N

N
N

HAL

open science

Waste-Free Sequential Monte Carlo

Hai-Dang Dau, Nicolas Chopin

» To cite this version:

Hai-Dang Dau, Nicolas Chopin. Waste-Free Sequential Monte Carlo. Journal of the Royal Statistical

Society: Series B, 2022, 84 (1), pp.114-148. 10.1111/rssb.12475 . hal-04273259

HAL Id: hal-04273259
https://hal.science/hal-04273259

Submitted on 25 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04273259
https://hal.archives-ouvertes.fr

arXiv:2011.02328v2 [stat.CO] 23 Aug 2021

WASTE-FREE SEQUENTIAL MONTE CARLO

HAI-DANG DAU & NICOLAS CHOPIN

ABSTRACT. A standard way to move particles in an SMC sampler is to apply
several steps of an MCMC (Markov chain Monte Carlo) kernel. Unfortunately,
it is not clear how many steps need to be performed for optimal performance.
In addition, the output of the intermediate steps are discarded and thus wasted
somehow. We propose a new, waste-free SMC algorithm which uses the out-
puts of all these intermediate MCMC steps as particles. We establish that
its output is consistent and asymptotically normal. We use the expression of
the asymptotic variance to develop various insights on how to implement the
algorithm in practice. We develop in particular a method to estimate, from a
single run of the algorithm, the asymptotic variance of any particle estimate.
We show empirically, through a range of numerical examples, that waste-free
SMC tends to outperform standard SMC samplers, and especially so in sit-
uations where the mixing of the considered MCMC kernels decreases across
iterations (as in tempering or rare event problems).

1. INTRODUCTION

1.1. Background. Sequential Monte Carlo (SMC) methods are iterative stochas-
tic algorithms that approximate a sequence of probability distributions through
successive importance sampling, resampling, and Markov steps. Historically, they
were mainly used to approximate the filtering distributions of a state-space model.
More recently, they have been extended to an arbitrary sequence of probability dis-
tributions (Neal, 2001} |Chopin| [2002; Del Moral et al., 2006); in such applications,
they are often called “SMC samplers”.
As an illustrative example, consider the tempering sequence:

(1) mi(dx) oc v(da) L(x)"

based on increasing exponents, 0 = vy < ... < yp = 1. This sequence may be used
to interpolate between a distribution v(dz), which is easy to sample from, and a
distribution of interest, m(dx) o< v(dz)L(x) (e.g. a Bayesian posterior distribution),
which may be difficult to simulate directly. Other sequences of interest will be
discussed later.

When used to sample from a fixed distribution (as in tempering), SMC samplers
present several advantages over MCMC (Markov chain Monte Carlo). First, they
provide an estimate of the normalising constant of the target distribution at no
extra cost; this quantity is of interest in several cases, in particular in Bayesian
model choice (e.g. Zhou et all [2016). Second, they are easy to parallelise, as the
bulk of the computation treats the N particles independently 2010)).
Third, it is easy to make SMC samplers “adaptive”; that is, to use the current
particle sample to automate the choice of most of its tuning parameters. This is
often crucial for good performance.
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To elaborate on the third point, a common strategy to move the particles is to
apply a k—fold MCMC kernel that leaves the current distribution m; invariant. One
may use for instance a random walk Metropolis kernel, with the covariance of the
proposal set to a small multiple of the empirical covariance of the particle sample.
In that way, the algorithm automatically scales to the current distribution.

However, one tuning parameter of SMC samplers that is often overlooked in the
literature is the number k of MCMC steps that should be applied to move the
particles. For instance, (Chopin and Ridgway| (2017) set k = 3 arbitrarily in their
numerical experiments, but it turns out that this value is very sub-optimal, as we
show in our first numerical example.

A second issue with k is that there is no reason to set it to a fixed value across
iterations. In application such as tempering, 7 may become more and more difficult
to explore through MCMC; thus k should be increased accordingly, and may become
very large.

To deal with these two issues, one could set k adaptively; that is, iterate MCMC
steps until a certain stability criterion is met (Drovandi and Pettitt, [2011; [Kantas
et al., 2014; Ridgwayl 2016; [Salomone et al., 2018; Buchholz et al., [2020). However,
in our experience, these approaches are not always entirely reliable. There seems
to be a fundamental difficulty in determining, after k steps have been performed,
that this value of k is optimal, without performing several extra steps.

A third, and perhaps more essential issue, is that, if indeed large values of k are
required for good performance, the intermediate output of these &k MCMC steps
are not used directly, and seems somehow wasted.

1.2. Motivation and plan. These issues motivated us to develop a waste-free
SMC algorithm that exploits the intermediate outputs of these MCMC steps; see
Section The basic idea is to resample only M = N/P out of the N previous
particles, for some P > 2. Then each resampled particle is moved P — 1 times
through the chosen MCMC kernel. The resampled particles and their P —1 iterates
are gathered to form a new sample of size N.

Standard results on the convergence of SMC estimates cannot be applied directly
to this new algorithm. We were able nonetheless to establish the consistency and
asymptotic normality of the output of waste-free SMC; see Section [3] We also
compared the performance and the robustness of waste-free SMC and standard
SMC through an artificial example.

These theoretical results (in particular the expression of the asymptotic variance)
gives us various insights on how to implement waste-free SMC in practice; see
Section [l In particular, we are able to derive variance estimates and confidence
intervals for any particle estimate, which may be computed from a single run.

To assess the performance and versatility of waste-free SMC, we perform nu-
merical experiments in three different scenarios where SMC samplers already give
state-of-the-art performance: logistic regression with a large number of predictors;
the enumeration of Latin squares; and the computation of Gaussian orthant prob-
abilities; see Section [5| In each case, waste-free SMC performs at least as well as
properly tuned SMC samplers, while requiring considerably less tuning effort.

Proofs are delegated to the appendix.

1.3. Related work. We focus on SMC samplers based on invariant (MCMC) ker-
nels. These algorithms have proved popular recently in a variety of applications,
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such as rare events (Johansen et all 2006} [Cérou et all [2012)); experimental de-
signs (Amzal et al., 2006); cross-validation (Bornn et al. [2010)); variable selec-
tion (Schéafer and Chopin, [2013)); graphical models (Naesseth et al., [2014)); PAC-
Bayesian classification (Ridgway et al.l[2014]); Gaussian orthant probabilities
2016)); Bayesian model choice in hidden Markov models (Zhou et all [2016),
and un-normalised models (Everitt et al., 2017); among others.

We note in passing that SMC samplers may be generalised to non-invariant
kernels, as shown in |Del Moral et al.| (2006); see also Heng et al.| (2020) for how to
calibrate such kernels. On the other hand, it is also possible to add MCMC steps to
various SMC algorithms that are not SMC samplers; the idea goes back to
et al| (1997). In particular, SMCMC (Sequential MCMC, [Septier et al.| [2009}
Septier and Peters| |2016; [Finke et all, [2020) algorithms approximate recursively
the filtering distribution of a state-space model: each iteration ¢ runs a MCMC
chain that leaves invariant a certain (partly discrete) approximation of the current
filter. It is not clear however how to derive a waste-free version of these algorithms,
and thus we do not consider them further.

Finally, we mention that several improvements proposed for standard SMC sam-
plers might be also adapted to waste-free SMC, such as methods to combine the
output of the intermediate steps, see Beskos et al.| (2017) and [South et al.| (2019).

proposes several algorithms that are variations of the resample-move
algorithm of |Gilks and Berzuini| (2001); one of them (generalized resample-move)
bears a similarity with waste-free SMC in the context of of tempering.

2. PROPOSED ALGORITHM

2.1. Notations. Throughout the paper, (X, X) stands for a measurable space, and
¢ : X — R for a measurable function; let ||¢| ., = sup,cx |¢(z)| (supremum
norm) The expectation of ¢(X) when X ~ m(dz) is denoted by 7(p); i.e. w(p) :=
J ¢(x)m(dz). Recall that a Markov kernel K (z,dy) is a map K : X x X — [0, 1]
such that x — K(z,A) is measurable in z, for any A € X; and A — K(z,A) is
a probability measure (on (X, X)), for any = € X. We use the following standard
notations for the integral operators associated to Markov kernel K: 7K is the
distribution such that 7K(A) = [, n(dz)K(x, A), and K(p) is the function z —
S K (2, dy)e )7f0r<p:X—>R

Symbol = means convergence in distribution, and ||-||y, stands for the total
variation norm, || — v||py = sup gex [(A) — v(A)].

2.2. A generic SMC sampler. We consider a generic sequence of target proba-
bility distributions of the form (for ¢ =0,1,...,T):

(2) mlda) = Tu(o)v(da)

where v(dx) is a probability measure, with respect to measurable space (X, X), v;
is a measurable, non-negative function, and L; := [, v(«)v(dz), the normalising
constant, is assumed to be properly defined, i.e. 0 < L; < oco. In the tempering
scenario mentioned in the introduction, v;(z) = L(x)7, for certain exponents ;.
Other interesting scenarios include data tempering (sequential learning), where x
represents a parameter, v(dz) its prior distribution, and ;(z) is the likelihood of
data-points yp, . .., ys; rare-event simulation (and likelihood-free inference), where
vi(x) = 1g, (x), the indicator function of nested sets & D & D ...; among others.
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See e.g. Chapter 3 of |(Chopin and Papaspiliopoulos| (2020)) for a review of common
applications of SMC samplers, and the sequence of target distributions arising in
these applications.

One way to track the sequence m; would be to perform sequential importance
sampling: sample particles (random variates) from the initial distribution v(dz),
then reweight them sequentially according to weight function G¢(z) := v¢(x) /vi—1(2)
(for t > 1, and Go(z) := yo(x)). In most applications however, the weights degen-
erate quickly, making this naive approach useless.

SMC samplers alternate such reweighting steps with resampling and Markov
steps. For the latter, we introduce Markov kernels M;(x;—1,dz;) which leave in-
variant the target distributions: m;_1M; = w1 for ¢ > 1. It is easy to check that
the sequence of Feynman-Kac distributions (for ¢ = 0,...,T) defined as:

t t

(3) Qi(dzoq) = Litu(dm T M (a1, ds) [] o)
s=1 s=0

is such that the marginal distribution of variable X; (with respect to Q) is .
We call Feynman-Kac model the set of the components that define this sequence of
distributions, that is, the initial distribution v, the kernels M;, t = 1,...,T, and the
functions Gy, t = 0,...,T. For more background on Feynman-Kac distributions,
see e.g. [Del Moral (2004).

Algorithm [1] recalls the structure of an SMC sampler that corresponds to this
Feynman-Kac model; and in particular which targets at each iteration ¢ distribution
. It takes as inputs: NV, the number of particles, the considered Feynman-Kac
model, and the chosen resampling scheme (function resample). Several resampling
schemes exist. In this paper, we focus for simplicity on multinomial resampling,
which generates ancestor variables A} independently from the categorical distribu-
tion that generates label m with probability W/™.

Algorithm 1: Generic SMC sampler

Input: Integer N > 1, a Feynman-Kac model (initial distribution v(dz),
functions Gy, Markov kernels M;)
for t + 0 to T do
if t =0 then
forn=1to N do
[ X§ ~ v(dz)

else
AFN ~ resample(N, WrtY)
for n=1to N do
n A;l
| X~ My (X[ day)

for n <+ 1 to N do
| wp + Gy(X7)
for n <+ 1to N do
| W ) o
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At any iteration ¢, quantity ZnN:1 Wp(X}) is an estimate of the expectation
mi(p), for ¢ 1 X — R, and quantity LY := [[\_, £V, where (Y := N~ 22;1 w?,
is an estimate of the normalising constant L;. These estimates are consistent and

asymptotically normal (as N — 4o00) under general conditions.

2.3. Note on the generality of Algorithm While generic, Algorithm [I]is a
simplified version of most practical SMC samplers. In particular, we have stressed
in the introduction the importance of making SMC samplers adaptive; that is, to
adapt both the distributions 7; and the Markov kernels M; on the fly. This means
that these quantities may depend on the current particle sample. For simplicity,
our notations do not account for this. We will see later that similar adaptation
tricks may be developed for waste-free SMC.

Another interesting generalisation is when the state space X’ evolves over time; in
particular when its dimension increases. This happens for instance when performing
sequential inference on a model involving latent variables. The ideas developed in
this paper may easily be adapted to this scenario, as we shall see in our third
numerical example. For the sake of exposition, however, we focus on the fixed state
space case.

2.4. Proposed algorithm: waste-free SMC. The idea behind waste-free SMC
is to resample only M ancestors, with M < N. Then each of these ancestors is
moved P — 1 times through Markov kernel M;. The resulting M chains of length
P are then put together to form a new particle sample, of size N = MP. See
Algorithm

Algorithm 2: Waste-free SMC sampler

Input: Integers M, P > 1 (let N < MP), a Feynman-Kac model (initial
distribution v(dx), functions G;, Markov kernels M;)
fort+ 0to T do
if t =0 then
for n <1 to N do
| X§ ~ v(dxo)

else
AFM ~ resample(M, W)
for m+ 1 to M do
7 xt
for p <+ 2 to P do
L Xtrn,p — Mt(XZn’pil,de't)

| Gather variables X™P 50 as to form new sample X}V
for n <1 to N do
| wp + Gy (X7
for n <1 to N do
LW wp ) S
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ancestor
ancestor
standard SMC waste-free SMC

FIGURE 1. Pictorial representation of dependencies in standard
SMC and waste-free SMC. Left: in standard SMC, an ancestor
generates 3 children for the next iteration. Right: in waste-free
SMC, the same ancestor generates itself, one child, and one grand-
child. Each arrow corresponds to one transition through kernel
Mt-

The output of the algorithm may be used exactly in the same way as for standard
SMC: e.g. 25:1 Wo(X]) is an estimate of 7 ().

To get some intuition why waste-free SMC may be a valid and interesting alter-
native to standard SMC, consider at time ¢t — 1 a fictitious particle X' ;, whose
weight W/* ;| is large. In a standard SMC sampler, this particle is selected many
times as an ancestor for the Markov step. Then, if M; mixes poorly, its many
children will be strongly correlated.

On the other hand, in waste-less SMC, provided that M < N, the particle X}* ;
is selected a much smaller number of times; each time it is selected, P successive
variables are introduced in the sample. By construction, two such variables should
be less correlated than if they had the same ancestor (as in standard SMC); see
Figure [l for a graphical representation of this idea.

Another insight is provided by chaos propagation theory (Del Moral, [2004], Chap.
8), which says that, when M <« N, M resampled particles behave essentially like
M independent variables that follows the current target distribution. Thus, in a
certain asymptotic regime, we expect the particle sample to behave like the variables
of M independent, stationary Markov chains, of length P.

Before backing these intuitions with a proper analysis, we provide a last insight
regarding the underlying structure of waste-free SMC.

2.5. Feynman-Kac model associated with waste-free SMC. Algorithm
may be cast as a standard SMC sampler that propagates and reweights parti-
cles that are Markov chains of length P. The components of the corresponding
Feynman-Kac model may be defined as follows. Assume P > 1 is fixed. Let
Z = XF and, for z € Z, denote component p as z[p]: z = (2[1],...,2[P]). Then
define the potential functions as:

1 P
(4) Gl (2) = 2 > Gi(zlpl)
p=1
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the initial distribution as: v"f(dz) := H;I::1 v(dz[p]), and the Markov kernels as:

(5) Mt‘”f(zt_l, dz) =

L Gealzalp) }
Mi(z-1p], dz[1 M, (z[p — 1], dz
{1; 25:1 Gi-1(z-1lq]) ) ( Pl H [p])-

The following proposition explains how this waste-free Feynman-Kac model re-
lates to the initial Feynman-Kac model of Algorithm [T}

Proposition 1. The Feynman-Kac model associated with initial distribution v™*,

Markov kernels M*, and functions G¥f, that is, the sequence of distributions:

t t

1
Y (dzo.) = Wwa(dzo) T M (21, dz) T G2 (2)

t s=1 s=0

where LY is a normalising constant, is such that:

o L}t = L;, the normalising constant of and ;
o Q¥ (dz) is the distribution of a stationary Markov chain of size P whose
Markov kernel is My (and thus whose initial distribution is m):

QWf(dZt) = 7Tt dZt H Mt Zt dZt[ ])

We can now interpret Algorithm [2] as an instance of Algorithm [I] where the
number of particles is M, and the underlying Feynman-Kac model is defined as
above. In particular, consider how Algorithm [I| would operate if applied to that
Feynman-Kac model. At time ¢, it would select randomly an ancestor z;_1 (a chain
of length P), with probability o 2521 Gt_1(z:-1[p]). Then, when kernel M*f is
applied to this chain, one component would be selected randomly, with probability
Gi—1(ze—1[p])/ Z;D:l Gi—1(#:—1[q]). Thus, this particular component would be used
as a starting point of the subsequent chain with probability o< Gy_1(2z¢—1[p]). This
is precisely what is done in Algorithm [2}

This interpretation of waste-free SMC as a standard SMC sampler makes it
easy to derive several of its properties; for instance, regarding its estimates of the
normalising constants.

Proposition 2. At iteration t > 0 of Algorithm[3, the quantity

t
IN . N N (X™)
(6) ; Sl;[oﬂs , where £ N E Gs

is an unbiased estimate of Ly, the normalising constant of target distribution 7y, as
defined in (2)).

This proposition is a small variation over the well known result of (Del Moral,
1996) that, in a standard SMC sampler, the estimate of the normalising constant
estimate is unbiased.

We can also use the interpretation of waste-free SMC as a standard SMC sampler
to derive asymptotic results.
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Proposition 3. For P > 1 fized, and ¢ : X — R measurable and bounded, the
output of Algorithm[3 at time t > 0 is such that

(7) VN (fv > e(xi) - mm) = N (097 ()

N
(8) VN (Z Wit (X¢) —m(so)) = N (0,9 (9)

n=1
as M — +oo, N = MP, where m,_y means v in (7)) whent =0, VI (p) := Var,(p),
(9) Vi (e) = V(M 9) + vp (M), 21,
(10) VE(¢) = VF (Gilp =), >0,
Gi =G/, M = P10 MPTY,

P-1
vp(My, ) := Var <\/11—3 pz:;) @(Yp)>

and (Yy,)p>0 stands for a stationary Markov chain with kernel M, (i.e. Yo ~ m).

This proposition is stated without proof, as it amounts to applying known cen-
tral limit theorems (see Chapter 11 of |(Chopin and Papaspiliopoulos, 2020, and
references therein) for SMC estimates to the waste-free Feynman-Kac model men-
tioned above. Notice how the asymptotic variances depend on P in a non-trivial
way. This suggests that the fixed P regime is not very convenient; in particular it
is not clear how to choose P for optimal performance. If we take P — 400, we
expect the first term of @ to go to zero, and the second term to converge to the
asymptotic variance of kernel M;. This suggests, at the very least, that taking P
large may often be reasonable. The next section studies the asymptotic behaviour
of the algorithm as P — +o0.

3. CONVERGENCE AS P — +00

3.1. Assumptions. This section is concerned with the behaviour of waste-free
SMC in the “long-chain” regime, that is, when P — +o00, while M is either fixed
or may grow with P at some rate. We start by remarking that this regime requires
some assumption on the mixing of the Markov kernels M;. Indeed, assume that M,
is the identity kernel: My(z—1,dx:) = d,,_,(dz;). In that case, at time 1, one has:

| N M o
— E X)) = — E X;°
Nn:190( 1) Mm:190( 0’)

since the P particles )~(tm P are identical for a given m. The variance of this quantity
should be O(M~1), and cannot go to zero if M is kept fixed.
We thus consider the following assumptions.

Assumption (M). The Markov kernels My are uniformly ergodic, that is, there
exist constants Cy > 0 and py € [0, 1] such that,

| M (41, dzy) — 1 (dwe)|| oy < Copf, Va1 € X,k > 1.

Assumption (G). The functions Gy are upper-bounded, Gi(x) < Dy for some
Dy >0and allz € X.
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Ergodic Markov kernels in an SMC sampler was also considered in |Beskos et al.
(2014) in order to study the behaviour of the algorithm as the dimension of the
state space gets high.

3.2. Non-asymptotic bound. We first state a non-asymptotic result.

Proposition 4. Under Assumptions (M) and (G), there exist constants ¢; and
¢} such that the following inequalities apply to the output of iteration t > 0 of
Algorithm[3, for any M, P > 1, and any bounded function ¢ : X — R:

) AR R G I
Nn:1¢ t Tt—1(p S G N

N 2 2
(12) : {Z Wip(XP) - mw} < oIl

where w1 means v in (11)) at time t = 0.

The constants ¢; and ¢, are not sharp. However, this result remains interesting, in
that it shows that waste-free SMC is consistent (in L? norm, and thus in probability)
whenever N = M P — +o0, that is, whenever P — 400, or M — 400, or both
simultaneously, possibly at different rates.

3.3. Central limit theorems. We now state a central limit theorem for the long
chain regime.

Theorem 1. Under Assumptions (M) and (G), for M = M (P) = O(P%), a >0
(i.e. M is either fixed or grows with P at a certain rate) and ¢ : X — R measurable
and bounded, one has at any time t > 0

N
(13) VN <;f ngl o(Xi') - 7Tt1(<P)> =N (O,]}t(cp))

N

(14) VN (Z Wle(X]) — m(@)) = N (0, Vi(¢))
n=1

as P — oo (or eqyz'valently as N — oo, since N = MP), where wy_1 in means

v at time t = 0, Vo(p) = Var,(¢),

(15) V() := voo (M, 0) := Var ((¥0)) + 2 ) Cov (p(Yo), 0(V)), ¢ > 1,

p=1
(16)  Vil(w) =V (Gulp —mp)), t=0,
and (Yp)p>o stands for a stationary Markov chain with kernel M, (hence Yy ~ m;).

The most striking feature of the asymptotic variances above is that they depend
only on the current time step t; in standard CLT's for SMC algorithms, these quan-
tities are a sum of terms depending on all the previous time steps. More precisely,
Voo (My, ) is the asymptotic variance of an average P! 25:1 ©(Y,) obtained from
a single stationary Markov chain with kernel M;. Equation shows that the
N particles X}* behave like M independent, ‘long’ Markov chains. This simple
interpretation will make it possible to construct estimates of the asymptotic vari-
ances above; see Section We also note that these asymptotic variances do not
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depend on M (when M is fixed), or its growth rate (when M = O(P%), a > 0).
This suggests that the performance of the algorithm should depend weakly on the
actual value of M, provided M <« N.

We now consider a similar result for the normalising constant estimates that may
be obtained from Algorithm

Theorem 2. Under Assumptions (M) and (G), for M = O(P%), a € [0,1) (i.e.
either M s fived, or M grows sub-linearly with P), and ¢ : X — R measurable and
bounded, one has at time t > 0:

(17) VN (log LY —log L;) = N (0,21100(1\45,@3))
s=0

as P — oo (or equivalently as N — oo since N = MP).

The theorem above puts a stronger constraint on M; i.e. it requires M < P,
and thus M < N'/2 (while Theorem |1/ requires only M < N).
Note that
t N
log LY —log Ly = ; (log ¢l —logts), where ) = i nz:; Gs(X]),
and we could already deduce from and the delta-method that

\/N(logﬁév —logls) = N (0,00 (M, Gy)) .

Thus, suggests that the error terms in this decomposition are nearly in-
dependent. Again, we shall use this interpretation to derive an estimate of the
asymptotic variance of LY.

3.4. Comparing the asymptotic variances of standard and waste-free SMC.
In this sub-section, we use the previous results to compare formally the performance
of standard SMC and waste-free SMC in an artificial example.

Let A¢, t = 0,1,... be a sequence of subsets of X such that 49 D A1 D ... and
v(Ay) = r! for some r < 1, and some initial distribution v. Consider the Feynman-
Kac distributions such that G¢(x;) = 14, () and M; = KF, i.e. the k—fold kernel
such that Ky(z, B) = (1 —p)1g(x)+ pm—1(B) for some 0 < p < 1. (In words, with
probability p, do not move, with probability 1 — p, sample exactly from the current
target.)

A standard SMC sampler applied to this problem will fulfil a CLT of the form:

N
VN (Z Wie(X}) - w>> = N (0,9 ()
n=1
see in the proof of Propositionfor an expression for Vi** () and e.g. Chapter

11 of |Chopin and Papaspiliopoulos| (2020) for more details. Define the ‘inflation
factor’ (relative error) for standard SMC to be:

] VStd’k(QD)
IFbthﬂ — ti
t (SO) Val'ﬂ-t (90)
For waste-free SMC, we take k = 1, i.e. M; = K;, and define similarly its
wi
inflation factor to be TF}(y) := Vztrﬂt(f;), where V}"{(¢) is the asymptotic variance

defined in Theorem [i]
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Proposition 5. For the model considered above, let ko := logr/2log(1l — p), then

(1) The quantities IF:""* (o) and IF" (o) do not depend on .

(2) For the standard SMC sampler, the inflation factor IFftd’k is stable with
respect to t if and only if k > ko. If k < ko however, IFftd’k explodes
exponentially with t.

3) For the waste-free SMC' sampler, IFY is stable with respect to t and is
t

always equal to % (% — 1).

(4) For any choice of k, we have

. IFY
Am G <
kIF:

In words, the performance of standard SMC may deteriorate very quickly when-
ever the number of MCMC steps, k, is set to a too small value. On the other
hand, up to small factor, waste-free SMC provides the same level of performance
as standard SMC based on a well chosen value for k.

Of course, these statements are proven here for a specific example; however, our
numerical experiments (Section [5)) suggest they apply more generally.

4. PRACTICAL CONSIDERATIONS

4.1. Choice of M. By default, we recommend to take M < N, first, because our
previous results indicate that, within this regime, performance should be robust
to the precise value of M; and, second, because we observe empirically that this
regime usually leads to best performance (i.e. lowest variance for a given CPU
budget). See our numerical experiments in Section

On parallel hardware, we recommend to take M equal to, or larger than the
number of processors, as it is easy to divide the computational load of each iteration
of Algorithm [2| into M independent tasks.

4.2. Choice of kernels M;. As discussed in the introduction, a standard practice
is to set M; to be a k—fold Metropolis kernel, whose proposal is calibrated on
the current particle sample; e.g. for a random walk proposal, set the covariance
matrix of the proposal to a certain fraction of the empirical covariance matrix of
the particles.

This type of recipe may be used within waste-free SMC, with one important
twist. Contrary to standard SMC, we recommend to always take k = 1. This
recommendation is based on the following thinning argument. We know from
MCMC theory that thinning (subsampling) an MCMC chain is generally detrimen-
tal: |Geyer| (1992, Theorem 3.3) shows that kv.(M[,¢) > veo(My, @) (provided
M is reversible and irreducible). In words, between two estimates computed from
the same long chain, one using all the samples, and the other using only one every
other k-sample, the former will have a lower variance (asymptotically, as the length
of the chain goes to infinity).

The same remark applies to waste-free SMC: if we compare a waste-free SMC
sampler with N particles, and Markov kernels M; = K[, for a certain K, with the
same algorithm with kN particles, and kernels M; = K, then the latter will have
(asymptotically) lower variance, given the expression of the asymptotic variances
in Theorem [1
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As announced in the introduction, we see therefore that waste-free SMC is indeed
more economical than standard SMC, as it is able to exploit all the intermediate
steps of a given MCMC kernel (while standard SMC often requires to take k > 1
for optimal performance).

4.3. Variance estimation from a single run. As explained below Theorem
the output of waste-free SMC at time ¢ behaves asymptotically like M independent,
stationary chains of size P. Thus, to estimate the asymptotic variance V;(p) =
Voo (M, ) in , we propose the following ‘M-chain estimate’. Denote by 'y%’P
the empirical autocovariance of order ¢ € {0,1,...,p — 1} computed from the M
chains:

!

Yog. = 1p f 7q{ (X7 — uiw’P(w)] [so(XZ"’p+q) —uiM’P(w)}

m=1 1

3
Il

where p"P () = N— Zm 121) L@(X[™P) is the empirical mean. Then, the
estimator is defined as

VM) = e (3067 (0,0 ()

where ¢p : R” — R is a certain estimator of the asymptotic variance v (M, @)
based on the autocorrelations of a single chain of length P.

Several such single-chain estimators ¢ p have been proposed in the literature, see
e.g. the introduction of |[Flegal and Jones| (2010)). In our experiments, we found the
initial monotone sequence estimator of |Geyer| (1992) to be a convenient default, as
it is simple to use (no tuning parameter), and it seems to work well. Note however
that this estimator is based on a property which is specific to reversible kernels
(namely that sums of adjacent pairs of autocovariance form a decreasing sequence).
When the chosen kernels M, are not reversible, one may consider an alternative
estimator; see our third numerical experiment (Section [5)) for more discussion on
this point.

To estimate V;(p) = Vi(Gi(¢ — Qi(¢))), we use the same approach with ¢ re-
placed by Gi(p — QN (¢)), QN (¢) = ZnNzl Wlp(X7). Similarly, to estimate each
term in the asymptotic variance of the log normalising constant, , we replace
Gt = Gt/gt by Gt/gé\f

We note that there is an alternative approach to obtain variance estimates from
a single run of waste-free SMC. It consists in (a) casting waste-free SMC as a
standard SMC sampler, as we did in Section [2.5] (taking P fixed); and (b) to apply
the method of [Lee and Whiteley| (2018]), see also |(Chan and Lai| (2013)), |Olsson
and Douc (2019) and [Du and Guyader| (2019)), for obtaining variance estimates
from SMC outputs. This method relies on genealogy tracking (i.e. tracking the
ancestors at time 0 of each current particle).

This alternative approach has two drawbacks however. First, it relies on the
fixed P regime, while, as already said, we recommend by default to run waste-free
SMC in the P — +o00 regime, i.e. by taking M < N. Second, the method of |[Lee
and Whiteley| (2018) degenerates as soon as the number of common ancestors of
the N particle drops to one; something which tends to occur quickly as ¢ increases.

One may mitigate the degeneracy by tracking the genealogy only up to time ¢ —1,
for a certain lag value [, as recommended by |Olsson and Douc| (2019). However this
introduces a bias, and choosing [ is non-trivial.
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We will compare both approaches in the numerical experiments of Section [}

4.4. On-line adaptation of P. In certain applications, the mixing of kernels M;
may vary wildly with ¢; for instance, for a tempering sequence, the mixing of M,
may deteriorate over time. The second numerical example in Section [5] illustrates
this phenomenon.

In such a case, it makes sense to adjust the computational effort to the mixing of
the chain. That is, at time ¢, take P = P, so that the variance of estimates computed
at time ¢ stay of the same order of magnitude. In practice, we found the following
strategy to work reasonably well: at iteration ¢, adjust P; so that it exceeds k times
the auto-correlation time of kernel My, i.e. the quantity v (My, ¢)/2Vars, (¢) for
a certain constant k£ > 1, and a certain function ¢, as estimated from the current
sample (which consists of M chains of length P;). In our simulations, we took
¢ = log G, and k between 2 and 10. To adjust P;, we set it to an initial value,
then we doubled it until the requirement was met.

The main drawback of this adaptive approach is that it makes the CPU time of
the algorithm random, which is less convenient for the user. On the other hand,
it seems to present two advantages, as observed in our experiments (see second
example in Section : (a) it avoids the poor performance one obtains by taking a
value for P that is too small for certain iterations ¢; and (b) it makes the variance
estimates more robust in this type of scenario.

5. NUMERICAL EXPERIMENTS

In this section, we evaluate the performance of waste-free SMC in a variety of
challenging scenarios, covering different types of state-spaces (continuous or dis-
crete, with a fixed or an increasing dimension), of sequence of target distributions
(based on tempering or something else), and of MCMC kernels (Metropolis or
Gibbs). In each example, standard SMC is known to be a competitive approach,
and we assess in particular how waste-free SMC may improve on the performance
of standard SMC.

5.1. Logistic regression. We consider the problem of sampling from, and com-
puting the normalising constant of, the posterior distribution of a logistic regression
model, based on data (y;, z;) € {—1,1} x RP, parameter x € RP, and likelihood

1

L(z) = HF(yifETZi)’ F(z) = Tre=

We consider the sonar dataset (available in the UCI machine learning repository),
which is one of the more challenging datasets considered in [Chopin and Ridgway
(2017), and for which SMC tempering is one of the competitive alternatives (and
the only one that may be used to estimate the marginal likelihood). Following
standard practice, each predictor is rescaled to have mean 0 and standard deviation
0.5; an intercept is added; the dimension of X is then p = 63. The prior is an
independent product of centred normal distributions, with standard deviation 20
for the intercept, 5 for other coordinates.

We compare the performance of standard SMC and waste-free SMC when applied
to the tempering sequence 7 (dz) o v(dz)L(x)". In both cases, the tempering
exponents are set automatically (using Brent’s method) so that the ESS of each
importance sampling step equals a/V, and the Markov kernel M, is a k-fold random
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FIGURE 2. Logistic regression: estimates of the normalising con-
stant obtained from waste-free SMC (N = 2 x 10°) and standard
SMC (N =2 x 10°/k).

walk Metropolis kernel calibrated to the resampled particles (see Section . For
waste-free, we always take k = 1 (as per the thinning argument of the same Section).
We take oo = 1/2 here; see the supplement for results with other values of a.

Figure [2] plots box-plots of estimates of the log of the normalising constant of
the posterior obtained from 100 independent runs of standard SMC, for k = 5, 20,
100, 500, and 1000 and waste-free SMC for £k = 1, and M = 50, 100, 200, 400
and 800. The number of particles is set to N = Ny /k, with Ny = 2 x 105, so that
all algorithms have roughly the same CPU cost. (For waste-free, P is adjusted
accordingly, i.e. P = N/M, with N = 2 x 10°.) Figure |3 does the same for the
estimate of the posterior expectation of the mean of all components of z, namely
mr(p) with p(z) :=p~ 1 3P_ x, for z € RP.

These figures deserve several comments. First, waste-free seems to perform best
in the “long chain” regime, when M < N. Second, within this regime, the perfor-
mance seems robust to the choice of M; notice how the same level of performance
is obtained whether M = 50 or M = 400 (similar performance is also obtained for
M < 50, results not shown. We focused on M > 50 for reasons related to parallel
hardware as discussed in Section) Third, in contrast, it seems difficult to choose
k to obtain optimal performance; notice in particular that Figure [3|suggests to take
k = 100, but, for this value of k, the estimate of the log-normalising constant seems
biased, see Figure [2l (Interestingly, we observed such an upward bias for all values
of k when we ran standard SMC for a smaller value of N, N = 10°; hence stan-
dard SMC seems also slightly less robust to the choice of N; results not shown.)
Fourth, and perhaps most importantly, we are able to obtain better performance
from waste-free SMC for a given CPU budget.

We now evaluate the performance of the variance estimates discussed in Sec-
tion [4.3] Figure [g] shows box-plots of these estimates obtained from 100 runs of
waste-free SMC, for N = 2 x 10° and M = 50: the M —chain estimate advocated
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FIGURE 3. Same plot as Figure 2] for the estimate of the posterior
expectation of the mean of all coordinates.

in Section [£.3} the estimate of [Olsson and Doud| (2019)), with a lag of 3 (the biased,
but more stable version of |[Lee and Whiteley| (2018)), as explained in Section [4.3))
and finally, the empirical variance over 10 independent runs. All these variance
estimates are re-scaled by the same factor, such that the empirical variance over

the 100 runs equals one. (Other values for the lag in the method of
did not seem to give better results.)

Clearly, the M —chain estimator is more satisfactory, as it performs better (espe-
cially for the normalising constant, left plot) than the empirical variance, although
being computed from a single run. On the other hand, the approach of [Lee and|
performs poorly. To be fair, this approach works more reasonably
if we increase significantly M (results not shown), but since taking M too large de-
creases the performance of the algorithm, it seems fair to state that this approach
is not useful for waste-free SMC, at least in this example.

5.2. Latin squares. Our second example concerns the enumeration of Latin squares
of size d; that is, d x d matrices with entries in {0,...,d — 1}, and such that each
integer in that range appears exactly once in each row and in each column; see
Table [5.2] for an example. The number {(d) of Latin squares of size d increases very
quickly with d, and is larger than 10%3 for d = 11, the largest value for which it is
known; see sequence A002860 of the OEIS database (OEILS Foundation Inc., [2020)).
Let X be the set of permutation squares of size d, that is, d x d matrices such
that each row is a permutation of {0,...,d — 1}, and let p(d) its cardinal, p(d) =
(d!)?. We consider the following sequence of tempered distributions: m;(dz) =
v(dz) exp{—A:V (x)}/L:, where v(dz) stands for the uniform distribution over X,
and V is a certain score function such that V(z) = 0 if = is a Latin square, V(z) > 1
otherwise. Specifically, denoting the entries of matrix « by x|, j], we take

d 2
> (Z (i, j] = )) —d

1 =1 \i=1
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FIGURE 4. Logistic regression: box-plots of variance estimates
over 100 runs obtained with waste-free SMC. Left: variance of the
log-normalising constant estimate. Right: variance of the mean of
all coefficients estimate. The variance estimates are re-scaled so
that the empirical variance over the 100 runs equals one; see text
for more details.

150 3 7 8 9 6 2 4
04 586 9173 2
28709 45 316
3 7415 2 8 0 6 9
6 09 513 2 8 47
8§ 21 9 406 5 7 3
96 3 205 7 4 81
51 6 4 3 70 2 9 8
4 9 27 86 3 150
73 86 21 49 0 5

TABLE 1. A Latin square of size 10

The quantity L; x p(d) will be at distance ¢ of I(d), the number of Latin squares,
as soon as Ay > log(p(d)/e). Thus, we select adaptively the successive exponents
At (as in the previous example), and stop the algorithm at the first iteration ¢ such
that this condition is fulfilled, for e = 1016,

We set the Markov kernel M; to be a k-fold Metropolis kernel based on the
following proposal distribution: given x, select randomly a row ¢, two columns j,
j', and swap components x[i, j| and z[i, j'].

Figure [5| compares the performance of standard SMC and waste-free SMC for
evaluating the log of the normalising constant Lp, that is (up to a small error as
explained above), the log of the number of Latin squares I(d); we take d = 11 since
this is the largest value of d for which I(d) is known exactly.

As in the previous example, the compared algorithms are given (roughly) the
same CPU budget: N = 2 x 10°/k for standard SMC, while N = 2 x 10° for
waste-free (and k = 1, as already discussed). We make the same observations as
in the previous example: best performance is obtained from waste-free SMC in the
long chain regime (M < N), and, within this regime, performance does not seem
to depend strongly on M.
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FIGURE 5. Latin squares: box-plots of estimates of log L1 (log of
number of Latin squares) obtained from 100 independent runs of
the following algorithms: waste-free SMC (N = 2 x 10°, different
values of M, the number of resampled particles), and standard
SMC (N = 2 x 10°/k, different values for k, the number of MCMC
steps).
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FIGURE 6. Latin squares: acceptance rate of the Metropolis kernel
described in the text at each iteration ¢ of a run of waste-free SMC.

One distinctive feature of this example is that the mixing of the Metropolis
kernel used to move the particles significantly decreases over time; see Figure [f]
which plots the acceptance rate of that kernel at each iteration ¢ of a waste-free
SMC run.

It is interesting to note that waste-free SMC seems to work well despite this.
Unfortunately, it does seem to affect the performance of our M —chain variance
estimate. The left panel of Figure [7] makes the same comparison as Figure [4] in
our first example. This time, however, the M —chain estimator seems to be biased
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FIGURE 7. Latin squares: same plot as Figure[d] for the estimate of
log-normalising constant log Ly. Left: non-adaptive version (M =
50, N = 2 x 10°); Right: adaptive version (M = 50, Ny = 5). See
text for more details.

downward, by a factor of two. This bias seems to originate from the terms of for
the last values of ¢; these terms are both larger, and more difficult to estimate if P
is not large enough.

These results showcase the interest of adapting P across time, as discussed in
Section [£:4 We re-run waste-free SMC for the same problem, with M = 50,
and k = 5; that is, at each iteration ¢, P; is adjusted to be close to x times
the auto-correlation time, for function G;. The right side of Figure [7| repeats the
comparison of the variance estimates, but for the adaptive P algorithm. This time,
our M —chain estimate seems to perform satisfactorily.

In addition, Figure [§] compares the CPU vs error trade-off for both variants
of waste-free SMC. In both cases, we set M = 50; “CPU time” on the x-axis
is measured by the number of calls to the score function, re-scaled so that the
smallest observed value is 1. (Both axis use a log 2-scale.) Each dot corresponds to
an average over 100 runs. For the vanilla version, we set N = 6250, 2.5 x 10, 10°,
4 % 10° and 8 x 10°. For the adaptive version, we set x = 2, 5 and 10. The dotted
lines have slope —1. For high CPU time both algorithms show the same level of
performance. If N is set to too low a value for vanilla waste-free (e.g. N = 6250),
then one obtains a very large MSE, because P = N/M = 125 is too small relative
to the auto-correlation time of the kernels M; for large t. Note that for the adaptive
version, it does not make sense to take k < 2, as one cannot properly estimate the
auto-correlation time of a chain without running it for a length commensurate with
its auto-correlation time. In a sense, the adaptive version of waste-free prevents us
from setting P to too low a value, where performance becomes sub-optimal.

By and large, in any problem when there is some evidence that the mixing of
kernels M; may decrease significantly over time, we recommend to use the adaptive
P strategy. It is a bit less practical to use, as it gives less control to the user on
the running time of the algorithm; but on the other hand it seems to provide more
reliable variance estimates in this kind of scenario.

5.3. Orthant probabilities. Finally, we consider the problem of evaluating Gauss-
ian orthant probabilities, i.e. p(a,X) := P(Z > a), where a € R, Z ~ Ny(0,%),
and X is a covariance matrix of size d x d.
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FIGURE 8. Latin squares: MSE (mean square error) vs CPU time
(number of calls to score function), averaged over 100 independent
runs of vanilla waste-free (grey dots, N = 6250, 2.5 x 104, 10°,
4 x 10°, 8 x 10°), and adaptive waste-free (black dots, k = 2, 5,
10). Both axes use a log 2—scale; parallel dotted lines have slope
-1

Ridgway| (2016)) developed the following SMC approach for evaluating such prob-
abilities. Let I' be the lower triangle in the Cholesky decomposition of ¥: ¥ = I'T'T;
I' = (7i;) and ~; > 0 for all 5. The orthant probability p(a, ¥) may be rewritten
as the joint probability that X; > fy(X1.4-1) for t = 1,...,d, where fi(z14-1) =
(at = Dyt Vst®s)/ Ve, and the Xy’s are IID N(0,1) variables. (At time 1, fi(21.0)
is simply aq, i.e. the constraint is X; > ay.)

The SMC algorithm of |[Ridgway| (2016)) applies the following operations to par-
ticles X7, from time 1 to time T' = d. (We change notations slightly and start at
time 1, for the sake of readability.) (a) At time ¢, particles X7%,_; are extended by
sampling an extra component, X', from a univariate truncated Gaussian distribu-
tion (the distribution of X; ~ N(0,1) conditional on X; > fi(zo.t—1)); (b) particles
X7, are then reweighted according to function ®(—f;(X7,_ 1)), where ® is the
N(0,1) cumulative distribution function; and (¢) when the ESS (effective sample
size) of the weights gets too low, the particles are moved through k iterations of
a certain MCMC kernel that leaves invariant m;, the distribution that corresponds
to X1+ ~ Ny(0,I;) constrained to X, > fs(X1.5-1) for s = 1,...,t. Based on
numerical experiments, Ridgway| (2016]) recommended to use for the MCMC kernel
at time ¢ a Gibbs sampler that leaves m; invariant. (the update of each variable
amounts to sampling from a univariate truncated normal distribution.)

This SMC algorithm does not fit in the framework of Algorithm [I} in particular
the dimension of the state-space X = R! increases over time. However, we can
easily generalise waste-free SMC to this setting: whenever an MCMC rejuvenation
step is applied, resample M < N particles, apply P — 1 steps of the chosen MCMC
kernels to these M resampled particles, and gather the N = M P so obtained values
to form the new particle sample.

To make the problem challenging, we take d = 150, a = (1.5,1.5,...), and ¥ a
random correlation matrix with eigenvalues uniformly distributed in the simplex
{z1+ -+ x4 =150,z; > 0}, which we simulated using the algorithm of Davies
and Higham| (2000). As in Ridgway| (2016]), before the computation we re-order the
variables according to the heuristic of |Gibson et al.| (1994).
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FIGURE 9. Orthants: estimates of the log normalizing constant
obtained from waste-free SMC (N = 2 x 10°) and standard SMC
(N =2 x 10°/k).

Figures [0 and [I0] do the same comparison of standard SMC and waste-free SMC
as in the two previous examples: N = 2 x 10° for waste-free, N = 2 x 105 /k for
standard SMC, and M (resp. k) varies over a range of values. Figure |§| plots box-
plots of estimates of log Ly (the log of the orthant probability), while Figure
does the same for Qr(p), with ¢(xg.7) = (ZtTZO x¢)/T; i.e. the expectation of ¢
with respect to the corresponding truncated Gaussian distribution.

We observe again that waste-free SMC outperforms standard SMC, at least
whenever M < N. In addition, the greater robustness of waste-free is quite striking
in this example.

Finally, Figure [TI] compares M —chain estimators of the variance of the orthant
probability estimate based on two single-chain estimators: the initial sequence esti-
mator we recommended by default in Section [4.3] and we used in the two previous
examples; and a spectral estimator based on the Tukey-Hanning window (see e.g.
[Flegal and Jones| 2010). In this example, the kernels M; are Gibbs kernels, and are
therefore not reversible. This seems to explain the poor performance of the former.

(As in previous plots, Figures |4| and [7} we include for comparison the variance
estimator obtained by taking an empirical variance over 10 runs; however we do
not include, for the sake of readability, the estimator based on |Lee and Whiteley|
, but note simply it performs poorly in this case t0o.)

6. CONCLUDING REMARKS

6.1. Connection with nested sampling. In our definition of waste-free SMC,
we took N = M P, with P > 2; thus M divides N. We may generalise the algorithm
to any pair (M, N), M < N: at time ¢, resample M particles, generate M chains of
length k := | N/M| (using kernel M;, and the resampled particles as the starting
points); then select (without replacement) N — Mk chains and extend them to have
length k£ + 1. The total number of particles is then N.
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FIGURE 11. Orthants: box-plots of variance estimates over 100
runs for the estimate of the log orthant probability. The variance
estimates are re-scaled so that the empirical variance over the 100
runs equals one; see text for more details.

One interesting special case is M = N — 1. In that case, N — 1 particles are re-
sampled (thus at least one particle is discarded), and, among these N — 1 resampled
particles, only one particle is moved through kernel M;. In addition, if the target
distributions 7 are of the form m:(dx) o< v(dz)1{L(x) > l;}, where v is a prior
distribution, and L a likelihood function, then one recovers essentially the nested
sampling algorithm of .

This raises the question whether the regime M = N — 1 is useful, either for
such a sequence of distributions, or more generally. For the former, the numerical
experiments of [Salomone et al.| (2018) seem to indicate than standard SMC, when
applied to this type of sequence, may perform as well as nested sampling. This
suggests waste-free SMC should also perform at least as well as nested sampling,
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although we leave that point for further investigation. For the latter, we note that
taking M = N — 1 is not very convenient, as this means we move only one particle
at each iteration, although each iteration costs O(NN). (In nested sampling, the
cost of a single iteration may be reduced to O(1) by using the fact that weights are
either 0 or 1.)

6.2. Further work. Our convergence results assume that the kernels M; are uni-
formly ergodic. However, many practical MCMC kernels are not uniformly ergodic,
hence it seems worthwhile to extend these results to, say, geometrically ergodic ker-
nels. Another result we would like to establish is that waste-free SMC dominates
standard SMC in terms of asymptotic variance, at least under certain conditions
on the mixing of the kernels M;.

In terms of applications, we wish to explore how waste-free may be implemented
in various SMC schemes, in particular in the SMC? algorithm of |Chopin et al.
(2013). This algorithm is an SMC sampler with expensive Markov kernels (as a
single step amounts to propagate a large number of particles in a “local” particle
filter), hence the benefits brought by waste-free SMC may be particularly valuable
in this type of scenario.

The original implementation of the numerical examples may be found at https:
//github.com/hai-dang-dau/waste-free-smc. Waste-free SMC is also now im-
plemented in the particles library, see https://github.com/nchopin/particlesl
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APPENDIX A. PROOFS

A.1. Proof of Proposition EI. We may rewrite @ as:

t 1Mo F
{35 (3 cem)}
s=0 m=1 p=1
where 2™ [p] stands for variable X which is defined inside Algorithm

We recognise the normalising constant estimate of a standard SMC sampler,
Algorithm [1], when applied to the waste-free Feynman-Kac model defined in Propo-
sition The expectation of this quantity is therefore the normalising constant
LY = L; (Proposition [1)), since such estimates are unbiased (Del Moral, [1996]).

A.2. Proof of Proposition We start by establishing two technical lemmas
regarding a uniformly ergodic Markov chain (X,,),>0, (X,) for short, on probability
space (X, X); i.e. HKk(x, dz’) — W(dx')HTV < Cp* for certain constants C' > 0 and
p < 1 and a certain probability distribution 7, where K*(x,dz) stands for the
k—fold Markov kernel that defines the distribution of X, given X,,. Then n(dx)
is its stationary distribution.
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Lemma 1. Assume that (X,) is stationary, i.e. Xo ~ n(dx), and therefore X, ~
w(dz) for allp > 0. Then there exists a constant Cy > 0 such that:

Var (¢(Xo)) +2 Y [Cov (o(Xo), ¢(Xi))| < C1 Il
k=1

for any measurable bounded function ¢ : X — R.
Proof. One has
|Cov (¢(Xo), ¢(Xk))| = [Elp(Xo)p(Xi)] — ElpXo]E[pX4]|

‘/{ K*(zq,dzy) — /So(wk)ﬁ(dxk)}@(xo)ﬁ(dxo)

< 2p'“0||90||oo

from which the result follows. O

In the second lemma, the distribution of the initial state X is arbitrary, and
therefore the chain is not necessarily stationary.

Lemma 2. There exists a constant Cy > 0 (which does not depend on the initial
distribution of the chain, i.e. the distribution of Xy ), such that

r (1 S (x )> < o, Il
D =
P P

for any P > 1 and any bounded measurable function ¢ : X — R.

Proof. The proof relies on a standard coupling argument, see e.g. Chapter 19 of
Douc et al.| (2018). We introduce an arbitrary integer R, 1 < R < P, and a Markov
chain (X};) constructed as follows: (a) X ~ m(dz), the stationary distribution of
(Xp); (b) variables Xg, X} are maximally coupled, which implies that:

< Cp"

/u(dxo)K(xo, dz,) — m(dx,)
v

where p(dzg) denotes the probability distribution of Xy, and the inequality stems
from the uniform ergodicity of the chain; (c) if Xp = X}, the two chains re-
main equal until time P, otherwise they are independent; (d) the distribution of
Xi,...,Xx_, given X, X%, is the conditional distribution of these states induced
by K(z,dz’), the Markov kernel of (X,,). For more details on maximal coupling of
two probability distributions, see e.g. Chap. 19 of Douc et al.| (2018)).

Using the inequality Var(X +Y + Z) < 3(Var(X) + Var(Y) + Var(Z)), we have:

TSI S i

18)  P(Xp#Xj)=

+3Var | 1{XR # Xﬁ}% Z {W(Xp) - ‘P(X;>}
p=R

3Culel | 12R el (o n
< 0 >
< Tl 4 20 0P 4 opR gl

where we have applied Lemma to the first term, and to the third term. We
conclude by taking R = [v/P].
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d

We now prove Proposition [4| by induction. Clearly, holds at time 0. The
implication = at time ¢ follows the same lines as for a standard SMC
sampler, see e.g. Section 11.2.2 in (Chopin and Papaspiliopoulos| (2020). Now
assume that (I2) holds at time t —1 > 0, and let ¢ = ¢ — Q1 (i), Fy—1 = o(X )
(the o-field generated by variables X* 1, n=1,...,N). Then

1 L1 & . ’
=E (MZPZ@(XZW’I)O Fi1

gl (g

since the blocks of variables X, are IID (independent and identically dis-
tributed) conditional on F;_1.

The expectation of the first term may be bounded by ¢}_, ||g0||iO /N by applying

(12) to function P~} ZP ' MP . The second term may be bounded by Cs HcpHiO /N
using Lemma

A.3. Proof of Theorem We start by proving a few basic lemmas. The first
one concerns product measures. We use symbol ) throughout to represent the
product of two probability measures.

Lemma 3 (Total variation distance for product measure). Let p1.n and vy.y be
2N probability measures on (X, X). Then the following inequality holds:

N N N
®/‘n_®yn SZHNH_VHHTV'
n=1 n=1 n=1

Proof. Take N = 2. Then

1 @ p2 = v1 @ vallpy < i ® p2 — 1 @ vallpy + 1 @ va — 11 @ a1y
and we may bound the first term as follows:

TV

11 @ p2 — p1 @ val|py

/( fz,y) m(dw)) p2(dy) — /(/f (z,y ul(dw)> Vz(dy)‘

[ ot - [ g(y)w(dw\ — 2 = vallpy -

The result follows by bounding the second term similarly. For N > 3, proceed
recursively. (I

= sup
X201

< sup

g:X—[0,1]

The two next lemmas concern the behaviour of M > 1 independent, stationary,

Markov chains, (Y,")p>0 on (X,X), m = 1,..., M with uniformly ergodic Markov

kernel K, and invariant distribution m: ||6,K? — ||y, < Cp* for constants C' > 0
and p € [0, 1).
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Lemma 4. The product kernel

M
K®M(x1:M7dx,1:M) = H K(l'madl’/m)

m=1

is uniformly ergodic, with stationary distribution T®M .

Proof. This is a direct consequence of Lemma [3}

M
p
6:61:]\/1 (K®M) - 7T®MHTV S Z ”696pr _Tr”TV
m=1

< CMpP.

Lemma 5. For ¢ : X — R measurable and bounded, one has:

M P m
\/W <Zm—1 %:Wp;l @(Yp ) _ 71—(@)) = N(Oavoo(K7 (P))

as P — 400, whether M > 1 is fized, or M grows with P; i.e. M = M(P) — 400
as P — +o0.

Proof. For M = 1, this is simply the classical central limit theorem for uniformly
ergodic Markov chains, see e.g. Theorem 23 in Roberts and Rosenthal| (2004) and
references therein. For M > 2 fixed, we may apply the same theorem to the Markov
chain (Y, M), in (XM, XM), which is also uniformly ergodic (Lemma [4) and to test
function @pr (M) = M~L S0 o(y™).

Assume now M = M(P) grows with P. Let ¢ = ¢ — w(¢) and let Sp denote a
variable with the same distribution as S := P~1/2 25:1 oY) form=1,..., M.
(These M variables are IID.) By the formula (19) of Roberts and Rosenthall (2004)),
we have E[S%] — v (K, ). Therefore, fixing u € R, we wish to prove that Ap — 0,

where
M 2
iuSp/VM _ _u 2
(Ee ) (1 o5 )

Let My > 1 be fixed such that w?E[S%]/2My < 1 for all P > M. Since
’aM - bM’ < M |a —b] for |a|,|b] <1 and }e” —1— iz + 2?/2| < min(z?, |23|/6)
for x € R, we have, for any M > Mj:

M
Ap =

|u35f3{
6vV M

where f,,(z) := min (v?2?, |u32?/6y/m|) = fL(z) + f4(2), fL(2) == u?2? and
Fa(@) = L, <6ym/ul (|ua?| /6y/m — u?a?). Then, if G is a Gaussian variable
with variance veo (K, @), we have Efy; (Sp) — Ef}, (G) as P — +o00. Moreover,
Ef31,(Sp) = Ef3;, (G) by Theorem 23 of[Roberts and Rosenthal| (2004) and the fact
that f]%% is a bounded function and is only discontinuous on a set of measure zero
with respect to a Gaussian distribution. Thus implies that limsupp_, o Ap <
Efu, (G). But Efa,(G) — 0 as My — oo by the dominated convergence theorem,
hence Ap — 0 and the lemma is proved. [

(19) Ap S E min <u25123, > S Ef]y[o (Sp)
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We now prove Theorem [Il We proceed by induction: at time 0 is simply
the standard central limit theorem for IID variables. The implication =
at time ¢ may be established exactly as in other proofs for central limit theorems
for SMC algorithms; see e.g. Section 11.3 of |Chopin and Papaspiliopoulos| (2020)).

‘We now assume that holds at time ¢ —1 > 0, and we wish to show that
holds at time t, or, equivalently, that:

P
(20) % g or1(Z,) = N (0,000 (M, )

where (dropping the dependence on ¢ as it is fixed) Z, := (X7, XMP) s
a Markov chain on XM which is uniformly ergodic (Lemma [4), and ¢y (2) =
_ M
MRS G(zlml]).
We apply the coupling construction we used in the proof of Lemma 2] to this
Markov chain: we introduce a stationary Markov chain, (Z; ), with the same Markov

kernel as (Z,), i.e. MPM which is coupled to (Z,) at time R, 1 < R < P, with
maximum coupling probability:

(21) P(Zr # Z5) = || L(Z)(MEM) = 72N |1 < MCpP

If the two chains are successfully coupled at time R, they remain equal at times
R+1,...,P.
We decompose the left-hand side of as:

1 <& 1 <& 1 &
(22) ﬁ;@M(zp) = ﬁ;WM(Z;) + ﬁ;w(zp)

R P
_ # S enlZh) + %1{213 2750 (onlZ) —on(Z2)).

p=R+1

The first terms converges to N (0, v (My, ¢)), see Lemma [5| What remains to
prove is that the three other terms converge to zero in probability.

The fourth term is non-zero with probability , and tends to zero as soon as
R — +o0; e.g. R=0O(PP), g € (0,1). Using the inequality Var(Y; + ...+ Yg) <
R (Var(Y7) + ...+ Var(Yg)), we may bound the the L? norm of the third term as
follows:

1 & R? R
Var | — Z¥) | < —Var,(¢) < 2—
75 L om() | < FVante) <2 el

which tends to zero as soon as R? < P, e.g. R=0O(PP), 3 €(0,1/2).
The second term equals:

M R
(23) R\/g (;{ > ;Zw(if""@)

1 p=1
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and, since the M chains XZ” 1P are independent, for m =1, ..., M, conditional on
Fi—1 = o(XEY), we have:

1 & * oy
—1 _ 2
QLy <R2Mtp 90)} +M||<P||oo

where QY (p) = Z;V  WiLie(Xi ).

The expectation of the first term can be bounded by a constant times H<p|\ /N
by Proposition l thus the L? norm of (23)) is O(R/v/ M P), which tends to zero as
soon R? < MP. Taking R = O(P?), 5 € (0,1/2) therefore ensures that all the
terms in , minus the first, goes to zero.

A.4. Proof of Theorem[2] Before proving Theorem[2] we need to define some new
notations to work comfortably with the convergence of conditional distributions.
We start with a simple example.

Most Markov chains used in MCMC algorithms admit a central limit theorem
regardless of its starting point, i.e., one has, for a Markov chain (Y,) with invariant
distribution 7, and and a fixed point ¥,

(i)

for some o<, as P — oo. For uniformly ergodic Markov chains, stronger results
hold. For example, for any deterministic sequence (yp);;":1

(3o

If instead of having a single Markov chain, we have M = M(P) chains (Y,"),
m = 1,..., M, running in parallel, then, provided that the number of chains M
is negligible compared to their length P, it is possible to average the result of M
chains to get a better one. Specifically, it can be shown that for any deterministic
sequence (y3') indexed by m and p,

1 1 .

@) P (3 3 e -t
m=1 p=1

as P — oo. It is natural to reformulate using the following simplified notation:
| Mo P

EIRC 0 oS CEEE)
m=1 p=1

while keeping in mind that M = M (P) and in particular the o-algebra generated

by Y{"M does not stay the same when P — co. While the interpretation of the
notation of is intuitive, a more rigorous formalization will make manipulations

Y1 =31 = N(0,0?)

Y) = yp = N(0,0%).

YEM = LM - (0, 0%)

Y™ = N(0,02)
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easier. That is the point of the following definition and lemma, which are simple
specific cases of more general results in [Sweeting| (1989)). The difference with |Sweet-
ing| (1989) is that we prefer, if possible, to work with probability conditioned on an
event, which is simpler than probability conditioned on a filtration or a variable.

Definition 1 (Convergence of conditional distributions). Let (X,)52; be a se-
quence of random variables and let (F,)5%; be a sequence of o-algebras (which
are not necessarily nested as in a filtration). We say that the sequence X, |F, of
conditional distributions converge as n — oo to distribution w,

Xp|Fn =,
if for any sequence (B,)S2, of events such that B, € F,, and P(By,) > 0, we have
X, |B, = 7.

Lemma 6. Under the notations of definition [1, we have, for any continuous
bounded function ¢ : X — R,

E[p(Xn)| Ful =5 ().

Remark. This result is in fact used in [Sweeting| (1989)) as the definition of
convergence in conditional probability. As said above, we prefer Definition [I] as
we find it more convenient to work with probability conditioned on events than
probability conditioned on sigma-algebras.

Proof. For some € > 0, define the events B,, as
By, = {E [W(Xn”]:n] - 7T(<p) > 6}'
If P(B,) > 0, one can write, since B,, € Fy:
(26) E[p(Xn)| Bn] = E[E[o(Xn)| Ful| Bn] = () + e

If there exists an infinity of n such that P(B,) > 0, we have by Definition [1] that
Xn|Bn = m, which leads to a contradiction if we let n — oo in both sides of .
Thus, there exists some n; such that P(B,,) = 0,Vn > n;. Similarly, one may show
that there exists ng such that P(C,,) = 0, Vn > na, where

Cn = {Elp(Xn)|Fnl = 7(p) < —¢}.

Now, note that the desired almost-sure convergence is equivalent to the fact that
the random variable

R :=limsup |E[p(X,)|Fn] — ()]

n— 00

equals 0 almost surely. Indeed, for any € > 0, the event {R > ¢} is contained in
(UnZp, Bn) U (Up,., Crn), which has probability zero. O

n=ni n=n

Lemma 7. Let (X,,)22, and (Y,)2, be two sequences of random variables such
that X,, = Px and Y,|X,, = Py where the latter is understood in terms of Defini-
tion . Then (X,,Y,) = Px ® Py.

Proof. Let Y be a Py-distributed random variable. We have that

’E[eian—i—ivYn] _ E[eian]E[eivY” — ’E [eian (E[ez’vYn|Xn] _ E[eivY])] ‘
tends to 0 by dominated convergence theorem and the fact that E[eY»| X, ] —E[e?Y]
converges almost surely to 0 (Lemma @ ([l

We are now able to prove Theorem
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Proof. The idea of the proof is to show something very similar to (24). Indeed, we
shall show the following conditional version of :

]:tfl iN(O,’UOO(Mt,(P))

P
1
(27) = Z om(Zyp)
VP =
which by Definition [I] means

Bt—l = (07 UOO(Mt7 (p))

P
(25) # ; ori(Zy)

for any sequence B;_; (implicitly indexed by P) of events such that B | € FZ ;.
The left hand side of can be decomposed into four terms as in , where
now (Z) is a stationary Markov chain constructed via a maximal coupling of Q?_]‘f
and the conditional (instead of the full) distribution of Zg. The first, third and
the fourth terms of can be treated exactly as before. The second term tends
to 0 in probability when R = N°€ for small enough €, because M = O(N®) for
a < 1/2. Thus holds. Applying it for ¢ = G; and using the delta method give
the convergence of \/]V(log 0 — log £;)|F;—1 with asymptotic variance v, (M, Gy).
Furthermore, note that by Definition [I} the convergence of Xy|Fy implies the
convergence of Xy |Fy if 7|, C F, for all n. Hence

(29) VN (log ) —log ;)| VN (log LY | —log Li—1) = N (0, v (My, Gy)) -

We can now proceed by induction. Suppose that the assertion is verified up to
time ¢t — 1, that is,

t—1
(30) VN (log LY | —logLi—1) = N <O,ZUOO(MS,C_}’S)> :
s=0

Then, , and Lemma [7| prove the assertion at time t. ([l

A.5. Proof of Proposition [5. We first calculate Vftd’k(go) by using e.g. formula
(11.14) in |Chopin and Papaspiliopoulos| (2020):

t

(31) Vi) = 3 Qe [{GeBrnCi) ]

s=0

where Gy = Gy¢/r, Ri(p) o= M;Gyp, Rsy1.4 = Rey10...0 Ry, and Ci(p) =
© — Qi(v). Note that My, G; and C; are all linear functionals. From the definition
of M;, we have

My(xi—1,B) = (1 = pp)1p(xi—1) + Drm—1(B),
with pp = 1 — (1 — p)*, which leads to
C_:.sRs-l-l:tC(tSO = Gs [ﬁkQ;Gs-i—l + (1 _ﬁk)és-i-l] e [ﬁk}Q:_lét + (1 - ﬁk)ét] Ct‘P

It is easy to fully extend the above expression if one remarks that for any | < ¢,
PrQ;Gi41:4Crp = 0. Therefore only terms without any p,Q;Gi4+1 actually con-
tribute to the result. Thus

GsRs+1:tCt§0 = (]- *]sk)tis(;s:tctga
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We can now plug this into and get

t

Vi (o) = > (1= ) IQum [G2(Crp)?]
s=0

1
:Z(l ) 2E9Q, _ [ ) (Cip)?

s=0

r

= iii; (W)SVM@ (¢)-

We thus see that the variance of the standard SMC sampler evolves proportion-
ally to the sum of a geometric series and its stability depends on whether the base
of the series is smaller than or greater than 1. This proves the second point of the
proposition. For the third point, note that

S (N
s=0

Vi(9) = Qo1 [(Crorp)? + ZZ(Ct—lSO)(KtSCt—lSO)
= Qi1 |(Crr) + 22(@—1@)2(1 - p)s]
s=1
= (; - 1) Qi1 [(thup)Q] )
from which
V() = Vi(GiCip)
2
= <p >Qt 1 [(Ct—thCtsO) ]
2
= (p - 1> Qi1 [(Gtcﬁﬂ) ]
1 (2-1) varau(e)

Finally, to prove the last point of the proposition, we write

IFy ri(Z2 -1 2 1—(1—p)?
(32) lim tdk: G-V —~ S(_1)<p)
t00 L IF; 1k (1 _ (Ho)%) p k

as the second to last expression is non-decreasing in r. Next, consider the function
f(p) = (1 — p)?* 4 2kp of which the derivative f'(p) = 2k(1 — (1 — p)**~1) is
non-negative thanks to the fact that & > 1. We have f(p) > f(0) = 1, which, when
plugged into Equation 7 gives

IR 2 2kp
I O — — <
s IR R (p 1) e
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