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Abstract 9

Molecular dissection of meiotic recombination in mammals, combined with population-genetic and compar- 10

ative studies, have revealed a complex evolutionary dynamics characterized by short-lived recombination 11

hotspots, whose exact location is determined by the DNA-binding protein PRDM9. To explain these fast 12

evolutionary dynamics, a so-called intra-genomic Red Queen model has been proposed, based on the interplay 13

between two antagonistic forces: biased gene conversion, mediated by double-strand breaks, resulting in 14

hotspot extinction (the hotspot conversion paradox), followed by positive selection favoring mutant PRDM9 15

alleles recognizing new sequence motifs. Although this model predicts many empirical observations, the 16

exact causes of the positive selection acting on new PRDM9 alleles is still not well understood. In this 17

direction, experiment on mouse hybrids have suggested that, in addition to targeting double strand breaks, 18

PRDM9 has another role during meiosis. Specifically, PRDM9 symmetric binding (simultaneous binding 19

at the same site on both homologues) would facilitate homology search and, as a result, the pairing of the 20

homologues. Although discovered in hybrids, this second function of PRDM9 could also be involved in the 21

evolutionary dynamics observed within populations. To address this point, here, we present a theoretical 22

model of the evolutionary dynamics of meiotic recombination integrating current knowledge about the 23

molecular function of PRDM9. Our modeling work gives important insights into the selective forces driving 24

the turnover of recombination hotspots. Specifically, the reduced symmetrical binding of PRDM9 caused by 25

the loss of high affinity binding sites induces a net positive selection eliciting new PRDM9 alleles recognizing 26

new targets. The model also offers new insights about the influence of the gene dosage of PRDM9, which 27
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can paradoxically result in negative selection on new PRDM9 alleles entering the population, driving their 28

eviction and thus reducing standing variation at this locus. 29

Author summary 30

Meiosis is an important step in the eukaryotic life cycle, leading to the formation of gametes and implementing 31

genetic mixing by recombination of paternal and maternal genomes. A key step of meiosis is the pairing of 32

homologous chromosomes, which is required in order to distribute them evenly into the gametes. Chromosome 33

pairing will also determine the exact position at which paternal and maternal chromosomes will exchange 34

material. Research on the molecular basis of meiosis has revealed the role of a key gene, PRDM9. The protein 35

encoded by PRDM9 binds to specific DNA sequences, by which it determines the location of recombination 36

points. Symmetric binding of the protein (at the same position on the homologous chromosomes) also 37

facilitates chromosome pairing. This molecular mechanism, however, has paradoxical consequences, among 38

which the local destruction of the DNA sequences recognized by PRDM9, leading to their rapid loss at the 39

level of the population over a short evolutionary time. In order to better understand why recombination is 40

maintained over time despite this process, we have developed a simulation program implementing a model 41

taking into account these molecular mechanisms. Our model makes realistic predictions about recombination 42

evolution and confirms the important role played by PRDM9 during meiosis. 43

Introduction 44

In eukaryotes, meiosis is a fundamental step in the reproduction process, allowing the formation of haploid 45

cells from a diploid cell. This process requires the success of a key step, namely, the pairing of homologous 46

chromosomes. Correct pairing is essential for proper segregation of chromosomes in daughter cells. In 47

addition, it allows for the formation of cross-overs, thus implementing recombination and generating new 48

combinations of alleles. Finally, meiosis and recombination are at the heart of questions of hybrid sterility 49

and speciation [1–3]. However, the evolutionary dynamics of meiotic recombination still remains poorly 50

understood. A correct understanding of this dynamics requires explicit description of the population genetics 51

processes, on one side, and the molecular mechanisms of meiosis, on the other side. In the present work, we 52

present an attempt in this direction, using theoretical and simulation models. 53

In mammals and many other eukaryotes, recombination points are not uniformly distributed along the 54

chromosomes [4]. Instead, crossovers frequently occur at the same positions in independent meioses, into 55

regions of the genome called recombination hotspots, where the frequency of crossing-over occurrence is 10 56
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to 100 times higher than in the rest of the genome [5,6]. Recombination hotspots are typically 1 to 2 kb 57

long, and they are often located outside of genes. More than 30,000 hotspots were found in humans [4,7], 58

and around 40,000 in mice [8]. These hotspots are characterized in humans by the presence of a sequence 59

motif (13-mer) determining up to 40% of crossing-overs [9]. This motif has helped to identify the PRDM9 60

gene as the gene responsible for hotspot location, [9, 10]. PRDM9 encodes a DNA-binding protein, and the 61

hotspots therefore correspond to strong binding sites of this protein. 62

Once bound to its target site, the PRDM9 protein trimethylates surrounding histones (H3K4me3 and 63

H3K36me3 [12,13]), inducing the recruitment of the double strand break (DSB) machinery near the target 64

site [14] (for a review see [15]). DSB induction, followed by DNA resection, produces a single-stranded end 65

that searches for its homologous sequence on the other chromosome and is then repaired, using the sequence 66

at the same locus on the homologous chromosome as the template. This repair leads to the conversion of the 67

sequence located near the break (often overlapping the site targeted by PRDM9 [16]). Some of these gene 68

conversion events lead to the formation of crossing-overs (CO), while others are repaired without exchange 69

of flanking regions (non crossing-overs, NCO). In some cases, repair is done not with the homologue but 70

with the sister chromatid [16]. 71

Crucially, when allelic variation exists at a given target motif that modulates the binding affinity for 72

PRDM9, DSBs will form more frequently on the allele for which PRDM9 has the highest affinity (the ‘hot’ 73

allele). Given that DSBs are repaired by using the intact homologue as a template, this process leads to the 74

preferential replacement of ‘hot’ alleles by alleles for which PRDM9 has a lower affinity. This mechanism of 75

biased gene conversion favors the transmission of mutations that inactivate hotspots, leading to an increase 76

in the frequency of these mutant inactive versions of binding sites, as well as their fixation in the population. 77

This self-destruction phenomenon, commonly called the “hotspot conversion paradox” [17], leads to the 78

progressive inactivation, hereafter called erosion, of PRDM9 binding sites at the genome scale, over short 79

evolutionary times (in the order of 10,000 to 100,000 generations [18]), which therefore raises the question of 80

the maintenance of recombination in the long term. 81

As a solution to the paradox, a model has been proposed [19], which works as follows: the disappearance 82

of recombination hotspots compromises the proper functioning of meiosis and greatly reduces the fertility of 83

individuals. In this context, new PRDM9 alleles, recognizing new target sites already present by chance in 84

the genome and thus restoring recombination, would be positively selected. They would eventually replace 85

the alleles currently segregating in the population. By analogy with the so-called Red Queen dynamics [20] 86

typically displayed by prey-predator or host-pathogen systems, this model has been called the intragenomic 87

Red Queen model of recombination hotspot evolution [19]. It predicts a rapid evolutionary dynamics of 88
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recombination landscapes, as well as a strong positive selection on the DNA binding domain of PRDM9. 89

Several empirical observations support the Red Queen model. First, fine scale recombination landscapes 90

differ between closely related species, like between humans and chimpanzees [10,21], or between modern 91

humans and Denisovan [18], suggesting a fast turnover of recombination hotspots. Second, the DNA binding 92

domain of PRDM9 is a zinc finger domain, consisting of an array of 7 to 10 zinc fingers. This domain is 93

encoded by a minisatellite, which mutates rapidly [22] by a combination of point mutations and unequal 94

crossing over between the sequence repeats. This allows for the rapid accumulation of new combinations of 95

zinc fingers, and thus of new alleles recognizing different hotspots, providing the necessary mutational input 96

for the Red Queen to run. In part because of this high mutation rate, PRDM9 is typically characterized by 97

a high genetic diversity in natural populations [23–27] . Finally, non-synonymous substitutions in the zinc 98

finger domain of PRDM9 are more frequent than synonymous substitutions, suggesting the presence of a 99

strong positive selection acting on the DNA binding domain [3, 25]. 100

Studies combining computer simulations and theoretical analyses have also given many arguments in favor 101

of the Red Queen model [19], [28]. However, current theoretical models remain silent on two essential points. 102

First, what exact mechanism explains the positive selection acting on PRDM9 to restore recombination? 103

Current models invoke a decline in fertility caused by the erosion of recombination, but without providing a 104

precise explanation of this point. Second, these models do not provide any explanation, at this stage, of the 105

link between the intra-genomic Red Queen and the phenotype of hybrid sterility induced by PRDM9 in the 106

mouse [1, 29]. 107

In this respect, a series of molecular and comparative analyses conducted on the mouse provide some 108

clues. First, the differential erosion of PRDM9 binding sites between mouse subspecies (due to different 109

PRDM9 alleles eroding their respective target sites within each subspecies) leads to asymmetrical binding 110

configurations in hybrid individuals [30]. Specifically, in a F1 hybrid, each of the two PRDM9 alleles has 111

eroded its targets in the genome of its parental strain, but not in the other strain’s genome. Each PRDM9 112

allele will therefore tend to bind preferentially to the still active target sites present on the chromosomes 113

inherited from the other parent, but not to the homologous but eroded sites on the chromosome from 114

its own parent. These asymmetrical binding patterns of PRDM9 across the whole genome are suspected 115

to be involved in the sterility phenotype. Indeed, Chip-Seq experiments have uncovered a correlation 116

between PRDM9 binding asymmetry rates in a variety of mouse hybrids for different pairs of PRDM9 alleles 117

and hybrid sterility [31, 32]. Cytogenetic observations have also shown that chromosomes that are more 118

asymmetrically bound are less often correctly paired during metaphase I [32]. Finally, the introduction by 119

transgenesis in mice of a PRDM9 allele possessing the human zinc finger domain, which has never been 120
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present in the mouse species complex and has then not eroded its targets asymmetrically in either of the 121

two populations, restores both a good binding symmetry and high levels of fertility [1]. 122

In the light of these empirical results, a model has been proposed [1], according to which PRDM9 123

would in fact have a dual role during meiosis: in addition to being responsible for the recruitment of the 124

DSB machinery, it would also facilitate the pairing between the homologous chromosomes, thanks to its 125

symmetrical binding, that is, its simultaneous binding to the same target site on both homologues. More 126

precisely, PRDM9 is thought to act to bring the sites on which it is bound to the chromosomal axis. The 127

mechanisms involved in this step are not very clear, although it would seem that H3K4me3 markers [33] and 128

the SSXRD and KRAB domains of PRDM9 are implicated [34]. This is where symmetry would play a key 129

role (Fig 1): when PRDM9 is bound symmetrically, the two homologous loci are each brought closer to 130

the chromosomal axis, which makes the complementary sequence of the homologue more directly accessible 131

to the single-stranded end produced by resection of the DSB [35]. In contrast, in the case where PRDM9 132

binds only on one of the two homologous loci, a possible DSB would be repaired only later on, either by the 133

homologue as a non CO event or by the sister chromatid [16]. 134

This mechanistic model based on the symmetrical binding of PRDM9 provides a globally coherent 135

explanation of the hybrid sterility phenotype. A last question remains open however: could this dual role 136

of PRDM9 also explain the Red Queen evolutionary dynamics of recombination observed within a single 137

population? Of note, in the hybrid, failure of meiosis is a consequence of macroscopic asymmetric sequence 138

patterns due to differential erosion in the two parental lineages. Such macroscopic asymmetric sequence 139

patterns are unlikely within a single population. On the other hand, statistical binding asymmetries might 140

nevertheless occur and play a role. 141

To investigate this question, in this paper, we revisit the theoretical modeling of the intra-genomic Red 142

Queen of PRDM9 -dependent recombination. In contrast to previous work [19, 28] (but see recent work 143

of Baker et al. [36]), we explicitly model the molecular mechanism of meiosis and, more specifically, the 144

function currently hypothesized for PRDM9. Our specific aim was to test whether the combined effects 145

of biased gene conversion and symmetry provide sufficient ingredients for running an intra-genomic Red 146

Queen, and this, under empirically reasonable parameters values. 147

Results 148

To investigate the evolutionary dynamics of PRDM9 -dependent recombination, we developed a simulation 149

program modeling the evolution of a randomly mating population of diploid individuals and accounting 150
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Figure 1: A model of how symmetrical PRDM9 binding facilitates chromosome pairing. Upon
binding DNA at a specific target motif, PRDM9 (orange oval) brings the DNA segment close to the
chromosomal axis. Some of the sites bound by PRDM9 may then undergo a DSB (red star). Resection
of the DSB generates a single-stranded end, which will search for a complementary sequence to use as a
template for repair. In the case where PRDM9 is symmetrically bound (i.e. on both homologues, case
on the left-hand side), the templates provided by the two sister chromatids of the homologue are more
directly accessible, thus facilitating homology search and pairing with the homologue. The break can then be
repaired either as a CO or a NCO event, in both cases, implementing gene conversion at the broken site. In
the case of asymmetrical PRDM9 binding (case shown on the right-hand side), the homologue is less directly
accessible, preventing efficient homologue engagement. The broken site is assumed to be repaired later on,
once the homologues have synapsed (and this, thanks to other DSBs occurring at symmetrically bound
sites somewhere else on the same pair of chromosomes), as NCO events. In the case where the homologue
bears an inactive binding site at the position corresponding to the DSB, the NCO will effectively implement
biased gene conversion in favor of the inactive version.

for the key molecular processes involved in meiotic recombination (Fig 2). The genome consists of a single 151

chromosome, bearing a locus encoding the PRDM9 gene (Fig 2A). The locus mutates at a rate u, producing 152

new alleles (Fig 2B). Each allele recognizes a set of binding sites randomly scattered across the genome, 153

of varying binding affinity. Binding sites undergo inactivating mutations at a rate v (Fig 2B). At each 154
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generation, sexual reproduction entails the production of gametes that are themselves obtained by explicitly 155

implementing the process of meiosis on randomly chosen individuals (Fig 2C-F). 156

Figure 2: Diagram summarizing the main features of the model and the successive steps of the
simulation cycle. (A) The model assumes a population of N diploid diploid individuals (2N chromosomes,
vertical lines). Each chromosome has a PRDM9 locus (filled oval, with a different color for each allele) and,
for each PRDM9 allele, a set of target sites (filled rectangles, with color matching their cognate PRDM9
allele) of variable binding affinity (variable width of the filled rectangles). (B) Mutations at the PRDM9
locus create new alleles (here, purple allele), while mutations at the target sites inactivate PRDM9 binding
(grey sites with a cross). (C-E) meiosis; (C) Chromosome replication and binding of PRDM9 to its target
sites (horizontal arrows). (D) Induction of DSBs at a small number of randomly chosen sites bound by
PRDM9 (red stars) and search for DSBs at symmetrically bound sites (symmetrical DSBs); if no symmetrical
DSB is found, meiosis fails; otherwise, one symmetrical DSB is chosen uniformly at random (here, on the
yellow binding site). (E) Completion of the crossing-over (red curved arrow) and repair of all DSBs using
the homologous chromosome (red box on top); (F) random choice of one of the 4 gametes of the tetrad,
which will contribute to the next generation.

Meiosis is modeled step by step. First, the PRDM9 proteins binds to their target sites, according to 157

a simple chemical equilibrium (Fig 2C). The probability of occupation of a site will thus depend on the 158

binding affinity of PRDM9 for this site. It may also depend on PRDM9 concentration, which can itself 159
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depend on the genotype of the individual (either homozygous for single PRDM9 allele, or heterozygous for 160

two distinct PRDM9 alleles), through gene dosage effects. Then, a small number of double strand breaks 161

are induced at some of the sites bound by PRDM9 (Fig 2D). At that step, a key assumption of the model is 162

that meiosis will succeed only if at least one of those DSBs occurs at a site that is also bound by PRDM9 163

on at least one of the two chromatids of the homologous chromosome, in which case a single cross-over is 164

performed at the site of one of the DSBs fulfilling this requirement. Finally, all DSBs are repaired using the 165

homologue (Fig 2E), upon which meiosis is assumed to proceed successfully, producing four gametes, one of 166

which is chosen at random for reproduction (Fig 2F). 167

Of note, because of the symmetry requirement, the probability of success of meiosis will depend on the 168

genotype of the individuals on which it is attempted, which will thus induce differences in fertility between 169

individuals. In addition, explicit repair of the DSBs by the homologue effectively implements the process of 170

gene conversion at the binding sites. The main question is then to what extent these two aspects of the 171

molecular mechanism are susceptible to influence the evolutionary dynamics. 172

The overall procedure is run for several tens of thousands of generations, during which several summary 173

statistics are monitored: the frequency of each PRDM9 allele and the resulting genetic diversity at the 174

PRDM9 locus, the mean proportion of binding sites of PRDM9 alleles that are currently active, their mean 175

affinity across the genome, the mean probability of symmetrical binding and the mean probability of success 176

of meiosis. The model parameters and the monitored statistics are summarized in Table 1 177

The results section is divided in three main parts. First, a simple version of the model is presented, in 178

which PRDM9 gene dosage is ignored (that is, assuming that the number of proteins produced by a given 179

PRDM9 allele is the same in a homozygote and in a heterozygote for this allele). Although empirically 180

questionable, this assumption offers a simpler basis for understanding key features of the model and of the 181

resulting evolutionary dynamics. Then, in a second part, we introduce PRDM9 gene dosage and work out 182

its consequences. Finally, we attempt an empirical calibration of the model based on current knowledge in 183

the mouse, so as to test its predictions. 184

Intragenomic Red Queen 185

We first ran the model without gene dosage, and with a low mutation rate at the PRDM9 locus (u = 5×10−6). 186

Note that the parameter values used here are not meant to be empirically relevant. Instead, the aim is to 187

illustrate the different regimes produced by the model. Assuming a low mutation rate for PRDM9 results in 188

few, rarely more than one, alleles segregating at any given time in the population (Fig 3A). We call this a 189

monomorphic regime, after Latrille et al [28]. The dynamic is as follows. First, an allele appears in the 190
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Table 1: Descritption of input parameters and output variables
Parameters Description Value

u Mutation rate at the PRDM9 locus 2× 10−6 to 5× 10−3

v Mutation rate at the targets 2× 10−6 to 5× 10−3

N Population size 5, 000
h Number of targets recognised by a new allele 400
d Mean number of DSB per chromosome pair per meiocyte 6
yi Affinity of target i variable
g Gene conversion rate variable

nmei Number of meioses allowed per individual before reproduction failure 1 to 5

Variables Description
fi Frequency of allele i a

θi Proportion of target sites still active for allele i a

zi Level of erosion of allele i a

wi Mean fertility of allele i a,b

qi Mean probability of symmetrical binding of allele i a,b

ρ Net rate of erosion per generation
xi Occupancy probability at site i at equilibrium
α Linear response of the log-fitness as a function of erosion
τ Mean time between successive invasions of the population by new PRDM9 alleles
µ Population-scaled mutation rate of PRDM9 (4Nu)
D PRDM9 diversity in the population at equilibrium
s0 mean selection coefficient acting on new PRDM9 alleles at equilibrium
σ0 Relative difference in fertility between homozygotes

and heterozygotes for young alleles
σz̄ Relative difference in fertility between homozygotes

and hemizygotes for alleles of level of erosion z̄

a These variables also change over time; b the mean is over all individuals carrying this allele (with a weight
of 1 for heterozygotes and a weight of 2 for homozygotes).

population and invades, until reaching a frequency close to 1. Meanwhile, the proportion θ of active binding 191

sites for this allele decreases, due to the erosion of these sites by inactivating mutations and biased gene 192

conversion. Once the allele has eroded a fraction of around 20% of its sites, it is quickly replaced by a newly 193

arisen PRDM9 allele that recognizes a different hotspot sequence motif. This rapid replacement clearly 194

suggests the presence of strong positive selection. The newly invading allele then erodes its target until 195

being replaced by a new allele which in turn follows a similar trajectory, and so on. 196

A key aspect of the model is that it does not explicitly invoke a fitness function. Instead, the positive 197

selection that seems to be operating on new alleles (Fig 3) is an emerging property of the mechanism of 198

meiosis. This positive selection can be more precisely understood by examining how the rate of PRDM9 199

symmetrical binding (defined by Eq (15) and Eq (14)) and the mean fertility of a typical allele (Eq (16)) 200

evolve over the lifespan of this allele (Fig 3D and 3E), and how this relates to the level of erosion (Eq (13), 201

Fig 3B) and the mean affinity of the remaining non-eroded sites (Fig 3C). 202
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Figure 3: A simulation trajectory showing a typical evolutionary dynamics, under a monomor-
phic regime (u = 5× 10−6 and v = 5× 10−5). In all panels, each color corresponds to a different allele.
Note that a given color can be reassigned to a new allele later in the simulation. Successive panels represent
the variation through time of (A) the frequency of PRDM9 alleles and their corresponding (B) proportion
of active sites, (C) mean affinity, (D) probability of symmetrical binding and (E) fertility. The thick line
singles out the trajectory of a typical allele.

First, we observe a clear correlation between allele frequency and proportion of active (non-eroded) target 203

sites. When the frequency of an allele increases in the population, the proportion of still active sites for 204

this allele decreases. This erosion (Fig 3B) seems to occur at a rate which is directly proportional to the 205

frequency of the allele in the population (Fig 3A). This is expected: the more frequent an allele, the more 206

often it will be implicated in a meiosis and the more opportunities its target sites will have to undergo gene 207

conversion events. 208
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Second, erosion results in a decrease of the mean affinity of the sites that are still active (Fig 3C). 209

This reflects the fact that sites of high affinity are more often bound by PRDM9, and thus are more often 210

converted by inactive mutant versions. 211

Third, sites of lower affinity are also less often symmetrically bound (i.e. bound simultaneously on both 212

homologues). The key quantity that captures this effect is the conditional rate of symmetrical binding 213

(q). Since DSBs are chosen uniformly at random among all bound sites by PRMD9, q corresponds to the 214

probability that a DSB will occur in a symmetrically bound site and will thus contribute to a successful 215

pairing of the homologues. This probability is a monotonous function of the mean affinity of the binding 216

sites for the PRDM9 protein (Fig 3D). The mean value of q over all target sites of a given PRDM9 allele is 217

thus lower for older alleles (Fig 3D). 218

Finally, since, in our model, meiosis requires at least one DSB in a symmetrically bound site, the mean 219

fertility of an older allele is lower (Fig 3E). Hence, new alleles (young alleles) will be positively selected at 220

the expense of old alleles and will ultimately replace them in the population. 221

To assess to what extent the requirement of symmetrical binding impacts the evolutionary dynamics of 222

PRDM9, we performed additional simulations with a simpler model, in which DSBs can be repaired as COs 223

even when PRDM9 binds only one of the two homologues (i.e. this corresponds to a model where PRDM9 224

is required for the formation of DSBs, but not for chromosome pairing). With this setting, the model still 225

predicts a turnover of PRDM9 alleles, but with unreasonably high, in fact nearly complete, levels of erosion 226

(Supplementary Figure 2). Fundamentally, PRDM9 alleles persist in the population until they have no 227

more sites to bind, at which point they cannot anymore recruit DSBs and are thus selectively eliminated 228

for this trivial reason. Thus, a key result obtained here is that the requirement of symmetrical binding 229

for chromosome pairing, combined with preferential erosion of high affinity sites, is sufficient for creating 230

differences in fitness (fertility) between old and young alleles, which in turn will spontaneously induce a Red 231

Queen dynamics at the level of the population, while ensuring moderate levels of hotspot erosion. 232

Of note some stochastic deviations from this typical life-cycle for a PRDM9 allele are sometimes observed, 233

such as an allele being first outcompeted by a subsequent allele but then showing a rebound in frequency 234

when the competitor has itself eroded a large fraction of its target sites. Such deviations are relatively rare 235

and do not seem to fundamentally change the overall regime. It should also be noted that we observe an 236

increase in the rate of symmetrical binding and in the mean fertility at the beginning and at the end of 237

the life of the alleles. The reason for this is that these two summary statistics are defined, for each allele, 238

as a mean over all diploid genotypes carrying this allele segregating in the population. As a result, when 239

old alleles have declined to a low frequency, they often find themselves in a heterozygous state with new 240
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alleles, which restores the rate of symmetrical binding and thus the fertility of the corresponding diploid 241

individual. Likewise, when a new allele appears in the population, it is in a heterozygous state with an older 242

allele, which gives a lower rate of symmetrical binding and fertility than being in the homozygous state. 243

Figure 4: A simulation trajectory showing a typical evolutionary dynamics, under a polymorphic
regime (u = 5× 10−4 and v = 5× 10−5). In all panels, each color corresponds to a different allele. Note
that a given color can be reassigned to a new allele later in the simulation. Successive panels represent the
variation through time of (A) the frequency of PRDM9 alleles and their corresponding (B) proportion of
active sites, (C) mean affinity, (D) probability of symmetrical binding and (E) mean fertility. The thick line
singles out the trajectory of a typical allele. Note that the scale of the axes of the ordinates are not the
same as in Fig 3.

The simulation shown above (Fig 3) was run under a low mutation rate, hence resulting in a monomorphic 244

regime. Running the simulation under higher mutation rates for PRDM9 (higher u) results in a polymorphic 245

regime, where many alleles segregate together at any given time. In this regime, of which a typical simulation 246
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is shown in Fig 4, the Red Queen process is also operating, except that many alleles are simultaneously 247

segregating (Fig 4A), at a lower frequency. As in the previously shown monomorphic regime, each allele 248

undergoes erosion (Fig 4B), primarily of its higher affinity sites (Fig 4C), again causing a decrease in 249

symmetrical binding rate (Fig 4D) and fertility (Fig 4E). Owing to the high mutation rate, however there is 250

a much lower erosion, leading to a lower decrease in fertility than in a monomorphic regime. Note that in 251

Fig 4, the scale of the axes of the ordinates are not the same as in Fig 3 (see Supplementary Figure 1 for a 252

figure with same scale on the y-axis). 253

Control simulations (without the requirement of symmetry) run in the polymorphic case result in less 254

extreme erosion levels than control simulations in the monomorphic regime, although still much stronger 255

than in the simulations in which symmetrically binding is required (Supplementary Figure 2). The overall 256

dynamics under this control appears to be neutral, with a turnover caused by mutational input of new alleles 257

and loss of old alleles by drift. 258

PRDM9 diversity and erosion 259

Scaling experiments 260

The simulations shown in the previous section have helped to establish that the molecular details of the 261

implication of PRDM9 during meiosis (such as depicted in Fig 1) are sufficient to induce a Red Queen 262

dynamics. However, it remains to be understood how the equilibrium regime quantitatively depends on 263

the parameters of the model. To address this issue, scaling experiments were performed (see methods). 264

These experiments are helpful for determining how the different characteristics of the model at equilibrium 265

(the allelic diversity at the PRDM9 locus, the average level of erosion of the target sites or the fertility of 266

the individuals) respond to variation in the values of the model parameters. The results of these scaling 267

experiments are shown in Fig 5 (in blue), along with the predictions of an analytical approximation (in 268

orange), introduced further below. 269

A first scaling experiment was carried out on the mutation rate u at the PRDM9 locus. It immediately 270

appears that u has a direct impact on the standing diversity (Fig 5A), which is roughly proportional to Nu, 271

the population-scaled mutation rate. Increasing u also reduces the equilibrium erosion level (Fig 5B). This 272

can be explained as follows. The equilibrium set point of the Red Queen is fundamentally the result of a 273

balance between erosion and invasion. The rate of invasion by new alleles can be expressed as 2NuPinv 274

where Pinv corresponds to the probability of invasion. In this expression, if u increases, this also increases 275

the rate of replacement of old alleles thus shifting the equilibrium towards weaker equilibrium erosion. These 276

lower erosion levels imply a higher rate of symmetrical binding and a higher mean fertility (Fig 5C). 277

13

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted September 21, 2023. ; https://doi.org/10.1101/2023.03.08.531712doi: bioRxiv preprint 

https://doi.org/10.1101/2023.03.08.531712
http://creativecommons.org/licenses/by/4.0/


Figure 5: Scaling of key summary statistics at equilibrium, as a function of the mutation rate u
at the PRDM9 locus and the mutation rate v at the target sites. The statistics are: the PRDM9
diversity D as a function of u (A) and v (D); the mean erosion z̄ (i.e. the mean fraction of target sites that
have been inactivated) at equilibrium as a function of u (B) and v (E); the mean fertility of the population w̄
as a function of u (C) and v (F). On each graph, the mean (blue line) and standard variation (blue vertical
bars) over a simulation are displayed against the prediction of the analytical approximation (orange line).
The area colored in green corresponds to the range of parameters for which the analytical model verifies
the assumptions of a high diversity (1 < 4Nu < 100), a low erosion (z̄ < 0.5) and strong selection on new
PRDM9 alleles (4Ns0 > 3).

A second scaling experiment was performed, now varying the rate v of target inactivation. From this 278

experiment, it appears that v has a very weak impact on standing diversity (Fig 5D). On the other hand, it 279

has an important impact on equilibrium erosion levels (Fig 5E) and on fertility (Fig 5F), with an opposite 280

effect, compared to what was observed with u. This comes from the fact that the rate of erosion is equal to 281

4Nvg. Increasing v will therefore result in an increase of the rate of erosion at equilibrium. 282

To summarize, the equilibrium set point of the Red Queen dynamic is directly impacted by the two 283

parameters u and v, whose effects are opposed. In the case of diversity, u (or, more precisely, Nu) is the 284

key determining factor, while v seems to have minor impact. These results are consistent with the results 285

obtained by Latrille et al. [28]. 286

Comparison with analytical developments 287

In parallel with the simulator, the model was also explored analytically, using the self-consistent mean-field 288

approach originally described in Latrille et al. [28]. The complete analytical developments can be found 289
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in Supporting materials sections 1.1 to 1.3. Here, a simplified presentation is given, introducing the main 290

intuitions and formulae. 291

For these analytical developments to be tractable, three preliminary conditions were introduced. First, a 292

polymorphic regime (Nu >> 1) is assumed for PRDM9. This assumption makes it possible to neglect the 293

presence and the impact on the dynamics of homozygous individuals, which facilitate the approximations. 294

Second, we assume a strong selection regime (4Ns0 >> 1, where s0 is the mean selection coefficient acting 295

on new PRDM9 alleles). This allows us to rely on deterministic approximations for the typical trajectory of 296

PRDM9 alleles. Finally, we assume a weak erosion of the target sites at equilibrium, which allows us to 297

linearize the equations. 298

First, to a good approximation, the rate of erosion of the targets of an allele depends on its frequency in 299

the population : 300

dθ

dt
≈ −ρfθ, (1)

where ρ = Nvd
2h = 4Nvg and g = d

8h is the net rate of erosion per generation. As a result, the cumulated 301

erosion of an allele of age t is: 302

z(t) = ρ

∫ t

0

f(t′) dt′, (2)

where f(t′) is the frequency of the allele at time t′. The quantity z can thus be seen as the intrinsic age of 303

the allele (i.e. an allele ages more rapidly if more frequent in the population). Because of selection, the 304

frequency of an allele changes as a function of its erosion, or intrinsic age z. 305

Assuming weak erosion (z << 1) allows one to linearize the differential equation describing the evolution of 306

the frequency of an allele, which gives : 307

d ln f

dt
≈ −α

2
(z − z̄). (3)

Eq 3 says that the variation in frequency of an allele is proportional to the difference between the erosion 308

of the targets for this allele (z) and the mean erosion for all other alleles in the population (z̄). The 309

proportionality coefficient, α, corresponds to the linear response of the log-fitness as a function of erosion. It 310

can be expressed as a function of the mechanistic parameters of the model (Supporting materials section 311

1 Eq 56). Thus, if an allele is younger, the allele has eroded less targets than the average (z < z̄) and 312

will increase in frequency. Conversely when the allele reaches and then exceeds the mean erosion level, its 313
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frequency will start to decrease. 314

The previous equation shows the evolution of the frequency of a typical allele in the population, but 315

it depends on the mean level of erosion z̄, which is unknown. To determine its value, we can apply a 316

self-consistent argument, essentially saying that all alleles entering the population have this typical dynamic. 317

Using this self-consistent argument leads to the following explicit expression for z̄ [28] : 318

z̄ ≈
√

ρ

µα
≈

√
vg

uα
. (4)

Here, we find three constants of the model. There is first of all ρ, the net erosion constant, which by 319

increasing will contribute to increasing the mean equilibrium erosion level z̄. Then, in the denominator, 320

there is µ = 4Nu, the population-scaled mutation rate of PRDM9, which by increasing leads to a more 321

frequent emergence of new alleles. This restricts the lifetime of alleles in the population and thus decreases 322

the average cumulative erosion rate. Finally, we find again the constant α. If the latter increases, this means 323

that the log-fitness will decrease more quickly as a function of erosion. As a result, the allele will be more 324

quickly eliminated (i.e. with less erosion), which lowers the equilibrium erosion level z̄. 325

Note that this equation is the same as that presented in Latrille et al [28]. However, in [28], α and g were 326

phenomenological parameters, set arbitrarily, while in our mechanistic model, they emerge directly from the 327

molecular mechanisms of meiosis. As such, they can be expressed as functions of the model parameters (d, 328

h, N or v, see Supporting matrials section 1 Eq 56 and Eq 34). 329

From there, we can express the mean equilibrium quantities over the population and across the whole 330

simulation as a function of z̄. Namely θ̄, the mean proportion of still active target sites, w̄, the mean fertility 331

of the alleles, and the diversity D of PRDM9 in the population at equilibrium : 332


θ̄ ≈ 1− z̄

w̄ ≈ 1− e−dq̄

D ≈ 24Nu

(5)

In the expression for w̄, q̄ corresponds to the mean probability of symmetrical binding at equilibrium. It 333

depends on z̄. 334

335

The analytical approximations presented here are plotted on Fig 5A to F (orange curves), against 336

the results obtained directly using the simulation program (blue curves). The model and the analytical 337

approximation give qualitatively similar results in the range of parameters validating all the conditions (in 338
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practice, we consider that the analytical results should be valid in the following intervals for the model 339

parameters: 1 < 4Nu < 100, z̄ < 0.5 and 4Ns0 > 3). Concerning PRDM9 diversity, substantial differences 340

are observed between the simulation results and the analytical approximations, up to a factor of 10, in the 341

scaling of u (Fig 5A). However, the nature of the regime, polymorphic (many alleles segregating at the same 342

time in the population) or monomorphic (only one allele present in the population at a time), is correctly 343

predicted. In particular, we can say that the nature of the regime is directly and mostly determined by Nu 344

and the level of erosion has almost no influence (Fig 5D). Finally, the analytical approximations are less 345

accurate for low and high u or high v. These correspond to strong erosion regimes (low u and high v) or to 346

regimes with weak selection (high u), for which the assumption of the analytical developments are not met. 347

Taking into account PRDM9 gene dosage 348

The previous results were obtained with a model assuming the same concentration of the PRDM9 protein 349

product of a given allele in individuals that are either homozygous or heterozygous for this allele. Yet, 350

in reality, gene dosage seems to be an important aspect of the regulation of PRDM9 expression [37]. To 351

account for this fact, gene dosage was introduced in the simulation model. This was done by assuming 352

that a homozygote produces twice as many protein products as a heterozygote for a given allele. The main 353

consequence of introducing gene dosage is that, in homozygotes, the occupancy of a site of a given affinity is 354

increased, compared to a heterozygote, leading to a higher probability of symmetrical binding and fertility. 355

This could have an important impact on the Red Queen dynamics. 356

To illustrate this point, Fig 6 contrasts the results obtained with and without gene dosage in an otherwise 357

identical parameter configuration. We observe a drastic change of regime between the two settings. While 358

the simulation without gene dosage gives a polymorphic regime, the simulation with gene dosage gives a 359

strict monomorphic regime with an extremely dominant allele staying at a frequency close to 1 during several 360

thousands of generations, a time period during which new alleles apparently cannot invade the population. 361

What happens here is that, due to gene dosage, homozygotes have a fitness advantage over heterozygotes. 362

Since alleles at high frequency are more often present in a homozygous diploid genotype, they have an 363

advantage over low frequency alleles. And so, paradoxically, old (but not too old) alleles at high frequency 364

can have a higher mean fitness than new alleles that just appeared in the population, and this, in spite of their 365

higher levels of erosion. This last point is confirmed by measuring the selection coefficient associated with new 366

alleles (Fig 6F): during a phase of domination of one allele, new alleles are strongly counter-selected. When 367

the dominant allele becomes too old, its homozygote advantage is no longer strong enough to compensate 368

for its erosion. At this point, new alleles become positively selected (e.g. at around 15, 000 generations on 369
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Fig 6F). The old allele then quickly disappears and all other alleles competes for invasion. This transient 370

polymorphic regime is unstable however: as soon as one of the young alleles reaches a higher frequency 371

than its competitors, it benefits from a homozogous advantage, ultimately evicting all competitors and thus 372

becoming the new dominant allele. 373

The example on Fig 6 corresponds to only one particular parameter settings showing that gene dosage 374

can act against diversity. To more systematically assess the conditions under which gene dosage is expected 375

to have an impact on the qualitative regime of the model, a perturbative development was conducted, 376

starting from the analytical results shown above (for the complete analytical developments, see Supporting 377

materials section 1.4). Here, perturbative means that it is valid only when the impact of dosage is weak. 378

However it will also give the conditions on the model parameters for this to be the case. Thus, with dosage, 379

the evolution of the frequency f of an allele through time is now given by: 380

d ln f

dt
= −αhet

2
(z − z̄) + σ0(f − f̄), (6)

where αhet corresponds to the α coefficient (slope of the log-fitness as a function of z) for a heterozygote 381

and : 382

σ0 =
whom(0)− whet(0, 0)

whet(0, 0)
(7)

is the relative difference in fertility between homozygotes and heterozygotes for young alleles (or homozygous 383

advantage). 384

Thus, unlike what was observed without dosage, the fate of an allele is now determined by a competition 385

between two different effects : an age effect and a frequency effect. The age effect (everything else being 386

equal, older alleles tend to have a lower fitness than younger alleles) was already present without dosage (Eq 387

3). The frequency effect (everything being equal, more frequent alleles benefit from a homozygous advantage 388

and will therefore tend to become even more frequent) is the specific contribution of dosage. Importantly, 389

the frequency effect (which is proportional to σ0) systematically acts against diversity. 390

Based on Eq 6, we can determine when dosage will play an important role. First, σ0 should be large. 391

Second, there should be enough time between successive invasions for eviction to take place. An analytical 392

approximation for the time between invasions is given by τ = 2
µαz̄ . Altogether we predict a qualitative 393

change induced by gene dosage on PRDM9 standing diversity when Nu is large (i.e. the regime would 394

have been polymorphic without dosage) and σ0τ is also large (i.e. eviction due to homozygous advantage is 395

sufficiently strong and has enough time to occur). Conversely, we predict a polymorphic regime when Nu is 396
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Figure 6: Example of a PRDM9 dynamic without gene dosage (A) to (C) and with gene dosage
(D) to (F) (mutation rates u = 5× 10−4 at the PRDM9 locus, and v = 2× 10−6) at the target
sites. In all panels, each color corresponds to a different allele. Note that a given color can be reassigned to
a new allele later in the simulation. Successive panels represent the variation through time of (A),(D) the
frequency of PRDM9 alleles and their corresponding (B),(E) proportion of active sites and (C),(F) selection
coefficient.
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large and when the dosage effects are negligible, i.e. when σ0τ is small. 397

These predictions were verified by conducting two scaling experiments, exploring a broad range of values 398

for the mutation rates at the PRDM9 locus u and at the targets v (Supplementary Figure 3), or varying the 399

mean number of DSB (d) and the mean binding affinity ȳ of the target sites (Supplementary Figure 4). In 400

all cases, these experiments confirm that the regime is polymorphic in the presence of dosage if 4Nu > 10 401

and σ0τ < 3. 402

Altogether, gene dosage entails additional constraints, which tend to substantially restrict the conditions 403

for observing a high diversity of PRDM9 alleles in the population. 404

Empirical calibrations of the model 405

Empirical input parameters 406

Finally an empirical calibration of the model was attempted, using parameter values roughly estimated based 407

on current knowledge in mammals and, more specifically, in the mouse. The effective population size (Ne) of 408

different Mus musculus subspecies such as Mus m. musculus or Mus m. domesticus is around 105 [38]. The 409

number of hostspots recognized per PRDM9 alleles across the genome (h) is estimated between 15, 000 and 410

20, 000 [39]. Knowing that the mouse possesses 20 pairs of chromosomes, this corresponds approximately 411

to h ≈ 1000 sites per chromosome. The mean number of DSBs (d) performed per individual is estimated 412

between 200 and 250 per meiosis [40], which correspond to approximately 10 DSBs per chromosome pair 413

per meiosis. An exponential distribution for the affinities has a good fit to observed distribution obtained 414

from Chip-seq experiments [29] (Supplementary Figure 5). The mean, however, is unknown but can be 415

determined by assuming an average of 5, 000 targets bound per meiocyte [41] out of 20, 000 available targets. 416

We obtain a mean of approximately 0.2. 417

Concerning the target mutation rate, considering that the mutation rate per nucleotide per generation 418

across the mouse genome is 5.4.10−9 [42] and that the motifs characterising most of the hotspots in the 419

mouse are several tens of nucleotides long [30], the inactivating mutation rate per generation (v) at the 420

targets can be estimated at 10−7 [28]. The other mutation rate to determine is the one at the PRDM9 421

locus (u). Owing to the mutational instability of the minisatellite encoding the zinc finger domain, this 422

mutation rate is high and has been estimated at (10−5) in humans [22]. However, this is the raw mutation 423

rate (including mutation that lead to either non-functional or functionally equivalent alleles). In contrast, 424

the mutation rate u of the model is the net functional mutation rate (probability of creating a new functional 425

allele recognizing entirely different targets), and the net rate is likely to be smaller than the raw experimental 426

estimate. Accordingly, and as in Latrille et al [28], we used u = 3.10−6. 427
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Finally, since a population size of N = 105 is too large for running the simulator, a standard scaling 428

argument was used, by setting N = 5.103 and multiplying u and v by a factor 20 (i.e. using between 429

u = 6.10−5 to u = 6.10−4 and v = 2.10−6). The other parameters are set for the smallest chromosome in 430

mouse, so with lower h and d than the mean in the entire genome (h = 800, d = 8, ȳ = 0.2). This rescaling 431

leaves approximately invariant the following quantities: D, z, σ and s0. The settings just presented represent 432

our reference for empirical confrontation. Based on this reference, several variations of the model were also 433

explored, which are described below. 434

Model predictions 435

The simulator was calibrated based on these rough empirical estimates for its parameters, then run and 436

monitored for several key summary statistics, specifically, the genetic diversity of PRDM9 (D), the proportion 437

of eroded sites (z̄), the mean haplo-insufficiency at the birth of the allele (σhet
0 ), the mean haplo-insufficiency 438

over alleles sampled at the equilibrium regime (σhemi
z̄ ) and the selection coefficient experienced by new 439

PRDM9 alleles (s0). The predictions are shown in Table 2 and examples of Red Queen dynamics are shown 440

in Figs 7 and 8. 441

Table 2: Empirical calibration experiments.
u ȳ d chom nmei D z̄ σ0 σz̄ s0

3× 10−6 0.2 8 2 1 1 0.25 2.9× 10−2 a 5.2× 10−2 a −2.2× 10−2

3× 10−6 0.44 8 1 1 2.8 0.05 1.5× 10−5 a −4.9× 10−7 a 5.5× 10−4

3× 10−6 0.3 8 1.5 1 1.1 0.22 1× 10−2 a 1.5× 10−2 a −6× 10−3

3× 10−5 0.2 8 2 1 1.2 0.23 2.9× 10−2 a 4.6× 10−2 a −2.2× 10−2

3× 10−6 2 8 2 1 2.1 0.23 5.1× 10−4 a 7.8× 10−4 a −8.5× 10−5

3× 10−6 0.2 8 2 5 2.2 0.22 2.9× 10−2 a 6.9× 10−2 a 6.5× 10−6

3× 10−6 0.2 24 2 1 2.5 0.26 5.7× 10−5 a 3.3× 10−3 a 1.5× 10−4

Equilibrium values of output summary statistics at equilibrium (PRDM9 diversity D,mean level of erosion
z̄, mean haplo-insufficiency at the birth of the allele (σ0), mean haplo-insufficiency at the equilibrium (σz̄)
and the mean selection coefficient experienced by new PRDM9 alleles (s0) as a function of the input
parameters (mutation rate at PRDM9 locus (u), mean of the affinity distribution (ȳ) , number of DSB par
meiosis (d), dosage coefficient (chom) and maximum number of meiosis allowed for each individual), and
with fixed values for the other parameters (d = 8, h = 800 and v = 10−7)
a Haplo-insufficiency is here formally defined as the relative difference in success rate of meiosis between
homozygotes and hemizygotes. This is equivalent to the relative difference in fertility, except in the case
where nmei = 5, where fitness and rate of successful meiosis are not proportional.

The first line of Table 2 reports the results obtained from simulations run under the parameter values 442

corresponding to our reference for empirical comparison (see also Fig 7 for a typical simulation trajectory). 443

The level of erosion (z) predicted by the model is consistent with what is known in the mouse (between 444

20% and 50% of erosion [1, 29,30]). However, the predicted PRDM9 diversity appears to be too low: these 445
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Figure 7: An example evolutionary trajectory under the fitness scheme allowing for only one
meiosis per individual (nmei = 1, and with parameters u = 6× 10−5 and ȳ = 0.2). Variation
through time of the frequency of each PRDM9 allele (A) and their proportion of active sites (B).

simulations result in a monomorphic regime (i.e. D ∼ 1), whereas the PRDM9 diversity observed in natural 446

populations of mice is of the order of D = 6 to D = 18 [29] (See Supplementary materials section 2). Of note, 447

the diversity predicted by the model is the diversity of functionally different alleles (owing to the assumption 448

made by our model of non-overlapping sets of targets for different alleles). In reality, closely related alleles 449

can share a substantial fraction of their targets [29]. However, even accounting for this redundancy, the 450

empirical functional diversity is still typically greater than 1, of the order of 2 to 6 in mouse subspecies [29] 451

(See Supplementary materials section 2). Thus, the monomorphic regime obtained here seems to be in 452

contradiction with empirical observations. 453

This low diversity can be explained by the fact that we are in a range of parameters involving an eviction 454

regime due to gene dosage effects (compare Fig 7A and Fig 6D,E,F), such that one allele dominates in 455

the population, while all the other alleles are counter-selected except during the short phases of allelic 456

replacement (on average, the mean selection coefficient experienced by new alleles, s0, is negative, Table 1). 457

The fact that eviction is caused by gene dosage can be further verified by running the model without 458

gene dosage (i.e. c = 1, Table 2, line 2), in which case higher levels of diversity are produced. Intermediate 459

levels of gene dosage (c = 1.5, Table 2, line 3), on the other hand, give results that are essentially identical to 460

those obtained with a dosage directly proportional to the number of gene copies (c = 2). Gene dosage also 461

results in a non-negligible haplo-insufficiency, especially in old alleles (Table 2 column σz̄), with a reduction 462

of a few percents in the success of meiosis in hemizygotes (or, equivalently, heterozygotes with two alleles of 463

same age), compared to homozygotes. Interestingly, such levels of haplo-insufficiency are comparable to 464

those observed in old alleles in the mouse (B6, C3H [37]). The predicted haplo-insufficiency of young alleles 465
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σ0 is weaker (Table2). Such an age-dependency for the impact of gene dosage was previously suggested [1]. 466

Nevertheless, at least in its current form and under those parameter values, the model does not predict an 467

empirically reasonable regime. 468

Increasing the PRDM9 functional mutation rate (u) by as much as a factor 10 is not sufficient to get out 469

of the eviction regime, resulting instead in a predicted PRDM9 diversity still very close to one (fourth row 470

of Table 2). Alternatively, increasing the mean affinity (or, equivalently, the concentration of PRDM9 in the 471

cell) allows for higher levels of PRDM9 equilibrium diversity while maintaining empirically reasonable levels 472

of erosion (fifth row of Table 2). However, the mean number of sites bound by PRDM9 in a meiocyte would 473

then predicted to be too large (∼ 20, 000), compared to current empirical knowleldge (∼ 5, 000 [41]). In 474

addition, in this parameter regime, the model predicts very low levels of haplo-insufficiency (σz̄ < 1× 10−3
475

for old alleles), substantially lower than empirically observed levels in the mouse (σz̄ > 1× 10−2 [37]). 476

The model is naive in several other respects. First, gametes may often not be limiting and, as a result, 477

the fitness of an individual may not be proportional to the probability of success of meiosis, such as assumed 478

by the model thus far. A less-than-linear relation between fitness and success of meiosis can be modeled by 479

increasing the number of meiosis that an individual can attempt before being declared sterile. Allowing 480

for 5 attempts, thus mimicking a situation where an up to 80% reduction in the number of gametes would 481

not substantially affect the reproductive success of individuals (sixth row of Table 2), we observe a higher 482

functional diversity with a still reasonable level of erosion. The predicted reduction in meiosis success in 483

hemizygotes is also consistent with the ones observed empirically in mice (∼ 2 to 5% [37]). However, the 484

fitness now reacts more weakly to variation in the success of meiosis, and as a result, the model is running 485

in an nearly-neutral regime, with a mean scaled selection coefficient acting on new alleles entering the 486

population (s0) smaller than 1/Ne = 10−5, such that the turnover of recombination landscapes is mostly 487

driven by the neutral mutational turnover at the PRDM9 locus. Although this could be seen as a possible 488

working regime for the evolutionary dynamics of recombination given the high mutation rate at this locus, it 489

is incompatible with the empirical support previously found for a positive selection acting on PRDM9 [3,25]. 490

Alternatively, the version of the model considered thus far assumes that the total number of DSBs 491

induced along the chromosome does not depend on the subsequent steps of the process. In reality, DSBs are 492

tightly regulated, in a way that may entail a negative feedback inhibiting the creation of further DSBs once 493

the chromosome has managed to synapse. For that reason, the mean number of DSBs per successful meiosis, 494

which is what is empirically measured [14], may be substantially smaller than the maximum number of DSBs 495

allowed before a meiocyte undergoes apoptosis. Yet, the success rate of meiosis depends on the maximum, 496

not on the mean number. As a way to indirectly account for this, we performed a last simulation allowing 497
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for d = 24 DSBs (instead of 8, last row of Table 2, Fig 8). Running the model under this configuration 498

results in an evolutionary dynamics which is not in the eviction regime, with moderate levels of diversity 499

(D = 2.5), reasonable levels of erosion (z̄ = 0.26), and strong positive selection on new PRDM9 alleles 500

(s0 > 10−4). On the other hand, the haplo-insuffiency predicted for old alleles is now weaker than that 501

observed empirically [37]. 502

Altogether, these results show that the requirement of symmetric binding can result in a Red Queen 503

maintaining erosion at moderate levels under empirically reasonable parameter values. On the other hand, 504

there is only a narrow window for which eviction due to dosage is avoided and a sufficiently high PRDM9 505

diversity is maintained, while still having haplo-insufficiency for old alleles and strong selection acting on 506

PRDM9. 507

Figure 8: An example evolutionary trajectory with 24 DSBs (d = 24, u = 3× 10−6 and ȳ = 0.2).
Variation through time of the frequency of each PRDM9 allele (A) and their proportion of active sites (B).

Discussion 508

Fundamental role of the symmetrical binding of PRDM9 509

The first studies on the function of PRDM9 uncovered its role in targeting DSBs at specific sites, by its 510

capacity to set histone marks to recruit the DSB machinery [12,43–45]. More recently, Davies et al. (2016) 511

discovered that this gene plays another important role during meiosis, namely, by facilitating chromosome 512

pairing [1]. In this process, the symmetrical binding of PRDM9 to its target sites plays a key role. By 513

bringing to the chromosomal axis the sites on the homologue, PRDM9 presents them to the single-stranded 514

DNA produced by the resection around the DSB, thereby facilitating the search for the complementary 515
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sequence (Fig 1). This second function of PRDM9, combined with the differential erosion of the target sites 516

between sub-species (which is itself a direct consequence of the first function of PRDM9, the recruitment of 517

the DSB machinery), was found to be sufficient for explaining most aspects of the hybrid sterility pattern [1]. 518

Here, we show that, similarly, these two aspects of the function of PRDM9 during meiosis provide 519

the necessary ingredients for explaining the intragenomic Red Queen occurring in the context of a single 520

population – thus giving a globally coherent picture bridging the gap between the molecular mechanisms 521

and the evolutionary dynamics of recombination. Using scaling experiments, we have also characterized 522

what determines the steady state regime. Overall, we recover the main results of Úbeda & Wilkins 2011 [19] 523

and Latrille et al. 2017 [28], although now with a mechanistic foundation. In particular, PRDM9 diversity 524

is mostly determined by the mutational input at the PRDM9 locus u, while the mean erosion and fertility 525

at equilibrium are the result of a balance between erosion (v, g) and selection of new alleles (u, α). 526

Impact of gene dosage of PRDM9 on the Red Queen dynamics 527

Gene dosage of PRDM9 implies that a homozygote has a PRDM9 concentration for its allele which is twice 528

that of each of the two alleles of a heterozygote. By the law of mass action, everything else being equal, 529

increased dosage results in an increased occupancy of the targets and therefore an increased probability 530

of symmetrical binding and a higher fertility. This clearly impacts the Red Queen dynamics for certain 531

combinations of parameters, by acting against diversity and leading to a monomorphic regime characterized 532

by the eviction of minor alleles (mostly found in a heterozygous state) by the currently dominant allele 533

(mostly present in a homozygous state). The higher the selection coefficient associated to the homozygous 534

advantage (captured here by σ0), the stronger the effect against diversity. This effect is mitigated when 535

PRDM9 is in high concentration in the cell. Indeed, a large concentration of PRDM9 makes the binding 536

probability at a target of a given affinity less responsive to gene dosage (Supplementary Figure 6), thus 537

reducing the fertility gap between a homo- and a heterozygote (Supplementary Figure 7). Based on these 538

observations, we therefore hypothesize that the PRDM9 expression level has been selected at a sufficiently 539

high level so as to limit the impact of gene dosage. This is an interesting hypothesis that could be studied in 540

the future. 541

Comparison with Baker et al.’s model 542

In a recent article, Baker et al. [36] also propose a mechanistic model of the PRDM9 Red Queen. Several of 543

their conclusions agree with ours. Most notably, Baker et al. also recognize that the symmetric binding of 544

PRDM9 provides the key ingredient for running the Red Queen. However, the two studies differ on some 545
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important points. 546

First, in our model, the amount of PRDM9 protein is not limiting (that is, most PRDM9 molecules are 547

not bound to the target sites), whereas Baker et al. assume strong competition between targets for PRDM9 548

proteins (most molecules are bound). Of note, gene dosage and competition are two distinct aspects of the 549

steady-state equilibrium of PRDM9 binding. Gene dosage is a direct consequence of the law of mass action 550

(site occupancy is an increasing function of the free concentration of PRDM9, see Supplementary Figure 1), 551

a phenomenon that can happen even when PRDM9 is not limiting, as shown here. Competition between 552

targets, on the other hand, relates to the fact that the inactivation of some of the binding sites results in 553

extra PRDM9 molecules available for other sites to bind, an effect that is negligible if PRDM9 is in excess 554

(as in our model), but important otherwise (as in Baker et al’s model [36]). Whether PRDM9 is limiting 555

ultimately depends on the total concentration of PRDM9 relative to the mean affinity and total number of 556

sites, a question that still remains open. In any case, our model shows that competition between targets is 557

not a necessary feature to drive the evolutionary dynamics of PRDM9. 558

The second difference concerns the affinity distribution. Baker et al. use a two-heat distribution. 559

Here we use an exponential distribution (Supplementary Figure 5), which is motivated by results from 560

Chip-seq experiments [29], although with some uncertainty regarding the shape of the distribution in the 561

low affinity range, which is not captured by Chip-seq. The use of these different affinity distributions has 562

clear consequences on the behavior of models with respect to dosage. Indeed, increasing the gene dosage can 563

have two opposing effects. On the one hand, a higher dosage increases the symmetrical binding at sites of 564

intermediate affinity. On the other hand, it also results in more sites of low affinity being bound, and this, 565

most often asymmetrically. Depending on the balance between these two effects, different outcomes are 566

obtained. In our case, where the affinity distribution has a moderate variance, the increased symmetrical 567

binding of sites of intermediate affinity always wins. As a result, there is always an advantage to increasing 568

dosage. That is, homozygotes always have an advantage over heterozygotes, which creates an eviction regime 569

that tends to play against diversity. A contrario, in Baker’s model, the two-heat affinity distribution results 570

in a non-monotonous dependency, with a turning point, such that the dosage is in favor of homozygotes for 571

young alleles, but in favor of heterozygotes for old alleles. This turning point is one potential solution to 572

the problem of eviction. Here, we present an alternative solution, which is captured in our model by the 573

statistics σ0τ . Intuitively, eviction does not take place if the homozygote advantage is sufficiently weak and 574

erosion sufficiently rapid, such that ageing alleles are replaced before eviction has enough time to take place. 575

As it turns out, it is not so easy to find empirically reasonable parameter configurations such that the 576

eviction regime is avoided, although this could be the consequence of other aspects of the biology of meiosis 577
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and reproduction being missed by the model. On the other hand, our model predicts that old alleles should 578

be haplo-insufficient, thus in agreement with what is observed in the mouse (for allele B6 and C3H [37]). This 579

haplo-insufficiency of old alleles is not observed systematically in Baker’s et al. model, but only occasionally 580

and in small populations. 581

Altogether it would be useful to empirically investigate the haplo-insufficiency for young and old alleles 582

over a broader range of alleles and species, in order to determine whether a lifelong homozygous advantage is 583

systematic or occasional. More globally, it will be important to unravel the exact roles of affinity distribution, 584

PRDM9 concentration and competition between targets in the evolutionary dynamics. Finally, all this raises 585

the question of a possible evolution of the PRDM9 expression level, the affinity (whether in its distribution 586

or in its mean) and the number of targets recognized per allele. 587

Current limitations and perspectives 588

In addition to those discussed above, the model introduced here has other limitations. First, in its current 589

form, the model implements only limited variance among alleles in their strength at birth. Yet, in reality, 590

some alleles are dominant over others [46], such that, in a heterozygote for a strong and a weak allele, DSBs 591

are more often produced at the target sites of the stronger allele. Of note, although some dominance is 592

expected to emerge purely as a consequence of erosion (with younger alleles being on average dominant over 593

older ones), a substantial part of it appears to be instead related to intrinsic differences between alleles 594

regardless of their age [16, 47]. If stronger alleles have an advantage over weaker alleles, either because they 595

promote a higher binding symmetry or just because of their higher penetrance, then weaker alleles should 596

be less likely to invade. As a result, the population would tend to be dominated by stronger alleles. In good 597

approximation, this would amount to running the model under a lower effective mutation rate (now to be 598

taken as the rate at which new functional and sufficiently strong PRDM9 alleles are being produced by 599

mutation) but otherwise would not fundamentally change the evolutionary dynamics. 600

Second, the model currently assumes that all DSBs are repaired with the homologue. In reality, some 601

are repaired with the sister chromatid [16]. This simplifying assumption, however, should have a moderate 602

impact on our conclusions, as it essentially amounts to a change in the rate of erosion, which can be accounted 603

for by considering a lower mutation rate v at the target sites. Our experiments suggest that small changes 604

in v do not fundamentally impact the dynamics. 605

Although deserving more careful examination, the limitations just mentioned are therefore probably 606

minor. Perhaps a more fundamental issue is to fully understand how the eviction regime induced by gene 607

dosage effects can be avoided, so as to predict reasonable levels of PRDM9 diversity, while having a Red 608
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Queen regime driven by strong positive selection on PRDM9. As it stands, the model appears to be stuck in 609

a dilemma, such that either dosage has a substantial impact on fertility, but then eviction takes place and 610

the model fails at explaining empirically observed levels of PRDM9 diversity, or the effects of dosage are 611

made weaker by assuming globally less stringent conditions for achieving a good fertility (such as allowing 612

for an excess in PRDM9 protein, or in gametes or in DSBs), but then the fitness differences between old 613

and new alleles also become small and the model approaches a nearly-neutral regime, in which the turnover 614

of PRDM9 alleles is primarily driven by the mutational turnover at the locus. Although the latter regime 615

may not be so unreasonable from an evolutionary point of view, it fails at explaining the positive selection 616

observed on PRDM9, or its haplo-insufficiency, depending on the detailed model configuration (last two 617

rows of Table 2). 618

This dilemma is still in need of a robust and convincing explanation. In this respect, as mentioned above, 619

the questions of the affinity distribution and the concentration of PRDM9 relative to the affinity of the 620

target sites should be explored in depth. Alternatively, the empirical regime of the Red Queen may possibly 621

alternate between long nearly-neutral epochs, with occasional bouts of positive selection whenever the 622

current alleles become too eroded. Such occasional epsiodes of positive selection could be sufficient to induce 623

the empirically observed patterns of accelerated evolution of the zinc finger domain at the non-synonymous 624

level. The impact of Hill-Robertson interference and its dissipation on the evolutionary dynamics of PRDM9 625

could also contribute to maintaining a high diversity at the PRDM9 locus, a point that may also need to 626

be investigated. Finally, population structure could play a role, by maintaining different pools of alleles 627

in different sub-populations connected by recurrent migration, thus resulting in a large diversity at the 628

metapopulation level, and this, in spite of non-negligible gene dosage effects. Population structure is also 629

pointing toward the other big question still in need of a model-based exploration: the potential role of 630

PRDM9 in hybrid sterility and speciation. 631

Materials and methods 632

The model 633

The simulation model is graphically summarized in Fig 2, and its key parameters are listed in Table 1. 634

This model assumes of a population of N diploid individuals, whose genetic map is composed of a single 635

chromosome. A PRDM9 locus is located on this chromosome. Each PRDM9 allele has a set of h binding 636

sites, each of which has an intrinsic binding affinity for its cognate PRDM9 protein. The positions of binding 637

sites along the chromosome are drawn uniformly at random and their affinities are drawn according to an 638
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exponential law of parameter ȳ (Supplementary Figure 5). Each target site is associated to a unique allele 639

and different sites cannot overlap. In practice, this is implemented by encoding the chromosome as an array 640

of L slots, such that, upon creation of a new PRDM9 allele by mutation, each binding site of this allele 641

chooses one of the available slots uniformly at random. Given the composition of the population of the 642

current generation, the next generation, of the same population size, is generated as follows. 643

Mutations 644

The PRDM9 locus mutates with a probability u per gene copy. Given a mutation, a new functional PRDM9 645

allele is created to which are associated h new sites along the genome, according to the procedure just 646

described. Next, each target site recognized by each allele currently present in the population mutates with a 647

probability v. This type of mutation results in a complete inactivation of the target site. Of note, all target 648

sites are assumed to be monomorphic for the active variant at the time of the birth of the corresponding 649

PRDM9 allele. As a result, the loss of target sites is entirely contributed by gene conversion acting on 650

inactivating mutations that have occurred after the birth of the allele. Also, we neglect new target sites that 651

might arise by mutation, which is reasonable since hotspot alleles newly arisen by mutation would be at a 652

very high risk of being lost by conversion. 653

Meiosis and reproduction 654

A meiosis is attempted on a randomly selected individual, according to the following steps. Of note, the 655

meiosis can fail (in which case we assume that the meiocyte undergoes apoptosis) for multiple reasons, all of 656

which will be described below. In the simulations presented here, unless stated otherwise, whenever meiosis 657

fails, then a new individual is chosen at random from the population and a new meiosis is attempted. 658

First, the two homologous chromosomes are replicated, thus creating a set of 4 chromatids. Then, PRDM9 659

binds to its target site according to an occupation probability determined by the chemical equilibrium. A 660

binding site i has an affinity 661

Ki =
[PSi]

[P ]free[Si]
=

xi

[P ]free(1− xi)
, (8)

where [PSi] = x1 and [Si] = 1− xi are the proportions of target site i (across meiocytes) which are occupied 662

by PRDM9 or free, respectively. Thus: 663

xi =
[P ]freeKi

1 + [P ]freeKi
. (9)
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We assume that PRDM9 is not limiting, meaning that most PRDM9 molecules are free [P ]free ≈ [P ]tot 664

; there is therefore a total absence of competition between binding sites. Thus, if we define the rescaled 665

affinity as yi = [P ]totKi, then the occupancy probability can be re-written : 666

xi =
yi

1 + yi
. (10)

Based on this equation, for each target site, binding is randomly determined, by drawing a Bernoulli random 667

variable of parameter xi for site i. Of note, at a given target locus, there are four instances of the binding 668

site (one on each of the two sister chromatids for each of the two homologues), and binding is determined 669

independently for each of those instances. 670

Once the occupation status of all binding sites has been determined, the total number k of sites bound 671

by PRDM9 over the four chromatids, is calculated. If k = 0, meiosis fails. Otherwise, each site bound by 672

PRDM9 undergoes a DSB with a probability equal to p = min
(
1, d

k

)
, with d being a parameter of the model. 673

In most experiments, we use d = 6. Thus, in the most frequent case where k > d, an average number of 674

d DSBs are being produced. This procedure aims to model the regulation of the total number of DSBs 675

through the genome, which in mammals seems to be independent from PRDM9 binding [1, 14]. 676

Next, the four chromatids are scanned for symmetrically bound sites, which the model assumes are 677

essential for chromosome pairing (see introduction). If no such site is detected, meiosis fails. Otherwise, one 678

of the symmetrically bound sites is uniformly picked at random and becomes the initiation site for a CO. 679

Thus, only one CO is performed per meiosis (and this, in order to model CO interference), and all other 680

DSBs are repaired as NCO events. Note that in our model we do not allow for the possibility of DSB repair 681

by the sister chromatid. 682

A successful meiosis therefore produces 4 chromatids, with exactly one CO between two of them, and 683

some events of gene conversion at all sites that have undergone a DSB. Of note, in the presence of inactive 684

versions of the binding sites (created by mutations, see above), these gene conversion events are effectively 685

implementing the hotspot conversion paradox [17]. Finally one chromatid is randomly picked among the 686

tetrad to become a gamete. The whole procedure is repeated, starting from the choice of a new individual 687

until another gamete is obtained. Then these two gametes merge and create a new diploid individual of the 688

next generation. All these steps, from the choice of an individual until the choice of a chromatid among the 689

tetrad, are performed as many time as needed until the complete fill of the next generation. 690
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gene dosage 691

In the case where the gene dosage of PRDM9 is taken into account, it is assumed that, for a given PRDM9 692

allele, a homozygote will produce twice the concentration of the corresponding protein compared to a 693

heterozygote. By assuming that [P ]homo
tot = 2[P ]hettot , the probability that a PRDM9 protein binds to a site i 694

of rescaled affinity yi is 695

xi =
cyi

1 + cyi
(11)

where c = 1 for a heterozygote and c = 2 for a homozygote. 696

Summary statistics 697

Several summary statistics were monitored during the run of the simulation program. They were used, first, 698

to evaluate the time until convergence to the equilibrium regime (burn-in). The burn-in was taken in excess, 699

so as to be adapted to all simulation settings. In practice, the burn-in is set at 10000 generations over a total 700

of 50, 000 generations. Second, the summary statistics were averaged over the entire run (burn-in excluded), 701

thus giving a quantitative characterization of the equilibrium regime, as a function of the model parameters. 702

The main statistics are the PRDM9 diversity in the population (D), the mean proportion of binding sites 703

that are still active per allele θ, the mean symmetrical binding probability (q) and the mean fertility (w). 704

Diversity is defined as the effective number of PRDM9 alleles, or in other words as the inverse of the 705

homozygosity [28]: 706

Dt =
1∑

i

f2
i,t

(12)

where fi,t is the frequency of allele i at time t. With this definition, when K alleles segregate each at 707

frequency 1
K in the population, the diversity D is equal to K. 708

The mean proportion of binding sites that are still active per allele is defined as: 709

θt =
∑
i

fi,tθi,t (13)

where θi,t is the proportion of sites that are still active for allele i at time t. Equivalently, zi,t = 1 − θi,t 710

gives a measure of the level of erosion of the target sites of allele i and, by extension zt = 1− θt gives the 711

mean erosion level. 712
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The probability of symmetrical binding q corresponds to the mean probability of having a PRDM9 713

protein bound on at least one of the two chromatids of the homologous chromosome at a certain position, 714

given that a DSB has occured at this very position. In the case of a homozygous individual, this quantity 715

can be obtained analytically for a given complete diploid genotype and is given by: 716

qhom =
2 < x2 > − < x3 >

< x >
, (14)

where x = cy
1+cy is the occupancy of a binding site of affinity y and, for any j, < xj > is the mean of xj over 717

all sites, taking into account their affinity distribution. In the case of a heterozygous individual, with two 718

PRDM9 alleles 1 and 2, the symmetrical binding rate is: 719

qhet =
2 < x2 >1 − < x3 >1 +2 < x2 >2 − < x3 >2

< x >1 + < x >2
, (15)

where the subscripts 1 and 2 correspond to averages over sites of allele 1 and 2, respectively. This statistic 720

was then averaged over all diploid complete genotypes present in the population at a given generation. 721

For a given genotype, the fertility can be computed analytically. Here we assumed that fertility in 722

proportional to the rate of success of meiosis. Thus, it is equivalent to 1-(the mean probability of failure 723

of meiosis) characterized by the absence of a DSB in a symmetric site. In turn, the number of DSBs in a 724

symmetric site follows a Poisson law with parameter dq where d is the average number of DSBs per meiocyte 725

and q is the mean probability of symmetrical binding for this allele. Thus, the mean fertility of an allele can 726

be expressed as follows : 727

w = 1− e−dq (16)

For a given allele, and at a given time, this statistic was then averaged over all diploid complete genotypes 728

carrying this allele present in the population at a given generation (and then averaged over all generations 729

of the run). 730

Scaling experiments 731

In order to visualize how the equilibrium regime varies according to the model parameters, first, a central 732

parameter configuration was chosen, which will represent a fixed reference across all scaling experiments. 733

Then only one parameter at a time (or two for bi-dimensional scaling) is systematically varied over a range of 734

regularly spaced values on both sides of the reference configuration. This parameter is fixed along the entire 735
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simulation and is variable only between simulations. For each parameter value over this range, a complete 736

simulation is run. Once the equilibrium is reached for a given simulation setting, the summary statistics 737

described above are averaged over the entire trajectory, excluding the burn-in. These mean equilibrium 738

values, which characterize and quantify the stationary regime of the model, were finally plotted as a function 739

of the varying parameter(s). 740

The central parameters were chosen as follows. First, the parameters of population size N was set to 741

5, 000, corresponding to the maximum population size that can be afforded computationally. Then the 742

number of sites recognized as target sites by each PDRM9 allele’s protein was set to h = 400 in order to 743

get closer to the average number of target sites found on the smallest chromosome of the mouse (around 744

800 sites) while limiting the memory requirements. The mean for the affinity distribution of the target was 745

set to ȳ = 6. The parameter d representing the number average of DSBs in a meiocyte is set at 6 which 746

corresponds to the approximate number of DSBs found on the smallest chromosome of the mouse. For 747

uni-dimensional scaling, the parameter v, the mutation rate at target sites, was set to 2 × 10−6 and the 748

parameter u was set to 5× 10−5. For the bi-dimensional scaling of d and ȳ, u = 2× 10−4 and v = 5× 10−5. 749

Data accessibility 750

The model, and the codes to generate the figures can be found at https://github.com/alicegenestier/ 751

Red_Queen_PRDM9_Panmictic.git. The model was implemented in C++ and all figures were created using 752

Python. 753
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