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The quantum switch is a quantum process
that creates a coherent control between dif-
ferent unitary operations, which is often de-
scribed as a quantum process which transforms
a pair of unitary operations (U1, U2) into a con-
trolled unitary operation that coherently ap-
plies them in different orders as |0⟩⟨0| ⊗ U1U2 +
|1⟩⟨1| ⊗ U2U1. This description, however, does
not directly define its action on non-unitary
operations. The action of the quantum switch
on non-unitary operations is then chosen to be
a “natural” extension of its action on unitary
operations. In general, the action of a process
on non-unitary operations is not uniquely de-
termined by its action on unitary operations.
It may be that there could be a set of in-
equivalent extensions of the quantum switch
for non-unitary operations. We prove, how-
ever, that the natural extension is the only pos-
sibility for the quantum switch for the 2-slot
case. In other words, contrary to the general
case, the action of the quantum switch on non-
unitary operations (as a linear and completely
CP preserving supermap) is completely deter-
mined by its action on unitary operations. We
also discuss the general problem of when the
complete description of a quantum process is
uniquely determined by its action on unitary
operations and identify a set of single-slot pro-
cesses which are completely defined by their
action on unitary operations.

Marco Túlio Quintino: Marco.Quintino@lip6.fr
Akihito Soeda: soeda@nii.ac.jp
Mio Murao: murao@phys.s.u-tokyo.ac.jp

1 Introduction
A quantum operation given by some physical pro-
cess would have a predetermined action on a quan-
tum system. The action can be effectively converted
by incorporating the quantum operation as a part
of some sequence of quantum operations. The se-
quence then serves as a “higher-order quantum op-
eration” converting one quantum operation to an-
other. Quantum instruments [1] are a mathematical
description of all quantum operations implementable
by a fixed sequence of quantum gates within the stan-
dard quantum circuit model, including the addition
and removal of subsystems, but without postselec-
tion. Probabilistically implementable quantum opera-
tions are represented by completely positive (CP) and
trace-nonincreasing maps. Mathematically, a higher-
order quantum operation on these quantum opera-
tions is represented by a higher-order map1. We
shall call any higher-order map on CP maps as a su-
permap in this paper. While a constructive definition
of a supermap based on the standard quantum circuit
model guarantees physical implementability (at least
for theorists), an axiomatic characterization allows us
to explore more exotic classes of (possibly unimple-
mentable) supermaps.

Quantum processes2 are such supermaps, defined
to be linear and return a CPTP map when the in-
put maps are restricted to independent and local3
CPTP maps [2, 3]. Some quantum processes are not

1By a “map”, we mean a mathematically well-defined func-
tion, taking one element of some set to another element of some
set.

2Some literatures use “process matrix” and “superchannel”
to refer to higher-order maps.

3These CPTP maps may act on operators that belong to
a larger Hilbert space than that used to define the quantum
processes, so long as the Hilbert space is “locally” extended
from the defining Hilbert spaces of the quantum processes.
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implementable within the standard quantum circuit
and deemed to have an “indefinite causal order”. The
causal orders of quantum processes, however, are not
“equally” indefinite. The quantum switch [4] is a “two-
slot” quantum process that transforms a pair of inde-
pendent unitary operations into a controlled coher-
ent superposition of these operations in two different
orders. The quantum switch is well-studied in the
context of indefinite causal order [2–4] to elucidate
how the causal structure may affect the quantum in-
formation processing in quantum mechanics. If imple-
mented suitably, the quantum switch would serve as a
resource for discriminating non-signaling channels [5],
quantum computation [6], and quantum communica-
tion [7–12].

Reference [4] is the first to explicitly introduce the
quantum switch, with two definitions. The first one is
valid only when the input CPTP maps are two inde-
pendent local unitary CPTP maps. Given two local
unitary CPTP maps Ũ1 and Ũ2 characterized by the
unitary operators U1 and U2

4, the quantum switch
transforms them to the unitary CPTP map given by

(U1, U2) 7→ |0⟩⟨0|C ⊗ U2U1 + |1⟩⟨1|C ⊗ U1U2, (1)

by using each of Ũ1 and Ũ2 only once. The input
maps are applied in two different orders, determined
by the state of another qubit (control qubit). If the
control qubit is in |0⟩C , Ũ1 is applied on the target
system first, and followed by Ũ2, and if the control
qubit is in |1⟩C , Ũ2 is applied first followed by Ũ1. If
the control qubit is in a superposition of |0⟩ and |1⟩,
then the two different orders should be “superposed”
in a coherent way.

The second definition of the quantum switch in-
cludes all independent pairs of local CPTP maps as
input and chosen to be the most “natural” one based
on its Kraus representation [13] as follows: given
two CPTP maps represented by the Kraus operators
{Ki}i and {Lj}j , respectively, the CPTP map of the
output from the quantum switch is given by the Kraus
operators {Wij}ij defined by

Wij := |0⟩⟨0|C ⊗ LjKi + |1⟩⟨1|C ⊗KiLj . (2)

Following this definition5, different results have been
established. One interesting result is that the quan-
tum switch can help in enhancing certain communi-
cation tasks [8–10]. In particular, if two input CPTP
maps are the depolarizing channels6, which do not
transfer any information by themselves alone, the out-
put CPTP map is not a depolarizing channel any more

4We denote maps defined on linear operators with a tilde.
5The quantum switch has been extended to larger numbers

of input CPTP maps as in Ref. [6], but is not the scope of this
paper.

6Here, “channel” and “CPTP map” are used synonymously,
but the former is chosen over the latter to conform to the con-
vention commonly used in the community.

∀ all unitary operations Ũ:

but ∃ non-unitary operations such as Λ̃:

Figure 1: Two quantum circuits implementing higher-order
maps that transform an arbitrary unitary CPTP map into
the depolarizing channel. Here Ũ denotes the input unitary
CPTP map, D̃ denotes the depolarizing channel, and ĩd de-
notes the identity CPTP map. While the actions of both of
them are equivalent on unitary CPTP maps, their actions on
some CPTP maps, e.g., Λ̃(ρ) = (Tr ρ)|0⟩⟨0| which replaces
the input state ρ by the quantum state |0⟩⟨0|, are different.

and can be used for transferring information. The
definition of the quantum switch based on Eq. (2) is
widely used in various studies, but before this paper,
it was not clear if the action of the quantum switch
based on the second definition can be derived uniquely
from only Eq. (1).

Before proceeding, we present a simple example to
show that, in general, the behaviour of a supermap
on unitary CPTP maps does not uniquely define its
action on general CPTP maps. Our example is illus-
trated in terms of quantum circuits shown in Fig. 1
and consists in presenting two quantum processes
which, despite being different, have identical action on
unitary CPTP maps. This example follows from the
fact that since unitary CPTP maps are unital, that is,
Ũ(I) = I. If D̃(ρ) := (Tr ρ) · I/d is the completely de-
polarizing channel and ĩd(ρ) = ρ is the identity CPTP
map, we have that

D̃ ◦ Ũ ◦ D̃ = ĩd ◦ Ũ ◦ D̃ = D̃. (3)

But, when considering non-unital CPTP maps Λ̃, that
is Λ̃(I) ̸= I, the identity in Eq. (3) does not hold.
In particular, if we take the CPTP map Λ̃(ρ) =
(Tr ρ)|0⟩⟨0| which replaces the input state ρ by the
quantum state |0⟩⟨0|, we obtain

D̃ ◦ Λ̃ ◦ D̃ = D̃ (4)

ĩd ◦ Λ̃ ◦ D̃ = Λ̃. (5)

Although simple, this example can be used to con-
struct infinitely many pairs of higher-order quantum
operations that share this property, namely, the ac-
tion on unitary operations does not uniquely define
the action on non-unitary operations. In particular,
for any fixed circuit operation, we can construct two
new circuits by considering probabilistic mixtures of
the fixed operations with the identity channel or the
depolarizing channel. For any non-trivial probabil-
ity mixture, the same argument used in our previous
example shows that these two new circuits may act
identically on unitary operations, but they act differ-
ently for non-unital operations. More rigorously, let
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C be an arbitrary one-slot quantum comb [14–16] rep-
resenting a circuit which a channel into a channel. Let
C1 be the comb associated to the circuit that trans-
forms an arbitrary channel Λ̃ into D̃ ◦ Λ̃ ◦ D̃ = D̃ and
C2 be the comb associated to the circuit transforms
an arbitrary channel Λ̃ into ĩd ◦ Λ̃ ◦ D̃ = Λ̃. It follows
from Eq. (3) and Eq. (4) that for any 0 ≤ η < 1 the
circuits associated to the combs

Cη1 := η C + (1 − η)C1 (6)
Cη2 := η C + (1 − η)C2, (7)

are equivalent for unitary operations, but Cη1 and Cη2
act differently on non-unitary quantum channels. In-
terestingly, this argument does not rely on quantum
circuits and can be used for any general process (po-
tentially with indefinite causal order [4]) which trans-
forms quantum operations. We just need to recog-
nize that the two different circuits presented in Fig. 1
are valid processes, and by performing any non-trivial
convex combinations, one can always construct exam-
ples of two higher-order transformations in which the
action on unitary operations does not uniquely define
the action on general.

It is worth mentioning that the difficulty of the
problem follows from the fact that general CPTP
maps cannot be written as a linear combination of
unitary ones. For instance, a non-unital CPTP map
can never be written as a linear combination of uni-
tary CPTP maps. However, the linearity is not the
only condition that supermaps should respect. It is
crucial to respect the notion of complete positivity
(CP) [2, 3, 8, 14–16].

The question of whether supermaps are uniquely
defined by their action on unitary CPTP maps is first
considered in Ref. [4], where the authors have anal-
ysed the incoherent version of the quantum switch—
a bilinear supermap that transforms an independent
pair of local CPTP maps into a classically-controlled
mixture of the pair applied in two possible orders.
Also in Ref. [4], the authors have shown that the in-
coherent switch is uniquely defined by its action on
unitary CPTP maps. Here, we prove that the co-
herent quantum switch is also uniquely defined by its
action on unitary CPTP maps under linearity and
completely CP preserving (see definition below).

When dealing with the “lower-order case” where
one considers CPTP maps which transform quantum
states (or, rather, density operators) into quantum
states, the linearity itself is enough to ensure that the
action of the maps on pure quantum states uniquely
defines the action of the maps on any quantum state7.
This holds because the linear space spanned by pure
quantum states contains all self-adjoint operators. An
analogous problem then would be to define the action
of a CPTP map for a restricted set of pure states and

7The same applies to CP instruments.

then analyse how the CP condition restricts the ex-
tension of this map to the set of all quantum states
in a non-trivial way, a problem which is discussed in
Refs. [17–20]. We also remark Ref. [21] which investi-
gates when the marginals of a linear map uniquely de-
termine its action and Ref. [22] which analyses when
compatible tuples of measurements admit a unique
joint measurement.

In this paper, we analyse how the action of su-
permaps on unitary CPTP maps restricts their action
on general CPTP maps. In particular, we show that
the constraints of linearity and completely CP pre-
serving ensure that the action of the quantum switch
on any CP map (including non-TP ones) is uniquely
defined by its action on unitary CPTP maps. We then
consider the general problem of understanding the re-
strictions imposed by the completely CP preserving
and apply our proof techniques to problems which are
not directly related to the quantum switch. In par-
ticular, we identify a class of single-slot supermaps
(which take one CPTP map as input) such that, sim-
ilarly to the quantum switch, their action on unitary
CPTP maps uniquely defines their action on general
CP maps. This class includes identity supermaps,
unitary transposition, and qubit unitary complex con-
jugation.

This paper is organized as follows. In Sec. 2, we pro-
vide the statement of our main theorem. Section 3 dis-
cusses several consequences that can be obtained only
from the linearity that are also used in later proofs.
The results on the single-slot supermaps are derived
in Sec. 4. Finally, we conclude in Sec. 5. The proofs
and technical methods are presented in the Appendix.

2 The Uniqueness of Quantum Switch
Linearity and completely CP preserving (to be defined
precisely, below) are two operationally motivated con-
ditions on supermaps. The linearity condition is re-
quired for the supermap to accommodate the possibil-
ity of probabilistic mixtures in quantum theory [23].
A supermap must also be completely CP preserving so
that it always returns a CP map when the input CP
map acts on extended Hilbert spaces [15, 16]. This
is to comply with the possibility that any quantum
system can be extended by adding auxiliary systems.

In addition to the complete CP preserving, a su-
permap may be imposed a set of normalization con-
straints, namely that a pair of quantum channels
transform into a quantum channel [4]. These con-
straints imply that all supermaps lie in some partic-
ular linear subspace. Interestingly, we do not impose
such constraints for proving our result. These nor-
malization constraints will follow as consequences of
the linearity, completely CP preserving, and Eq. (1).

In this paper, we start from a two-slot supermap
whose action on unitary operations matches that of
the quantum switch and derive the action of the su-
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Figure 2: Conceptual figure of a two-slot supermap which
may not respect a definite causal order, such as the quan-
tum switch. Two-slot supermaps transform an independent
pair of local CPTP maps as input and output a CPTP map
from P to F . In general, the action of a supermap on uni-
tary CPTP maps does not uniquely define its action on non-
unitary CPTP maps.

permap on arbitrary quantum operations. In particu-
lar, we derive the quantum switch from the following
three conditions:

1. The action of a two-slot supermap on unitary op-
erations is given by Eq. (1).

2. The supermap is linear.

3. The supermap is a completely CP preserving su-
permap.

Theorem 1. If a 2-slot supermap is linear and com-
pletely CP preserving and its action on any indepen-
dent pair of local unitary CPTP maps is given by
Eq. (1), then its action on arbitrary independent pair
of local CPTP maps is uniquely determined by the
Kraus operators Eq. (2).

In order to prove Theorem 1, we use the Choi rep-
resentation of supermaps [14, 15, 24, 25]. That is,
since the Choi-Jamiołkowski isomorphism is a bijec-
tion, we prove the uniqueness of the quantum switch
by proving that the corresponding Choi operator W
is uniquely determined. Representing supermaps [15]
as matrices via such an isomorphism is the same
approach taken in studying “process matrices” as in
Ref. [26].

We now introduce the Choi representation of maps
on linear operators [24, 25]. Then we discuss how to
represent supermaps as linear operators via the Choi
representation [14, 16]. Let I and O be a Hilbert
space, and L(I) and L(O) the set of linear operators
acting on them. The Choi operator of a map Λ̃ :
L(I) → L(O) transforming operators from L(I) to
L(O) is given by

JΛ̃ :=
∑
ij

|i⟩⟨j| ⊗ Λ̃(|i⟩⟨j|) ∈ L(I ⊗ O), (8)

where {|i⟩} is a computational basis for I. The condi-
tion that a linear map Λ̃ is completely positive (CP)
corresponds to the positivity of JΛ̃, i.e., JΛ̃ ≥ 0. Uni-
tary CPTP maps are the ones which can be written

as Ũ(ρ) = UρU†, where U is a unitary operator. The
Choi operator associated to a unitary CPTP map will
have a subscript in a Roman typeface, for example,
JU :=

∑
ij |i⟩⟨j| ⊗ (U |i⟩⟨j|U†).

A supermap is a map of

˜̃W : [L(I) → L(O)] → [L(P) → L(F)], (9)

where P and F are the input and output Hilbert
spaces of the output CP map, respectively. ˜̃W is lin-
ear if

˜̃W(αÃ + βB̃) = α˜̃W(Ã) + β˜̃W(B̃) (10)

for arbitrary input CP maps Ã and B̃ and arbitrary
α, β ∈ C. It is CP preserving if it transforms CP maps
into CP maps.

A linear supermap is completely CP preserving if
all of its trivial extensions transform CP maps into
CP maps, that is, for every CP map which may make
use of an auxiliary space C̃ : L(I ⊗ Haux) → L(O ⊗
Haux), the output map ˜̃W ⊗ ˜̃id(C̃) is also CP, where˜̃id : L(Haux) → L(Haux) is the identity supermap on
the auxiliary space defined by ˜̃id(Ã) = Ã for every
map Ã.

Supermaps may also be viewed as maps on the Choi
operators of the input CP maps. Hence, by taking
the Choi representation of this induced map, we can
also represent a supermap as in Eq. (9) by an op-
erator W ∈ L(P ⊗ I ⊗ O ⊗ F). More precisely, if a
supermap ˜̃W acts on Ã, the Choi operator of its out-
put CPTP map ˜̃W(Ã) is given by [4, 14, 16]

TrIO

[
W (IP ⊗AIO ⊗ IF )t

]
, (11)

where AIO ∈ L(I ⊗ O) is the Choi operator of Ã and
t stands for transposition in the computational basis.
In the Choi operator representation, the completely
CP preserving condition of ˜̃W is simply given by the
positivity constraint W ≥ 0 [14, 16]. A more detailed
introduction to the Choi operator representations of
supermaps can be found, for instance, in the intro-
ductory sections of Ref. [27] and [28], also references
therein.

The quantum switch is a 2-slot supermap, namely
that the I and O are each composed of two Hilbert
spaces as I = I1 ⊗I2 and O = O1 ⊗O2 (see Fig. 2 for
assignments of the Hilbert spaces). Here, Ik,Ok

∼= Cd
for k = 1, 2 and P,F ∼= C2d. In particular, P =
PC ⊗ PT and F = FC ⊗ FT , where PT ,FT ∼= Cd
and PC ,FC ∼= C2, the latter corresponding to the
control qubit. We denote the Choi operator of the
quantum switch defined on any independent pair of
local CPTP maps Ã ⊗ B̃, where Ã : L(I1) → L(O1)
and B̃ : L(I2) → L(O2), by the Kraus operators given
in Eq. (2) as W0 ∈ L(P ⊗ I1 ⊗ O1 ⊗ I2 ⊗ O2 ⊗ F).
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This operator can be calculated [4] asW0 := |W0⟩⟨W0|
with

|W0⟩ := |00⟩PC FC
|I⟩⟩PT I1 |I⟩⟩O1I2 |I⟩⟩O2FT

+ |11⟩PCFC
|I⟩⟩PT I2 |I⟩⟩O2I1 |I⟩⟩O1FT

=
d−1∑

i,j,k=0
(|ijjkik00⟩ + |jkijik11⟩), (12)

where the Hilbert spaces are rearranged for ease of
presentation, |I⟩⟩ :=

∑
i |ii⟩, and the Hilbert spaces

for the vector in the last line is in the order of
I1 ⊗ O1 ⊗ I2 ⊗ O2 ⊗ PT ⊗ FT ⊗ PC ⊗ FC . Note
that the normalization of the Choi operators is given
by Tr[W ] = Tr[W0] = 2d3, and each element of the
matrix W0 is 0 or 1.

Denoting the input unitary CPTP map by J =
JU1 ⊗ JU2 , the action of quantum switch is given by8

Trin[W0J
t], where Hin := I1 ⊗O1 ⊗I2 ⊗O2 stands for

the total input-channel space of the quantum switch.
In terms of the Choi representation, Theorem 1 is
equivalent to the following Lemma.

Lemma 1. If the Choi operator W of a 2-slot linear
supermap satisfies W ≥ 0 (i.e., completely CP pre-
serving) and Trin[W (JU1 ⊗ JU2)t] = Trin[W0(JU1 ⊗
JU2)t] for all U1 and U2, then W = W0.

The main proof of Lemma 1 is given in Appendix C.
Here we provide a sketch of the proof. We first con-
sider the linear span of the Choi operator of unitary
CPTP maps. In Sec. 3 and Appendix A, we provide
a set of operators that are in the linear span. In Ap-
pendix C, we consider the consequences of the positiv-
ity of the Choi operator W ≥ 0, which also relies on
the results on the linear span. Remark that the Choi
operator of the quantum switch given by Eq. (12) has
a simple form, namely, it is a matrix such that all
the elements are either 1 or 0 and that any submatrix
whose diagonal elements are 1 has all other elements
being 1. First we prove that all the diagonal elements
of W are either 1 or 0, with some calculations are
separated into Appendix D. After determining all the
diagonal elements, it remains to show that all other
elements are either 0 or 1. To do so, we evaluate the
element-wise 1-norm, i.e., the sum of absolute values
of all elements in the computational basis, where the
main calculations are separated into Appendix E.

3 The Linear Span of the Choi Opera-
tors of Unitary Operations
From the linearity, the action on any input CP map
that is a linear combination of unitary CPTP maps

8When we write Trin[W0Jt], we are suppressing the identity
operators, that is, in the full notation we have Trin

[
W0(IP ⊗

Jt ⊗ IF )
]
. If clear from context, we will suppress the identity

operators under traces.

follows from Eq. (1). For any J ∈ span{JU1 ⊗ JU2}9,
where

span{JU1 ⊗ JU2} (13)

:= {C | C =
∑
i1,i2

ci1i2(JUi1
⊗ JUi2

), ci1i2 ∈ C,

Ui1 , Ui2 ∈ SU(d)},

the action of the quantum switch on J is
given by Trin[W0J

t]. Since span{JU1 ⊗ JU2} =
span{span{JU} ⊗ span{JU}}, tensor products of the
bases of span{JU} form a linearly independent set of
elements in span{JU1 ⊗ JU2}.

We first summarize the results in this section: as
we prove in Appendix A, an operator C belongs to
span{JU} if and only if

TrI [C] =Tr[C] Id
d
, (14)

TrO[C] =Tr[C] Id
d
. (15)

Hence, by evaluating partial traces, one can verify
that:

1. |ii⟩⟨jj|, |ij⟩⟨ji| ∈ span{JU} for i ̸= j.

2. |ij⟩⟨i′j′| ∈ span{JU} when the indices i, j, i′, j′ all
take a different value.

3. |ij⟩⟨i′j′| ∈ span{JU} when the indices i, j, i′, j′

take three distinct values, but such that their
partial traces all return a zero operator.

4.
∑
j=i+k |ij⟩⟨ij| ∈ span{JU} for k = 0, . . . , d− 1.

5. (|ij⟩⟨ii| − |jj⟩⟨ji|), (|ji⟩⟨ii| − |jj⟩⟨ij|) ∈ span{JU}
for i ̸= j.

We remark that the set of the operators listed here
does not span the whole space of span{JU} unless
d = 2. There are only 2d(d− 1) + d(d− 1)(d− 2)(d−
3)+4d(d−1)(d−2)+d+2d(d−1) = d(d3 −2d2 +3d−
1) elements here, but the dimension of span{JU} is
(d2 − 1)2 + 1 (Lemma 3 of Ref. [29]), which is strictly
greater than d(d3 − 2d2 + 3d − 1) for d > 2. We
show in Appendix C that Lemma 1 can be proved by
only considering the action of the quantum switch on
these operators. The action of the quantum switch on
all unitary CPTP maps is not necessary to uniquely
determine the action of the quantum switch on general
CP maps.

Another important fact is that the action of the
quantum switch on the depolarizing channels is de-
termined only by the linearity, because

Id2

d
⊗ Id2

d
∈ span{JU1 ⊗ JU2} (16)

9Here, JU1 ⊗ JU2 is treated as a collection of all the Choi
operators of local unitary CPTP maps. We use this as a short-
hand notation of span{{JU1 ⊗ JU2 }U1,U2∈SU(d)}.
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holds, where Id2
d is the Choi operator of the depolar-

izing channel (which may be viewed as a probabilis-
tic mixture of uniformly random unitary operations).
Thus, the results of Refs. [8–10] can be obtained with
only the assumption of the linearity.

4 Uniqueness of single input su-
permaps
In this section, we provide a similar theorem on the
supermaps with a single input CP map instead of the
quantum switch. Consider the (linear) supermap ˜̃C
which act on as the identity supermap on unitary
CPTP maps, that is, for every Ũ we have ˜̃C(Ũ) = Ũ .
We show that by imposing that ˜̃C is completely CP
preserving, ˜̃C also behaves as the identity supermap
for any arbitrary CP map Λ̃, that is, ˜̃C(Λ̃) = Λ̃. In
other words, we have that C = C0, where

C0 :=
d∑

i,j,k,l=1
|ij⟩⟨kl| ⊗ |ij⟩⟨kl| ∈ L(I ⊗ O ⊗ P ⊗ F),

(17)

the Choi operator of the identity supermap.

Theorem 2. If the action of a 1-slot linear supermap
on unitary CPTP maps is given by Ũ 7→ Ũ for an
arbitrary input unitary operation Ũ and is completely
CP preserving, then its action on an arbitrary CP
map Λ̃ is given by Λ̃ 7→ Λ̃.

Similarly, Theorem 2 is equivalent to the following
Lemma.

Lemma 2. Let C0 be the Choi operator of the identity
supermap defined by Eq. (17). If there exists C ≥ 0
such that TrIO[CJ tU ] = TrIO[C0J

t
U ] for all U , then

C = C0.

The proof of Lemma 2 is given in Appendix B.
While Theorem 2 only holds for supermaps which

act as the identity on unitary CPTP maps, this result
can be easily extended to cases to supermaps which
act on unitary CPTP maps as Ũ 7→ B̃◦Ũ ◦Ã, where Ã
and B̃ are fixed unitary CPTP maps that do not make
use of any auxiliary system. This class of supermaps
is precisely the set of reversibility preserving one-slot
superchannels (also known as one-partite pure pro-
cesses [3]) which do not modify the dimension of the
input CP map [27].

Corollary 1. If the action of a 1-slot supermap ˜̃C′

on unitary CPTP maps is given by Ũ 7→ B̃ ◦ Ũ ◦ Ã
for an arbitrary input unitary CPTP map Ũ and two
fixed unitary CPTP maps Ã and B̃ and is completely
CP preserving, then its action on arbitrary CP maps
is given by Λ̃ 7→ B̃ ◦ Λ̃ ◦ Ã for an arbitrary input CP
map Λ̃.

Proof. Corollary 1 can be reduced to Theorem 2 as
follows. In the Choi operators, the action of ˜̃C′ on
unitary CPTP maps is

TrIO[C ′J tU ] = JBUA, (18)

where A and B are unitary operators defining Ã
and B̃, respectively. By introducing C = (AI ⊗
BF )†C ′(AI ⊗BF ), the l.h.s. can be written as

TrIO[C ′J tU ] = TrIO[(AI ⊗BF )C(AI ⊗BF )†J tU ]

= BF {TrIO[C(A†
IJ

t
UAI)]}B†

F

= BF {TrIO[C(JAU )t]}B†
F . (19)

We also have that

JBUA = BF {TrIO[C0(JAU )t]}B†
F , (20)

where C0 is the operator defined in Eq. (17). Since
AU is also a unitary operator and spans the whole lin-
ear span of span{JU}, the uniqueness of C ′ is equiva-
lent to the uniqueness of the identity supermap C.

Corollary 1 can be used to show that the supermap
leading to qubit unitary complex conjugation anal-
ysed in Ref. [30] is uniquely defined by its action on
unitary operations. This holds true because Ũ

∗
=

Ỹ ◦ Ũ ◦ Ỹ, where Ỹ denotes the Pauli Y unitary oper-
ation.

Another important supermap that can be proven to
be unique is the unitary transposition [28, 31]. Here
it is interesting to remark that unitary transposition
cannot be implemented deterministically and its prob-
ability of success is limited by 1/d2. Note however
that our proofs only rely on the linearity and the com-
pletely CP preserving and do not make use of normal-
ization or causal constraints. Due to that, we can also
tackle probabilistic higher-order quantum operations
such as unitary transposition.

Corollary 2 (Unitary transposition). Suppose a 1-
slot linear and completely CP preserving supermap
transforms a unitary CPTP map determined by a uni-
tary operator U into another unitary CPTP map de-
termined by its transpose operator U t with some fixed
success probability p. More formally, the Choi oper-
ator C ≥ 0 of the supermap satisfies TrIO[CJ tU ] =
pJUt for all unitary operators U and some p. The ac-
tion of C on a general CP map with the Choi operator
JΛ ∈ L(I ⊗ O) is necessarily given by TrIO[CJ tΛ] =
pFJΛF , where F denotes the flip (swap) operator de-
fined by F |ψϕ⟩ = |ϕψ⟩ for all |ϕ⟩ and |ψ⟩.

Proof. A possible Choi operator for unitary transpo-
sition is given by C ′

0 = FIOC0F
†
IO, where C0 is the

operator defined in Eq. (17). By assumption,

TrIO[C ′J tU ] = TrIO[C ′
0J

t
U ]. (21)
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In this case, by introducing C = (FIO)†C ′(FIO), the
l.h.s. can be written as

TrIO[C ′J tU ] = TrIO[(FIO)C(FIO)†J tU ]
= TrIO[C(FIO)†J tU (FIO)]
= TrIO[C(JUt)t] (22)

whereas the r.h.s. can be written as

TrIO[C ′
0J

t
U ] = TrIO[C(JUt)t]. (23)

Since U t is also a unitary operator and spans the
whole linear span of span{JU}, the uniqueness of C ′ is
equivalent to the uniqueness of the identity supermap
C.

After finishing a first version of this manuscript, we
became aware of Ref. [32], which presents an indepen-
dent and considerably different proof that the unitary
transposition is uniquely defined by the action of on
unitary CPTP maps.

Remark 1. In general, for a given action of a su-
permap on unitary CPTP maps, an extension of the
domain of the supermap is not necessarily unique un-
der the linearity and the completely CP preserving.
Thus, it is natural to consider what extra condition
may lead to the uniqueness. The results of Corollary 1
shows the Choi operator of the supermap Ũ 7→ B̃◦Ũ◦Ã
is a rank-1 operator. One could imagine that, when
there exists a rank-1 positive semidefinite extension,
that operator is the only possible extension. Unfortu-
nately, this hypothesis is not enough for the unique-
ness of the extension, as we will now show.

Consider a supermap transforming all two-
dimensional unitary CPTP maps to the two-
dimensional identity channel, with some probability.
That is, there exists a Choi operator C0 such that
TrIO[C0J

t
U ] = qUJI , where qU is a positive coeffi-

cient. For 0 ≤ p ≤ 1, we define the Choi operator
Cp ∈ L

(
I ⊗ O ⊗ P ⊗ F

)

Cp :=


1 p p 1
p 1 1 p
p 1 1 p
1 p p 1

⊗ ϕ+, (24)

where ϕ+ denotes the maximally entangled state,
which is proportional to the Choi operator of the iden-
tity channel. We can check that, for any 0 ≤ p ≤ 1,
the positivity constraint Cp ≥ 0 is respected and
TrIO[CpJ tU ] = qUJI , that is, CpJ tU is proportional to
JI , but the proportionality coefficient qU is indepen-
dent of p but may depend on the unitary U . However,
when p = 1, Cp is a rank-1 operator. Hence, imposing
the existence of a supermap with rank-1 Choi opera-
tor is not sufficient to uniquely extend the action of
such a supermap on non-unitary CPTP maps.

5 Conclusion and Future Scope

In this paper, we have addressed whether the action
of a supermap is uniquely determined by its action on
unitary CPTP maps. We proved that, different from
general supermaps, the action of the quantum switch
on unitary CPTP maps uniquely defines its action on
general CP maps under linearity and completely CP
preserving. We have also shown this uniqueness prop-
erty holds for different classes of supermaps, which in-
clude identity supermaps, unitary transpositions [28],
and the qubit unitary complex conjugation [30].

In order to tackle more general supermaps, it would
be useful to find a simple criterion to identify which
supermaps are uniquely defined by their action on uni-
tary CPTP maps. Here particular cases of interest
would be to analyze the n-slot quantum switch [6],
and quantum processes which may be viewed as gen-
eralizations of the switch, such as the ones which
can be described by a coherent control of causal
order [27, 33, 34]. Also, the quantum switch has
the property of being a pure superchannel [3], that
is, it maps unitary operations (even unitary opera-
tions extended to larger systems) into unitary oper-
ations, and preserve the reversibility of quantum op-
erations [27, 33]. It would be interesting to have a
better understanding of the relationship between pure
superchannels and uniqueness property, as in the case
of quantum switch. For instance, is it the case that all
pure superchannels are uniquely defined among pure
superchannels by this action on (non-extended) uni-
tary operations? We stress however that in this work,
we do not assume that the switch is a pure super-
channel, the only properties that we assume are its
action on (non-extended) unitary operations, linear-
ity, and complete positiveness. From these hypothe-
ses, we prove that this has to be a pure superchannel,
and, additionally, that it is unique.

Another interesting future direction would be to un-
derstand how the constraints of normalization would
limit the possible extensions of supermaps. In this
work we have obtained our results simply by argu-
ments based on completely CP preserving, but the
normalization constraints for deterministic transfor-
mations or linear constraints arising from causal re-
lations [16] may considerably restrict the possibilities
of extending the action of supermaps to non-unitary
CPTP maps. We note that, when extending lower-
order operations from a restricted set of quantum
states, example 5 of Ref. [19] shows that requiring the
transformation to be deterministic may be a severe
constraint. We then expect that stronger claims may
be proven by imposing that a supermap correspond
to a deterministic transformation.

As we show here, it is possible to strongly restrict
the form of a supermap given only its action on uni-
tary CPTP maps, and such a technique may reduce
the difficulty of the analysis of the performance of
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higher-order quantum operations, since it is enough
to perform an optimization on a restricted set of CP
maps. We hope that questions, answers, and methods
covered in this paper contribute to our understand-
ing of how positivity conditions restrict higher-order
quantum operations and that this work paves the way
for understanding the extension of general supermaps.
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A The Elements in the Span of the Choi Operator of Unitary Operations
Lemma 3. Let I and O be linear spaces isomorphic to Cd, U : I → O be an arbitrary unitary operator
and JU :=

∑
ij |i⟩⟨j| ⊗ U |i⟩⟨j|U† its associated Choi operator as a unitary CPTP map. A linear operator C ∈

L(I ⊗ O) belongs to the linear space spanned by the Choi operators JU of unitary CPTP maps if and only if

TrI [C] = Tr[C] Id
d

and TrO[C] = Tr[C] Id
d
. (25)

Proof. By definition, if C belongs to the linear span of JU , there exist real coefficients {ci}i and a set of unitary
operators Ui such that

C =
∑
i

ciJUi
. (26)

Since for any unitary operator U we have that TrI [JU ] = TrO[JU ] = Id, it follows that

Tr[C] =
∑
i

ciTr[JUi
] = d

∑
i

ci, (27)

TrI [C] =
(∑

i

ci

)
Id, (28)

TrO[C] =
(∑

i

ci

)
Id, (29)

hence Eqs. (25) hold.
For the converse, we start by pointing out that every self adjoint operator C ∈ L(I ⊗ O) can be written as

C = γ0
Id
d

⊗ Id
d

+
d2−1∑
i=1

αiσi ⊗ Id
d

+
d2−1∑
o=1

βo
Id
d

⊗ σo +
d2−1∑
i=1

d2−1∑
o=1

γio σi ⊗ σo, (30)

where {σi}d
2−1
i=1 is a set of self adjoint operators on Cd respecting Tr[σi] = 0 and Tr[σi σj ] = δij . An explicit

basis may be obtained via the generalized Gell-Mann matrices [35]. The orthogonality and traceless properties
of operators σi ensure that

γ0 = Tr[C], γio = Tr
[
C (σi ⊗ σo)

]
, (31)

αi = Tr
[
C (σi ⊗ Id)

]
, βo = Tr

[
C (Id ⊗ σo)

]
. (32)

The linear span of unital channels is identical to the linear span of unitary CPTP maps [36] (see Ref. [32]
for a constructive proof). The Choi operators C of unital CP maps are characterized by TrI [C] = Tr[C] Id

d and
TrO[C] = Tr[C] Id

d , which implies that αi = βo = 0 for every i and o. Therefore, an arbitrary linear operator C
belongs to the linear span of JU if it can be written as

C = γ0
Id
d

⊗ Id
d

+
d2−1∑
i=1

d2−1∑
o=1

γio σi ⊗ σo. (33)

B The proof of Lemma 2

Consider the identity supermap ˜̃C that transforms an input unitary operation Ũ on I ⊗ O ∼= Cd ⊗ Cd to Ũ on
P ⊗ F ∼= Cd ⊗ Cd. We show that this supermap transforms an arbitrary input operation Λ̃ on I ⊗ O to itself
on P ⊗ F by assuming the completely CP preserving property. That is, the Choi operator C of the identity
supermap satisfies

C =
d∑

i,j,k,l=1
|ij⟩⟨kl| ⊗ C̃(|ij⟩⟨kl|) ∈ L(I ⊗ O ⊗ P ⊗ F), (34)
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where C̃ denotes the corresponding map of C, i.e., C̃(J) = TrIO[CJ t] for J ∈ L(I ⊗ O), and we show that this
Choi operator is uniquely determined as

C0 =
d∑

i,j,k,l=1
|ij⟩⟨kl| ⊗ |ij⟩⟨kl| ∈ L(I ⊗ O ⊗ P ⊗ F) (35)

under the following assumptions: its action on unitary operations is determined as TrIO[CJ tU ] = TrIO[C0J
t
U ]

for an arbitrary unitary operation U ; and it is a positive operator C ≥ 0. Note that the action of C̃ is given by
C̃(JU ) = TrIO[CJ tU ] = TrIO[C0J

t
U ] = JU by assumption. We first consider the diagonal elements of C, then

consider the off-diagonal elements of C.
(First part: diagonal elements of C) Since

∑d
i,j=1 |ij⟩⟨ij| = I ∈ span{JU}, the action of C̃ is determined as

C̃(I) = I, and we obtain

d∑
i,j=1

|ij⟩⟨ij| = C̃(
d∑

i,j=1
|ij⟩⟨ij|) =

d∑
i,j=1

C̃(|ij⟩⟨ij|). (36)

Thus, for |ijkl⟩ ∈ I ⊗ O ⊗ P ⊗ F

d∑
i,j=1

⟨ijkl|C|ijkl⟩ =
d∑

i,j=1
⟨kl|TrIO (C|ij⟩⟨ij|t)|kl⟩ =

d∑
i,j=1

⟨kl|C̃(|ij⟩⟨ij|)|kl⟩

= ⟨kl|
d∑

i,j=1
C̃(|ij⟩⟨ij|)|kl⟩ = ⟨kl|

( d∑
i,j=1

|ij⟩⟨ij|
)
|kl⟩ = 1, (37)

holds for all k, l, and we obtain

Tr [C] =
d∑

i,j,k,l=1
⟨ijkl|C|ijkl⟩ = d2. (38)

Since every diagonal element of a positive semidefinite operator is non-negative, Eq. (37) shows that every
diagonal element of C, say a, satisfies 0 ≤ a ≤ 1, and Eq. (38) shows that the sum of all diagonal elements of
C is equal to d2.

Since |ij⟩⟨ji|, |ii⟩⟨jj| ∈ span{JU} holds for all i ̸= j from Lemma 3, the action of C̃ is determined as

C̃(|ij⟩⟨ji|) = |ij⟩⟨ji|, C̃(|ii⟩⟨jj|) = |ii⟩⟨jj|, (39)

and the Choi operator C satisfies

⟨ijij|C|jiji⟩ = 1, ⟨iiii|C|jjjj⟩ = 1. (40)

Since C ≥ 0 all principal minors of C are non-negative. Consider the following two-dimensional submatrices
of C (

⟨ijij|C|ijij⟩ ⟨ijij|C|jiji⟩
⟨jiji|C|ijij⟩ ⟨jiji|C|jiji⟩

)
,

(
⟨iiii|C|iiii⟩ ⟨iiii|C|jjjj⟩
⟨jjjj|C|iiii⟩ ⟨jjjj|C|jjjj⟩

)
, (41)

with i ̸= j. Eq. (40) indicates that all the off-diagonal elements of these matrices are 1, and the diagonal
elements are between 0 and 1 due to Eq. (37). Then these matrices are positive semi-definite only if

⟨ijij|C|ijij⟩ = 1, ⟨iiii|C|iiii⟩ = 1 (42)

for all i ̸= j.
Since the sum of all diagonal elements is equal to d2 due to Eq. (38), and Eq. (42) provides the d(d−1)+d = d2

elements that are equal to 1, the other diagonal elements of C are equal to 0. For positive semi-definite matrices,
if a diagonal element is 0, all elements in that row or column are also 0. Thus, we have

⟨i1j1k1l1|C|i2j2k2l2⟩ ≠ 0 (43)

only if (i1, j1, k1, l1) = (i, j, i, j) and (i2, j2, k2, l2) = (k, l, k, l) for some i, j, k, l.
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(Second part: off-diagonal elements of W ) The second part of the proof is to show that all the elements
which are non-zero are equal to 1. Consider a Choi operator J ∈ span{JU} with ⟨ij|J |kl⟩ ≠ 0 for all i ̸= j, k ̸= l,
e.g., the Choi operator of the Fourier transform. Since J ∈ span{JU}, the equality

⟨ij|C̃(J)|kl⟩ = ⟨ij|J |kl⟩ (44)

holds for all i ̸= j, k ̸= l. On the other hand, the action determined by the Choi operator C is given by

⟨ij|C̃(J)|kl⟩ = ⟨ij|TrIO[C(J tIO ⊗ IPF )]|kl⟩ (45)
= Tr[⟨ij|C|kl⟩J t] (46)

=
∑

i′,j′,k′,l′

⟨i′j′ij|C|k′l′kl⟩⟨k′l′|J t|i′j′⟩ (47)

= ⟨ijij|C|klkl⟩⟨kl|J t|ij⟩ (48)
= ⟨ijij|C|klkl⟩⟨ij|J |kl⟩, (49)

where the fourth equality holds due to Eq. (42). Therefore, by considering the condition that both Eq. (44) and
Eq. (49) hold, we obtain ⟨ijij|C|klkl⟩ = 1 for all i ̸= j, k ̸= l. Similarly, consider a Choi operator J ∈ span{JU}
with ⟨ii|J |kl⟩ ≠ 0 for all i and k ̸= l, e.g., the Choi operator of the Fourier transform, we obtain ⟨iiii|C|klkl⟩ = 1
for all i and k ̸= l. Similar calculations show that ⟨ijji|C|kkkk⟩ = 1 for i ̸= j and all k, and ⟨iiii|C|kkkk⟩ = 1
for all i and k. Thus, we uniquely determine all the elements of C and obtain C = C0.

C The Proof of Lemma 1
We start the section by recalling that

W0 :=
d−1∑

i,j,k=0
(|ijjkik00⟩ + |jkijik11⟩)(⟨ijjkik00| + ⟨jkijik11|), (50)

where the Hilbert spaces are ordered as I1 ⊗ O1 ⊗ I2 ⊗ O2 ⊗ PT ⊗ FT ⊗ PC ⊗ FC . Hence, for any J =
|ijkl⟩⟨i′j′k′l′| ∈ L(I1 ⊗ O1 ⊗ I2 ⊗ O2), we have that

Trin[W0J
t] =⟨ijkl|W0|i′j′k′l′⟩ (51)

=δjkδj′k′ |il00⟩⟨i′l′00| + δilδi′l′ |kj11⟩⟨k′j′11| + δjkδi′l′ |il00⟩⟨k′j′11| + δilδj′k′ |kj11⟩⟨i′l′00|. (52)

We now remark that the matrix elements of W0 are 0 or 1. In order to prove Theorem 1, it is enough to prove
that each element of W for any quantum-switch-like supermap satisfies |(W )ij | = 0 or 1. This is because if there
exists a quantum-switch-like supermap W (or its Choi operator, to be exact) such that satisfies |(W )ij | = 0 or 1
but W ̸= W0, then Wϵ := ϵW +(1−ϵ)W0 is also a candidate for a quantum-switch-like supermap and must have
a value satisfying 0 < |(Wϵ)ij | < 1, which contradicts with the assertion that W for any quantum switch-like
supermap satisfies |(W )ij | = 0 or 1.

The rest of the proof is divided into two parts: the first part considers the diagonal elements of W , and the
second part considers the off-diagonal elements of W .

(First part: diagonal elements of W ) Consider J = |ijkl⟩⟨i′j′k′l′|. For all i, j, k, l, there exist i′, j′, k′, l′ such
that J ∈ span{JU1 ⊗ JU2}. This can be shown by noticing that if i = j we can set i′ = j′ ̸= i to ensure that
|ij⟩⟨i′j′| ∈ span{JU}, and in this case, we relabel the variables i′, j′ as j. Similarly, if i ̸= j we set i′ = j and
j′ = i so that |ij⟩⟨i′j′| ∈ span{JU} (see Sec. 3 or Lemma 3). The same arguments hold for k, l. Hence, for i ̸= j
and k ̸= l,

Trin[W (|ijkl⟩⟨jilk|)t] = (δjk|il00⟩ + δil|kj11⟩)(δil⟨jk00| + δjk⟨li11|) (53)
Trin[W (|ijkk⟩⟨jill|)t] = (δjk|ik00⟩ + δik|kj11⟩)(δil⟨jl00| + δjl⟨li11|) (54)
Trin[W (|iikl⟩⟨jjlk|)t] = (δik|il00⟩ + δil|ki11⟩)(δjl⟨jk00| + δjk⟨lj11|) (55)
Trin[W (|iikk⟩⟨jjll|)t] = (δik|ik00⟩ + δik|ki11⟩)(δjl⟨jl00| + δjl⟨lj11|), (56)

Also, consider that I ⊗ I ∈ span{JU1 ⊗ JU2}, we obtain

Tr[Trin[W (I ⊗ I)t]] = Tr[W ] = 2d3. (57)
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In Appendix D, we show how Eqs. (53) – (57) and the positivity W ≥ 0 implies that, for i ̸= j, k ̸= l, the
operator W has to respect

⟨ijklil00|W |ijklil00⟩ = 1 for j = k (58)
⟨ijklkj11|W |ijklkj11⟩ = 1 for i = l (59)
⟨ijkkik00|W |ijkkik00⟩ = 1 for j = k (60)
⟨ijkkkj11|W |ijkkkj11⟩ = 1 for i = k (61)

⟨iiklil00|W |iiklil00⟩ = 1 for i = k (62)
⟨iiklki11|W |iiklki11⟩ = 1 for i = l (63)

⟨iikkik00|W |iikkik00⟩ = 1 for i = k (64)
⟨iikkki11|W |iikkki11⟩ = 1 for i = k, (65)

or equivalently,

⟨ijjlil00|W |ijjlil00⟩ = 1 for i ̸= j, j ̸= l (66)
⟨ijkikj11|W |ijkikj11⟩ = 1 for i ̸= j, k ̸= i (67)
⟨ijjjij00|W |ijjjij00⟩ = 1 for i ̸= j (68)
⟨ijiiij11|W |ijiiij11⟩ = 1 for i ̸= j (69)

⟨iiilil00|W |iiilil00⟩ = 1 for i ̸= l (70)
⟨iikiki11|W |iikiki11⟩ = 1 for i ̸= k (71)

⟨iiiiii00|W |iiiiii00⟩ = 1 (72)
⟨iiiiii11|W |iiiiii11⟩ = 1. (73)

The number of terms in 1st, 3rd, 5th, and 7th lines (or 2nd, 4th, 6th, 8th lines) is given by d(d− 1)2, d(d−
1), d(d − 1), d respectively, and the total number of terms in these 8 lines is 2d3. Since Tr [W ] = 2d3, all the
other diagonal terms of W are 0.

Remark 2. Here we illustrate the key idea of the proof in Appendix D with a simpler example. Consider a
linear map W̃ : L(C2) → L(C2) and the corresponding Choi operator W ∈ L(C4) satisfying,

Trin[W (|i⟩⟨j|)t] = |i⟩⟨j| for (i, j) = (0, 1) and (i, j) = (1, 0) (74)
Tr [W ] = 2 (75)

W ≥ 0, (76)

then the matrix W has the form of

W =


a b 0 1
c d 0 0
0 0 e f
1 0 g h

 (77)

with a+d+e+h = 2. From the positivity W ≥ 0, the diagonal elements have to respect a, d, e, h ≥ 0, and since
the determinant of all its minors has to be non-negative, we obtain ah− 1 ≥ 0. By combining these constraints
we can verify that,

2 = a+ d+ e+ h (78)

≥ 2
√
ah+ d+ e,

[
since a+ h ≥ 2

√
ah
]

(79)

≥ 2 + e+ d, [since ah ≥ 1] (80)
≥ 2. [since e ≥ 0, d ≥ 0] (81)

Hence, we obtain a + h = 2
√
ah as a necessary condition. Thus, we obtain a = h = 1 and the diagonal terms

are uniquely determined as (a, d, e, h) = (1, 0, 0, 1).

(Second part: off-diagonal elements of W ) In this part, we show that every element of W satisfies |(W )ij | =
0 or 1. From the positivity, if a diagonal element is 0, then all the elements of that row or column are 0.
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Therefore, by analysing Eq. (52) and Lemma 4 below, we see that the action of W can be described by

⟨ijkl|W |i′j′k′l′⟩ = aijkli′j′k′l′δjkδj′k′ |il00⟩⟨i′l′00|
+ bijkli′j′k′l′δilδi′l′ |kj11⟩⟨k′j′11|
+ cijkli′j′k′l′δjkδi′l′ |il00⟩⟨k′j′11|
+ dijkli′j′k′l′δilδj′k′ |kj11⟩⟨i′l′00| (82)

with |aijkli′j′k′l′ |, |bijkli′j′k′l′ |, |cijkli′j′k′l′ |, |dijkli′j′k′l′ | ≤ 1. As we mentioned, it is enough to show that all the
absolute values of them (with the non-vanishing Kronecker deltas) are 1.

In order to show that the coefficients satisfies |aijkli′j′k′l′ |, |bijkli′j′k′l′ |, |cijkli′j′k′l′ |, |dijkli′j′k′l′ | = 1 for all
i, j, k, l, i′, j′, k′, l′ (for those that yield the non-vanishing Kronecker deltas in Eq. (82)), it will be helpful to define
a class of linear operators belonging to the span{JU1 ⊗JU2} satisfying useful properties. Before introducing this
class, we point out that since the operators |ijkl⟩⟨i′j′k′l′| form a basis, any operator J acting in I1 ⊗O1 ⊗I2 ⊗O2
can be written as

J =
∑

ijkli′j′k′l′

sijkli′j′k′l|ijkl⟩⟨i′j′k′l′|, (83)

for some scalar coefficients sijkli′j′k′l. It will be useful to focus on the case where we set scalar coefficients to
be sijkli′j′k′l ∈ {−1, 0, 1} and J is guaranteed to be in the linear span span{JU1 ⊗ JU2}.

Lemma 4. Let a, b, c, d, a′, b′, c′, d′ be integers in {0, . . . , d − 1}. For any given operator |abcd⟩⟨a′b′c′d′|, there
exists an operator Js ∈ span{JU1 ⊗ JU2} such that

Js :=
∑

ijkli′j′k′l′

sijkli′j′k′l|ijkl⟩⟨i′j′k′l′|, (84)

with sijkli′j′k′l ∈ C and sabcda′b′c′d′ ̸= 0.
Additionally, there exist Js such that further satisfy

∥Trin[WJ ts]∥1 =
∑

ijkli′j′k′l′

∥sijkli′j′k′l⟨ijkl|W0|i′j′k′l′⟩∥1. (85)

The proof of Lemma 4 is presented in App. E.
Using the parametrization for W introduced in Eq. (82) and the orthogonality of the control qubits, any

operator Js respects

∥Trin(W Jt
s)∥1 = ∥

∑
ijkli′j′k′l′

sijkli′j′k′l⟨ijkl|W |i′j′k′l′⟩∥1 (86)

≤ ∥
∑

ijkli′j′k′l′

sijkli′j′k′l aijkli′j′k′l′ δjkδj′k′ |il00⟩⟨i′l′00|∥1

+ ∥
∑

ijkli′j′k′l′

sijkli′j′k′l bijkli′j′k′l′ δilδi′l′ |kj11⟩⟨k′j′11|∥1

+ ∥
∑

ijkli′j′k′l′

sijkli′j′k′l cijkli′j′k′l′ δjkδi′l′ |il00⟩⟨k′j′11|∥1

+ ∥
∑

ijkli′j′k′l′

sijkli′j′k′l dijkli′j′k′l′ δilδj′k′ |kj11⟩⟨i′l′00|∥1

≤
∑

ijkli′j′k′l′

|sijkli′j′k′l|∥δjkδj′k′ |il00⟩⟨i′l′00|∥1 +
∑

ijkli′j′k′l′

|sijkli′j′k′l|∥δilδi′l′ |kj11⟩⟨k′j′11|∥1 (87)

+
∑

ijkli′j′k′l′

|sijkli′j′k′l|∥δjkδi′l′ |il00⟩⟨k′j′11|∥1 +
∑

ijkli′j′k′l′

|sijkli′j′k′l|∥δilδj′k′ |kj11⟩⟨i′l′00|∥1,

where the last inequality follows from the relations |aijkli′j′k′l′ | ≤ 1, |bijkli′j′k′l′ | ≤ 1, |cijkli′j′k′l′ | ≤ 1, and
|dijkli′j′k′l′ | ≤ 1.

Also, if the operator Js respects Eq. (85) and belongs to span{JU1 ⊗ JU2}, Eq. (52) ensures that

∥Trin[WJ ts]∥1 =
∑

ijkli′j′k′l′

∥sijkli′j′k′l⟨ijkl|W0|i′j′k′l′⟩∥1 (88)

=
∑

ijkli′j′k′l′

|sijkli′j′k′l|
(

∥δjkδj′k′ |il00⟩⟨i′l′00|∥1 + δilδi′l′ |kj11⟩⟨k′j′11|∥1

+ δjkδi′l′ |il00⟩⟨k′j′11|∥1 + δilδj′k′ |kj11⟩⟨i′l′00|∥1

)
, (89)
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quantity which is identical to the r.h.s. of the inequality in (87).
We will now show that the absolute value for any all coefficients aijkli′j′k′l′ with non-vanishing δjkδj′k′ is

exactly one. For that, we pick a particular coefficient aabcda′b′c′d′ with non-vanishing δabδa′b′ , assume that
|aabcda′b′c′d′ | < 1, and exhibit a contradiction. Let Js be an operator where sabcda′b′c′d′ = 1 and satisfies the
condition in Lemma 4. Note that the original statement in Lemma 4 is that sabcda′b′c′d′ ̸= 0, but here the operator
s−1
abcda′b′c′d′Js is also in the span Js ∈ span{JU1 ⊗ JU2} and satisfies sabcda′b′c′d′ = 1. Since |aijkli′j′k′l′ | < 1 for

all indices, it holds that

∥
∑

ijkli′j′k′l′

sijkli′j′k′l aijkli′j′k′l′δjkδj′k′ |il00⟩⟨i′l′00|∥1 ≤
∑

ijkli′j′k′l′

∥sijkli′j′k′l aijkli′j′k′l′δjkδj′k′ |il00⟩⟨i′l′00|∥1

<
∑

ijkli′j′k′l′

|sijkli′j′k′l|∥δjkδj′k′ |il00⟩⟨i′l′00|∥1, (90)

where the second inequality is strict because

∥sabcda′b′c′d′ aabcda′b′c′d′δabδa′b′ |ad00⟩⟨a′d′00|∥1 < |sabcda′b′c′d′ |∥δabδa′b′ |ad00⟩⟨a′d′00|∥1 (91)

is strict. Hence, inequality (87) is also strict, and by combining this inequality with Eq. (89) we have

∥Trin[WJ ts]∥1 <
∑

ijkli′j′k′l′

|sijkli′j′k′l|
(

∥δjkδj′k′ |il00⟩⟨i′l′00|∥1 + δilδi′l′ |kj11⟩⟨k′j′11|∥1

+ δjkδi′l′ |il00⟩⟨k′j′11|∥1 + δilδj′k′ |kj11⟩⟨i′l′00|∥1

)
= ∥Trin(WJ ts)∥1, (92)

which is a logical contradiction.
Using the same method, we can also show that, for all indices {i, j, k, l, i′, j′, k′, l′}, we have |bijkli′j′k′l′ | = 1,

|cijkli′j′k′l′ | = 1, and |dijkli′j′k′l′ | = 1 what finishes the proof.

D Evaluation of the Diagonal Terms in the Proof of Lemma 1
Here we provide the proof of Eqs. (58) – (65) from Eqs. (53) – (57) and the positivity W ≥ 0. Let us define the
disjoint sets,

S1 = {|ijklil00⟩ | i ̸= j, k ̸= l, j = k} ∪ {|ijklkj11⟩ | i ̸= j, k ̸= l, i = l} (93)
S2 = {|ijkkik00⟩ | i ̸= j, j = k} (94)
S3 = {|ijkkkj11⟩ | i ̸= j, i = k} (95)
S4 = {|iiklil00⟩ | k ̸= l, i = k} (96)
S5 = {|iiklki11⟩ | k ̸= l, i = l} (97)
S6 = {|iikkik00⟩ | i = k} (98)
S7 = {|iikkki11⟩ | i = k}, (99)

and it is enough to prove that ∏
|ψ⟩∈Sa

⟨ψ|W |ψ⟩ ≥ 1 (100)

holds for a = 1, . . . , 7. This is because if Eq. (100) holds, the inequality

Tr[W ] = 2d3 ≥
7∑
a=1

∑
|ψ⟩∈Sa

⟨ψ|W |ψ⟩ ≥
7∑
a=1

|Sa|

 ∏
|ψ⟩∈Sa

⟨ψ|W |ψ⟩

 1
|Sa|

≥
7∑
a=1

|Sa| = 2d3 (101)

also holds, and by considering the condition for equality, we obtain

⟨ψ|W |ψ⟩ = 1 (102)

for all |ψ⟩ ∈ Sa for all a. Here we only prove Eq. (100) for a = 1, 2, 6. The case of a = 4 can be proved in the
same way as the case of, a = 2 by considering the symmetry between the two input operations. The rest cases
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a = 3, 5, 7 can be proved in the same way as a = 2, 4, 6, respectively, by considering the symmetry between the
action of the control qubit being 0 and 1.

(Case 1: S1) In this case, we show the following inequality holds

∏
|ψ⟩∈S1

⟨ψ|W |ψ⟩ =

 ∏
i̸=j,k ̸=l,j=k

⟨ijklil00|W |ijklil00⟩

 ∏
i ̸=j,k ̸=l,i=l

⟨ijklkj11|W |ijklkj11⟩


=

 ∏
i̸=k,k ̸=l

⟨ikklil00|W |ikklil00⟩

 ∏
i ̸=k,k ̸=l

⟨kilkli11|W |kilkli11⟩


=

∏
i ̸=k,k ̸=l

⟨ikklil00|W |ikklil00⟩⟨kilkli11|W |kilkli11⟩ ≥ 1. (103)

Let |ψ0
ikl⟩ := |ikklil00⟩ and |ψ1

ikl⟩ := |kilkli11⟩, then ⟨ψ0
ikl|W |ψ1

ikl⟩ = 1 holds for arbitrary i, k, l satisfying
i ̸= k, k ̸= l because of Eq. (53). By considering the positivity of the submatrix(

⟨ψ0
ikl|W |ψ0

ikl⟩ ⟨ψ0
ikl|W |ψ1

ikl⟩
⟨ψ1
ikl|W |ψ0

ikl⟩ ⟨ψ1
ikl|W |ψ1

ikl⟩

)
=
(

⟨ψ0
ikl|W |ψ0

ikl⟩ 1
1 ⟨ψ1

ikl|W |ψ1
ikl⟩

)
≥ 0, (104)

we obtain the inequality

⟨ψ0
ikl|W |ψ0

ikl⟩⟨ψ1
ikl|W |ψ1

ikl⟩ ≥ 1, (105)

which completes the proof of Eq. (103).
(Case 2: S2) In this case, we show the following inequality holds∏

|ψ⟩∈S3

⟨ψ|W |ψ⟩ =
∏

i ̸=j,j=k
⟨ijkkik00|W |ijkkik00⟩

=
∏
i ̸=k

⟨ψik|W |ψik⟩ =
∏
i<k

⟨ψik|W |ψik⟩⟨ψki|W |ψki⟩ ≥ 1, (106)

where we define |ψik⟩ := |ikkkik00⟩ for i, k = 0, . . . , d− 1. Since ⟨ψik|W |ψki⟩ = 1 holds arbitrary i, k satisfying
i ̸= k because of Eq. (54), we consider the positivity of the submatrix(

⟨ψik|W |ψik⟩ ⟨ψik|W |ψki⟩
⟨ψki|W |ψik⟩ ⟨ψki|W |ψki⟩

)
=
(

⟨ψik|W |ψik⟩ 1
1 ⟨ψki|W |ψki⟩

)
≥ 0, (107)

and obtain

⟨ψik|W |ψik⟩⟨ψki|W |ψki⟩ ≥ 1 (108)

for any i ̸= k, which completes the proof of Eq. (106).
(Case 3: S6) In this case, we show the following inequality holds∏

|ψ⟩∈S7

⟨ψ|W |ψ⟩ =
∏
i=k

⟨iikkik00|W |iikkik00⟩ =
∏
k

⟨kkkkkk00|W |kkkkkk00⟩ ≥ 1. (109)

Let |ψk⟩ := |kkkkkk00⟩ for k = 0, . . . , d − 1, then ⟨ψk|W |ψk′⟩ = 1 holds for k ̸= k′ because of Eq. (56). By
considering the positivity of the submatrix

⟨ψ0|W |ψ0⟩ ⟨ψ0|W |ψ1⟩ · · · ⟨ψ0|W |ψd−1⟩

⟨ψ1|W |ψ0⟩ ⟨ψ1|W |ψ1⟩
. . . ⟨ψ1|W |ψd−1⟩

...
. . . . . .

...
⟨ψd−1|W |ψ0⟩ ⟨ψd−1|W |ψ1⟩ · · · ⟨ψd−1|W |ψd−1⟩

 ≥ 0, (110)

where all the off-diagonal elements are 1, we obtain Eq. (109).
In total, we uniquely determined the diagonal elements of W .
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E Proof of Lemma 4

In order to prove Lemma 4 it will be convenient to introduce the following disjoint subsets of the elements of
span{JU}.

G1a = {|ij⟩⟨i′j′| | i ̸= j ̸= i′ ̸= j′}
G1b = {|ij⟩⟨i′j′| | i = j, i ̸= i′ ̸= j′ or i = j′, i ̸= i′ ̸= j

or j = i′, j ̸= i ̸= j′ or i′ = j′, i′ ̸= i ̸= j}
G1c = {|ij⟩⟨i′j′| | i = j, i′ = j′, i ̸= i′ or i = j′, j = i′, i ̸= j},

G2 = {
∑
j=i+k

|ij⟩⟨ij| | k = 0, . . . , d− 1},

G3a = {|ij⟩⟨ii| − |jj⟩⟨ji| | i ̸= j},
G3b = {|ji⟩⟨ii| − |jj⟩⟨ij| | i ̸= j},
G4a = {|ij⟩⟨ik| − |jj⟩⟨jk| | i ̸= j ̸= k},
G4b = {|ij⟩⟨kj| − |ii⟩⟨ki| | i ̸= j ̸= k}.

Here G3b is the swapped version of G3a in the sense that every element of G3b corresponds to an element
in G3a with the two systems swapped. Similarly, G4b is the swapped version of G4a. We also denote G1 =
G1a ∪ G1b ∪ G1c, G3 = G3a ∪ G3b, and G4 = G4a ∪ G4b. The elements are of the form |ij⟩⟨kl| or their linear
combination. We refer to i, j, k, l as indices. Note that

• the elements with all the four indices taking a distinct value (such as 0123) are in G1a,

• the elements where the indices are composed of three distinct values (such as 0012) are in G1b and G4,

• the elements where the indices are composed of two distinct values and two indices for each value (such as
0011) are in G1c and G2,

• the elements where the three indices take the same value while the remaining one takes another value (such
as 0001) are in G3,

• the elements with the indices taking the same value (such as 0000) are in G2.

One can check that, for any given operator |ab⟩⟨a′b′|, there is an operator Jα from the set ∪a=1,2,3,4Ga in
which |ab⟩⟨a′b′| appears with a non-zero coefficient. Thus, for any given operator |abcd⟩⟨a′b′c′d′|, there is an
operator Jα ⊗ Jβ from the set ∪a,b=1,2,3,4Ga ⊗Gb in which |abcd⟩⟨a′b′c′d′| appears with a non-zero coefficient.

In order to prove Lemma 4, it is enough to show that for any operator Js ∈ ∪a,b=1,2,3,4Ga ⊗Gb,

∥Trin[WJ ts]∥1 =
∑

ijkli′j′k′l′

∥sijkli′j′k′l⟨ijkl|W0|i′j′k′l′⟩∥1 (the same as Eq. (85))

holds. In the remaining, we consider all possible cases of Ga ⊗ Gb and show that Eq. (85) holds for each
Js ∈ Ga ⊗Gb. Note that it is enough to consider 10 cases that satisfy a ≤ b because of the symmetry between
the two systems.

(Case 1: G1 ⊗ G1) In this case, the Eq. (85) is trivial because every Js ∈ G1 ⊗ G1 has only one element,
that is, for every Js ∈ G1 ⊗G1, sabcda′b′c′d′ ̸= 0 for only one {abcda′b′c′d′}, and thus

∥Trin[WJ ts]∥1 = ∥sabcda′b′c′d⟨abcd|W0|a′b′c′d′⟩∥1 =
∑

ijkli′j′k′l′

∥sijkli′j′k′l′⟨ijkl|W0|i′j′k′l′⟩∥1 (111)

(Case 2: G1 ⊗ G2) In this case, every possible Js can be written as |ab⟩⟨a′b′| ⊗
∑
l=k+m |kl⟩⟨kl| for some
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{a, b, a′, b′,m}, and thus

∥Trin[WJ ts]∥1 = ∥
d−1∑
k=0

⟨abk, k +m|W0|a′b′k, k +m⟩∥1 (112)

= ∥
d−1∑
k=0

(δjkδj′k|i, k +m, 00⟩⟨i′, k +m, 00| + δi,k+mδi′,k+m|kj11⟩⟨kj′11|

+ δjkδi′,k+m|i, k +m, 00⟩⟨kj′11| + δi,k+mδj′k|kj11⟩⟨i′, k +m, 00|)∥1 (113)

=
d−1∑
k=0

(∥δjkδj′k|i, k +m, 00⟩⟨i′, k +m, 00| + δi,k+mδi′,k+m|kj11⟩⟨kj′11|

+ δjkδi′,k+m|i, k +m, 00⟩⟨kj′11| + δi,k+mδj′k|kj11⟩⟨i′, k +m, 00|∥1) (114)

=
d−1∑
k=0

∥⟨abk, k +m|W0|a′b′k, k +m⟩∥1 (115)

where the second equality holds because all the elements are non-negative.

(Case 3: G2 ⊗ G2) Similar to Case 2, expanding ∥Trin[WJ ts]∥1 provides only non-negative elements, and
thus Eq. (85) holds.

Before proceeding to the other cases, we first point out that almost all the calculations are just the verification
of Eq. (85). Moreover, the procedure for these calculations are the same, namely,

1. using the difference of the states of control qubits to expand the norm,

2. using inequalities like i ̸= j to expand the norm in two ways:

(a) the difference of the states: for example, if i ̸= j, then ∥|i⟩⟨i| − |j⟩⟨j|∥1 = ∥|i⟩⟨i|∥1 + ∥|j⟩⟨j|∥1

(b) the difference of non-zero Kronecker delta: for example, if i ̸= j, then ∥δik − δjk∥1 = ∥δik∥1 + ∥δjk∥1

3. all the terms become non-negative at this point, and regrouping the terms, we can obtain the r.h.s. of
Eq. (85)

(Case 4: G1 ⊗G3) Here we consider G3 with only the elements of the form |kl⟩⟨kk| − |ll⟩⟨lk|, that is, G3a.
The proof for G3b follows from the proof for G3a as follows. Consider F = F1 ⊗ F2 ⊗ FT ⊗ XC , W0 satisfies
W0 = FW0F , and

∥Trin[W (F1JsF1)t]∥1 = ∥Trin[W0(F1JsF1)t]∥1 (116)
= ∥Trin[(F1W0F1)J ts]∥1 (117)
= ∥Trin[(F2 ⊗ FT ⊗XC)W0(F2 ⊗ FT ⊗XC)J ts]∥1 (118)
= ∥(FT ⊗XC)Trin[(F2W0F2)J ts](FT ⊗XC)∥1 (119)
= ∥Trin[(F2W0F2)J ts]∥1 (120)
= ∥Trin[W0(F2JsF2)t]∥1 (121)

holds, where the fifth equality holds because the flip operation and Pauli X operation only swaps the position of
matrix elements and does not change the element-wise 1-norm. Thus, showing the equation for Js ∈ G1 ⊗G3b
is equivalent to showing the equation for Js ∈ (FG1F ) ⊗G3a = G1 ⊗G3a

In this case, every possible Js can be written as |ij⟩⟨i′j′| ⊗ (|kl⟩⟨kk| − |ll⟩⟨lk|) for some {i, j, i′, j′, k, l}, and
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thus

∥Trin[WJ ts]∥1 = ∥⟨ijkl|W0|i′j′kk⟩ − ⟨ijll|W0|i′j′lk⟩∥1 (122)
= ∥(δjkδj′k|il00⟩⟨i′k00| − δjlδj′l|il00⟩⟨i′k00|)

+ (δilδi′k|kj11⟩⟨kj′11| − δilδi′k|lj11⟩⟨lj′11|)
+ (δjkδi′k|il00⟩⟨kj′11| − δjlδi′k|il00⟩⟨lj′11|)
+ (δilδj′k|kj11⟩⟨i′k00| − δilδj′l|lj11⟩⟨i′k00|)∥1 (123)

= ∥δjkδj′k|il00⟩⟨i′k00| − δjlδj′l|il00⟩⟨i′k00|∥1

+ ∥δilδi′k|kj11⟩⟨kj′11| − δilδi′k|lj11⟩⟨lj′11|∥1

+ ∥δjkδi′k|il00⟩⟨kj′11| − δjlδi′k|il00⟩⟨lj′11|∥1

+ ∥δilδj′k|kj11⟩⟨i′k00| − δilδj′l|lj11⟩⟨i′k00|∥1 (124)
= ∥δjkδj′k|il00⟩⟨i′k00|∥1 + ∥δjlδj′l|il00⟩⟨i′k00|∥1

+ ∥δilδi′k|kj11⟩⟨kj′11|∥1 + ∥δilδi′k|lj11⟩⟨lj′11|∥1

+ ∥δjkδi′k|il00⟩⟨kj′11|∥1 + ∥δjlδi′k|il00⟩⟨lj′11|∥1

+ ∥δilδj′k|kj11⟩⟨i′k00|∥1 + ∥δilδj′l|lj11⟩⟨i′k00|∥1 (125)
= ∥δjkδj′k|il00⟩⟨i′k00| + δilδi′k|kj11⟩⟨kj′11|

+ δjkδi′k|il00⟩⟨kj′11| + δilδj′k|kj11⟩⟨i′k00|∥1

+ ∥δjlδj′l|il00⟩⟨i′k00| + δilδi′k|lj11⟩⟨lj′11|
+ δjlδi′k|il00⟩⟨lj′11| + δilδj′l|lj11⟩⟨i′k00|∥1 (126)

= ∥⟨ijkl|W0|i′j′kk⟩∥1 + ∥⟨ijll|W0|i′j′lk⟩∥1 (127)
(128)

where the third equality holds because the states of control qubits are different, the forth equality holds because
k ̸= l, and the fifth equality holds because all the terms are non-negative.

(Case 5: G2 ⊗G3) As in the case 4, we consider G3a instead. In this case, every possible Js can be written
as
∑
j=i+m |ij⟩⟨ij| ⊗ (|kl⟩⟨kk| − |ll⟩⟨lk|) for some {m, k, l}, and thus

∥Trin[WJ ts]∥1 = ∥
d−1∑
i=0

(⟨i, i+m, kl|W0|i, i+m, kk⟩ − ⟨i, i+m, ll|W0|i, i+m, lk⟩)∥1 (129)

= ∥
d−1∑
i=0

δi+m,kδi+m,k|il00⟩⟨ik00| − δi+m,lδi+m,l|il00⟩⟨ik00|∥1

+ ∥
d−1∑
i=0

δilδik|k, i+m, 11⟩⟨k, i+m, 11| − δilδik|l, i+m, 11⟩⟨l, i+m, 11|∥1

+ ∥
d−1∑
i=0

δi+m,kδik|il00⟩⟨k, i+m, 11| − δi+m,lδik|il00⟩⟨l, i+m, 11|∥1

+ ∥
d−1∑
i=0

δilδi+m,k|k, i+m, 11⟩⟨ik00| − δilδi+m,l|l, i+m, 11⟩⟨ik00|∥1 (130)
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= ∥
d−1∑
i=0

δi+m,kδi+m,k|il00⟩⟨ik00|∥1 + ∥
d−1∑
i=0

δi+m,lδi+m,l|il00⟩⟨ik00|∥1

+ ∥
d−1∑
i=0

δilδik|k, i+m, 11⟩⟨k, i+m, 11|∥1 + ∥
d−1∑
i=0

δilδik|l, i+m, 11⟩⟨l, i+m, 11|∥1

+ ∥
d−1∑
i=0

δi+m,kδik|il00⟩⟨k, i+m, 11|∥1 + ∥
d−1∑
i=0

δi+m,lδik|il00⟩⟨l, i+m, 11|∥1

+ ∥
d−1∑
i=0

δilδi+m,k|k, i+m, 11⟩⟨ik00|∥1 + ∥
d−1∑
i=0

δilδi+m,l|l, i+m, 11⟩⟨ik00|∥1 (131)

=
d−1∑
i=0

(∥⟨i, i+m, kl|W0|i, i+m, kk⟩∥1 + ∥⟨i, i+m, ll|W0|i, i+m, lk⟩∥1) (132)

Here, the second equality holds because the states of control qubits are different, the third equality holds
because k ̸= l, and the fourth equality holds because all the terms are non-negative.

(Case 6: G3 ⊗G3) In this case, we divide the first G3 into G3a and G3b. Here we only consider G3a ⊗G3a
and G3b⊗G3a, because the proof for G3b⊗G3b is equivalent to the proof for G3a⊗G3a, the proof for G3b⊗G3a
is equivalent to the proof for G3a ⊗G3b.

For the case of G3a ⊗G3a, Js can be written as (|ij⟩⟨ii| − |jj⟩⟨ji|) ⊗ (|kl⟩⟨kk| − |ll⟩⟨lk|) for some {i, j, k, l}, and
thus

∥Trin[WJ ts]∥1

= ∥⟨ijkl|W0|iikk⟩ − ⟨ijll|W0|iilk⟩ − ⟨jjkl|W0|jikk⟩ + ⟨jjll|W0|jilk⟩∥1 (133)
= ∥(δjkδik − δjlδil)|il00⟩⟨ik00| − (δjkδik − δjlδil)|jl00⟩⟨jk00|∥1

+ ∥(δilδik − δjlδjk)|kj11⟩⟨ki11| − (δilδik − δjlδjk)|lj11⟩⟨li11|∥1

+ ∥δjkδik|il00⟩⟨ki11| − δjlδik|il00⟩⟨li11| − δjkδjk|jl00⟩⟨ki11| + δjlδjk|jl00⟩⟨li11|∥1

+ ∥δilδik|kj11⟩⟨ik00| − δilδil|lj11⟩⟨ik00| − δjlδik|kj11⟩⟨jk00| + δjlδil|lj11⟩⟨jk00|∥1 (134)
= ∥(δjkδik − δjlδil)|il00⟩⟨ik00|∥1 + ∥(δjkδik − δjlδil)|jl00⟩⟨jk00|∥1

+ ∥(δilδik − δjlδjk)|kj11⟩⟨ki11|∥1 + ∥(δilδik − δjlδjk)|lj11⟩⟨li11|∥1

+ ∥δjkδik|il00⟩⟨ki11|∥1 + ∥δjlδik|il00⟩⟨li11|∥1 + ∥δjkδjk|jl00⟩⟨ki11|∥1 + ∥δjlδjk|jl00⟩⟨li11|∥1

+ ∥δilδik|kj11⟩⟨ik00|∥1 + ∥δilδil|lj11⟩⟨ik00|∥1 + ∥δjlδik|kj11⟩⟨jk00|∥1 + ∥δjlδil|lj11⟩⟨jk00|∥1 (135)
= ∥δjkδik|il00⟩⟨ik00|∥1 + ∥δjlδil|il00⟩⟨ik00|∥1 + ∥δjkδik|jl00⟩⟨jk00|∥1 + ∥δjlδil|jl00⟩⟨jk00|∥1

+ ∥δilδik|kj11⟩⟨ki11|∥1 + ∥δjlδjk|kj11⟩⟨ki11|∥1 + ∥δilδik|lj11⟩⟨li11|∥1 + ∥δjlδjk|lj11⟩⟨li11|∥1

+ ∥δjkδik|il00⟩⟨ki11|∥1 + ∥δjlδik|il00⟩⟨li11|∥1 + ∥δjkδjk|jl00⟩⟨ki11|∥1 + ∥δjlδjk|jl00⟩⟨li11|∥1

+ ∥δilδik|kj11⟩⟨ik00|∥1 + ∥δilδil|lj11⟩⟨ik00|∥1 + ∥δjlδik|kj11⟩⟨jk00|∥1 + ∥δjlδil|lj11⟩⟨jk00|∥1 (136)
= ∥⟨ijkl|W0|iikk⟩∥1 + ∥⟨ijll|W0|iilk⟩∥1 + ∥⟨jjkl|W0|jikk⟩∥1 + ∥⟨jjll|W0|jilk⟩∥1 (137)

where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i ̸= j, k ̸= l, and the fifth equality holds because all the terms are non-negative.

Similarly, an element of G3b⊗G3a can be written as (|ji⟩⟨ii|− |jj⟩⟨ij|)⊗ (|kl⟩⟨kk|− |ll⟩⟨lk|) for some {i, j, k, l},
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and thus

∥Trin[WJ ts]∥1

= ∥⟨jikl|W0|iikk⟩ − ⟨jill|W0|iilk⟩ − ⟨jjkl|W0|ijkk⟩ + ⟨jjll|W0|ijlk⟩∥1 (138)
= ∥(δikδik − δilδil − δjkδjk + δjlδjl)|jl00⟩⟨ik00|)∥1

+ ∥(δjlδik|ki11⟩⟨ki11| − δjlδik|li11⟩⟨li11| − δjlδik|kj11⟩⟨kj11| + δjlδik|lj11⟩⟨lj11|)∥1

+ ∥(δikδik|jl00⟩⟨ki11| − δilδik|jl00⟩⟨li11| − δjkδik|jl00⟩⟨kj11| + δjlδik|jl00⟩⟨lj11|)∥1

+ ∥(δjlδik|ki11⟩⟨ik00| − δjlδil|li11⟩⟨ik00| − δjlδjk|kj11⟩⟨ik00| + δjlδjl|lj11⟩⟨ik00|∥1 (139)
= ∥(δikδik − δilδil − δjkδjk + δjlδjl)|jl00⟩⟨ik00|)∥1

+ ∥δjlδik|ki11⟩⟨ki11|∥1 + ∥δjlδik|li11⟩⟨li11|∥1 + ∥δjlδik|kj11⟩⟨kj11|∥1 + ∥δjlδik|lj11⟩⟨lj11|∥1

+ ∥δikδik|jl00⟩⟨ki11|∥1 + ∥δilδik|jl00⟩⟨li11|∥1 + ∥δjkδik|jl00⟩⟨kj11|∥1 + ∥δjlδik|jl00⟩⟨lj11|∥1

+ ∥δjlδik|ki11⟩⟨ik00|∥1 + ∥δjlδil|li11⟩⟨ik00|∥1 + ∥δjlδjk|kj11⟩⟨ik00|∥1 + ∥δjlδjl|lj11⟩⟨ik00|∥1 (140)
= ∥(δikδik + δjlδjl)|jl00⟩⟨ik00|)∥1 + ∥(δilδil + δjkδjk)|jl00⟩⟨ik00|)∥1

+ ∥δjlδik|ki11⟩⟨ki11|∥1 + ∥δjlδik|li11⟩⟨li11|∥1 + ∥δjlδik|kj11⟩⟨kj11|∥1 + ∥δjlδik|lj11⟩⟨lj11|∥1

+ ∥δikδik|jl00⟩⟨ki11|∥1 + ∥δilδik|jl00⟩⟨li11|∥1 + ∥δjkδik|jl00⟩⟨kj11|∥1 + ∥δjlδik|jl00⟩⟨lj11|∥1

+ ∥δjlδik|ki11⟩⟨ik00|∥1 + ∥δjlδil|li11⟩⟨ik00|∥1 + ∥δjlδjk|kj11⟩⟨ik00|∥1 + ∥δjlδjl|lj11⟩⟨ik00|∥1 (141)
= ∥⟨jikl|W0|iikk⟩∥1 + ∥⟨jill|W0|iilk⟩∥1 + ∥⟨jjkl|W0|ijkk⟩∥1 + ∥⟨jjll|W0|ijlk⟩∥1 (142)

(143)

where the second equality holds because the states of control qubits are different. the third and the fourth
equality holds because i ̸= j, k ̸= l, and the fifth equality holds because all the terms are non-negative.

(Case 7: G1 ⊗G4) Here we consider G4 with only the elements of the form |ij⟩⟨ik| − |jj⟩⟨jk|. The elements
of the other form can be evaluated in the same way, since the two input systems are symmetric. We denote this
set as G4a, that is,

In this case, every possible Js can be written as |ij⟩⟨i′j′| ⊗ (|kl⟩⟨km| − |ll⟩⟨lm|) for some {i, j, i′, j′, k, l,m},
and thus

∥Trin[WJ ts]∥1 = ∥⟨ijkl|W0|i′j′km⟩ − ⟨ijll|W0|i′j′lm⟩∥1 (144)
= ∥(δjkδj′k|il00⟩⟨i′m00| − δjlδj′l|il00⟩⟨i′m00|)∥1

+ ∥(δilδi′m|kj11⟩⟨kj′11| − δilδi′m|lj11⟩⟨lj′11|)∥1

+ ∥(δjkδi′m|il00⟩⟨kj′11| − δjlδi′m|il00⟩⟨lj′11|)∥1

+ ∥(δilδj′k|kj11⟩⟨i′m00| − δilδj′l|lj11⟩⟨i′m00|)∥1 (145)
= ∥δjkδj′k|il00⟩⟨i′m00|∥1 + ∥δjlδj′l|il00⟩⟨i′m00|∥1

+ ∥δilδi′m|kj11⟩⟨kj′11|∥1 + ∥δilδi′m|lj11⟩⟨lj′11|∥1

+ ∥δjkδi′m|il00⟩⟨kj′11|∥1 + ∥δjlδi′m|il00⟩⟨lj′11|∥1

+ ∥δilδj′k|kj11⟩⟨i′m00|∥1 + ∥δilδj′l|lj11⟩⟨i′m00|∥1 (146)
= ∥⟨ijkl|W0|i′j′km⟩∥1 + ∥⟨ijll|W0|i′j′lm⟩∥1 (147)

(148)

where the second equality holds because the states of control qubits are different, the third equality holds
because k ̸= l ̸= m, and the fourth equality holds because all the terms are non-negative.

(Case 8: G2 ⊗G4) As in the case 7, we only consider G4a instead of G4. In this case, every possible Js can
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be written as
∑
j=i+n |ij⟩⟨ij| ⊗ (|kl⟩⟨km| − |ll⟩⟨lm|) for some {n, k, l,m}, and thus

∥Trin[WJ ts]∥1

= ∥
d−1∑
i=0

(⟨i, i+ n, kl|W0|i, i+ n, km⟩ − ⟨i, i+ n, ll|W0|i, i+ n, lm⟩)∥1 (149)

= ∥
d−1∑
i=0

δi+n,kδi+n,k|il00⟩⟨im00| − δi+n,lδi+n,l|il00⟩⟨im00|∥1

+ ∥
d−1∑
i=0

δilδim|k, i+ n, 11⟩⟨k, i+ n, 11| − δilδim|l, i+ n, 11⟩⟨l, i+ n, 11|∥1

+ ∥
d−1∑
i=0

δi+n,kδim|il00⟩⟨k, i+ n, 11| − δi+n,lδim|il00⟩⟨l, i+ n, 11|∥1

+ ∥
d−1∑
i=0

δilδi+n,k|k, i+ n, 11⟩⟨im00| − δilδi+n,l|l, i+ n, 11⟩⟨im00|∥1 (150)

= ∥
d−1∑
i=0

δi+n,kδi+n,k|il00⟩⟨im00|∥1 + ∥
d−1∑
i=0

δi+n,lδi+n,l|il00⟩⟨im00|∥1

+ ∥
d−1∑
i=0

δilδim|k, i+ n, 11⟩⟨k, i+ n, 11|∥1 + ∥
d−1∑
i=0

δilδim|l, i+ n, 11⟩⟨l, i+ n, 11|∥1

+ ∥
d−1∑
i=0

δi+n,kδim|il00⟩⟨k, i+ n, 11|∥1 + ∥
d−1∑
i=0

δi+n,lδim|il00⟩⟨l, i+ n, 11|∥1

+ ∥
d−1∑
i=0

δilδi+n,k|k, i+ n, 11⟩⟨im00|∥1 + ∥
d−1∑
i=0

δilδi+n,l|l, i+ n, 11⟩⟨im00|∥1 (151)

=
d−1∑
i=0

(∥⟨i, i+ n, kl|W0|i, i+ n, km⟩∥1 + ∥⟨i, i+ n, ll|W0|i, i+ n, lm⟩∥1) (152)

where the second equality holds because the states of control qubits are different, the third equality holds
because k ̸= l ̸= m, and the fourth equality holds because all the terms are non-negative.

(Case 9: G3 ⊗ G4) In this case, we divide the G3 into G3a and G3b, and G4 into G4a and G4b. Here we
only consider G3a⊗G4a and G3b⊗G4a because the proof for G3b⊗G4b is equivalent to the proof for G3a⊗G4a,
and the proof for G3a ⊗G4b is equivalent to the proof for G3b ⊗G4a.

We first consider the case of G3a ⊗G4a, where Js can be written as (|ij⟩⟨ii| − |jj⟩⟨ji|) ⊗ (|kl⟩⟨km| − |ll⟩⟨lm|)
for some {i, j, k, l,m}. In this case,

∥Trin[WJ ts]∥1

= ∥⟨ijkl|W0|iikm⟩ − ⟨ijll|W0|iilm⟩ − ⟨jjkl|W0|jikm⟩ + ⟨jjll|W0|jilm⟩∥1 (153)
= ∥(δjkδik − δjlδil)|il00⟩⟨im00| − (δjkδik − δjlδil)|jl00⟩⟨jm00|)∥1

+ ∥(δilδim − δjlδjm)|kj11⟩⟨ki11| − (δilδim − δjlδjm)|lj11⟩⟨li11|)∥1

+ ∥(δjkδim|il00⟩⟨ki11| − δjlδim|il00⟩⟨li11| − δjkδjm|jl00⟩⟨ki11| + δjlδjm|jl00⟩⟨li11|)∥1

+ ∥(δilδik|kj11⟩⟨im00| − δilδil|lj11⟩⟨im00| − δjlδik|kj11⟩⟨jm00| + δjlδil|lj11⟩⟨jm00|∥1 (154)
= ∥(δjkδik − δjlδil)|il00⟩⟨im00|∥1 + ∥(δjkδik − δjlδil)|jl00⟩⟨jm00|)∥1

+ ∥(δilδim − δjlδjm)|kj11⟩⟨ki11|∥1 + ∥(δilδim − δjlδjm)|lj11⟩⟨li11|)∥1

+ ∥δjkδim|il00⟩⟨ki11|∥1 + ∥δjlδim|il00⟩⟨li11|∥1 + ∥δjkδjm|jl00⟩⟨ki11|∥1 + ∥δjlδjm|jl00⟩⟨li11|∥1

+ ∥δilδik|kj11⟩⟨im00|∥1 + ∥δilδil|lj11⟩⟨im00|∥1 + ∥δjlδik|kj11⟩⟨jm00|∥1 + ∥δjlδil|lj11⟩⟨jm00|∥1 (155)
= ∥δjkδik|il00⟩⟨im00|∥1 + ∥δjlδil|il00⟩⟨im00|∥1 + ∥δjkδik|jl00⟩⟨jm00|∥1 + ∥δjlδil|jl00⟩⟨jm00|∥1

+ ∥δilδim|kj11⟩⟨ki11|∥1 + ∥δjlδjm|kj11⟩⟨ki11|∥1 + ∥δilδim|lj11⟩⟨li11|∥1 + ∥δjlδjm|lj11⟩⟨li11|∥1

+ ∥δjkδim|il00⟩⟨ki11|∥1 + ∥δjlδim|il00⟩⟨li11|∥1 + ∥δjkδjm|jl00⟩⟨ki11|∥1 + ∥δjlδjm|jl00⟩⟨li11|∥1

+ ∥δilδik|kj11⟩⟨im00|∥1 + ∥δilδil|lj11⟩⟨im00|∥1 + ∥δjlδik|kj11⟩⟨jm00|∥1 + ∥δjlδil|lj11⟩⟨jm00|∥1 (156)
= ∥⟨ijkl|W0|iikm⟩∥1 + ∥⟨ijll|W0|iilm⟩∥1 + ∥⟨jjkl|W0|jikm⟩∥1 + ∥⟨jjll|W0|jilm⟩∥1 (157)
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where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i ̸= j and k ̸= l ̸= m, and the fifth equality holds because all the terms are non-negative.

Similarly, Js ∈ G3b ⊗G4a can be written as (|ji⟩⟨ii| − |jj⟩⟨ij|) ⊗ (|kl⟩⟨km| − |ll⟩⟨lm|) for some {i, j, k, l,m}. In
this case,

∥Trin[WJ ts]∥1

= ∥⟨jikl|W0|iikm⟩ − ⟨jill|W0|iilm⟩ − ⟨jjkl|W0|ijkm⟩ + ⟨jjll|W0|ijlm⟩∥1 (158)
= ∥(δikδik − δilδil − δjkδjk + δjlδjl)|jl00⟩⟨im00|)∥1

+ ∥(δjlδim|ki11⟩⟨ki11| − δjlδim|li11⟩⟨li11| − δjlδim|kj11⟩⟨kj11| + δjlδim|lj11⟩⟨lj11|)∥1

+ ∥(δikδim|jl00⟩⟨ki11| − δilδim|jl00⟩⟨li11| − δjkδim|jl00⟩⟨kj11| + δjlδim|jl00⟩⟨lj11|)∥1

+ ∥(δjlδik|ki11⟩⟨im00| − δjlδil|li11⟩⟨im00| − δjlδjk|kj11⟩⟨im00| + δjlδjl|lj11⟩⟨im00|∥1 (159)
= ∥(δikδik + δjlδjl)|jl00⟩⟨im00|∥1 + ∥(δilδil + δjkδjk)|jl00⟩⟨im00|∥1

+ ∥(δjlδim|ki11⟩⟨ki11|∥1 + ∥δjlδim|li11⟩⟨li11|∥1 + ∥δjlδim|kj11⟩⟨kj11|∥1 + ∥δjlδim|lj11⟩⟨lj11|)∥1

+ ∥(δikδim|jl00⟩⟨ki11|∥1 + ∥δilδim|jl00⟩⟨li11|∥1 + ∥δjkδim|jl00⟩⟨kj11|∥1 + ∥δjlδim|jl00⟩⟨lj11|)∥1

+ ∥(δjlδik|ki11⟩⟨im00|∥1 + ∥δjlδil|li11⟩⟨im00|∥1 + ∥δjlδjk|kj11⟩⟨im00|∥1 + ∥δjlδjl|lj11⟩⟨im00|∥1 (160)
= ∥⟨jikl|W0|iikm⟩∥1 + ∥⟨jill|W0|iilm⟩∥1 + ∥⟨jjkl|W0|ijkm⟩∥1 + ∥⟨jjll|W0|ijlm⟩∥1 (161)

where the second equality holds because the states of control qubits are different. the third holds because i ̸= j
and k ̸= l ̸= m, and the fourth equality holds because all the terms are non-negative.

(Case 10: G4 ⊗G4) Here we only consider G4a ⊗G4a and G4b ⊗G4a as the previous case.

We first consider the case of G4a⊗G4a, which element can be written as (|ij⟩⟨in|−|jj⟩⟨jn|)⊗(|kl⟩⟨km|−|ll⟩⟨lm|)
for some {i, j, n, k, l,m}.

∥Trin[WJ ts]∥1

= ∥⟨ijkl|W0|inkm⟩ − ⟨ijll|W0|inlm⟩ − ⟨jjkl|W0|jnkm⟩ + ⟨jjll|W0|jnlm⟩∥1 (162)
= ∥(δjkδnk − δjlδnl)|il00⟩⟨im00| − (δjkδnk − δjlδnl)|jl00⟩⟨jm00|)∥1

+ ∥(δilδim − δjlδjm)|kj11⟩⟨kn11| − (δilδim − δjlδjm)|lj11⟩⟨ln11|)∥1

+ ∥δjkδim|il00⟩⟨kn11| − δjlδim|il00⟩⟨ln11| − δjkδjm|jl00⟩⟨kn11| + δjlδjm|jl00⟩⟨ln11|∥1

+ ∥δilδnk|kj11⟩⟨im00| − δilδnl|lj11⟩⟨im00| − δjlδnk|kj11⟩⟨jm00| + δjlδnl|lj11⟩⟨jm00|∥1 (163)
= ∥(δjkδnk − δjlδnl)|il00⟩⟨im00|∥1 + ∥(δjkδnk − δjlδnl)|jl00⟩⟨jm00|)∥1

+ ∥(δilδim − δjlδjm)|kj11⟩⟨kn11|∥1 + ∥(δilδim − δjlδjm)|lj11⟩⟨ln11|)∥1

+ ∥δjkδim|il00⟩⟨kn11|∥1 + ∥δjlδim|il00⟩⟨ln11|∥1 + ∥δjkδjm|jl00⟩⟨kn11|∥1 + ∥δjlδjm|jl00⟩⟨ln11|∥1

+ ∥δilδnk|kj11⟩⟨im00|∥1 + ∥δilδnl|lj11⟩⟨im00|∥1 + ∥δjlδnk|kj11⟩⟨jm00|∥1 + ∥δjlδnl|lj11⟩⟨jm00|∥1 (164)
= ∥δjkδnk|il00⟩⟨im00|∥1 + ∥δjlδnl|il00⟩⟨im00|∥1 + ∥δjkδnk|jl00⟩⟨jm00|∥1 + ∥δjlδnl|jl00⟩⟨jm00|∥1

+ ∥δilδim|kj11⟩⟨kn11|∥1 + ∥δjlδjm|kj11⟩⟨kn11|∥1 + ∥δilδim|lj11⟩⟨ln11|∥1 + ∥δjlδjm|lj11⟩⟨ln11|∥1

+ ∥δjkδim|il00⟩⟨kn11|∥1 + ∥δjlδim|il00⟩⟨ln11|∥1 + ∥δjkδjm|jl00⟩⟨kn11|∥1 + ∥δjlδjm|jl00⟩⟨ln11|∥1

+ ∥δilδnk|kj11⟩⟨im00|∥1 + ∥δilδnl|lj11⟩⟨im00|∥1 + ∥δjlδnk|kj11⟩⟨jm00|∥1 + ∥δjlδnl|lj11⟩⟨jm00|∥1 (165)
= ∥⟨ijkl|W0|inkm⟩∥1 + ∥⟨ijll|W0|inlm⟩∥1 + ∥⟨jjkl|W0|jnkm⟩∥1 + ∥⟨jjll|W0|jnlm⟩∥1 (166)

where the second equality holds because the states of control qubits are different, the third and the fourth
equality holds because i ̸= j and k ̸= l ̸= m, and the fifth equality holds because all the terms are non-negative.

Similarly, Js ∈ G4b ⊗G4a can be written as (|ji⟩⟨ni| − |jj⟩⟨nj|) ⊗ (|kl⟩⟨km| − |ll⟩⟨lm|) for some {i, j, k, l,m}.
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In this case,

∥Trin[WJ ts]∥1

= ∥⟨jikl|W0|nikm⟩ − ⟨jill|W0|nilm⟩ − ⟨jjkl|W0|njkm⟩ + ⟨jjll|W0|njlm⟩∥1 (167)
= ∥(δikδik − δilδil − δjkδjk + δjlδjl)|jl00⟩⟨nm00|)∥1

+ ∥δjlδnm|ki11⟩⟨ki11| − δjlδnm|li11⟩⟨li11| − δjlδnm|kj11⟩⟨kj11| + δjlδnm|lj11⟩⟨lj11|∥1

+ ∥δikδnm|jl00⟩⟨ki11| − δilδnm|jl00⟩⟨li11| − δjkδnm|jl00⟩⟨kj11| + δjlδnm|jl00⟩⟨lj11|∥1

+ ∥δjlδik|ki11⟩⟨nm00| − δjlδil|li11⟩⟨nm00| − δjlδjk|kj11⟩⟨nm00| + δjlδjl|lj11⟩⟨nm00|∥1 (168)
= ∥(δikδik + δjlδjl)|jl00⟩⟨nm00|∥1 + ∥(δilδil + δjkδjk)|jl00⟩⟨nm00|∥1

+ ∥δjlδnm|ki11⟩⟨ki11|∥1 + ∥δjlδnm|li11⟩⟨li11|∥1 + ∥δjlδnm|kj11⟩⟨kj11|∥1 + ∥δjlδnm|lj11⟩⟨lj11|∥1

+ ∥δikδnm|jl00⟩⟨ki11|∥1 + ∥δilδnm|jl00⟩⟨li11|∥1 + ∥δjkδnm|jl00⟩⟨kj11|∥1 + ∥δjlδnm|jl00⟩⟨lj11|∥1

+ ∥δjlδik|ki11⟩⟨nm00|∥1 + ∥δjlδil|li11⟩⟨nm00|∥1 + ∥δjlδjk|kj11⟩⟨nm00|∥1 + ∥δjlδjl|lj11⟩⟨nm00|∥1 (169)
= ∥⟨jikl|W0|nikm⟩∥1 + ∥⟨jill|W0|nilm⟩∥1 + ∥⟨jjkl|W0|njkm⟩∥1 + ∥⟨jjll|W0|njlm⟩∥1 (170)

where the second equality holds because the states of control qubits are different. The third holds because i ̸= j
and k ̸= l ̸= m, and the fourth equality holds because all the terms are non-negative.
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