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Kalman Filter

Under linear assumptions [Kalman, 1960] filter details the dynamics of Gaussian uncertainty along the
analysis and forecast cycles. Analysis update writes

K =P'H (HP'H" + R)~",
X% = X"+ K(Q° — HX'), (1)
P? = (I - KH)P',

where P = E [e’e’T] and PP = E [e""e"‘T], with the forecast evolution

X' =Mx?,
P = MP?M’.

This is a simple algorithm. But update of forecast covariance matrix P = MP?M” is numerically costly.

KF needs approximations for practical implementation in large systems!
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Parametric Kalman Filter

propagation

assimilation

EnKF

Pl =(I-KHP/,

> -
Yg+1 Vg+1

What are the PKF equations for the forecast and analysis steps ?
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VLAT covariance matrices

In this talk we consider covariance models parameterized by the variance and the local anistropy tensor
fields — the VLATcov model [Pannekoucke, 2021]. For an error field e(t, x),

e the variance is defined as V(t, x) = E [€?]
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VLAT covariance matrices

In this talk we consider covariance models parameterized by the variance and the local anistropy tensor
fields — the VLATcov model [Pannekoucke, 2021]. For an error field e(t, x),
e the variance is defined as V(t, x) = E [€?]

@ the local anisotropy tensor is given either by the metric tensor, g(t, x), which measures the anisotropy
of the correlation function
E [e(t, x)e(t, x + 6x)]

_ _ 1 2 2
p(t,X,X+5X)— \/m 6X_—>01 _2||5X||gx+o(5x )7
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VLAT covariance matrices

In this talk we consider covariance models parameterized by the variance and the local anistropy tensor
fields — the VLATcov model [Pannekoucke, 2021]. For an error field e(t, x),

e the variance is defined as V(t, x) = E [€?]
@ the local anisotropy tensor is given either by the metric tensor, g(t, x), which measures the anisotropy
of the correlation function
E[e(t, x)e(t.x +6x)] _
VViViiox 5x—0

or the aspect tensor [Purser et al., 2003], s(t, x), which is the matrix inverse of the metric tensor

p(t, X, x +6x) =

1
1= 5l6x1l5, + 0(x*),

—1
Sx :gX )

and extends the correlation length-scale of [Daley, 1991].
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VLAT covariance matrices

In this talk we consider covariance models parameterized by the variance and the local anistropy tensor
fields — the VLATcov model [Pannekoucke, 2021]. For an error field e(t, x),

e the variance is defined as V(t, x) = E [€?]

@ the local anisotropy tensor is given either by the metric tensor, g(t, x), which measures the anisotropy
of the correlation function

Ele(t, x)e(t,x +6x)]
VViViiox 5x—0

or the aspect tensor [Purser et al., 2003], s(t, x), which is the matrix inverse of the metric tensor

p(t, X, x +6x) =

1
1= 5l6x1l5, + 0(x*),

—1
sX :gx )

and extends the correlation length-scale of [Daley, 1991].
Note that (gx); = E [8; (\%v) ol (\%)} = E [0e0jc] where ¢ = e/+/V is the normalized error
[Berre, 2000, Weaver and Mirouze, 2013].
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Shape of local correlaton functions

1 1
p(X, X+ 8%) =1 = 2 13|3, + O(1I5x|I*) = 1 = S 16x[2-: + O(lIax|1), @)

the local aspect tensor sx characterized the local anisotropy of the local correlation function at x
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Sequential assim. of obs.: PKFO1/PKFO2 [Pannekoucke et al., 2016, Pannekoucke, 2021]

Algorithm 1 Iterated process building the analysis state and
its error covariance matrix for the first-order PKF (PKFO1) for
VLATcov models where the local anisotropy is parametrized by
the local metric tensors g.

Require: Fields of g’ and V', V° and locations @; of the P

observations to assimilate

fori=1:pdo
0 - Initialization of the intermediate quantities
Ver=y0(@). X = X/ ()
vi=vil.ve=vg
1- Set the correlation function from the VLATcov model
() = plg’) (i, )

2 - Computation of the analysis state and its error statis-
tics ;
X =X+ olp(@) i (V- &),
ot
ra _ s f _ 2 _ Y
Ve =V (1 Z1C) v/+vr)

W Vg
9z = qgi
3 - Update of the forecast state and its error statistics
X g
Vil v
gl s
end for
Return fields X“, g” and V*
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ential assim. of obs.:

annekoucke et

Algorithm 1 Iterated process building the analysis state and
its error covariance matrix for the first-order PKF (PKFO1) for
VLATcov models where the local anisotropy is parametrized by
the local metric tensors g.

Require: Fields of g' and V/
observations to assimilate
fori=1:pdo

0 - Initialization of the intermediate quantities
Ver=y0(@). X = X/ ()
vi=vil.ve=vg

, V? and locations @, of the p

1- Set the correlation function from the VLATcov model

pu(a) = plg’) (1. @)

2 - Computation of the analysis state and its error statis-
tics

o=+ m(z)ww (- &),

1
Ve =v (1*[%2] W)

Vi oy
9% = 1594
3 - Update of the forecast state and its error statistics
X g
S —ve
gl s
end for
Return fields X“, g” and V*

Algorithm 2 Iterated process building the analysis state and its
error covariance matrix for the second-order PKF (PKFO2) for
VLATcov models where the local anisotropy is parametrized by
the local metric tensors g.

Require: Fields of g/ and V/, V° and locations @; of the p
observations to assimilate

for! =1:pdo
0 - Initialization of the intermediate quantities
Vo =yo(a), & = X (@)

v/ =Vl ve=vg

I- Set the correlation function from the VLATcov model
o) = p(g’) (@i, )

2- Computation of the analysis state and its error statis-

tics

X =xl+ zu/’l(I)‘fLw (y(‘l - /'\’lj).
; J
=V (1=[p@)? ﬁ

Vd s 1
v gi (@) + wivs (@

Vi) (o, Vi) —
% a(m(m%)o/(m(m)om)ﬁ -
e (O OV)

gi(@) =

w)

3 - Update of the forecast state and its error statistics
X e x
Vi v
9% < g
end for
Return fields X, g* and V*
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Ex. assimilation of a single obs. in a 2D domain

(a) Analysis error aspect tensor field for 0° =1.0

(b) Analysis error aspect tensor field for 0° = 0.5

Here, the KF solution coincides with the PKFO2.
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Ex. assimilation of an obs. network in a

Analysis-error Variance field

(b) Analysis-error variance (PKFO1)

(a) Analysis-error variance (KF) (c) Analysis-error variance (PKFO2)
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Ex. assimilation of an obs. network in a 2D domain

. - . . 1a —f
Relative variation of isotropic length scale, r = -2, where Lis, = \/Tr(s)/2
iso
(a) Relative variation of L5, (KF) (b) Relative variation of L;s, (PKFO1) h (c) Relative variation of L;s, (PKFO2)
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second-order Gaussian filter / PKF for VLATcov models

Orx = M(9x), (4)

the Reynolds decomposition X(t, x,w) = E[X] (t, x) + e(t, Xx,w) leads to

OE [X] = M(t, O [X]) + M (t, OE [X])(E [0e ® de]),
PKF forecast step dynamics { OtV = 2E[ed:e], (5)

0g = OF [a, () o (%)] = OE [9ie0e]

[Pannekoucke et al., 2016, Pannekoucke et al., 2018, Pannekoucke and Arbogast, 2021], and extends the
seminal work of [Cohn, 1993].
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second-order Gaussian filter / PKF for VLATcov models

Orx = M(9x), (4)

the Reynolds decomposition X(t, x,w) = E[X] (t, x) + e(t, Xx,w) leads to

AE[X] = M(t, OE [X]) + M" (t, 0F [X])(E [0e © dé]),
PKF forecast step dynamics { 0:V =2E[ed:e], (5)
0g = OF [a, () o (%)] = OE [9ie0e]

[Pannekoucke et al., 2016, Pannekoucke et al., 2018, Pannekoucke and Arbogast, 2021], and extends the
seminal work of [Cohn, 1993].

The PKF dynamics can be computed by using a computer algebra system.

SymPKF performs the symbolic computation of the PKF for VLATcov model and can also automatically
generate codes (finite difference) for the theoretical and numerical exploration
[Pannekoucke and Arbogast, 2021].

see https://github.com/opannekoucke/sympkf
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lllustration: SymPKF on the Burgers’ equation

# Import of libraries

from sympy import symbols, Function, Derivative, Eq

from sympkf import PDESystem, SymbolicPKF, t # Define the PKF system
kf_burgers = SymbolicPKF (burgers)

# Set the spatial coordinate system 1 £ o &

x = symbols('x')

# Set the constants

kappa = symbols('kappa')

# Define the spatio-temporal scalar field

u = Function('u') (t,x)

# Compute the PKF system rndeered in metric tensor form (the computatation is only,
performed at the first call)
for equation in pkf_burgers.in_metric: display(equation)

? 2 Vu (t,x
gu(t,.\‘) = xa—zu(t,.\‘) - u(t,.\');u(t,x) _aVultx)
# Definition of the Burgers dynamics t 9 x 2

burgers_equation = Eq(Derivative(u,t), P 2 K ( IV, (t \‘))2 )
ot o u(t2
~u*Derivative (u,x)+kappa*Derivative (u,x,2)) % Vu(tx) = =2kVu(bx)guxx (£X) + k3= Vu(hx) — = u(t,x)==Vu(t,x) —

burgers_equation ox2 2Vy(tx) dx

ZVU(P,.\')%H(!,.\’)

2
%ll(b-\'):K%u(f,.\')711(f,.\')%u(t,x) 5 # 2
' gos(tn) = Euldn) - 2E (aln@)ggadtae)) - g gt +

# Processing of the PDE system t ox X ,
:Eigz: = PDESystem( burgers_equation ) 2K guxx “,".)57_‘2! Va (4,%) . K’;)‘ Va (f'_\,)% Sux (£,%) 2K uxx (1 X) (% Vu (t,.\'))

g Va (1,%) Va (t,%) V2 (4x)

9 9

PDE System : “(',X)xgu,xx (£,X) = 2 guxx (Prx)all(bx)

prognostic functions : u(t, x)
constant functions

exogeneous functions :
constants : kappa
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PKF dynamics for the Burgers’ equation

For u + E[u],
o o o 2V,
. — K—U— U—
ot Ox?2 ox 2
2
9
o 2kV, 82 K (ax Vu) o o
—Vu = — Vu —u— V-2V, u
ot Vu xx ox2 2V, 1o} 0
0 4 82
T Suxx = 2KSuxx B (au 7 5u> 3N8X2 Su,xx
2
E) 2
6r (ﬂ SU,XX) 2K Su,xx % Vu H% Vu % Su,xx
-2k + — + +
Su,xx Vu Vy
p 2
2K Su,xx (% Vu)

0 0
— U= Su,xx +25u,xx —-u
ox

V2 ax

is a coupled system, where the term £ (au 5’% eu> is unclosed, andis due to the diffusion
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Example of Analytical Closure

[Pannekoucke et al., 2018] proposed the local Gaussian closure

823u L3l _4(8xsu)2

84
E (Eu A4 5u> ~ 395 - 2a)z(gu =

4 2
ox s? Sg ss
1.0 1.4
10
124
0.8 6] o
® 1.0
2z ] ]
S 0.6 < ¢
S ¢ © 6 <08
2 = =
g 4 o
Z 04 > 4] G 06
L i) | 4
= / G 041
0.2 24 { ~
- M 0.2
-~ Ens. validation —
0.0{ — PKF P18-closure 0 amaaa ] 00
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
x/D Xx/D x/D
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Example of Analytical Closure

[Pannekoucke et al., 2018] proposed the local Gaussian closure

4 2 2
0 2 2 OxSu 1 (Ox8u)
E(EUWEU> ~3gu—23xgu:2 > "‘3*2 _473
X s2 s2 s3
1.4+
1.0 10]
1.2
08 s M
b 8 8 1.04
C 06 = Q
g o © 6 & 08
o S =)
> 04 > ] S 06
L 2 | 4
| G 041
0.2 24 { ~
Al 021
--- Ens. validation _— ’
0.0{ — PKF P18-closure 0 amaaa — 00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/D x/D x/D

The design of analytical closure can be difficult, but can be done using IA: PDE-NetGen
[Pannekoucke and Fablet, 2020]

see https://github.com/opannekoucke/pdenetgen
Math. Appr. Atm. Cons. DA/IM 2023
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Hybridation physics-IA: CNN as differential operators

For a function u(x), a finite difference approximation of xu on a regular grid is for instance

u(Xx + 0x) — u(xx — 0x)

nt(x) ~ 26%

that can be computed as
Oxu =o(au+b),

u(xe —0X)  u(xe)  u(xk + 0x)

Dxu(x) l

Dxu(Xk)

That is a convolutional neural network (CNN)
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Hybridation physics-IA: CNN as differential operators

For a function u(x), a finite difference approximation of xu on a regular grid is for instance

u(Xx + 0x) — u(xx — 0x)

nt(x) ~ 26%

that can be computed as
Oxu =o(au+b),

YOk ) ulow) e+ 0x) PDE-NetGen implements a finite difference operator F
such that for any multi-index a,

Fou(x) = 0% u(x) + O(|ox]?)

For instance:

o) ) Fou(x,y) = du(x,y) + O(6x),

it Fryu(x,y) = g u(x,y) + O(6x*,6x3y,6y°).
That is a convolutional neural network (CNN)
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Use of hybridation physics-IA: PDE-NetGen

[Pannekoucke and Fablet, 2020] proposed to find a closure by the design of an automatic generation of neural
network that translates PDE in NN. E ( &, 834 ) ~ a0t +arh >+ a (Brs0)?

u

Introduction of the closure ine the PKF dynamics

from pdenetgen import Trainablescalar

osure by using Trai

b, [TrainableScalar(l) for 1 in ah( 1

Closure_proposal = a*Derivative(nu,x,2)/mussInteger (2)+0e1/musxIntegar(2)\
. . . c*Derivative(nu,x) **2/nu**Integer (3)

for equation in pkf_burgers.in_aspect: display(equation) display(closure_sroposal)

# Compute the PKF system rendered in aspect tensor form (the computatation is only, &
performed at the first call)

e u(tx - x E
2 t,3) =k gu(tx) —u(t, x)fu(l 5y — 2 Vultx) Gt (00 b (e v @ 0)°
* e 2 Vo (1.0) v (6.X) Voo (1.%)
2 a E) # Replace the clo: ,x) by the proposed closure
3 - "“"‘)ﬁ Vu(t,x) =2Vy (h-\');ﬂ(h-\') pkf_dynamics[2] = pkf_dynamics[2].subs (Function(’closure’)(t,x),closure proposal)
2 ~ # Ger MN code leading to the ClosedPKFBurgers class
Fd 2 K (%s.w (t,x)) L’xE:(NNHOde\Budeer(pkf dynamics, ' ClosedPKFBurgers ') . code)

76‘.““ x) = 2K syl (1 X)E (s..(f,v\'.w)—Js“(.‘,v\',m)) — 3K 55 Suxx (b %) =264 ——————— —
ot ox ox’ Suxx (1,X) Sample of code generated to define the ClosedPKFBurgers class
Woun BV Val60) Va0 Fsn () P () (CAZIC)

Vo (t,x) Va () Va2 (5,%) _layers.multiply([div_17,div_17,] ,name='PowLayer 21')

3 2 .layers.multiply([pow _21,Dnu_u_xx_x_02],name='MulLayer 28')
u(t, X) 52 Susx (8%) + 28ux (£, %) Fou(t, x)

2 E

train_scalar_9 = TrainablescalarLayerFactory(input_shape=nul_28.shape, name='Trainablescalar a’
init value 0, use bias: Fa\se mean=0.0, stddev= 1 0, seed=None,wl2=None) (mul_28)

T

add_8 = keras.layers add([!ram scalar_7, !ra)n scalar_8,train_scalar_9],name='AddLayer 8')
mul 26 = keras. layers.multiply([pow_17,add_8],name='MulLayer 26')

.1
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Machine learning estimation of ag,a; and a,

Compute numerous ensemble forecasting (here 400)

Ensemble mean Variance Diffusion
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Machine learning estimation of ag,a; and a,

ap = 1.864,a; = 3.004,ay = —3.604 Trained-NN (top) vs. Proposed closure (bottom) (ag = 2, a1 = 3, ay = —4)
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0 Handling uncertainty at a boundary — as seen by the PKF
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Advection & PKF

dC + udxc = 0. (6)
Velocity field for the simulation

1.2

1.1
2z
3810
K

0.9

0.8

0.0 0.2 0.4 0.6 0.8 1.0
XIN

the PKF dynamics reads as (alternative to P = MP*M" for VLATcov.)

0ic = —udkc, (7a)
Ve = —udy Ve, (7b)
atsc,xx = *Uaxsc,xx + 2Sc,xxaxu, (70)
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Advection & PKF : Dirichlet at x = 0, open channel in A

PKF validated by ensemble estimation

Variance

Variance

Variance

nnekoucke et al

o
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0.5

0.0

o

0.5

0.0

(a) Variance fields at time t=0.0T,qy

(b) Length-scale fields at time t=0.0T,q4,

—— EnkF-Ne=6400
—— PKF
@ Boundary condition
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(c) Variance fields at time t=0.25T 54y

Normalised length-scale L/Ly,
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(d) Length-scale fields at time t=0.25T 4y

‘\

Normalised length-scale L/Ly,
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(e) Variance fields at time t=1.5T,qy
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(f) Length-scale fields at time t=1.5T,q,

Normalised length-scale L/Ly,
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Advection & PKF : Dirichlet at x = 0, open channel in A

PKF validated by ensemble estimation

(a) Time evolution of the variance (b) Time evolution of the length-scale
at the center of the domain at the center of the domain
1.5+ —— EnKF-Ne=6400 104
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Advection & PKF : Dirichlet at x = 0, open channel in A

Ensemble of forecast generated for the ensemble validation of the PKF.

R (a) Sample of boundary condition at x =0 N (b) Sample of initial condition
@  Spatio-temporal connection at t=0, x=0
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Advection & PKF: details of the EnKF setting

For a smooth random error (in time) 7(t), the error variance is defined as
Va(t) = E [n(t)]
and the time auto-correlation is characterized from
_ n(t) n(t)
antt) == or () (V)| ®

If the error at x = 0 stands as e(t, x = 0) = n(t), then V,,(t) = V(t, x = 0), and the temporal metric tensor
reads as

Oitx=0(t) = E[0e(t, x = 0)0we(t, x = 0)], 9)
where ¢ = e/+/V is the normalized error associated with the spatial error e.
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Advection & PKF: details of the EnKF setting

For the advection where d;e; = —udxec, then

P (0cVe)?  udVedx Ve (0iVe)?
42 212 4v2

2
Oe,it = U Jexx +
x=0

or

2
Ge,it = U Je,xx,
x=0

under local homogeneous and stationary assumptions.
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Heterogeneous Diffusion & PKF

here f stands for e.g. the density of a plasma (Fokker-Planck Eq.)

Diffusion coefficient for the simulation

Magnitude of the diffusion

Diff. coef. similar to those encountered in radiation belt simulations.
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Heterogeneous Diff. Eq. & Dirichlet BC & PKF

PKF validated by ensemble estimation En«r: g; (1, x) ~ 800207 4 (t, )

(a) Variance fields at time t=0.0Tgjsr

(b) Length-scale fields at time t=0.0Tss
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Heterogeneous Diff. Eq. & Dirichlet BC & PKF

PKF validated by ensemble estimation enkr:g; (1. x) ~ 30(x)2g; 4 (t. 1)

(a) Time evolution of the variance (b) Time evolution of the length-scale
at the center of the domain at the center of the domain
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Heterogeneous Diff. Eq. & Neumman BC & PKF

PKF validated by ensemble estimation

(a) Variance fields at time t=0.0Ts

(b) Length-scale fields at time t=0.0Tgjss
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Heterogeneous Diff. Eq. & Neumman BC & PKF

PKF validated by ensemble estimation

(a) Time evolution of the variance (b) Time evolution of the length-scale
at the center of the domain at the center of the domain
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Heterogeneous Diff. Eq. & Neumman BC & PKF

Samples for the ensemble validation
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Assimilation cycles applied to transport of a passive scalar

For the linear transport

oic+uvVe =0,

SymPKF gives the PKF dynamics: (with ¢ + E[c])

)
—C
at

9
ot

9

ot

)

5 Sc,xy

ot

C

Sc,xx

ot Sc,yy

9 9
= —U_—-Cc—V_—C

ox ay

o o]
= —u—V.—v—V,

“ax N Vay c

o o o 0
= —U——Sc,xx =V = Sc,xx +25c,xxiu+25c,xy —Uu
oy

ox ay ox

iv_l’_
ox

o
=  —U—Sc,xy —V— Sc,xy T Sc,xx
ax Y Toay Y

o
Sc,xy a—xu + Sc,xy a—y V + Sc,yy a—yu

= uas vas +2s, 8v+25 Ev
= C,yy c,yy XY oy Cc,yy oy

ox oy
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Assimilation cycles applied to transport of a passive scalar

Assimilation cycles starting from an
isotropic forecast-error covariance at t=0.

WEET L
PKF forecast steps are computed with 2Q0C -
dic+uvVe = O, o] .o oom— = evvensanenas|
ath+quC == O7 D
DiSc +UVS: = (VU)Sc+ 8o (VU) + VPS80, amssmemmisissinn st b sz oo

PKF analysis steps are performed using
Algo 1 (PKF01) & 2 (PKO2).

Validation of the PKF based on EnKF
using 1000 members.

see [Pannekoucke, 2021], see also GOSAT
assim in Sina’s work
[Voshtani et al., 2022a, Voshtani et al., 2022b]

Pannekoucke et al.

. L . . L2 —L
Relative variation of isotropic length scale, r = %ﬁh

ariation o Lis, at t=0 (ENkF)

i

(@) Relative v
3
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No result
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Assimilation cycles applied to transport of a passive scalar

Assimilation cycles starting from an

isotropic forecast-error covariance at t=0. Analy3|s error varlance flelds

PKF forecast steps are computed with s S -
oc+uvVe = 0, + ——

(91 Vc + UV Vc = 07 & 3 . -

(1) Analysis-error variance at t=3.5 (PKFO2)

OS¢ + UVse (Vu)sc +s¢ (Vu)” + nVise. o iz oy

PKF analysis steps are performed using
Algo 1 (PKF01) & 2 (PKO2).

i) Analysis-error variance at t=9 (PKFO2)

Validation of the PKF based on EnKF
using 1000 members.

No result

see [Pannekoucke, 2021], see also GOSAT
assim in Sina’s work
[Voshtani et al., 2022a, Voshtani et al., 2022b]

Pannekoucke et al. PKF tour of data assimilation Math. Appr. Atm. Cons. DA/IM 2023



Table of contents

e Characterization of the model-error covariances — contribution of the PKF

Pannekoucke et al. PKF tour of data assimilation Math. Appr. Atm. Cons. DA/IM 2023 30/44



PKF and model-error covariance

But for the EnKF
OtV +uvV V,#0
because discretization leads to solve

SyPv
6

2
dc+uve = —(S)(Tuafc -

3
oyc,

(a) EnKF variance field at time 9

0.8

0.2
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PKF and model-error covariance

But for the EnKF
Ve +uV Ve£0
because discretization leads to solve
Sx2u

3 3
orc+uve = —Taxc - T6yc,

(a) EnKF variance field at time 9
I »

Pannekoucke et al.

Comp. in 1D at n = 241 PKF vs. EnKF

(a) Mean concentration

(b) Standard-deviation

(c) Length-scale

—= Ens.N,=241
—— PKF Ny =241

(a) Mean concentration
=== Ens.N,=723
—— PKF N, =241

D R CR R
xID

omp. in 1D at n = 241 PKF vs.

(b) Standard-deviation

= 723 EnKF

(c) Length-scale

PKF tour of data assimilation
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odel-error covariance

Some correlation functions in 1D exp. for transport (2nd order spatial derivative)
Auto-correlation functions at x = 0.5

(a) t=0.0Ta0v (b) t=0.6Taq (c) t=1.2Taav
T
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oo] = — PKFNy=241 === | oo ==
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(d) t=1.8Tagv (e) t=2.4Taqv (f) t=3.0Taav
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N
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Predictability-error covariance dynamics: the model

When solving the adection equation
drc 4 udyc =0, (10)

where u(t, x) > 0 is an heterogeneous wind field and c(t, x) a passive scalar field. The modified equation
associated with the Euler-upwind scheme

AR :_Ulcﬁfo’q (11)
5t "oex
reads as
oC + Ud,C = kd2C, (12)
where

—q_ ot at
{ U(t, x) = u— Yo+ Sudxu, (13)

k(t, x) = & (6x — udt).
which shows that the num. model is suffering from dispersion and dissipation.
Note that similar expressions are obtained for semi-Lagrangian discretization as used in NWP and air quality.
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Vecolity magnitude

u(x) = T

(a) Nature (b) Euler-upwind scheme
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Figure: Nature versus numerical dynamics

Transport with conservation for the nature
but heterogeneous damping for the num. model == model error.
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Predictability-error covariance dynamics: the model

With the local Gaussian closure (op. cit.) the predictability-error covariance dynamics for
oC + U(t, x)0xC = k(t,x)02C,
reads as

8:C = —Ud,C + rd2C,

D
VP = Ud, VP — Z‘S/T"Hafvt

8{3’3 = *Uaxsp + (28XU)SP+
2 (0xsP)?
Y9}

nafs" + 4K — — "k + OxkOxS® —

K (85 VP)?
2VPp

202\/P

Vp
79 2

2(0:VT)° (8)(‘2 ) ks?

KkSP+

O VP
v

20

KOxSP — vaspa K+
X Vp X

I
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Time evolution of the low-dependent part of P

. (a) Model-error variance (from pkf nature-model) 20 o(b) Model-error length-scale (from pkf nature-model)
t=T 17.59
0.6 g
2
© 15.0
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c 1254
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Evolution of the flow-dependent part of the model-error covariance [Pannekoucke et al., 2021]
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PKF and model-error covariance

the high-order time scheme version of the modified

Variance loss in 3D transport models equation that predict variance time evolution
BASCOE transport model driven by ERA Interim meteoroloay

Initial Ensemble variance at 50 hPa on 20080601

2VPk K (05 V)
24 (4 (. P 2\ /P X
B VPt ud V= Uo VP - oy TV -
- U(t, x) = — 40w + Sludxu, 15)
oo Kk(tx) =% (Ax — uAt)
i:; reads as, when corrected to force transpart of
variance
L. 2VPg K (95 VP)?
(4 p _ M\MXV )
oo VTS g R v

00

2= with this time k = “2*. See [Ménard et al., 2021] who
> proposed a flow dependent inflation for the EnKF | to
ensure the true transport of VP. Connexion with

see [Ménard et al., 2021] Shay’s presentation of monday.
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e Toward multivariate PKF formulation
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Simple multivariate chemical transport model: LV-1D

Lotka-Voltera interaction for species A and B

X+AH

ArBR

n

A,

o

&
N

X m

leads to the dynamics in 1D domain

OtA+ UDA = —AdxU + k1A — ko AB
OB + udxB = —Boxu + ko AB — ksB
This offers a minimal framework to explore multivariate assimilation in chemical transport model (CTM)
Multivariate (2 species)
Non-linear dynamics (as often the case CTM)
Continuous fields so to take advantage of the PKF
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Multivariate PKF dynamics for LV in 1D domain

OtA + UOxA = —A0xU + k1A — ko AB — ko Vag (
OB + udxB = —Boxu — k3B + ko AB + ko Vag (
OtVag + UdxVag = —2VagoxU + Vap(ki — koB — Kz + k2 A) + ko VaB — ko VBA (16¢
OeVa+ Udy Vi = —2Vadyt + 2[Va(k — kaB) — kaAVag] (
OtV + Udy Vg = —2Vedyu + 2[Va(—ks + ko) + ksBVag] (
2k2 AVapSa n 2kpAopS30xEa0xéB

0tSa + UOxSa = 2540xU — 7 on (16f)

TA,adv—1 TA,adv—2 T T
A,chem—1 A,chem—2

OtSg + UOxSB = ... (169)
N——
TB,adv—1

with cross-correlation approx.
_ 1 Vas(X) Vas(y) 2
a8(X,Y) - 2 (aA(x)aB(x) aa(y)os(y) exp (—||x - y||[%(SA(x)+SB(X)+sA(v)+sB(y))]*1) (1)
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Multivariate PKF dynamics for LV in 1D domain

['7

025

Cross-correlation
magnitude

-01s.

100

Multivariate LV-CTM forecast-error statistics at times t=0.50tm,x and t=1.00tmax
(a) Mean concentration A (b) Mean concentration B (c) Std A

(d) Std B

(g) Length-scale B

PKF tour of data assimilati




Multivariate PKF dynamics for GRS (6 chem. species) in 1D domain

150
125

075
050
025

Multivariate forecast statistics for GRS: Ens. estimation (N.=1600, black dashed lines) and PKF (colored lines)
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Conclusion & Perspectives

@ In the PKF error-covariance matrices are approximated by some covariance model

@ The Assimilation cycle described for univariate assimilation

@ The PKF is a pratical tool that approximates the KF (or its non-linear second-order extension)

@ The dynamics of the parameters approximates the real error-covariance matrix.

@ Symbolic tools have been designed to facilitate the computation of the PKF dynamics (SymPKF)
@ PKF often needs a closures

@ |A tools have been designed to replaced unkown terms by NN parameterizations or to discover
analytical closures (PDE-NetGen)

@ The PKF dynamics gives access to the physics of uncertainty, and appears as a theoretical tool

@ Which has been explored for understanding the model-error covariance due to the discretization of
PDEs

@ Multivariate PKF assimilation — some preliminary results for air quality !
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Conclusion & Perspectives

@ In the PKF error-covariance matrices are approximated by some covariance model

@ The Assimilation cycle described for univariate assimilation

@ The PKF is a pratical tool that approximates the KF (or its non-linear second-order extension)

@ The dynamics of the parameters approximates the real error-covariance matrix.

@ Symbolic tools have been designed to facilitate the computation of the PKF dynamics (SymPKF)
@ PKF often needs a closures

@ |A tools have been designed to replaced unkown terms by NN parameterizations or to discover
analytical closures (PDE-NetGen)

@ The PKF dynamics gives access to the physics of uncertainty, and appears as a theoretical tool

@ Which has been explored for understanding the model-error covariance due to the discretization of
PDEs

@ Multivariate PKF assimilation — some preliminary results for air quality !
Perspectives

@ Accounting for 2D/3D bounded domains (— interesting results for EnKF ?)

@ Accounting for the meteorology / parameter uncertainty in the PKF dynamics

@ Multivariate extension application to geophysical dynamics (SW eq.)

@ Application in targeting and sensivity analysis
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