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We study the effect of an amplification mechanism in a nonlinear vibration energy harvesting system where a ferromagnetic beam resonator is attached to the vibration source through an additional linear spring with a damper. The beam moves in the nonlinear double-well potential caused by interaction with two magnets. The piezoelectric patches with electrodes attached to the electrical circuit support mechanical energy transduction into electrical power. The results show that the additional spring can improve energy harvesting. By changing its stiffness, we observed various solutions. At the point of the optimal stiffness of the additional spring, the power output is amplified a few times depending on the excitation amplitude.

The increasing applications of electricity with the limited conditions of renewable sources have resulted in the search for more efficient uses of available ambient kinetic energy [START_REF] Yang | High-Performance Piezoelectric Energy Harvesters and Their Applications[END_REF]. Different ways of energy transduction engage electromagnetic, piezoelectric, and magnetostrictive phenomena [START_REF] Mitcheson | Energy Harvesting From Human and Machine Motion for Wireless Electronic Devices[END_REF]. Account for the high energy density the piezoelectric transducers were adopted for kinetic energy harvesting. Initially, investigations were focused on linear systems, which had a good performance provided that they worked in the resonance conditions [START_REF] Beeby | Energy Harvesting Vibration Sources for Microsystems Applications[END_REF]. However, variability of the ambient vibration conditions, including frequency and amplitude, denies the wide applications. To overcome this deficiency, the nonlinearities were introduced to the system [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF][START_REF] Daqaq | On the Role of Nonlinearities in Vibratory Energy Harvesting: A Critical Review and Discussion[END_REF] to obtain a broadband frequency effect. Among the nonlinear systems bistable [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF][START_REF] Cottone | Nonlinear Energy Harvesting[END_REF][START_REF] Litak | Magnetopiezoelastic energy harvesting driven by random excitations[END_REF][START_REF] Norenberg | Global sensitivity analysis of asymmetric energy harvesters[END_REF] or multistable [START_REF] Zhou | Numerical analysis and experimental verification of broadband tristable energy harvesters[END_REF] systems attracted more interest from the researchers.

In this context, multiple degrees of freedom systems were also studied [START_REF] Erturk | Modeling of Piezoelectric Energy Harvesting from an L-shaped Beam-mass Structure with an Application to UAVs[END_REF][START_REF] Margielewicz | Energy Harvesting in a System with a Two-Stage Flexible Cantilever Beam[END_REF]. In such a situation, frequency bandwidth is broadened by the multiple resonances appearance [START_REF] Caetano | Multimodal pizza-shaped piezoelectric vibration-based energy harvesters[END_REF]. The other possible consequence can be the internal resonance and quasi-periodic solutions [START_REF] Muralidharan | Theoretical Investigations on an Internally Resonant Piezoelectric Energy Harvester in: Advances in Nonlinear Dynamics[END_REF][START_REF] Hu | Theoretical Study of a Two-Degree-of-Freedom Piezoelectric Energy Harvester under Concurrent Aeroelastic and Base Excitation[END_REF]. Based on two degrees of freedom system, the displacement amplifier to the resonator was proposed [START_REF] Liu | Design and characteristic analysis of magnetostrictive bistable vibration harvester with displacement amplification mechanism[END_REF]. This structure can help to supply a higher amplitude of excitation dealing with bistable piezoelectric systems [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF] that require a large amount of input energy to overcome the potential barrier.

In the present work, we continue this direction of study, quantifying how the amplifier stiffness affects energy harvesting. We also contribute to briefly investigating the dynamic behavior of a higher amplification factor system. Our system is composed of a piezomagneto-elastic beam energy harvester with an additional spring and a damper (Fig. 1). Figure 1a shows the real system, Fig. 1b illustrates the model schematics, and Fig. 1c exhibits the double-well potential of the piezo-magneto-elastic beam. The main resonator is a ferromagnetic beam with piezoelectric patches attached to the moving frame. Two magnets destabilize the vertical position of the beam by attraction to the left and right stable equilibrium positions. Two coupled masses m 1 and m 2 (Fig. 1b) are governed by the set of two differential equations (Eq. 1). They are forced by a harmonic base excitation. Finally, the piezoelectric elements provide the electromotive force to the resistive circuit (Eq. 2). The corresponding set of the equations of motion reads: 

x 1 (t) x 2 (t) Y (t) m 1 m 2 k 1 c 1 k 2 , k 2n c 2 θ R l k 2 < 0 k 2n > 0 (a) (b) (c)
m 1 ẍ1 = -c 1 ( ẋ1 -Ẏ) + c 2 ( ẋ2 -ẋ1 ) -k 1 (x 1 -Y) + k 2 (x 2 -x 1 ) + k 2n (x 2 -x 1 ) 3 + θv, (1) 
m 2 ẍ2 = -c 2 ( ẋ2 -ẋ1 ) -k 2 (x 2 -x 1 ) -k 2n (x 2 -x 1 ) 3 -θv, C p v + 1 R l v + θ( ẋ2 -ẋ1 ) = 0, (2) 
where the symbols (appearing in Eqs. 1-2) represent the system parameters, and they are specified in Tab. 1 together with their values (see in [START_REF] Dutoit | Experimental Verification of Models for Microfabricated Piezoelectric Vibration Energy Harvesters[END_REF][START_REF] Xia | Bistable attachments for wideband nonlinear vibration attenuation in a metamaterial beam[END_REF]) used in the following simulations, while x 1 , x 2 are the displacements of the first and the second masses and Y(t) is the kinematic base excitation.

The original system in the set of Eq. 1 is bistable, while the additional spring and damper provide a linear coupling between the system and the excitation. The results of them are presented in the next figures. The mean power output against the additional spring stiffness value is presented in Fig. 2. We computed the system responses for three different excitation amplitudes (1, 3, 10 mm) for an excitation frequency of 10 Hz. The power outputs are represented by non-monotonic curves with a maximum value of stiffness of 500N/m. Note that in the lower stiffness limit, the system is very flexible, suppressing the energy transfer, while in the higher stiffness limit, the additional spring is very rigid, leading to the original system [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF]. The horizontal flat line represents this limit. The logarithmic scale is used to show the amplification more clearly. In this limit power output of the energy harvester is broadband in terms of frequency as was studied in the previous papers [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF][START_REF] Litak | Magnetopiezoelastic energy harvesting driven by random excitations[END_REF][START_REF] Norenberg | Global sensitivity analysis of asymmetric energy harvesters[END_REF]. Still, the amplitude amplification mechanism does not work.

In the next three figures (Figs. 345), we study with more detail the cases marked in Fig. 2 by arrows and numbered 1-3, respectively. Figure 3 Table 1: System parameters Furthermore, the solution of the resonating beam corresponds to intra-well oscillation. The relative displacement x 2x 1 is periodic, with a leading frequency coinciding with the excitation frequency and a small superharmonic 2 component. In contrast to these results, Figs. 4 and5 show large orbit solutions with inter-well oscillations of the resonator. The highest power output is visible in case 2 for the additional spring stiffness of 500 N/m (see Fig. 2) and studied with details in Fig. 4. This is the optimum stiffness case. The thick line indicates the presence of some fluctuation in the main path on the phase portrait. This effect could appear because of the vicinity of the bifurcation point concerning the stiffness value. This solution is rich in frequencies and possibly possesses small irrational components leading to quasi-periodicity or chaotic behavior. In this case, we observe two leading peaks for the excitation and double-excitation frequencies. There are also many medium and smaller features in the frequency spectrum. At last, Fig. 5 shows the original solution of the reduced system [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF]. There is also a high value of power output and a larger orbit with passing through the potential barrier. Here the leading frequency in the frequency spectrum coincides with the excitation. However, the super-harmonic 3 component is also significant. This frequency modifies the shape of the resonator phase portrait. To show the system responses in the best condi- tion, we estimate the amplification factor for the three cases of amplitude excitation in Fig. 6. The amplifier demonstrated more efficiency in low excitation amplitude conditions. This result is essential because it can improve the power recovered by the bistable oscillator in its critical situation. Finally, we want to draw attention to the advantages of the proposed system. Our results show that the power output can be amplified significantly. Furthermore, the optimum condition is robust against the excitation am- plitude variation. From the preliminary calculations, the optimum condition would be shifted accordingly by changing the excitation frequency. The bifurcations point were found and will be discussed in the next works with more detail. In the limit of high stiffness, the additional degree of freedom is unimportant, and our system reproduces the original system without the amplifier [START_REF] Erturk | A piezomagnetoelastic structure for broadband vibration energy harvesting[END_REF]. The quasi-periodic solution presented in Fig. 4 deserves more explanation. In that system, various solutions could appear. Their properties can be investigated further using nonlinear time series methods as the Lyapunov exponent [START_REF] Wolf | Determining Lyapunov exponents from a time series[END_REF] and multi-scaled entropy [START_REF] Litak | Dynamics and Entropy Analysis of a Frictionally Loaded Pendulum[END_REF]. It should also be noted that the optimal amplifier stiffness should be determined after more systematic studies with various initial conditions and excitation frequency sweeps.

Figure 1 :

 1 Figure 1: Piezo-magneto-elastic beam energy harvester with displacement amplifier mechanism: (a) real system schematic, (b) electromechanical model, and (c) general shape of double-well potential. Symbols and coordinates are defined in Eqs. 1-2 and Tab. 1.

  shows the low stiffness case. The power and voltage outputs are small. Mass of the amplifier, m 1 66 g Mass of the beam, m 2 22 g Damping coef. of the amplifier, c 1 0.1 N•s/m Damping coef. of the beam, c 1 0.125 N•s/m Stiffness of the amplifier, k 1 0.1-10 6 N/m Linear stiffness of the beam, k 2 -63.451 N/m Nonlinear stiffness of the beam, k 2n 634509 N/m 3 Effective piezoelectric coupling, θ -4.57 m•N/V Effective piezoelectric capacitance, C p 43 nF Electrical loading, R l 5 kΩ
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 23 Figure 2: Mean power recovered against the stiffness values of the amplifier mechanism under different excitation displacements when the excitation frequency is 10 Hz. The results are obtained for a single set of initial conditions of minimum energy. The three cases highlighted will be discussed later.
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 45 Figure 4: Dynamic behavior of case 2 that the stiffness is 500 N/m: (a) serial time of the amplifier displacement, beam displacement, and the recovered voltage, (b) phase portrait of the beam, and (c) Fourier transform of the voltage.

Figure 6 :

 6 Figure 6: Amplification factor against the additional stiffness values under different excitation displacement when the excitation frequency is 10 Hz.
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