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The quantum switch is a quantum process
that creates a coherent control between dif-
ferent unitary operations, which is often de-
scribed as a quantum process which transforms
a pair of unitary operations (U;,U,) into a con-
trolled unitary operation that coherently ap-
plies them in different orders as [0)0| ® U1Us +
[1X1| ® UsU;. This description, however, does
not directly define its action on non-unitary
operations. The action of the quantum switch
on non-unitary operations is then chosen to be
a “natural” extension of its action on unitary
operations. In general, the action of a process
on non-unitary operations is not uniquely de-
termined by its action on unitary operations.
It may be that there could be a set of in-
equivalent extensions of the quantum switch
for non-unitary operations. We prove, how-
ever, that the natural extension is the only pos-
sibility for the quantum switch for the 2-slot
case. In other words, contrary to the general
case, the action of the quantum switch on non-
unitary operations (as a linear and completely
CP preserving supermap) is completely deter-
mined by its action on unitary operations. We
also discuss the general problem of when the
complete description of a quantum process is
uniquely determined by its action on unitary
operations and identify a set of single-slot pro-
cesses which are completely defined by their
action on unitary operations.

Marco Tilio Quintino: Marco.Quintino®lip6.fr
Akihito Soeda: soeda@nii.ac.jp
Mio Murao: murao@phys.s.u-tokyo.ac.jp

1 Introduction

A quantum operation given by some physical pro-
cess would have a predetermined action on a quan-
tum system. The action can be effectively converted
by incorporating the quantum operation as a part
of some sequence of quantum operations. The se-
quence then serves as a “higher-order quantum op-
eration” converting one quantum operation to an-
other. Quantum instruments [1] are a mathematical
description of all quantum operations implementable
by a fixed sequence of quantum gates within the stan-
dard quantum circuit model, including the addition
and removal of subsystems, but without postselec-
tion. Probabilistically implementable quantum opera-
tions are represented by completely positive (CP) and
trace-nonincreasing maps. Mathematically, a higher-
order quantum operation on these quantum opera-
tions is represented by a higher-order map’. We
shall call any higher-order map on CP maps as a su-
permap in this paper. While a constructive definition
of a supermap based on the standard quantum circuit
model guarantees physical implementability (at least
for theorists), an axiomatic characterization allows us
to explore more exotic classes of (possibly unimple-
mentable) supermaps.

Quantum processes® are such supermaps, defined
to be linear and return a CPTP map when the in-
put maps are restricted to independent and local®
CPTP maps [2, 3]. Some quantum processes are not

!By a “map”, we mean a mathematically well-defined func-
tion, taking one element of some set to another element of some
set.

2Some literatures use “process matrix” and “superchannel”
to refer to higher-order maps.

These CPTP maps may act on operators that belong to
a larger Hilbert space than that used to define the quantum
processes, so long as the Hilbert space is “locally” extended
from the defining Hilbert spaces of the quantum processes.
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implementable within the standard quantum circuit
and deemed to have an “indefinite causal order”. The
causal orders of quantum processes, however, are not
“equally” indefinite. The quantum switch [4] is a “two-
slot” quantum process that transforms a pair of inde-
pendent unitary operations into a controlled coher-
ent superposition of these operations in two different
orders. The quantum switch is well-studied in the
context of indefinite causal order [2-4] to elucidate
how the causal structure may affect the quantum in-
formation processing in quantum mechanics. If imple-
mented suitably, the quantum switch would serve as a
resource for discriminating non-signaling channels [5],
quantum computation [6], and quantum communica-
tion [7-12].

Reference [4] is the first to explicitly introduce the
quantum switch, with two definitions. The first one is
valid only when the input CPTP maps are two inde-
pendent local unitary CPTP maps. Given two local
unitary CPTP maps U1 and U5 characterized by the
unitary operators U; and U4, the quantum switch
transforms them to the unitary CPTP map given by

(U1,Uz) = [0)0|c @ UaUy + [1X1]|c @ U Uz, (1)

by using each of u 1 and Zjlg only once. The input
maps are applied in two different orders, determined
by the state of another qubit (control qubit). If the
control qubit is in |0)¢, 27{1 is applied on the target
system first, and followed by Zjlg, and if the control
qubit is in |1)¢, Uz is applied first followed by U;. If
the control qubit is in a superposition of |0) and |1),
then the two different orders should be “superposed”
in a coherent way.

The second definition of the quantum switch in-
cludes all independent pairs of local CPTP maps as
input and chosen to be the most “natural” one based
on its Kraus representation [13] as follows: given
two CPTP maps represented by the Kraus operators
{K;}; and {L;};, respectively, the CPTP map of the
output from the quantum switch is given by the Kraus
operators {W;; }:; defined by

Wij == 10)0]c ® L K; + [1{1]c @ KiL;.  (2)

Following this definition®, different results have been
established. One interesting result is that the quan-
tum switch can help in enhancing certain communi-
cation tasks [8—10]. In particular, if two input CPTP
maps are the depolarizing channels®, which do not
transfer any information by themselves alone, the out-
put CPTP map is not a depolarizing channel any more

4We denote maps defined on linear operators with a tilde.

5The quantum switch has been extended to larger numbers
of input CPTP maps as in Ref. [6], but is not the scope of this
paper.

SHere, “channel” and “CPTP map” are used synonymously,

but the former is chosen over the latter to conform to the con-
vention commonly used in the community.

V all unitary operations U:
-ofHuaf—o = AprHafHal-
but 3 non-unitary operations such as A:

Apr—A—p)- # Al Al

Figure 1: Two quantum circuits implementing higher-order
maps that transform an arbitrary unitary CPTP map into
the depolarizing channel. Here U/ denotes the input unitary
CPTP map, D denotes the depolarizing channel, and id de-
notes the identity CPTP map. While the actions of both of
them are equivalent on unitary CPTP maps, their actions on
some CPTP maps, e.g., A(p) = (Tr p)|0)X0| which replaces
the input state p by the quantum state |0)0|, are different.

and can be used for transferring information. The
definition of the quantum switch based on Eq. (2) is
widely used in various studies, but before this paper,
it was not clear if the action of the quantum switch
based on the second definition can be derived uniquely
from only Eq. (1).

Before proceeding, we present a simple example to
show that, in general, the behaviour of a supermap
on unitary CPTP maps does not uniquely define its
action on general CPTP maps. Our example is illus-
trated in terms of quantum circuits shown in Fig. 1
and consists in presenting two quantum processes
which, despite being different, have identical action on
unitary CPTP maps. This example follows from the
fact that since unitary CPTP maps are unital, that is,
UI) =1. It D(p) := (Trp)-I/d is the completely de-
polarizing channel and sz(p) = pis the identity CPTP
map, we have that

DoldoD =idold oD =D. (3)

But, when considering non-unital CPTP maps /~\, that
is /~\(I) # I, the identity in Eq. (3) does not hold.
In particular, if we take the CPTP map K(p) =
(Tr p)|0X0| which replaces the input state p by the
quantum state |0)0|, we obtain

DoAoD =D (4)
idoAoD =A. (5)

Although simple, this example can be used to con-
struct infinitely many pairs of higher-order quantum
operations that share this property, namely, the ac-
tion on unitary operations does not uniquely define
the action on non-unitary operations. In particular,
for any fixed circuit operation, we can construct two
new circuits by considering probabilistic mixtures of
the fixed operations with the identity channel or the
depolarizing channel. For any non-trivial probabil-
ity mixture, the same argument used in our previous
example shows that these two new circuits may act
identically on unitary operations, but they act differ-
ently for non-unital operations. More rigorously, let
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C be an arbitrary one-slot quantum comb [14-16] rep-
resenting a circuit which a channel into a channel. Let
C1 be the comb associated to the circuit that trans-
forms an arbitrary channel A into Do A oD =D and
C3 be the comb associated to the circuit transforms
an arbitrary channel A into ido A oD = A. It follows
from Eq. (3) and Eq. (4) that for any 0 <7 < 1 the
circuits associated to the combs

Cl :=nC+(1-nC (6)
Cq:=nC+(1—n)Cs, (7)

are equivalent for unitary operations, but C] and CJ
act differently on non-unitary quantum channels. In-
terestingly, this argument does not rely on quantum
circuits and can be used for any general process (po-
tentially with indefinite causal order [4]) which trans-
forms quantum operations. We just need to recog-
nize that the two different circuits presented in Fig. 1
are valid processes, and by performing any non-trivial
convex combinations, one can always construct exam-
ples of two higher-order transformations in which the
action on unitary operations does not uniquely define
the action on general.

It is worth mentioning that the difficulty of the
problem follows from the fact that general CPTP
maps cannot be written as a linear combination of
unitary ones. For instance, a non-unital CPTP map
can never be written as a linear combination of uni-
tary CPTP maps. However, the linearity is not the
only condition that supermaps should respect. It is
crucial to respect the notion of complete positivity
(CP) [2, 3, 8, 14-16].

The question of whether supermaps are uniquely
defined by their action on unitary CPTP maps is first
considered in Ref. [4], where the authors have anal-
ysed the incoherent version of the quantum switch—
a bilinear supermap that transforms an independent
pair of local CPTP maps into a classically-controlled
mixture of the pair applied in two possible orders.
Also in Ref. [4], the authors have shown that the in-
coherent switch is uniquely defined by its action on
unitary CPTP maps. Here, we prove that the co-
herent quantum switch is also uniquely defined by its
action on unitary CPTP maps under linearity and
completely CP preserving (see definition below).

When dealing with the “lower-order case” where
one considers CPTP maps which transform quantum
states (or, rather, density operators) into quantum
states, the linearity itself is enough to ensure that the
action of the maps on pure quantum states uniquely
defines the action of the maps on any quantum state”.
This holds because the linear space spanned by pure
quantum states contains all self-adjoint operators. An
analogous problem then would be to define the action
of a CPTP map for a restricted set of pure states and

"The same applies to CP instruments.

then analyse how the CP condition restricts the ex-
tension of this map to the set of all quantum states
in a non-trivial way, a problem which is discussed in
Refs. [17-20]. We also remark Ref. [21] which investi-
gates when the marginals of a linear map uniquely de-
termine its action and Ref. [22] which analyses when
compatible tuples of measurements admit a unique
joint measurement.

In this paper, we analyse how the action of su-
permaps on unitary CPTP maps restricts their action
on general CPTP maps. In particular, we show that
the constraints of linearity and completely CP pre-
serving ensure that the action of the quantum switch
on any CP map (including non-TP ones) is uniquely
defined by its action on unitary CPTP maps. We then
consider the general problem of understanding the re-
strictions imposed by the completely CP preserving
and apply our proof techniques to problems which are
not directly related to the quantum switch. In par-
ticular, we identify a class of single-slot supermaps
(which take one CPTP map as input) such that, sim-
ilarly to the quantum switch, their action on unitary
CPTP maps uniquely defines their action on general
CP maps. This class includes identity supermaps,
unitary transposition, and qubit unitary complex con-
jugation.

This paper is organized as follows. In Sec. 2, we pro-
vide the statement of our main theorem. Section 3 dis-
cusses several consequences that can be obtained only
from the linearity that are also used in later proofs.
The results on the single-slot supermaps are derived
in Sec. 4. Finally, we conclude in Sec. 5. The proofs
and technical methods are presented in the Appendix.

2 The Uniqueness of Quantum Switch

Linearity and completely CP preserving (to be defined
precisely, below) are two operationally motivated con-
ditions on supermaps. The linearity condition is re-
quired for the supermap to accommodate the possibil-
ity of probabilistic mixtures in quantum theory [23].
A supermap must also be completely CP preserving so
that it always returns a CP map when the input CP
map acts on extended Hilbert spaces [15, 16]. This
is to comply with the possibility that any quantum
system can be extended by adding auxiliary systems.

In addition to the complete CP preserving, a su-
permap may be imposed a set of normalization con-
straints, namely that a pair of quantum channels
transform into a quantum channel [4]. These con-
straints imply that all supermaps lie in some partic-
ular linear subspace. Interestingly, we do not impose
such constraints for proving our result. These nor-
malization constraints will follow as consequences of
the linearity, completely CP preserving, and Eq. (1).

In this paper, we start from a two-slot supermap
whose action on unitary operations matches that of
the quantum switch and derive the action of the su-

Accepted in {Yuantum 2022-10-23, click title to verify. Published under CC-BY 4.0. 3



Figure 2: Conceptual figure of a two-slot supermap which
may not respect a definite causal order, such as the quan-
tum switch. Two-slot supermaps transform an independent
pair of local CPTP maps as input and output a CPTP map
from P to F. In general, the action of a supermap on uni-
tary CPTP maps does not uniquely define its action on non-
unitary CPTP maps.

permap on arbitrary quantum operations. In particu-
lar, we derive the quantum switch from the following
three conditions:

1. The action of a two-slot supermap on unitary op-
erations is given by Eq. (1).

2. The supermap is linear.

3. The supermap is a completely CP preserving su-
permap.

Theorem 1. If a 2-slot supermap is linear and com-
pletely CP preserving and its action on any indepen-
dent pair of local unitary CPTP maps is given by
Eq. (1), then its action on arbitrary independent pair
of local CPTP maps is uniquely determined by the
Kraus operators Eq. (2).

In order to prove Theorem 1, we use the Choi rep-
resentation of supermaps [14, 15, 24, 25]. That is,
since the Choi-Jamiotkowski isomorphism is a bijec-
tion, we prove the uniqueness of the quantum switch
by proving that the corresponding Choi operator W
is uniquely determined. Representing supermaps [15]
as matrices via such an isomorphism is the same
approach taken in studying “process matrices” as in
Ref. [26].

We now introduce the Choi representation of maps
on linear operators [24, 25]. Then we discuss how to
represent supermaps as linear operators via the Choi
representation [14, 16]. Let Z and O be a Hilbert
space, and £(Z) and £(O) the set of linear operators
acting on them. The Choi operator of a map A :
L(Z) — L£(O) transforming operators from £(Z) to
L(0) is given by

JA—ZI

where {|i)} is a computational basis for Z. The condi-

jl@ A(liNi) € LZ@0),  (8)

tion that a linear map A is completely positive (CP)
corresponds to the positivity of J3, i.e., J; > 0. Uni-
tary CPTP maps are the ones which can be written

as Zjl(p) = UpU', where U is a unitary operator. The
Choi operator associated to a unitary CPTP map will
have a subscript in a Roman typeface, for example,
Ju = X il @ UIYGIUT).

A supermap is a map of

W [L(Z) = L(O)] = [L(P) = L(F)], (9)

where P and F are the input and output I Hilbert

spaces of the output CP map, respectively. W is lin-
ear if

(aA+ 8B) = aW( )+ ﬂW( ) (10)

for arbitrary input CP maps A and B and arbitrary
a, f € C. It is CP preserving if it transforms CP maps
into CP maps.

A linear supermap is completely CP preserving if
all of its trivial extensions transform CP maps into
CP maps, that is, for every CP map which may make
use of an auxiliary space C : L(Z ® Haux) = L(O ®

Haux), the output map We ZNd(E) is also CP, where
id L(Haux) = L(Haux) is the identity supermap on

the auxiliary space defined by id(A) = A for every
map A.

Supermaps may also be viewed as maps on the Choi
operators of the input CP maps. Hence, by taking
the Choi representation of this induced map, we can
also represent a supermap as in Eq. (9) by an op-

erator W € L(P®Z ® O ® F). More precisely, if a
supermap w acts on A the Choi operator of its out-
put CPTP map W(A) is given by [4, 14, 16]

Trzo |:W(I7> ® Azo ®I}‘)t}, (11)

where A7p € L(Z® O) is the Choi operator of A and
t stands for transposition in the computational basis.
In the Choi operator representation, the completely

CP preserving condition of W is simply given by the
positivity constraint W > 0 [14, 16]. A more detailed
introduction to the Choi operator representations of
supermaps can be found, for instance, in the intro-
ductory sections of Ref. [27] and [28], also references
therein.

The quantum switch is a 2-slot supermap, namely
that the Z and O are each composed of two Hilbert
spaces as Z =71 ®Zy and O = O; ® Oy (see Fig. 2 for
assignments of the Hilbert spaces). Here, Zp,, O}, = C4
for k = 1,2 and P, F = C??. In particular, P =
Pe ® Pr and F = Fo ® Fr, where Pr, Fr = C¢
and Pc,Fe = C2, the latter corresponding to the
control qubit. We denote the Choi operator of the
quantum switch defined on any independent pair of
local CPTP maps A ® B, where A : £(Zy) — L(O;)
and B : £(Z) — L£(03), by the Kraus operators given
inEq. (2)asWy € LPRT1 ® 01 ® Ty @ O3 ® F).
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This operator can be calculated [4] as Wy := |[Wo )X Wp|
with

[Wo) := |00)pe7c 1) Prz, 1) 0,7, 1) 0,

+ |11>PC’]:C|I>>PTI2II»O2II II»OLFT

-1

= (‘Zj]klk00> + |jk"t]’tk‘11>), (12)
0

U

kel
Il

)

[

s

where the Hilbert spaces are rearranged for ease of
presentation, |I)) := ). [i7), and the Hilbert spaces
for the vector in the last line is in the order of
1 011 Oy ® Pr @ Fr ® Po ® Fo. Note
that the normalization of the Choi operators is given
by Tr[W] = Tr[Wy] = 2d3, and each element of the
matrix Wy is 0 or 1.

Denoting the input unitary CPTP map by J =
Ju, ® Ju,, the action of quantum switch is given by®
Trin [WoJt], where Hyp, = 1 @ 01 @ Lo @ O stands for
the total input-channel space of the quantum switch.
In terms of the Choi representation, Theorem 1 is
equivalent to the following Lemma.

Lemma 1. If the Choi operator W of a 2-slot linear
supermap satisfies W > 0 (i.e., completely CP pre-
serving) and Tri, [W(Jy, @ Ju,)] = Trp[Wo(Jy, ®
Ju,)t] for all Uy and U, then W = Wj.

The main proof of Lemma 1 is given in Appendix C.
Here we provide a sketch of the proof. We first con-
sider the linear span of the Choi operator of unitary
CPTP maps. In Sec. 3 and Appendix A, we provide
a set of operators that are in the linear span. In Ap-
pendix C, we consider the consequences of the positiv-
ity of the Choi operator W > 0, which also relies on
the results on the linear span. Remark that the Choi
operator of the quantum switch given by Eq. (12) has
a simple form, namely, it is a matrix such that all
the elements are either 1 or 0 and that any submatrix
whose diagonal elements are 1 has all other elements
being 1. First we prove that all the diagonal elements
of W are either 1 or 0, with some calculations are
separated into Appendix D. After determining all the
diagonal elements, it remains to show that all other
elements are either 0 or 1. To do so, we evaluate the
element-wise 1-norm, i.e., the sum of absolute values
of all elements in the computational basis, where the
main calculations are separated into Appendix E.

3 The Linear Span of the Choi Opera-
tors of Unitary Operations

From the linearity, the action on any input CP map
that is a linear combination of unitary CPTP maps

$When we write Tr;,, [WoJt], we are suppressing the identity
operators, that is, in the full notation we have Tr;,, [Wo(lp ®

Jt® I]?):I. If clear from context, we will suppress the identity
operators under traces.

follows from Eq. (1). For any J € span{Jy, ® Jy,}?,
where

span{Jy, ® Jy,} (13)
= {C ‘ C= Z CiliQ(JUz‘l ® JUig)vcﬁiz € (Cv

Ui17Ui2 € SU(d)}7

the action of the quantum switch on J is
given by Try,[WoJt. Since span{Jy, ® Jy,} =
span{span{Jy } ® span{Jy}}, tensor products of the
bases of span{Jy} form a linearly independent set of
elements in span{Jy, ® Jy,}.

We first summarize the results in this section: as
we prove in Appendix A, an operator C' belongs to
span{Jy } if and only if

Trr[C) =Tr(C] 2, (14)
Tro[C] =Tt[C] %d. (15)

Hence, by evaluating partial traces, one can verify
that:

—_

- i)l lig) il € span{Jur} for i # 5.

[\

. |ig)#'§'| € span{Jy } when the indices i, j, ¢/, j' all
take a different value.

3. ijXi'j’| € span{Jy} when the indices i, 7,4, j’
take three distinct values, but such that their
partial traces all return a zero operator.

4. Zj:Hk lij}ij| € span{Jy} for k=0,...,d — 1.

5. (Jig)iil — 17g)7il), (ljaiil — 1ii)isl) € span{Ju}
for i # j.

We remark that the set of the operators listed here
does not span the whole space of span{.Jy} unless
d = 2. There are only 2d(d —1) +d(d —1)(d —2)(d —
3)+4d(d—1)(d—2)+d+2d(d—1) = d(d®> —2d*>+3d —
1) elements here, but the dimension of span{Jy} is
(d*> —1)? +1 (Lemma 3 of Ref. [29]), which is strictly
greater than d(d® — 2d? + 3d — 1) for d > 2. We
show in Appendix C that Lemma 1 can be proved by
only considering the action of the quantum switch on
these operators. The action of the quantum switch on
all unitary CPTP maps is not necessary to uniquely
determine the action of the quantum switch on general
CP maps.

Another important fact is that the action of the
quantum switch on the depolarizing channels is de-
termined only by the linearity, because

T2 Ip2

i ® 5 € span{Jy, ® Ju,} (16)

9Here, Ju, ® Jy, is treated as a collection of all the Choi
operators of local unitary CPTP maps. We use this as a short-
hand notation of span{{Ju, ® Ju, }v, ,u.esU(d)}
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holds, where 32 is the Choi operator of the depolar-
izing channel (which may be viewed as a probabilis-
tic mixture of uniformly random unitary operations).
Thus, the results of Refs. [8-10] can be obtained with
only the assumption of the linearity.

4 Uniqueness of single

permaps

input su-

In this section, we provide a similar theorem on the
supermaps with a single input CP map instead of the

quantum switch. Consider the (linear) supermap c
which act on as the identity supermap on unitary

CPTP maps, that is, for every U we have E(Zjl) =U.
We show that by imposing that C is completely CP
preserving, C also behaves as the 1dent1ty supermap

for any arbitrary CP map A that is, C(A) A. In
other words, we have that C' = Cj, where
d
Co= > lij)Xki| @ ij)kl| € LZRODP®F),
i3,k 1=1
(17)

the Choi operator of the identity supermap.

Theorem 2. If the action of a 1-slot linear supermap
on unitary CPTP maps is given by U — U for an
arbitrary input unitary operation U and is completely
CP preserving, then its_action on an arbitrary CP
map A is given by A — A.

Similarly, Theorem 2 is equivalent to the following
Lemma.

Lemma 2. Let Cy be the Choi operator of the identity
supermap defined by Eq. (17). If there exists C > 0
such that Trzo|CJ}] = Trzo|CoJy;] for all U, then
C = .

The proof of Lemma 2 is given in Appendix B.

While Theorem 2 only holds for supermaps which
act as the identity on unitary CPTP maps, this result
can be easily extended to cases to supermaps which
act on unitary CPTP maps as U +— Boldo A, where A
and B are fixed unitary CPTP maps that do not make
use of any auxiliary system. This class of supermaps
is precisely the set of reversibility preserving one-slot
superchannels (also known as one-partite pure pro-
cesses [3]) which do not modify the dimension of the
input CP map [27].

Corollary 1. If the action of a 1-slot supermap C’
on unitary CPTP maps is given by U — Bolo A
for an arbitrary input unitary CPTP map U and two
fized unitary CPTP maps A and B and is completely
CP preserving, then its action on arbitrary CP maps
is given by A — BoAoA for an arbitrary input CP
map A.

Proof. Corollary 1 can be reduced to Theorem 2 as
follows. In the Choi operators, the action of C’ on
unitary CPTP maps is
Trzo[C'J}] = Jpua, (18)
where A and B are unitary operators defining A
and B, respectively. By introducing C = (Az ®
Br)'C'(Ar ® BF), the Lh.s. can be written as

TI‘I(Q[C/J[tJ] = T\I‘IO[(AI X B]:)C(AI ® B]:)TJ;]]

= Br{Trzo[C(ALJ} A7)} BY:
= Br{Trzo[C(Jav)"|} BE. (19)
‘We also have that

Jeua = Bp{Trzo [CO(JAU)t]}B;-‘a (20)

where Cy is the operator defined in Eq. (17). Since
AU is also a unitary operator and spans the whole lin-
ear span of span{Jy }, the uniqueness of C’ is equiva-
lent to the uniqueness of the identity supermap C'. [

Corollary 1 can be used to show that the supermap
leading to qubit unitary complex conjugation anal-
ysed in Ref. [30] is uniquely defined by its action on
unitary operations. This holds true because U =
Yol o), where Y denotes the Pauli Y unitary oper-
ation.

Another important supermap that can be proven to
be unique is the unitary transposition [28, 31]. Here
it is interesting to remark that unitary transposition
cannot be implemented deterministically and its prob-
ability of success is limited by 1/d?. Note however
that our proofs only rely on the linearity and the com-
pletely CP preserving and do not make use of normal-
ization or causal constraints. Due to that, we can also
tackle probabilistic higher-order quantum operations
such as unitary transposition.

Corollary 2 (Unitary transposition). Suppose a 1-
slot linear and completely CP preserving supermap
transforms a unitary CPTP map determined by a uni-
tary operator U into another unitary CPTP map de-
termined by its transpose operator U with some fized
success probability p. More formally, the Choi oper-
ator C > 0 of the supermap satisfies Trro[CJ}] =
pJyt for all unitary operators U and some p. The ac-
tion of C' on a general CP map with the Chot operator
Jr € L(Z ® O) is necessarily given by Trzo[CJL] =
p FJAF, where F denotes the flip (swap) operator de-
fined by Flye) = ) for all |6y and |1).

Proof. A possible Choi operator for unitary transpo-
sition is given by C} = FI@COFITO, where Cj is the
operator defined in Eq. (17). By assumption,

TI‘I()[C/JE] = TrI@[C(I)J[tJ]. (21)
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In this case, by introducing C' = (Fro)'C'(Fro), the
Lh.s. can be written as

Trzo[C'Ji] = Trzo[(Fro)C(Fro)' Jf]
= Tr70[C(Fro) T} (Fro)]
= Trzo[C(Jy+)'] (22)

whereas the r.h.s. can be written as
Trzo [C('JJ}}] = ’IYI@[C(JUt)t]. (23)

Since U! is also a unitary operator and spans the
whole linear span of span{Jy }, the uniqueness of C’ is
equivalent to the uniqueness of the identity supermap

C. O

After finishing a first version of this manuscript, we
became aware of Ref. [32], which presents an indepen-
dent and considerably different proof that the unitary
transposition is uniquely defined by the action of on
unitary CPTP maps.

Remark 1. In general, for a given action of a su-
permap on unitary CPTP maps, an extension of the
domain of the supermap is not necessarily unique un-
der the linearity and the completely CP preserving.
Thus, it is natural to consider what extra condition
may lead to the uniqueness. The results of Corollary 1
shows the Choi operator of the supermap U — Bolfo A
is a rank-1 operator. One could imagine that, when
there exists a rank-1 positive semidefinite extension,
that operator is the only possible extension. Unfortu-
nately, this hypothesis is not enough for the unique-
ness of the extension, as we will now show.

Consider a supermap transforming all two-
dimensional unitary CPTP maps to the two-
dimensional identity channel, with some probability.
That is, there exists a Choi operator Cy such that
Trzo[CoJl] = quJi, where qu is a positive coeffi-
cient. For 0 < p < 1, we define the Choi operator
CreL(ZI®ORP®F)

Cp = 02y ¢+7 (24)

_Es
ST S
"=,
_-_tg =

where ¢t denotes the maximally entangled state,
which is proportional to the Choi operator of the iden-
tity channel. We can check that, for any 0 < p < 1,
the positivity constraint €, > 0 is respected and
Trzo|CpJl| = quJi, that is, CpJf; is proportional to
Jr, but the proportionality coefficient gy is indepen-
dent of p but may depend on the unitary U. However,
when p = 1, C}, is a rank-1 operator. Hence, imposing
the existence of a supermap with rank-1 Choi opera-
tor is not sufficient to uniquely extend the action of
such a supermap on non-unitary CPTP maps.

5 Conclusion and Future Scope

In this paper, we have addressed whether the action
of a supermap is uniquely determined by its action on
unitary CPTP maps. We proved that, different from
general supermaps, the action of the quantum switch
on unitary CPTP maps uniquely defines its action on
general CP maps under linearity and completely CP
preserving. We have also shown this uniqueness prop-
erty holds for different classes of supermaps, which in-
clude identity supermaps, unitary transpositions [28],
and the qubit unitary complex conjugation [30].

In order to tackle more general supermaps, it would
be useful to find a simple criterion to identify which
supermaps are uniquely defined by their action on uni-
tary CPTP maps. Here particular cases of interest
would be to analyze the n-slot quantum switch [6],
and quantum processes which may be viewed as gen-
eralizations of the switch, such as the ones which
can be described by a coherent control of causal
order [27, 33, 34]. Also, the quantum switch has
the property of being a pure superchannel [3], that
is, it maps unitary operations (even unitary opera-
tions extended to larger systems) into unitary oper-
ations, and preserve the reversibility of quantum op-
erations [27, 33]. It would be interesting to have a
better understanding of the relationship between pure
superchannels and uniqueness property, as in the case
of quantum switch. For instance, is it the case that all
pure superchannels are uniquely defined among pure
superchannels by this action on (non-extended) uni-
tary operations? We stress however that in this work,
we do not assume that the switch is a pure super-
channel, the only properties that we assume are its
action on (non-extended) unitary operations, linear-
ity, and complete positiveness. From these hypothe-
ses, we prove that this has to be a pure superchannel,
and, additionally, that it is unique.

Another interesting future direction would be to un-
derstand how the constraints of normalization would
limit the possible extensions of supermaps. In this
work we have obtained our results simply by argu-
ments based on completely CP preserving, but the
normalization constraints for deterministic transfor-
mations or linear constraints arising from causal re-
lations [16] may considerably restrict the possibilities
of extending the action of supermaps to non-unitary
CPTP maps. We note that, when extending lower-
order operations from a restricted set of quantum
states, example 5 of Ref. [19] shows that requiring the
transformation to be deterministic may be a severe
constraint. We then expect that stronger claims may
be proven by imposing that a supermap correspond
to a deterministic transformation.

As we show here, it is possible to strongly restrict
the form of a supermap given only its action on uni-
tary CPTP maps, and such a technique may reduce
the difficulty of the analysis of the performance of
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higher-order quantum operations, since it is enough
to perform an optimization on a restricted set of CP
maps. We hope that questions, answers, and methods
covered in this paper contribute to our understand-
ing of how positivity conditions restrict higher-order
quantum operations and that this work paves the way
for understanding the extension of general supermaps.
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A The Elements in the Span of the Choi Operator of Unitary Operations

Lemma 3. Let T and O be linear spaces isomorphic to C*, U : T — O be an arbitrary unitary operator

and Ju =3 . )i ® Uli)j|U" its associated Choi operator as a unitary CPTP map. A linear operator C' €

L(Z ® O) belongs to the linear space spanned by the Choi operators Jy of unitary CPTP maps if and only if
1q

Ter[C] = TH{C] 2 and  Tro[C] = TH[C] =

14

< (25)

Proof. By definition, if C' belongs to the linear span of Jy;, there exist real coeflicients {c¢;}; and a set of unitary
operators U; such that

C=> cilu, (26)
Since for any unitary operator U we have that Trz[Jy] = Tro[Jy] = 14, it follows that

ZcZ [Ju,] = chl, (27)
Trz[C] = (Z ci> I, (28)
= (Z Ci) Ig, (29)

hence Egs. (25) hold.
For the converse, we start by pointing out that every self adjoint operator C' € L(Z ® O) can be written as

d?—1 d?-1 d?—1d%-1
C = d + Z 0;0; @ + Z ﬁo ®0’0 + Z Z Yio O ® 0o, (30)
i=1 o=1
where {o;}%_ 7" is a set of self adjoint operators on C,4 respecting Tr[o;] = 0 and Tr[o; o;] = &;;. An explicit

basis may be obtained via the generalized Gell-Mann matrices [35]. The orthogonality and traceless properties
of operators o; ensure that

~o = Tr[C], Yio = Tr [c (0: ® cro)], (31)

a; = Tr [c (0: ® Id)}, B, =Tr [o (I ® ao)}. (32)

The linear span of unital channels is identical to the linear span of unitary CPTP maps [36] (see Ref. [32]
for a constructive proof). The Choi operators C' of unital CP maps are characterized by Trz[C] = Tr[C] & and

Tro[C] = Tr[C] %‘i, which implies that «; = 8, = 0 for every ¢ and o. Therefore, an arbitrary linear operator C'
belongs to the linear span of Jy if it can be written as

d?>—1d*-1

C=m7 L T D oo @0, (33)

=1 o=1

O

B The proof of Lemma 2

Consider the identity supermap C that transforms an input unitary operation UonT® 0= C?® C? to U on
P® F = C?®C? We show that this supermap transforms an arbitrary input operation A on Z ® O to itself
on P ® F by assuming the completely CP preserving property. That is, the Choi operator C' of the identity
supermap satisfies

d
C= Y lij)kl|@C(lij)kl]) € LZ@O@P @ F), (34)

ijkl=1
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where C denotes the corresponding map of C, i.e., C(J) = Trzo[CJ!] for J € L(Z ® O), and we show that this
Choi operator is uniquely determined as

d
Co= > lij)Xkl| @ ij)kl| € LZ®O@P®F) (35)
i,4,k,01=1

under the following assumptions: its action on unitary operations is determined as Trzp[CJ};] = Trzo[CoJ}]

for an arbitrary unitary operation U; and it is a positive operator C' > 0. Note that the action of C is given by
C(Jy) = Trzo[CJ};] = Trzo[CoJf] = Ju by assumption. We first consider the diagonal elements of C, then
consider the off-diagonal elements of C. B

(First part: diagonal elements of C') Since Zijzl lij}ij| = I € span{Jy}, the action of C is determined as

C(I) = I, and we obtain

d d d
> ligigl =COY lig)igl) = > C(lij)ij))- (36)

ij=1 ij=1 ij=1

Thus, for |ijkl) e T 0P F

d d d
_Z (ijkl|C|ijkl) = _Z (kl|Trzo (Clij)ij|")|kl) = _Z (KUC(ligXig]) kL)
d d
= (k1| > Cllig)j|)Ikt) = (ki ( D lij)igl)|kl) = 1, (37)
i,j=1 i,j=1

holds for all k,1, and we obtain

d
= Y (ijkl|Clijkl) = d*. (38)

1,5,k =1

Since every diagonal element of a positive semidefinite operator is non-negative, Eq. (37) shows that every
diagonal element of C, say a, satisfies 0 < a < 1, and Eq. (38) shows that the sum of all diagonal elements of
C is equal to d2. N

Since |i7)X7ji|, [it)jj| € span{Jy} holds for all i # j from Lemma 3, the action of C is determined as

CUlég)gil) = lig)gil,  C(lai)iil) = léi)isl, (39)
and the Choi operator C satisfies
(ijij|Cljiji) =1, (idd|Cljjjj) = 1. (40)

Since C' > 0 all principal minors of C' are non-negative. Consider the following two-dimensional submatrices
of C

<<ijij|0ijij> <ijij|0|jiji>) ( (iid|Claiid)  (iiii|C|777) > (41)
(4ijilClijig)  (jijilCljiji) (47gd\Clidid)  (jjjilCliiis)) "

with ¢ # j. Eq. (40) indicates that all the off-diagonal elements of these matrices are 1, and the diagonal
elements are between 0 and 1 due to Eq. (37). Then these matrices are positive semi-definite only if

(ijij|Clijij) =1, (iidi|C)idii) = 1 (42)

for all 7 # j.

Since the sum of all diagonal elements is equal to d? due to Eq. (38), and Eq. (42) provides the d(d—1)+d = d?
elements that are equal to 1, the other diagonal elements of C are equal to 0. For positive semi-definite matrices,
if a diagonal element is 0, all elements in that row or column are also 0. Thus, we have

(i1J1k111|Clizgokala) # 0 (43)

Only if (ihjlaklvll) = (Z7Jvza.7) and (i27j2ak2712) = (kvlvkvl) for some i7j7k:al‘
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(Second part: off-diagonal elements of W) The second part of the proof is to show that all the elements
which are non-zero are equal to 1. Consider a Choi operator J € span{Jy} with (ij|J|kl) # 0 for all ¢ # j, k # I,
e.g., the Choi operator of the Fourier transform. Since J € span{Jy}, the equality

(i5IC(T) kD) = (ij]T|kD) (44)

holds for all ¢ # j, k # [. On the other hand, the action determined by the Choi operator C' is given by

(iF|C(D)|KL) = (ij| Trzo[C(Jo ® Ipx)]|Kl) (45)
= Tr[(ij|C|kl)J'] (46)
= Y ({Fi|CIK kL (KT ) (47)
i, 5k
= <z‘jij\C|klkl>(kl|Jt|ij> (48)
= (ijij|C|klkl) (ij| J|kL), (49)

where the fourth equality holds due to Eq. (42). Therefore, by considering the condition that both Eq. (44) and
Eq. (49) hold, we obtain (ijij|C|klikl) =1 for all ¢ # j, k # [. Similarly, consider a Choi operator J € span{Jy}
with (i7|J|kl) # 0 for all ¢ and k # [, e.g., the Choi operator of the Fourier transform, we obtain (iiii|C|klkl) = 1
for all 7 and k # [. Similar calculations show that (ijji|C|kkkk) = 1 for i # j and all k, and (ii4:|C|kkkk) = 1
for all + and k. Thus, we uniquely determine all the elements of C' and obtain C = Cj.

C The Proof of Lemma 1

We start the section by recalling that

d—1
Wo = > (lijjkik00) + |jkijik11))((ijjkik00| + (jkijik11]), (50)
i,5,k=0

where the Hilbert spaces are ordered as 7y ® O1 ® o ® O3 @ Pr ® Fr ® Poc ® Fo. Hence, for any J =
|Z]kl><1/]//€/l,| S L:(Il RO XTIy ® 02), we have that

Trin [WoJt] =(ijkl|Woli'j kT’ (51)
= jkdj/k/|i100><z"l’00| + éiléi/l/|kj11><k’j’11| + 5Jk61/l/|zl()0><k’j’11| + 5il5j’k/|kj11><i/l/00|~ (52)

We now remark that the matrix elements of Wy are 0 or 1. In order to prove Theorem 1, it is enough to prove
that each element of W for any quantum-switch-like supermap satisfies |(W);;| = 0 or 1. This is because if there
exists a quantum-switch-like supermap W (or its Choi operator, to be exact) such that satisfies |(W);;| =0 or 1
but W # Wy, then W, := eWW 4 (1 —¢) W, is also a candidate for a quantum-switch-like supermap and must have
a value satisfying 0 < |(W.);;| < 1, which contradicts with the assertion that W for any quantum switch-like
supermap satisfies [(W);;| =0 or 1.

The rest of the proof is divided into two parts: the first part considers the diagonal elements of W, and the
second part considers the off-diagonal elements of W.

(First part: diagonal elements of W) Consider J = |ijkI)i'j'k'l’|. For all i, j, k,, there exist i, j', k',1’ such
that J € span{Jy, ® Jy,}. This can be shown by noticing that if i = j we can set i = j’ # i to ensure that
lij)i'3'| € span{Jy}, and in this case, we relabel the variables ', ;" as j. Similarly, if i # j we set i/ = j and
J' =1 so that |ij)i'j'| € span{Jy} (see Sec. 3 or Lemma 3). The same arguments hold for k, . Hence, for i # j
and k # [,

Trin[W(Jijki)jilk])"] = (3;x]i00) + 0|kj11)) (0 (jk00| + o (i11]) (53)
Trin [W (|1 kE)Gill])"] = (853:|ik00) + 0ire| K 11)) (3ia (5100] + 05 (1i11]) (54)
Trin [W (JidkD)(j51E])"] = (5k]i100) + d5t|ki11))(3;1(j k00| + 85 (1511]) (55)
Trin [W(J4ikE)j5111)"] = (8ix]ik00) + d3x|ki11))(d51(5100] + 650(1511]), (56)
Also, consider that I ® I € span{Jy, ® Jy,}, we obtain
Tr[Tri [W (I @ I)]] = Te[W] = 2d°. (57)
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In Appendix D, we show how Egs. (53) — (57) and the positivity W > 0 implies that, for ¢ # j, k # [, the
operator W has to respect

(i7k1il00|W |ijkLil00) = 1 for j = k (58)
(ijklkj11|W|ijklkj11) =1 for i =1 (59)
(ikkik00|W |ijkkik00) = 1 for j = k (60)

(ijkkkj11|W|ijkkkj1l) = 1 for i = k (61)

(iik1il00|W |#iklil00) = 1 for i = k (62)

(iiklkil1|W|iiklkill) = 1 for i =1 (63)
(iikkik0O|W |iikkik00) = 1 for i = k (64)
(iikkkill|W |iikkkill) = 1 for i = k, (65)

or equivalently,

(i1il00|W |i5j1il00) = 1 for i # j,j # |
(ijkikj11|W |ijkikj11) = 1 for i 7é g, ki

) = (66
) = (67
) = (68
(ijitij11|Wigiiij11) = 1 for i # j (69
(i4ilil00[W|idilil00) = 1 for i # I (70
(iikikil1|W |iikikill) = 1 for i # k (71
) = (72

)= (73

O N — — O D T

The number of terms in 1st, 3rd, 5th, and 7th lines (or 2nd, 4th, 6th, 8th lines) is given by d(d — 1)2, d(d —
1),d(d — 1),d respectively, and the total number of terms in these 8 lines is 2d3. Since Tr [W] = 2d3, all the
other diagonal terms of W are 0.

Remark 2. Here we illustrate the key idea of the proof in Appendix D with a simpler example. Consider a
linear map W : £L(C?) — £(C?) and the corresponding Choi operator W € L(C*) satisfying,

Trin [W([d ><J|)] |><j| for (i,7) = (0,1) and (,5) = (1,0) (74)
Tr[W] = (75)
Wzo, (76)

then the matrix W has the form of

(77)

— oo R
O o
Q@ o0 OO
S O =

with a+d+e+h = 2. From the positivity W > 0, the diagonal elements have to respect a,d, e, h > 0, and since
the determinant of all its minors has to be non-negative, we obtain ah —1 > 0. By combining these constraints
we can verify that,

2=a+d+e+h (78)
>2Vah+d+e, [since a+h>2Vah (79)
>2+4e+d, [since ah > 1] (80)
> 2. [since e > 0, d > 0] (81)

Hence, we obtain a + h = 2v/ah as a necessary condition. Thus, we obtain a = h = 1 and the diagonal terms
are uniquely determined as (a,d, e, h) = (1,0,0,1).

(Second part: off-diagonal elements of W) In this part, we show that every element of W satisfies |(W),;| =
0 or 1. From the positivity, if a diagonal element is 0, then all the elements of that row or column are 0.

Accepted in {Yuantum 2022-10-23, click title to verify. Published under CC-BY 4.0. 13



Therefore, by analysing Eq. (52) and Lemma 4 below, we see that the action of W can be described by
<ijkil|W|i/j/k/l/> = aijkli/j/k/lféjkéj/kr|il00><i/l/00|
+ bijiirj v 6idi |kj11YK 511
-+ Cijkli/j’k’l’(sjk(si/l/|iloo><k/j/]-]-|
with |aijkli/j/k/l/|7 ‘bijkli’j’k’l/|7 |Cijkli’j’k/l’|a |dijkli’j’k’l" § 1. As we mentioned7 it is enough to show that all the
absolute values of them (with the non-vanishing Kronecker deltas) are 1.
In order to show that the coefficients satisfies |aijkiir ikt |, |Dijhiirjr i |s |Cijhtir ik |, | dijriir ey | = 1 for all
6,7,k 1,4, § k', ' (for those that yield the non-vanishing Kronecker deltas in Eq. (82)), it will be helpful to define
a class of linear operators belonging to the span{Jy, ® Jy, } satisfying useful properties. Before introducing this

class, we point out that since the operators |ijki)(i’j'k'l’| form a basis, any operator J acting in Z; 01 @ Zo ® Oy
can be written as

J = Z Sijktir et LRI 5 R, (83)
igkli’§ k!l
for some scalar coefficients s;jp1i7/k11. It will be useful to focus on the case where we set scalar coefficients to
be sijkiirjir € {—1,0,1} and J is guaranteed to be in the linear span span{.Jy, ® Jy, }.
Lemma 4. Let a,b,c,d,a’, b, ,d be integers in {0,...,d — 1}. For any given operator |abcd¥a'b/c'd'|, there
exists an operator Js € span{Jy, ® Jy,} such that

JS = Z Sijkli/jlk/l‘ijkl><i/j/kll/|, (84)
igkli k1
with sijp1 560 € C and Sapedavrerar 7 0.
Additionally, there exist Js such that further satisfy
ITenWIl = D lsijeirjona (GikIWold' 'K T) |1 (85)
igklil k1

The proof of Lemma 4 is presented in App. E.
Using the parametrization for W introduced in Eq. (82) and the orthogonality of the control qubits, any
operator J, respects

I Tran(WID =11 > sigmirgniGRIWI KT (86)
ijkli! §/ k1
< Z Skt k1 Qightit k1 O5k0500 [1100)(E 1" 00] |1
ijkli’§ k1!
+|| Z Sijkli’§/ k'l bijkli/j/k/l’5i15i'l'|kj11><k/j/11|||1
ijkli! §/ k'l
+ | Z Sijkii k1 Cighiir i1 0303y [1100)K 5" 11|11
ijkli! j' kU
+ | Z Sijrtit ikt Dighiir gy a8 [kj11)E' 100 ||y
ijkli’§' k1!
<D Isigmagrnl 1656850 [OONT VOOl + Y [sigrisrgrnnl 18 [R5 11 0 (87)
ijkli’ §/ K1 ijkli’ k1
+ Y simirganll 88 ld000XE S+ Y ssgmirgeanl 188 ki 11T 00] 1,
ijkli’§ k1! ijkli’§ k1!

where the last inequality follows from the relations |aijkli/j/k/l/| S 1, |bijkli’j’k’l’| S 1, |Cijkli/j’k/l/| S 1, and

|dijriir gy | < 1.
Also, if the operator J, respects Eq. (85) and belongs to span{Jy, ® Ju,}, Eq. (52) ensures that

ITein WDl = > simigownlighl Wold'5'K1) | (88)
ijkli’§ k'
= 37 sumrgrwl (10500500 |i100Y'100] | + Gadinw R 11K G 11
ijkli’§ kT
o+ 001 100X 711l + b [ 11001 ), (89)
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quantity which is identical to the r.h.s. of the inequality in (87).

We will now show that the absolute value for any all coefficients a;juiij/k With non-vanishing ;40,5 is
exactly one. For that, we pick a particular coefficient agpedarp’erar With non-vanishing d,40,7p7, assume that
|@abedarvrerar| < 1, and exhibit a contradiction. Let Js be an operator where sgpedartyerar = 1 and satisfies the

condition in Lemma 4. Note that the original statement in Lemma 4 is that Sqpcdgarprerar 7 0, but here the operator

S;blcda'b'c'd/JS is alSO in the Span Js (S Span{JUl [ JU2} and Sa,tiSﬁeS Sabeda'b' ' d = 1. Sin(je |aijkli’j/k’l" < 1 fOr

all indices, it holds that

I Z Sijkiit i k'l Qijkiit i k1 004k |E100)E'1'00] |1 < Z | Sijhiir ikt @ijiiir ik 004k |1100)E"1700] |1
GGkl R iRl R

<> Asigmurgrnl 165885 [i00)E'100] |1, (90)
ijkli’ 5k

where the second inequality is strict because
||3abcda’b’c’d’ Aabeda’ b’ ¢’ d! 5ab6a’b’ ‘ad00><ald/00| ||1 < |5abcda/b’c’d’ ‘ H(Sab6a’b’ ‘ad00><ald,00| ||1 (91)

is strict. Hence, inequality (87) is also strict, and by combining this inequality with Eq. (89) we have

I Trin Wl <) ISijm'j/k'zl(||5jk5jfk'|i100><i’l’00\||1 + udyr [k LLXE 5 11| [|1
ijkli’ 5/ k1

+ 0,50 [il00XK 711 ||1 + 61201 |k 11)(E"1'00) ||1>

= || Trin (W), (92)
which is a logical contradiction.
Using the same method, we can also show that, for all indices {i, 7, k,1,4', ', k', '}, we have bk jnr| = 1,
|Cijkiirjrir| = 1, and |dyjpiirjoer7] = 1 what finishes the proof.

D Evaluation of the Diagonal Terms in the Proof of Lemma 1

Here we provide the proof of Egs. (58) — (65) from Egs. (53) — (57) and the positivity W > 0. Let us define the
disjoint sets,

Sy = {|ijklil00) | i # j,k # 1,7 =k} U {|ijklkj11) | i # j,k # 1,0 =1}
Sy = {|ijkkik00) | i # j,j = k}
Sy = {lijkkkj11) | i # j,i =k}
Sy = {|iiklil00) | k # 1,i = k}
Ss = {|iiklkill) | k # 1,i =1}
Se = {|iikkik00) | i = k}
Sy = {|iikkkill) | i = k},

NellNe}
U

Nej
3

A~~~ A~ o~ o~
© o
oo D

D e D D T

©
=]

and it is enough to prove that
I @wwiw) =1 (100)
[¥)€Sa

holds for a =1,...,7. This is because if Eq. (100) holds, the inequality

1
[Sal

Te(W] =24 > > @Ww)>> IS | [] @Wl) > [8u] = 2d° (101)
a= | a=1

Lly)€Sa a=1 [¢)€Sa
also holds, and by considering the condition for equality, we obtain
(YIWlp) =1 (102)

for all |[¢) € S, for all a. Here we only prove Eq. (100) for a = 1,2,6. The case of a = 4 can be proved in the
same way as the case of, a = 2 by considering the symmetry between the two input operations. The rest cases
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a = 3,5,7 can be proved in the same way as a = 2,4, 6, respectively, by considering the symmetry between the
action of the control qubit being 0 and 1.
(Case 1: S1) In this case, we show the following inequality holds

4)ES: i kAL j=k i kL=

II <¢|W|1/J>:( 11 <z’jklilOO|W|z’jklilOO)>( 11 <ijklkj11|W|z’jklkj11>)

( 11 (ikklilOO|Wikklz’l00>) ( 11 <kilkli11W|kilkli11>)

ik, k] ik, k£l
= J] (ikkliloo|W |ikklil00) (kilklil1|[W |kilklil1) > 1. (103)
ik, k£l

Let [¢9,) := |ikklil00) and |¢},) = |kilkli1l), then (¢%,|W|v},) = 1 holds for arbitrary i, k,[ satisfying
1 # k,k # | because of Eq. (53). By considering the positivity of the submatrix

(W?MWW?W <¢?kz|W|¢i1kz>> _ (W?MWW?W 1 ) >0 (104)
(i W5 (Wi W k) 1 Wl Wk ) =7

we obtain the inequality
(o | W [950) (Wi W [500) > 1, (105)

which completes the proof of Eq. (103).
(Case 2: S3) In this case, we show the following inequality holds

11 @wiw)y= ] (ijkkikoo|W |ijkkikoo)

|1)€S3 i#5,j=k
= H<¢ik‘W|'¢ik> = szk\WWzk)(i/kaWWm) >1, (106)
ik i<k

where we define [¢;;) := |ikkkik00) for i,k = 0,...,d — 1. Since (¢;1|W|ir;) = 1 holds arbitrary i, k satisfying
i # k because of Eq. (54), we consider the positivity of the submatrix

WirlW i) ik Wlpra)\ _ (il W i) 1
<<¢ki|W|¢ik> W}m‘WWki)) N ( 1 <¢ki|W¢ki>) 20, (107)

and obtain
(Wit W thire) (ra [W |9hrs) > 1 (108)

for any i # k, which completes the proof of Eq. (106).
(Case 3: Sg) In this case, we show the following inequality holds

11 @Iwl) = ] ikkikoo|W|iikkiko0) = | [ (kkkkkkOO|W |kkkkkkO0) > 1. (109)
[)€S7 i=k k

Let |¢g) := |kkkkkEOO) for k = 0,...,d — 1, then (¢|W|¢y) = 1 holds for k # k' because of Eq. (56). By
considering the positivity of the submatrix

(YolWlho)  (Wo|Wlpr) -+ (Yol Wlta-1)
(1| W [tho) (V1| W |91) (V1 IWa—1) >0, (110)
WarWldo) (arlWhin) -~ (har|Whbar)

where all the off-diagonal elements are 1, we obtain Eq. (109).
In total, we uniquely determined the diagonal elements of W.
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E Proof of Lemma 4

In order to prove Lemma 4 it will be convenient to introduce the following disjoint subsets of the elements of
span{Jy }.

Gra = {lig)}i'5'[ i # 5 #7 # 7'}
Gu ={lighi'j'| | i=j,i#i #j ovi=ji#i#j
orj=1i,j#i#j ori =j i #i#j}
Gre ={lig)d'j'| |i=j,i' =ji#{ ovi=j,j=1ii#j},
Go={Y_ lij)ij| | k=0,...,d—1},
j=itk
Gsa = {lig)ii| — [77X7il | i # 7},
Gy = {[7iXii| — [77Xij] | i # 7},
Gaa = {[ig)Xik| = |ji)Xdk| | i # j # Kk},
Gy = {ligXkj| — liiXki| | i # j # k}.

Here (g, is the swapped version of G3, in the sense that every element of Gj, corresponds to an element
in G, with the two systems swapped. Similarly, Gy, is the swapped version of Gy4,. We also denote G; =
G1a UG1p UGye, Gz = G3, U Gsp, and Gy = G4 U Gy The elements are of the form |ij)kl| or their linear
combination. We refer to i, j, k,l as indices. Note that

e the elements with all the four indices taking a distinct value (such as 0123) are in Gy,
e the elements where the indices are composed of three distinct values (such as 0012) are in G1; and Gy,

the elements where the indices are composed of two distinct values and two indices for each value (such as
0011) are in Gy, and G,

e the elements where the three indices take the same value while the remaining one takes another value (such
as 0001) are in G3,

the elements with the indices taking the same value (such as 0000) are in Gs.

One can check that, for any given operator |ab)a'b’|, there is an operator J, from the set Ug=1234G, in
which |ab)a'b’| appears with a non-zero coefficient. Thus, for any given operator |abed)a’t/c’d’|, there is an
operator J, ® Jg from the set U, p=1,234Go @ Gy in which |abed)(a'b'c’d’| appears with a non-zero coefficient.

In order to prove Lemma 4, it is enough to show that for any operator J; € Ug p=1,2,34G¢ ® Gy,

||TI'm[WJ§H|1 = Z Hsijkli/j/k/l<ijkl|W0|i/j/k/l/>||1 (the same as Eq. (85))

igkli’ 5 k1

holds. In the remaining, we consider all possible cases of G, ® G} and show that Eq. (85) holds for each
Js € G4 ® Gy. Note that it is enough to consider 10 cases that satisfy a < b because of the symmetry between
the two systems.

(Case 1: G; ® G1) In this case, the Eq. (85) is trivial because every Js € G7 ® G; has only one element,
that is, for every J; € G1 @ G1, Sabeda'vrerar 7 0 for only one {abeda’b'c’d'}, and thus

| Trin [W Il = l[Sabedartyeral{abed Wold' V' d') |y = > |[sijhiirjn ik Wold' K1), (111)
ikl 5 kT

Case 2: G1 ® Go In this case, every possible Js can be written as |ab}a'd'| @ >°,_ ki) kl| for some
l=k+m
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{a,b,a’,',m}, and thus

-1
| Tron [WJIE |1 = || dzxabk, k+m|Wola'V'k, k +m)|; (112)
§
= 1> (6k0j0klis k4 m, 00), k + m, 00] + 6 hpmOir by |kj 11k 11]
k=0
+ 6jk6i/,k+m‘ia k+m, 00><k],].1| + 5i,k+m5j’k|kj1]-><i/; k+m, 00|)H1 (113)
= d71(||5jk5j/k|i, k+m,00)i', k 4+ m, 00| + & grm0ir kym|kjl1)kj 11|
k=0
+ 6jk5i’,k+m‘i7 k+m, 00><kj/11| + 5i,k+m5j/k|kj11><i/, k+m, 00|||1) (114)
= S |[{abk, k + m|Wo|a'b'k, k + m)|x (115)
k=0

where the second equality holds because all the elements are non-negative.

(Case 3: G2 ® G2)  Similar to Case 2, expanding ||Tr;,[W JE]||1 provides only non-negative elements, and
thus Eq. (85) holds.

Before proceeding to the other cases, we first point out that almost all the calculations are just the verification
of Eq. (85). Moreover, the procedure for these calculations are the same, namely,

1. using the difference of the states of control qubits to expand the norm,
2. using inequalities like ¢ # j to expand the norm in two ways:

(a) the difference of the states: for example, if 7 # j, then |||}z — [7)7]ll1 = [|2)E]]l1 + 1|7)X5]1]]1

(b) the difference of non-zero Kronecker delta: for example, if i # j, then |6, — 0;k|l1 = [|0ix|l1 + ||0jx |1

3. all the terms become non-negative at this point, and regrouping the terms, we can obtain the r.h.s. of
Eq. (85)

(Case 4: G1 ® G3) Here we consider G5 with only the elements of the form |ki)Xkk| — [lI)XIk|, that is, G34.
The proof for Gs; follows from the proof for G3, as follows. Consider F' = F} ® Fr, ® F'r @ X, W, satisfies
WO = FW()F, and

[ Tein[W(FL T F1) [l = (| Trin[Wo(Fy JsF1) |1 (
= | Trin [(FAWo F1) Ji] (
= || Trin[(F2 ® Fr @ Xc)Wo(F2 @ Fr @ Xc)J!|h (
= |(Fr ® X¢o)Trin[(FoWo F2)JY(Fr @ Xe)llh (119
= || Trin [(F2 Wo F2) T3] |11 (
= (| Trin[Wo(FoJs F2) ] [1 (

holds, where the fifth equality holds because the flip operation and Pauli X operation only swaps the position of
matrix elements and does not change the element-wise 1-norm. Thus, showing the equation for J; € G; ® Gy
is equivalent to showing the equation for J; € (FG1F) ® G3, = G1 ® G34

In this case, every possible J; can be written as |ij)i'j'| @ (|kI)kk| — |lI)(k|) for some {i,3j,%,5' k,1}, and
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thus

[ Trin[W Il = 1G5RUWoi' 5 kR) — (gl Woi' 51k} ||y (122)

— /(816|100 KOO| — 8;16,1]i100)i' k0O])

+ (0031 |kj 11Nk 11| — 65000kl 11)5 11])

+ (831,005 |1100)(k5/ 11| — 8316, i100X15711])

+ (0:0x [k 11)i"KOO[ — 8:28;2|1511)(¢"kOO]) |1 (123)
= [|6;%0/%]il00)(7" k00| — §;,8;+]i100)(s" k00| 1

A 10001 | kg 11) k" 11| — 63030 x |17 11){15 11 [|1

1101650k | 100X 11| — 8508411, |i100)(L5 1114

1183265 [T 11YEKO0| — 6:08 20| 1511)(8" k00| (124)
= (66,7 |i100)a" kOO |1 + [|8518,1|i100)(3" k00| |1

+ 1162051 kg 11N 11| |1+ [[0:0571e[L711XEF 11 [|2

+ 11610571 [1000) k5 11 |1 + [|0510571:[i00)15 11][| 1

+ [16207x [k 11)]i KOO || + [ 8207215113 k0O| |1 (125)
= [10j%0;7[i00)(3"kOO| + d310;x |k 1 1)k 5" 11|

+ 0031|4100}k 11| + 031601: [k 110" k00 |1
+ 116;20;42|3100)Xi" k00| + G105 |L511)(15 11|

+ 8518501, 100X 11| + 6;16,11 |15 11)(' k0O |11 (126)
= |[GigklWold'j'kk) |1 + (iU W i'5 1K) |11 (127)
(128)

where the third equality holds because the states of control qubits are different, the forth equality holds because
k # 1, and the fifth equality holds because all the terms are non-negative.

(Case 5: Go®G3) As in the case 4, we consider G3, instead. In this case, every possible J; can be written
as 3 iy [13)Nid| @ ([kU)kE| — [lI)XIK[) for some {m, k,l}, and thus

¥
L

I Trin Wl = 1Y (0 +m, kl[Woli, i +m, kk) — (i,i +m, UWoli, i +m, k) ||1 (129)

T
- O

= Oitm k0itm, k[1100)ik00| — 0;1m10i4m,1|1100)ik00]||1
0

~

d—1
1 dadiklk, i+ m, 1)k, i + m, 11| — 68517 + m, 11X, + m, 11|y
=0
d—1
1D Gipm 0 [1100), i + 10, 11| — 6 1034 i100)L, i + m, 11 ||
=0
d—1
11> Gadism gk i+ m, 1LY ik00| — 016 L, i + m, 11)(ik00] ||y (130)
=0
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d—1 d—1
=1 Gt kGt k[ {OONEKOO| |1 + [|> 6t 18igm.1|#100)(iK00] ||

=0 =0

d—1 d—1

+ Z(Sil(sik‘k,i + m, 11}k, i+ m, 11]||1 + || Z(Siléikﬂ,i +m, 11X, 3 4+ m, 11]||1
=0 =0
d—1 d—1

1Y Gim ki i100)ke, i+ m, 11|14 || 60 |i100)1, i + m, 11|
=0 =0
d—1 d—1

1Y itbitm klky i+ m, 11)EO0[[1 + || 8ibigm |l + m, 11)(ik00] || (131)
=0 =0

d—1

= > (I, i +m, kl[Woli,i +m, kk) |1 + [[(4, 7 + m, U[Woli, i +m, IK)|1) (132)
=0

Here, the second equality holds because the states of control qubits are different, the third equality holds
because k # [, and the fourth equality holds because all the terms are non-negative.

(Case 6: G3 ® G3) In this case, we divide the first G5 into G3, and Gsp,. Here we only consider G, ® G3q
and G3p ® G, because the proof for G, ® Ggp is equivalent to the proof for Gz, ® G34, the proof for Gz, ® G3,
is equivalent to the proof for Gs, ® Gsp.

For the case of Gz, ® G3,, Js can be written as (|ij)ii| — |77 )ji|) @ (|kI)kk| — |ll)XIk]) for some {3, j, k,1}, and
thus

[ Trin [WIE[2
= |[(igkl|Woliikk) — (ijll|Woliilk) — (jikl|Woljikk) + (35ll|Woljilk)|x (133)
= |[(8j50ix — 0510i1)]il00Xik00| — (05101 — 616:1)|7100)(jk00][|1

1 (Barbin — 608,5) k1IN kil1| — (8ubik — 8;08;%)| L1111 |||y

11651855 i00Y ki 11| — 65185 A100YLi11| — 61,055 ] 5100 il1| + 6;18;%]7100)1i11] |4

+ [16:16:k |k j11)(iK00| — 61163115 11)(ik00] — 6503 |k jL1)jROO| + 651051 |17 11)jKOO][|1 (134)
= [[(0jx0ik — 6;102)[i00)ik00| |1 + || (0jx0ik — 6;202)]7100)( 7500 |1

+ 10abir — 05105x) [kj1LXKI1L|[|1 + [|(Baudir — 6505%) |1 11)1a11][]2

+ 105505k [i00) ki1 1|1 + [165185|il00)Li11 [ + (055055 | 7100) ki 11| ||y + (1651055 7100)Li11| ||y

+ 10300k [k 11)(GEOO[ |1 + (102842 |1511)(aK00 || + 11020k |k L1)]GKOO| |1 + [|65204|1511) KO0 |1 (135)
— 1164634 100)(5K00] |1 + (1351830 L00)(ikO0] |1 + 18501 7100) k001 + (1801|200} jk00) I

+ 1000k [k VL EILL |1 + (1050075 [kg TLEGLL] |1 + 10 0are | LG 1IN {1+ []050055: L7 11 )Ta11][]2

+ 11055055 [il00) ki1 ||y + ||05105%[1000) 111 {[1 + [|0%0 55 |7100)ki11|[[1 + [|65105%]5100)(l711]]|1

+ [|6a20ire | kg 11)(ik0O| |1 + [|03204t |1 11)ik00| (|1 + (|62 03x ki 11)GROO| |1 + |60 L5 11)(jKOO][|1 (136)
= [(igkl|Woliikk) ||y + || (Gl |Woliilk) ||y + || (GkLWo jikk) |1 + || (51 Woljilk) |2 (137)

where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i # j, k # [, and the fifth equality holds because all the terms are non-negative.

Similarly, an element of G, ® Gs, can be written as (|ji)(ii] — |7 )}ij]) @ (|kIXkk| —|II)XIE|) for some {i, j, k, [},
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and thus

[ Trin [WJE] 12
= [|(jikl[Woliikk) — (jill|Woliilk) — (jjkl[Wolijkk) + (jjll|Wolijlk)||x
= [|(0irdir — urdir — djk0jk + 8516;1)]7100)(ik00])[|1
(16500 | ki1 X K11 | — 850855 [l 1) 111 | — 85855 |k 1NN kG 11| 4 65100151115 11])]1
+ [ (Gir6ik | 7100) ki1 1] — 05105k | jIO0)IiLL] — 61 0ir| jI00) K 1L] + 0516i | 7I00)LF1L]) |1
+ 11(8;18:5 | ki1 1)ik00| — 616, |1i11)ik00| — 8518, kj11)ik00| + 6;,8;|1511)ik00) ||y
= ||(0irdir — 0i10it — 9105 + 0;1051)]7100)(ik00]) |1
A 11010 |KE LXK |1 4 [10500ik [l 11N IELL |1 4 (| 050035 |k 1)K 1L][1 + [|0500a | L7 11711 |2
+ |0k 8ire | 7100) ki1 ||| + || 0520k | 7100 I 11| ||y + |60k |7I00)EF1L|[|1 + 1|61 7100X1511|||1
A+ 11610i |RILINiKOO| |1 4 [16520:2 |11 1)(ik00] |1 + [|05005x [k 11)(ikO00]|[1 + [[050052|1511)(ik00] || 1
= [|(0irdir + 6;10;1)|7100)Xik00]) |1 + [|(d1dis + %0 ;x)]7100)(ik00]) |1
+ 11650055 | KA VLN KA1 ||| 1 4 [[650055 (1L IXIELL] |1 + [|0520i8 | kg LIXEF L1 4 [[65008 |17 1IN 11 ][4
+ (163 Gk | 7100) ki1 |1 4 |61 8ir | 7I00XELL[[I1 4 (16 Gk | 100Xk 1L |1 4 |62k |7100X L5112
10100 R LYGROO] [ + (185085 L LNROO] [ + (185085 g L1NROO] [ + [1850851[111)(ik00] 1
= ||(jikl|[Woliikk) ||y + || (Gill|Wo liilk) ||y + [ (G7kUWoligkk) || 4 || (G301 Wolijlk)|x

(138)

(139)

(140)

(141)
(142)
(143)

where the second equality holds because the states of control qubits are different. the third and the fourth

equality holds because i # j, k # [, and the fifth equality holds because all the terms are non-negative.

(Case 7: G1 ® G4) Here we consider G4 with only the elements of the form |ij)Xik| — |jj)}jk|. The elements
of the other form can be evaluated in the same way, since the two input systems are symmetric. We denote this

set as Gyq, that is,

In this case, every possible J; can be written as |ij)i'j’| ® (|kI}km| — |lI}Im|) for some {4, 7,4, 5’ k,I,m},

and thus

i W T = Gk Woli' ' km) — (650 Wold 5/t

= ||(5jk5j/k|i100><i’m00| — 5j15j/l\il00><i'm00|)\|1
/(88 R LU L] = 8380 L1 11
/(8183 [100) G 11| — 85181, i000)(L511])
/(88 R 11 700] — 838,111 7004

= 118011 [iL00XE mO0| |1 + |6;18;41/1100)"m00] |1
i ALY 1]+ ([ G005 111N 112
1185802 100X 11l + 1830610 100XL511]
18381 kg L1 mOO] |y -+ (1830647 LL8'm00 |

— | GkUWoli'§ k) |y + | Gl Wold3'tm) |

(144)

(145)

(146)
(147)
(148)

where the second equality holds because the states of control qubits are different, the third equality holds

because k # [ # m, and the fourth equality holds because all the terms are non-negative.

(Case 8: G2 ®G4) As in the case 7, we only consider G4, instead of G4. In this case, every possible J; can
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be written as ) |17 )i7] @ (|kl)(km]| — |l1)Im]) for some {n,k,l,m}, and thus

Jj=i+n
| Trin [W T2
d—1
= > (i i+ n, KUWo|i, i + n, km) — (i, + n, UWoli, i +n,Im))|x (149)
1=0
d—1
=D Gisnkbitnr
1=0
d—1
+ H Zail51m|kai +n, 11><‘I€7Z +n, 11‘ - 51l51m‘l7l +n, 11><l7Z +n, 11H|1
1=0
d—1
11 G kGim i100)E, i + 12, 11| = G 16i0m |#100)1, i + m, 11|y
1=0
d—1
11D Gitisn il i+ m, 11)im00] — 618, |17 + 1, L1YimO0| ||y (150)
1=0
d—1 d—1
=) it Oign sl i100)imO0[ |1 + [|Y 6 pn 18 4.2 [i100)im00] ||
i=0 =0
d—1 d—1
1 Suimlk, i+ n, 10Kk, 4+ 0, 10|y + 1Y Gaim|l, i+ n, 11X i+ n, 11|y
i=0 1=0
d—1 d—1
1) ik Gim 00X K, i + 0, 11|y + (| Gisn 1 Gim [i00)L, i + n, 11|
=0 =0
d—1 d—1
1Y dubin el i+ n, L1EmOO |y + || 8ibivnall, i + n, 11)Xim00] ||y (151)
i=0 =0

i100Yim00|| 1

il00XimO0| — G 10i+n.l

U
[

(14, + n, Kl Woli, i + n, km) |1 + |GG i + n, U[Woli,i + n, lm)|1) (152)

I
o

where the second equality holds because the states of control qubits are different, the third equality holds
because k # | # m, and the fourth equality holds because all the terms are non-negative.

(Case 9: G3 ® G4) In this case, we divide the G5 into G3, and Gsp, and G4 into Gy, and Gyp. Here we
only consider G3, ® G4, and G3p ® G4, because the proof for G3, ® Gy is equivalent to the proof for G, ® Gyq,
and the proof for G3, ® Gy is equivalent to the proof for Gz, @ Gaq-

We first consider the case of G4 ® G44, where Jg can be written as (|i7)ii| — |77)(ji|) @ (|kI)km| — [lI)XIm])
for some {i,j,k,I,m}. In this case,

[ Tesn[W T[4
= [[{ijkl|Woitkm) — (ijll|Woliilm) — (jkl|Woljikm) + (jjll[Wo|jilm) |1 (153)
= [|(6j80ik — 6;00:1)[1l00)(imO0| — (65041 — 6;1041)|7L00)FmO0I) |1

+ | (Gi10im — 0;105m )| kjLLXKi11] — (6510im — 05105m ) |17 11){1E11]) |1

+ 1| (8 0im [i100) (k11| — 6185 [i00)Ti11] — 010 jim | 7I00)XKi11| 4 0516 jum | 7IO0XIE1]) |1

+ 1|1 (8:10ix | kg 11)(im00] — 8,101 |1511)imO0] — &510;% |k 11)(mO0| + 6,,6;1|1511)jm00]||; (154)
= [|(6;80ik — 6;00:1)1100)(imO0|[|1 + [[(J;10ir — 0516i1)[7100)jmO0]) |1

+ | (6itdim — 6j18m )[KFLINKLL[ |1 + [[(Gia0im — 65005m)|Li11)XLLL]) ][4

A 11051:0im [#00) KA1 1][[1 + [|8520im [#l00XT1L]|[1 + (|85 |FI00)KILL]||1 + [|05185m |5100XTi11] 4

+ 11628k [k LLYimO00] |1 + [|6:104t|Li11)YimOO0][[1 + (16051 | kg 1LY jmO0| |1 + (6506 [1711)(jmO0ly  (155)
= [|6%0:xil00)#m00]|[1 + [|6526:2|l00XimO0|[[1 + [|6;%0:x|7100)jm00][[1 + [|6526:]5100) jm00] |1

+ 11031 0im kG LLXKALL[[1 + 1620 | kG LLXEGLL (|1 + (03205 [LFLLXTELL |1 + (6520 | L7 11YLELL | [|2

A+ 1105 0irm 100X KA 11| |1 4 165104 [i100)LE1 L[| + [|0780 i [FI00NETLL|[]1 + [|0520 5 ]7100)(1311][[4

+ (162 8ir [k LLYEmO00] |1 + [|6:04t|Li11)XimOO0][[1 + (16051 [ k1LY jmO0| |1 + (6506 [1711)(jmO0 [}y (156)
= [[(igkl|[Woliikm)||x + [|(i5 1 Woiilm)|[x + [|(G3klWo |jikm) |1 + {551 Woljilm) ||y (157)
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where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i # j and k # [ # m, and the fifth equality holds because all the terms are non-negative.

Similarly, Js € Gsp ® Gy, can be written as (|ji)(ii| — |77 )Xij7]) ® (|kI)km| — |l)XIm]) for some {3, j, k,l,m}. In
this case,

I Trin [W ]2
= [[GiklWoliikm) — (jill|Woliilm) — (jikl|Wolijkm) + (Gjll|Wolijlm) |2 (158)
= [|(8sbik — Subir — Ok + 6;16;1)|7100)(im00]) |1

11880 R LLYRTL] — 850850 VLI L] — 8065m [ 11 11 + 850850 1IN

+ ||(5jl5ik|ki11><im00| — jl(sil‘lillXimOO‘ — 6j15jk|kj11><im00| + 5j15jl|lj11><im00|||1 (159)

= [[(0ikdir + 6;18;1)|7100)imO00|[[x + (|61 + 05x6;x)|7100)érm00] |1

+ 110508 | KA LLXRALL] (|1 + [1600im L LINULL][[1 + 16005 k11N EFLL |1 + (1051 03m 1 11)EFLL])|2

+ [1(Bik6im| 100X K111 + [|0506im|3100)XIL[|1 + |65k 0im |7I00XETLL1 + [16506im|5100)X1511])]12

+ |[(851641 |Ei11)imOO0||| 1 + [|65:05|111)(imO0][|1 + |[0520 |k 11)(EmO0]||1 4 |26 ;51|17 11)@m00]|| 1 (160)
= |Gkl Woliikm)||x + [|(Gill[Wo liilm) || + (|G kL Woligkm) Ix + (|GGl Wolijlm) |1 (161)

where the second equality holds because the states of control qubits are different. the third holds because ¢ # j
and k # | # m, and the fourth equality holds because all the terms are non-negative.

(Case 10: G4 ® G4) Here we only consider G4, ® G4, and Gy ® G4, as the previous case.

We first consider the case of G4, ®G4,, which element can be written as (|ij)in|—|jj)}in|)@(|kIXkm|—|lI)XIm])
for some {i,7,n,k,1,m}.

[Tz [W ] [11
= |[(igkl|Wolinkm) — (ijll|Wo|inlm) — (jjkl|Woljnkm) + (jjll|Wo|jnim}||y (162)
= (0510, — 6;06n1) [il00Xim00] — (J;k0nk — 0;10n1)]100)(jmO0]) |1

1 Bitbim — 83085 |G LLYRRLL] — (826 — 83065171 1YIR L) 11

11818 [F100YERLL] — 65180 [{L00YINTL] — 813850 |FIO0N K LL| + 8,16, | 7100YIn 11| 1

+ 118220,k B 11Xim00] — 8316, |L71LYimO0] — 8516, | k5 11)51m00| + 6518 ]1511) 1100 | (163)
= [[(0jx0nk — 6;06n0) [il00)imO0| |1 + [[(;40nk — 6;06n1)|7100XimO0])[|1

+ 110itbim — 0510jm ) [kj LIk 11|y + [ (8i10im — 6;105m ) |1j11)In11]) 1

+ [166im [il00XEn1L[||1 + [[0510:m [i100)InLL| [l + [0k jm |7I00)Xkn1L[[[1 + [|6716jm |7100)In11]][1

+ [16i10nk |k LLYEmO0 [[1 + [16:10m 111 emO0 |1 + [|85060k ki 11N imO0] |1 + (6518 |L71L)jmO0[[[1  (164)
= [|010nk |[1L00X#m00] ||1 + (/61051 [100)imO0| |1 + [|6% k| 7100)(5mO0] |1 + [[651051|7100) jmO0] [|1

+ 10600im [k LI En1L[| 1 + [[0510jm k11N ERIL[[[1 + (i1 0im | L7 1ININAL[[[1 + (16500 5m [1j11)({In 1T ][|2

+ [166im [il00Xkn1L[ |1 + [[0510:m [i100)InLL| [l + [0k jm |7I00XknIL[[[1 + [|6716jm |7100)In11]][1

+ [16i10nk |k LLYEmO0 [[1 + [16:10m |1 11emO0|1 + [|6506nk ki 11N imO0] |1 + (6516 |L71L)jmO0[[[x  (165)
= [[(ijkl|Wo |inkm) |1 + [[(ijUl|Wolinlm) |1 + || (G5kUWolinkm)|[1 + [[(G5ll[Wo|jnim) |1 (166)

where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i # j and k # [ # m, and the fifth equality holds because all the terms are non-negative.

Similarly, Js € Gy ® Gy, can be written as (|ji)ni| — |77)nj]) @ (|kI)Xkm| — |lIXIm]) for some {i, 7, k,I,m}.
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In this case,

[ Tesn [W IS
= [[(jikl|Wo|nikm) — (jill|Wo|nilm) — (jjklWo|njkm) + (jjll|Wo|njlm) |, (167)
= (i — 0iubis — 03x6j + 650650)|j100Xnm00])||1

118516 [ R TNKLL] = 85160 [1E1NIG1] — 8180 |kf 1IN EG 11| + 610 | LG 11N 1111

+ ||5ik5nm|jl00><ki11| - 5i15nm|jloo><l7:11| - jk5nm|jl00><kj11| + 5jl5nm|jl00><lj11|”1

118005k | Ki11Xnm00] — 818,111 )(nm00| — 6310k 11Xnm00] + 8181115 11)nm00| 1 (168)
= ||(8irdir + 6;16;1)|7100XnmO0|||1 + || (5165 + 5%0;%)]5100)nmO0||1

A 110518 [BALLN KL 1+ (16200 [T |1+ [1000nm (k711K 1L |1+ [|05000m L7 11X 11|14

+ [0k G| 7100XKi11[[1 4 [[0500rnm | FIOOXTELL[[|1 + {165 0nm [ 700X LL[[|1 + {6185 |7 100XEi11][]2

+ [16506ik [ ki1 1)(nmO0] [[1 + {65003 |1i11XnmO01||1 + (1650651 |kj11XnmO0][|1 + [|651850[L711)nmO0[ |1 (169)
= [[(Fikl|Wo|nikm) |1 + || (Gill|[Wo |nalm)||1 + |Gk Wo ngkm)|lr 4 [ (75U Wo|njlm)|lx (170)

where the second equality holds because the states of control qubits are different. The third holds because ¢ # j
and k # [ # m, and the fourth equality holds because all the terms are non-negative.
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