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MEASURES OF FINITE ENERGY IN PLURIPOTENTIAL THEORY: A
SYNTHETIC APPROACH

SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

To Bo Berndtsson, on the occasion of his 70+¢c-th birthday

ABSTRACT. We introduce a synthetic approach to global pluripotential theory, covering in
particular the case of a compact Kéahler manifold and that of a projective Berkovich space
over a non-Archimedean field. We define and study the space of measures of finite energy,
introduce twisted energy and free energy functionals thereon, and show that coercivity of
these functionals is an open condition with respect to the polarization.
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INTRODUCTION

Pluripotential theory on compact Kéahler spaces is by now a very well developed sub-
ject, with key applications to Kéhler geometry and holomorphic dynamics. Generalizing
classical concepts from potential theory, measures and potentials of finite energy play a
central role in this theory, see for instance [GZ07, BBGZ13, Berm13, [DN15, DGL21]. In
parallel, a non-Archimedean version of pluripotential theory has also emerged, taking place
on projective Berkovich spaces [Berk90] over a (complete) non-Archimedean field. Initially
motivated by Arakelov geometry [Zha95, [Cha06], it has found various other applications,
including degenerations of Calabi—Yau manifolds [Y.Li20] and the Yau-Tian-Donaldson
conjecture [BBJ21 [C.Li22, [BoJ22h).

These two versions of pluripotential theory bear many similarities, and can be formulated
in a quite parallel way. The main purpose of the present article is to introduce a synthetic
formalism covering in particular these two cases, and use it to extend some of the main
results of [BoJ22a] and [BoJ22h] (that were taking place on projective Berkovich spaces
over a trivially valued field, and applied to the study of K-stability). More specifically, we

Date: July 6, 2023.



2 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

e define and study the space of measures of finite energy;

e introduce the twisted energy and free energy functionals on the latter space, whose
composition with the Monge-Ampere operator respectively recover the Donaldson
J-functional and the Mabuchi K-energy in the Kéahler case, and their analogues in
the non-Archimedean case;

e show that coercivity of the free energy is an open condition with respect to the
Kahler class.

The emphasis in this paper is on measures of finite energy, as opposed to potentials of finite
energy, that we do not seek to investigate here (see for instance [BFJI5, [BoJ22al Reb21)
DXZ23| in the non-Archimedean context).

The general setup. Throughout this paper, we work with a compact topological space X
equipped with the following data:

e a dense linear subspace D C C°(X) of test functions, containing all constants;

e a vector space Z of closed (1,1)-forms on X, endowed with a niceﬂ partial order,
and a linear map dd®: D — Z vanishing on constants;

e an integer n > 1 (seen as the ‘dimension’ of X), and a nonzero n-linear symmetric
map taking a tuple (6y,...,6,) in Z to a signed Radon measure 1 A--- A6, on X,
assumed to be positive for all #; > 0, and such that each bilinear form

DxD >R (go,1/1)»—>/g0ddc¢/\91/\---/\9n_1 (0.1)

with 6; € Z is symmetric, and seminegative for 6; > 0.

We then introduce the Bott—Chern cohomology space
Hpc(X) := Z/dd°D,

and define the positive cone Pos(X) C Hpc(X) as the interiOIH of the image of the convex
cone

This setup is primarily inspired by the case of a compact Kéhler manifold X, where D is
the space of smooth functions, and Z the space of closed (1,1)-forms. It also covers the
case of a projective Berkovich space X over a complete non-Archimedean field k, where D
is generated by piecewise linear (or model) functions, and elements of Z are represented by
numerical classes on models over the valuation ring (or test configurations, in the trivially
valued case) [BEJ16al [GM16, [BoJ22a]. At least under reasonable assumptions on X and k,
we then have Hpo(X) = N'(X), and Pos(X) coincides with the ample cone, see

Measures of finite energy. Fix a form w € Z; such that [w] € Pos(X), with volume
Vo = [w™ > 0. The space of w-plurisubharmonic test functions is defined as

D, :={p € D|wy, :=w+dd° > 0},
and the Monge—Ampere operator takes ¢ € D, to the probability measure
MA,(p) :== Vw_lwg.

15ee for the terminology.
2Here we use the finest vector space topology of Hpc(X), see
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It admits a primitive, the Monge—Ampére energy E,: D, — R, explicitly given by
1 & . . )
- J n—j
n+1ZVw /goww/\w .
j=0

Denote by M the space of (Radon) probability measures on X, and define the energy of a
measure i € M as the Legendre transfor

LW%ZWP@A@—/wMEW#wL
»€Dy,

Eu(p) =

Then J,,: M — [0,+00] is convex, and Isc in the weak topology; the space of measures of
finite energy is defined as
M, = {p € M| Ju(n) < oo},
equipped with the strong topology, i.e. the coarsest refinement of the weak topology in which
J. becomes continuous.
As a consequence of the seminegativity of , the functional E,, is concave. This is
equivalent to the non-negativity of the Dirichlet functional

JA%¢%=EAW—ELWY+/W~wﬂMAA@,

which is more explicitly given by the familiar expression
1
Loow) =5 [(o- )t - )
when n = 1, and a positive linear combination of integrals of the form

[t @ - nwlnuf 7 02 <n)

in general, see . Our first main result shows that the Dirichlet functional induces, via
the Monge—Ampere operator, a complete quasi—metricﬂ space structure on M.
Theorem A. Assume that w has the orthogonality property. Then:
(i) the image of the Monge—Ampére operator MA,,: D, — M is a dense subspace of
ML;
(ii) there ewists a unique (continuous) quasi-metric &, on ML that defines the strong
topology of ML and such that

5w(MAw(SD)7 MA, (7/1)) = Jw(‘Pa w)
for all o, € D,y;
(iii) the quasi-metric space (ML, 6,) is complete.
The energy can be expressed in terms of the quasi-metric as
Jw(lu’) = 5w(ﬂa///w) where  p, 1= walwn = MAw(O)

We refer to Definition for the precise definition of the orthogonality property. Suf-
fice it to say here that it only depends on [w] € Pos(X), and holds when X is a com-
pact Kéahler manifold, or any projective Berkovich space X over a non-Archimedean field
(as a consequence of [BE2I, BGM22]). In the former case, Theorem A can be deduced

3This corresponds to EY (1) in the notation of [BBGZI3, [BoJ22al, and to ||u||. in that of [BoJ22H].
AGee for the notion of quasi-metric used in this paper.
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from [BBGZ13, BBEGZ19]; in the latter, it was established in the trivially valued case
in [BoJ22a], and is thus extended here to the case of an arbitrary non-Archimedean ground
field.

The strategy of proof of Theorem A follows the same lines as the trivially case treated
in [BoJ22a]. The first key ingredient is a uniform differentiability property for the Legendre
transform of the convex functional p — J,(n), which is shown to be equivalent to the
orthogonality property. This is used to prove that if (¢;) is a maximizing sequence for a
given p € M}, (i.e. a sequence in D, computing the supremum that defines J,(x)), then
MA, (p;) converges to p.

The rest of the proof relies on an extensive use of Holder estimates for mixed Monge—
Ampere integrals, obtained from repeated applications of the Cauchy—Schwarz inequality
to the seminegative form . This approach, which goes back to [Blo03|] and was further
exploited in [BBGZ13, BBEGZ19, [BoJ22a], is put in a simple general setting in Appendix

Twisted energy, free energy, and coercivity. Assuming from now on the orthogonality
property, we next investigate the dependence on w of the space M(, and the energy functional
Jo: ML — R>p. To this end, we require the submean value property, i.e. the existence of
C € R>q such that

supsos/cpqurC

for all w-psh test functions ¢ € D,. We show that this condition is independent of w,
and that it is equivalent to the irreducibility of X when the latter is a compact Kéhler or
projective Berkovich space (see .

Theorem B. Assume that the submean value property holds. Then:
e the topological space M' = M\ is independent of w;
o for any 0 € Z, there exists a unique continuous functional J°: M' — R such that

d

Jf,(u) = at JertO(,U)
t=0

for any p € M*; furthermore, J% (1) satisfies Hélder estimates with respect to w.

The strategy of proof of Theorem B again globally follows the same lines as the trivially
valued case treated in [BoJ22al BoJ22b]. However, in the latter case the submean value
inequality is actually an equality, i.e. one can take the constant C' above to be 0, while an
extra layer of complication arises in the general case to handle this constant, which forces
us to take a slightly different route.

We call J? (1) the 0-twisted energy of i € M. It provides an analogue of the Donaldson J-
functional on the level of measures, and its relevance comes from its relation to the Mabuchi
K-energy, when X is a compact Kéhler manifold or a smooth projective Berkovich space.
In these two cases, the choice of a (smooth or PL) metric p on the canonical bundle Kx
defines an entropy functional Ent: M — R U {4o00}. In line with [Berm13|, we then define
the free energy F: M — R U {+oc} by setting

Fu (1) := Ent(p) — Ent () + 5 (1),

where 8 € Z denotes the curvature of p. The free energy so defined is independent of
the choice of p, and its composition with the Monge—Ampere operator coincides with the
Mabuchi K-energy My,: D, — R. As a consequence of Theorem B, we then show:
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Theorem C. Assume X is a compact Kdahler manifold or smooth projective Berkovich space
over a non-Archimedean field, and consider the coercivity threshold

o(X,w) :=sup{oc e R|F, >aJ, + A for some A € R}.
Then o(X,w) is a continuous function of [w] € Pos(X).

This result actually holds in much greater generality, for the twisted coercivity threshold
of any given functional on M! (see Theorem [5.5)).

In the trivially valued case, the free energy F (1) coincides with the invariant S, (u)
defined and studied in [BoJ22b], and o(X,w) with the divisorial stability threshold of (X,w),
which is positive iff (X,w) is divisorially stable (a strengthening of uniform K-stability,
conjecturally equivalent to it, cf. . Specializing to the case of Dirac measures p
recovers the notion of valuative stability [DL23| [Liu23], which in the Fano case is equivalent
to K-stability [Fuj19al [Lil7].

In the case of a compact Kéhler manifold, we have o(X,w) > 0 iff [w] contains a unique
constant scalar curvature Kéhler (cscK) metric, as a consequence of [CC21] and [DaR17,
BDL20]. Theorem C thus recovers the fact, originally due to LeBrun-Simanca [L.S94], that
the existence of a unique cscK metric in a Kahler class is an open condition on that class.

Structure of the paper. The article is organized as follows.

e Section (1] introduces the synthetic pluripotential theoretic formalism, including the
energy pairing and the submean value property, and establishes basic properties of
the Dirichlet functional.

e Section [2] studies the space of measures of finite energy. It introduces the orthogo-
nality property, and proves Theorem A (cf. .

e Assuming the submean value property, Section [3] establishes the first part of Theo-
rem B, along with various further estimates for the energy.

e Section[d]is devoted to the twisted energy, which is proved to compute the directional
derivatives of the energy, concluding the proof of Theorem B.

e Section |5| studies the (twisted) coercivity threshold of a functional, and proves that
it depends continuously on the cohomology classes. This is then applied to the free
energy, yielding Theorem C.

e Finally, Appendix A establishes the relevant estimates needed for the Dirichlet func-
tional in a simple general setting, while Appendix B studies the orthogonality prop-
erty on compact Kéahler spaces.
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1. A SYNTHETIC PLURIPOTENTIAL THEORETIC FORMALISM

In this section, we introduce the general setup considered in this paper, which is designed
to cover in a synthetic manner the case of a compact Kéahler space and that of a projective
Berkovich space over a non-Archimedean field.

1.1. Notation and terminology.

e For z,y € R, z Sy or x = O(y) mean in this paper x < Cpy for a constant C,, > 0
only depending on a given integer n fixed in the setup, and x = yif z Sy and y < x.

e Recall that any real vector space V' admits a finest vector space topology, generated
by its finite dimensional subspaces, i.e. a subset A C V' is open (or closed) iff, for each
finite dimensional subspace W C V., AN W is open (resp. closed) in the canonical
vector space topology of W. This topology is not locally convex as soon as the
dimension of V' is uncountable.

e Consider a partially ordered R-vector space (V,>). We shall say for brevity that the
partial order is nice if Vi := {& € V | x > 0} spans V, and is closed in the finest
vector space topology of V.

e In this paper, a quasi-metric on a set Z is a function §: Z x Z — R>( that

— is quasi-symmetric, i.e. there exists C' > 0 such that

C1o(x,y) < 8(y,x) < Cé(=,y);
— satisfies the quasi-triangle inequality, i.e. there exists C' > 0 such that
(z,y) < C(d(z, 2) + 6(z,y))

(or, equivalently, 6(z,y) < C'max{d(z, z),d(z,y)} for some other constant C’ >
0);
— separates points, i.e. 6(x,y) =0 x =y.
Note that ¢ is then also a quasi-metric for any € > 0. A quasi-metric space (Z, )
comes with a Hausdorff topology, and even a uniform structure. In particular,
Cauchy sequences and completeness make sense for (Z,d). Such uniform structures
have a countable basis of entourages, and are thus metrizable, by general theory. In
fact, there exists a metric d on X and A > 0 and constants € > 0 only depending on
C such that the quasi-metric 6 satisfies A716° < d < A6 (see [Fri37, [AIN9S, [PS09],
thanks to Prakhar Gupta for hinting at those references).

1.2. Test functions and closed (1,1)-forms. Throughout this paper, we work with a
compact Hausdorff topological space X. We denote by C°(X)V the space of signed Radon
measures on X, and by

M c CO(X)V

the subset of probability measures, which is convex and compact in the weak topology.
Recall from the introduction that we assume X equipped with the following data:

e a dense linear subspace D C C°(X) of test functions, containing all constants;

e a vector space Z of closed (1,1)-forms on X, endowed with a nice partial order, and
a linear map dd®: D — Z vanishing on constants;

e an integer n > 1 (viewed as the ‘dimension’ of X'), and a nonzero n-linear symmetric
map taking a tuple (0y,...,6,) in Z to a signed Radon measure 6; A--- A6, on X,
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assumed to be positive for all #; > 0, and such that each bilinear form
DxD—=R (o) l—>/gpddc¢/\91/\---/\9n_1

with 6; € Z is symmetric, and seminegative when 6; > 0.

Since Z4 generates Z, symmetry in the last item amounts to the integration-by-parts formula

/@ddchelA"-Aen1:/¢dngDA91A"-A9n1 (1.1)
for all p,v € D and 6; € Z, while seminegativity requires
/ngdC(p/\elA-”/\en_lgo (1.2)

when 0; > 0 for all 4.

Definition 1.1. For any 0 € Z and ¢ € D, we set 0, := 0 4+ dd°p. We say that ¢ is
§-plurisubharmonic (0-psh for short) if 6, > 0, and denote by
Dy:={peD|b,>0}
the space of 0-psh test functions.
For all 6,6 € Z and t € Ry we have

Do + Dyr C Dyrgr, Dip = tDy.

In particular, Dy is a convex subset of D, and
0 <60 = Dy C Dy (1.3)

Since dd® vanishes on constants, we have:
Example 1.2. Constant functions on X are 0-psh iff 6 > 0.

The main two instances of the above setup considered in this paper are as follows.

1.2.1. The Kdhler case. The above formalism is primarily inspired by the case of a compact
Kéhler complex analytic space X. Here n = dim X, D = C*°(X) is the space of smooth
functions on X, and Z is the space of closed (1,1)-forms on X that are locally dd“-exact,
i.e. global sections of the image Z;(’l of the sheaf morphism dd®: C§¥ — Qﬁél (see for in-
stance [Dem85] for the definition of smooth forms in this context). When X is nonsingular,
i.e. a compact Kéhler manifold, Z coincides with the space of closed (1, 1)-forms on X, but
the inclusion might be strict in the singular case.
For all p,9 € D and 6; € Z, the Stokes formula implies

/goddci/)/\@:/wddctp/\@:—/dg@/\d%ﬁ/\@
with © := 61 A --- A 0,1, which yields (L.1) and (1.2)), since the (1,1)-form dp A d°p is

semipositive.

Remark 1.3. More generally, fix a Kdhler form wx on X and assume n < dim X. Recall
that a (1,1)-form o on X is n-semipositive (with respect to wy ) if a® A wgng—i >0 for
i=0,...,n (see [Blo05, [LNI5]). For any n-tuple of n-semipositive (1,1)-forms au, ..., Qn,
we have g N\- - _/\an/\w%mX—n > 0. One thus obtains a setup satisfying the above conditions
by defining Z4 as the convex cone of closed (1,1)-forms that are n-semipositive, and by

associating to a tuple (01,...,0,) in Z the measure 61 A --- A6y A wg(imx_".



8 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

1.2.2. The non-Archimedean case. Assume now that X is a projective Berkovich space over
a non-Archimedean field &, i.e. the Berkovich analytification of a projective k-scheme, of
dimension n = dim X. We then take D to be the R-vector space generated by PL functions,
see [BE21, §5.4].

When k is nontrivially valued, D can be described in terms of vertical divisors on (pro-
jective, flat) models X' of X over the spectrum S of the valuation ring. More precisely, we
have

D~ ligVCar(X)R,
X

where VCar(X)g denotes the R-vector space generated by Cartier divisors on X that are
vertical, i.e. supported on the special fiber. The same description applies in the trivially
valued case as well, if a model is now understood as a test configuration X — S := Al
(see [BHJ17, §6.1], [BoJ22al §2.2]).

In the nontrivially valued case, the space Z is defined by setting

Z = lim NY(X/9), (1.4)
X

where N!(X'/S) denotes the (finite dimensional) vector space of relative numerical classes
(see [BFJ16al, §4.2], [GMI16, §4], the definition being inspired by [BGS95]). A form 6 €
Z is thus represented by a numerical class y € N'(X/S) for some model X, called a
determination of 6, two such classes being identified if they coincide after pulling back
to some higher model, and we write § > 0 if 6y is (relatively) nef for some (hence any)
determination & of 6.

The measure 6 A --- A 0, associated to a tuple of forms 8; € Z is a finite linear combi-
nation of Dirac masses at divisorial points, whose coeflicients can be described in terms of
intersection numbers computed on models.

The linear map dd®: D — Z takes a vertical divisor D € VCar(X')r to its numerical class
in N1(X/S), and the seminegativity condition follows the local Hodge index theorem
of Yuan-Zhang [YZ17, Theorem 2.1].

Again, the same discussion applies to the trivially valued case as well, using test configu-
rations instead of models. In that case, pulling back numerical classes on X to the product
test configuration further yields an injection

NY(X) — Z. (1.5)
Note that only forms lying in N*(X) were considered in [BoJ22al.

Remark 1.4. In the non-Archimedean case, one could also work with smooth functions and
(1,1)-forms in the sense of [CD12] (see also [GK15, [GK17, IGJR21]), but this will not be
considered in the present paper.

Remark 1.5. More generally, test configurations for an arbitrary compact Kdhler manifold
(as in [SD18, [DeR17]) can also be approached using the above formalism. This is the topic
of forthcoming work of Pietro Piccione.

Remark 1.6. Another setting where the above formalism applies is that of tropical toric
pluripotential theory as in [BGJK21].
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1.3. Bott—Chern cohomology and positive classes.

Definition 1.7. We define the Bott—Chern cohomology space as
Hpc(X) := Z/dd“D,
and denote by 0 — [0] the quotient map Z — Hpc(X). The positive cone
Pos(X) C Hpe(X)
is defined as the interior of the image of Z.

Here the interior is taken with respect to the finest vector space topology (see §1.1)).
Concretely, a class a € Hpc(X) belongs to Pos(X) if, for any 8 € Hpc(X), a + tf lies in
the image of Z, for all ¢t € R small enough.

Since it is assumed that Z spans Z, its image in Hgc(X) is a convex cone that generates

Hpc(X). As a consequence, the positive cone Pos(X) is non-empty as soon as Hpc(X) is
finite dimensional.

Remark 1.8. The image Z4 in Hpc(X) is not closed in general. This happens already in
the complex projective case, see [DPS94, Example 1.7].

Since dd® vanishes on R C D, (|1.1) yields
/ddcgo/\ﬁl/\---/\é?n_l _/goddcl/\el/\-”/\@n_l =0

for all p € D and 6; € Z. As aresult, (01,...,6,) — [61A--- A0, descends to a symmetric
n-linear pairing

HBc(X)n — R (al,...,an) = Q1 ... Oy,
which we call the intersection pairing.

Lemma 1.9. For all classes oy, ..., a, € Pos(X) we have ag - ... ay > 0.

Proof. By assumption, the measure 61 A --- A 6, is nonzero for some tuple 64,...,0, € Z.
Since Z, generates Z, we can further assume 6; € Z for all i. Then [01] ... [0,] =
JO1 A ANB, > 0. Now we can find 0 < ¢ < 1 such that «; — €[f;] € Pos(X) for all i, and
hence ap - ... -apn > €™01]-...-[6,] > 0. O

Definition 1.10. For each w € Z4 and 0 € Z we set
10w :=inf{C > 0| +0 < Cw} € [0, +oc],
and we say that 0 is w-bounded if ||0]|,, < oo.

The set
Z,=1{0€ Z||0]. < oo}

of w-bounded forms is a linear subspace of Z, on which || - ||, defines a norm.

Remark 1.11. In general, Z, is a strict subspace of Z. More precisely, Z, = Z iff w
lies in the interior of Z, in the finest vector space topology of Z, which is empty in the
non-Archimedean case (see below).

We can now characterize positive classes as follows:

Proposition 1.12. A class « € Hpc(X) lies in Pos(X) iff, for each finite dimensional
subspace V. C Z, a admits a representative w € Z4 such that V C Z,,.



10 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

Proof. Assume o € Pos(X), and pick a basis (6;)1<i<, of a finite dimensional vector space
V C Z. Since Z, spans Z, for each ¢ we can write 6; = 9; — 0, with Gii > 0. Since
a € Pos(X) we have a — ¢[f"] € Pos(X) for all 0 < & < 1, and we can thus find £ > 0 and
w;t € « such that wz?t — 50,?E > 0 for all 7. Now set

T
wi= %Y (w +w;)€E 2.
i=1
Then [w] = «, and for each i we have w > %0? > +--0;, and hence 0; € Z,, i.e. V C Z,.
This proves the ‘only if’ part, and the converse is clear. U

Corollary 1.13. Pick 0 € Z such that [0] € Pos(X). Then any f € D can be written as
f=ft—f" with f* € Dy = tDy for some t > 0. In particular, Dy spans D.

Proof. By Proposition we can find ¢ € Dy and C > 0 such that —dd®f < (6 + dd).
Thus f1 := ¢ + t1 lies in Dyg, and the result follows with f~ := t) € Dgy. [l

Following [Tho63], we define the Thompson distance between w,w’ € Z, as
dr(w,w’) :=1inf{d > 0| e °w < W' < ’w} € [0, +00). (1.6)

We say that w and w’ are commensurable if dp(w,w’) < co. Note that this holds iff ' € Z,
and w € Z,. Commensurability is an equivalence relation on Z,. The linear subspace Z,
only depends on the commensurability class of w € Z, and so does the equivalence class of
the norm || - ||o.

The next result is readily checked, and left to the reader.

Lemma 1.14. The commensurability class of any w € Z4 forms an open convex cone in the
normed vector space (Z,, ||-||.), whose topology is defined by the restriction of the Thompson
metric.

We conclude this section with the following useful fact, that will be put to use in

Proposition 1.15. Each finite subset of Pos(X) can be represented by commensurable forms
m Z+.

Proof. We first claim that any two «,a’ € Pos(X) admit commensurable representatives.
Indeed, setting o ~ o when a and o' admit commensurable representatives defines an
equivalence relation on Pos(X), and it is thus enough that each equivalence class intersects
the line segment [, @'] in an open set. Pick 8 € [a, d/], and choose representatives 6,6 €
Z, of a,a’. By Proposition we can find a representative w € Z; of 8 such that
0,0 € Z,. By Lemma the commensurability class of w intersects [0, w]| and [w, ¢']
along neighborhood of w, and it follows, as desired, that the equivalence class of 8 intersects
[, '] along a neighborhood of f.

Now pick aq,...,a, € Pos(X). By the first part of the proof, for each i = 2,...,r

we can find two commensurable forms wy ;,w; € Z4 such that [w;] = a1 and [w;] = ;.
Then wy := ﬁ E;ZQ w1 € Z4 represents o, and is commensurable to w; for all ¢ since
commensurability classes are convex cones. [l

1.3.1. The Kdhler case. Asin assume that X is a compact Kahler space. When X is
nonsingular, Hgc(X) coincides with the (1, 1)-part of the Hodge decomposition of H?(X, R).
In general, denote by PHx the sheaf of germs of pluriharmonic functions, i.e. the kernel
of the sheaf morphism dd®: C§ — le. The existence of partitions of unity implies that
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the sheaf C§ is soft, and the cohomology long exact sequence associated to the short exact
sequence of sheaves

0—>PHX—>C§(°—>Z)1(’1—>O
thus yields

Hpo(X) ~ HY(X, PHx).

We do not know whether this is always finite dimensional, but this holds at least when X is
normal, as a consequence of the fact that PH x then coincides with the sheaf ®Ox of real
parts of holomorphic functions, see [BG13| §4.6.1].

The positive cone Pos(X) is compatible with the usual definition, i.e. a € Hpc(X) lies
in Pos(X) iff & can be represented by a Ké&hler form. Indeed, given any Kéhler form w,
a class a € Pos(X) can be represented by a form § € Z such that § — ew € Z for some
0 < g <K 1, so that 6 is a Kéahler form. In particular, K&hler forms constitute a single
commensurability class that maps onto Pos(X).

1.3.2. The non-Archimedean case. Assume, as §1.2.2] that X is a projective Berkovich space
over a non-Archimedean field. By definition, any 6 € Z is represented by a numerical class
on some model X of X, whose restriction to the generic fiber defines a numerical class
{6} € NY(X) on (the projective variety underlying) X. This induces a surjective map

Hpe (X) — N'Y(X), (1.7)

which is an isomorphism when X is smooth and k is discretely valued of residue character-
istic 0 [BEJ16a, Theorem 4.3], or when X is normal and k is algebraically closed [Jell16),
Theorem 4.2.7]). It is also an isomorphism when k is trivially valued, with inverse provided
by pulling back classes in N'(X) to the trivial test configuration X, = X x Al

We claim that Pos(X) coincides with the preimage of the ample cone of X under ,
and that Z; has empty interior in the finest vector space topology of Z (so that Kéhler
forms do not admit an analogue in the non-Archimedean case).

To see this, we say as in [BEJ16al §5.1] that a form w € Z, is X-positive for a given
model/test configuration X if it is represented by a (relatively) ample class in N'(x'/S).
Note that all X'-positive forms are commensurable. As observed in [BF.J16al, Proposition 5.2]
(see also [GM16], Proposition 4.14], [BoJ22al, Lemma 3.11]), any o € Hpc(X ) whose image in
N!(X) under is ample can be represented by an X-positive form w for any sufficiently
high model X. Now Z, contains all forms determined on X', but does not contain any
X'-positive form for a model X’ strictly dominating X. The claim easily follows.

1.4. The energy pairing. Mimicking the properties of induced metrics on Deligne pairings
(see for instance [BE21], Theorem 8.16]), and generalizing [SD18)| §2.2] (for a compact Kéhler
manifold) and [BoJ22al §3.2] (for a projective Berkovich space over a trivially valued field),
we introduce:

Proposition-Definition 1.16. The energy pairing
(Z X D)n+1 — R ((907 900)7 R (97% 90”)) = (907 ()00) et (9n7 QOTL)7

is defined as the unique (n + 1)-linear symmetric map such that

(0,00) - (01, 01) .. (O, om) = / g0 (01 +dd°pr) Ao A (0 +ddo,)  (18)

and

(60,0) - ... - (6,,0) = 0. (1.9)
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It further satisfies

(00, 00+ co) + - (bns on +cn) = (907900)""'(ena(Pn)+Zci[90]'--~'[9/;]""‘[0n] (1.10)
i=0
for all ¢; € R, and

(0o + ddmo, p0) ... (0n +dd°T, 0n) = (B0, T0+00) -+ (Onys T+ ©n) — (B0, 70) - . .- (O, Tn)-
(1.11)
for all T; € D.

Proof. Using multilinearity, symmetry and (1.8)), (1.9)), we necessarily have

(90, (pg) S (Qn, gon) = Z / i o N NO;_1 A (9i+1—|—ddcg0i+1)/\- ERWAN (9n —|—ddcgon). (1.12)
=0

This proves uniqueness. To show existence, the only nontrivial part is to check that the
right-hand side of is a symmetric function of the (0;, ;). It suffices to see invariance
under transpositions, which is an easy consequence of the integration-by-parts formula
(compare [SD18, Proposition 2.3]).

To see , we may assume ¢; = 0 for ¢ > 0, and the result is then a direct consequence

of (L3).
Finally, pick 7; € D, and set
F(eo,-.. ¢n) == (00,70 + ¢0) - - ..+ (bns Tn + on) — (00 + dd°7o, p0) . . . - (6 + dd°Tr, o).

By (1.8]), we have
(0,00) - (01, 714+ 1) oo (OnyTn +0n) — (0,00) - (01 +dd°m, 1) - ...+ (0 + dd Ty, ) = 0.

This implies that F(go,...,¢n) is independent of g, and hence equal to F(0,¢1,...,¢n).
Applying the same argument successively to ¢1,...,@n, we end up with F(yo,...,¢0) =

O |

F(0,...,0) = (60,70) - ...+ (On,7), which proves (1.11)).
By (L.8]), the seminegativity property (|1.2)) translates into
(0,9)% (O1,1) ..+ (Bn—1,n-1) <0 (1.13)

for all ¢ € D and ¢; € De,.

As in [BoJ22al §3.2], we further note the following straightforward monotonicity proper-
ties:
Proposition 1.17. For all 0;,0; € Z and ¢;,¢; € Dy,, we have

i < ¢ for alli == (60,0) -+ (On,on) < (00,00) - - - (On, 1) (1.14)
0; <0 and 0 < 0; <0 for alli = (0,00) .. (01, n) < (60,00) - (On,on). (1.15)

Combining ([1.14]) and (1.10)), we infer the Lipschitz property

(B0, 20) -+ (s o) = (B0, 00) + -+ (Bnr 9)] < Y sup o=} 6] - [6i]-. . +[6a] (1.16)
i=0
for all ¢;, ¢} € Dy,.
Following [BoJ22a) §7.2], we next establish a lower bound for the energy pairing, which
will play a crucial role in below.
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Theorem 1.18. Assumewy, ...,w, € Z4 are commensurable, and set 6 := max; j dp(w;, w;j).
If0>¢; €D, fori=1,...,n, then

0> (wo,0) * - (wns o) 2 €7 min(wi, i)™
(2

Here dr denotes the Thompson metric (1.6), and the implicit constant in O(J) only
depends on n (see §1.1)).
Lemma 1.19. For any 0 € Z, ¢ — (0,¢)" ! is concave on Dy.
Proof. This is a formal consequence of ([1.13)), see Appendix (|

Lemma 1.20. Pick w,w’ € Z, and t > 1 such that w < W' < tw. For any ¢ € D, C Dy
such that ¢ <0, we then have

O o
Proof. By we have
03 (W)™ = ()™ = 7 (),
Since t~! € [0, 1], concavity of the energy (Lemma[1.19) yields (w,t ')+ > ¢~ (w, )"+,

and the result follows. O
Lemma 1.21. Pick wy,...,w, € Z4 and 0 > ¢; € D,,, fori=0,...,r. Assume also given
t > 1 such that w; < tw; for alli,j. Then

w0 > Crt™ S (wr i)™ (1.17)
with Cyp, = (27r1)".
Proof. Assume first r = 1. Set w := + (wo + w1), and observe that wy < w < twyp,
w1 < w < twy, and hence %(wo +w)<w< %(wo + wi). Thus

1
(w0+w17</30+</31)n+1 2n+1( (W0+W1) %(<P0+<P1))n+

> 2n+1 (wv %(900 + 901)) Z 2" ((UJ, ()OO)TH_I + (wa @1)n+1)
> (26)" ((wo, o)™ + (w1, 01)" ),

where the first inequality holds by , the second one by Lemma and the third one
by Lemma [1.20

Assume now r > 2, and set wj) 1= Y. Wi, Ph = P 4u0 Pi- Since (1) twy < wf < rtwp,
the first part of the proof yields

sz, Z i)™ = (wo + wh, o + )™ > (2rt)" ((wo, o)™ + (wh, b))

By inductlon, we have on the other hand
(@ 20)™ ! = Crog "I (wiy i)™,
i>0
The result follows, since (wp, ©o)" ™! < 0 and
Crpnt™ = (2rt)"Cr_1,, > (2rt)".
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Proof of Theorem [1.18. Expanding out (wo + - -+ + wp, o + - + @n)" Tt yields
(n + 1)'(&)0,@0) et (wn780n) 2 (WO + - +wn7 2] +-+ Spn)n+l7
and we conclude by Lemma with r = n. O

1.5. The Monge—Ampeére operator and the submean value property. Pick w € Z,
with [w] € Pos(X). We define its volume as

Vi [ar =,

which is positive by Lemma [1.9, and introduce the probability measure
fhe i= VT,
Definition 1.22. The Monge-Ampere operator MA,,: D, — M is defined by setting
MA,(p) ==V, Wl

Equivalently,
MAL(p) = pho, - (1.18)
By (1.16)), the Chern—Levine—Nirenberg inequality

’/T(MAW(@ —MAw(w))‘ < nsup o — 9| (1.19)

is satisfied for all p, %, T € D,,,.
We next consider the quantity

T, := sup {supgp — /gp,uw | o€ Dw} € [0, +o0]. (1.20)

Thus T, < oo iff there exists C' > 0 such that the submean value inequality

sup p < /(p,uw +C (1.21)
holds for all ¢ € D,,.
Proposition 1.23. If T,, < oo, then T, < oo for any w' € Z, with [W'] € Pos(X).

Definition 1.24. We say that the submean value property holds if T,, < oo for some (hence
any) w € Z4 with [w] € Pos(X).

When X is a compact Kéhler or projective Berkovich space, this property holds iff X is
irreducible (see Theorem below).

Lemma 1.25. Pick 7 € D, and o' € Z, commensurable to w. Then
Tw, <T,+ (n+2)sup|7| (1.22)

and
T < eP0T, (1.23)
with § := dp(w,w’).

Recall that, in this paper, the implicit constant in O only depends on n (see .
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Proof. Pick ¢ € D,,_. Then ¢ + 7 € D,,, and the Chern-Levine-Nirenberg inequality (|1.19))
yields

p+717< /(<p+7')MAw(O) + T, < /((,0+T)MAw(T) + nsup || + To,.
This proves (1.22)), in view of (1.18]).

For each t > 0 we have Dy, = tD,, and hence T}, = tT,,. Further, v’ < w implies
D, C D, and
Vi by = (w/)n <w'= Vi,
and hence VT, < V,T,. These properties imply . O

Proof of Proposition[1.23 The condition T, < oo only depends on the commensurability
class of w, by (L.23), and it only depends on [w] € Pos(X), by (L.22). This condition is thus
independent of w, since any two classes in Pos(X) admit commensurable representatives
(see Proposition [I.15). O

Theorem 1.26. Assume X is either a compact Kahler space or a projective Berkovich space
over a non-Archimedean field k. Then the submean value property holds iff X is irreducible.

Lemma 1.27. Let a C Ox be a coherent ideal sheaf. Then we can find w € Zy with
[w] € Pos(X) and a decreasing sequence (¢;); in D, such that, for any given choice of
local generators (fo) of a near a point of X, ¢; — max{logmaxy, |fa|, —j} is locally bounded
uniformly with respect to j.

Proof. Assume first X is compact Kéhler. Pick a finite open cover (U;) of X on which a is
generated by a finite subset (fiq)a of O(U;). Set

i = 3108>_ | fial* +e7%),
0%

and observe that, for all i,k, |¢;; — ¢g;| is uniformly bounded with respect to j on each
compact subset of U; NUg. Now choose a partition of unity subordinate to (U;), of the form
(x?) with y; € C°(U;), and set

@; = log Z xZebi.
i

As in [Dem92, Lemma 3.5], we find a Kéhler form w such that dd®p; > —w for all j, and
the result follows.

Assume now X is a projective Berkovich space. Pick an ample line bundle L such that
L ® a is generated by global sections (s, ), and choose a PL metric on L with curvature form
w € Z,. Then setting ¢; := max{log max, |sa|, —j} yields the result. O

Proof of Theorem[1.26]. Assume first that the submean value property holds, and pick an
n-dimensional irreducible component Y of X. Applying Lemma to the ideal sheaf
of Y in X yields w € Z, with [w] € Pos(X) and a decreasing sequence (¢;) in D,, such
that supy ¢; — —oo while (¢;) is uniformly bounded on compact subsets of X \ Y. Since
Jyw™ = [w]" - [Y] > 0, we get [ @jp, — —00, and hence sup p; — —oo, by the submean
value property. It follows that X =Y is irreducible.

Conversely, assume X is irreducible. In the Kahler case, pick a Kahler form w on X,
and choose a resolution of singularities 7: X’ — X with X’ a connected compact Kahler
manifold, and pick a Kihler form w’ on X’ such that w’ > 7*w. Since pu := V] 1r*w" = fw™
satisfies PSH(X',w’) C L'(u), [GZ05, Proposition 2.7] yields C' > 0 such that supy, ¢ <
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[Yu+ C for all ¢ € PSH(X’,w'). Applying this to ¢p = 7*¢ with ¢ € D, yields the
submean value property.

In the non-Archimedean case, pick an ample line bundle L and a PL metric on L deter-
mined by an ample model/test configuration (X, £) of (X, L), with curvature form w € Z,.
Each ¢ € D, satisfies sup ¢ = maxp ¢, where I' C X is the (finite) set of Shilov points
attached to X' (see [GM16, Proposition 4.22] or [BE21, Lemma 6.3]). On the other hand, I'
is also the support of p,, by definition of the measure w™ in terms of intersection numbers.
Now [BoJ18al Theorem 2.21] yields C' > 0 such that |p(z) — ¢(y)| < C for all z,y € I" and
all ¢ € D, and we infer, as desired, sup ¢ < [ p,, + C for all ¢ € D, O

1.6. Monge—Ampeére energy and the Dirichlet functional. From now on we fix w €
Z, with [w] € Pos(X).

Definition 1.28. The Monge-Ampere energy E,: D — R is defined by

(w, )"
E. = 1.24
For all ¢, € D we have
1 < , -
Ew - Ew = ot - J ni]. 1.2
()= Bult) = g DoV [ (1.25)
By ([1.8), this amounts indeed to the basic identity
(w, @) = (W, )" = (0,0 =) - Y (w, )+ (w, )"
j=0
Assume now ¢, 9 € D,. By (1.25)), we then have
o < b = Bu(p) < Buw) (1.26)
Further, E,((1 — t)¢ + t1) is a polynomial function of ¢ € [0, 1], with
d
Gl Eda-ve 4w = [0- oM. (1.27
t=0

This characterizes E,, as the unique primitive of the Monge—-Ampeére operator that vanishes
at 0 € D,,. By Lemma E,, is concave on D,,, which translates into

Bu(¥) < Bulo) + [ (6= 0) MAL(o) (1.28)
for all ¢, € D,,.
Lemma 1.29. For any ¢ € D, we have
Eu, (¢) = Eu(p+7) — Eu(7). (1.29)
Further, ¢ € D,,. <= ¢+ 71 € D,,.

Proof. The first point follows from (|1.11)). Further, ¢ € D,,_ iff w4+ dd°r 4+ dd®p > 0, which
is also equivalent to ¢ + 7 € D,,,. O

Definition 1.30. We define the Dirichlet functional J,,: D, X D, = R>q by setting

Ju(or ) = Tl ) = Eu(p) — Bu(w) + / (4 — ) MAL ().
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By concavity of E,, J,(¢,%) is a convex function of ¢ € D,,. Note also that

Ja(or8) 4 Julh ) = [ (0 = $)MAL(W) - MAL(0)). (1.30)
By , we more explicitly have
1 o
Jol *Ziil/ — ) dd°(¢ — ) Awd, Al (1.31)
We simply write
(0= 1,0.9) = [ o1 = Euli) (1.32)

Example 1.31. When n =1, we have
Lol ) = ulh ) = § [ (o = 0w ),

which recovers the usual expression for the Dirichlet functional on a Riemann surface.

For each R > 0 we set
Dy.r:={p €D, | Ju(p) < R}. (1.33)

Lemma 1.32. For each R > 0, D, r is a convex subset of D that generates it.

Proof. By convexity of J,, = J,(0, ), D, r is convex. Since D,, spans D (see Corollary ,
to see that D, r spans it suffices to show that any ¢ € D,, satisfies J,,(tp) < Rfor 0 <t < 1,
which holds since J,(t¢) is a polynomial function of ¢ with J,(0) = 0. O

We may now collect the fundamental properties of the Dirichlet functional in the next
result.

Theorem 1.33. For all p,¢', ¢, ¢, 7 € D, and t € [0,1], the following holds:
e quasi-symmetry:

Ju(p, ) = Ju (¥, 9); (1.34)
e quasi-triangle inequality:
Jo(e, ¥) S Julo, 7) + Ju(7, ¥); (1.35)
e quadratic estimate:
(s (1= ) +t9) S Ju(p, )5 (1.36)

e uniform concavity:

E,((1—t)p+ i) — [(1 — 1) Eu(p) + tEu(¥)] 2 11 — t)Ju(p, ¥).
For all ¢, ¢’ 1,9 € D, r, we further have the following Hélder estimates:

/ (0 — @) (MAG($) — MAL(W))| S Tl @) Tu(eb, ) 2RY2- (137)

and
’Jw(%q/)) - JW(¢/7w,)’ < max{Ju(p, ¢'), Jw(lﬁﬂ//)}aRlia’ (1.38)

where o := 27™.

Proof. In view of (1.13)), this is a direct consequence of Theorem applied to
e the vector space V := Z x D with projection 7: V — Z onto the first factor;
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e the convex cone P := {(0,¢) € V | p € Dy};

e the homogeneous polynomial F': V — R defined by F (0, ¢) := — (0.7

(n+1)Vy, *

As a simple consequence of (1.29)), we finally note:
Lemma 1.34. For each 7 € D, and ¢, € D,,. we have ¢ +71,% + 17 € D, and

Jo, (0, 0) = Ju(@+ 7,00+ 7). (1.39)

Remark 1.35. The above formalism recovers that of [BBGZ13, BBEGZ19, BFJ15| BoJ22a
in the Kdhler and non-Archimedean settings. However, in contrast to those works, we do
not explicitly introduce here the functional 1,,(¢,v), which corresponds to the right-hand side

of (L.30).

2. MEASURES OF FINITE ENERGY

In what follows, we pick w € Z with [w] € Pos(X). We define the space M., of measures
of finite energy with respect to w, and show, assuming a certain orthogonality property, that
it is complete with respect to a quasi-metric d,, induced by the Dirichlet functional.

2.1. The energy of a measure.

Definition 2.1. We define the energy of € M relative to ¢ € D,, as

Jolp ) = sup {Bu () = Bu(v) + /<w —@)u} € [0, +o0]. (2.1)
weDy,
The choice of notation is justified by (2.5) below. When 1 = 0, we simply write
Jalp) = Ju(01.0) = sup (Eu(e) ~ [ on) (2.2)
SDGDw

and call it the energgﬂ of 1 (with respect to w). Note that

Ju(p) = sup { | ¢(pw —p) — Ju(®)} (2.3)
»€D,

by (3.

Proposition 2.2. For each ¢ € D, the functional J,(-,1): M — [0,+00] is convex and
weakly lsc, and satisfies, for all u € M and ¢ € D,,,

ol ) = 3u) + [ 6n = Bl (2.4)
Jw(MAw(90)7 d}) = Jw(QD, ¢)a (2 5)
Ju(MA,(p)) = Ju(p); (2.6)

Ju(p, ) S Jw(pts @) + Juw(p, ) (2.7)

5This corresponds to EY (1) in the notation of [BBGZ13, BoJ22al, and to ||x||. in that of [BoJ22H].
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Proof. Convexity and lower semicontinuity are clear from (2.1]), which also directly yields (2.4)).
By (1.28), any ¢ € D,, further computes the supremum defining J,(MA,(¢), ), which is
thus equal to

() — Bul) + (6= 0) MALY) = Lu(ip.0).
This proves , which implies
Ju(MAL(9)) = Ju(MAL(9),0) = Ju(p,0) ~ Ju(0,¢) = Ju(p),
see . Finally, pick u € M, and set 7 = %((p + ) € D,. By { ., we have

To(i ) > Bu(r) — Bule) + / (o= Ju(i) > Eu(r) — Eul) + / -7 p

and hence

Jo(t ) + T, ¥) > 2By (1) — (Eu(p) + Eu(¥)).
On the other hand,

2E.(7) — (Bu(p) + Eu(¥)) 2 Ju(p, )
by uniform concavity of E,, (see Theorem |1.33)), and (12.7)) follows. O

Generalizing Lemma [1.34] we note:
Lemma 2.3. For all 7 € Dy, p € D, and p € M we have
Joor (11, 9) = Joo (1, 0 + 7). (2.8)
In particular,
oo ) =) + [ 7= Eur) (29)
Proof. By Lemma [1.29] we have ¢ € D,,. & ¢ + 7 € D,,, and
Bu,(0) ~ Bur () + [ (0 =9 =Buly 4 1)~ Euw+ 1) + [ (0 +7) — 0+ i

Taking the sup over ¢ yields (2.8 , and ( . follows, by (2.4 . O

Remark 2.4. If we drop the assumption that w > 0, but still require [w] € Pos(X), then
Eu(p) and J,(p) can still defined by and (2.2)), respectively. Then Lemma
and hence , remain valid for any T € D. This will only get used in the context of
Theorem below.

2.2. Measures of finite energy.
Definition 2.5. The space of measures of finite energy (with respect to w) is defined as
Mg, o= {p € M| Ju(p) < o0}

It is endowed with the strong topology, defined as the coarsest refinement of the weak topology
in which J,: M} — Rxq becomes continuous.

In other words, a net (j;) converges strongly to p in MY iff p; — p weakly in M and
Juw(i) = Ju(p). For any R > 0 we also set

ML= {ne ML | Ju(u) < R). (2.10)
By Proposition this set is convex and weakly compact. By ([2.4)),
Jw('u ¢) Mi) — RZO
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is continuous in the strong topology for any ¢ € D,,. By Lemma this yields:
Proposition 2.6. The topological space M, only depends on the positive class [w] € Pos(X).

One should be wary of the fact that, in the present generality, even a ‘nice’ probability
measure of the form p =61 A--- A0, with 8; € Z, need not be of finite energy with respect
to w in general (see however Theorem |3.4] below):

Example 2.7. Let X be either a compact Kahler or projective Berkovich space. For each
irreducible component Y of X and each u € ML, we then have

wly]"
fw]™

Indeed, this is proved in [BoJ22al, Corollary 9.13] in the trivially valued case, and the proof
can be adapted to the general case. Now (2.11)) fails in general for u = po with W' € Z4

such that [w] # [w'] € Pos(X), and hence M}, # ML.

By ([2.3)), we have, for all ¢ € D, and p € M,

/ww—m < Tu(9) + Tu().

The following converse will come in handy.

u(y) = (2.11)

Lemma 2.8. Assume that u € M satisfies
S:= sup /cp(,uw—,u)<oo
©€Dy, R
for some R > 0. Then u has finite energy, and
Jo(p) < S(A+ R7LS). (2.12)
Proof. Pick ¢ € D, and set J := J,(¢). By (L.36), we have J,,(tp) < t2J for any ¢ € [0, 1],

and we can thus choose
1<a<1+ (R'I)Y?
such that J,(a ') < R. By assumption, we then have [a l¢ (1, — p) < S, and hence

Ew(w)—/w:/w(uw—u)—h(w)SaS—J

<SS+ SRV 7< S+ 182R7Y,
where the last inequality follows from the elementary estimate sup, > (zy'/? —y) = 22 /4 for
any = > 0. Taking the supremum over ¢ yields (2.12)). (|

2.3. Legendre transform of the energy. Here we compute the Legendre transform of
the convex functional J,, = J,(-,0): M — [0, +o0].

Definition 2.9. For any f € CO(X) we set

E.(f) = sup Eu(y).
f>p€Dy

By monotonicity of E, on D, (see (1.26])), the functional E,: C°%(X) — R so defined
restricts to E, on D,. Like the latter, E, is further concave, monotone increasing, and
equivariant with respect to translation, i.e.

E,(f +¢) = E,(f) + ¢ for c € R.
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Proposition 2.10. For all f € C%(X) and p € M we have

Bu(f) = inf {1 (/fV} Ju() = Sm>{ﬁdy%—/ﬁu} (2.13)

9€Co(X)

Proof. Define the (convex) Legendre transform EZ C%(X)Y — RU{+oo} as the right-hand

side of (2.13)), i.e.
~V
E, (1) = sup {Eu(g /fu}

geC(X)
Since E,, is increasing and equivariant, it is straightforward to see that EZ(/L) < oo implies
p>0and [p=1ie peM (compare [BoJ22al, Proposition 9. 8]) By Legendre duality,
the result is thus equlvalent to B, () = Jo(p) for i € M. Since E,, restricts to E, on D,
we trivially have Ew( ) > Ju (). Conversely, pick f € C°(X) and ¢ € D,, with ¢ < f. Then

o) 2 Eule) ~ [ o= Bu(o) /fm

where the first and second inequality respectively follow from and ¢ < f. Taking the
supremum over ¢ and then over f yields J,(u) > E,(f) — [ fu and Jy,(pn) > E:(,u) O

2.4. Orthogonality and differentiability.

Definition 2.11. We say that D, admits maxima if, for all p,v € D, and f € D such
that max{p, ¥} < f pointwise on X, there exists T € D,, with max{p, 9} <7 < f.

This equivalently means that, for any f € D, the poset
Dy<f={p €Dy | <[}

is inductive. We can then consider limits of nets indexed by D,, ;. For instance, note that

E.(f) = lim By (). (2.14)
p€D,, <f

Example 2.12. If X is a compact Kdahler space, then D, admits maxima: take T :=

max(p, 1) for an appropriate reqularized max function max.

Example 2.13. If X is a projective Berkovich space, then D, also admits mazxima, since
Q-PL functions in D,, are dense in D,,, and stable under mazx.

Remark 2.14. While we will not pursue this direction here, one can introduce as in [BFJ16al
BE21],BoJ22a] the space PSH(w) of w-psh functions p: X — RU{—o0}, defined as usc func-
tions that can be obtained as pointwise limits of decreasing nets in D,,, and such that [ ¢ p., >
—o0. Then D, admits mazima iff PSH(w) (or, equivalently, the subspace CPSH(w) :=
PSH(w) N C%(X) of continuous w-phs functions) is stable under max.

Definition 2.15. We say that w has the orthogonality property if D, admits maxima and

im [ (f — ) MAL(p) =0 (2.15)
P€Dy, < f

for all f €D.

Explicitly, this means for that for any € > 0 there exists pg € D,, such that ¢y < f and
J(f — o) MA,(¢) < e for all p € D, with 9 < ¢ < f.
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Remark 2.16. The orthogonality property for w only depends on [w] € Pos(X). Indeed, for
any 7 € D, and f € D we have

€D, «f = o+TEDy cfir (2.16)
This implies that D,, has finite maxima iff D, does, and similarly for the orthogonality
property, using

MA,, (¢) = MA,(p +7) and /(f —¢)MA,, (¢) =/((f+T) — (p+ 7)) MAL(p + 7).

Example 2.17. Assume X is a compact Kdhler space. Conjecturally, the orthogonality
property always holds. This is known when X is nonsingular, or X is projective and [w] €
Amp(X), see Appendix@for a more detailed discussion.

Remark 2.18. More generally, the orthogonality property also holds in the setting of Re-
mark (assuming X is a compact Kdihler manifold). This follows indeed from [LNI5|
Theorem 3.2].

Recall from Corollary that any test function f € D can be written as
f=Fr"—=f", [" €D (2.17)
for some C'= C(f) > 0. In line with [BEJ15, §7], we show:

Proposition 2.19. Assume D,, admits mazxima. The following properties are then equiva-
lent:

(i) w has the orthogonality property;
(ii) for any f € D written as (2.17)) for a given C > 0, we have

(90+f /f MA,( ‘<Csup|f| (2.18)

for all p € D,;
(iii) in the setting of (ii), we have

E,(p+tf) — —t/f MA,( '<Ct28up|f| (2.19)
for all p € D, and t € R.

Proof. Assume (i). Write f € D as in (2.17)), and pick ¢ € D,,. For any v € Dy, <4, (1.28)
yields

[ - MALW) < Ev) - Bulo) < [ - 9)MAL) < [ 1 MA

By (L.19), we also have | [ f(MA,(p) — MA,(¢))| < 2nC'sup |¢ — 9|, and we infer

Bu0) ~Bule) = [ £MAR)| < [ (G 1) = 9)MAL(W) + 20Csup e — vl (220
Now limyep,, ., ; Bw(¢)) = E, (¢ + f) (see ([2.14)), while orthogonality yields

i [ (o 1) - HMALW) =0,

weDw,<w+f
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Further, any ¢ € D, <, large enough is greater than ¢ — sup|f| € D, <4, and hence
satisfies sup [ — | < sup|f|. As a result, (2.20) implies

Eu(o+ 1)~ Eule) ~ [ £ MAL()

which shows (i)= (ii). Next, (ii)=-(iii), since f = f* — f~ with f € D¢, implies tf =
sgn(t)([t|f+ — [t|f7) with [t|f* € Doy
Finally, assume (iii), and pick f € D. We need to show that

L := limsup /(f — o) MA,(p) >0
L,OEDW <f
vanishes. Write f as in - for some C' > 0. Pick also ¢ € D,, <f> and set g := f peD.

For any t € [0,1] we have ¢ +tg = (1 —t)p +tf < f, and hence Eu(¢ +tg) < Eu(f). On
the other hand, since f — ¢ = fT — (f~ +¢) with fT,< f~ 4+ ¢ € Dy, (iii) yields a
constant A > 0 only depending on ¢ such that

0< t/(f — ©)MAL(¢) < Eulp +tg) — Eulp) + 2 Asup |g] < Eu(f) — Eu(p) + " Asup lg].
Since any ¢ € D, <y large enough is greater then f* —sup f~, it satisfies

0<g=f-—p<supf —f <B
with B only depending on f. We infer 0 < tL < t?AB. Dividing by ¢t > 0 and letting ¢t — 0,
yields, as desired, L = 0. This proves (iii)=-(i). O

< 2nC'sup|f|,

Example 2.20. Assume X is a projective Berkovich space over a non-Archimedean field.
Then [BE21, Theorem A] combined with the uniform differentiability estimate of [BGM22,
Lemma 3.2] shows that is satisfied (compare [BoJ22a, Lemma 8.7]). By Proposi-
tion it follows that the orthogonality property always holds in this setting.

2.5. Maximizing sequences.

Definition 2.21. We say that a sequence (i;) in D, is maximizing for p € M} if it
computes the energy of p (2.2 ., Le. Ey(vs) — [ i p = Ju(p).

Equivalently, (v;) is maximizing for p iff Jo,(u, ;) — 0, see (2.4).

Example 2.22. For any ¢ € D, the constant sequence ; = ¢ is maximizing for u =
) (see (2.5)).

As a key consequence of Proposition [2.19] we show:

Theorem 2.23. Assume w has the orthogonality property. Pick p € ML, and a mazimizing
sequence 1; € D,,. Then the measures p; := MA(1);) converge strongly to u in M}, i.e
wi — o weakly and Jy, (i) — Jo(1). In particular, the image of the Monge—Ampére operator

MA,,: D, — M}
s dense in the strong topology.

Proof. Pick f € D, and choose C' > 0 such that f = f* — f~ with f* € D¢,. Since we
assume orthogonality, Proposition yields A > 0 such that

B (0 + £f) — Bu(t1) — t/m < A sup ||
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for all ¢ and ¢ > 0. By Proposition and , we have, on the other hand,

Bu(i-+ t) < Jul) + [ (it P =Julinis) + Euw) +t [ f1
Combining these estimates, we get

Otz [ fukdutun) + ae
Since J,,(p, ;) — 0, we infer
tlimsup/f/zi < t/fu+At2.
i

Dividing by t and letting ¢t — 04 yields limsup; [ fu; < [ fp. Replacing f with —f, we
get lim; [ f p; = [ f p. By density of D in CY(X), this shows pu; — s Weakly
For each ¢ we have Jy,(1;) = Eo (i) — [ pi (see (2.5)), and Ey,(¢5) — [ i p — Ju(p),

since (¢;) is maximizing for p. It only remains to prove [ ¢; (1 — ,u) —> 0. Since J, () is
bounded (see (2.7)), (1.37)) yields C' > 0 such that

‘/?,/h (,U‘l -
for all 7, j, and hence

‘ [ )| $ €m0, D )

by (2.7). Since p; — p weakly and Jo,(p,1;) = 0 as j — oo, we infer

foin-

and we conclude, as desired, that the left-hand side tends to 0 as i — co. O

Jw(rl[)ia QJZ)])O[

<CJ ( 7wi)a7

2.6. The Dirichlet quasi-metric. From now on, we assume that the orthogonality
property holds for w. Recall from Examples and that this is the case if X is a
compact Kéahler manifold, and for any projective Berkovich space.

Theorem 2.24. There exists a unique continuous functional
Ot ML x ML — Ry,
such that
0, (MAL (), MAL(¥)) = Ju(p,¥) (2.21)
for all p,¢ € D,,. Furthermore:
(i) for all p € ML and ) € D, we have

6@.}(//47 MAw(w)) = Jw(u, 1/})7 6W(M7 Nw) = JW(M); (222)
(ii) 0w is a quasi-metric: for all p,v, p € ML we have

b, v) =0 p=v, du(pv) =, p), du(p,v) S du(p,p)+oulpv);  (2.23)
(iii) the quasi-metric d,, satisfies the Hélder continuity property

0 (1, v) = Bt V)| S (S (o ), 8o (/) YO RV (2.24)
for all R >0 and p, ', v,V € ./\/le, with o := 27";
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(iv) for all R >0 and ¢, € Dy R, p,v € M}WR, we have the Holder estimate
[ o= 0000 0)| vl R (2.25)

We call 6, the Dirichlet quasi-metric of ML.

Lemma 2.25. For all u € Mi,R and ¢,¢, 7 € D, r, we have

oo (1, 0) = Juo(MAL(7), )| € max{Jo, (1, 7), Ju(p, )} R (2.26)

| [0~ MAwm)] < Tl )T i) 2R, (2.27)

Proof. When p lies in the image of MA,,: D, — M, this is equivalent to (1.38]) and (1.37)), in
view of (2.5) and ([2.6). By Theorem the image of MA,, is dense in M, and the general
case thus follows by continuity in the strong topology of all functions of u involved. O

Proof of Theorem [2.2]). Uniqueness is clear, since (2.21)) determines d,, on the image of
MA,: D,, — ML, which is dense in the strong topology, by Theorem To show exis-
tence, pick u,v € ML, and choose a maximizing sequences (1;) for v. We can then find

R > 0 such that p € MLR and 1; € D, g for all 7, and (2.26]) and (2.7)) yield

‘Jw (M? %) - Jw (,U,, wj)‘ S Jw(wia wj)aRlia
< max{Jy, (v, ¥;), Ju (v, }* R .
This estimate implies that (J,(u,%;)) is a Cauchy sequence, which thus admits a limit
O (p, v) 1= lim Jo (p, ¥3). (2.28)

The same estimate also shows that the limit is independent of the choice of maximizing
sequence (1;), and that the convergence in (2.28) is uniform with respect to u € ML .. As

a consequence, j +— &, (p1,v) so defined is continuous on M}, for each v € M.

By construction, ([2.22)) holds, and hence also , by . This proves (i).

Next, ([2.24) holds when v, 2’ lie in the image of MA,,: D, — ML by applying (2.26) to
a maximizing sequence for y/, and the general case follows by using maximizing sequences
for v,1/. This shows (iii), which also yields the continuity of &, on M} x ML (and hence
conclude the proof of existence), since p; — u strongly implies 0, (g, ) — 6, (1, 1) = 0, by
continuity of oy (-, ).

Similarly, (iv) follows follows by applying (2.27)) to a maximizing sequence (7;) for v.

Finally, the first point in (ii) follows from (2.25)), since D,, spans the dense subspace D of

CO(X) (see Corollary [1.13). By (1.34) and (1.35)), the last two properties in (ii) hold when
the measures lie in the image of MA,,, and hence in general, by continuity of 4.

O

‘We next show:

Theorem 2.26. The quasi-metric space (ML, d,) only depends on the class [w]. It is
complete, and its topology coincides with the strong topology.

Lemma 2.27. For any v € M! and R > 0, §,(-,v) is weakly lsc on ./\/lulij.
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Proof. When v = MAw(iZJ) with ¢ € D, yields 6, (-, v) = Ju, (-, 1), which is weakly
Isc on M (see (2 ) In the general case, pick a maximizing sequence (1;) for v, and set
v = MA (13). By ([2-24), we have 6,,(p1,v;) — 8y, (1, v) uniformly for p € M . and the
result follows. 7 O

Proof of Theorem [2.26. We already know that M., only depends on [w] (see Proposition.
Pick 7 € D, p,v € ML = ML | and choose maximizing sequences (¢;), (¥;) in D,

for p,v, so that o, (u,v) = lim; wT(QOzﬂM By [2.8), (i + 7) and (¢; + 7') are maxi-
mizing sequences in D,, for u,v, and hence 6, (u,v) = lim; J, (i, ;). Now 9) yields
Ju, (i, Vi) = Ju(pi + 7, + 7), which proves d,,. (u, v) = d,(p, v) and proves that 0., only
depends on [w].

We next show that the topology of (M}, 6,,) is the strong topology, i.e. a net (u;) converges
strongly to u € ML iff 6, (pus, #) — 0. When the latter holds, implies p; — p weakly
(since D,, spans the dense subspace D of C%(X)), while yields Jo, (i) = Jo(1i,0) —
Jw(p). Thus p; — p strongly, and the converse holds by strong continuity of d,,.

Finally, consider a Cauchy net (u;) in (M?',68,). Then J, (1) = o (i, p1e) is eventually
bounded. By weak compactness of M, we may assume, after passing to a subnet, that (u;)
admits a weak limit u € M. Since J,, is weakly Isc on M, we get J, (1) < liminf; J,(u;) <
+00, i.e. p € M'. It remains to show &, (s, i) — 0. To see this, pick € > 0 and ig such that
0w (i, prj) < € for all 4,5 > ig. Since J,(u5) is bounded and p; — p weakly, Lemma -
yields 0y, (i, o) < liminf; o, (pi, pt5) < €, and we are done.

To conclude this section, we show:

Proposition 2.28. For each v € M}, 6,(-,v): ML — Rsq is strictly convez, and we
further have the uniform convezity estimate

(1 = t)bw(pto, v) + tou(pi1,v) — 00 (1 — t)po + tpn, v) 2 11 — )dw (o, p1)-
for all po, 1 € ML, and t € [0,1].

Proof. By density of the image of MA,,: D,, — M/} and continuity of J,,, we may assume
without loss v = MA,,(¢) with ¢ € D,,, and hence (-, v) = J,(-,1). Set

Jip = (1 - t)Jw(:uOﬂ/}) + th(Nla w)a Mt = (1 - t)/'LO +ip,
and pick ¢ € D,. Applying to po and pq yields
Jt - EW(QO) - EUJ(QZ)) + /(¢ - @)/‘Lt + (1 - t)Jw(:u’O) 80) + t‘]w(/‘l’l) 90)5
and hence
Ji — Eu(p) + Eu(y) + /(so — )y > (1 — 1) (Jw(po, ¥) + Ju(p1, ),

using the elementary estimate (1 — t)a + tb > t(1 — t)(a + b) for a,b > 0 (see for in-
stance [BoJ22al Lemma 7.29]). By (2.23)), this implies

Ji — Eu(p) + Eu() + / (0 — ¥)e 2 (1 — 1) (10, 1),

and taking the infimum over ¢ shows J; — Jo, (e, 9) 2 t(1 — t) dw (o, pe1), which concludes
the proof. O
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2.7. An equivalent metric on M?'. As recalled in the quasi-metric space (M}, d,)
is metrizable, by general theory. Here we introduce a concrete metric that define the strong
topology of ML. Recall from ([1.33) that

Dy, = {p €Dy | Julp) < 1}.

[etu-v)

yields a complete metric on ML, that defines the strong topology. Furthermore:

Proposition 2.29. Setting

dw(p,v) :== sup (2.29)

p€Dw 1

(i) the metric d,, and the Dirichlet quasi-metric d,, share the same bounded sets;
(ii) they are Hélder equivalent on bounded sets, i.e.

du(p,v) S () PRY?and 6,(nv) S du(p, v)RY? (2.30)

for all p,v e M}WR with R > 1;
(iii) for all p € Dy, and p,v € ML, we have

‘/«p(u—V)

Proof of Proposition[2.29. Pick ¢ € D,,. Since J,(a " ¢) < a 2, () for a > 1 (see (1.36)),
we can choose 1 < a < Ju(¢)'/? 4+ 1 such that J,(a"'¢) < 1. Then |[a o (n—v)] <

dw(p, v), which proves ([2.31).

The first part of a direct consequence of . It shows, in particular, that d,,
is finite valued. It is also clear that d,, is symmetric, vanishes on the diagonal, and satisfies
the triangle inequality. Since D, spans the dense subspace D of C°(X) (see Lemma ,
d,, further separates points, and hence defines a metric on M.

The first part of also shows that p; — pin M, implies d,(p;, ) — 0, by continuity
of d,, and it follows that the metric d,, is continuous. By density of the image of MA,,, it
is thus enough to show the second half of when p = MA,(¢) and v = MA,,(¢) with
¢, € Dy. Then J,(p) ~ Ju (1) < R and J,(¢) = Jo,(v) < R (see (2.6)), while

5 ) = (i) < /«o—w)(u —v),

by (2.21)) and (1.30)). Using , we get the second half of . Next pick u € M}
and set R := max{1,d,(u, tw)} and S := max{1,d, (u, )} Applying (2.30) to v = pu,
yields S < R, and also R < SRY?, i.e. R < 52, This proves (i) and (ii). Since &, defines
the strong topology of M[, and is complete (see Theorem [2.26)), the same therefore holds,
as desired, for d,,. O

< (Jul@)? + 1) du(p, ). (2.31)

By Theorem the quasi-metric space (M, 8,,) only depends on [w] € Pos(X). Here
we show:

Lemma 2.30. For cach T € D,, we have d,,. < (Jo(7)/?41) dy,. In particular, the Lipschitz

Wr ~

equivalence class of the metric space (M}, d,,) only depends on [w].

Proof. For any ¢ € D,,_, (1.39) yields J,, (¢) = Ju.(0,¢) = Ju (7,0 + 7). When J,_(¢) <1,
the quasi-triangle inequality (1.35) thus yields J (¢ + 7) = Ju (0,0 + 7) < 1 4+ J with
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J :=Ju,(1) =Ju(0,7). By (2.31) we infer
S+I . |[ra-

Thus U o(p— 1/)| < (1 + JY?)d,(p,v). Taking the supremum over ¢ € D, such that
Jw. (p) <1 yields the result. O

(p+7) (1 —v) S L+ V%) dy(p,v).

3. L1PSCHITZ AND HOLDER ESTIMATES FOR THE ENERGY

In what follows we consider w € Z, with [w] € Pos(X). As above, we assume that the
orthogonality property holds. From now on, we further assume the submean value property
(see Definition , and use it to investigate the dependence of M} on w and establish a
Holder continuity estimate for the energy pairing.

Recall that the standing assumptions hold when X is a compact connected Kéahler man-
ifold, or any irreducible projective Berkovich space (see Theorem and Examples

and .

3.1. Lipschitz estimates for the energy. Recall from the metric d,,, which defines
the strong topology of M. As a first key consequence of the submean value property, we
show:

Theorem 3.1. The Lipschitz equivalence class of the metric space (ML, d,,) is independent
of w.

In particular, the topological space M. is independent of w (see Proposition [2.29)), and
will henceforth simply by denoted by M!1.

Lemma 3.2. Assume w’ € Z, is commensurable to w, with [w'] € Pos(X). For all u,v € M
we then have

dur (1, v) < 9O (1 4+ T)? du(p,v) (3.1)
with § := dT(w, w’) € R>0.

Proof. Pick any ¢ € D,y such that J/(¢) = [ ¢y — Eu(¢) < 1. We need to show

/wm—m

By translation invariance of J,, on D,,, we may assume wlog sup ¢ = 0. Then
—Eu(p) <14 Ty <1400,
by . On the other hand,
0> 6("+1)5(w,e’5<p)”“ (6 w SO)nJrl > 60(6)(w/7¢)n+1’

where the last inequality follows from Lemma since w' < edw < ¥, Dividing by
(n+ 1)V, = e (n + 1)V 1, we get

0<Ju(e” ) < —E,(e” ) < —e00) E.(p) < 60(5)(1 +T).
By ([2.31]) this implies

and hence (3.2)). O

< 60(5)(1 +T.,) 2 dy (s, v). (3.2)

< 60(6)( 1+ Tw)l/z de (s, v),
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Proof of Theorem [3.1, We argue as in the proof of Proposition On the one hand,
the Lipschitz equivalence class only depends on the positive class |[w]|, by Lemma
On the other hand, it only depends on the commensurability class of w, by Lemma (3.2
and we conclude since any two positive classes admit commensurable representatives, by
Proposition |1.15 U

3.2. Mixed Monge—Ampeére measures. It will be convenient to introduce, for ¢ € D,
and p € M, the quantities

Jo(p) =) + Ty, and I (u) = Ju(p) + To. (3.3)

Lemma 3.3. For each ¢ € D,, we have
0 < supy — Eu(p) < I5(¢); (3.4)
5 () = I (MAL(9)). (3.5)

Proof. By (1.32)), we have
sup ¢ — Ey, () = Ju(p) + (supp — /wm) < Ju(p) + To
This yields (3.4), while (3.5]) is a direct consequence of (2.6]). O

We next establish a key energy estimate for mixed Monge—Ampere measures.
Theorem 3.4. Fori=1,...,n, pick w; € Z;4 with [w;] € Pos(X) and ¢; € D,,, and set
po=([w1] ... fwn]) " Hwr +ddSer) A A (wp + ddSg,) € M. (3.6)
Then p lies in MY, and satisfies:
(i) if each w; is commensurable to w, then

J5 (1) S €99 max I ()

with § := max; dp(w;, w);
(ii) in the general case,

Jo(p) S Clmax Jo, (i) +1),
where C' > 0 only depends on w and the w;.
Proof. Assume first that each w; is commensurable to w. Set
Ji=max I (pr), V=V, Vii= Vi,
and observe that
eV <V <MV, eV < fwy] ... wn] < MV (3.7)

Since p is unchanged when the ¢;’s are translated by constants, we may assume without
loss that sup ¢; = 0. Then

0> (Wi, )™ = (0 + 1)V; Eu, (1) = —(n + 1)ViIS (),
by , and hence
0> (wi, )" 2 =20V, (3.8)
using . Now pick 9 € D,, such that supy = 0, and set R := J,(¢0). On the one hand,
0> (w,¢)"™ = (n+1)VE,(¢) =—(n+1)VR. (3.9)
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On the other hand, using ([3.7)) again, we have

0> e—"év/w > /w(wl +dd®p1) A - A (wn +ddpn)

= (w,¥) - (w1,1) .-+ (Wn, on) — (@, 0) - (W1,01) -+ (Wn, o)

> (w,9) - (@1,01) -+ (W on) Z €90 min{(w, )", min(w;, )",
by and Theorem Combined with and , this yields

/@b(uw —p) < —/w SO R+ ).
By Lemma [2.8] we infer,
Jo(p) < e inf (R+.J) (1+R YR+ J)) <Oy,

which concludes the proof of (i) (using (1.23)).

We now consider the general case. By Proposition [1.15] we can choose 7 € D, and
7; € D, such that w’ := w, and wg := wj -, are commensurable for all 7. Then

p= (Wil on]) 7w Fddeh) A A (wr, + ddCey)
with ¢} := ¢; — 7, and hence

Jor (M) SJ m.aX(Jw; (‘P;) =+ Twé):

(2

by Theorem By (2.9), we have Jo, (1) < Jur(p) +C and Jo (¢7) < Ju (i) +C with C >0
independent of u, and (ii) follows. O

As a consequence, we get the following Lipschitz estimate for the energy:

Corollary 3.5. Pick ' € Z, such that [w'] € Pos(X), and u € M*.

(i) If ' is commensurable to w, then
I (n) = 9O TF (1)

with § := dp(w,w’).
(ii) In the general case, there exists C > 0 only depending on w,w’ such that

Juor () < C(Juw(p) +1).
We refer to (4.21]) below for a more precise estimate when ¢ is small.

=

or u in D,
3)), and hence

) (see (20)).

Proof. Assume first w’ commensurable. Pick a maximizing sequence (¢
and set p; == MA,(¢;). Then u; — u strongly in M! (see Theorem |
Ju(1tj) — Jo(p) and Jor(p;) — Jor(i). For each j we have J,(¢;) = J,
Theorem thus yields J7, (1;) < 9O JF (1), and (i) follows.

In the general case, we can choose 7 € D, and 7" € D, such that w, and w, are
commensurable (see Proposition [I.15). By (2.9), we then have J,/ (1) < Jo,. (p) + C and
Jo_, (1) < Jur(p) + C with C' > 0 independent of 4, and (ii) now follows from (i). O

v
ro =

~~
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3.3. Holder continuity of the energy pairing. Recall from §I.3] that
Z,={0€ Z|0]lw < oo}.

Using the above results, we establish a general Holder continuity property for the energy
pairing.

Theorem 3.6. Fori=0,...,n, pick 6,0, € Z,, and p;, ¢} € Dy, normalized by [ ©; jt, =
[ @it = 0. Then
(B 0) - Bovion) = () - )] A (6= BT + ma Tl T )

with o := 27" and

A=V [T Q410+ 110]lw) T = max IE (o1).

In particular,
(01,01 <+ (B o) S Vo T (1 + 116ill) max J; (7). (3.10)

Proof. Assume first 0; = 0/ for all i. By symmetry of the energy pairing, we may assume
@i =l fori>1. Fori=1,...,nset t; := 1+ |6;|,. Then ||t; '6;]., <1, and

Jo(t7 i) < 171 u(0) < Ju(i),

by convexity of J,, on D,,. By homogeneity, we may thus assume ||6;]|, < 1foralli =1,...,n.
Thus —w < #; < w, and hence 6; = 0i+ — 0, where Hj = 0; + 2w and 0; := 2w both satisfy
w < Gii < 3w. By multilinearity, we may finally assume w < 6; < 3w. By Proposition(i),
it then suffices to show

/(800 — () (01 +ddp1) A= A (0, + ddpy,)

Since w < 0; < 3w, Theorem shows that
= ([00] .- [0n]) (01 +ddp1) A+ A (B + dd°p,) € M
satisfies Jo, () < J. By ([2.25)), we infer

‘/(900 — o) (1 — pe)

which yields (3.11]) since [(¢0 — t0)pw = 0 and [fg] - ... [05] S Vi
In the general case, we may again assume (6;, ;) = (6., ¢}) for i > 1, by symmetry and
multilinearity of the energy pairing. Then

(907900) ’ (917801) et (0n7 ()Dn> - (96790,0) ’ (017901) Tt (envwn)
= (00 - 9(/370) ’ (617901) T (97’”9071) + (07 ¥o — 90{)) ’ (91,@1) Tt (07179071)7
where the last term has already been estimated by (3.11]). We are thus reduced to showing
[(60,0) - (01, 01) - - (O on)| S AT 160 ]l

By homogeneity we may further assume ||fyl|, = 1, and the desired estimate now follows
from the first step of the proof applied to ¢} = 0, using (6p,0) - ... (6,,0) = 0. O

< VoJw (o, h) T (3.11)

5 Jw(<;007 wO)aJl_aa
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4. TWISTED ENERGY AND DIFFERENTIABILITY

As in we assume that the orthogonality and submean properties hold, and recall that
this is satisfied when X is a compact connected Kéahler manifold or any irreducible projective
Berkovich space. We fix w € Z with [w] € Pos(X). In this section we introduce and study
the twisted energy of a measure, and show that it computes certain directional derivatives
of the energy.

4.1. The twisted energy of a measure. In view of (1.24)), the directional derivative
d

VoEu(¢) = 5| Euruls) (41)
t=0
is well-defined for any 6 € Z and ¢ € D, and given by
Vo Eu(p) = E(¢) = VI Eu(e), (4.2)
where
EZ(QP) = Vw_l(ea 0) : (w7 ()D)n (43)
and

V9 =nVe] - [w]"t
Note that EY () is a linear function of § € Z, and
EY (o +¢) =EY () + ¢V for c € R, (4.4)

while Vg E,, is translation invariant. For all ¢, € D, we further have

n—1

BY (o) — B0 () = S V! / (p— )0 Al AWl (4.5)

=0
Example 4.1. By , we have B4, (1+1)p) = (1+1) Eu(p). By (1.27), this implies
Vo Eu(@)+ [ MA,(¢) = Eu(p), and hence

Vi Ew(‘P) = Ew(cp) - /90 MAw(SD) = Jw(QD,O) ~ Jw(07 90) = Jw(‘P)- (46)

Example 4.2. For each € D andt € R, (1.29) yields Eqyitddey (@) = Eu(@+1t) —Ey (ty),
and using again (1.27) we get

Vagey Bul) = / B(MAL () — 10)- (4.7)

Example 4.3. For any 7 € D, we similarly have E,,_119(p) = Eyr0(@ + 7) — Eupt0(T)
and

VoEu.(¢) = VoE,(p+7) — Vo Eu (7). (4.8)
Lemma 4.4. For all 0 € Z and ¢, € D, the following holds:
(i) if 0 € Z,,, then
Vo Eu(p) = Vo Eu(¥)] S Julp, ) max{I} (), IS ()} )10 (4.9)

with o .= 27";
(ii) in the general case, there exist C' > 0 only depending on w and 0 such that

‘VG Ew(‘P) —Vy Ew(d})‘ < CJw((Pa w)a(maX{Jw((p)7 Jw(q/})} + 1)170[‘ (4’10)



MEASURES OF FINITE ENERGY 33

Proof. By translation invariance of Vg E,,, we may assume [ ¢, = [¢ p, = 0. When 6

lies in Z,,, Theorem applied to (1.24)) and (4.3]) yields
[Ful) = Bu(¥)| S C and  [ES(p) — B4 ()| < €O+ [0]L)
with C := Jo, (¢, 1%)* max{J} (¢),JF (1))}~ By homogeneity of EY with respect to 6, we
may replace 1+ ||0||,, with ||@]|, in the last estimate, and (i) now follows from (4.2)) together
with [V9] < nl|6]]..
In the general case, pick 7 € D, such that § € Z,_ (see Proposition [1.12). Given
v, € Dy, we then have ¢ — 7,90 — 7 € D,,_, and (4.8)), (1.39) yield

VoEo (¢ —=7) = VoEy, (¥ —7) = Vo Eu(p) = Vo Eu(¢), Ju (¢ =70 —7) = Ju(p, ),
Ju (0= 7) =Ju (0,0 = 7) = Ju(7,0) S () +Ju(7)y Jur (¥ —7) S Ju(¥) + Ju(7).
By (i) we thus get
« -«
Vo Eu(9) = Vo Eu(¥)] S Julp, ¥) (max{J] (), J5 ()} + 35(7)) " (10w,

which proves (ii). O
Proposition 4.5. For any 0 € Z, there exists a unique strongly continuous functional
10 MY = R, the O-twisted energy, such that

To(MAL(¢)) = Vo Eu(e) (4.11)
for all ¢ € D,,. For all p,v € M', we also have:

(1) J9(u) is a linear function of ;
(i) if 6 € Z,, then

9% (1) = 5] S b (p, v)® maxc{ I (1), I ) =103 (4.12)

with o :== 27", and hence

35 ()] S IE () 1913 (4.13)
(iii) in the general case, there exist C > 0 only depending on w and 6 such that
% (1) = I < Cu(p,v)* (max{Ju (1), Ju (W)} + 1)1, (4.14)
and hence
5 ()] < CUu(p) + 1), (4.15)

Proof. Assume ¢, € D, satisfy MA,(¢) = MA,(¢)). Then J,(¢,%) = 0, and hence
VoEu(p) = VoEy(¥), by (#10). As a result, there exists a unique function J?, on the
image of MA,,: D,, — M! such that is satisfied. For all p,v € M! in the image
of MA,,, it further follows from that holds. This shows that JZ is uniformly
continuous on a dense subspace of the quasi-metric space (M?,d,), and hence admits a
unique continuous extension J?: M! — R. Finally, (i) holds by linearity of VyE, with

respect to 0,(ii) and (iii) follow, by continuity, from Lemma [4.4] O
Using (4.11)) (with ¢ = 0), ({#.6), (£.7) and (4.8), we further get, for all u € M!, ¢p € D

and 7 € Dy,
3 (1) = 0 (4.16)

30 = T () (w17
IS (n) = /@D(u — ) (4.18)
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I () = I () + ¢ (4.19)
with ¢ € R uniquely determined by (£.16)), i.e. ¢ = J? (1) = =% (1o, ).

4.2. Holder continuity of the twisted energy. The following estimates will be the key
ingredients for the continuity of coercivity thresholds (see Theorem below).

Theorem 4.6. Pick w,w’ € Z, with 6 := dp(w,w’) < 1 and [W'] € Pos(X). For all
0,0 € Z, and u € M', we then have

I () = 3% ()| S (310 + 10— 0']lu) T (1) (4:20)

and
J5 (1) = (L +0(3%)I 5 (). (4.21)

Lemma 4.7. Assume w < o' < eOw with § € [0,2]. Pick ¢ € D, C Dy, and set pu :=
MA,(¢), p := MA,/(¢). Then:

Vo Eu(p) — Vo Ewr (0)| < 635 (1) 1105 (4.22)
mesc {5 (1), 35, (1)} S 5 () (4.23)
oo (s 1) S 038 (). (4.24)

Proof. All three estimates are invariant under translation of ¢ by a constant, and we shall
rely on a different normalization for each of them. We first normalize ¢ by [ ¢y, = 0. By
homogeneity, we may further assume ||6||, = 1. Since

EZ () = Bl (9) = Vi 1 (6,0) - (w, )" = V;1(6.0) - (W', )"
with V., /V, =14 O(6), Theorem |3.6| yields
[E(0) = B ()] S I’ = wllud () S 035 10).
We similarly get |E, () — Eu(¢)] S 837 (1), and (4.22) follows, using the trivial estimate
Vi =Vv? 4 0(5).
Next, we normalize ¢ by sup ¢ = 0. By Lemma [1.20, we then have
Jw’(,u/) ~ Jw’(()p) = /‘P,U/w’ - Ew’(@) < - Ew’(@) ,S - Ew(@) < JI(M)

On the other hand, Corollary [3.5|yields J7, (1) < J3 (1), and ([4.23) follows.

Finally, we normalize ¢ by [ ¢ p = 0. Pick a maximizing sequence (¢;) in D,y for p,
also normalized by [ t; p1,» = 0, and set p; := MA,/(¢;). By Theorem Jor (1, ') is the
limit of

Jor i) = s (i)~ [ (0= )0 = 1) = [ (s = @) = ) + o),
where the last two points hold by (|1.30) and (2.25)), respectively. Now
= =) = V5 0.0 @) = V0.0 )]

B [Vw_’l(oﬂ (10) ’ (wlv (p)n - Vwil(oa QD) ’ (wa Sp)n] )

where
‘Vw_/l(ovl/}i) : (wlv So)n - Vwil(()?wi) : (w7 @)n‘ 5 Hw/ - w”w’ ma‘X{JI/(QO)v J:’(wz)}
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and

V51 0,0) - (W) = V H0,90) - (w,9)"| Sl = wllwr I (),
by Theorem |3 - Since ||’ — wHw/ 8, Ju(p) = Jo (1) and Jo (¥5) = T () — Jor (1),
this proves , thanks to (4.23). O

Proof of Theorem [[.6. Note first that w” := e %w < w’ < €’w, and hence

w// < w/ < ede", UJ” <w< edw//

Arguing successively with w”,w’, and with w”,w, and relying on Corollary it is thus
enough to prove the result when w < w’ < e’w, which we henceforth assume. By density of
the image of MA,: D, — M! and strong continuity of J® and JZ, (recall that the strong
topology of M! is independent of w), we may assume p = MA,(p) with ¢ € D, C D,s. As

in Lemma [4.7] set ' := MA,,(y). By (4.11), we have
Jo(i) = VoEu(p). I (1) = VoEu (),

and (4.22)) thus yields
98G) = I8 ()| < 035 ()61 (4.25)
On the other hand, (4.12]), implies
9 (m) — J9/< ORI (4:26)
thanks to ( - ) and ( . Finally, (4.13)) yields
\JZ/ MERAMIE \Jf;@’m)\ STH0 — ', (4.27)
and summing up (4.25)), (4.26) and (4.27)) yields (4.20]). Applying the latter estimate with
0:=w, 0 =u, we get
[Ju(p) = Jur ()] < 0735 (1 ) (4.28)

in view of (4.17). Since we also have T, = (14 O(8))T,, (see (1.23)), ([#.21)) follows. O
4.3. Differentiability of the energy.

Theorem 4.8. For any 0 € Z and p € M*, we have

d _ 0
& tZOJw-i-tO(H) - Jw (:LL)

If we do not assume 6 € Z,,, the condition w + t6 > 0 will fail in general, but one can still
make sense of J,9(1), see Remark

Lemma 4.9. Pick 0 € Z,, and ¢ € D,, normalized by [ ¢ p, = 0.Then

Bl S350 | [ e MAo)| ST B S 1013
Proof. We have
Vo(n+1) Ey(p) = (w, )", Vw/w MA, () = (0,9)-(w, )", VuEL(9) = (6,0)-(w,¢)",

and the estimates thus follow from (3.10)) (and homogeneity in 6). O

Lemma 4.10. Pick § € Z,, such that |0, < 1 and [w + 6] € Pos(X). For all p € M! we
then have

Jogo (1) = () + I2 (1) — OTF (m)]16]12)-
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Recall that, in this paper, the implicit constant in O only depends on n.

Proof. Set J := Jf (u) and € := [|0)]|,. If € = 0, then & = 0 and the result is clear. We may
thus assume ¢ > 0 and write 6§ = €60 with ||6|, =1 and € € (0, 1).
By density of the image of MA,: D, — M!, it is enough to prove the result when

p = MA,(¢) with ¢ € D,,, which we normalize by [ ¢ u, = 0. By (2.5), (4.11) and (4.2),

we then have
Ju() = Bulp) - / o 10 = E9(p) — VO Eu(). (4.29)

Note that
l-ew<w+0<(1+e)w<(1—¢e) w, (4.30)
and hence
(1 =€) € Da—e)w C Do

By ([2.2)), this yields

Juro() > Buss (1 — )g) — (1 —é) / ou (4.31)

(n+ DViso Eura (1 = £)9)) = ( + 0, (1 = £)9)" " = ((w, ) + (0, —e0))" ™
= (w, )"+ (n+1)[(6,0) - (w,0)" —£(0,9) - (w,9)"] + %ale)

— 0+ DV [Eulo) + B0~ = [ o] + %)
with

ntl n+1 ) ~ . .
a(e) =) < : >€H(9, —@) - (w, )"
—\ J
J
Since ||0]| = 1, (3.10) yields |a(e)| < V,,J. Combining this with
Vo = [w+0]" = [w]" + nlf] - [w]"™ + O(w]") = Voo (14 Vi + O(Y))
and

V5o malsa |[en| <o [l ses

(see Lemma [4.9)), we infer

Euso((1—2)¢) = (1= VI +0() (Ew«o) +E o)~ [ - 0<52J>)
E

() T E () — VO Bulp) — / o —O(2]).

Injecting this in (4.31)) and using (4.29)), we get, as desired,
Juro(n) = Juli) + 32 (n) — O(27).
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Proof of Theorem [{.8 Assume first 6 € Z,,. Set J := J}(u). By Lemma we then have

Jorto(1) 2 Ju(p) + 5, (1) — O(E2]|6]|us T ).

For |t| < 1, we also have d(w + tf,w) < 1, and hence J:+t0(u) < J, by Corollary
Reversing the roles of w and w + tf, Lemma thus yields

Jo (1) 2 oo (1) = t3,149(1) — O(E2[0]1T).

By Theorem Jg+t9(u) — J9 (1) as t — 0, and we conclude, as desired,

Turreo (1) = T+ 3%, (1) + o().

ast — 0.
In the general case, pick 7 € D, such that § € Z,_ (see Proposition |1.12)). Then ({2.9)
yields

Jorto(p) = Ju,4e0(pe) — /TM + Ewte0(7),

see Remark 2.4l We infer

d
gl Jero(n) = T4 () + Vo Bu(r) =I5 () + I () = I (1),
t=0

where the first equality follows from the first step of the proof and (4.2)), the second one

from (4.11)), and the third from (4.19). O

5. COERCIVITY THRESHOLDS AND FREE ENERGY

As in §4] we assume that the orthogonality and submean value properties hold. We then
establish a general continuity result for coercivity thresholds, and apply this to the free
energy, which induces the Mabuchi K-energy on potentials.

5.1. Continuity of coercivity thresholds. Fix for the moment w € Z; with [w] €
Pos(X), and consider an arbitrary functional F': M! — R U {+o0}.

Definition 5.1. We define the coercivity threshold of F' as
ou,(F):=sup{oc e R| F>ol,+ A for some A € R} € [0, +x]. (5.1)
We say that F' is coercive if o,(F) >0, i.e. F > oJ, + A for some o >0 and A € R.

By Corollary [3.] (ii), the condition that F is coercive (resp. o, (F) = %00) is independent
of w.

Recall from (2.22) that the energy of any u € M! coincides with the quasi-distance to
the base point fi,, i.e. Jo, (1) = 6w (i, pw). As a result, the coercivity threshold measures the
linear growth of F' with respect to quasi-metric é,,. As we next show, any other base point
can be used in place of p, (something that could fail for a general quasi-metric).

Lemma 5.2. For any F: M! = RU {+c0} and v € M! we have
0u,(F)=sup{oc € R| F > 00,(-,v) + A for some A € R}. (5.2)

In particular, o,(F) only depends on [w] € Pos(X).
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Proof. For any p € M!, yields

1001, ¥) — Ju()] S Ju(v)° max{Ju (), L) .
For any € > 0, we can thus find C. > 0 (depending on v) such that

(1 —e)Juw(p) = Ce < du(p,v) < (1 +¢e)duw(p) + Ce

for all 4 € M. This implies ([5.2)), and the last point follows, since the Dirichlet quasi-metric
d only depends on [w] (see Theorem [2.26)). O

Definition 5.3. For each 0 € Z, we introduce the twisted coercivity threshold
ol (F) = o, (F+1J?). (5.3)

w
We refer to below for a discussion of the concrete case we have in mind.

Lemma 5.4. The following holds:
(i) 02(F) = 0, (F), and o’ (F) = 6% (F) +t for all 0 € Z and t € R;

(ii) we have o,(F) € R (resp. o,(F) = +00) iff 6% (F) € R (resp. 0% (F) = +o0) for all
veZ.

Proof. The first point is a direct consequence of (4.17). For any 6 € Z, (4.15) yields a
constant C' > 0 such that [J?| < C(J, + 1). This implies

0,(F) —C < % (F) < o,(F)+C,
and (iii) follows. O
We can now state the main result of this section.

Theorem 5.5. For any functional F: M' — R U {+occ}, the twisted coercivity threshold
o0 (F) is a continuous function of ([w],[0]) € Pos(X) x Hpc(X).

w

Continuity is understood with respect to the finest vector space topology of Hgc(X), i.e.
for [w] and [f] constrained in any given finite dimensional subspace.

Lemma 5.6. There exists 6, > 0 only depending on n such that, for all w,w’ € Z, with
§:=dr(w,w) <8, and all 0,0' € Z,, we have

w

ol (F) = (14 0(07)) [0(F) + 00 0]l + 116 = ') (5.4)
Proof. Since JJf = J,, + T,,, we can replace J,, with J} in (5.1)), and hence

o (F) =sup{oc e R| F+J% > 6J} + A for some A € R}. (5.5)
Pick o, A € R such that F +J? > oJ} + A on M!. By we get

F+30 > F+3%+0(6%0]l + 110 — 0']].)I5
> o)l + A+ 0060, + 110 — 0']|)I7
> (14 0(6%)) [0+ 060l + 116 — ¢'|l] IF, + A,

using ([#21)), and hence o, (F) > (1 + O(6%)) [0 + O(6°||0||w + ||0 — ¢'||.]. Choosing &, > 0
such that 1+ O(0%) > 0 for § < d,, and taking the supremum over o yields (5.4). O
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Proof of Theorem [5.5. We first show that o/ (F') only depends on the classes [w] € Pos(X)
and [0] € Hpc(X). For each 7 € D,,, we have

0, (F) = 0w, (F +J0,) = 0w, (F +J) = 0u(F + J(,) = a,(F),

w. w

where the second equality follows from (4.19)), and the third from Lemma This proves
that o (F) only depends on [w]. On the other hand, for any v € D, ([#.18) yields

F4+J —C<F+ 0% <py 30 4 C

with C := 2sup |¢|. This implies o (F) = 659" (F), which thus only depends on [4].

As noted above, Corollary (ii) shows that the condition o, (F) = +oo is independent
of w, and in that case the result trivially holds, since all twisted thresholds are then equal
to oo, by Lemma (ii).

Assume now that the twisted thresholds are finite valued. Pick wy € Zy with [wg] €
Pos(X), 0y € Z. Choose a finite dimensional subspace W C Hpc(X) containing [wo], [fo],
and a finite dimensional subspace V' C Z containing 6y, and whose image in Hgc(X) contains
W. Since 0% (F') only depends on [wg], we can assume wlog V C Z,,, (see Proposition .
After enlarging V', we may further assume that it contains wy. For each w,0 € V C Z,,
with w close enough to wy, yields

(0 (F) = 0% (F)| < 6% [0 (F) + O(6* [0 Ly + 10 — o]l

with 0 = dp(w,wp). By Lemma this shows that the restriction of (w,8) — of (F) to V
is continuous at (wq, 0y), and the result follows, since the image of V' contains W. O

5.2. Free energy vs. Mabuchi K-energy.

5.2.1. The Kdihler case. Consider first a compact connected Kéhler manifold X. Any smooth
metric p on Kx induces a volume form s, and hence a (relative) entropy functional

Ent,: M — RU {+o0}, (5.6)

Ent,(p) = /log <::D> p

if p is absolutely continuous with respect to f,, and Ent,(p) = 400 otherwise. Note that

Ent, (1) = Ent,(p) + / (p=p)u (5.7)

for any other metric p’ on Kx. As is well-known, the relative entropy can also be written
as the Legendre transform

Ent,(p) := ?1611[; </f,u — log/ef,up>

which shows that (5.6) is convex and lsc. In particular, the restriction Ent,: M! —
R U {+o0} is Isc in the strong topology. While it is not continuous, we nevertheless have
(see [BDL17, Theorem 4.7]):

such that

Lemma 5.7. For each u € M, there erists a sequence (p;) in Dy, such that p; := MA,(¢;)
satisfies p; — p strongly in M* and Ent,(u;) — Ent,(u).

Extending the terminology of [Berm13], we introduce:
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Definition 5.8. We define the free energy F,,: M! — R U {+o00} by setting

0,
Fy(p) := Enty(p) — Entp(pe) + Ju (1), (5.8)
where 8, € Z denotes the curvature of p.

As the notation suggests, F, is independent of the choice of p; this follows indeed

from ([5.7)) combined with (4.18]). Furthermore, (4.16) and (4.19) show that F,, only depends

on the Kéhler class [w], up to an additive constant uniquely determined by the normalization

Fo, () = 0.
The raison d’étre of the free energy is that its composition with the Monge—Ampere
operator coincides with the Mabuchi K-energy My, : D, — R, i.e. we have

Fw(MAw(w)) = Mw(@) (5'9)

for all ¢ € D,,. Indeed, in view of (4.11)), (5.9) is equivalent to the well-known Chen—Tian
formula for the K-energy, which can be written as

M,,(¢) = Ent,(MA,(¢)) + Vg, Eu(p) + ¢ (5.10)

in the present formalism, for a constant ¢ € R determined by the normalization M? (0) = 0,
ie. c=—Ent,(u).

Definition 5.9. Define the coercivity threshold of (X,w) as o(X,w) := 0,(Fy).

Theorem 5.10. The coercivity threshold of (X,w) is a continuous function of the Kdhler
class [w], and it satisfies

o(X,w)=sup{oc e R| M, >0cJ, + A on D, for some A € R}.

By [CC21], o(X,w) > 0 iff there exists a unique constant scalar curvature Kéhler (cscK)
metric in [w]. In particular, we recover the fact, originally proved in [LS94], that the set of
Kéhler classes of X that contain a unique cscK metric is open.

Proof. Pick a smooth metric p on Kx. By (5.8), we have o(X,w) = olr (Ent,), and the first
point thus follows from Theorem As to the second point, it is a simple consequence

of (5.9) and Lemma O

Remark 5.11. Given 0 € Z, one can more generally consider the 0-twisted free energy

Fg = F, +J%, whose composition with the Monge-Ampére operator coincides with the 0-

twisted K-energy M? = M,, +Vy B, (see [BDL17, [CC21]). Again, Theorem shows that
the coercivity threshold

o (X,w) == 0,(F%) = az(Entp)
is a continuous function of [w] and [6], while Lemma[5.7 shows that

o?(X,w) = sup {0 eR|M >0J,+ A on D, for some A € R}

as considered for instance in [SD20)].
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5.2.2. The non-Archimedean case. Consider now a smooth, irreducible projective Berkovich
space X over a non-Archimedean field k of characteristic 0. Pick a PL metric p on Ky, and
define the associated non-Archimedean entropy Ent,: M — R U {400} by setting

Buty(n) = [ (Ax ~ p)p.

Here A x denotes the Temkin metric (see [Tem16] and also [Stel9]) on Kx, and Ax —p: X —
RU{+o00} is the corresponding lsc function, using additive notation for metrics (see [BoJ17,
§5.7]). Again, Ent, is convex and lsc, and holds for any other choice of PL metric p’
on Kx. See also [Ino22] for a related notion in the trivially valued case.

As above, one can then define the (non-Archimedean) free energy F,,: M! — R U {+o00}
by , with 6, € Z the curvature of p. Its composition with the Monge-Ampére operator
coincides with the (non-Archimedean) Mabuchi K-energy M,,: D,, — R, defined by .

However, the major difference in the non-Archimedean case is that the analogue of
Lemma is only a conjecture (compare [BoJ18al Conjecture 2.5] and [C.Li22, Conjec-
ture 4.4]). Explicitly:

Conjecture 5.12. For each i € M", there exists a sequence of w-psh PL functions (p;)
such that p; := MAy () satisfies pi — p in MY and Ent,(u;) — Ent, ().

As a consequence, the coercivity threshold o(X,w) := o,(F,) only satisfies
o(X,w) <sup{oc € R| M, > oJ, + A on D, for some A € R}, (5.11)
and equality holds if Conjecture [5.12]is valid.

These definitions are especially relevant when & is trivially valued and w lies in Amp(X) <
Z, (see (1.5)). Indeed, the free energy F,(u) then coincides with the invariant S, (u)
introduced and studied in [BoJ22b]; see also [DL23, Liu23]. By homogeneity with respect
to the action of Rxq, o(X,w) = 0, (Fy) is further equal to the divisorial stability threshold
o4iv(X,w), which is positive iff (X,w) is divisorially stable.

On the other hand, the right-hand side of coincides, by definition, with the K-
stability threshold o (X,w), which is positive iff (X,w) is uniformly K-stable in the sense
of [Derl6, BHJ17]). Thus divisorial stability implies uniform K-stability, and the converse
holds if Conjecture [5.12]is satisfied.

Remark 5.13. Assume that (X, L) is a polarized smooth projective variety over C, and
pick a Kahler form w € ¢1(L). Using [SD18| and [C.Li22], one can then show that the above
thresholds satisfy

Udiv<X7 L) S O’(X,w) S O’K()(7 L)
Conjectm“e would further yield o (X, L) = oqiv(X, L), and hence conclude the proof of

the ‘uniform version’ of the Yau—Tian—Donaldson conjecture, as noted in |C.Li22, [BoJ22h).

APPENDIX A. CONVEXITY ESTIMATES

We consider the following data:

e a surjective map 7: V — O of R-vector spaces, with fibers Vy = 771(6);
e a homogeneous polynomial F': V — R of degree n + 1, n > 1, with associated
symmetric multilinear map

Vvrtl SR (Toy e vy Tp) > To - v Ty,

ie. F(r) =2t
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e a convex cone P C V such that

22 x9-...-xy>0forall z € Vyand z; € P. (A.1)

Example A.1. The main example that we have in mind is the negative of the energy pairing
in 1.4, where V.= Z x D with its projection to © = Z, and P = {(6,¢) € V | 6, > 0}.
Another example is given by the negative of intersection pairing on a flat projective scheme
over 7.

Our goal is to use (A.1) and the resulting Cauchy-Schwartz inequality
(x-y-mo-. . wp)? < (22 xo . xn) (YT T) (A.2)

for all x,y € Vy and x; € P to derive various inequalities and convexity statements.
For each z € V we define the linear form F’'(z) € VV by

d
(F'(z),y) := —| Fz+ty)=(n+1z" vy,
dt|,_,
and we set for all x,y € V
o(z,y) = F(z) = F(y) — (F'(y),z — y). (A.3)
A simple computation yields
n—1
S, y) =Y (G+D)(x—y)* ¢/ 2" (A4)
§=0

In what follows, we fix 8 € © and set Py := Vy N P.

Lemma A.2. We have §(x,y) > 0 for x,y € Py. Moreover, F is convex on Py, and for
every y € Py we have that x — §(x,y) is convex.

Proof. By (A.1) and (A.4), we have §(x,y) > 0 for x,y € Py, and this implies that F is
convex on Py; it then follows from (A.3)) that = +— d(x,y) is convex. O

Theorem A.3. For all x,y,z € Py and t € [0,1], the following holds:

e quasi-symmetry:

6(z,y) = 0(y, v);
e quasi-triangle inequality:
6(x,2) S 6(x,y) + 6(y, 2);
e quadratic estimate:
5(z, (1 —t)z + ty) < t25(x,y);
e uniform convexity:
[(L=t)F(z) +tF(y)] — F(A —t)z +ty) Z t(1 —1)d(z,y).

For any base point x. € Py and x;,y;,z; € Py, the following Holder estimates further hold:

(w0 — o) - (w1 — 1) - 22 .. - 20| S 6(x0,0)*0(wy, y1)* M 2% (A.5)
‘(F/(UCO) - F/(y0)7331 - y1>} < 0(wo, y0)1/25($1, y1)aM1/2_a; (A.6)
6(0, 1) — 8(yo, y1)| < max{d(zo,y0),d(x1,y1) > M2, (A7)

with o == 27" € (0,1/2] and M = max¢ 6(§,x«), where in each case § ranges over the
elements of Py appearing in the left-hand side of the inequality.
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The strategy to get these types of Holder estimates goes back to [BBGZ13, BBEGZ19,
BoJ22al, building on an original idea of [Blo03]. In the rest of this section we prove Theo-
rem largely following [BoJ22al §3.3].

Given z,y € Py, we set
o SN2
d@y) = max (z-y)"-y -z
Using (A.4) it is then clear that
0(z,y) = 6y, 2) = d(z,y) = (z — y)* - (3(z +y)" " (A-8)

To prove the inequality §(x, (1 —t)z+ty) < t26(x,y) it suffices to prove the corresponding
inequality d(x, (1 — )z + ty) < t?d(z,y). But

A, (1= t)a+ty) = 2 max (2= y)* (1= O + 1) 2" S d(z,y)
S)sn—

using multilinearity and the binomial theorem.
Next we prove what is essentially a special case of .
Lemma A.4. If x,y,z € Py, then
(x —y)?- 2" S d(w,y)* max{d(, 2),d(y, )} 7
Proof. Set w := %(w +vy), A:=d(z,y), B :=max{d(z,2),d(y,z)}, and, for 0 < j <n—1,
bj = (z—y)? 27w

Then by ~ A, and our goal is to show b, 1 < A2*B172% By the triangle inequality for the
seminorm v — vV v? - 2"~1 on Vj, we have

b1 < (V(x —2)2-2n= 1 /(y — 2)2 - 2n~1)2 < 4B.

If A> B, then b,_1 < 4B < 4A4?*B'72% and we are done, so we may assume A < B. In
this case, we show by induction that

by S A B
]~
for 0 < j <n—1. The case j = 0 is clear, so suppose 0 < j < n — 2, and note that

2 n—2—j

b1 —bj = (@ =y (z—w)- 2w

—(z—y) (z—w) a2 w2

—(a—y) - (z—w) y- 2T w2

Here we can use the Cauchy-Schwartz inequality to estimate the last two terms. For example:
(@ —g)- (2= w) -z 2 w22
<((z—y)? -z W (z—w)? x-2 w2,
Using that 2w — z = y € P, we can bound the first factor by 2b;, and the second factor by
2(z —w)?- 27 - w177 < 2d(z,w). Adding the two terms, we get bj 11 — b; < 44/bj\/d(z, w).
Now d(z,w) ~ 0(w,z) < max{d(z,z2),d(y,z)} ~ B using the convexity of J(-,z), see
Lemma All in all, this yields
bjy1 —b; S \/bjB.

for 0 < j <n — 2. Using the induction hypothesis b; < 142*7‘31_%]‘7 we get
bj+1 S bj + \/Bibj S A2 pr A g2 < 2A2_j_13172‘j_17



44 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

where the last inequality follows from our assumption that A < B. We are done. O

Using Lemma [A74] we can now prove the quasi-triangle inequality for d, or equivalently
for d. Fix x,y,z € Py, and set w := %(x +y). Then
d(z,y) = (z—y)? w7 Sz =2 w" T (Y —2)? W
S max{d(z, 2), d(y, 2)})** max{d(z, w), d(y, w), d(z, w)}' 7>,
by the triangle inequality for the norm v — V2?2 -w""1 and by Lemma As noted

above, the convexity of 0(-,2) ~ d(-,2) gives d(z,w) < max{d(z,z),d(y,z)}, as well as
d(z,w),d(y,w) S d(z,y). Thus

d(z,y) < max{d(z, ), d(y, 2)})** max{d(z,y), d(z, 2), d(y, 2)}' 7>,
which easily implies d(z,y) < max{d(z, 2),d(y, z)}, as desired.

Next we prove (A.5) in general. By the Cauchy—Schwartz inequality we may assume
xo = x1 and yp = y;. We may also assume n > 2, or else we are done by (A.§]). Set
7= —25(22+ -+ 2,). Then

(x1 — y1)2 czy ez S — y1)2 i < d(xl,yl)h max{d(z1, 2), d(y1, z)}l_%‘
Qj6($17y1)2aInax{(s(:EDZ)’é(ylvz)}l_Qa'

By the quasi-triangle inequality we have §(z1, 2) < max{d(x1,x«),0(z,x4)}, and by quasi-
symmetry and Lemma we have 6(z,z.) < max;>20(2;,24). A similar estimate for
d(y1,z) completes the proof of (A.5)).

Next we prove (A.6)), which is equivalent to

(@2 =y - (21— y1)| < 6(mo, yo) /26 (21, y1)* MY/2—.

By the Cauchy—Schwartz inequality, we have

n—1
Sl
(@ — ) - (1 — y) 2 = |20 — yo) (a1 — 1) a2

7=0
n—1 n—1
I i
< | (o—90)* Y whwo | | (=1 —w)* Y whuy
j=0 7=0

Here the first factor on the right is ~ §(zg, y0), whereas the second factor can be bounded
above using (A.5)).

It only remains to prove ({A.7)). By the quasi-triangle inequality for 0, it suffices to consider
the case when xg = yp or 1 = y1. Now

8(wo,x1) = 8(wo,y1) = n(ay™" —yi™*) — (n + Dao(a} — y7)

= (z1—y1) > _ (@™ — moxfyp ).
Jik
If j <k, then
J n—k—1 n—k—l(

k o k—j+1 k—j+1 g, n—k—1
— zozt Y] = x|y —x )+ 2yt x

G, n— ‘ k—j _ k=i
1Y Y1 19 olzg ~ — ),
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and by factoring each term of the right-hand side we see from (A.5]) that

(1 = y0) (@]y] ™" = worlyp ™) S (a1, y) M
The case when j > k is handled in a similar way, and adding all the terms yields |6(xg, x1) —
8(zo, y1)| S d(a1, y1)* M~

A similar argument shows that |d(xq, 1) — 6(yo, 21)| < (0, yo)* M=%, and completes
the proof.

APPENDIX B. REGULARIZATION AND ORTHOGONALITY ON KAHLER SPACES

By relying on a variant of the classical Richberg regularization technique, it was proved
in [BK07| that any w-psh function on a compact Kéhler manifold (X,w) can be written as
the limit of a decreasing sequence of smooth w-psh functions. It is natural to hope that this
holds in the singular case as well:

Conjecture B.1. Let (X,w) be a compact Kahler space. Then any w-psh function ¢ on X
can be written as the pointwise limit of a decreasing sequence (yp;) of smooth w-psh functions.

Note that the conclusion only depends on the Kéhler class [w]. Besides the case X is
nonsingular, mentioned above, we have:

Example B.2. Conjecture holds if X is projective and [w] lies in the ample cone, i.e.
the open convex cone generated by classes of ample line bundles on X. This is a consequence
of [CGZ22, Theorem 1.1].

Lemma B.3. Let (X,w) be a compact Kdihler space for which C’onjecture holds. Then
[w] has the orthogonality property (cf. Definition [2.15).

Proof. Pick a resolution of singularities 7: ¥ — X, and set  := m*w > 0. Since [0" =
Jw™ >0, the (1,1)-class [f] is semipositive and big. For any g € C°(Y), consider the -psh
envelope

Py(g) := sup{y € PSH(Y,0) | ¥ < g}.
As is well-known, Py () is 6-psh, and MAy»(Py(g)) is supported in {Py(g) = g}, i.e.

/Y (g — Pol(g)) MA(Py(g)) = 0. (B.1)

For any f € C°(X), we next claim that Py(7*f) is the limit in £*(Y,#) of the increasing
net {7T*<,0}<pepw7 oy Assume this for the moment. By continuity of Monge-Ampére integrals
along increasing nets in £!(Y, ), and using

/ (f — o) MAL(p) = / (% f — 7)) MAg(n*p),
X

Y
for any ¢ € D, we infer

lim (f =) MA, (@) = / (7" f — Po(m" f)) MAg(Py (7" f)) = 0, (B.2)

0€Du,<s J X Y

by (B.1).
To prove the claim, note first that Conjectureimplies that the increasing net {¢},ep
converges pointwise to

w,<f

Pu(f) :=sup{y € PSH(X,w) | ¢ < f}.



46 SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

Indeed, given ¢ > 0 and a function ¢ € PSH(X, w) with ¢ < f, Conjecture and a Dini-
type argument guarantees the existence of a function ¢’ € D, <y with ¢ < ¢/ < f+0. The
claim is thus equivalent to the statement that 7* P, (f) coincides a.e. with ¢ := Py(7* f).
To prove this, pick 7 € PSH(X,w) with 7 < f and {r = —o0} = Xgine (compare proof of
Lemma. Since . := (1 — &) + en*7 is m*w-psh outside 7! (Xging), and ). = —oco on
the latter, we have 1. = 7*¢. for a unique . € PSH(X,w) (see [Dem85, Théoreme 1.10]).
Since 1. < 7* f, and hence ¢, < f, we have ¢ < P, (f). Thus

(I—e)p+er™r=1"p: <7 Pu(f) <,

and hence 7 Py, (f) = Po(n* f) on Y \ 77} (Xsing)- O
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