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Abstract. The estimation of wall thermal properties through an inverse problem procedure
enables to increase the reliability of the model predictions for building energy efficiency.
Nevertheless, it requires to define an experimental campaign to obtain on-site observations for
existing buildings. The design of experiments enables to search for the optimal measurement
plan that ensure the highest precision of the parameter estimation. For on-site measurement in
buildings, it seeks an answer to several questions such as number and position of sensors, period
and duration of the experimental campaign. In this article, the Optimal Experiment Design
(OED) methodology is applied for a multi-layer building wall to resolve the aforementioned
issues.

1. Introduction
One of the current environmental challenges is to reduce carbon emissions. Since the building
sector is responsible for approximately one-third of global energy-related carbon emissions [1, 2],
it is important to optimize the energy efficiency of the building stock in the future. One approach
is to apply a building retrofitting procedure on existing buildings. Before starting the procedure
engineers perform energy performance simulations to predict whether the implemented measures
are efficient. However, several studies have found a discrepancy in the energy performance of
real buildings compared to the simulated values, so-called as ”performance gap” [3]. This gap
arises from properties of building materials, as they differ from initial values due to building
degradation and operation, exposed weather conditions, etc. Therefore, one should determine
and evaluate current material properties of a wall.

The quality of the parameter estimation strongly depends on the quality of the experimental
data used for the parameter identification. Pronzato in [4] highlights the relation between the
experiment design and the precision of the retrieved parameters. The design of experiments
enables to search for the optimal measurement plan that ensure the highest precision of the
parameter estimation. For on-site measurement in buildings, the design of experiments seeks in
answering to the following questions, synthesized in Figure 1. How many sensors are required?
One should take into account that a higher number of sensors ensure a higher accuracy of
estimates, however, it will raise the cost and the destructiveness of the experiment. What sensor
position X in the wall? When to perform experimental campaign, in winter or in summer period?
How long the measurements should be held? In other words, what is the sequence Ω oed

t to
carry the experiments in the wall? Since measurements are taken in the existing buildings, their



duration should be limited to avoid disturbance of the residents. It also avoids overall cost of the
parameter estimation procedure. Finally, with on-site measurements, the boundary conditions
cannot be controlled since they are imposed by the weather conditions forcing transient states
in the wall.
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?

Figure 1: Issues to define the optimal experiment design for parameter estimation of building
wall thermophysical properties.

The Optimal Experiment Design (OED) methodology enables to answer those questions [5,
6, 7]. For example, an optimal sensor location and heating period were identified to estimate
thermal conductivity and volumetric heat capacity of composite materials [8]. Furthermore,
Karalashvili et al. [9] searched OED for the estimation of the transport coefficient in the
convection-diffusion equation. Artyukhin and Budnik [10] inspected the optimal sensor location
and their quantity in the inverse heat conduction boundary problem. Various scalar measures
of performance, or so-called optimum criteria, based on the Fisher information matrix (FIM)
associated with the parameters to be identified, are proposed [11]. D-criterion and E-criterion
were used to determine the optimal length of an experiment to estimate the effective thermal
conductivity during the coupled conduction and free convection heat transfer in a porous
medium [12]. More recently, in [13], the optimal heating period and the duration of the
experiment were investigated for a three-layer experimental set-up, where a thin heater is placed
between two identical samples. A number of articles calculate an optimal criterion on mass
transfer in a porous building material [14, 15]. Several studies [16, 17, 18] use the D-optimum
criterion to design the experiment with respect to the magnitude of the applied heat flux, heating
and final experimental times, as well as the number and locations of sensors for parameter
estimation for heat and mass transfer in capillary porous media. The aforementioned works
consider experiments in laboratory setup for a specimen, considering heat and/or mass transfer
problems under controlled conditions. However, it is important to enlarge the implementation of
OED to building physics, where experiments are designed rather empirically [19, 20]. Thus, the
objective of this paper is to introduce the application of the OED methodology for an experiment
at wall scale, to propose a theoretical criterion to evaluate the accuracy of experiment. For this,
a base case scenario of heat conduction transfer through a wall is considered. Then, optimal
sensor positions within the wall and a period, when to start the experiment, are found.

The article is organized in the following way. At first, the physical model is defined together
with its sensitivity equations. Then, the numerical solution of the sensitivity coefficients using
the Dufort–Frankel numerical scheme is introduced. Next, the concept of an optimal
experiment design is demonstrated. Finally, the case study of a building wall is described,
and an optimal measurement plan is found.



2. Methodology
2.1. Physical model
First, a mathematical formulation of heat transfer through a multi-layer wall is presented. The

Figure 2: Illustration of a wall
domain.

physical problem considers one–dimensional heat conduction transfer through a building wall.
The wall is composed of N layers, each layer differs from the other by its thermal properties and
thickness as shown in Figure 2. The temperature T [K ] in the wall is defined on the domains
Ωx = {x

∣∣x ∈ [ 0 , L ] } and Ω t = { t
∣∣ t ∈ [ 0 , τmax ] } , where L [m ] is the length of the wall

and τmax [ s ] is the duration of the experiment:

T : [ 0 , L ] × [ 0 , τmax ] −→ R .

The mathematical formulation of the heat transfer process is given below [21]:

c
∂T

∂t
=

∂

∂x

(
k
∂T

∂x

)
, (1)

where c [ J · K−1 ·m−3 ] is the volumetric heat capacity, or c = ρ · c p , corresponding to the
product between the material density ρ [ kg ·m−3 ] and the specific heat c p [ J · kg−1 · K−1 ], and
k [W ·m−1 · K−1 ] is the thermal conductivity.
Material thermal properties depend on the space coordinate, which means that the value of the
property of each layer is taken into account:

c : x 7−→
N∑
i=1

c i · ϕ i (x ) ,

where
{
ϕ i (x )

}
i = 1 ,... ,N

are piecewise functions and can be written as:

ϕ i (x ) =

{
1 , x i−1 6 x 6 x i , i = 1 , . . . , N ,

0 , otherwise ,

where x i−1 and x i are the left and right interfaces of layer i, respectively. A similar definition
is assumed for the thermal conductivity k :

k : x 7−→
N∑
i=1

k i · ϕ i (x ) .



Therefore, equation (1) becomes:

N∑
i=1

c i ϕ i (x )
∂T

∂t
=

∂

∂x

(
N∑
i=1

k i ϕ i (x )
∂T

∂x

)
. (2)

The following boundary conditions are defined, using the obtained inside and outside surface
temperatures measurements:

T = T L
∞
(
t
)
, x = 0 , (3)

T = T R
∞
(
t
)
, x = L . (4)

At the initial state the temperature is given as:

T (x , t = 0 ) = T 0 (x ) (5)

2.2. Dimensionless formulation
In order to minimize the round–off numerical errors and to analyze the model behaviour
regardless the used units for variables, it is essential to obtain a dimensionless formulation of the
problem [22, 23]. To convert equation (1) the following dimensionless variables are introduced:

x ? =
x

L
, u =

T − T ref

∆T ref
, t ? =

t

t ref
,

as well as dimensionless thermal properties functions by:

k ?
def
:=

k

k ref
, c ?

def
:=

c

c ref
.

where subscripts ref relate for a characteristic reference value, and superscript ? for
dimensionless parameters.
Thus, equation (1) transforms to:

c ?
∂u

∂t ?
= Fo

∂

∂x

(
k ?

∂u

∂x ?

)
, (6)

where Fo =
t ref k ref

L2 c ref
is Fourier number.

The Dirichlet–type boundary conditions are converted to:

u = uL ( t ? ) , x ? = 0 , where uL =
T L
∞ − T ref

∆T ref
, (7)

u = uR ( t ? ) , x ? = 1 , where uR =
T R
∞ − T ref

∆T ref
. (8)

Furthermore, the initial condition is transformed to:

u = u 0 (x ? ) , where u 0 =
T 0 − T ref

∆T ref
. (9)

Further in the article, for the sake of the clarity the superscript ? is omitted, and all results are
presented in dimensionless form unless stated otherwise.



2.3. Sensitivity equations
One may consider solution u of Eq. (6) as a model output. The solution u may be declared as a
function of (x , t ,p ), where p is a vector of model parameters. In our case one may formulate
is as follows:

u : (x , t ,p ) 7−→ u (x , t ,p ) ,

where p ∈ { k i , c i } , ∀ i = 1 . . . N

Furthermore, new variables X p i or sensitivity coefficients are introduced, which quantify the
model output sensitivity to the parameter p i.

X p i

def
:=

∂u

∂p i
.

The sensitivity coefficients are obtained as a solution of a differential equation or sensitivity
equation, which is a result of partial differentiation of the model equation. For the sake of
simplicity, one may find sensitivity equations for the thermal conductivity of the first layer. The
following new variable is presented:

X k 1

def
:=

∂u

∂k 1
.

Next, one may differentiate Eq. (6) with respect to parameter k 1 and obtain the differential
equation for X k 1 :

∂X k 1

∂t
=

Fo

c

∂

∂x

(
∂k

∂k 1

∂u

∂x
+ k

∂X k 1

∂x

)
(10)

2.4. Numerical solution
First, the space Ωx and time Ω t intervals are discretized uniformly, with the parameters ∆x and

∆t, respectively. The discrete values of function u(x, t) are defined as unj
def
:= u (xj , tn ) , where

j ∈ { 1, . . . , Nx } and n ∈ { 1, . . . , N t }.
Numerical solution of the Eq. (6) is obtained using Dufort–Frankel scheme [24]. This
numerical scheme allows to compute explicitly the solution at each time step, and it has the
unconditionally stable property. The numerical scheme is expressed as the following explicit
formulation:

un+1
j = ν 1 u

n
j+1 + ν 2 u

n
j−1 + ν 3 u

n−1
j , (11)

where

ν 1 =
λ 1

λ 0 + λ 3
, ν 2 =

λ 2

λ 0 + λ 3
, ν 3 =

λ 0 − λ 3

λ 0 + λ 3
,

and

λ 0 = 1 , λ 1 =
2 ∆t

∆x 2

Fo

c j
kj + 1

2
λ 2 =

2 ∆t

∆x 2

Fo

c j
kj − 1

2
,

kj± 1
2

= k
( x j + x j± 1

2

)
, λ 3 =

∆t

∆x 2

Fo

c j

(
kj + 1

2
+ kj − 1

2

)
.

In order to calculate the sensitivity coefficients efficiently, the direct differentiation of the
numerical scheme Eq. (11) with respect to the required parameter is used.



One may obtain the numerical scheme for computing sensitivity coefficient X k 1 of the model
output u (x , t ) with a respect to a parameter k 1, by partially differentiation of each term of
Eq. (11), which is presented below:

X n+1
k 1 j

= ν 1X
n
k 1 j+1

+ ν 2X
n
k 1 j−1

+ ν 3X
n−1
k 1 j

+

∂ν 1

∂k 1
unj+1 +

∂ν 2

∂k 1
unj−1 +

∂ν 3

∂k 1
un−1
j .

2.5. Optimal Experiment Design
To search for an optimal experiment design (OED), first, a measurement plan is defined. It
includes experiment conditions, that can be modified during the experimental campaign. First,
since the measurements are taken using thermocouples sensors, the questions, where within the
wall to install the sensors, and how many sensors are required to use, arise. Moreover, since
the measurements are performed on-site, weather conditions and seasonal temperature variation
have a great impact on the success of the experimental campaign. Therefore, it is important to
determine when to obtain the measurements, and how long the experimental campaign should
be held. Consequently, the following measurement plan is presented:

π = { t ini , δ τ , N s , χ s } , (12)

where t ini and δ τ are the starting day and duration of the experimental campaign respectively,
χ s is sensors location, and N s is the number of sensors. The measurement plan considers the
whole interval of the space domain Ωx for the sensor position χ s . In addition, the reduced
experimental campaign sequence is defined as follows:

Ω oed
t = [ t ini , t ini + δ τ ] ,

while the following condition Ω oed
t ⊂ Ω t is respected.

The optimal measurement plan is determined by maximization of the D-optimum criterion [5,
11], which describes the accuracy of the estimated parameters. Thus, OED is formulated as
follows:

π̂ = argmax
π

Ψ , (13)

where Ψ is the determinant of the Fisher matrix F̃ (π )

Ψ = det F̃ (π ) . (14)

The elements of the matrix F̃ (π ) represent the average value of the parameters sensitivity
coefficients during the measurement plan π and are defined according to [5]:

F̃ (π ) =
[

F̃ ij

]
, ∀

(
i, j

)
∈ { 1, ..., Np } , (15)

F̃ ij =
1

δτ

N s∑
r = 1

1

σ 2

∫
Ω oed

t

X p i X p j dt , (16)

where X p i is the sensitivity coefficient of the solution related to the parameter p i, σ is the
measurement uncertainty, N p is the number of parameters, and N s is the total number of
measurements. In addition, the normalized criterion value is denoted as a ratio between the
determinant of the Fisher matrix for this particular measurement plan and the found maximum
value:

Ψ̂ =
Ψ

max
π

Ψ
.



3. Case Study
Aim of this section is to demonstrate how to find an optimal measurement plan, which allows
one to estimate the thermal conductivity with high accuracy. One may recall questions, which
have been raised in the context of on-site experimental set-up. Where inside the wall the sensors
are to be installed? How many sensors are required to use? When should the experiment start?
How long should it last? First, an one–story house with a single room is chosen and simulated
in EnergyPlus software [25].
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Figure 3: Illustration of the modeled house (a) and the wall construction (b).

Figure 3a shows the geometry of the modeled house. It consists of single room and three
zones: crawl space, living space, and roof space. The envelope has several types of composition.
First, the vertical walls are composed of a 5 cm fiber glass insulation and a 25 cm layer of brick
as presented in Figure 3b. Each wall has a window, all windows are double-glazed and filled
with argon. Next, the roof is constructed of clay tiles and layer of thermal insulation material.
The ground floor consists of concrete slab and thermal insulation material. Details about the
composition materials are presented further. The a priori wall material properties and its layer
thickness are presented in Table 1. These properties are used to construct the direct model
and to simulate the building energy performance in the EnergyPlus software. The material
properties are obtained from [26].

Table 1: The a priori properties of the wall layers.

Material

Thermal
conductivity

k ◦ [W · K−1 ·m−1 ]

Specific
heat

c ◦p [ J · K−1 · kg−1 ]

Density

ρ ◦ [ kg ·m−3 ]
Thickness
δ [ cm ]

Coating 1.15 850 2000 1
Brick 1.0 920 1800 25
Fiber Glass 0.033 840 43.4 5
Plasterboard 0.25 1000 820 2.5



Next, to answer aforementioned questions about experimental campaign, the following
measurement plan is considered:

π = { t ini , δ τ , N s , χ s } , (17)

where t ini and δ τ are the starting day and duration of the experimental campaign respectively,
χ s is sensors location, and N s is the number of sensors. In addition, the reduced experimental
campaign sequence is defined as follows:

Ω oed
t = [ t ini , t ini + δ τ ] .

A choice of the duration of the experiment δ τ is discussed first. Previously, an empirical
study is conducted in [27]. The findings of the article suggest to carry out experiment at least
3 days. Moreover, as mentioned earlier, occupants should be not disturbed during long period.
Also, as demonstrated in [28], 3 days is a good compromise between the computational time of
the parameter estimation problem and the maximum value of D-optimum criterion. Thus, the
measurement plan considers δ τ = 3 days as an optimal number of days to perform experimental
campaign. As a result, during one year of observations 363 possible periods should be assessed.
It can be formulated as:

δ τ = 3 days , t ini ∈ [ 1 , 363 ] [ day(s) ] , Ω oed
t = [ t ini , t ini + 3 ] , N δ τ = 363 .

Next issue is to determine temperature sensors quantity and its position within the wall. The
number of sensors is discussed first. In this case study two sensors positions are determined
in brick and insulation layer respectively. These two layers are remain in case of retrofitting
procedure. Moreover, from a practical point of view, it is easier to install two sensors inside the
wall, since it less perturbs the physical process of heat transfer within the wall. For this reason,
the study is conducted using N s = 2. Figure 4 illustrates the experimental design. One may
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Figure 4: Possible positions of 2
sensors within the brick and insulation
layers.

use the following expressions to formulate the problem:

χ s = {χ 2 , χ 3 } , χ 2 ∈ [x 1 , x 2 ] , χ 3 ∈ [x 2 , x 3 ] .

In other words, the first sensor position, noted as χ 2 , is within the brick layer. While the
second sensor location χ 3 is inside the insulation layer. Thus, the measurement plan is searched
as follows:

π = { t ini , χ 2 , χ 3 } .



3.1. Results and Discussion
Before starting to calculate the D-optimum criterion, it is important to obtain possible sensors
positions within corresponding layer. For this, each layer is discretized, and potential sensor
positions is retrieved. It can be written as:

Ω ∆χ 2 = {χ j2 : χ j+1
2 − χ j2 = ∆χ 2 } , χ j2 ∈ [x 1 , x 2 ] , j = 1 , . . . , N s 2 ,

Ω ∆χ 3 = {χ j3 : χ j+1
3 − χ j3 = ∆χ 3 } , χ j3 ∈ [x 2 , x 3 ] , j = 1 , . . . , N s 3 .

For this case study, the following values are chosen. The number of potential sensors locations
inside the brick layer is set as N s 2 = 15, which corresponds to the discretization step equal to
∆χ 2 = 1, 67 cm . This value shows the distance between two possible sensors locations. The
quantity of possible thermocouples inside the insulation layer is set as N s 3 = 8, and the step
is ∆χ 3 = 0, 625 cm. This value corresponds to the size of the temperature sensor, which is
equal to 0.5 cm . It can be noted, that within the insulation layer more profound discretization
is used. It is due to the fact that insulation layer has larger impact on the thermal loads than
the brick. Thus, the position of the second sensor should be determined precisely. Now, the
measurement plan includes N δ τ × N s 2 × N s 3 number of experiment designs. Using it, the
D-optimum criterion Ψ is computed for each design, and maximum is calculated.

Figure 5: Values of criterion Ψ̂ according the starting day of the experimental campaign.

First, the optimal starting day is found. Figure 5 displays values of the relative D–optimum
criterion Ψ̂ depending on the selection of the starting day of experimental campaign. It
demonstrates how the relative criterion Ψ̂ composed of 363 values varies during the whole year
of the experimental campaign. It can be noted that the high values of the criterion take place
during the winter season, providing better accuracy for the parameter estimation problem. The
lower values are related to the summer season. It corresponds to the fact that, in general,
the amplitudes of the sensitivity coefficients during the winter period are higher compared to
the summer period. These results are illustrated in Figure 6. Figures 6a and 6b display the
variation of the sensitivity coefficients during three days in January for the two sensors in brick
and insulation layers. In addition, Figures 6c and 6d present the same information during a
three day period in June corresponding to the period of the experimental design with small
values of D-criterion. As a result, the model is more sensitive to the parameters during the



(a) (b)

(c) (d)

Figure 6: Variation of the sensitivity functions of the parameters (a),(c) k 2 and (b),(d) k 3

during winter and summer period.

cold season. In conclusion, one may note that the criterion reaches its maximum on January
4th. Thus, observations should be recorded from this date. Moreover, as shown in Figure 5, the
second measurement plan is possible with the starting day on December 27th. From a practical
point of view, it is important to start the experimental set-up before the chosen date, at least
3 days before. This period of time is used to install and calibrate sensors, also to stabilize
temperature perturbations within the wall.

Next, the positions of the sensors are obtained. Figure 7 demonstrates how the relative
D–optimum criterion varies according to sensor position in the brick and insulation layers.
The maximum takes place near the interface between two layers. Therefore, sensors should be
placed in these positions to ensure the best accuracy of observations. Since installing sensor is
a procedure with uncertainty, an optimal sensor position is widened by 10% of the maximum
value. These positions are shown in grey area in Figures 7a and 7b. It means that sensors can
be placed within this area; nevertheless, a high level of accuracy for estimation is maintained.
Therefore, an optimal measurement plan is obtained and expressed as:

π̂ = { t̂ ini , χ̂ 2 , χ̂ 3 } ,

where t̂ ini is January 4th, χ̂ 2 = 24.45 ± 2.4 cm, and χ̂ 3 = 26.1 ± 0.6 cm. Using this
information, an engineer obtain observations, which are useful to attain the highest accuracy



(a) (b)

Figure 7: The optimal sensor position within (a) brick and (b) insulation layers.

for parameter estimation problem.
Furthermore, to verify the sensitivity analysis conclusions, the continuous derivative-based

approach can be used to explore the sensitivity of continuous model output due to changes in the
parameters. First, one may evaluate how the heat flux fluctuates according to the variation of the
thermal conductivity and the volumetric heat capacity of the brick and insulation layers. Both
thermal parameters vary by ± 50% of their a priori values, presented in Table 1. Subsequently,
the heat flux on the interior surface is approximated through the Taylor series expansion using
the calculated sensitivity coefficients. Figures 8, 9 show the variation of the heat flux on the
interior wall surface during the last three days in December. One may assess how the heat flux is
affected by the thermal conductivity parameter; moreover, the thermal conductivity has a greater
influence on the heat flux than the heat capacity. Additionally, it can be noted, that the heat
capacity of the brick impacts the heat flux contrary to the heat capacity of the insulation layer.

(a) (b)

Figure 8: Variation in heat flux according to the thermal conductivity and volumetric heat
capacity of the brick layer using Taylor series expansion.

Several remarks should be noted. First, the study considers embedded temperature sensors inside
a wall due its high accuracy. One may notice that this experimental setup is destructive, and,



(a) (b)

Figure 9: Variation in heat flux according to the thermal conductivity and volumetric heat
capacity of the insulation layer using Taylor series expansion.

thus, the implementation may be difficult. To tackle this issue a semi-destructive approach may
be applied by using heat flux sensors. Moreover, temperature measurements may be recorder
using an infrared camera. Since the objective of this article is to introduce the OED methodology
at wall scale, one may apply it to compare optimal criteria using different measurement devices
and select an appropriate experimental design. Next, the proposed framework is applied using
simulated data. It is important to validate the methodology in situ on existing building, which
should be investigated further. However, the proposed methodology may be considered at the
initial stage of retrofitting procedure. Engineers may utilize synthetic data, provided by building
simulation software, and obtain preliminary data of experimental design, such as starting date
and period as well as optimal position of various available sensors. As mentioned earlier, similar
results of optimal criterion were obtained for a wall of an old historical building [27]. Using
identified optimal period of measurements, the thermal conductivity of the multi-layer wall were
estimated with high precision.

4. Conclusion
The building sector is one of the main contributors to the total energy consumption worldwide.
To maintain the building energy efficiency and improve the quality of the retrofitting solution
one may employ a calibration of the building simulation model. Thus, values of thermophysical
properties of the materials used to construct the building walls are inferred by the so-called
inverse technique. One of the challenges of the parameter estimation approach is to obtain
experimental observations, which ensure the best accuracy of estimates. The OED methodology
enable to define the experimental campaign, performing which one may determine the required
properties with the highest accuracy. In this paper, a building envelope, typical in France, is
simulated in the EnergyPlus software. Using the generated data and the OED, an engineer
may find an optimal measurement plan before starting the actual campaign. To demonstrate it,
two optimal sensors positions within wall layers are found. Additionally, the optimal starting
day of the on-site measurements during one year of observations is determined. Therefore, the
OED theory provides a useful information about the experimental campaign before its initiation.
Moreover, the obtained measurements increase the accuracy of the parameter estimation results.
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