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SEMI-IMPLICIT EULERIAN METHOD FOR THE FLUID
STRUCTURE INTERACTION OF ELASTIC MEMBRANES ∗

MIRCO CIALLELLA† AND THOMAS MILCENT‡

Abstract. In this paper we propose a novel and general approach to design semi-implicit
methods for the simulation of fluid-structure interaction problems in a fully Eulerian framework. In
order to properly present the new method, we focus on the two-dimensional version of the general
model developed to describe full membrane elasticity. The approach consists in treating the elastic
source term by writing an evolution equation on the structure stress tensor, even if it is nonlinear.
Then, it is possible to show that its semi-implicit discretization allows us to add to the linear system of
the Navier-Stokes equations some consistent dissipation terms that depend on the local deformation
and stiffness of the membrane. Due to the linearly implicit discretization, the approach does not need
iterative solvers and can be easily applied to any Eulerian framework for fluid-structure interaction.
Its stability properties are studied by performing a Von Neumann analysis on a simplified one-
dimensional model and proving that, thanks to the additional dissipation, the discretized coupled
system is unconditionally stable. Several numerical experiments are shown for two-dimensional
problems by comparing the new method to the original explicit scheme and studying the effect of
structure stiffness and mesh refinement on the membrane dynamics. The newly designed scheme
is able to relax the time step restrictions that affect the explicit method and reduce crucially the
computational costs, especially when very stiff membranes are under consideration.

Key words. Eulerian elasticity, Fluid-structure interaction, Semi-implicit, Immersed boundary,
Incompressible Navier-Stokes

MSC codes. 65M08, 65M12, 65M85, 76D05, 74B20

1. Introduction. Fluid-structure interaction problems arise in a wide range of
applications and their numerical simulation is extremely challenging. In biomechanics,
the correct modeling and computation of membranes immersed in an incompressible
fluid is a key point to study biological capsules and cells, like red blood cells (RBCs).
Capsules are in general modeled as a liquid drop protected by a thin elastic membrane
and their use is widely spread in food, cosmetics and pharmaceutical industries. Simu-
lations of such fluid-structure problems are expensive and require the correct coupling
between the flow behavior and the structure behavior, which often comes with the
imposition of some kind of interface conditions. One of the most classical approaches
is the so-called Arbitrary Lagrangian-Eulerian (ALE) method [31, 30, 42, 13, 16].
This approach consists in solving the fluid-structure problem on a moving mesh that
follows the displacement of the interface, and enforce the coupling conditions right
on the grid points that describe the interface. Although this philosophy may bring
accurate results for some problems, its limitations are clear when dealing with large
deformations or topology changes.

In [39], Peskin introduced a new approach that simplifies the fluid-structure cou-
pling for applications with structures modeled as lower dimensional manifolds of the
problem. For immersed boundaries [40, 29, 35], the coupling interface conditions re-
duce to a forcing term in the Navier-Stokes equations that modifies the flow behavior
by taking into account the deformation of the immersed membrane. In this case, the
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structure is tracked using Lagrangian markers and the source term is spread on the
fluid with a discretized Dirac delta. When large deformations are under consideration
the need to insert or delete markers for stretching and shrinking of the membrane
remains a delicate aspect, which requires the introduction of additional parameters
to tune.

Both ALE and immersed boundary (IB) methods belong to the class of front-
tracking methods that need an explicit definition and displacement of the interface.
Fully Eulerian models for fluid-structure interaction have been recently introduced [7]
for computational purposes as they allow to simulate quite easily multi-dimensional
problems with large deformations thanks to an implicit treatment of interfaces and
deformations through level-set fields [38, 36]. In the last decade, Eulerian elasticity
has drawn a lot of attention and its implementation turned out to be very successful
for both incompressible [9, 32, 41, 34, 12, 4] and compressible [21, 10, 11] applications.
These models rely on the so-called backward characteristics which are defined as the
inverse map of the deformation, and correlates the location of a material point to its
initial position. As mentioned above, this vector is also defined with Eulerian variables
that are advected by the Eulerian fluid velocity, and its spatial derivatives are used to
compute the elastic stress tensor. Rather than following the backward characteristics,
it was proposed in [44] an Eulerian approach based on following the evolution of the
symmetrical left Cauchy-Green tensor through an inhomogeneous advection equation
with extra terms depending on the velocity gradient. In this case, six components in
three dimensions (three in two dimensions) must be advected, rather than three in
three dimensions (two in two dimensions) for the backward characteristics.

Whether one deals with ALE, IB or fully Eulerian models for incompressible fluid-
structure interaction problems, stability is a well-known issue of monolithic frame-
works in which both the fluid and the solid are solved at the same time. For Eule-
rian models this was proven to be related to the velocity of elastic waves that (for
stiff materials) are order of magnitude higher than that of the fluid, which leads to
dramatic time step restrictions [10]. In order to overcome such limitations related
to monolithic frameworks, several works have been dedicated to the derivation of
implicit schemes [47, 33, 43, 37]. However, due to the strong nonlinearity of the
problem, these schemes require computationally expensive and cumbersome iterative
approaches. With the goal of moving towards methods that are easier to introduce
in different computational frameworks, semi-implicit or approximate implicit schemes
are a very interesting and widespread research topic since their goal is to provide a less
expensive and efficient alternative to standard implicit methods [47, 43, 17, 18]. Simi-
lar interest in such schemes was also shown in the context of multi-phase flows for the
computation of surface tension [25, 45] to avoid the time step restriction proportional
to ∆x3/2.

In the context of fully Eulerian models for fluid-structure interaction, the attempts
to relax the time step restrictions have been proposed in [26, 8] with methods that
seem to be tailored to the application under consideration. In particular, the first
reference [26] addresses the simulation of solid bulks immersed in an incompressible
fluid by introducing a linear expansion for the nonlinear elastic stress with a Jacobian
tensor, to improve the performances of the scheme initially proposed in [44]. Whereas
in [8] a semi-implicit approach for thin membranes subjected to area variation is
developed by solving a diffusion equation to predict the interface position, in the
context of the model proposed in [7]. In this work, we aim at proposing a general way
of deriving semi-implicit schemes for Eulerian models for fluid-structure interaction
that can be directly applicable to general (nonlinear) elastic models without any need
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of linearization. This approach consists in discretizing the evolution equation of the
stress tensor in a semi-implicit way, and writing the value of the stress at the new
time level as a function of that at the previous time plus some additional terms. In
order to show the generality and potential of this approach, we applied it to the two-
dimensional version of the full membrane model introduced in [34], which is capable
of dealing with both area and shear variations. While the level-set approach proposed
in [8] only works for the elastic force that models the area variation introduced in [7],
our idea can be ideally applied to more general and nonlinear elastic models, because
it depends on the deformation vector. Indeed, the model treated in this paper is
the starting point to develop semi-implicit schemes for full membrane elasticity that
includes both area and shear variations [34]. The complete three-dimensional analysis
will be tackled in a future work.

The paper is organized as follows. In Section 2, we recall the basic definitions to
derive the fully Eulerian model for fluid-structure interaction focusing on backward
characteristics, level-set and the membrane elastic model treated herein. In Section 3
we recall and summarize the main stability results obtained for a simplified one-
dimensional model, and derive our semi-implicit scheme in this framework. Here
it is shown that the new scheme consists in adding a consistent dissipation to the
system which allows us to prove its unconditional stability. In Section 4, we begin
by describing the classical explicit coupling of the elastic source term and the general
algorithm to solve the full model. Here, we also derive an evolution equation on
the stress tensor that will be then used to design the semi-implicit approach. After
that, we focus on the derivation of the semi-implicit coupling which is performed
by introducing the discretized evolution equation of the stress in the momentum
equation. Here we show that also the approach for the full model consists in adding
a diffusion that depends on stiffness and area variation. In Section 5, we test the
convergence properties of the discretized semi-implicit operators to show that they
are second-order accurate in space. In Section 6, we provide numerical illustrations
on the ability of the newly developed semi-implicit scheme to introduce an important
relaxation on the time step restriction to simulate a membrane immersed in a simple
shear flow. In particular, we focus on the influence of membrane stiffness and mesh
refinement on the computational gain and quality of the solution. In Section 7, we
conclude with a summary of the work and give some perspectives on aspects that
need further investigation. Finally, in Appendix A we give a proof on the parameter
chosen to measure the area variation, in Appendix B we give the proof of the evolution
equation of the stress tensor, and in Appendix C we provide examples on how to
discretize the semi-implicit operators on Cartesian staggered meshes.

2. Fully Eulerian Model.

2.1. Forward and backward characteristics. Let Ω0 ⊂ R2 be the reference
configuration of a continuous medium and assume that this medium is deformed by
a smooth map X : R+ ×R2 −→ R2 (the forward characteristics) to Ωt = X(t,Ω0). A
velocity field u : R2 × R+ −→ R2 is naturally associated with X:

(2.1) ∂tX(t, ξ) = u(X(t, ξ), t), X(0, ξ) = ξ, ξ ∈ Ω0.

We introduce the backward characteristics Y : R2 × R+ −→ R2 by the formula
Y (X(t, ξ), t) = ξ. The physical interpretation of Y (x, t) is the position at time 0 of a
material particle lying in x at time t and moving at speed u. The derivative of this



4 M. CIALLELLA, AND T. MILCENT

Y (x, t) = ξ

x = X(t, ξ)

n(x, t)

Initial configuration Ω0 Deformed configuration Ωt

Fig. 1: Forward and backward characteristics.

relation with respect to t and ξ in turn gives with (2.1)

(2.2) ∂tY + (u · ∇x)Y = 0, Y (x, 0) = x, x ∈ Ωt,

and

(2.3) [∇ξX(t, ξ)] = [∇xY (x, t)]−1, for x = X(t, ξ).

The relation (2.2) is the Eulerian equivalent of the characteristic equation (2.1). In
addition, equation (2.3) allows to compute the gradient of the deformation in the
Eulerian frame via Y . The next sections are devoted to the description of the math-
ematical model used to treat the membrane elastic deformations with the backward
characteristics Y . To simplify the notation, we drop the subscript of the operator ∇x.

2.2. Hyperelastic membrane models. The notations and results summarized
in this section are detailed in [34] for the general three-dimensional model. We consider
a surface Γt = {x ∈ R2 / ϕ(x, t) = 0} captured by a level set function ϕ : R2×R+ −→
R and advected by the Eulerian velocity field u:

(2.4) ∂tϕ+ u · ∇ϕ = 0.

The normal n(x, t) for x ∈ Γt is then expressed in terms of the normalized gradient
of the level set:

(2.5) n(x, t) =
∇ϕ(x, t)
|∇ϕ(x, t)|

.

To measure the deformations on the surface Γt we introduce the tensor

(2.6) A = B − (Bn)⊗ (Bn)

(Bn) · n
.

where B = [∇Y ]−1[∇Y ]−T is the left Cauchy-Green tensor. Tensor A measures the
surface deformations by projecting the deformations (measured by B) on the surface



SEMI-IMPLICIT EULERIAN METHOD FOR FLUID-STRUCTURE INTERACTION 5

Γt (represented locally by n). The vector n is an eigenvector of A associated to the
eigenvalue 0 so det(A) = 0. In two dimensions, the other invariant (the trace) is used
to define

(2.7) Z =
√
Tr(A).

Following the same approach in [34], it is possible to prove that Z measures the local
area variation for two-dimensional problems (see Appendix A for the proof).

Remark 2.1. Using the backward characteristics Y , rather than only the level-set
ϕ as in [7], allows us to have the deformations that can also be used to measure the
shear variation for tree-dimensional membranes. Indeed, the transport equation for
the level-set function only records information on the surface area variations, and
ignores any tangential component of u. This is due to the fact that ∇ϕ is normal to
the interface.

In order to compute the elastic force, we then introduce the regularized membrane
energy,

(2.8) E =

∫
Q

E(Z)
1

ε
ζ

(
ϕ

ε

)
dx.

Here Q is a box containing the membrane, E(Z) is the constitutive law, ε the width
of the interface and ζ is a cut-off function used to spread the interface near {ϕ = 0}.
The associated force, computed with the principle of virtual power, is given by

(2.9) F = div (σ) δε(ϕ), where σ = E′(Z)Z(I− n⊗ n)

where

δε(ϕ) =
1

ε
ζ

(
ϕ

ε

)
is introduced to simplify the notation.
The Evan-Skalak constitutive law is used in this article:

(2.10) E′(Z) = K(Z − 1),

where K is the elastic modulus of the membrane.

2.3. Fluid-structure interaction model. The elastic membrane is immersed
in a incompressible fluid modeled by the Navier-Stokes equations. The overall fully
Eulerian model is given by

(2.11)


ρ(∂tu+ (u · ∇)u) +∇p− div(2µD(u)) = F (ϕ, Y ),

div(u) = 0,

∂tϕ+ u · ∇ϕ = 0,

∂tY + (u · ∇)Y = 0,

where u is the fluid velocity, D(u) = ([∇u] + [∇u]T )/2 the strain rate tensor, ρ the
density, p the pressure and µ the viscosity. Different values of density and viscosity,
outside (1) and inside (2) the membrane, are taken into account by defining

ρ = H
(
ϕ

ε

)
ρ1 +

(
1−H

(
ϕ

ε

))
ρ2, µ = H

(
ϕ

ε

)
µ1 +

(
1−H

(
ϕ

ε

))
µ2,
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where H represents a smooth Heaviside function. The membrane force F is given by
(2.9). These equations are completed with appropriate initial and boundary condi-
tions that will be detailed in the numerical validation section.

The fluid-structure problem is governed by two parameters, the Reynolds number
Re and the capillary number Ca, that can be recovered by rewriting the momentum
equation in a non-dimensional form. Therefore, we introduce the reference variables
φ∗ and the non-dimensional variables φ̄, which give the following operators and phys-
ical variables:

ρ = ρ∗ ρ̄, u = u∗ ū, p = p∗ p̄, µ = µ∗ µ̄, F =
K∗

(L∗)2
F̄ , ∇ =

∇̄
L∗ .

By replacing all variables with their counterpart, and taking p∗ = µ∗u∗/L∗, the non-
dimensional momentum equation reads,

(2.12) Re
[
ρ̄
(
∂tū+ (ū · ∇̄)ū

)]
+ ∇̄p̄− div(µ̄([∇̄ū] + [∇̄ū]T )) = 1

Ca
F̄ ,

where Re = ρ∗u∗L∗/µ∗, and Ca = µ∗u∗/K∗.

2.4. Reinitialization and extrapolation. It is a well-known problem that the
level-set field ϕ stops being a signed distance function after its time evolution with
the associated advection equation. In this work, for its reinitialization, we follow the
idea proposed in [36] and solve for a fictitious time τ

(2.13) ∂τϕ+ sgn(ϕ0)(|∇ϕ| − 1) = 0.

Moreover, as discussed in [12, 4] also the backward characteristics Y can get extremely
distorted with time. Being the elastic force computed by means of Y and ϕ, if not
treated, these distortions are likely to cause spurious disturbances close to the fluid-
structure interface.
To summarize previous works on this topic, we perform the linear extrapolation pro-
posed in [3] for the outer characteristics, i.e. ϕ > 0,

∂τYn +H
(
ϕ

ε

)
(n · Yn) = 0, with Yn = n · ∇Y,(2.14)

∂τY +H
(
ϕ

ε

)
(n · Y − Yn) = 0.(2.15)

3. Stability analysis for a simplified one-dimensional model. In this sec-
tion, we recall recent stability results in the context of explicit and implicit coupling for
a simplified model, and we introduce the new semi-implicit approach in this frame-
work. We consider here the same linearization and assumptions taken for similar
models [5, 20]. To summarize we set ρ = 1 and we decompose the solution as the
small perturbation of a stationary solution (u0, Y0) = (0, x).
By avoiding the treatment of nonlinear terms we end up with the following linearized
one-dimensional model:

(3.1)


∂u

∂t
− µ

∂2u

∂x2
= −K

ε

∂2Y

∂x2
,

∂Y

∂t
+ u = 0.
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Here we recall the stability conditions for such models when using a classical explicit
coupling similarly to what was introduced in [5]. For simplicity we consider a classical
centered discretization of second order derivatives, with grid size ∆x, with an implicit
treatment for the viscous term:

(3.2)


un+1
j − unj

∆t
− µ

un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2
= −K

ε

Y n
j+1 − 2Y n

j + Y n
j−1

(∆x)2
,

Y n+1
j − Y n

j

∆t
+ un+1

j = 0.

For this system, the stability condition was proven in [5] to be

(3.3) ∆t <
µε+max(µε,

√
Kε∆x)

K
.

Instead, when treating implicitly the elastic term, the discretized system reads:

(3.4)


un+1
j − unj

∆t
− µ

un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2
= −K

ε

Y n+1
j+1 − 2Y n+1

j + Y n+1
j−1

(∆x)2
,

Y n+1
j − Y n

j

∆t
+ un+1

j = 0.

Once again in [5], this system was proven to be unconditionally stable. However, for
real applications, this scheme is very cumbersome to design and implement due to the
full fluid-structure Navier-Stokes system with nonlinear source term and advection
equations.
For this reason, following the same motivation of [8], we introduce and study the
stability analysis of the new semi-implicit scheme in this simplified framework. The
new approach developed for the full nonlinear model is described in Section 4.2.

We start by introducing an auxiliary variable Ỹ for the implicit elastic term,

(3.5)


un+1
j − unj

∆t
− µ

un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2
= −K

ε

Ỹ n+1
j+1 − 2Ỹ n+1

j + Ỹ n+1
j−1

(∆x)2
,

Y n+1
j − Y n

j

∆t
+ un+1

j = 0.

For the simplified model, writing an evolution equation on the stress tensor, dis-
cretized in a semi-implicit manner, entails that Ỹ n+1

j = Y n
j −∆tun+1

j . This gives us
an explicit part and an implicit one that depends on the second order derivatives of
u,

Ỹ n+1
j+1 − 2Ỹ n+1

j + Ỹ n+1
j−1

(∆x)2
=
Y n
j+1 − 2Y n

j + Y n
j−1

(∆x)2
−∆t

un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2
.

When introducing the previous relation in System (3.5), the overall system reads

(3.6)
un+1
j − unj

∆t
−
(
µ+∆t

K

ε

)
un+1
j+1 − 2un+1

j + un+1
j−1

(∆x)2
= −K

ε

Y n
j+1 − 2Y n

j + Y n
j−1

(∆x)2
,

Y n+1
j − Y n

j

∆t
+ un+1

j = 0.
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It should be noticed that this approach reduces to solving a PDE similar to the
one arising from the explicit discretization, but with an additional consistent viscosity
term ∆tKε that depends on the time step and the elastic parameter of the structure.

Proposition 3.1. The semi-implicit scheme (3.6) is unconditionally stable.

Proof. With the assumption of periodic boundary conditions we perform a Von-
Neumann stability analysis. Therefore, we decompose the solution (u, Y ) as Fourier
expansions of the grid values,

un
j = ûn(k)e2iπkj∆x, Y n

j = Ŷ n(k)e2iπkj∆x θ:=2πk∆x−−−−−−→ un
j = ûn(θ)eijθ, Y n

j = Ŷ n(θ)eijθ.

We then obtain from (3.6)
ûn+1(θ)

[
1 + 4

∆t

(∆x)2

(
µ+∆t

K

ε

)
sin2

(
θ

2

)]
= ûn(θ) + Ŷ n(θ)

[
4

∆t

(∆x)2
K

ε
sin2

(
θ

2

)]
,

∆tûn+1(θ) + Ŷ n+1(θ) = Ŷ n(θ).

By setting

αθ = 1 + 4
∆t

(∆x)2

(
µ+∆t

K

ε

)
sin2

(
θ

2

)
, βθ = 4

∆t

(∆x)2
K

ε
sin2

(
θ

2

)
,

we can recast the system in matrix form(
αθ 0
∆t 1

)
︸ ︷︷ ︸

Aθ

(
un+1(θ)

Ŷ n+1(θ)

)
=

(
1 βθ
0 1

)
︸ ︷︷ ︸

Bθ

(
un(θ)

Ŷ n(θ)

)
.

The eigenvalues λ1 and λ2 are the solution of the characteristic polynomial
det(A−1

θ Bθ − λI) = 0, which is

det

(
1
αθ

− λ βθ

αθ

−∆t
αθ

1−∆t βθ

αθ
− λ

)
= αθλ

2 − λ(1 + αθ −∆tβθ) + 1 = 0,

whose invariants are

λ1λ2 =
1

αθ
< 1, λ1 + λ2 =

1 + αθ −∆tβθ
αθ

> 0.

If (λ1 + λ2)
2 < 4λ1λ2, the eigenvalues are complex conjugates, and their modulus is

always less than 1. If (λ1+λ2)
2 > 4λ1λ2, the eigenvalues are real and always positive.

In particular,

λ1 =
1 + αθ −∆tβθ +

√
(1 + αθ −∆tβθ)2 − 4αθ

2αθ

≤
1 + αθ +

√
(1 + αθ)2 − 4αθ

2αθ
= 1,

which proves that the spectral radius of A−1
θ Bθ is always less than one.

Remark 3.2 (Stability of the fully nonlinear semi-implicit schemes). Observe that
the above stability condition has been proven for a linear simplified one-dimensional
model and it cannot be generally applied to the fully nonlinear fluid-structure prob-
lem. In particular, for realistic applications, a relaxation of the time step restriction
is experienced thanks to the additional dissipation added depending on the local de-
formation of the media.
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Fig. 2: Staggered grid with position of unknowns. ■: scalar field (p, ρ, Y , ϕ). ▶:
vector field – component along x. ▲: vector field – component along y.

4. Numerical schemes. In this section we present how to develop both explicit
and semi-implicit couplings for the full nonlinear model.

4.1. Explicit method. In general, The equations (2.11) are discretized with
finite volume schemes on a staggered grid (see Figure 4.1 for a two-dimensional con-
figuration). It should be noticed that the force term F (ϕ, Y ) is here written as the
divergence of a stress tensor multiplied by a cut-off function.

Let ∆t be the time step and un, pn, ϕn, Y n, ρn, µn the time discretization of the
variables at tn = n∆t. The discretization is given by the projection method (see [22]
for an overview on projection methods) for the Navier Stokes equations and an explicit
scheme for the advection equations for the interface and backward characteristics:

Step 1 : ρn
(
u⋆ − un

∆t
+ div(un ⊗ u⋆)

)
+∇pn(4.1)

− div(2µnD(u⋆)) = δε(ϕ
n) div(σn),

Step 2 : div

(
∆t

ρn
∇ψn+1

)
= div(u⋆),(4.2)

Step 3 : un+1 = u⋆ − ∆t

ρn
∇ψn+1, pn+1 = pn + ψn+1,(4.3)

Step 4 :
ϕn+1 − ϕn

∆t
+ un+1 · ∇ϕn = 0,

Y n+1 − Y n

∆t
+ (un+1 · ∇)Y n = 0.(4.4)

In Step 1 (4.1) a prediction of the velocity u⋆ is computed with an Euler implicit
scheme for the viscous term, and an explicit treatment of the elastic source term σn.
The convection term is treated following a semi-implicit approach, with a standard
second-order discretization. In Step 2 (4.2), the Poisson equation for the pressure
increment ψn+1 is solved with appropriate boundary conditions [22]. The resulting
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linear systems are solved with the GMRES algorithm of the HYPRE library [15, 14]
with preconditioning. In Step 3 (4.3) the velocity is corrected to enforce the incom-
pressibility condition and the pressure is updated. In Step 4 (4.4) the transport equa-
tions are discretized with an explicit Runge-Kutta3 scheme in time and a WENO5 [27]
scheme in space for ϕ and Y .

For the cut-off function, we considered the following expression:

(4.5) ζ(r) =

{
1
2 (1 + cos(πr)), on [−1, 1]

0, elsewhere.

In our simulations ε is fixed at 2∆x which is the standard value used in the literature
to spread the interface.

4.2. Semi-implicit method. In the context of fluid-structure interaction prob-
lems, a classical explicit treatment of the elastic source term introduces very strict
time step restrictions, especially when the structure is stiff. This restriction leads
to long and cumbersome simulations, particularly when working with incompressible
flows for which long times are needed to simulate realistic configurations, and the
speed of elastic waves is much faster than the fluid speed.

For such problems, a good approximation of the time step is given by the surface
tension condition introduced in [6], which limits the time step to ∼

√
ρ∆x3/K. Al-

though capturing properly all elastic waves becomes crucial for compressible materials
in which transients are under study [10], in incompressible simulations one is more
interested in the long-time dynamics of deformable structures. For instance when
dealing with very stiff structures, the admissible time step will be extremely low even
if the structure will not deform that much.

For this reason here we present the new semi-implicit method for thin elastic
membranes, following the approach introduced in Section 3 for which it was possible
to prove unconditional stability in a simplified framework. The general idea consists
in writing the evolution equation of the stress tensor, and then discretizing it in a
semi-implicit way with respect to the Eulerian velocity u. Therefore, we introduce
here an evolution equation for the nonlinear membrane stress tensor σ defined in (2.9).

Proposition 4.1. Under the smoothness assumption made on u, the membrane
stress tensor σ verifies

∂tσ+u · ∇σ = (f ′(Z)Z[∇u] : C) C+
f(Z)

(
[∇u]T (n⊗ n) + (n⊗ n)[∇u]− 2([∇u]n · n)(n⊗ n)

)
.(4.6)

where we defined f(Z) = E′(Z)Z, and C = I− n⊗ n.

Proof. See Appendix B.

In order to develop the new method for the full model, we start by replacing the
explicit term σn by σ⋆, within the prediction step (4.1),

(4.7) ρn
(
u⋆ − un

∆t
+ div(un ⊗ u⋆)

)
+∇pn − div(2µnD(u⋆)) = δε(ϕ

n) div(σ⋆).

Once one has obtained the evolution equation for σ (4.6), we discretize it in a semi-
implicit way for all the terms that depend on u as,

σ⋆ − σn

∆t
+ (u⋆ · ∇)σn = T (Zn,∇u⋆, n) + f(Zn)

(
[∇u⋆]T (n⊗ n) + (n⊗ n)[∇u⋆]

)(4.8)
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where

T (Zn,∇u⋆, n) = (f ′(Zn)Zn[∇u⋆] : C) C − 2f(Zn)([∇u⋆]n · n)(n⊗ n).

When replacing Equation (4.8) into (4.7) the fluid-structure momentum equation
becomes

ρn
(
u⋆ − un

∆t
+ div(un ⊗ u⋆)

)
+∇pn + δε(ϕ

n)∆tdiv

[
(u⋆ · ∇)σn − T (Zn,∇u⋆, n)

]
+

(4.9)

div

[(
µnI+ δε(ϕ

n)∆tf(Zn)(n⊗ n)

)
[∇u⋆] + [∇u⋆]T

(
µnI+ δε(ϕ

n)∆tf(Zn)(n⊗ n)

)]
= δε(ϕ

n) div (σn) .

It should be noticed that the consistent terms coming from the evolution equation of
σ add some viscosity to the classical one. Moreover, the considered elastic model also
gives additional viscosity terms appearing in the T term of (4.9). All these additional
discretized terms depend on the time step ∆t, the geometric features of the membrane
described by n, and its area variation measured by Z. These new viscosity terms differ
significantly from 2µD(u) because µ is scalar, while the new terms, like f(Zn)(n⊗n),
are matrices. For this reason they are going to be referred to as tensorial viscosity
terms.

Remark 4.2 (Computational costs of the semi-implicit method). It should be no-
ticed that the resolution of the momentum equation for the explicit scheme already
deals with a linear system to treat implicitly and semi-implicitly the strain rate tensor
and the advection term, respectively. Therefore, the additional computational cost
needed to perform the semi-implicit computations is given by adding the tensorial
viscosity terms to the linear system. As shown in Appendix C a wider stencil is
needed with respect to the classical viscous terms. These differences do not impact
the costs that much also because only those elements around the zero level-set require
the tensorial viscosity, meaning when δε(ϕ

n) ̸= 0.

5. Manufactured solution. For validation purposes in this section we analyze
the convergence properties of the semi-implicit terms, discussed in Section 4.2, dis-
cretized with standard second-order accurate formulas. In Appendix C we give further
details on how to discretize these operators.

The following equation is solved

10u+ div
(
(u · ∇)M −M [∇u]− [∇u]TM − ([∇u] :M)M

)
= S,

which reduces to solving a linear system M̃uh = S in a square domain [0, 1] × [0, 1],
where S is computed by following the method of manufactured solutions and consid-
ering the exact solution

(5.1) u =

[
sin (πx) sin (πy)
sin (πx) sin (πy)

]
with M =

[
1 + sin (πxy) 1 + sin (πxy)
1 + sin (πxy) 1 + sin (πxy)

]
.

Remark 5.1 (Manufactured solution). It should be noticed that an additional
term 10u is added to the diagonal because solving only the semi-implicit operators
gives rise to an ill-conditioned linear system which is never considered in practical
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Fig. 3: Validation: convergence analysis with the discretized semi-implicit operators.
uh and uex represent the numerical and exact solution, respectively.

applications. As a matter of fact, when solving the Navier-Stokes equation, we always
have some additional terms to the diagonal given by the advection and diffusion parts
of the system. This allows us to study the convergence of the discretized operators
without having conditioning issues.

In Figure 5.1 the discretization error is computed with a L2 norm on a set of nested
meshes: 20 × 20, 40 × 40, 80 × 80, 160 × 160, 320 × 320. The convergence analysis
shows that the discretized operators needed to design the semi-implicit scheme are
indeed second-order accurate.

6. Numerical experiments. In this section, we study the effectiveness of the
proposed scheme by comparing it to the original explicit one for a thin membrane
immersed in a simple shear flow. The simulation is setup by considering a membrane
of radius a = 0.5 immersed within a computational domain [−4, 4]×[−2, 2] discretized
with uniform Cartesian meshes. From (2.12) the dimensionless parameters are modi-
fied by taking the reference speed equal to aγ̇, and read

(6.1) Re =
ρa2γ̇

µ
= 0.1, Ca =

µaγ̇

K
,

where the capillary number Ca, is modified according to the configuration chosen.
For all cases, ρ = ρ1 = ρ2 and the angular speed γ̇ are both set equal to 1. From
the non-dimensional momentum Equation (2.12) it is possible to notice that when
Ca tends to zero, the elastic source term becomes stiff. This also relates to what
happens when dealing with low Mach flows or materials with the compressible Euler
equations [1, 2, 46]. For these experiments, four capillary numbers are considered:
0.02, 0.01, 0.008 and 0.001. It should be noticed that when dealing with Ca = 0.001,
the explicit scheme no longer provide any physical result (when taking µ2/µ1 = 1) due
to the stiff nature of the system, and therefore no comparison can be done with the
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Fig. 4: Membrane in simple shear flow: initial and final configurations for soft mem-
branes.

new semi-implicit method. Therefore, we take the viscosity ratio equal to 10 for the
stiffest membrane to perform an adequate comparison, and 1 for the others. This also
shows the ability of the method to deal easily with a viscosity ratio that may differ
from one, as it may be essential for practical applications [19]. The initial conditions
are given by

(6.2) u0(x, y) =

[
γ̇y
0

]
, ϕ0(x, y) =

√
x2 + y2 − a, Y0(x, y) =

[
x
y

]
,

to impose the linear shear velocity field, a circular membrane, and no pre-deformation
on the initial configuration. We set Neumann boundary conditions on the left and on
the right of the domain, and moving wall at the top and at the bottom.
When a thin membrane is immersed into a shear flow, it starts elongating in the direc-
tion of the velocity vectors until it reaches a steady state position in which its shape
no longer changes but its dynamics is still evolving. Indeed, in this configuration,
the velocity vectors are perfectly tangent to the membrane and there is a constant
stress applied on it, which makes it rotating around itself: this phenomenon is called
tank-treading [28]. An overview of the initial and final position of the membrane for
this experiment is shown in Figure 6.1. To compare properly the final shapes of the
membrane, the reference time to stop the simulation is set for all cases equal to 1.5,
which was observed to be enough reach the configuration described above.

As mentioned before, we are interested in studying the dynamics of the mem-
brane when the new semi-implicit scheme is used, and specifically how the additional
viscosity influences the computational cost and the quality of the solution when com-
pared to the original explicit scheme. In particular, we focus on the simulation of
the tank-treading phenomenon by changing the stiffness coefficient of the structure,
ranging from a soft membrane to a very stiff one, and performing a grid refinement
study to analyze its influence.

In Table 6.1 we present the ∆t needed to perform several experiments with vary-
ing capillary number, from the softest to the stiffest, on a set of three nested uniform
meshes 128 × 64, 256 × 128, and 512 × 256. It can be noticed that in all cases the
semi-implicit method provides higher maximum time steps, proving also numerically
speaking that the additional dissipation introduces consistent viscosity where it is
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Table 1: Membrane in simple shear flow: comparisons between explicit (EX) and
semi-implicit (SI) schemes in terms of maximum ∆t to reach a final time tf = 1.5.

Ca = 0.001 Ca = 0.008 Ca = 0.01 Ca = 0.02

Nx ×Ny EX SI EX SI EX SI EX SI

128× 64 6.0 10−3 6.0 10−2 2.5 10−2 1.0 10−1 3.0 10−2 1.0 10−1 5.0 10−2 1.5 10−1

256× 128 1.0 10−3 2.5 10−2 1.0 10−2 8.5 10−2 1.5 10−2 9.5 10−2 2.5 10−2 1.0 10−1

512× 256 2.0 10−4 5.0 10−3 6.0 10−3 6.0 10−2 5.0 10−3 5.0 10−2 1.0 10−2 7.5 10−2

Table 2: Membrane in simple shear flow: time step ratio ∆tSI/∆tEX with data taken
from Table 6.1.

Ca = 0.001 Ca = 0.008 Ca = 0.01 Ca = 0.02

Nx ×Ny ∆tSI/∆tEX

128× 64 10 4 3.33 3

256× 128 25 8.5 6.33 4

512× 256 25 10 10 7.5

needed allowing us to use larger time steps. Moreover, the new method provides
larger time steps when stiffer structures are under study, which is extremely promis-
ing especially for real applications. We believe that this numerical behavior can be
explained by considering that when dealing with stiffer structure the elastic waves
seem to become less relevant to capture the general dynamics of the problem. This
entails larger time steps for stiff structures that do not deform that much, for which
the CFL condition given by the elastic waves is very strict. Instead, since the defor-
mations are more important for softer membranes, smaller time step ratios seem to
be crucial to have good predictions.

The mesh refinement analysis also provides interesting results regarding the effect
of the new method when refining the mesh. In particular, it is observed that a larger
gain in terms of speedup is experienced on finer grids with respect to coarser grids,
which is very promising also in view of the future development of the method for
three-dimensional models. Table 6.2 shows the ratio between the semi-implicit time
step ∆tSI and the explicit time step ∆tEX , showing its observed increasing trend
when using finer grids and stiffer membranes.

The increased dissipation experienced for softer structures can also be observed
when studying the membrane final shape once the final time is reached. In the follow-
ing, we discuss the effect of the numerical scheme on the physics of the problem, which
is extremely important to understand if the maximum admissible time steps given in
Table 6.1 are enough to provide a good approximated solution. For this reason, we
perform a set of numerical simulations and compare the final shape obtained through
the original explicit scheme with those simulated with the semi-implicit scheme. More-
over, to investigate further the impact of the time step on the diffusion we compare
the explicit result with a set of three simulations, for each problem, for which the time
step has been adapted ranging from the explicit upper bound to the semi-implicit one.
For all cases, the semi-implicit simulations are run with larger time steps with respect
to the explicit one. For instance, in Figure 6.2 where we show the numerical results
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Fig. 5: Membrane in simple shear flow: final configuration on the finest mesh for
Ca = 0.02 with both explicit (EX) and semi-implicit (SI) methods. For the solution
computed with the explicit method, the maximum ∆t shown in Table 6.1 is taken.
For the semi-implicit method, a set of three simulations have been performed with ∆t
ranging from the explicit bound to semi-implicit one shown in Table 6.1.

for the softest membrane Ca = 0.02 on the finest grid, we compare the zero level-set
of the membrane obtained with the explicit method with ∆t = 1.0 10−2 to the same
curve given by the semi-implicit scheme run with ∆t = 2.5 10−2, 5.0 10−2, 7.5 10−2.
For all experiments we perform the same study and show the results on the finest grid.
As expected since the proposed scheme is consistent we obtain that all shapes follow
the trace of the explicit one. For the very soft membrane shown in Figure 6.2 we
experience a greater difference in the local error with respect to the explicit solution
which increases for larger time steps. It is observed that, when deformations are im-
portant, damping the elastic waves with the tensorial viscosity terms comes with less
accurate solutions. Moreover, we conclude that for soft structures CFL restrictions
are not that important, and therefore the use of more sophisticated methods is not
needed.

Indeed, it is well-known that stricter restrictions occur for stiffer structures, and
it is for those applications that an implicit or semi-implicit approach is crucial. In
Figure 6.3, two intermediate test cases are considered with lower capillary numbers
to study the effect of the new scheme in these configurations. For simplicity, the
experiments performed with Ca = 0.01 and Ca = 0.008 will be discussed together
due to similarities in the final shapes, but also for the maximum ∆t and gains shown
in Tables 6.1 and 6.2. For both cases, the semi-implicit scheme introduces much less
dissipation giving a final shape of the membrane that is much closer to the reference
one with a higher speedup ∆tSI/∆tEX , especially when compared to the results
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Fig. 6: Membrane in simple shear flow: final configuration on the fine mesh for
Ca = 0.01, 0.008 with both explicit (EX) and semi-implicit (SI) methods. For the
solution computed with the explicit method, the maximum ∆t shown in Table 6.1 is
taken. For the semi-implicit method, a set of three simulations have been performed
with ∆t ranging from the explicit bound to semi-implicit one shown in Table 6.1.

observed in Figure 6.2. In particular, in this case a speedup of 10 is observed on
the finest mesh. As expected from previous results and assumptions, the best results
are obtained for the stiffest membrane simulated with Ca = 0.001. Figure 6.4 shows
that all semi-implicit results with higher time step are almost superimposed on the
reference shape computed with ∆t = 2.0 10−4. In particular, for this experiment, we
observe a speedup of 10 on the coarse mesh and 25 on the fine one that translates into
a dramatic reduction of the computational time which also comes with a very precise
prediction of the membrane shape. Although elastic waves are extremely fast for this
experiment, the additional viscosity seem to be able to dampen them and relax the
time step restriction, still providing a good dynamics of the membrane with almost
no additional costs.

We conclude by pointing out that the proposed approach behaves the best for
the stiffest structure on the finest mesh. This is critical for both real applications
that often concern stiff materials and computational efficiency, which one would like
to improve especially when refining the mesh.

7. Summary and future perspectives. We presented a novel approach for
the construction of semi-implicit schemes for Eulerian models for fluid-structure in-
teraction. This approach is very interesting for the simulation of incompressible flows
in which the speed of elastic waves is much higher than that of the fluid causing the
need of using extremely low time steps when compared to the simulation time. The
focus of this work was on hyperelastic membranes and on the two-dimensional version
of the model for full membrane elasticity introduced in [34]. The tensorial viscosity
terms provide additional but consistent dissipation that activates only on the few cells
where the membrane interface is spread. This was also demonstrated for a simplified
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Fig. 7: Membrane in simple shear flow: final configuration on the fine mesh for
Ca = 0.001 with both explicit (EX) and semi-implicit (SI) methods. For the solution
computed with the explicit method, the maximum ∆t shown in Table 6.1 is taken.
For the semi-implicit method, a set of three simulations have been performed with ∆t
ranging from the explicit bound to semi-implicit one shown in Table 6.1.

one-dimensional model in Section 3, where this additional term allowed us to prove
that the scheme is unconditionally stable. As shown in Section 4, in the full nonlinear
fluid-structure system these consistent terms appear in the momentum equation (4.9)
and depend on the time step, the stiffness parameter, and the local deformation of the
membrane. In Section 6 a set of numerical experiments is performed for a membrane
immersed in a simple shear flow. It was shown that the dependences mentioned before
influence the performances of the new scheme, which is observed to be more efficient
and accurate for stiffer structures and finer grids. In particular, the numerical method
proposed herein performed best on the experiment with the lowest capillary number
showing a remarkable speedup of 10 on the coarse mesh and 25 on the fine one while
preserving a very good agreement with the reference solution.

The perspectives of this work are several and range from the development of the
method for other hyperelastic models to its application to advance simulations of
biological systems.

Regarding the investigations on the method, in this work we considered the two-
dimensional version of the full membrane model introduced in [34], and future studies
will also focus on the development of the method for the full three-dimensional model.
Following the same reasoning, new evolution equations will be written to take into
account the modeling of shear variation. Therefore, this will introduce viscosity terms
that depend on both the area and shear variation. Other models will also be considered
to study the effect of this approach on surface tension (special case of the membrane
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model with area variation) and, anisotropic elastic bodies [9].
About the possible applications, the proposed method is very promising for the

simulation of biological capsules and red blood cells (RBCs), modelled as thin mem-
branes characterized by shear effects, and their interaction with complex geome-
tries [24, 23].

Appendix A. Z is the local area variation.
In this appendix, we prove that Z introduced in (2.7) measures the local area

variation as it was firstly introduced in [7]. In particular, in [7] it was proven that for
incompressible media the gradient of the level-set |∇ϕ| transports information about
the local area variation. Afterwards, in [34] a new theory was introduced with the
goal of having a single formulation (for both compressible and incompressible media)
to deal with both area and shear variations. For this reason, two parameters have
been introduced for three-dimensional membranes as functions only of the backward
characteristics Y .

Here, we prove that to capture the area variation for two-dimensional membranes
a different parameter is needed with respect to [34], and we also show how to relate
it to the theory introduced in [7].

Proposition A.1. Given that J = det(∇ξX) = det(∇Y )−1 is the volume ratio,
different than one for general compressible media,

(A.1) Z = J
|∇ϕ|

|∇ϕ0(Y )|
.

Proof. The local area variation defined in (2.7) is measured by

(A.2) Z =
√
Tr(A).

When using definition (2.6), we can write

Tr(A) = Tr(B)− Tr((Bn)⊗ (Bn))

(Bn) · n
=

((Tr(B)B −B2)n) · n
(Bn) · n

=
det(B)

(Bn) · n
,(A.3)

where, for B ∈ M2(R), the Cayley-Hamilton theorem B2−Tr(B)B+det(B)I = 0
was used in the last step.
With Equation (2.5), and ∇ϕ = [∇Y ]T∇ϕ0(Y ), we can write

(Bn) · n =

(
[∇Y ]−1[∇Y ]−T ∇ϕ

|∇ϕ|

)
· ∇ϕ
|∇ϕ|

=

∣∣∣∣[∇Y ]−T ∇ϕ
|∇ϕ|

∣∣∣∣2 =
|∇ϕ0(Y )|2

|∇ϕ|2
.(A.4)

With the relation det(B) = J2 and (A.4), Equation (A.2) reduces to (A.1).

Remark A.2 (Volume ratio). It should be noticed that Equation (A.2) measures
the area variation for both compressible and incompressible flows. In particular, for
incompressible flows, J is exactly equal to one and Z = |∇ϕ|/|∇ϕ0(Y )| as it was
introduced in [7].

Appendix B. Proof of Proposition 4.1.

Proof. By performing the derivative in time of σ we obtain

(B.1) ∂tσ = ∂tf(Z) C + f(Z)∂tC.
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We first focus on the equation related to f(Z). Considering the time derivative of
f(Z) gives us

(B.2) ∂tf(Z) + u · ∇f(Z) = f ′(Z)Z [∇u] : C,

where the last step is obtained with the equation on Z taken from [34], recalled here

(B.3) ∂tZ + u · ∇Z = Z [∇u] : C.

To compute the equation on C, an equation on n is needed. The evolution of n is
computed by deriving Equation (2.5) as follows

∂tn =
1

|∇ϕ|

[
∂t(∇ϕ)−

(
∂t(∇ϕ) ·

∇ϕ
|∇ϕ|

)
∇ϕ
|∇ϕ|

]
.

This relation together with the evolution equation on the gradient of ϕ (2.6)

∂t(∇ϕ) + u · ∇(∇ϕ) = −[∇u]T∇ϕ,

gives us

(B.4) ∂tn+ u · ∇n = −[∇u]Tn+ (([∇u]n) · n)n.

With the identities (Ab) ⊗ c = A(b ⊗ c) and b ⊗ (Ac) = (b ⊗ c)AT , it is possible to
write the equation on C, which reads

(B.5) ∂tC + u · ∇C = [∇u]T (n⊗ n) + (n⊗ n)[∇u]− 2(([∇u]n) · n)(n⊗ n).

Using (B.5) and (B.2) in (B.1) we get the evolution equation (4.6) stated in the
proposition.

Appendix C. Discretization of semi-implicit operators.
In this appendix, we briefly describe how we discretize the semi-implicit operators

for the staggered mesh framework used by the incompressible Navier-Stokes solver.
In particular, for a two-dimensional problem, up to 16 terms need to be discretized:
∂i(m∂juk), with i, j, k = x, y, for both ux and uy located on vertical and horizon-
tal faces, respectively (see Figure 4.1). Indeed, since the position of the x− and
y−components of a vector field are located in different points the discretization of the
same operator on one direction is going to be different to that on the other direction.
For compactness, here we do not present the discretization of all terms but, we mainly
focus on few of them to give an idea on how to discretize these operators. There are
of course several ways to discretize such terms but as long as they are consistent no
remarkable difference is observed. For simplicity a uniform discretization is consid-
ered, meaning that each cell has a ∆x ×∆y area. To simplify the notation, only in
this appendix we take the following abuse of notation: u = ux and v = uy.

For both components, we discretize two trivial operators and a third trickier one.
For the x−direction (on vertical faces) we consider the discretization of ∂x(m∂xu),
∂y(m∂yu), and ∂y(m∂yv):

∂x(m∂xu)|i−1/2,j =
1

∆x

(
mi,j

ui+1/2,j − ui−1/2,j

∆x
−mi−1,j

ui−1/2,j − ui−3/2,j

∆x

)
,

∂y(m∂yu)|i−1/2,j =
1

∆y

(
m∗

i−1/2,j+1/2

ui−1/2,j+1 − ui−1/2,j

∆y
−m∗

i−1/2,j−1/2

ui−1/2,j − ui−1/2,j−1

∆y

)
,

∂y(m∂yv)|i−1/2,j =
1

∆y

(
m∗

i−1/2,j+1/2

v∗i−1/2,j+1 − v∗i−1/2,j

∆y
−m∗

i−1/2,j−1/2

v∗i−1/2,j − v∗i−1/2,j−1

∆y

)
,
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where (·)∗ identifies an interpolated variable. In this case, we can approximate the
multiplicative factor m as

m∗
i−1/2,j+1/2 =

1

4
(mi,j +mi,j+1 +mi−1,j+1 +mi−1,j),

m∗
i−1/2,j−1/2 =

1

4
(mi,j−1 +mi,j +mi−1,j +mi−1,j−1),

and the velocity component v as

v∗i−1/2,j+1 =
1

4
(vi,j+1/2 + vi,j+3/2 + vi−1,j+3/2 + vi−1,j+1/2),

v∗i−1/2,j =
1

4
(vi,j−1/2 + vi,j+1/2 + vi−1,j+1/2 + vi−1,j−1/2),

v∗i−1/2,j−1 =
1

4
(vi,j−3/2 + vi,j−1/2 + vi−1,j−1/2 + vi−1,j−3/2).

For the y−direction (on horizontal faces) we consider the discretization of ∂y(m∂yv),
∂x(m∂xv), and ∂x(m∂xu):

∂y(m∂yv)|i,j−1/2 =
1

∆y

(
mi,j

vi,j+1/2 − vi,j−1/2

∆y
−mi,j−1

vi,j−1/2 − vi,j−3/2

∆y

)
,

∂x(m∂xv)|i,j−1/2 =
1

∆x

(
m∗

i+1/2,j−1/2

vi+1,j−1/2 − vi,j−1/2

∆x
−m∗

i−1/2,j−1/2

vi,j−1/2 − vi−1,j−1/2

∆x

)
,

∂x(m∂xu)|i,j−1/2 =
1

∆x

(
m∗

i+1/2,j−1/2

u∗i+1,j−1/2 − u∗i,j−1/2

∆x
−m∗

i−1/2,j−1/2

u∗i,j−1/2 − u∗i−1,j−1/2

∆x

)
,

where we can approximate the remaining m term as

m∗
i+1/2,j−1/2 =

1

4
(mi+1,j−1 +mi+1,j +mi,j +mi,j−1),

and the velocity component u as

u∗i+1,j−1/2 =
1

4
(ui+3/2,j−1 + ui+3/2,j + ui+1/2,j + ui+1/2,j−1),

u∗i,j−1/2 =
1

4
(ui+1/2,j−1 + ui+1/2,j + ui−1/2,j + ui−1/2,j−1),

u∗i−1,j−1/2 =
1

4
(ui−1/2,j−1 + ui−1/2,j + ui−3/2,j + ui−3/2,j−1).
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