important to be able to test against the identity operator in (£.2)), to ensure that w is a state. With an
abuse of notation we denote this convergence by
*
o, = “4.3)

n
net

where an extraction is implied.

4.2. The theorem. Let §), $ be two separable complex Hilbert spaces. We are interested in states
of the composite system with Hilbert space

Dot :=HOF(H)
where §($) is the bosonic Fock space constructed from £. We denote by N the number operator

on F($) and
9, 1= 5"
the n-particles sector. For a state I" on ., ( O )r denotes the expectation value of O inT".
For facilitated comparison with [37] we here follow the convention that annihilation and creation
operators are unscaled (contrarily to the convention in (I3))), so that the CCR takes the form (2.4)

[e(f)ec@]=[c"(N.cT@I=0,  [e(f)c'@1=(f.g)., Vf.geLi R (@44
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for the creation and annihilation operators (cf (2.3))

(f)y=ad'(f), c(f)=aal(f).

Definition 4.1 (Reduced density matrices).
Let ' € S($,,) be a state over . We define reduced densities '*?) as maps from B() to
B(®,. ) (the bounded operators from $, to §,) by the formula

(f1®; ... ® [ill* (g ®;...Q,8,) :=(A®cT(g)...c" (g )c(f) ...c(f))  (4.5)
where A € B(h) and f1, ..., fi. &> ... & € . The definition makes sense as soon as

(%), <o

N =D (e

jz1

where

for any orthonormal basis (f); of 9. o

Definition 4.2 (Anti-Wick observables).
To any u € $ we associate a coherent state on ()
Juf? .
Ew)i=e 2 1 eie F(H). (4.6)
20 Vi
For any sequence € — 0 and any finite-dimensional subspace V of $ we define the anti-Wick quan-
tization of a function b € CI?(V) at scale ¢, by

@W:=@nrﬁw“zﬁw>:(WVZD(:QMVQ

du. 4.7)

o
We aim at proving the

Theorem 4.3 (Quantum de Finetti for composite systems).
Consider a sequence € — 0 of positive parameters, and associated sequence I', of states over 9,
satisfying
((eN)") <+o0 (4.8)
uniformly in €, for some 1 < k.
There exists a probability measure u € P(9) and a p-measurable map

.{5»5@
w .
ur w,

with values in the state-space of Yy such that,

(1) Expectations of anti-Wick observables converge and define the measure: along a subnet, for
all A € B(Y), V C 9 a finite-dimensional subspace and b € CS(V) we have

(AR YY) > | w(A)bwduw) (4.9)
e net b5)
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(2) Reduced density matrices converge: along a subsequence, for A a compact operator or the
identi

k! 1eke? TRO)(A) - / @, (A)|[u®*Y(u® | d u(u) (4.10)
E— 5

weakly-* in the trace-class for all k, ¢ satisfying % < k. More precisely

k 4
VKICleke? (A® c'(g)) .. c (g )e(f) - e(f)r = /g,wu(m [T 1w [ uleyduw)
Jj=1 Jj=1

forall fi,.... fi.&1,.--. 8 € 9.

We shall rely on a version of the above in the non-composite case (where h ® F(9) is replaced by
F(H)) from Sections 4 and 6]. This is also contained in [3| [4]] where the construction is rather
based on Weyl observables/quantizations rather than anti-Wick as we use here.

Before proceeding to the proof, we state as corollary the convergence of observables akin to the
interaction energy of our main model.

Corollary 4.4 (Quantum de Finetti and the particle-field density matrix).
Let ) = L*(RY), v € L*(R?,R). Under the assumptions above (for k = 1), after extracting a
subsequence

\/E< / v(-—y>(c*<y)+c(y>)dy> = [ [ ot =9 (w0 + 000 dyant a1y
R4 r, 7V Jo JRr?

where v(- — y) is understood as a multiplication operator on ). In other words

// o.(x,x;2)v(x — z)dxdz — / / w,(v(- = 2)) (u(z) + @) dz du(u) 4.12)
R2xR2 =0 Jg JRrd

where o.(x, y; z) is the integral kernel of the particle-density matrix of T',, as defined in Section 31

Proof. Equation (3.13) shows that (x,z) :— o,(x,z;z) is uniformly bounded as a sequence in
L;(Lﬁ([Rd )), which is a subset of the dual of the Banach space CS”’(LZ([Rd )) of bounded contin-
uous functions with values in L>(R?) (see e.g. [30]). Hence, modulo extraction of a subsequence

/ o.(x,x;2)p(x,z)dxdz — // oo(x, x; 2)P(x, z)dxdz
R2xR2 =0 J/R2xR2

for any ¢ € CO(L*(R?)), with 6, a Radon measure over L*(R?) (with a slight abuse of notation in
the right-hand side of the above). For v € L*(R?), the map (x,z) = v(x — z) is in C**(L2(R))

since the statement
lim
X=Xy Jd

is equivalent to v * v being continuous at x,,, which is true for v € L?>(R¢) by [21}, Proposition 8.8].
Thus we may assume that the left-hand sides of @.I1)-@.12) converge for any v € L2(R%). We
now identify the limit 6, with the help of Theorem[4.3] By density we may restrict to testing with a

2
0(x = ) = vlxo = )| dy =0

3n fact, modulo a subsequence, we can test with A in any separable subspace of the bounded operators.
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smooth compactly supported v if needed, so that the multiplication operator v(- — y) is bounded on
Y. Theorem B3] implies that, along a subsequence, for any such v, x, € R? and f € L*(R?),

Ve (o€ = x) ® (') +¢(N) )y, — /5 o, (V¢ = x0)) (flu) + | ) dpu@).  (4.13)

Introduce now a tiling (Q%)y<,<n of [0, R_1, say with squares of centers x, and vanishing side-
length when € — 0, where R, — co. We claim that, as operators,

\/g ,/[Rd v(-—y) (c;+cy>dy—;(cT (]1Q2>+c(]1Q;>>U(~—xn)

Indeed the left-hand side (omitting the absolute value) is equal to

Z /Rd (U(~ -y —u( - xn)) (c; + cy> ]lQ;(y)dy

so that a Cauchy-Schwarz inequality gives

Ve [ () v B (¢ (1) +e (1g;) o~
<Cé Z /Rd c;cy]lQ;(y)dy +Cs~! Z /Rd (- = y) —ov(- — xn))2 Lo:(y)dy

< CéeN + %05(1)

<o (D)(N+1). 4.14)

using that
E 1o =1
(03 ’
n

recognizing a Riemann sum and using that v € L*(R¢). Choosing § = §, — 0 suitably slowly

vindicates (@.14)).

Next we obtain, after possibly a further extraction of subsequence

\/E< / v(-—y)(c*<y)+c<y))dy> = 2 [ ouet=x, () +103) 1,00 dyauo,
R r, =0 S g Jra

4.15)
This follows from (#.14J), for each term

(€ 1) e (1)) 50

is amenable to the use of (£.13)). With a suitable truncation of the sum in and a diagonal extraction
we obtain convergence for each term and the sum along a common subsequence. Finally, the right-
hand side of (£.13) equals that of (Z.I1]) by another Riemann sum argument, recalling that we may
work with a smooth compactly supported v. U

4.3. Proof of Theorem We recall the statement of [37, Theorem 4.2]:

Theorem 4.5 (Grand-canonical quantum de Finetti theorem).
Consider a sequence € — 0 of positive parameters, and associated sequence I', of states over F(9)
satisfying

<(5N)K>r5 < 4o
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uniformly in €, for some 1 < k.
There exists a unique probability measure u € P(9) such that, modulo the extraction of a subse-
quence,

(1) Expectations of anti-Wick observables converge and define the measure: for all V C 9 a
finite-dimensional subspace and b € C?(V) we have

G /g) b(u)d p(u) (4.16)
(2) Reduced density matrices converge

k!£ kel THE) - / |u®Y (u® |d p(u) 4.17)
£ $

weakly-* in the trace-class for all k, ¢ satisfying % < k. In particular

-0

k 14
VkiZieke? (a'(g)) .. a" (g )alf)) .. a(f)y, = /55 [Tt [Twle dduw
j=1 j=1

forall fi,...., fi.81:---.87 €.

Only the case k = ¢ of (@I7) is worked out explicitly in [37]. The adaptation to k # ¢ is
however straightforward, only the core calculations from e.g. [36, Lemma 4.2] have to be adapted
mutatis mutandis.

Proof of Theorem
Step 1. Let Cf(sj) denote continuous functions with compact support over $ and consider the
algebra of observables

A 1= B(h) ® CU(H).

Starting fromI', € S(hRF($)) as in the theorem’s statement we define a state l:‘E € (B(I]) ® C?(Sj)) *
over A by testing it against a dense subset of elements of .A. Namely, for any A € B($), any finite-
dimensional V' C $ and b € C?(V), we set

F(A®b) = (A®b™). .

That way (f‘g)e is a bounded sequence of positive linear forms over .A (seen as a Banach space) and
therefore it has a weak cluster point I'y € A*. Namely, along a subnet

~ * ~
I.(C) - [((C) forall C € A.

We now identify the cluster point.
For any positive operator A € B3($), we can define a (non-normalized) state Fé over ($) by
setting

<B>Fg =(A® B)FE :

Applyinéﬂ Theorem F.3]to F? we find that there must exist a positive Borel measure x4 on $ such
that

(A K™ ), ééb(u)dyA(u).

4Strictly speaking, we go back to the proof of Item (i) in [37] to identify any cluster point, not only sequential limits.
This is done mutatis mutandis using Skorokhod’s lemma [38]].
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However, since (the operator norm is used below)
(4@b) <lAI(L @),

for any positive function b from a finite-dimensional subspace of $, we find that

/b(”)dﬂA(”)S”A”/b(”)dﬂﬂ(u)-
9 9

Picking any V' C $ this implies that (approximating the characteristic function of V' by a sequence
of continuous functions)

(V) =0= pu,(V)=0
for any positive bounded operator A € B()). By Radon-Nykodym’s theorem, we deduce that for
any positive bounded A, there exists a map u = @,(A) € L'($,duy) such that

/ bu)d p 5 (u) = / b(w)w,(A)d iy (w).
) Ry

Upon redefining w,(A) if necessary we can assume pq is a probability. From the definition it also
follows that @, (A) is uq almost-surely a bounded linear function of A.
Next we can split a general bounded operator in the form

A=A, —A_+iA, —iA (4.18)

i
with four positive operators A,,, A,_, A;,, A,_. Applying the above to each term separately we find
ap=pu €P®)andur- w,()a L'($, dy) map from $ to the state-space of § such that

(A@ by, = /5 0, (A)d u(w)

forany A € B($) and any b € C?(V) with V' a finite-dimensional subspace of $. This is the first
statement of the theorem.

Step 2. Under our assumptions, k! !eke? Fik’f)(A) is a bounded sequence of trace-class operators
for any positive bounded A and K2 < k. Hence we may extract a weak-* convergent subsequence.
If A varies in a separabable subspace of the bounded operators (e.g. the span of compact operators
and the identity, as in the theorem’s statement), we can use a dense countable subset thereof to obtain
convergence along a common subsequence for all A, modulo a diagonal extraction argument.

To obtain the second statement of the theorem we further extract a subnet along which Item (1)
holds. There remains to apply (4.17) to each (non-normalized) state Fé defined above, with A a
positive operator, and use the splitting to generalize to all operators in the statement. The
measure in (£.I7)) being the same as that in (4.16)), we identify the limit in by using (4.9). [

Under more restrictive assumptions we may ensure that o, ( .) is almost surely a normal state, i.e.
can be represented by a density matrix:

Corollary 4.6 (Quantum de Finetti for composite localized states).
Suppose that, in addition to the assumptions of Theorem the sequence I, satisfies as well the
bound

(L@ L), <+,
uniformly in €, for some positive operator L on Y with compact resolvent. Then the u-measurable
map @ of Theorem takes values in the set of normal states on ¥, i.e. in the set of positive,
normalized, trace-class operators.
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Proof. On the one hand, we know that by Theorem [4.3] there exists a measure u and a state-valued
map o such that the expectation of anti-Wick observables converges. In addition, as illustrated in
the proof of the theorem, such convergence identifies the couple (u, ®).

Now, let us define the family of states

'Y= (L+ DL+ DY
For I'" we proceed as in the proof of Theorem 3] substituting the algebra of observables A with
K :=L%0) @ CAD)

where L£*°(}) is the space of compact operators. Thanks to this modification, we can identify a limit
measure ‘), and a y-measurable map

where Ei ,(B) is the set of normal states on b, dual to the set of compact operators. The drawback

is that in this case u'") could fail to be a probability measure. Let us remark that one could identify
different limit measures along different subsubnets of the one used to obtain (y, @) from I',.

Now, let us fix A € B(h), V C 9 finite dimensional, and b € CS(V). On the one hand, by
Theorem [4.3] along the subsubnet

(AQ W) — / o, (A)b(u)d pu(u) ,
)
and on the other hand,

(L+ DAL+ 172 @ bV) ) — / oD ((L+ D7V2AL + D2 bwyd P )
‘ 9

since (L + 1)™'2A(L + 1)"1/2 € £>() for any A € B(). However,
(AQ ™)y =(L+ DAL+ ® 5™

by definition of FiL), and thus

/ o, (A)b)d p(u) = / o (L +1D7PAL + D7) bwyd P @)
) 9

which implies y = ;4(”, and, p-almost surely,

w,() =P ((L+ D)2 (L+1)71?).
The limit is the same along any subsubnet, and thus it holds on the original subnet as well. Therefore,
it follows that w, € £} | (). O

5. CONVERGENCE OF THE ENERGY

For completeness we now revisit the proof of

Theorem 5.1 (Energy convergence).
With the assumptions and notation of Section 2} we have that

) )
E — EPek(l)'

(@) g—co

In particular this holds true with the external potential V = Q.
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Our proof is in the spirit of [12]], but we use quasi-classical measures as constructed in the previous
section, leading to mild simplifications. In view of Theorem [.3] the natural limit energy takes
general abstract states as arguments. We discuss this first in a subsection, and proves that this does
not lower the energy as compared to what was defined in Section[2l We will complete the proof of
Theorem [3.1]in a second subsection.

5.1. Generalized Pekar energies. Let
h:==-A+V

and W be as in (2.13)), and identified with the multiplication operator by W (x—y) on the two-particle
2 2

space Lpart ® Lpart.
We start this discussion by generalizing Pekar’s energy functional to take mixed states as argu-

ments:

Lemma 5.2 (Mixed Pekar functional).
Any minimizer of
y = Tyl + Tr (W (x — y)y @7l
amongst positive trace-class operators of trace 1 must be rank one. Hence any minimizer is of the
formy = |y )| with w a minimizer for withm = 1.

Similar arguments may be found e.g. in [55] Section 5] or [5] Section 2].

Proof. The existence of minimizers follows by a concentration-compactness argument similar to that
leading to the existence for (2.16). We skip details and denote y,, a minimizer.
Consider a variation
yr=0-¢8y,+eo
with 0 < € < 1 and ¢ a positive trace-class operator of trace 1. Evaluating the energy of y and taking
€ small enough we find that necessarily (keeping only the O(¢) term in the expansion)

Tr [y<h+W*py0>] <Tr [a<h+W*pm>]

where Py, (x) = yy(x, x) is the density of y,.
Hence y, must also minimize the linearized

yn—>Tr[y(h+W*py0>],

which in particular shows that the Schrodinger operator & + W * p, has at least a ground energy
state. Then, y must have its image in the ground energy space of A + W = p, , but the latter has
dimension one by well-known arguments (see e.g. [52, Theorem 2.3] or Section XII1.12]). O

We now turn to a functional taking generalized states as arguments. For an abstract state @ on
Lgm(Rd ) (a positive linear functional over bounded operators acting on Lgm(Rd )) let, in analogy

with @.14),

") h, +h,
SPek(a)) :=a)(h)+a)®a)(W(x—y))=a)®a)< 3 +W(x—y)>

and (Gen for generalized)

g i=inf {£)(@), @ € S (LARY)) as defined in @I | 5.1)
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Under our assumptions one easily proves that

H et hy 1% > -C 5.2
2 .= 5 + (x_y)—_ ()

for some constant C, and hence the infimum above is well-defined. We have the

Lemma 5.3 (Generalized energy = Pekar energy).
With the previous definitions

V) _ (M)
EGen - EPek(l)'

Proof. In view of Assumption 2.Jl we may for this proof assume without loss that 4 > 0 as an
operator.

Denote §) = L?(R?) for brevity. We have [54, Chapter 4] that the dual of bounded operators
(3(§))" is the bidual of the trace-class £!(f). Hence, by Goldstine’s theoremf], for any abstract state
w there exists a net of positive trace-class operators y,, such that

*
Tr (7, B] = (B) (5.3)

for any bounded operator B. The rest of the proof is then aking to that of Proposition 2.8].
For a state @ with Eg;)l(a)) < oo it follows from (5.2)) that w(h) < oo and © @ @ (Hz) < co. Hence

®"(B) :=w (h'/*Bh'/?)

defines a positive linear functional on B(}) as well, to which we may apply the above, obtaining a
net of trace-class operators yr'l‘ such that

T [ B] = o'(B). (5.4)

Applying (33) directly to w yields another net y,, but testing (3.4) with B of the form h='/2Br~1/2
for a bounded B shows that one can take

Y, = h—l/Zy:’lh—l/Z.
Similarly

602(32) =w®w (\/H2 +CBz\/H2 + C)

defines a positive linear functional on bounded operators B, on §®2, where C is a constant such that
H, + C > 0. We deduce that w, is the limit of a net of trace-class operators that we may identify to

(h—l/Zy:h—l/Z) ® (h_l/zj/nhh_l/z)
as above. Using (5.4) and the fact that W is a bounded mutliplication operator, we conclude that for
any state @ with Sézr)l(w) < o0, there exists a net (y,) of trace-class operators such that

*
Egant) = EGo(@).

Gen et Gen

This leads to
V) < : ) 1 _
EGen > inf {Spek(y),y eL (BH),y>0,Try = 1} . (5.5)

3If X is a Banach space, its unit ball is dense in that of the bidual X** for the weak-* topology, see e.g. [53] Exercise 1
on page 128].
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The opposite inequality follows from the variational principle. The right-hand side of the above is
the Pekar energy (2.14) generalized to a mixed state
V= Z /1j|uj><”j|
jx1
with 4; > 0, Y 7 A; = 1 and an orthonormal basis (u;); of h. We hence conclude from Lemma[3.2]
that
V) _ (M
EGen - EPek(l)
as desired. O

5.2. Proof of Theorem[5.1l Again, without loss of generality (i.e. adding a constant if needed), we
assume that 2 > 0. We consider a sequence of quasi-minimizers as in (2.19). Under our assumptions,
applying the Cauchy-Schwarz inequality to the interaction term immediately leads to the a priori
bound

(P A+ V) QT+ 1 QN,|Y,) <C (5.6)

independently of . Here W, is the scaled particle number 2.7). We apply Theorem 3| with x = 1,
obtaining a probability measure y over L?>(R¢) and a u-measurable map w, from L*(R9) to the state-
space of L2(R¢). Combining with Corollary .4l we may pass to the limit in the field energy and the
interaction term. As regards the particle energy we denote y,, the particle reduced density matrix of
|, (P, . Since Tr (y,h) < oo, we have that

y"(B) :=Tr (h'/*y,n'/*B)

defines a bounded sequence of positive linear forms over bounded operators. Extracting a further
weakly-+ convergent subnet and identifying the limit by testing with B of the form A~'/2Bh~1/% we
deduce that

*
Tr (hy,) - / w,(h)d u(u).
Allin all

liminf E) > / (a)u(h) + llull?, + / @, (0 — 2)) (u(z) + @) dz> du(u)
L2(|Rd) R4

a—>o0

> inf {w(h) +llull?, + / w(v(- — 2)) <u(z) + M) dz,u € L*(RY),w € S(L2([Rd))}
[Rd

since p is a probability measure. Minimizing with respect to u at fixed w in a similar manner as
in (2.14)) leads to a real-valued u such that

u(z) = —w (v(. — 2))

and an energy
w(h) = [lull3, = @(h) - // o((- = y)o((- - z))dydz

= w(h) — // oy Q@ w,, (v(xl - Yu(x, — z)) dydz

_e»
= Eper (@)
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where we inverted the integral over y, z and the expectation in @ ® w in the last step, recalling (2.13).
We conclude that

E ) )
lim inf E(a) > EGen.

a— 0
There remains to use Lemmal[3.3]and recall that the upper bound
9] )
EPek(l) 2 E(a)
follows from the trial state argument sketched in Section 2

6. CONVERGENCE OF STATES, PROOF OF THEOREM [2.3]

Since our main result Theorem [Z3]is stated modulo subsequence, we take the liberty of not indi-
cating all extractions of subsequences/subnets in the arguments of this section.
We start from a sequence of states

Ly = (W (Y, |
as in the statement of the theorem. As in the previous section we have that
(P A+ V) @T+1QN,¥,) <C 6.1)

and we may apply Theorem 3] with k¥ = 1, obtaining a probability measure u over L?(R?) and a
state-valued map w,. Let y, be the particle density matrix of I'y, as in Section 3.l We may extract
a weak-* convergent subsequence in the trace-class:

Tr [yaK] — Tr [wa] (6.2)

a—>0

for any compact operator K over L>(R¢). Identifying the limit using Theorem &3] it must be that

Yoo = / @, d p(u) (6.3)
with @;°" the normal part of ®,, i.e. the unique trace-class operator satisfying
w,(K) =Tr [a)zorK] for any compact operator K. (6.4)
Arguing in a similar manner for the field density matrix
y/ =10
we find
f *
2 [ )

along a subsequence, instead of just a subnet as in Theoremd.3l As regards the particle-field density
matrix o,, we consider 6,(x, x; z) as a L! L2 function as in the proof of Corollary B4and deduce

// 6,(x, X; 2)0(x — 2)dxdz — / / wu(u(~—z))(u(z)+@>dzdy(u).
R2xR2 4= Jo JRe

Now, we aim at turning the weak convergences from (6.2) and Theorem [£.3] into strong ones. For
that we prove that no mass is lost in the limit:
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Lemma 6.1 (No loss of mass).
Let vy, be the weak-x limit of the particle density matrix, introduced above. We have that

Tr [1e] = 1
and hence
T (T T

along a subsequence, strongly in trace-class norm.

Proof. That the first statement implies the second is classical [57]. We thus focus on the mass
of the limit density matrix.

Step 1. Let y be a localization function as in Section 3.3l We claim that
Tr [xrvaxr] = Tt [XrVeo k] - 6.5)
Indeed, let y;‘ be the positive operator
Ve =1=0)"r,a0- 8"

It follows from (6.I) that y* is uniformly bounded in trace-class norm. Thus, modulo a possible
further extraction

*
Ve = v ==V (-0

a—

weakly-star in the trace-class, where we identified the limit by testing against (1—A)~"/2K(1-A)~1/2
for a compact operator K. Then

Tr [xrvaxr] = Tt [xr(1 = A)727E(1 = A)712 4]
= Tr [yp(1 = )72y (1= &) ]
a—o0
=Tr [/YRyOO/YR]
because yr(1 — A)1/2 s compact. Indeed, since y is smooth with compact support it is in any L?

space, while (1—A)~!/2 acts in Fourier variables as the multiplyier by ( 1+ |k|2)_1 / 2, which belongs

to L? for ¢ > d. Hence, the Kato-Seiler-Simon inequality Chapter 4] implies that yx(1—A)~1/2
is in the Schatten space L£¢ for any g > d.

Step 2. We now prove that
limTim Tr [xrraxr] = 1. (6.6)
—00 X— 00

ng=1/1- 13
Then (3.31)) implies

liminf Trg (H{VT,) > liminf liminf (Trg (H{VT, ) + Trg(Cy,, ) E) -

Let yx be as above and

withT', , and I, , the yz— and ng—localized states constructed from I',.
Next, combining with the energy upper bound obtained as sketched in Section[2]

Ey)(1) > lim inf lim inf (Trg(Ty ) EY + Trg(T,, ) EL).
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Inserting the energy convergence from Theorem [3.1land using (3.17) leads to

) s inf i ) ©)
EPek(l) 2 h}l;rllgf hol;r_l,loglf (EPek(l)Trg (FG’ZR) + EPek(l) (1 - Trs:) (ras)(R) ))

so that
N .. 0 0
0 > timinf liminf ( Efy, (1) = Efg (1) (1= Trg (T, )

R—o0 a—o0

But

) ©
Epg (1) < Epy (1)

since V' < 0, as follows by using a translation-invariant ground state as trial state for the functional
with trapping potential. It must thus be that

liminf liminf Tr $ (F
—> 00 a—> o0
which implies (6.6)), using (3.14).
Conclusion. Combining (6.3) with (6.6) leads to
Jim Tr [ypyeoxg] = 1

as)(R) = 1’

and the result follows. O

Combining the lemma with (6.3) implies that
Tr [0] = 1

u
for u-almost every u, where the normal part is defined as in (6.4). Hence w,, coincides y-almost surely
with its normal part, a positive trace-class operator. We denote the latter y,, which has trace 1.

We may now return to Theorem [4.3] and pass to the limit in the energy as in Section[3to obtain

Epg (D) 2 liminf B > / (Tr [y, + Nl + / Tr [0 = 2)] (u(z) +u(2) ) dz> du@w
a—00 L2(R9) Rd

> /LZ(W) (te[(n+w %0, ) 1] ) date

)
> E)
To go to the second line we have minimized with respect to u, obtaining
u(z) = =Tr [p,o(. - 2)] = - / ) p, ()v(x = z)dx (6.7)
R

with Py, (x) = y,(x, x) the density of y,. To go to the third line we used Lemma[3.2] i.e. that the Pekar
functional for mixed states leads to the same minimization problem as the usual one. This fact and
the previous chain of inequalities (there must be equality throughout) also imply that for x-almost
every u,
Yu = lw)wl

with y a minimizer of the Pekar energy functional (2.14) at mass 1. We also must have (6.7)) and
hence

U=u, =—0%* |1;/|2
as in (Z.I3) for u-almost every u. Theorem 23] follows upon defining

dP(y) :=/]lu=uwd,u(u).
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