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SHARP GROWTH OF THE ORNSTEIN-UHLENBECK OPERATOR
ON GAUSSIAN TAIL SPACES

ALEXANDROS ESKENAZIS AND PAATA IVANISVILI

AsstrACT. Let X be a standard Gaussian random variable. For any p € (1,0), we
prove the existence of a universal constant Cp, > 0 such that the inequality

(EW(X)IP)P > C, VA(EIn(X)P)V/P

holds for all d > 1 and all polynomials / : R — C whose spectrum is supported on
frequencies at least d, that is, IEh(X)Xk =0forall k=0,1,...,d = 1. As an appli-
cation of this optimal estimate, we obtain an affirmative answer to the Gaussian
analogue of a question of Mendel and Naor (2014) concerning the growth of the
Ornstein-Uhlenbeck operator on tail spaces of the real line. We also show the
same bound for the gradient of analytic polynomials in an arbitrary dimension.

2020 Mathematics Subject Classification. Primary: 41A17; Secondary: 28C20, 42C10, 30E10.
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1. INTRODUCTION

1.1. Approximation theory on the hypercube and the Gauss space. Fix n > 1,
and let {—1,1}" be the hypercube of dimension #n. Any function f : {-1,1}* - C
can be decomposed into Fourier-Walsh series as

fo= ) as| |
Sci1,...,n} jes
where x = (xq,...,x,) € {~1,1}" and ag € C are the Fourier-Walsh coefficients. The

hypercube Laplacian A of f is defined as

f(xl,...,xj,...,xn)—f(xl,...,—xj,...,xn)

Af:ZDjf, where D;f(x) = 5

=

and the discrete L, norm is given by

Iflh=(5 Y 1rr)

xe{-1,1}"*

1/p

In their study of super-expanders, Mendel and Naor [13] asked the following
influential question!. Let 1 < p < co. Does there exist a universal constant C,>0
such that for any #n,d > 0 with 0 < d < n, we have

(1) IAfll, = Cpdlifll,
for all f : {-1,1}" — C in the d-th tail space, i.e. all functions of the form

flx)= Z ﬂs]_[Xj?

Sc{1,..,.n}  jeS
|S|>d

n fact, the original question of [13] concerned vector-valued functions but we will restrict our-
selves to the scalar-valued case for the ensuing discussion.
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2 ALEXANDROS ESKENAZIS AND PAATA IVANISVILI

This problem led to a study of a more general question, which is known as the
heat smoothing conjecture, see [8]. Currently, the best known bounds towards (1)
are of the form [|Af||, > C,d®"||f||, for a certain &, €[1/2,1), see [13, 5].

A standard limiting argument [1, pp. 164-166] (see equation (5) there) shows
that (1) implies the corresponding estimate in Gauss space

(2) ILAllLr(ay,,) = Cpdllbllze(ay,)

for all n > 1 and all polynomials & : R" — C in the corresponding Gaussian d-
th tail space; here L is the generator of the Ornstein—-Uhlenbeck semigroup, see
Section 1.2 for the definitions of these notions. The purpose of the present paper
is to investigate the Gaussian counterpart (2) of the discrete inequality (1), in view
of the additional continuous tools which have been developped in the weighted
approximation theory literature. In particular, we shall present a proof of (2) for
n =1 and a proof of (2) for analytic polynomials in all (even) dimensions.

The proof of inequality (2) in dimension n = 1 relies on Freud’s Jackon-type
inequality with Gaussian weight [6], asserting that for every smooth f : R > R,

() it [ Jir-oe

g:deg(g)<d

Pax<c,d?? J;R If(x)e ™ Pdx,

where the infimum on the left hand side is taken over all real polynomials of
degree at most d. In [11, Sections 3-4] Lubinsky gives a survey of all currently
available proofs of Freud’s inequality (3). Significant obstacles seem to appear
when one tries to extend each of these proofs to higher dimensions.

Acknowledgments. We are grateful to anonymous referees for helpful comments
and suggestions. A. E. was supported by a Junior Research Fellowship from Trinity
College, Cambridge. P. I. was supported in part by NSF grants DMS-1856486,
DMS-2052645, and CAREER DMS-2052865

1.2. Definitions and statement of the main results. For an integer n > 1, let

1x?

def € 2

—dx
(V2m)"
def [ 2 2

be the standard Gaussian measure on R”, where we denote? by x| = \[x]+...+x;

dyy(x)

the Euclidean norm of a vector x = (xy,...,x,) € R". Let a = (ay,...,a,) € (Z,)"

.. . . def
be a multi-index, where Z, denotes the set of nonnegative integers, and set || =

a1 +...+ a,. The Hermite polynomial of degree « is defined as

n

Ha(x)d:efj (x+ip)dyu(y) where (x+ip)® E [ [(x;+iy;).
j=1

For a finite p > 1, consider the space

LRy ={f € LR s Wiy, = [ 1Py, <eo),

where we denote by L(IR";C) the space of all functions f : R” — C which are
Lebesgue measurable. When p = co we simply set L°(IR";dy,) to be the space

. def
of complex-valued measurable functions such that [|f||r=(4y,) = esssup|f| < oo.

fw= (wi,..., wy,) € C"* we also set [w| = v/|w1|? +... + |w,|?, where |z| denotes the absolute value of
a complex number z € C, and this notation is consistent with the usual identification of C" with R2",
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The Hermite polynomials {H,}4¢(z, ) form an orthogonal system in L%(dy,) with
respect to the inner product

def _
(frg) % fm fedy, forall f,gel(dy,).

Orthogonality along with the fact deg(H,) < |a| imply that
pd def spanc{x“ Dl < d} = spanC{Ha(x) Dal < d}

for any integer d > 0. Hence, the system {H,},¢(z, ) is complete in LP(dy,) for all
1 < p < co. Our main space of investigation will be the (finite) d-tail space

pd &f fel(R:CQ): f = Z c,H, is a finite sum with ¢, € C;.

la[>d

Let A=}/, 8,%}, be the usual Laplacian on R" and Vg = (dy,g,..., 9y, g) be the

gradient of g. We denote by L = —(A-x-V) the (positive) generator of the Ornstein—
Uhlenbeck semigroup, where x-V = Z;’:l x]ﬁxj. Recall that LH,, = |a|H,. We shall
first address the analogue of (2) for the gradient V instead of L.

Definition. Fix p € (1,00) and n > 1. Let F(n,p) be the smallest constant such that
(4) Vd + 1|fllzr(ay,) < F(np)IIVfllze(ay,)

holds for all d > 0 and f € P>+, Similarly, let J(n,p) be the smallest constant® such
that

. J(n,p)
(5) (p1€I71)f£d llg = ®llr(ay,) < WIIVgllmdm

holds for all d > 1 and all polynomials g : R" — C.
Our first result is a dimension-free equivalence of the constants in (4) and (5).

Theorem 1. For any p € (1, ), there exist finite positive constants Cp,cp such that
(6) CpF(”,P/)S](”,P)SCpF(”’P,)
holds for any n > 1, where p’ &t }% is the dual exponent to p.

Combining Theorem 1 with a classical inequality of Freud [6] from weighted
approximation theory, we deduce the following consequences.

Corollary 2. For any p € (1, 00), there exist Sp, Tp < oo such that the estimates

(7) ‘/E||f||LP(dy1) <Spllf'liee(ay,) and  dllfllite(ay,) < TolILf e (ayy)
hold for all f € P> and any d > 1.

The first inequality in (7) is the converse to Freud’s Bernstein—-Markov inequal-
ity with Gaussian weight [7] and the second inequality answers the Gaussian ana-
logue of Mendel and Naor’s question on the real line. In the next theorem we
show that the same bounds hold true for analytic polynomials in an arbitrary di-
mension, in particular resolving the problem of [13] for such polynomials.

3The letter ] in the definition of the constant J(n.p) is referring to Jackson [9], who first investigated
inequalities in the spirit of (5) for trigonometric polynomials on the torus T.
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Theorem 3. Forany n>1, p > 1 and any analytic f : C" — C with f € P>, we have
(8) Al fllzedy,,) < NLflLr(dys,),

where dy,,, is the standard gaussian measure on C" = R*". Moreover, for any p € (1,00),
there exists a finite constant K, such that for any n > 1, we have

(9) VAlf Il aysn < KpIIVFIlL, (a5
for any analytic polynomial f : C" — C with f € P>,

We remark that the dependence on d of the estimates appearing in Corollary 2
and Theorem 3 are asymptotically optimal, as can be seen by choosing the Hermite
polynomial f(x) = Hu(x)in (7) and f(z) = sz in (8) and (9).

Using similar techniques as in the proof of Theorem 3 we obtain sharp dimension-
free Bernstein-Markov inequalities for analytic polynomials in Gauss space.

Theorem 4. For any p € (1, 00), there exists a finite constant Cp such that foranyn > 1,
we have

(10) IVflleray,,) < Cp\/Z”f“LP(dyZn)

for any analytic polynomial f : C" — C with f € P=4,

The estimate (10) is asymptotically sharp as can be seen by choosing f(z) = z‘f.
Theorem 10 extends Freud’s inequality [7] to higher dimensions with the sharp
dependence on d for analytic polynomials. We refer the interested reader to [4],
where the dimension independent estimate ||V f||zr(4,,) < deal’llfIle(dyn) was ob-
tained with a;, € [1,2) and all (not just analytic) polynomials f of degree at most d.

Finally, we derive the following sharp moment comparison result for analytic
polynomials in Gauss space (see also Remark 11).

Theorem 5. Forany 0<p<g<oowithq>1,n>1andd >1, we have

ez
(11) “f”L‘?(dyz,,)S(I_)) £ e (s,

for any analytic polynomial f : C" — C with f € P<4,
2. Proors

2.1. Proof of Theorem 1. Fix p € (1,00). First we show the existence of a ¢, > 0
such that ¢, F(n,p’) <J(p,n). By the Hahn-Banach theorem, for every g € LP(dy,,),

(12) inf |lIg-@llr@y,)= sup  Kg /)l
PP fe(psiy-
il g, <1
where the annihilator of the subspace P<? C LP(dy,,) is given by
(P Ef e 1P (dy,) : (f9)=0 forall peP=i}
Clearly P>%+1 C (P=)L, Thus, the estimate (5) implies the validity of

(13) (g )l<? (3;) I98lep ol

for all polynomials g and all f € P=4*1. By Meyer’s two-sided dimension-free
bounds for the Riesz transform in Gauss space (see [14]), there exist two finite
positive constants m, and M, such that

(14) ML gllir(dy,) <1IVElIEpay,) < MpILY2gllp(ay, )0
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where for a polynomial g = ¥ c,H, we have L'/2¢ = ¥ |a|'/?c, H,. Combining (14)
with (13) we obtain the inequality

Mp](n,p)
(15) Kg. /)l < pT”Ll/zg”u’(dm||f||u”<dm

for all polynomials g and all f € P>4*1. Equivalently, we can rewrite (15) as

_ Mp](n,p)
(16) KL™2(g~Bg). )l < ”Tug ~Egllur(ay, ) If I (ay,

where Bg = [, gdy, and L2 h = Y, .0lal /2B, H, for a polynomial of the form
h =Y |aj»0 BaHa- Using the fact L71/2Pp24+1 = p2d+1 the identity (L™/?(g-Eg), f) =
(g,L712f), and the inequality lg —Eglltr(ay,,) < 2lIgllLr(ay,), we see that (16) implies

2](n,p)M
Kg )l < T"||g|mm||L”2f||Lp/<d%,>

(17) (14) 2] (n, p)M
<

P
< ———Igllee @y )MV 4
mp,\/E 8lleeay, ) IV F Iy (dyn)

Notice that polynomials are dense in LP(dy,). Indeed, by a simple iteration ar-
gument and the Holder inequality it is enough to study the case n = 1. By Hahn-
Banach it suffices to show that if h € Lp/(d)/l) is such that I]R h(x)xkdyl (x) =0 forall
k=0,1,..., then h = 0. The latter follows from the fact that the Fourier transform
wof w(x) = h(x)e”‘Q/2 is an entire function on C with wX)(0) = 0 for all k € Z,.

To finish the proof of the first inequality in Theorem 1, we take the supremum
over all polynomials g € LP(dy,) in (17), use the fact that polynomials are dense in
LP(dy,), and the trivial inequality V2d > Vd +1 to obtain

J(n,p)2V2M,
Vd+1Ifllp 4y, < TIIVfIILpf<d7n>-
LMy

Thus ¢, F(n,p’) < J(n,p) with ¢, = \/_EWZ’

We will now show the second inequality in Theorem 1, i.e., J(n,p) < CPF(n,p’).
Using (4) and Meyer’s inequalities (14), we see that

(18)  Nd+1Ifllp 4y, < FLP MVl ay,) < MpFmp LY Fllp g,
holds for all f € P4*1. Equivalently, (18) asserts that the bound

~ M, F(n,p’)
g, L7V2f) < pdﬁ||f||Lp’(dyn)||g||u7(dyw)

holds for all polynomials g and all f € P>4*!. Using the identity (g, L7V/?f) =
(L™V?(g - Eg), f), denoting h = L™/?(g — Eg) € P>! and using Meyer’s estimates
(14) again, we obtain

’

(19) [<h, fI < —pfF(ﬂ,p >||f|| VAl
) ) 4 p
m,Vd +1 L (dyn) Lr(dyn)

p
forall f e P2d+1 and all polynomials h (since Vi = V(h+Eh) and (h, f ) = (h+IEh, f)).

We will need the following lemma.

Lemma 6. Let p € (1,00), d > 1 and consider P4 45 q subspace of LP(dy,). Then,
(P=dyL = cle'(dyn)(PZd“), where clyy ., | denotes the closure in LP (dy,).
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Let us first explain why Lemma 6 combined with (19) implies J (1, p) < C,F(n,p’).
Indeed, for all polynomials h, we have

. (12)
inf |lh=@llpay,) = sup  Khf)l=  sup [h f)l
pepP= fe(psd)L f€p2d+1
||f||Lp’(dyn)S1 ||f||Lp'(dy )<t

(159) My F(n,p’)
mp\/d +1

where in the second equality we used Lemma 6. This implies that (1, p) < C,F(n,p’)

IVAllLr ay,),

with C = —p and Theorem 1 follows from the lemma. O

Proof of Lemma 6. The inclusion cler(dy”)(PZdH) C (Ps4)L is trivial and follows

from P24+1 C (P=4)L and the fact that (P=¢)L is a closed subspace of LP'(dy,).

To verify the reverse inclusion (P=1)L c clef( dyn)(PZdH) assume the contrary,
i.e., that there exists f € (P<?)+ C LP'(dy,) and f & cle/(dyn)(PZd“). By the Hahn-
Banach theorem, there exists a nonzero element h € LP(y,) such that (h, f) > 0, and
(h,@)=0forall € clyyy, (PZ**1). Define

(h,Hg)

def
Sa(h) = anHa, where ¢, = (HLH)

lal<d

and set i = h—S,(h). Clearly (h, f) = (h, f) > 0. On the other hand we have (i, H,) =
0 for all |a| < d which is the same as (k, ) = 0 for all » € P=?. Also notice that
(h, @) = (h, @) = 0 for all p € P>4*1, It follows that (1,g) = 0 for all polynomials g.
Thus / = 0 almost surely and this contradicts the fact that (7, f) > 0. O

Remark 7. A version of the equivalence

1<p<2

7 p22 ’
(20) pF'(n,p') < ["(n,p) < CoF'(n,p’)

also holds on the Hamming cube {—1,1}", where the constants Fh, ]h are defined in the
corresponding way as in (4)-(5) and |Vf| = / " IDjfI? for f :{-1,1} — C. The
proofs proceed verbatim. The only difference is thut the first inequality in (20) holds
only for p > 2, and the second inequality for p € (1,2] due to the fact that the Riesz

transform on the Hamming cube is bounded (the analogue of the second inequality in
(14)) only for p > 2 (see [12]).

2.2. Proof of Corollary 2. The case d =1 is simply the Poincaré inequality, so we
will assume that d > 2. In [6], Freud obtained an analogue of Jackson’s inequality

with weight e X2 (see also [11, Sections 3-4]), that is, he showed that for every

d > 2 the estimate
1/q
C \Iﬁ ’ -x2/2
If'(x)e™ qux)
Vd -1 ( R /

1/q
(21) inf (J| X)e*21dx| <
WEF§d1

holds for all polynomials f : R — IR, and all g € [1,00], where C is a universal

constant. Here Pﬁd’l denotes the space of real-valued polynomials of degree at
most d — 1. Rescaling the variables we rewrite (21) as

Cva
(22) inf |If - ¢l ——IIVIl
ot f=@llLa@y,) < T fllzagay)



SHARP GROWTH OF THE ORNSTEIN-UHLENBECK OPERATOR 7

Estimate (22) easily extends to complex-valued polynomials f provided that
the infimum in the left hand side is taken over complex-valued polynomials ¢ of
degree at most d — 1. Indeed, if f : R — C is complex-valued polynomial then
we can decompose f = f; +if, where f, f, are real-valued polynomials. Finally,
applying (22) to each f; and f, separately and using the triangle inequality, we get

inf ||(fi +if2)-ol| < inf ||fi -l + inf || -9l
o (i +if2)=@llLaan) pergil f1 = @llLay,) pemi fo=@llLa@n)

< M(||Vf1||L‘7(dVl) +IVfallagay,)) < M||V(f1 +ifo)llLa(ay, )
Vi1 vi-1

which is equivalent to J(1,9) < 2C+/q. Applying Theorem 1 with g € (1,00) we
deduce that there exists a finite constant B, such that

(23) Valigllr 4y, < BallV8lle (ay,)
holds for all g € P>, where ¢’ = q%l is the conjugate exponent to g. This proves
the first inequality of (7). Using Meyer’s estimate (14), (23) implies that
1/2

Valgllr ay,) < BaMg L8l 4,

Finally, iterating the last inequality we obtain
2
d“g”Lq’(dyl) < (Bqu’) ||Lg||Lq’(dyl)

and this proves the second inequality of (7). ]

Remark 8. It is well-known (see [5]) that for every p > 1, there exists a finite constant
K, > 1 such that for any d > 1, all polynomials f € P=4 satisfy the moment comparison

(24) IfIl, (dy,) < K,?IIfIILluy,,)-
It follows from [2, Theorem 5] that for any p > 1,
/1l (dy,)

, .
1108 (11f Iz (ay, [If Iy (a7, )

Inequality (25) implies that Mendel and Naot’s question (2) has an affirmative answer
for those functions satisfying the converse of (24), i.e., [ILfllL (ay,) > KgIILfIILI(d;,n)for
some K, > 1. While this condition is not true for all f € P=4, (25) confirms (2) for a

conceptually different class of functions f. We refer to (2] for further information on
(25), including versions on the Hamming cube and vector-valued extensions.

(25) L™ flle, ay,) < C

2.3. Proof of Theorem 3. Recall that a polynomial f : R> — C is called analytic
if f(x,v1) = g(x1 +iy;) for some polynomial g : R — C. Similarly analytic polyno-
mials f : R*" — C can be written as

f@)=) e
la|<d

for some d > 0, where z¢ def ;’:lz;xj for some multi-index a € (Z,)" and z =
(z1,...,2,) € C", where zj=zj+ iyj. In what follows, we will write f = f(z,...,z2,)
(or simply f(z)) instead of f(xi,v1,...,%,,v,) for an analytic polynomial f. For

z=(z1,...,2,) € C" and w € C we set wz = (wzy,...,wz,).

Lemma 9 (Heat-smoothing for analytic polynomials). For any finite p > 1 we have

(26) Z e tlale, 2@ <e Z cyz”

|Dt|2d Lp(d)/Zn) |0(|Zd Lp(dy2n)
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foralld >0, all t > 0 and all finite sums }_|4|>4 a2

Proof. Fix t > 0 and any integer m > d. Let T be the unit circle on the complex

plane and let K be the linear functional on the subspace spanc{wd, witl LwmC

C(T) which is defined by
K(zM=e™ for k=d,...,m.

Clearly K(p(w)) = p(e”") for all p(w) = Y [, awk. By the Hahn-Banach theorem,
we can extend K to K defined on C(T) so that

IK(g)l < C(t,d)llgllcery forall geC(T),

where C(t,d) is the smallest nonnegative constant such that

m

(27) e < Cltd)lpllcer forall p(w)= ) k.
k=d

To find C(t,d), fix any polynomial p(w) of the above form and consider the an-
alytic function h(w) = % defined in the closed unit disk ID = {w € C : |w| < 1}.
The inequality sup,c|#(w)| < |[pllc(r) and the maximum principle imply that
Ip(w)| < |w|d||p||c(qr) for all w € D. In particular |p(e™")| < e’td||p||C(qr), ie., the
inequality (27) holds with C(t,d) = et By the Riesz representation theorem
there exists a complex-valued measure dy on T such that E(g) = Lrg(w)dy(w)

and ||pllry = e ', where lpllTy denotes the total variation norm of dp.
Fix a polynomial of the form } >4 coz" and pick m such that ¢, = 0 for |a| > m.

Then, since K extends K , we have

Ze_”“lcaz“ = Z lealcaz“dy(w)

T
laf>d LP(dyyy)  1d=lalsm LP(dy2,)
<[ L catwarr]  dp@=e | Y |
T
|a|2d Lp(d)/Zn) |a|2d Lp(d)/Zn)

where the last equality follows from the (complex) rotational invariance of the
Gaussian measure and the estimate ||u||7y = et O

To prove Theorem 3 we integrate (26) in t over the ray [0, co) to obtain

1 (o)
Z mcaz“ = J Z e tale, 2% dt

0

laf2d LP(dys,) lal>d Ly(dy2n)
0 (26) 1
SJ Ze‘tlalcaz“ dt < 7 anza
0
lal>d LP(dy) lal>d LP(dy2,)

Next, notice that a direct computation shows Lz% = |a|z®. In particular, for a poly-
nomial f =} |54 ¢a2%, the last inequality (after rescaling the coefficients) implies
Allflzr(dyay) < ILfllLp(dy,,)- This finishes the proof of (8). To prove (9), notice that
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we can write O
1 0 dt
Z 172 0% -V J Z e gz NG
04 TC
o> yan) 0 jad e,y
26
_J\ tlal Z ﬂ(s)i anza ,
- Vi T Vi ||
'“'> LP(dy2,) laf= LP(dy2,)

which is equivalent to ‘/E”f“LP(dyz,,) < ||L1/2f||Lp(dy2n). The desired inequality (9)

now readily follows from (14) with K, = mip.

2.4. Proof of Theorem 4. The approach will be similar to that of the previous
section. We start by showing the corresponding (sharp) statement for L.

Lemma 10. Forany p > 1 and d > 0, we have

(28) ILf ey, < Afllze(ay,,)

for any analytic polynomial f € P<? on C".

Proof. Let K be the linear functional on the subspace spanc{l,w,...,wd} c C(T)
given by

KW=k forall k=0,1,...,d.

Clearly K(p(w)) = p’(1) for all p(w) = ZZ:O awk. By the Hahn-Banach theorem
and the Riesz representation theorem there exists complex-valued measure dy on
T such that Lr )dp(w) = p’(1) for all p = ZZ:O arwk and llpllTy is the smallest
constant such that

d
(29) P’ <lklrvlple forall p=) awh.

By Bernstein’s inequality for trigonometric polynomials we can choose ||ylry = d
in (29) and this is the best possible constant as the example p(w) = w? shows.

Next, pick an arbitrary analytic polynomial f(z) = }_|yj<4ca2” of degree at most
d. As in the previous section we can write

I iy = | [ P2t < [ gy )=

LP d)/z

and the proof of the lemma is complete. O

To prove Theorem 4 we use the estimate

2 1/2 1/2
(30) 1LY Flioayan) < 20 Wiy, 1A iy

which is valid for all polynomials f (see [4, Lemma 19]). Then boundedness of the
Riesz transform (14) combined with estimate (30) and Lemma 10 imply

(14
IV Fllee(ay,,) < M ILY2 Fllzp(dyyy)

(30) 8)
< 2MIf IS IS,y < 2MpVallflleay,,)-

This finishes the proof of Theorem 4. m]
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2.5. Proof of Theorem 5. Fix an analytic polynomial f € P<¢ on C". Then, in-
equality (28) implies that for every t >0 and g > 1,

co (tL)me—th i m”Lm th”Lq (dyan)

£ llzaay,,) = ol
(31) m=0 Li(dy,,) m=0

(28) o (td)"|le” thHm d
(dy2n) dy ~tL
< Z 2 = e fllea(ay,,)-

Now recall that [eth](w) = f(e'w) for every t > 0 and w € C. Therefore, (31) can
be equivalently rewritten as

1 1/q
(52) oy < o5 [ 1700 dtel)

where p € (0,1]. A classical result of Janson [10, Theorem 11] asserts that for every
lpl < \/7 and any analytic function f : C" — C,

1/q
3) ([ el ara@) <l

and the conclusion of the theorem follows by combining (32) and (33). O

Remark 11. The simple proof of Theorem 5 shows that a Bernstein-type inequality in
the spirit of (28) for the generator of a hypercontractive semigroup formally implies
moment comparison results* such as (11). A simple variant of our argument readily
implies a result of Defant and Mastyfo [3, Theorem 2.1], who proved the optimal LP—L1
moment comparison for analytic polynomials on the torus MT", under the additional
assumption that g > 1. Indeed, to deduce this result one has to repeat the preceeding
argument verbatim with the exception that a result of Weissler [15, Corollary 2.1] has
to be used instead of Janson’s inequality (33).
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