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Mean Field Games in a Stackelberg problem with an informed
major player

Philippe Bergault* Pierre Cardaliaguet! Catherine Rainer?
November 6, 2023

Abstract

We investigate a stochastic differential game in which a major player has a private information
(the knowledge of a random variable), which she discloses through her control to a population of
small players playing in a Nash Mean Field Game equilibrium. The major player’s cost depends on
the distribution of the population, while the cost of the population depends on the random variable
known by the major player. We show that the game has a relaxed solution and that the optimal
control of the major player is approximatively optimal in games with a large but finite number of
small players.
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1 Introduction

We are interested in a model with a major player and infinitely many small players. In this model, the
major player has a private information, which is disclosed to her at the beginning of the game. The game
is then played in a Stackelberg equilibrium: the major player announces her strategy and, given this
strategy, the small players play a mean field game (MFG) Nash equilibrium. The whole point is that, as
the strategy of the major player might depend on her private information, the realization of her control
gives a hint on this private information to the small players along the time.
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The paper relies on the literature on mean field games, which investigates differential games with
infinitely many players. Since the pioneering works of Lasry and Lions [31, 32, 33, 34] and of Caines,
Huang and Malhamé [25, 26, 27|, the topic has known a fast growth: we refer the interested reader to the
monographs [1, 8, 12] and the references therein. Here we consider an MFG with a major player: such class
of models has been introduced by Huang in [24] and discussed further in [4, 6, 7, 15, 16, 17, 36, 38, 39, 42].
We follow here the approach of [4, 36, 38|, in which the problem is played in a Stackelberg equilibrium,
the major player being the leader. A related work is [21], which makes the link between the litterature of
principal-agent problems and MFG. The very interesting and recent paper [20] makes the link between
Stackelberg equilibria in games with finitely many players and a major player and with mean field games
with a major player: it shows in particular how to use the optimal strategy of the limit game in the
N —player game.

Little is known on MFG problems with information issues. Sen and Caines [42] and Firoozi and
Caines [22] study a MFG problem in which the small players observe only partially a major agent. The
approach uses nonlinear filtering theory to build an associated completely observed system. Casgrain and
Jaimungal investigate in [18] a MFG in which the agents have a different belief on what model the real
world follows. In [5] Bertucci considers MFG problems with a lack of information, in which the players
have the same information, and builds an associated master equation. The recent paper [3] investigates
situations where the players have to spend some effort to obtain information on their state. The main
difference between the works [3, 5, 18, 22, 42| quoted above and our framework is that, in our setting,
the major player actively manipulates her information in order to reach some goal.

In order to present our contribution, let us describe a little further our model. We consider a MFG
problem with an informed player in a Stackelberg problem.

o At time O (before the game starts), nature chooses at random an index i € {1,...,I} with law
p0 = (p?)i:]_,”.’] and announces the result to the major player only. The index i is the private

information of the major player.

e The goal of the major player is to minimize over her (random) control (u® = (u?);=1,. s)) a cost

of the form
T
E [/ L?(t,uﬁt,mt)dt |[i= z]
0

where my is the (random) distribution of the small players.

e Once the major player has announced her strategy, the small players, observing the realization u

of the control of the informed player and their own state, minimize (in a decentralized way through
a mean field game) their cost

E

T
/ Li(Xt,Oét) +Fi(Xt7mt)dt+Gi(XT,mT)] )
0
where () is the control of a typical small player and (X;) is the process
t
X, = Z+/ asds +V2B;,  te[0,T).
0

Above, Z is a random variable on R? with law mg € P2(RY), B is a standard d—dimensional
Brownian motion, with Z, B and (i,u") independent. For any i € {1,...,I}, L; : R? x R? - R
is the cost for a small player to play a control, F}, G; : R? x P5(R?) — R are the interaction costs
between the small players, L? : [0,7] x U® x P(R?) — R is the running cost for the major player.
The maps L;, F;, G; and L? are at least continuous and locally bounded.

The fact that the small player’s cost is given by a mean field game equilibrium means that the
distribution of players m; is the conditional law of the optimal path X* given u’.
Note that, in contrast with the major player, the minor players do not know the index i. However

they can obtain some information on i by observing the major player’s actions.



In this very elementary game, interactions between major and minor players are minimal: the small
players appears in the major player’s cost only through the distribution of their state, while the major
player influences the minor player’s actions only by revealing (or not) information on i. This information
structure is inspired by Aumann-Maschler theory of repeated games with incomplete information: see
[2] for a presentation of the theory and [9] for its extension to two player zero-sum stochastic differential
games.

Our main results are the following: first we rewrite the problem in a relaxed form and show that the
major player has an optimal strategy for the game (Theorem 3.5). This relaxed formulation involves the
theory of MFG with a common noise (common noise being here the information disclosed by the major
player) as developed in [11]. Second, we show that such an optimal strategy is still approximatively
optimal in Stackelberg games with finite many small players (Theorem 4.1). The fact that the optimal
strategy in a mean field game provides an approximated Nash equilibria for the associated game with
finitely many players is very classical: see [12, 25| for instance. The extension of such a property to
Stackelberg equilibria in MFG with a large player has only been handled very recently in [20, Theorem
2.20] in a very general framework, but quite different from our: indeed in [20], the major player can
choose among the Nash equilibria of the N —player game, while in our set-up it is more natural that she
has to handle any such Nash equilibrium. This difference leads us to show the approximate optimality of
the control for the major player when the small players play any (approximate) Nash equilibria. To prove
such a stability, we use in a very strong way the characterization of the limit of (approximate and open
loop) Nash equilibria in differential games with a large number of players as discussed by Lacker [29] and
Fischer [23], as well as the standard Lasry-Lions monotonicity condition which ensures the uniqueness
of the MFG Nash equilibrium. The main difference with Lacker (besides the framework, which is much
more general in [29]) is the fact that, in our case, the common noise is the revelation by the major player
of her private knowledge (and thus does not have a fixed law), while in [29] it is a fixed Brownian motion.
Let us finally underline that, in the game with finitely many players, we allow the small players to play
only “open loop strategies” following Lacker and Flem [30] and Djete [19], an extension to problems in
which the small players are allowed to play closed loop strategies is probably doable, but the proof would
be much more technical.

Let us finally comment upon the choice of Stackelberg versus Nash equilibria. As explained above,
the analysis of Nash equilibria for MFG problems with a major player is well understood [7, 15, 16,
17]. However the analysis of Nash equilibria with incomplete information seems much more challenging.
Indeed, in order to study this question, one should understand how the small players could play in such
a game without knowing a priori the major player’s strategy: this question is understood in a two player
zero-sum game framework [9], but remains completely open for nonzero-sum differential games.

2 Notation, assumption and definitions

2.1 Notation and assumptions

We work within the set P(R?) of Borel probability measures on R?. The set Py(R?) is the subset of
P(R?) of measures with finite second order moment; it is endowed with the Wasserstein distance da.

We fix I € N, with I > 2. We denote by A(I) the simplex A(I) = {p € RL, 3. p; = 1} interpreted
as the set of probability measures over {1,...,I}. We also fix p° € A(I), which is the initial belief of the
small players on the random variable i (which has law p°).

Let D be the set of cadlag functions from R — A([]), endowed with the Meyer-Zheng topology. Let
us recall that, if D is not a Polish space, it is continuously embedded into the Polish space P of Borel
probability measures on [0, T] x A(I) with first marginal equal to the Lebesgue measure. Hence any Borel
probability measure on D may be viewed as a Borel probability measure on the Polish space P. We use
this property throughout the paper.

Recall that, for any i € {1,...,I}, L; : R? x R? — R is the cost for a small player to play a control,
F;, G; : RTxPy(R?) — R are the interaction costs between the small players, LY : [0, T] x U% x Po(R?) — R



is the running cost for the major player. Given p € A(I), z,u, & € R? and m € P(R?), we set

I I I
L(x,u,p) = Z]%Lz(xvu)a F(x,m,p) = Zple(xam)a G(‘T7m7p) = szGz(xam)a
1=1 1=1 1=1
H(:L’,f,p) = Sup 75 Cu = L(:ZZ,U,])),
uER?
I
LO(s,u’,p,m) = ;piL?(s,uo,p, m),  Ls,p,m) = inf L0(s,u’,p,m).

Let us recall that a continuous, bounded map K : R? x P(R?) — R is monotone if
/ (K(z,my) — K(z,mz2))(m1 —msz)(dz) >0 Vmy,my € P(RY).
Rd
We say that the map K is strongly monotone if there exists a > 0 such that

/ (K (2 m1) — K (2, m2)) (my — m)(da) > a/ (K (2, m1) — K (2, ms))2da.
R4 Rd

It is called strictly monotone if

/Rd(K(x,ml) — K(z,mg2))(m1 —m2)(dx) <0 implies m; = ma.

(2.3)

A classical example of a map K satisfying the strict and strong monotonicity conditions, which goes back

to [31, 32, 33, 34], is
K(z,m)= f(-,;mx*p(:)) * p.

(2.4)

where p is a smooth, non negative and radially symmetric kernel with Fourier transform p vanishing
almost nowhere, and f : R x R — R is strictly increasing and Lipschitz continuous in the second

variable, that is, there exists o € (0, 1) such that
0
a< 3%(96,8) <al,
with f(z,0) bounded.
Assumption: The following conditions are in force throughout the paper:

(H1) Cost functions of the major player:

The control set (U, d") for the major player is a compact convex subset
of a finite dimensional space, not reduced to a singleton, and
fori=1,...,1, LY :[0,T) x U x P;(R%) — R is continuous and bounded.

(H2) Regularity and monotonicity of the cost functions of the small players:

F;,G; : R x 731(Rd) — R are Lipschitz continuous and bounded,
SUP,ep, (re) | Fi(sm)|lc2+a + [|Gi(-,m) || g2+a < O, for Cya >0,
F; and G; are strongly monotone, and F; is strictly monotone.

(H3) Regularity of the Hamiltonians of the small players: for each i € {1,...,I}, the map
H, : R x R? — R satisfies:

there exists C' > 0 such that, for all z,¢& € RY, C71¢> — C < Hy(z,€) < O(|z> + 1),

(2.6)

(2.7)



{for all R >0, R? x Bg 3 (x,&) — H;(z,£) is uniformly bounded and Lipschitz; (2.8)

£ Hi(x,§) is uniformly convex, for all R >0, [H(-,)||c2+e®ixBr) < Crs
and

for some A\g,Co > 0 and all t € [0,7], &,¢' € R%, and |z| =1,
‘DwH(Ivgﬂ S CO + )\0(§ : DgH(l‘,f) - H(l‘,f)) and

Xo (DeH (x,€) - & — H(x,€)) + D H(x,£)€ - € + 2D H(w,€)z - € + D2, H(x,€)z - 2 > —C.
(2.9)

A typical Hamiltonian satisfying the properties above is H(x,£) = a(z)[£|?, where a : R — R is
smooth and bounded above and below by positive constants.

Note that the (strong/strict) monotonicity assumption of the F; implies the (strong/strict) monotonic-
ity of the map F(-,-,p) for any p € A(I). Assumption (2.9), introduced in [11], ensures the solution to the
Hamilton-Jacobi equation in the MFG system to be wellposed and plays a key role in the construction
of a solution to this MFG system.

2.2 The mean field game system

We will use throughout the paper MFG equilibria and their relationships with the MFG system. Let
(92, F,P) be a probability space endowed with a filtration (F);c[o,) satisfying the usual conditions. Let
p = (pt) be a cadlag process taking values in A(7) and adapted to (F;). As explained below, p; can be
interpreted as the information available at time ¢ to the minor players.

We are interested in the MFG system

dy(z) = {~A¢y(x) + H(x, Doy (x), i) — F(x,my, pe)} dt +dMy(x) i (0,7) x RY
dmy(z) = {Amy(x) + div(He (z, Doy (x), p)mu(x)) } dt in (0,7) x R? (2.10)
mo(z) = mo(x), or(x) = Gz, m7,pr) in R?

The following definition is directly borrowed from [11]. We will see below that, under our standing
assumptions, it can be simplified.

Definition 2.1 ([11]). We say that a triple (¢, m, M) is a solution to (2.10) on (Q, F,P, (Ft)epo,17) if
(i) ¢:[0,T] x Q — C(RY) is a cadlag process adapted to the filtration (F;), with ¢7(-) = G(-,mr).
(i) M :[0,T] x Q — Mipe(RY) NW12(R?) is a cadlag martingale with respect to (F;) starting at 0,

(iii) m : [0, T] x Q — Pa(R?) is a continuous process adapted to the filtration (F;), with mg = mg, and
such that m; has a bounded density on R P—a.s. and for any t € [0,T],

(iv) there exists a deterministic constant C > 0 such that, with probability one and for a.e. t € [0,T]

[ D¢l + ess — sup my (D) + | M| ppy,cnw—10e + [[miloc < C. (2.11)

(v) (¢, M) satisfies, in the distributional sense on R?, for all t € [0,T] and P—a.s., the equality:
T
dr () ZG(I,mT,pT)+/ (Aps(x) — H(z, Dos(x),ps) + F(x, ms, ps))ds + M (x) — Mr(z). (2.12)
t

(vi) P—a.s. and in the sense of distributions, m solves the Fokker-Planck equation

dmy(z) = {Amy(x) + div(He (2, Doy (x), p)me () } dt in (0,T) x RZ (2.13)

We refer to [11] for the notation M;,.(R?) and W~1>°(R%). As we explain now, as the diffusion is
nondegenerate, the solution has more regularity and the notion of solution can be simplified.



Theorem 2.2. Under our standing assumptions, there exists a unique solution (¢,m, M) to (2.10).
In addition, D%*¢; and M, are absolutely continuous with a Radon-Nykodim derivative bounded in L>:
P—a.s. and for every t € [0,T],

1D%64lloe + Myl < C. 2.14)

Finally the solution is unique in law: if p and p have the same law on D and (¢, m, M) and ((5, m, M) are
the associated solution of the MFG system, then (m, p) and (1, p) have the same law on C°([0, T], P2(R?))x
D.

A consequence of the additional regularity (2.14) is that (M;(z)) is, for a.e. x € R? a martingale (and
not only a martingale measure). In addition the Hamilton-Jacobi equation (2.12) can be understood in
a pointwise sense (and not only in the sense of distributions).

Proof. We only sketch the proof, which is an easy adaptation of the proof of Theorems 4.1 and 4.2 of [11]
and of Theorem 3.4 of [10]. The starting point is a space and time discretization of the process p. Fix
n € N large. We discretize the set A(I) into A,,(I) a finite and increasing in n subset of A(I) such that
UnAp(I) is dense in A(I). Let ™ : A(I) — A, (I) be a Borel measurable map such that

lim sup |[7"(q) —q| =0.
n—oQ qu(I)

Let tf = kT/2™ for k € {0,...,2"} a discretization of [0,7]. We set
py =7"(pp)  fortefty,tpy), k=0,...2",  pp=7"(pr),

and denote by (F}") the complete right-continuous filtration generated by p™ (it is a subfiltration of (F)).
Note that, by construction, (F;*) is finite. Proposition 4.1 of [11] (inspired by [14]) implies the existence
of a solution (¢™, m™, M™) to (2.10) for the filtration (F;*) and for the process (p}) instead of (p;). In
addition, the constant C' in (2.11) is independent of n (see [11, Lemma 2.2]).

In order to pass to the limit as n — oo, we now use the argument in the proof of Theorem 3.4 of [10]'.
Following Lemma 3.8 in [10] and its proof, we have, for any n,n’ > 1,

T
B[IG b pp) = Glomy OIS + [ PG pp) = Fm 1%
0

<C( sup [7"(q) —q|l+ sup [7" (q) —ql)
qeA(I) qeA(I)

Then, by Lemma 3.9 of [10], we infer that the family (¢™) is a Cauchy sequence with respect to the family

of seminorms
1/(d+1)
sup E |: (b Ocl :|
(t [0, ]( ” t”l (Br) )

We can then conclude as in the proof of Theorem 3.4 of [10] that there exists a unique solution to (2.10).

R>0

We now show the extra regularity of ¢ and M. Note that, by (2.12), we have the following represen-
tation formula for the solution:

¢t($> =K

(T(-, T —t) * G(-,m7))(z) + /t (T(-, s —t) % hg)(z)ds | ft]

where I' is the heat kernel and

hi(z) = H(x, Doy(x),pt) — F(x,m4, pt),

IThe approach of [10] requires stronger monotonicity assumptions on F' and G than [11] but avoids the notion of weak
solution of [11].




which is adapted and bounded. By our regularity assumptions of G(-,m) (uniform in m) and the fact
that h is bounded, we infer that, for any « € (0, 1),

sup [[¢:(-)[lcre < Ca.
t€[0,T]

for some constant C,. This in turn (with the regularity of H and F(-,m) and the bound on ||[D¢:|s)
implies that

sup |[|h¢(-)[[ce < Ca.
te[0,T)

As
/ \D2T(z, 8)|[2|°dz < Cot™/21
Rd

we deduce that

T
D20u(@)] < DG+ B | [ [ 1DP(a = g5 = 0)llha(o) = (o)l | 7
t d

T
<ID%Gloet  sup  [he()lcn / / D’z — 5 — )|y — 2| dyds
(t,w)€[0,T]x2 t Rd

T
<O, (1 +/ (s — 1)*/?71ds) < C,,.
t

Recalling (2.12) and the fact that My = 0 also gives the L> bound on M.

The uniqueness in law can be proved as in [11, Theorem 4.2]. |

We now show that, given a random distribution of players, the solution to the backward Hamilton-
Jacobi (HJ) equation can be interpreted as a value function:

Proposition 2.3. Let (Q, F,P, (F)icjo,r]) be a filtered probability space and p = (p;) be a cadlag process
taking values in A(I) and adapted to (F;). Let also (my) be a continuous random process with values in
Po(R?), adapted to the filtration (F;). Then the HJ equation

{ dgn(7) = {=Ad(x) + H(w, Dér(w), po) = Fw,me,po)ydt +dMi(w) — in (0,T) xRT )

d)T(I‘) = G(x>mT>pT) 0 Rd

has a unique solution in the sense described above. Let also (Q',F',PL, (F})) be another filtered probability
space supporting a Brownian motion B and a random variable Z on R of law mo (B and Z being
independent) and o and X* be given by

t
X = Z_/ Hi(X:’D¢S(X:>7pS)dS+ \/iBt’ o = _HE(Xt*’D(bt(X:)vmtapt)v te [OvT]'
0

Then, for any control a € L*((0,T) x Q x Q1) adapted to the filtration generated by (p,m, B),

T
EP@P [¢0(Z)] = EP@P [/ (L(X:7 Oé:,ps) + F(X:7m87p8))ds + G(X%vaapT)
0

T
< EP@PI [/ (L(stasaps) + F(Xsa msvps))ds + G(XT7 mTapT)‘|
0

T
— CT1E"eP [/ |0<5+H§(XS7D¢S(XS)7P5)|2d8]a
0

where Xy = Z + fot asds + /2B, te[0,T].



Proof. The pri)of is standard and we only sketch it. As the probability space is fixed in the proof, we set
E[---] = EF®F [...]. We discretize time, setting ¢} = kT/2" for k € {0,...,2"} and

(m?,p?) - (mz?g 7p?2) on [tg, tZ+1)
Then we consider the solution (¢™, M™) to

{ doy(z) = {=A¢} (2) + H(x, D} (z),p}) — F(x, mi, p})} dt + dM] (2) in (0,T) x R4,
on(x) = Gz, m}, pr) in R?,

adapted to the complete filtration (F}*) generated by (m™,p™). Then M™ is constant on each interval
(th,ti,,) and thus (¢", M™) is a classical solution to

at(b?(x) = {7A¢?‘(l’) + H(x,D(ﬁ?(Z),p?) - F(x,m?,p?)}dt in (tgvt}rc:tl) X Rda
- (@) =E[ofy )@ |75 mRY k<2
o (z) = Gz, mp, pr) in R%.

Given a control « adapted to the filtration generated by (p, m, B) and X; = Z + fg asds + /2By, we can
compute on each time interval

i1
(07 (X,) + AG™(X,) + o - DS (X))t + / D} (X,) - dB,
t

t;@”+1
¢?tg+1)—(Xt;;+l) = ¢ (Xep) +/
t:' v
T i
(H(X0, DEP(X0),p7) — F(Xom',p) + - DGR (X,))dt + / Do} (X,) - dB,
t

— o (Xg) + [

i

= ¢ (Xap) +/

n
t k

[
tit1
(—L(Xp, ap,p7') = F(Xeymi, ) + O ay + He(Xe, Doy (Xe), p})[*)dt + / Doy (Xy) - dBy,

n
tk

Ty

with an equality only if oy = —H¢(Xy, Do} (X,),p}) for a.e. ¢ and a.s.. Taking expectation and summing
over k gives

E[G(X7,mr,pr)] > E[¢o(Z)]-E

T
/ (L(Xhatap?) + F(Xhm?ap?) + Oil‘at + Hf(Xta D¢?(Xt)7p?)|2)dt‘| ’
0

with an equality only if X = X™ where X* = Z — fot He(X7?, D¢ (X7),pd)ds + By and o« = " =
—He(X™, D™ (X™), p™). Letting n — oo gives the result. |

2.3 Formulation of the Stackelberg problem

We now come back to our original Stackelberg problem. Let us recall that p® € A([) is the initial belief
on the random variable i shared by the small players: i = i with probability p?.

Admissible control of the major player. We denote by U°([tg,T]) the set of measurable maps
u® 1 [tg, T] — U, endowed with the L!-distance:

T
d(u®,v%) = / d®(u?, v%)ds vul 0% € U0 ([to, T)).
to
We abbreviate U°([tg, T]) into U® when tq = 0 and endow U° with its Borel o—algebra B(U). We denote
by u® its canonical process and by (]—',?)te[o’T] the filtration generated by the canonical process t — u.
Let A(U°) be the set of random controls for the major player, that is the set of Borel probability measures
on U°. An admissible strategy for the major player is an element u® = (u%);=; s of (AU))!. The
interpretation of such a strategy is that the major players can choose her control in function of the index
i chosen by nature. However, in order to use her information, she also needs to hide it by randomizing



it. Letting Q0 = {1,...,I}, the probability u® generates the probability P*" on (Q° x 4%, B(Q2° x 1°))
defined by
PY{i} x A% =p0u%(A)  Vie{l,....I}, AeBU).

The mean field game equilibria. Given an admissible control u® = (u%);—1 s € (AU°))! of the
major player, the small players observe along the time a realization s — u of this strategy and deduce
information on the random variable i from this observation. Throughout this section we fix a filtered
probability space (Q!,F! P! (}'tl)) supporting a Brownian motion B and a random variable Z on R?
of law mg. We denote by (F;'~ % ) the completlon of the filtration generated by Z and by the process
t — (u?, B;) with respect to the probability P*" @ P! on (20 x U x Q! B(Q° x U) @ F1).

Definition 2.4. Given an admissible control u® = (u?);—1._1 € (AWU°))L, an MFG equilibrium associ-
ated to u® is a pair (@™, m™") of processes on (20 x U x O, B(Q° x U%) @ FL, P’ @ P*, (.77;10’1)), where
o takes its values in R, m* in Po(RY), and

1. %’ is optimal in the control problem

u0 1
inf EF" P

«

T
/0 (L(XE o) + F(XEmi )t + Go(X5 mb)

where the infimum is taken over all R —valued, (ffo’l)—adapted controls a and

t
X;’:Z—i-/ asds + V2B, telo,T),
0

ul
2. for any t € [0,T], m¥’ is the conditional law of X&*  given o({s — u?, s < t}).

Definition 2.5 (The major player’s problem). The problem of the major player then consists in mini-
mizing over her admissible controls u® € (A(U®))! the cost

JO(u’) = sup . EPU P! A X:pOL0 (t,u,m? )ds , (2.16)
(@u” ,mu™) i=1

where the sup is taken over all MFG equilibria (a“o,muo) associated with u®.

We take the supremum with respect to the MFG Nash equilibria in order to handle the worst case
for the informed player; however we will see that the MFG Nash equilibrium is unique (Corollary 3.2),
so that this supremum is actually useless.

3 The relaxed problem

In this section we rewrite the problem for the major player as an optimal control problem over a suitable
set of martingales with values in A([).
3.1 Definition of the relaxed problem

Fix u® € (A(U°))! and denote by (F°) the completion with respect to P* of the filtration generated
by the canonical process t — u? over (Q° x U, B(Q2" x U)). Knowing u’ and observing the realization u),
the small players have access to the martingale process (with values in the simplex A(I))

pt’ = g’ [ei | f;‘“} : (3.17)

where (e;) is the canonical basis on R?. Note that (p}‘o) is a (F} u® )—martingale; we always consider its
. . . 0
cadlag version. The next lemma shows how to rewrite the cost of the small players in terms of (p}' ).



Lemma 3.1. Fizu® € (AU°))! and let (Q', F1, P, (F})) a filtered probability space supporting a Brow-
nian motion B and a random variable Z on R? of law mo (B and Z being independent). Let (my) be
a random distribution of the players, i.e., a Pa(R%)—valued and (.Ft“o)—adapted process. Then, for any

RY—valued, (]—'tuo’l)—adapted control a, and if
t
X = Z+/ asds + V2B,  tel0,T],
0
then

T
| @xe a0+ BOE m))de -+ G5 ma)
0

T
0 0 0
/ L(Xta?afnp;,l )+F(X?amt7p;l )dt+G(X%7mTap% )] 3
0

where the maps H, F and G are defined in (2.1).

Proof. Indeed, as (F}) is independent of (]-'t“o),
pfo =E [eﬂ]—?‘o} =K {ei|.7:tuo’1} ,

thus we have

T
E [/ (Li( X9, o) + Fi(X7, my))dt + Gi(XG, mT)]

T
= [} B[ [or @0 + O m 10 B [E e G i | )
) Bl

T -
— [ B[pr (LX) + A )i B [ (G m)) i,
) El

T -
= [ = [reeranpt) + PO mpt)] i+ B [00X mr b))
) El
|

Cogollar{;y 3.2. Under the notation and assumption of Lemma 3.1, there is a unique MFG equilibrium
(™, m%") associated to u® which is given by

0

o} = —He(X} . Do,(X{).p}") (3.18)
with X} = Z—f[;5 H (X!, Dos(X)), pgo)ds+\/§Bt and m*’ = m, where (¢, m, M) is the unique solution
to the MFG system (2.10) associated to (p™ ) on (20 x U°, B(Q0 x U°), P*’, (]-}“0))

A consequence of the corollary is that the “sup” in Definition 2.5 is not needed.
Proof. Let (¢, m, M), m¥ = m, X* and o’ be as in the lemma. In view of Lemma 3.1, we have, for

any control « (and X® defined as in that Lemma),

T
u®
B8 | [ L0 a0 + RO mi )i+ GO m)
0

_ P e [/O L(Xtayamplln)+F(X?,m?ovp?o)dt-FG(X%»m%ovp%o)l‘

10



Recalling Proposition 2.3, we obtain

uf 1 ~ ul 1
EP O [90(2)] =B 7

T
* ll0 uO * Ll0 LIO * LIO LIO
/ L<Xt’at » Pt )+F(Xt7mt ) Pt )dt+G(XT’mT7pT )‘|
0

ul 1
S ]EP QP

T
/ LXP, ) + F(Xe,m  p )dt + G(X$, mY p%‘))]
0

L\O T
— CTIEP" P V |at—a;‘0|2dt1.
0

Therefore o’ is optimal in the control problem

uO 1
infEF" ®F
(e}

T
/ (La(X2, ) + FL(XO, mi°))dt + Gy(X2, m )1 .
0

u? w0
By It6’s formula and the definition of X | the conditional law of X2 given o({s — u?, s < t}) solves
the Fokker-Planck equation in (2.10). By uniqueness of the solution to this equation, we infer that it is
equal to m?o.

Conversely, let (a*, m*) be an MFG equilibrium associated to u®. Let (¢*, M*) be the unique solution
to the HJ equation on (20 x U°, B(Q° x UY), P, (F2)) (see [11])

{ 497 (v) = { Ad; (@) — H(z, Doj(x),p8") + Flo,my, o) f dt +dM; (x)  in (0,T) x RY,
¢(x) = G(z,mip,p¥)  inR

Proposition 2.3 states that a; = —He(Xy, Do} (Xy), p¥’), where X solves X; = Z—fot He(Xs, Dot (Xs), pY’)ds+
V2B, is the unique minimizer of the problem

u0 1
inf P ®F
«

T
0 * llo « * uo
/ (L(XE 0 pt™) + F(XE i), p )t + G(XE mi i )]
0

- igfIEP P! [/ (Li( X7, o) + Fy(X,my))dt + Gi(X%,mi})] :
0

As (a*,m") is an MFG equilibrium associated to u’, this implies that af = a; a.s. and for a.e. t,
and therefore that X* = X. On the other hand, as m; is the conditional law of X* = X, given
o({s = ul, s <t}), It6’s formula implies that m* solves

{ dmi () = { Am (@) + div(He(w, Do} (x), o ymi (2) dt - in (0,7) x R?

m(x) = mo(x), in R?

Therefore the triple (¢*, m*, M*) is a solution to the MFG system associated to (p“o). By uniqueness
we conclude that (¢*, m*, M*) = (¢, m, M). This completes the proof. |

Recall that D is the set of cadlag functions from R to (), endowed with the Meyer-Zheng topology.
Let ¢ — p(t) be the coordinate mapping on D, G be the Borel c—algebra on D and (G;) be the filtration
generated by t — p(t). Given pg € A(I), we denote by M(pg) the set of probability measures P on D
such that, under P, (p(t),t € R) is a martingale and p; = py for ¢ < 0. Finally for any measure P on D,
we denote by F¥ the completion of the filtration (G;) with respect to P and by EF[...] the expectation
with respect to P.

11



Definition 3.3 (The relaxed problem). The relaxed problem is

T

in JOP h J°(P) :=EF L(s,u’, m¥, ps)d
Penl\l/}&o) (P) where (P) [0 uronenUlO (s,u”, mgp)s]

where (¢F,m¥P, M¥) is the unique solution to the MFG system (2.10) on (D,G,P,(FF)) (in the sense
of Definition 2.1):

doy (z) = {—A¢F (x) + H(x, Doy (x ) ¢) — F(Jc mt , Dt }dt+dMP( ) in(0,T) x R?
dmf (z) = {Amf (z )-i—le(HE(:L‘ D@F (z),ps)mF ( }dt in (0,T) x RY (3.19)
moP(l“) =mo(z),  ¢f(x)=G@,mf,pr)  inR

We now explain the link between the original problem for the major player (see Definition 2.5) and
the relaxed problem (Definition 3.3).

Proposition 3.4. Let u® € (A(U%))!, p*’ be given by (3.17) and P be its law on D. Then
JO(P) < J%(u?),
where JO is defined in (2.16).
Conversely, given P € M(py), there exists a sequence @®™ € (A(UY))! such that

lim JO(u%") = J (P).
Proof. Let u® € (AU°)), (p*°) be given by (3.17) and P be its law on D. Let (¢F,mFP, MP) be the
solution of the MFG system (3.19) on (D, G, P, (FF)). Assume that (o, m®") is an MFG equilibrium
associated to u and let (¢, m, M) be the solution to the MFG system (2.10) associated to (p* ) on
(0 x U, B(Q® x U°), P (F°)). We know by Corollary 3.2 that m™’ = m and that

llO * * uO
oy :—Hg(Xt,D(bt(Xt )apt )

where X} = Z — fot He (X2, D(;SS(X;‘),p;‘O)dS +V2B,. Now, as p*’ has law P, we know from Theorem
2.2 that (m®,p) has the same law as (m, p*" ), which proves that

JO(uO) — kP ®[P1 / ZpOLO t,us,m )ds} — EFP QP! [/ Lo(t,us,ms ’ps )ds}
0

ul o1 T T
> P ®F [ ; ugnelIIJlU LO(t, u° ,my ,pb )ds] ]EP[ ; urglellrjloL (s,u° , Mg ,pg)ds} = J(P).
Hence JO(P) < J(u").

Conversely, let P € M(pg) and (¢F, mP, MF) be the solution of the MFG system (3.19) on (D, G, P, (FF)).
For each n € N*, we introduce the regular subdivision A" = {0 =ty <t; <...<t, =T} of step L of
the interval [0,7]. We also introduce €, = .

Let us consider I distinct elements of ¢°, denoted respectively by as,...,a; € U°. For each n € N*,
we introduce the piecewise constant control u%™ as follows:

for each k € {0,...,n — 1}, for each t € [t} + en, 1} ,,),

w" = argmin LO(1}, u’, mt"»pt”)
ulelyo
i—1 i
and for each i € {1,..., I}, foreach t € |t + | > (pip)i | ensty + | 2_(pip)i | €n |
7j=0 J=0
u?’n = a;.

12



The above definition allows to encode the values of (ptg) X in the process u®?, such that for each k €
{0,...,n—1},

o (ug’n,t < t}zﬂ) =0 (ptln,l <k+ 1) .
It is then clear that for each k € {0,...,n — 1} and t € [t} + €,,1}, ),

0,n

p;i = Pep-
Finally, by Assumption (H1), we can conclude that

w0sm T n n n oo T T
JO(u") = EP oF! Lo(t7u0’",m“0' p” )ds| 2=+, gP min LO(s,u®, m¥ p,)ds| = JO(P).
o S S S 0 uUEUO S

3.2 Existence of a relaxed solution

Theorem 3.5. Under our standing assumptions, there exists a minimum to J°.

Proof. Let (P™) be a minimizing sequence in M(py) for the relaxed problem (Definition 3.3). Let
(¢, m™, M™) be the unique solution to the MFG system (3.19) on (D, G,P"™, (FF")).

Recall that M(pg) is compact, when D is endowed with the Meyer-Zheng topology. Hence (P™) has
a converging subsequence, denoted in the same way; let P € D be its limit. Let also (¢, m, M) be the
unique solution to the MFG system (3.19) on (D,G,P,(F/")). Let finally v be an optimal coupling
between P™ and P. We claim that

T
fim [ da (" 1), (e, )3 (. ') =0, (3:20)
mJo
Indeed, according to Lemma 4.5. of [11], we have, for any R > 0,

lim sup / sup |3 (2, p) — ¢¢(z,p" )|y (dp,dp’) =0
" ¢c)0,7) JDxD |z|<R

and

T
tw [ [ [ Do @)~ Deute. ot (dp. dif) = 0.

" JpDxDJ0o JBpg
Let (Q', F1, P!, (F})) be a filtered probability space supporting a Brownian motion B and a random
variable Z on R? of law mg (independent of p). On (DxD x Q"GRG F,P"®P @ P!, (‘FtP'”QZ’P@Pl))
( est-ce P" @ P ou leur optimal coupling 7) (where the filtration (]:tpn®P®Pl) is the completion of
(FP" @ FP @ F})) satisfying the usual conditions), let X” solve the SDE

t

X! (p,p,w) = Z(w)—/ He (X! (p,p,w), qu?(X:(p,p/,w),p),ps)ds+\/§Bt(w), (pourquoi on écrit des w la ?)

0
and X be the solution to

Xi(p,p'w) = Z(w) - /O He(Xs(p,p',w), Dos(Xe(p, 1, w), p), p'), P,)ds + V2B (w).

Then m} is the conditional law of X}* given (FF") while m; is the conditional law of X; given (FF).
Hence, as || D?@||o < C,

t
EP"OPOF (| X1 X,|] < CEP"®P&F [ / (IXI — X5 + | D¢ (Xs,p) — Dos(Xs,p')|)ds |
0
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so that, by Gronwall’s inequality and for any R > 0,
n 1 T n 1
EP"OPOF [ x7 _ X[ < C / EP"OP9 (1D (X, p) — Doa(Xarp)|1)x, <) ds + CR™!
0
T
<c [ [ [ Do)~ Doulas)m(do)y" dp,dp')ds + CR!
0 JDxDJBpg

T
SO/ / / |D@; (x, p) — Dos(x, p")|dy" (dp, dp')ds + CR™}
0 DxD JBgr

where we used for the first inequality that X; has a uniformly bounded second order moment, the fact
that m; is the conditional law of X; given (FF ) for the second one and that m; has a uniformly bounded
density for the last one. This shows that

T T
[ i o)mit e ) < [ EPOPS [BPOPST [y - x| | 7P o 7]
DxD J0 0

T
SC/ // D63 (w,p) = Do ()| dxdsy" (dp, dp') + CR™,
DxD J0 Br

which tends to 0 as n — oo and then R — oo. This proves (3.20).
We conclude the proof by noticing that

|jO(Pn) o jO(P)| < EP"@P

T
/0 [L°(5,ps, ms(p)) — Lo(s,p'yms(p'))ld%

T
< / / (b — BL| + Ay (m? (0), me(0')))dty™ (dp, ),
DxD JO

which tends to 0 as n — co. As (P™) is a minimizing sequence, P is optimal.

4 Application to problems with finitely many players

4.1 Statement of the main result

Fix N € N, N being the large number of small players. We consider Stackelberg equilibria of a differential
game in which the N small players interact with a major player. The major player announces a (random)
strategy and the small players answer through a family of (“decentralized”) controls based on their observa-
tion of the Brownian motions of all players and of the control of the major player. For simplicity we assume
as before that a strategy of the informed player is a probability measure u® = (u?),=1. 1 € (AU°))!
on the set of controls. In particular it is independent of the Brownian motions of the players, of their
strategies and of the initial positions.

Let us fix a filtered probability space (2, F,(F;),P) supporting, for any N > 1, a family of i.i.d.
JFo—measurable initial conditions (xév ’k) k=1,....n of law mg and a family of independent Brownian motions
(B*), independent of the (mév’k)kzl _____ N -

For § > 0, let

My
JNOO)6) = sup EP" ©P
(aN:3) §—Nash

T
/ L?(t,ug,mgg)ds] (4.21)
0

where the supremum is taken over all the open-loop §—Nash equilibria (aN+7) associated to the costs

. w0 T . . . . ) .
JNI (W, (@NF)) = EF" P V Li(XtN’J,afV’J)+Fi(XZV’J’m§}3)dt+Gi(Xév’j,mQ}i)] :
0 t t
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each control (aV7) being adapted to the filtration generated by the initial conditions (asév **), the control

u® and the Brownian motions (B*), and XV satisfying
. . t . .
XN =2l 4 / aNids++2B! vt eo,T). (4.22)
0

We have set Xév = ()(tN’l7 L )XtN’N) and mg}g = ﬁ Zk?ﬁj (SXN,)C. The fact that (OéN’j) is a d—Nash
t t
equilibrium means that, for any j € {1,..., N} and any control « adapted to the filtration generated by

the initial conditions (x ), the control u° and the Brownian motions (B*),
JN’j(uoa «, (O‘N7k>k¢j) > JNJ (uO’ aN’j7 (O‘N7k)k7’5j> — 0.

If there is no §—Nash equilibrium for J¥:J(u?;-), we simply set JV-(u’ §) = +00. Note that we take
the sup over —Nash equilibria in the definition of J»:? in order to take into account the worst possible
case for the informed player. In general there are many §—Nash equilibria, so choosing a supremum or
and infimum in the definition (4.21) of J™:¥ makes a difference a priori.

Our main result states that the problem with infinitely many players described by in Section 2.3 gives
a good approximation of the N —player problem when N is large:

Theorem 4.1. Assume that L°, H;, F; and G; satisfy conditions (2.5), (2.6), (2.8), (2.9). Assume in
addition that mo € Py(R?) has a smooth and bounded density and a finite 4th order moment. Fiz e >0
and let 0° be an e—minimizer for the limit functional J° defined in (2.16). Then there exists § > 0 and
Ny € N such that, for any N > Ny, @ is 3e—optimal for JN-0(-,9).

Remark 4.1. It can be easily seen in the proof that the result would also hold with an infimum in the
definition (4.21) of J™? instead of a supremum.

The proof of Theorem 4.1 requires two intermediate results. The first one claims the existence of
d—Nash equilibria for N large enough given any control u®. The second one, given again any u’, shows
that the empirical measure associated to any é—Nash equilibrium is close to the corresponding MFG
equilibrium. The proof of the first statement is standard and relies on arguments going back to Huang
et al. [25], Carmona and Delarue [12]. It is given after the on-going proof of Theorem 4.1. The proof
of the second statement, which is inspired by similar statement by Lacker [29] and Fischer [23], is much
more intricate and postponed to the next section.

Lemma 4.2. Under the assumptions of Theorem 4.1, for any 0 > 0, there exists N5 € N such that, for
any control u® € (AU®))! and any N > Ns, there exists a §— Nash equilibrium for (JN7(u®,-)).

Proposition 4.3. Under the assumptions of Theorem 4.1, fix € > 0 small. Then there exists 6 > 0 and
N} > Ns such that, for any control u® € (AU))!, for all N > N}, and any §—Nash equilibrium (a/N+7)
for (JN(u°, ) satisfies,
u®
sup EF" ®F dl(mgN,m;‘O))] <e,
t€[0,7] !

where mQN =% Zivzl Oy~ 18 the empirical distribution of the positions ng’k defined in (4.22) and
where (QS“O, m"*’, M“O) is the solution to the MFG system (2.10) associated to (p“o) on (Q° xUY, B(Q° x

u°), pv’, (.7-";‘0)), (p“o) being defined by (3.17).

Proof of Theorem 4.1. Fix € > 0 and let ¢, Nj as in Proposition 4.3 for €/(2C), where C is the Lipschitz
constant of LY with respect to m. Fix N > N} and let u® be a control for the major player. Let (a/¥+/)
be any §—Nash equilibrium for J™7(u°, ) and (a™9) be a §—Nash equilibrium for J™J(@°,-) which is
e—optimal for JN¥:0(@°, ) in (4.21): such §—Nash equilibria exist thanks to Lemma 4.2. We denote by
XNJ the solution associated to a7 and XN/ the solution associated to a@™¥+7. Finally, (¢“D, m“o, M“O)
is the solution to the MFG system (2.10) associated to (p®’) on (20 x U, B(Q0 x U°), P*° (F=°)),
while (¢*", m"”", M"") is the solution to the MFG system (2.10) associated to (p® ) on (20 x %, B(Q° x
0 u’ u®
U°), P (F))-
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Using respectively the definition of J~:°, Proposition 4.3, the e—optimality of a® and Proposition 4.3
again, we obtain,

JNO(0,8) > E| / ZplLO ls,mXN)ds} > E[/O ZpiL?(t,u?,S,mgo)ds} —C(g/(20))

/ sz al,,mt")ds| - 3¢/2

> ]E[/ ZpiL?(t,ﬁgs,mg{v)ds} — 2> JNO0(@°%,6) — 3e.
) !

i=1

This shows the 3s—optimality of a°. |

We now prove the first intermediate result.

Proof of Lemma 4.2. T hoe arg})nnentU is standard and relies on the conditional propagation of Chaos(.) Fix
a control u’ and let (¢ ,m" ,M" ) be the solution to the MFG system (2.10) associated to (p* ) on
(0 x U, B(Q° x U°), P (F°)). For j € {1,...,N}, let (XN) be the solution to

XN =gl / DeH(XN7 D¢ (XN9), p*°)ds + V2Bi,  t€[0,T]

and N N 0, SN 0
= —DgH(XS ’];D(b;l (Xs 7J)7p;1 )

S

As the (z)7) and the (B’) are independent, the (X~+7) are iid given (F*) with conditional law m®™’
By the Glivenko-Cantelli Law of large numbers (see for instance the proof of Theorem I11-2.12 of [13]), we
have
sup E dl(mgN,mt )| <ON7, (4.23)
t€[0,T]

where C' depends only on the data and v € (0,1) depends on the dimension d only (we use here the
assumption that mg has a fourth order moment, which propagates to the X; Noj ).

Fix j € {1,...,N} and let o be a control adapted to the initial conditions (z{"), the filtration
generated by the control u’ and the Brownian motions (B*). We denote by X the solution associated
with . Our aim is to show that

JN’j<u°,a,(aN”“)k¢j>zEl/T@i(XtNﬂ ANy 4+ F(XNT mi))dt + G5 (XN my)| - CN77.
0

By the coercivity of L; and the L>° bounds on the F;, G, this inequality is obvious if ||| z2(j0,71x0) > C,
for C' large enough. We now assume that

el 2o, 7x0) < C. (4.24)

JN’j(uo,a, (o_zN’k)k;éj) =E /0 (Li (XY ou) + B (X, m ))dt+ Gi(X7,m )]

T
>E / (X7, o) + F(X,mi"))de + Gi(Xg, i)
0

—_CN™

T . . _
>E/<Li<X§vf,aﬁﬂ>+ﬂ<Xﬁ W) dt 4 Gy my)
0

—CN,
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where the first inequality comes from (4.23) and the fact that E[dl(mgN,mgﬂ)} < C/N (thanks to the

bound (4.24)), while the second one holds by the optimality of @™ in the limit problem (Proposition
2.3). Using once more (4.23), we obtain

T
TV (W, a, (@NF)zs) > E VO (Li(X, @) + B mygd)dt + Gi(X7 Y mygd) | —2CN ™7

Xy
= JNi°, (aV*) - 20N,

This proves that (a’¥/) is a §—Nash equilibrium if one chooses N > Nj; for Nj large enough. |

4.2 Proof of Proposition 4.3

This part is devoted to the proof of Proposition 4.3. It relies on the construction of Lacker [29] (see also
Fischer [23] and Djete [19]). We argue by contradiction, assuming that there exists ¢ > 0 and, for any n
large, a random control u®" € (A(U°))?, a number of players NN,, > n and a probability space (", F",P")
on which are defined i.i.d. initial conditions ;7 € R%, N,, d—dimensional independent Brownian motions
(B™7), independent of the initial conditions, and an 1/n—Nash equilibrium (a¥#7);_;  x, for the payoffs
(JNwd (u%m ) .)) such that

yeery

sup E" dl(mgﬁ,n,mfo’n)) > €, (4.25)
t€[0,T] t
where XNn = (XNwdl . XNnNu) s the trajectory associated with (a¥nJ);—;  n, as in (4.22) and

(™", mu"", M¥"") is the solution to the MFG system (2.10) associated to (p""™") on (0 x 12, B(Q° x

Uy, P (FEM), (") being defined as usual by

0,n

p? R EuO)n {ei ‘ ftuoyn} .

We first place ourselves on the space X = (C°([0,7],R%))? x (C°([0,T],P2))? x D. Let (F;¥) be the
canonical filtration on X, i.e., F;¥ is the c—algebra generated by the maps

X o w:=(z,w,m,m,p) — (T, ws, Mg, Mg, ps) for s < t.
Let
1 Al 0 . . 0
Q" = N ZP“ T @P"o (XN’“],B"J,mgfvn,m“",p”)_l.
no

Assumption (4.25) can be rephrased as follows:

sup /dl(ms,ms)Q”(da:,dw,dm,dm,dp)>€. (4.26)
tel0, T J X

Lemma 4.4. The family (Q") is relatively compact in P*(X).
The lemma relies on standard arguments that we briefly recall.

Proof. As (aN7);_; N, is a 1/n—Nash for the payoffs (JV=J(u®",.)), our assumptions on the running

n

and terminal cost, as well as the growth conditions on L give the existence of a constant C' (independent

of j and n) such that
T
E l/ |aiv"“j|2ds] <C Vi, n.
0

This implies the tightness of (Q™) by classical arguments (see for instance [29, section 5.2] or [23] in
closely related frameworks).
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From now on we fix @) any limit (up to subsequence) of (Q™). For simplicity we argue as if @ is the
limit of the whole sequence (Q™). We denote by F© the completion of the filtration F¥ for Q.

Lemma 4.5. In (X, F°,Q),

1. w is a Wiener process, p is a cadlag martingale valued in A(I), with py = po for t < 0 and
Qoxy' =1myg.

2. zo, w and (p,m,m) are independent.
3. m=Qx € -|(m,p)] a.s. That is, m is a version of the conditional law of x given (m,p).

Proof. 1. On (X, F*,Q), w is a Wiener process as this is the case for Q™. Moreover, using [35], p is a
cadlag martingale valued in A(Z). Note that, Q—a.s., we have p, = po for t < 0 and P(pr = i) = po
for any 4 = 1,...,I as this is the case for Q™. This implies that the same holds for the completed
filtration (X, 79, Q). In addition, for any continuous and bounded map ¢ : R? — R,

Nn 0,n n .
B [o(en)] = 3~ 2B o)) = [ o@ymo(da).
n =1 d

Thus Q o 5" = my.
2. Let o1 : R 5 R, o : CO =5 R, ¢35 : D x ((3'70,2)2 — R be continuous and bounded. Then

Nn

B [gn (o) () m, )] = - S P [61(X0 ) 0n(B )b (p", i, m)]

Since the (X7, B™7) are iid with law mo ® W? (W? being the Wiener measure on C°) we have,
by the law of large numbers,

Nn

lim ]EPUM@]Pn L Z ¢1(Xév’j)¢2(3j) - /

n N,
ni RixCO

[0}

b1padimg @ W ’d’gp, memu“) =0.

Thus
h};ﬂEQn [p1(z0)P2(w)p3(p, m, )] = (/Rd ¢1dmo)(/c0 P2dWE® [¢3(p, m, )],

which shows that the xg, w and (p, m, ") are independent.

3. This is an adaptation of Lemma 5.5 in Lacker [29]. For any 1 : C°([0,T], P2(R%)) x D — R and
Py 2 C°([0,T],R?) — R bounded and continuous,

E? {11 (m, p)ya(@)] = km E?" 11 (m, p)ypa ()]

o,n n
=lmE* e Y1 (Mm%, . P") Z% (X Nnd)

= limE"""®F" [¢1(m§%n,p”) / Yo () an(d:c)]
n CO(

[0,T],R9)

Co([0,T],R4)

The next step consists in identifying x as the solution of a SDE with square integrable drift.
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Lemma 4.6. Under Q, there exists an F@—progressively measurable process (o) with values in R such

that
T
// s |2dsdQ < oo,
xJo
t

Ty — 20 — V2w, = / asds vt e [0,T], Q — a.s..

0

Proof. Using the quadratic growth of the Hamiltonians (see (2.7)), we have, for any k € N large and any
je{l,....,N,},

]

0o,n n k-l (l+1)/k . 2 T 5 2
— guer [Z)/ alids| | < k:‘lE[/ | ds] < cn .
1=0 Uk 0

k—1
O’"®]Pm' Ny,j Ny,j n,J n,j
BN OP [N i~ X = VB i~ Bl
=0

Hence, averaging over j and passing to the limit:

k—1

2
E€ [Z‘x(l+1)/k — @y — V2(wag1ym — wl/k)‘ } <Ck .
1=0

Let us set
o =k Hwapnm — Tk — V2(wagyk —wyr))  fort € [1/k, (1+1)/k).

We have just checked that o* is bounded in L2([0,T] x Q). Therefore a subsequence converges weakly
in L? to a random variable o € L2([0,T] x Q). Fix ¢ € [0,7] and A a bounded random variable. Let
I = [kt]. Then we have by definition of o™ and by the estimates above:

t t
EQ[A(xt —zo — V2w, — / asds)] = klim EQ[A(xt — Xy K — \/ﬁ(wt — Wy, k) — / a’;ds)] =0.
0 —0 Ii/k

Thus (using the a.s. continuity in time of all arguments), Q—a.s.,
t
Tt :x0+\/§wt+/ asds vt € [0,T].
0

. . =X . .
It is clear that « is a F —progressively measurable process, thanks to the representation above and
because x and w are F¥ —progressively measurable. |

On (X, Q, (7?)), let (¢9, M®) be the solution of the backward HJ equation

{daS?<x>={—A&?m+H<x,D¢E?<x>,pt>—F(x,mtvm}dt*dm (@) O xRS

q@?(w) = G(x,mr,pr) in R?
given in Proposition 2.3. Let also o = (z — w)’ as defined in Lemma 4.6.

Lemma 4.7. We have Q—a.s. and for a.e. t € (0,T),
Qp = _Hf(xtvDQE?(mt)apt)

and therefore (¢9, m, M®) is a solution to the MFG system (2.10).
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Proof. Following Proposition 2.3, equation (4.27) has a unique solution. In addition, one can check (using
the argument in the proof of Theorem 2.2 above and the construction of the solution in [11]) that, Q—a.s.,

1D?6% o + Moo < C.

Let (X}) be the unique solution to
t ~
X/ :xo—/ He (X2, Do (X)), pi)ds + V2w, t>0. (4.28)
0

We set af = ng(Xt*,DgZ;tQ(Xt*),pt). By construction o* is bounded and adapted to the filtration
(7?) Using Lemma 4.8 below one can find a sequence of uniformly bounded, Carathéodory maps
a™ :[0,T] x X — R?, progressively measurable with respect to the filtration (7?) such that

T
lim E€ V la™ — a§|ds] =0.
m 0

As (V7)) is a (1/n)—Nash equilibrium,
PO @V (N E)) € TN @O, QM (0% ) ) + (1), (4.29)

where .
, , N
Q™ = oM (X Ned B myxk, ,m", p").

Recall that
JN,,L \J (uO,n7 am,n,]’ (OéN’“k)k;ﬁj) _ E]P’ / Li(‘X'tm,n,]7 a;ﬂ,n,j) + Fi(Xtm,nJ , mgz\j])dt + Gi(XT, m)]\&g)
0
with t
Xy = gl 4 / af"™ds + V2B, te[0,T].
0

Let £&™ : X — C° be the continuous map
t
&Mz, w,m,m,p) = (t — xo —|—/ o (z, w,m,m,p)ds + \/§wt).
0

Then

gm(XN"’j,B"’j,m)]\([’,;n,mu?l,pn) — Xmd

and
N’!L

1 j n _m,n,j " m
N2 T e (@ ) ) = BT L€M),
j=1
where J : X x C°([0, T],R?) — R U {+oc} is the Caratheodory map defined by

J(w,y) = J((x,w,m,m,p),y)

= fOT(L(ySa/B&ms)+F(ysam&ps))ds+G(yTamTapT) lfy_w € H17 Wlthﬁz (y_w)/
400 otherwise

We often omit the first argument in J. Inequality (4.29) becomes therefore
E?" [J(2)] < E?" [J(E™M)] + (1/n).

Note now that

T
J(w, €™ (w)) :/O (L(&" (W), " (W), pe) + F (& (w), me))dt + G(E7 (W), mr),
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which is a continuous map of w. Hence we can let n — co and find, by lower semicontinuity of y — J(y)
for the left-hand side,
E@ [J(2)] < E [J(£™(2))].

We now let m — oo to find, by dominate convergence,

EC [J(z)] < E®

T
/ L(X], o))+ F(X],my))dt + G(XamT)] =:1.
0
By Proposition 2.3 we have

I=E [&g?(xo)} <E9[J(z)] - C"'E

T
/0 |at+Hg($t,Dé?($t))|2dt] 5

where « is defined in Lemma 4.6. This implies that, Q—a.s.,
oy = —He(ay, DG® () a.e..
By the uniqueness of the solution to (4.28), we find therefore
X;=z  We[0,T]

Let us now prove that (QEQ, m, MQ) is a solution to the MFG system. We are just left to show that
m satisfies in the sense of distribution the Fokker-Planck equation

dmy(x) = {Amy(x) + div(He (2, Doy (), pr)my(2))} dt in (0,T) x R%.
Let h € C°([0,T) x R%) be a smooth test function. Then by It6’s formula we have
0= h(T7 l‘T)

T } T
:h(o,x0)+/0 (8th+Ah—H5(-,D¢§(-))-Dh)(s,-)ds+/0 o - dw,

Conditioning with respect to (m, p), we find by Lemma 4.5 (point 3) and recalling that g, w and (p, m, m)
are independent (Lemma 4.5, point 2), that, @Q—a.s.,

_ x)mo(dx T ) B . DR - s, x)my(dx)ds
0—/Rdh(0, ) o(d)+/0 /Rd(ah—kAh He(-, D2(:)) - Dh)(s, z)ymg(dx)ds,

which proves that m solves the Fokker-Planck equation. Therefore that (¢~)Q, m, M @) is a solution to the
MFG system. |

To complete the proof of the previous lemma, we need to check the following:

Lemma 4.8. Let o be a bounded, (7?)—adapted control. There exists a sequence of uniformly bounded,

Carathéodory maps o™ : [0,T] x X — R?, progressively measurable with respect to the filtration (.f?)
such that
T
lim E€ l/ lalt — as|d31 =0.
m 0

Proof. Let o be a bounded, (?,? )—adapted control. There exists a sequence of simple processes 8™ such

that
T
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and for each n € N, there exists a subdivision 0 = ¢j <t} < ... < t%. =T of [0,T] and random variables
Ag, ..., A%, _, such that
K"—1

Z Akl[t Z+1 )’

where A} is bounded and 7,2 —measurable for each k € {0,..., K™ — 1}. In other words, for each n € N,
ke {0,..., K™ — 1}, there exists a 7% —measurable function 6} such that

n

k= ,?(x,w,p,m) .
Let us denote by X the set
- (CO([OvT]de))Q x D x CO([OaT]aPQ)'

Since @ is a Borel probability measure, by the weak Lusin theorem (see [41, Theorem 2.24]), for every
€ > 0, there exists a compact set H. C X such that Q (f\He) < € and the restriction 6} |g, of 0} to H.

is continuous. Let us write 0,?6 =
,

Let us denote by ¥ the set of all pseudo-paths (in the sense of Meyer-Zheng [35]). Then ¥ is a Polish
space and for every e >0, H C X C Xy := (C°0,T],RY))? x ¥ x C°([0,T],Ps). In particular, Xy
is a normal space?®, and therefore by Tietze theorem (see [37, Theorem 35.1]), there exists a continuous
extension of 0" to Xy. Let us denote this extension by 0” In particular, it is continuous on X and we

consider its restrlctlon to X, that we still denote by 9"’6.

It is clear that )
ége(xava’ m) L_> 91? (m,w,p, m) ,
’ e—0

so that the process

K™-1
ol = Z O Appap, (1)
is Carathéodory and converges to « in the sense of the lemma as ¢ — 0 and then n — co. |

We now show that m gives rise to an MFG system. Let (¢?7 M) be the solution to

{ ddu(x) = {~Adu(x) + H(z, Ddy(x), pr) = Flw,ing,py) } dt + di () in (0,T) x R
¢r(z) = G(a,mr,pr)  in R

Lemma 4.9. The flow of measures m solves Q—a.s. and in the sense of distributions,
ding(z) = {Amt(x) + div(He(z, Dét(x),pt)mt(x))} dt i (0,T) x RY.

Hence (¢, 10, M) is a solution to the MFG system on (X, Q, (?tQ))
Proof. Let (¢™, M™) be the solution on (X, F, Q’H?Q") to the backward HJ equation

{ Ao} (x) = {—Ad} (x) + H(x, Doy (x),pi) — F(x, 10, po) } dt +dMp'(z)  in (0,T) x RY
¢T( ) = G(x,77,pr) in R

Then, (¢™,m, M"™) is a solution of the MFG system on (X, F, Q”,?Qn) because the law of m under Q™
is the same as the law of m*" under P*"" @ P" (see the proof of Lemma 4.5 of [11]).

2A topological space X is a normal space if, given any disjoint closed sets F and F, there are neighbourhoods U of E
and V of F' that are also disjoints. This is true for any metrizable space, for instance.
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Following Lemma 4.5 of [11], we know that, if v* € P1(X x X) is an optimal coupling® between Q™
and @, then, for any R > 0,

fim sup [ sup (67 (0,) = i) " (d ') =0
™ ¢€[0,T] JxXxX |z|<R

and

T
lim/ / / |D (2, w) — Doy (x, ") |dadtn™ (dw, dw') = 0.
" JxxxJo JBr

We can then conclude, as in the proof of Theorem 4.1 of [11] that (¢, 7, M) is a solution to the MFG
system on (X, F,Q, F9). [ ]

Corollary 4.10. We have Q[m =m] = 1.

Proof. We have proved that (q@,ﬁz,M) and (QNSQ,m,MQ) are two solutions of the MFG system on
(X,Q, (?tQ)) By the uniqueness of the solution (Theorem 2.2), we obtain m = m QQ—a.s.. ]

Proof of Proposition 4.3. Corollary 4.10 leads to a contradiction with (4.26) and completes the proof of
Proposition 4.3. n
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