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Bound states in the continuum (BICs) in open cavities have attracted considerable attention in wave
physics due to their ability to confine light and produce high-quality-factor resonances with promising
applications for filtering and sensing. One of the most interesting types of BICs is Friedrich-Wintgen (FW)
BICs, which result from destructive interference of two interacting modes belonging to the same radia-
tion channel. Here, we investigate theoretically and experimentally FW BICs in a photonic and plasmonic
T-shaped cavity made of two horizontal guides of lengths d2 and d3 coupled to a vertical stub of length d1.
We demonstrate that the necessary condition for obtaining BICs consists in taking the lengths of the two
horizontal guides d2 and d3 commensurate. This BIC is a common mode of the guides of lengths d2 and d3,
such as the electric field vanishes at their connection point with the stub of length d1; this BIC is indepen-
dent of d1 and the infinite waveguide to which the whole cavity will be attached. We show that, depending
on d1, the FW BIC appears as the consequence of the interaction between two eigenmodes of the origi-
nally isolated cavity where the width of one mode vanishes giving rise to FW BIC, while the width of the
second mode becomes broad. In addition, we show that by slightly deviating from the BIC condition, the
latter transforms to either electromagnetically induced transparency (EIT) or reflection or Autler-Townes
splitting (ATS) resonances. Both EIT and ATS effects are qualified as a transparency window between
two transmission zeros, but with different physical origins. We exploit the Akaike’s information criterion
test to discern EIT from ATS and distinguish the regime where the EIT or ATS effect dominates. The
theoretical results, obtained by means of the Green’s function method, are validated both by experimental
measurements using coaxial cables in the radiofrequency domain and numerical simulations using metal-
insulator-metal plasmonic waveguides operating in the infrared domain. The sensitivity of the PIT (the
plasmonic analogue of EIT) resonances to the dielectric inside the waveguides can be used to design a
highly sensitive sensor, which makes it suitable for an on-chip optical sensing platform.

DOI: 10.1103/PhysRevApplied.20.044015

I. INTRODUCTION

An open cavity system is characterized by its reso-
nances, which are the consequence of the interaction of its
discrete states with the continuum of states of the surround-
ing media. The finite width of the resonances is a char-
acteristic of the open system, associated with the energy
leakage from the system to outside. The width and spec-
tral position of the resonances are related to the imaginary
and real parts of the complex eigenfrequencies of the cav-
ity. When the width of the resonances is reduced to zero,
the resonant (or leaky) mode transforms into a bound state
in the continuum (BIC) without radiating energy away [1].

*Corresponding author. elboudouti@yahoo.fr

The concept of BIC has been predicted one century ago
by von Neumann [2] in a special quantum well system.
In recent years, BICs have been intensively studied theo-
retically and experimentally in various classical systems,
such as photonic [3–5], plasmonic [6,7], and acoustic sys-
tems [8–10]. Due to their high-quality factors, BICs have
known potential applications in filtering, sensing, lasing,
and nonlinear optics [11,12]. Generally, the BICs can occur
through different mechanisms depending on their physi-
cal origin, such as Fabry-Perot (FP) BICs [13], symmetry
protected (SP) BICs [14–16], and Friedrich-Wintgen (FW)
BICs [17–23]. FP BICs refer to destructive interference
when the spacing between two resonant cavities is tuned to
make the round-trip phase shift add up to an integer multi-
ple of 2π [13]. SP BICs refer to symmetry incompatibility
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between two sets of modes, namely a bound state with
one symmetry class may fall in a continuum state with
another class of symmetry without any coupling between
them [14–16]. Finally, FW BICs result from the destructive
interference of two resonant modes belonging to the same
cavity. The two modes approach each other as a function of
a certain continuous parameter, their interference induces
an avoided crossing of the two resonances, and at a spe-
cific value of the parameter, the width of one resonance
vanishes giving rise to a FW BIC, while the other reso-
nance becomes more lossy with a maximal width [17–23].
In addition, when the system is slightly detuned from the
BIC condition, the latter transforms in general to a quasi-
BIC in the shape of a Fano [24,25] or electromagnetically
induced transparency (EIT) [26], or reflection (EIR) [27]
or Autler-Townes splitting (ATS) [28] resonances with a
finite width. The Fano resonance is characterized by a
resonance near to an anti-resonance with an asymmetric
line shape in the transmission spectra, while EIT (EIR)
appears as a resonance squeezed between two transmission
(reflection) zeros. However, ATS exhibits similar spec-
tral features as EIT but with a different physical origin
[29]. The advantage of the latter resonances in compari-
son with the usual Breit-Wigner (or Lorentzian) resonance
[30] lies in the fact that one can control their linewidths
and obtain resonances with high-quality factors for certain
geometrical parameters.

The performance of sensors are essentially related to
their ability to detect material changes in the surrounding
medium. Different characteristics are used to evaluate the
performance of a sensor such as the sensitivity (S), figure
of merit (FOM), and detection limit (DL) [31]. A good
sensor is characterized by a high sensitivity and narrow
resonance, high FOM, and low DL. Therefore, to achieve
a good sensor it is preferable to exploit the property
of BICs and quasi-BIC resonances, which are character-
ized by narrow resonances and high-quality factors. The
BIC appears as a zero linewidth resonance, therefore it is
necessary to transform it into a quasi-BIC in the shape
of a Fano or EIT resonance with a certain width to be
used in sensing application [31]. Within this field, BICs
and quasi-BIC are widely used for sensing applications
in dielectric [32–36], metallic [37,38] and hybrid metal-
dielectric devices [39–41]. Metal-insulator-metal (M -I -
M ) plasmonic waveguides have been also widely used
for refractive-index sensing applications in a variety of
resonators with promising applications in biological and
chemical fields [42–49]. The advantage of M -I -M plas-
monic sensors in comparison with dielectric devices lies
in the fact that they can present high-sensitivity values,
low cost, and integration capability, however they suffer
from lower FOM due to the losses in metal [31,41]. Sil-
ver (Ag) and gold (Au) are the metals used the most in
the near-infrared and visible frequency domains. Ag has
lower intrinsic losses compared to Au, meaning it has

lower absorption and scattering of light. However, Ag is
more prone to oxidation and can exhibit higher losses due
to surface roughness, which requires some treatment dur-
ing the fabrication process [50]. Au is more chemically
stable and easier to work with in terms of fabrication, and
can be an option in this frequency range. Recently, several
M -I -M plasmonic devices based on stubs and nanocavities
using Au have been designed and experimentally imple-
mented to observe EIT and Fano resonances [42,51–53].
Also, Kamada et al. [54] have used Ag to design and fab-
ricate a compact unbalanced Mach-Zehnder interferometer
(MZI) based on M -I -M plasmonic waveguides. The MZI
was fabricated by a lithography technique and provides an
experimental realization of the transmission performance
of the MZI using M -I -M waveguides.

In open cavities, one of the well-known BICs is FW
type, which results from the destructive interference of two
resonant modes associated with the same cavity. Recently,
FW BICs have been studied in an acoustic T-shaped cavity
[9] and a photonic loop laterally coupled to a waveguide
[19]. In plasmonics, a T-shaped cavity has been designed
to study PIT (the plasmonic analogue of EIT resonance)
resonances and band-stop filters in simple [55–57] and
periodic [58] plasmonic nanodevices. Also, the T-shaped
cavity has been recently proposed for sensing application
in plasmonic waveguides based on bulk Dirac semimetals
[55] and M -I -M waveguides [59,60]. However, an ana-
lytical and experimental demonstration of FW BICs in a
photonic and plasmonic T-shaped cavity with an applica-
tion for gas sensing and biosensing in the infrared domain
has not been treated before. The geometry studied in this
paper is schematically presented in Fig. 1(a).

Some years ago [61,62], we have shown that a simple
structure made of two stubs of lengths d2 and d3 grafted
at the same site along a waveguide may exhibit BICs by
taking the lengths d2 and d3 commensurate. The BICs are
found as the result of destructive interference between the
modes of the two stubs with no coupling (or Rabi split-
ting κ = 0). Here, we show that by considering a T-shaped
cavity made of a vertical guide of length d1 coupled to the
connection point of two horizontal guides of lengths d2 and
d3 [Fig. 1(a)], one can obtain FW BICs with either no cou-
pling or coupling regimes depending on d1. The cavity is
grafted between two semi-infinite waveguides [Fig. 1(a)]
to measure the transmission and reflection coefficients.
First, we give a detailed analytical calculation of the trans-
mission and reflection coefficients and eigenmodes of the
structure as well as the conditions for obtaining FW BICs.
We demonstrate analytically that the necessary condition
for BIC’s existence, consists in taking d2 and d3 com-
mensurate. In addition, we show that by slightly shifting
from the BIC condition, this latter transforms into either
EIT-EIR or ATS resonances with a finite width. To dis-
cern EIT from ATS effect, we first fit the transmission
data using two different fitting models corresponding to
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(a) (b) (c)

FIG. 1. (a) Photonic T-shaped cavity made of two horizontal guides of lengths d2 and d3 coupled to a vertical guide of length d1.
The whole cavity is inserted between two semi-infinite waveguides. I , R, and T denote the incident, reflected, and transmitted waves,
respectively. (b) Experimental setup based on coaxial cables and vector network analyzer. (c) Plasmonic T-shaped cavity based on
M -I -M plasmonic waveguides of lengths d1, d2, and d3. w = 50 nm is the width of the waveguide. SPP designates the incident surface
plasmon polariton mode. Gray and blue areas indicate metal (Ag) and insulator (air), respectively.

EIT and ATS phenomena [29,63,64]. Then, we exploit the
Akaike information criterion (AIC) test [65] to select the
best fitting model. Also, we give a comparison between
the variation of the density of states (DOS) and the first
derivative of the argument of the determinant of the scat-
tering matrix (the so-called Friedel phase[66]). All these
analytical results are confirmed experimentally using coax-
ial cables in the radiofrequency domain. Finally, we give
another validation of our analytical results to M -I -M
plasmonic waveguides with an application for gas ses-
ning and biosensing in the infrared domain. Our design
shows comparable values of sensitivity and FOM with
Refs. [48,67–74]. Let us mention that most numerical stud-
ies of plasmonic refractive-index sensors have used silver
as a plasmonic metal [60,70–74]. Meanwhile, some papers
have employed the gold as a metal for the experimen-
tal realizations of M -I -M waveguides [51–53]. However,
our analytical approach remains valid and can be used for
either silver or gold plasmonic waveguides as both met-
als can be described by similar dielectric constant based
on the Drude-Lorentz model. The proposed sensor has
the advantage of being a very simple device, which can
be suitable for an on-chip optical-sensing platform. The
analytical calculations are developed by means of the
Green’s function method, while the numerical simulations
are obtained using the finite-element method via COMSOL
Multiphysics.

The outline of the paper is organized as follows: In
Sec. II, we give the analytical calculations of transmis-
sion and reflection coefficients as well as the eigenmodes
of the isolated cavity with different boundary conditions.
Then, we give the analytical expressions of FW BICs.
In Sec. III, we provide an experimental evidence of FW
BICs and induced resonances, such as EIT, ATS, and

EIR resonances. Section IV shows the results for M -I -M
plasmonic waveguides with an application for sensing. In
Sec. V, we summarize the main results of this work.

II. MODEL AND ANALYTICAL RESULTS

The T-shaped cavity depicted in Fig. 1(a) consists of two
guides of lengths d2 and d3 coupled to a vertical guide of
length d1. The whole cavity is grafted between two semi-
infinite waveguides [Fig. 1(a)]. We take d = d2 + d3 = 1
as constant throughout the paper and we call δ = d2 − d3
the detuning between the two horizontal guides, which
we consider variable. The calculation method used in this
work is based on the Green’s function method [61,75],
which enables us to deduce the different properties of the
cavity such as the transmission and reflection coefficients,
the eigenmodes of the isolated cavity with different bound-
ary condition at its bottom, and DOS. For the theoretical
results presented in this section, we suppose that all guides
are made by the same material with an impedance Z and a
dielectric constant ε but with different geometrical param-
eters. The boundary conditions at the end of the horizontal
guides is H = 0 (vanishing magnetic field). It should be
pointed out that the analytical model presented here is
valid only for monomode circuits where the width of the
waveguide is smaller enough in comparison with the wave-
length and the length of the waveguides. Therefore, only
the fundamental mode is considered in both coaxial cables
(TEM) and M -I -M waveguides (TM0). The advantage of
monomode model lies in the ability to handle the equa-
tions analytically, which enables a deep understanding of
the geometrical parameters governing the BICs and the
induced resonances.
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A. Transmission and reflection coefficients and
eigenmodes of the structure

The transmission and reflection coefficients through the
T-shaped cavity [Fig. 1(a)] are given by (see the Supple-
mental Material SM1 [76]) [61,75]

t = τ

τ − j ρ
(1)

and

r = j ρ
τ − j ρ

, (2)

where τ and ρ are given by

τ = 2(C1C2C3 − S1S), (3)

and

ρ = S1C2C3 + C1S, (4)

with Ci = cos(kdi), Si = sin(kdi) (i = 1, 2, 3), and S =
sin(kd), d = d2 + d3. k = ω

√
ε/c is the wave vector, ω is

the angular frequency, ε is the permittivity of the waveg-
uide, and c is the speed of light in vacuum. From Eqs. (1)
and (2), one can deduce that for a lossless system, the trans-
mission and reflection rates verify the conservation energy
law |t|2 + |r|2 = 1.

It is worth mentioning that the eigenmodes of the iso-
lated cavities with either vanishing magnetic field (H = 0)
called Neumann boundary condition structure (NBCS) or
vanishing electric field (E = 0) called Dirichlet bound-
ary condition structure (DBCS) at the bottom side of the
stub of length d1, can be deduced, respectively, from the
reflection and transmission coefficients zeros when this
cavity is grafted to an infinite waveguide as depicted in
Fig. 1(a) [77]. Consequently, the eigenmodes of DBCS
and NBCS can be deduced, respectively from vanishing
the expressions of t and r [Eqs. (1) and (2)], namely

τ = 0, (5)

and

ρ = 0. (6)

B. Conditions for BICs

The eigenmodes of the whole system in Fig. 1(a) can
be obtained from the poles of its Green’s function or
equivalently from the denominator of the transmission and
reflection coefficients [Eqs. (1) and (2)], namely

τ − j ρ = 2(C1C2C3 − S1S) − j (S1C2C3 + C1S) = 0.
(7)

Equation (7) is a complex quantity, its real part gives the
position of the resonance in the transmission spectra, while

its imaginary part is related to the width of the resonance.
When both the real (i.e., τ ) and imaginary (i.e., ρ = 0)
parts vanish at the same frequency, one obtains a BIC.
From Eq. (7), one can see that the BICs are common modes
of the two structures DBCS [Eq. (5)] and NBCS [Eq. (6)].
From an analysis of Eqs. (3) and (4), one can show easily
that the two latter equations vanish simultaneously when

C2 = 0 and C3 = 0, (8)

i.e., kd2 = (m2 + 1/2)π and kd3 = (m3 + 1/2)π , where
m2 and m3 are two integers. In what follows, we call
δ = d2 − d3 the detuning between the horizontal guides
and 	 = kd/π the dimensionless frequency. Therefore, the
BICs are obtained when d2 and d3 are chosen commensu-
rate [i.e., d2/d3 = (2m2 + 1)/(2m3 + 1)] or equivalently

δ

d
= m2 − m3

m2 + m3 + 1
, (9)

and the BIC frequencies are given by

	 = m2 + m3 + 1. (10)

These modes are independent on the value of d1 and the
surrounding waveguides. In what follows, we will focus on
the BICs and quasi-BICs for the first mode corresponding
to m2 = m3 = 0 (i.e., δ = 0 and 	 = 1).

III. APPLICATION TO PHOTONIC CIRCUITS:
EXPERIMENTAL EVIDENCE IN THE

RADIOFREQUENCY DOMAIN

In this section, we will give a numerical and experimen-
tal demonstration of the analytical results discussed in the
previous section for photonic circuits in the case where
the length of the vertical stub d1 is fixed and the detuning
δ = d2 − d3 between the two horizontal guides is variable
and vice versa.

A. Effect of the detuning δ between the horizontal
guides

FW BICs are obtained from destructive interference of
two degenerate modes associated to the same cavity. The
two resonant modes approach each other as a function
of a certain continuous parameter, interference induces an
avoided crossing of the two resonances, and at a specific
value of the parameter, the width of one resonance van-
ishes giving rise to a FW-BIC, and the other resonance
becomes more lossy [17–23].

According to the FW model [17–19], the FW BICs
occur at the crossing or anticrossing of two interacting
modes associated either to NBCS or DBCS. Generally, for
the T-shaped cavity FW BICs can result from the interac-
tion between two modes of NBCS (ρ = 0) or two modes of
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DBCS (τ = 0). In the transmission spectra, when the cav-
ity is inserted between two semi-infinite waveguides, the
width of one resonance vanishes giving rise to FW BIC,
while the other resonance becomes broadened (see below).
In what follows, we focus on the case where the FW BICs
are obtained from the interaction between two modes of
DBCS around d1 = d. Similar results can be obtained for
two modes of NBCS around d1 = 0.5, these results are
given in the Supplemental Material SM2 [76]. The eigen-
modes of DBCS are given by τ = 0 [Eq. (3)] which can be
rewritten as

τ = 2S[S1 − C2C3] − 2C2C3 cos
[

k
(

d1 + d
2

)]

× sin
[

k
(

d1 − d
2

)]
. (11)

In analogy with the FW model, the second term at the
right-hand side of Eq. (11) represents the coupling strength
(or Rabi splitting) κ between the two DBCS modes. Two
cases can be distinguished, namely d1 = d where the cou-
pling strength vanishes and d1 �= d where the coupling
can be made strong or weak. These two cases will be the
subject of the forthcoming sections.

1. Coupling regime

We start with the coupling regime between two modes
of DBCS. Here, we give some analytical illustrations with
experimental validations in the radiofrequency domain. All
the lengths will be given in units of d = 1 m and the dimen-
sionless frequency 	 = kd/π . The experiment is carried
out using standard coaxial cables with a vector network
analyzer [Fig. 1(b)]. The cables are connected by stan-
dard BNC T connectors of around 2 cm, which defines
a limit on the variation of the cable lengths. Because of
this constraint, we can achieve the experiment by a step
of 5 cm. This limit enables also the different resonances
and antiresonances to be distinguished better in the trans-
mission experimental spectra. In the experiments, we have
realized ten spectra for fixed d1 (respectively, δ) and dif-
ferent values of δ (respectively, d1) by a step of 10 cm
(see below). The attenuation in the coaxial cables was
simulated by introducing a complex dielectric permittivity
ε = ε′ + j ε′′ and adding two cables at the input and out-
put of the system that connect the T cavity to the network
analyzer [see Fig. 1(b)]. These cables introduce additional
attenuation in the transmission spectra. The attenuation
coefficient α′′ can be expressed as α′′ = ε′′ω/c

√
ε′. On the

other hand, the attenuation specification data supplied by
the manufacturer of the coaxial cables based on energy
decreasing of the waves along the cables in the frequency
range of 10–200 MHz, can be approximately fitted with
the expression ln(α′′) = γ + βln(ω), where γ and β are

two constants. From this fitting procedure, a useful expres-
sion for ε′′ as a function of frequency can be obtained
under the form ε′′ = (f /f0)−0.5, where the frequency f is
expressed in Hz and f0 = 9200 Hz. The scattering matrix
S of the structure was measured in the frequency range
1–200 MHz by means of a broadband vector network ana-
lyzer (VNA) Agilent PNA-X N5242A. The VNA allows
accurate forward and reverse measurements on the device
under test, which are needed to characterize all the four S
parameters. For more details about the experimental pro-
cedure, see Refs. [61,78]. According to Eq. (11), to obtain
a coupling between two modes of DBCS we should take
d1 �= d. For this reason, we choose d1 = 0.8. Figure 2(a)
gives the dispersion curves as a function of δ for NBCS
(ρ = 0, pink curves) and DBCS (τ = 0, cyan curves). The
pink and cyan circles give the experimental eigenmodes
for NBCS and DBCS obtained, respectively, from the max-
ima and minima of the transmission coefficient in Fig. 2(b).
It can be seen an avoided crossing between two modes of
DBCS with κ = 0.187. Also, the appearance of a FW BIC
at the intersection of one branch of NBCS and one branch
of DBCS at δ = 0 and 	 = 1. This BIC corresponds to
m2 = m3 = 0 in Eqs. (9) and (10). Figure 2(b) shows some
transmission spectra as a function of 	 for some values
of δ. Red and blue curves give the theoretical transmission
without and with loss, respectively, while green open cir-
cles give the experimental measurements. The experiment
reproduces very well the theoretical results. As a function
of δ, one can see an anticrossing between two transmis-
sion dips (indicated by vertical arrows) around 	 = 1 and
δ = 0. The width of the lower dips decreases as δ decreases
until it vanishes (γ− = 0) giving rise to a FW BIC at δ = 0,
while the width of the upper dip becomes maximal at the
anticrossing point (γ+ = 0.26). When we shift from the
BIC position (δ �= 0), one can obtain an asymmetric trans-
parency window between two transmission zeros, its width
depends on the value of δ. For δ = 0.1 [Fig. 2(b)], the res-
onance appears as an asymmetric EIT resonance. Its width
increases as a function of δ and transforms to a resonance
with a broad width for δ = 0.5. The behavior of FW BIC is
also shown in the transmission coefficient in color scale in
Fig. 2(c). One can see a FW BIC (indicated by a cyan cir-
cle) at δ = 0 and 	 = 1. By slightly shifting from δ = 0,
the BIC transforms into an asymmetric resonance between
two transmission dips. A similar behavior is obtained for
negative values of δ (i.e., when we permute the two guides
of lengths d2 and d3) as the guides d2 and d3 play the same
role. To explain better the evolution of the linewidth of the
two dips, we display in Fig. 2(d) the FWHM for the lower
(red curve) and upper (blue curve) dips as a function of δ.
These FWHM are obtained from the transmission spectra
in Fig. 2(b). One can notice that the linewidth of the lower
dip (γ−) decreases as δ goes to zero and vanishes at δ = 0
giving rise to a FW BIC with no loss (γ− = 0). In contrast,
the FWHM of the upper dip (γ+) increases as δ decreases
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(a)

(c) (d)

(b)Expt.

Expt.

Expt.

Expt. Expt.Theo. with lossTheo. w/o loss

= 0

= 0.1

= 0.3

= 0.5

FIG. 2. (a) Dispersion curves of the system depicted in Fig. 1 with NBCS (ρ = 0, pink curves) and DBCS (τ = 0, cyan curves) as
a function of δ for d1 = 0.8. δ = d2 − d3 is the detuning between the horizontal guides of lengths d2 and d3. Pink and cyan circles
give the experimental eigenmodes for NBCS and DBCS obtained from the maxima and minima of the transmission coefficient in (b),
respectively. (b) Transmission spectra for some values of δ. Red and blue curves give the theoretical transmission without and with loss,
respectively, while green open circles give the experimental measurements. The arrows indicate the frequencies of the transmission
minima associated to two DBCS modes. (c) Variation of the theoretical transmission (in color scale) as a function of 	 and δ for
d1 = 0.8. Cyan circle indicates the FW BIC position. (d) Linewidth of the lower (red curve) and upper (blue curve) transmission dips
indicated by arrows in (b). Open circles give the experimental measurements.

and becomes maximal (γ+ = 0.26) for δ = 0. The behav-
ior of the widths γ− and γ+ of the two interacting modes
in Fig. 2(d) is a characteristic of FW BIC [17].

2. No coupling regime

Equation (11) shows that for d1 = 1 there is a decou-
pling between two modes of DBCS (i.e., κ = 0), namely

S = 0 (12)

and

S1 − C2C3 = 0. (13)

In this case, the two solutions of Eqs. (12) and (13) around
	 = 1 can be written simply as

	±= (1 ± δ)−1 . (14)

Equation (14) shows that for δ = 0, the two DBCS
branches cross each other at 	 = 1 giving rise to two
degenerate modes with no coupling strength κ = 0. For
δ �= 0, one obtains two decoupled modes, the separation
between them depends on δ as follows:

	 = 	+ − 	− = 2δ

1 − δ2 . (15)
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(a)
(b)

(c)

(d)

Expt.
Expt.

Expt.Theo. with lossTheo. w/o loss

= 0

= 0.1

= 0.1

= 0.3

= 0.5

FIG. 3. (a) Dispersion curves of the system depicted in Fig. 1 with NBCS (ρ = 0, pink curves) and DBCS (τ = 0, cyan curves) as
a function of δ for d1 = 1. Pink and cyan circles give the experimental eigenmodes for NBCS and DBCS obtained from the maxima
and minima of the transmission coefficient, respectively. (b) Transmission spectra for some values of δ. Red and blue curves give the
theoretical transmission without and with loss, respectively, while green open circles give the experimental measurements. The arrows
indicate the frequencies of the transmission minima associated to two DBCS modes. (c) Variation of the theoretical transmission (in
color scale) as a function of 	 and δ for d1 = 1. Cyan circle indicates the FW BIC position. (d) Exact (solid line) and approximate
(open circles) results of the EIT resonance for d1 = 1 and δ = 0.1.

Similarly, Eq. (4) giving the NBCS modes can also be fac-
torized by S = 0 (since S1 = S) and therefore kd = π (or
	 = 1) is a solution of ρ = 0 whatever the value of δ.

These analytical results are confirmed in Fig. 3(a) dis-
playing the dispersion curves of NBCS (pink curves) and
DBCS (cyan curves) as a function of δ for d1 = 1. One can
notice a horizontal branch associated to NBCS at 	 = 1,
which remains constant whatever the value of δ. Also, two
branches of DBCS cross each other at 	 = 1 and δ = 0
with no coupling strength κ = 0. By slightly shifting from
δ = 0, one can notice a lifting of degeneracy between the
two DBCS branches, the separation between them depends
on δ following Eq. (15). The intersection of DBCS and
NBCS branches gives rise to a FW BIC without coupling
at 	 = 1 and δ = 0. For δ �= 0, the FW BIC transforms to a

resonance (i.e., ρ = 0, pink branch) squeezed between two
transmission zeros (i.e., τ = 0, cyan branches). The FW
BIC behavior is also obtained in the transmission spectra
as shown in Fig. 3(b). The FW BIC occurs at the crossing
of two transmission zeros (indicated by vertical arrows)
at 	 = 1 for δ = 0. By increasing δ, a transparency win-
dow appears between two transmission dips giving rise
to a symmetric EIT resonance as shown for δ = 0.1 and
δ = 0.3. The separation between the two transmission dips
increases as δ increases according to Eq. (15), giving rise
to an EIT resonance for δ < 0.3 and ATS resonance for
δ > 0.5. The distinction between EIT and ATS resonances
using an AIC test is discussed in the Supplemental Material
SM4 [76]. The evolution of the transmission coefficient as
a function of δ and 	 is shown in color scale in Fig. 3(c).

044015-7



SOUFYANE KHATTOU et al. PHYS. REV. APPLIED 20, 044015 (2023)

The FW BIC is indicated by a cyan circle at δ = 0 and
	 = 1. By shifting from δ = 0, the BIC transforms to a
resonance squeezed between two transmission dips.

In order to confirm that the transmission resonance in
Fig. 3(c) for δ close to zero is of EIT type, we have
performed an approximate expression of the transmission
rate in the vicinity of the resonance frequency. A Taylor
expansion of the transmission coefficient at d1 = 1 and
around 	 = 1 + ε (with ε << 1) enables us to rewrite the
transmission rate as

T = A
(ε − q1�)2(ε − q2�)2

ε(ε + β) + �2 , (16)

where A = 4/α, α = 16′4/π2 − 7′2 + 1, and β =
16′4/πα with ′ = πδ/2d. The FWHM of the EIT
resonance at ε = 0 (i.e., 	 = 1) is given by � =
2′2/

√
α. q1 = √

α/2
[
1/π − 1/′π

√
′2 + π2

]
, and

q2 = √
α/2

[
1/π + 1/′π

√
′2 + π2

]
are the coupling

(or Fano [24]) parameters that describe the strength of the
interference between the bound state and the propagating
continuum of states. Equation (16) shows that the EIT res-
onance appears as a Lorentzian at ε = 0 squeezed between
two transmission zeros at ε1 = q1� and ε2 = q2�. The
separation between the two zeros is given by

ε = (q1 − q2)� = 2′

π

√
′2 + π2. (17)

An example of the approximate result of the transmission
[Eq. (16)] is given by open circles in Fig. 3(d) in com-
parison with the exact results (blue curve) for d1 = 1 and
δ = 0.1. The approximate results fit well the exact ones
and show that the resonance is an EIT-like resonance with
q1 = −2.76, q2 = 3.04, and � = 0.044.

3. Approximate results around the two interacting modes

A Taylor expansion of Eq. (11) around d1 = 1 (i.e.,
d1 = 1 +  with  << 1) and 	 = 1 (i.e., 	 = 1 + ε

with ε << 1) enables us to get an approximate expres-
sion of the coupling strength κ . This quantity is defined as
the distance between two DBCS modes, namely (see the
Supplemental Material SM5 [76])

κ = |	2 − 	1 | = | 

 + π
| . (18)

Equation (18) shows that when  = 0 (i.e., d1 = 1), the
coupling strength κ vanishes, which means that there is
no coupling between the two DBCS branches. While for
 �= 0, we can distinguish between two regions of strong
and weak coupling depending on the value of  (i.e., d1).

Figures 4(a)–4(e) show a comparison between exact
(cyan circles) and approximate (red triangles) eigenmodes

of DBCS around 	 = 1 and for some values of d1 around
d1 = 1, such as d1 = 0.8 [Fig. 4(a)], d1 = 0.9 [Fig. 4(b)],
d1 = 1 [Fig. 4(c)], d1 = 1.1 [Fig. 4(d)], and d1 = 1.2
[Fig. 4(e)]. The approximate results reproduce well the
exact results. One can see the existence of a FW BIC at
the crossing of one DBCS branch and one NBCS branch at
	 = 1 and δ = 0. Another DBCS branch appears at 	 > 1
for d1 < 1 [Figs. 4(a) and 4(b)], crosses the first one at
d1 = 1 and 	 = 1 [Fig. 4(c)] and reappears at 	 < 1 for
d1 > 1 [Figs. 4(d) and 4(e)]. Figure 4(f) shows the cou-
pling strength κ between the two DBCS branches as a
function of d1 around d1 = 1. It can be seen that κ depends
strongly on d1. For d1 = 1, the two DBCS branches cross
each other with no coupling between them (κ = 0). For
d1 �= 1, κ is different from zero and one can distinguish
between two regions of strong and weak coupling depend-
ing on the value of d1 (see below). Red triangles in Fig. 4(f)
give the results obtained from the approximate expression
in Eq. (18). This result reproduces well the exact result
around d1 = 1. Open circles show the experimental mea-
surements deduced from Fig. 5(a). In order to quantify the
coupling strength, we have presented in Fig. 4(g) κ and
the sum of the linewidths of the modes γ+ + γ− for d1
around an integer value (d1 = 1). For the two resonances
to be spectrally separable, the minimum mode splitting
needs to be greater than the sum of the linewidths of the
modes, which is a necessary condition to observe strong
coupling, otherwise it is considered as a weak coupling
[3,20]. From Fig. 4(g), one can distinguish the regions of
d1 with strong and weak coupling. The coupling is weak
for 0.71 ≤ d1 ≤ 1.3, and becomes strong for d1 < 0.71 and
d1 > 1.3. These results show that the two cases discussed
before (d1 = 1 and d1 = 0.8) correspond to weak cou-
pling regime. In addition, similar results can be obtained
for two modes of NBCS around a half-integer value of
d1 (d1 = 0.5) where another coupling strength κ ′ can be
noticed between two NBCS branches (see Fig. S6 within
the Supplemental Material SM7 [76]).

B. Effect of the vertical stub of length d1

In this subsection, we will discuss the effect of the length
d1 of the vertical stub on the BICs and the induced res-
onances EIT and EIR. As mentioned before, the BICs
are obtained when d2 and d3 are chosen commensurate.
Here, we focus on the BICs given by d2 = d3 (i.e., δ = 0).
For this purpose, Eqs. (3) and (4) can be rewritten as a
function of δ as follows:

τ = 2C3(C1C2 − 2S1S2) + 2S1 sin(kδ), (19)

and

ρ = C2(S1C3 + 2C1S3) + C1 sin(kδ). (20)

For δ = 0 (i.e., d2 = d3 and C2 = C3), the second term
at the right-hand side of Eq. (19) vanishes giving rise to a

044015-8



FRIEDRICH-WINTGEN BOUND STATES. . . PHYS. REV. APPLIED 20, 044015 (2023)

(a)

(b)

(c)

(d)

(e)

(g)

(f)

FIG. 4. (a)–(e) Exact (cyan circles) and approximate (red triangles) eigenmodes of DBCS around 	 = 1 and for some values of d1
around d1 = 1, such as d1 = 0.8 (a), d1 = 0.9 (b), d1 = 1 (c), d1 = 1.1 (d), and d1 = 1.2 (e). The blue circle indicates the FW BIC
position. (f) The coupling strength κ (cyan curve) between the two branches in (a)–(e) as a function of d1. The red triangles show the
approximate results of κ [Eq. (18)] around d1 = 1, while open circles give the experimental measurements. (g) Dependence of κ and
sum of linewidths γ+ + γ− on d1.

decoupling of two modes of DBCS, namely

C2 = 0, (21)

and

C1C2 − 2S1S2 = 0. (22)

In the same way, the modes of NBCS in Eq. (20) can be
also factorized into two decoupled modes,

C2 = 0, (23)

and

S1C2 + 2C1S2 = 0. (24)

Equations (21) and (23) show that C2 = 0 are common
modes of DBCS and NBCS. Therefore, these modes rep-
resent BICs, which are independent of d1. These BICs
are given by kd2 = k(d)/2 = (2n + 1)π/2 (where n is an
integer) or equivalently

	 = 2n + 1. (25)

At the BIC frequency [Eq. (25)], the transmission rate
becomes simply

T = 4S2
1

4S2
1 + C2

1
. (26)
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(a) (b)

(e)(c)

(d) (f)

(h)(g)

FIG. 5. (a),(b) Dispersion curves of the system depicted in Fig. 1 with NBCS (ρ = 0, pink curves) and DBCS (τ = 0, cyan curves)
as a function of d1 for δ = 0 and δ = 0.2, respectively. Pink and cyan circles give the experimental eigenmodes for NBCS and DBCS
obtained from the maxima and minima of the transmission coefficient, respectively. The large circles in (a) indicate the position of
BICs, while in (b) they indicate the position of EIT and EIR resonances depending on the value of d1. (c),(d) Transmission spectra
in the case δ = 0 for d1 = 0.8 and d1 = 1, respectively. (e),(f) Transmission spectra in the case δ = 0.2 for d1 = 0.8 and d1 = 1,
respectively. Red and blue curves represent the theoretical transmission without and with loss, respectively, while green open circles
give the experimental measurements. (g),(h) Theoretical transmission spectra (in color scale) as a function of 	 and d1 for δ = 0 and
δ = 0.2, respectively. The horizontal dashed line at 	 = 1 in (g) indicates the position of the robust BIC as a function of d1.
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Also, from Eqs. (21) and (22) one can deduce that two
modes of DBCS cross each other for C2 = 0 [i.e., kd2 =
k(d)/2 = (2n + 1)π/2] and S1 = 0 (kd1 = m1π ) where m1
is an integer. Therefore, we get

d1

d
= m1

2n + 1
. (27)

Similarly, Eqs. (23) and (24) show that the NBCS modes
cross each other for C2 = 0 [i.e., kd2 = k(d)/2 = (2n +
1)π/2] and C1 = 0 [i.e., kd1 = (2m1 + 1)π/2], namely

d1

d
= (2m1 + 1)

2(2n + 1)
. (28)

In order to give a numerical and experimental validation
of all these analytical results, we provide in Figs. 5(a)
and 5(b) the dispersion curves of NBCS (ρ = 0, pink
curves) and DBCS (τ = 0, cyan curves) as a function of
d1 for δ = 0 and δ = 0.2, respectively. The results are
given around the first mode (n = 0, 	 = 1). For δ = 0
[Fig. 5(a)], one can notice the existence of a common
mode of DBCS and NBCS at 	 = 1. This mode rep-
resents a robust BIC, which remains pinned at 	 = 1
whatever the value of d1. The DBCS modes (cyan curves)
cross each other at 	 = 1 and d1 = 0, 1 [i.e., m1 = 0, 1
in Eq. (27)], while the NBCS modes (pink curves) inter-
sect at d1 = 0.5, 1.5 [i.e., m1 = 0, 1 in Eq. (28)] giving
rise to two degenerate modes. For δ = 0.2 [Fig. 5(b)], one
can notice a lifting of degeneracy of the modes giving
rise to either a transmission zero between two transmis-
sion maxima (EIR resonance) around d1 = 0.5 and d1 =
1.5 or a transmission maximum between two transmis-
sion zeros (EIT resonance) around d1 = 0 (not shown
here) and d1 = 1. The experimental eigenmodes of DBCS
and NBCS (open circles) are obtained, respectively, from
the minima and maxima of the experimental transmission
spectra [Figs. 5(c)–5(f)]; these data reproduce very well the
theoretical dispersion curves.

We will focus on the EIT resonance indicated by a
large cyan circle in Fig. 5(b) around d1 = 1. The behav-
ior of the EIR resonances falling around d1 = 0.5 and
d1 = 1.5 (indicated by large pink circles) is discussed in
the Supplemental Material SM3 [76]. Figures 5(c) and 5(d)
show two examples of transmission spectra in the case
δ = 0 with d1 = 0.8 and d1 = 1, respectively. Red and
blue curves represent the theoretical transmission without
and with loss, respectively, while green open circles give
the experimental measurements. The BIC does not show
any signature in the transmission spectra and appears as a
zero-width resonance, but with an amplitude T � 0.68 for
d1 = 0.8 [Fig. 5(c)] and as a transmission zero for d1 = 1
[Fig. 5(d)] in accordance with Eq. (26). For δ = 0.2, we
give in Figs. 5(e) and 5(f) two examples of transmission
spectra for d1 = 0.8 and d1 = 1, respectively. One obtains

an EIT resonance placed either asymmetrically or sym-
metrically between two transmission zeros depending on
the value of d1. For d1 = 1, the coupling strength between
DBCS branches is given by Eq. (17). In the presence of
loss, the amplitude of the transmission is considerably
affected and does not reach unity (blue dashed lines and
green open circles), however the behavior and the width of
the EIT resonances still remain unaffected. These results
are better explained in color scale in the transmission
spectra where we have plotted in Figs. 5(g) and 5(h) the
theoretical transmission as a function of 	 and d1 for δ = 0
and δ = 0.2, respectively. For δ = 0 [Fig. 5(g)], the BIC
remains robust at 	 = 1 (horizontal dashed line) as a func-
tion of d1. At 	 = 1, the transmission decreases form one
at d1 = 0.5 to zero at d1 = 1 and back to one at d1 = 1.5 in
accordance with Eq. (26). For δ = 0.2 [Fig. 5(h)], the BIC
transforms into an EIT around d1 = 1 or EIR resonance
around d1 = 0.5 and 1.5.

In addition to the transmission and reflection coeffi-
cients, another interesting quantity used to determine the
distribution and the weight of the modes of the system is
the variation of the DOS. The Green’s function approach
enables us to determine the variation of the DOS of the
system depicted in Fig. 1(a) and a reference system made
of decoupled waveguides. Also, for a lossless system, the
variation of the DOS is related to the phase of the determi-
nant of the scattering matrix S (i.e., the so-called Friedel
phase θF [66]), which can be measured experimentally
[78]. Their relationship is the following:

d
dω

Arg[det(S)] = dθF

dω
= 2πn(ω). (29)

Equation (29) still remains valid for low-loss systems,
which can be used to derive the DOS from the measure-
ment of the Friedel phase. A numerical and experimental
validation of the latter relation is given in the Supplemental
Material SM6 [76].

IV. APPLICATION TO PLASMONIC
WAVEGUIDES: NUMERICAL EVIDENCE IN THE

INFRARED DOMAIN

A. Transposition to nanometric M -I -M waveguides

The previous analytical results presented in Sec. II can
be also transposed to a T-shaped plasmonic device based
on M -I -M waveguides operating in the infrared domain
[Fig. 1(c)]. The proposed platform is a two-dimensional
(2D) plasmonic model made up of an infinite M -I -M
waveguide and a side-coupled T-shaped cavity, assuming
that the medium of the waveguide and the T-shaped cavity
are filled with air (εd = 1), while the surrounding metal is
made of silver (Ag) with a dielectric constant εm described
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by the Drude model [79–82]

εm = ε∞ − ω2
p

ω2 + j γω
, (30)

where ε∞ = 3.7 is the dielectric constant at an infinite
frequency, ωp = 1.38 × 1016 rad/s is the bulk plasma fre-
quency of free conduction electrons, γ = 2.634 × 1013

rad/s is the electron collision frequency, and ω is the angu-
lar frequency of the incident wave. These parameters fit
well the experimental results in the visible and infrared
frequency domains [43]. In these regimes, Ag has been
widely used in M -I -M plasmonic waveguides because of
its low absorption and power consumption in comparison
with other plasmonic metals [42,43]. However, our model
can also be transposed to other metals of practical use in
plasmonics such as gold (Au), aluminium (Al), etc. Here,
the width of the bus waveguide and the T-shaped cavity is
fixed to w = 50 nm in order to ensure only the propagation
of the fundamental transverse magnetic (TM0) mode exci-
tation. The structure depicted in Fig. 1(c) is a 2D system in
the (x,y) plane and infinite in the z direction. This design is
the most used in M -I -M waveguide simulations as it is less
time consuming than 3D simulations. However, for prac-
tical processing, the M -I -M waveguides are 3D as they
present a finite height h along the z direction and they are
deposited on SiO2 substrate. The finite depth of the system
and the surrounding media introduce a significant effect on
loss in the system. Nevertheless, it was shown that above
a certain height (h = 50 nm), 2D and 3D models provide
almost similar results [83,84], in particular, as concerns the
positions of the resonant modes in the transmission spectra
despite the fact that their shapes and widths can be affected
by the loss of the metal [83,84]. In addition, it was shown
that 2D M -I -M waveguides can be handled analytically
using an equivalent 1D system where a surface plasmon
polariton wave vector ksp is introduced [80,81,85]. The
advantage of the 1D model lies in the derivation of the
analytical expressions of the dispersion relations, DOS,
and transmission and reflection coefficients in closed form,
which enables the origin of the different modes propagat-
ing in such systems to be understood deeply. In order to
operate in the infrared domain, the structural parameters of
the T-shaped cavity are set to be d = d2 + d3 = 550 nm
and d1 = d and the detuning δ between the two stubs d2
and d3 is chosen variable.

The calculation of the transmission coefficient and the
dispersion relation are similar to those presented in the pre-
vious section (Sec. II A), provided we permute k by ksp
given by

ksp = k0

√
εd − 2εd

√
εd − εm

εmk0w
(31)

and F by ωZ where the impedance Z is given by

Z = kspw
εdω

. (32)

Here εd and εm are the dielectric constants of the dielec-
tric and metal, respectively. k0 = ω/c is the wave vector in
vacuum and c is the speed of light in vacuum. The details
of calculation of these two physical quantities are given in
Ref. [85].

Similarly to the photonic case (Sec. III), we present
in Figs. 6(a) and 6(b), respectively, the analytical and
numerical results of the transmission amplitude (in color
scale) as a function of the wavelength and the detuning
δ = d2 − d3 and for fixed d1 = d = d2 + d3 = 550 nm in
the case of no coupling regime κ = 0. The value of d is
chosen such that the BIC and the corresponding PIT reso-
nances fall around the telecom wavelength (λ = 1550 nm).
The analytical results are obtained by means of the Green’s
function method [Fig. 6(a)], whereas the numerical results
are performed by using COMSOL Multiphysics software
based on the 2D finite-element method [Fig. 6(b)]. Both
results show a good agreement. One can see that a FW
BIC appears at λ = 1556 nm for δ = 0. By increasing δ,
the BIC transforms to a PIT resonance for δ < 100 nm and
ATS resonance for δ > 100 nm. One can notice that the
transmission does not reach unity (Tmax = 0.8) because of
the losses in the metal. We give in Fig. 6(c) some trans-
mission spectra for different values of δ. The blue solid
lines represent the analytical results, while open circles
show the numerical results. As predicted, a FW BIC can
be seen around λ = 1556 nm, indicated by the black arrow
for δ = 0. When we shift away from the BIC condition,
the BIC transforms into a well-defined PIT resonance for
δ < 100 nm and ATS resonance for δ > 100 nm. The
intensity and width of the resonance increase as δ increases
as shown in Fig. 6(c). As δ increases, a transition from PIT
to ATS occurs around δ = 100 nm. Then, an ATS reso-
nance is obtained for δ = 150 and δ = 200 nm where the
transparency window becomes broader.

In order to show the magnetic field localization (Hz-field
map) of the BIC and PIT resonance in Fig. 6(c), we have
applied a local magnetic excitation at the boundary of the
guide d2 (indicated by a red arrow). Figure 6(d) shows the
Hz-field map of the BIC mode at λ = 1556 nm for δ = 0
(i.e., d2 = d3) in Fig. 6(c). As expected for a BIC, the mode
remains well confined within the two horizontal guides
without radiating into the rest of the system. The magnetic
field vanishes at the midpoint of the two guides d2 and
d3 where they intersect with the vertical stub d1. It has an
antisymmetric shape with respect to the middle of the seg-
ment. This behavior can be also proved analytically from
the definition of the BIC in Eq. (8). Similarly, Fig. 6(e)
shows the Hz-field map for the filtered PIT resonance at
λ = 1556 nm for δ = 80 nm in Fig. 6(c). Here, we deviate

044015-12



FRIEDRICH-WINTGEN BOUND STATES. . . PHYS. REV. APPLIED 20, 044015 (2023)

(a) (c)

(b)

(d) (e)

(f) (g)

FIG. 6. (a),(b) Analytical and numerical variation of the transmission coefficient (in color scale) as a function of the wavelength
and the detuning δ = d2 − d3 and for fixed d1 = d = d2 + d3 = 550 nm, respectively. The arrows in (a),(b) indicate the position of
the FW BIC. (c) Transmission coefficient versus the wavelength for various values of the detuning δ and for fixed d1 = 550 nm. Blue
and red curve correspond to analytical and numerical results, respectively. The black arrow in (c) indicates the position of the FW
BIC. (d) Hz-field map of the BIC at λ = 1556 nm for δ = 0 in (c) when a local magnetic excitation is applied at the boundary of the
guide d2. (e) Same as in (d) but for the PIT resonance at λ = 1556 nm for δ = 80 nm in (c). (f),(g) Hz-field maps of the BIC and the
filtered PIT resonance excited by an incident wave in the left semi-infinite waveguide. I , R, and T denote the incident, reflected, and
transmitted waves, respectively. The red arrow in (d)–(g) indicates the position of the excitation.
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from the condition of a perfect BIC, which transforms into
a quasi-BIC. For this reason, the eigenmode displays some
leakage into the rest of the structure while the field remains
stronger in the horizontal guides.

Another way to study the coupling of the T structure
with the infinite guide consists of sending an incident wave
from the left semi-infinite waveguide (indicated by a red
arrow) and calculate the reflected and transmitted waves.
Figures 6(f) and 6(g) show the results for the BIC and PIT
resonance, respectively. The field map in Fig. 6(f) shows a
degenerate mode of the whole cavity with the BIC mode
with vanishing magnetic field at all the connection points.
This mode is totally reflected as it coincides with a trans-
mission zero. For the filtered PIT resonance [Fig. 6(g)],
the mode of the whole horizontal guide of length d2 + d3
is excited and spread throughout the whole cavity. This
mode is totally transmitted as the stub d1 is connected
far from the point where the magnetic field vanishes in
the horizontal guide, giving rise to a full transmission.
These results show the possibility to use the T cavity as

selective or rejective filters for given wavelengths depend-
ing on the geometrical parameters. Let us mention that for
a 3D realistic model, the presented results will be quan-
titatively different from those obtained with a 2D model
based on finite element method and a 1D model based
on Green’s function. However, the general trends will
remain the same as concerns the observation of the PIT
resonances as it was demonstrated in recent experimental
realizations [51–53] (see the Supplemental Material SM8
and Fig. S7 [76]).

B. Structural sensing application

The BIC and resonance frequencies of the M -I -M plas-
monic waveguide are sensitive to the properties of the
dielectric that fills the space between the metals. Taking
advantage of their high-Q factors, Fano and PIT reso-
nances are widely used for refractive-index sensing and
biosensing applications [42–49]. In what follows, we show
the ability of our plasmonic device for both applications.

(a) (b)

(d)(c)

FIG. 7. (a) Numerical variation of the transmission (red line), reflection (blue line) and absorption (green line) as a function of the
detuning δ = d2 − d3 at the PIT resonant wavelength λ = 1556 nm in Fig. 6(c). (b) FOM (green), quality factor (red) and sensitivity
(blue) as a function of δ. The values of quality factor are multiplied by a factor of 50 to be on the same scale with the sensitivity and
FOM. (c) Transmission (continuous lines) and absorption (dotted lines) spectra versus the wavelength for different refractive index n
in the waveguide. (d) The evolution of resonant wavelength as a function of the refractive index n.
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1. Gas sensing

The performance of a sensor is essentially highlighted
by its sensitivity (S) to material changes and its figure of
merit (FOM). The sensitivity of a refractive-index sensor
is determined by the shift of the resonance wavelength λ

due to refractive index changes n, and is defined as [86]

S = λ

n
. (33)

Also, FOM at a fixed wavelength is defined as [86]

FOM =
[

T
Tn

]
max

, (34)

where T and T denote, respectively, the amplitude of the
transmission and its variation due to the change n in the
refractive index.

The PIT resonance falling at λ = 1556 nm can be used
to study the sensitivity and FOM of our device. However,
these two quantities depend on the detuning δ. Indeed,
based on the simulations results, the transmission, reflec-
tion, and absorption at the PIT resonance, depend strongly
on δ as shown in Fig. 7(a). When δ increases, the trans-
mission T increases, the reflection R decreases, while the
absorption A goes through a maximum value (A � 0.5)
when T = R � 0.25 at a given value of δ0 = 30 nm.
Figure 7(b) shows FOM (green), quality factor (red), and
sensitivity (blue) as a function of δ. The values of qual-
ity factor are multiplied by a factor of 50 to be on the
same scale with the sensitivity and FOM. The FOM shows
a maximum value at δ0 = 30 nm, whereas the sensitivity
remains almost constant as a function of δ. In contrast, the
quality factor Q, which reaches 83 at δ0 can become larger
for lower values of δ (δ < δ0) as illustrated in Fig. 7(b).
However, for δ < δ0, the amplitude of the resonances in the
transmission spectra becomes very small [see Fig. 6(c)].
Particularly, for δ close to zero, the width of the resonance
in the transmission becomes ill defined [Fig. 6(c)] and so
the Q factor, due to very low amplitude of the resonance.
These results show that the best value of δ to get a reso-
nance with a large value of FOM, the best quality factor
without the distortion of the transmission resonance can
be obtained for δ close to δ0. An example of the calcula-
tion of the sensitivity for δ0 = 30 nm and d1 = d = 550
nm is given in Figs. 7(c) and 7(d). Figure 7(c) shows
the transmission (continuous lines) for different values of
the refractive index n of the dielectric in the waveguides,
which ranging from n = 1 to n = 1.1 with a step of 0.02.
The PIT resonance in the transmission spectra shifts lin-
early towards high wavelengths as n increases. Dotted lines
in Fig. 7(c) represent the absorption in the system as a func-
tion of the wavelength for different values of n. Figure 7(d)
shows the evolution of the transmission resonant wave-
length in Fig. 7(c) as a function of the refractive index n.

From the slope of this graph, one can deduce a maximum
sensitivity of 1600 nm/RIU and a FOM of 0.7 × 104 at
λ = 1594.1 nm.

Table I gives a comparison of our results of the sensi-
tivity and FOM with those of previous similar refractive-
index sensors based on M -I -M waveguides coupled to
stubs. Most refractive-index plasmonic sensors are based
on Fano resonances as the latter show a better performance
in terms of sensitivity and FOM in comparison with other
types of resonances like EIT [42,43]. In comparison with
other similar refractive-index sensors, our design shows a
good sensitivity and a comparable value of FOM. For the
sake of comparison with other plasmonic refractive-index
sensors, we have used silver as metal, but our approach
remains valid and can be used for either silver or gold
plasmonic waveguides (see Fig. S7 in the Supplemental
Material SM8 [76]).

2. Biosensing

The proposed M -I -M plasmonic device is also suitable
for use as a nanoscale biosensor, for instance, to measure
the concentration of different analytes, such as unknown
samples from a specific blood group. The design can be
easily miniaturized and provides a label-free detection and
low cost [31,44,46,48,67]. Here, we propose our system
to detect specific electrolytes (Na+ and K+) and glucose
concentrations from human blood samples. All the remain-
ing geometrical parameters of the biosensor are the same
as those used in the previous section (Sec. IV B 1). It is
well known from the literature that there is a relationship
between the concentration of the sample and the refractive
index [87,88], namely

nNa+ = 1.3373 + 1.768 × 10−3
(

Ck
393

)

− 5.8 × 10−6
(

Ck
393

)2

, (35)

TABLE I. Comparison of the sensitivity and FOM with
recently reported refractive-index sensors.

Structure design
Sensitivity
(nm/RIU) FOM Resonance

Ref. [70] 1100 2 × 105 Fano
Ref. [71] 530 650 Fano
Ref. [72] 1200 ——– PIT
Ref. [73] 820 3.2 × 105 Fano
Ref. [74] 1060 176.7∗ Fano
Ref. [60] 680 ——– Fano
Our design 1600 0.7 × 104 PIT

∗ This value is calculated from the expression FOM = S/FWHM
instead of Eq. (34).
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nK+ = 1.3353 + 1.6167 × 10−3
(

Ck
529.8

)

− 4 × 10−7
(

Ck
529.8

)2

, (36)

nglucose = 0.00011889Ck + 1.33230545, (37)

where C indicates the concentration in mg/dl, and k is the
concentration factor: k = 30, 50, and 10 for Na+, K+ and
glucose solution, respectively.

The performance of a biosensor is characterized by its
sensitivity (S′) to concentration changes, which is defined
as S′ = λ/C. In order to evaluate the performance of
our plasmonic biosensor, the medium of the bus wave-
guide and the T-shaped cavity are filled with different
concentrations of Na+ and K+ and glucose solution. The

concentrations of Na+, K+ and glucose solutions were,
respectively, set from 200 to 440 mg/dl with an inter-
val of 60 mg/dl, from 0 to 80 mg/dl with an interval
of 20 mg/dl and from 110 to 230 mg/dl with an inter-
val of 30 mg/dl. Their transmittance curves are presented
in Figs. 8(a)–8(c) revealing a distinguishable transmis-
sion peak shifts as the concentrations are varied, with an
increase of the resonance wavelengths with the concentra-
tions. The frequency shifts exhibit a linear behavior shown
in the insets of Figs. 8(a)–8(c). From the slopes of these
plots one can deduce a maximum sensitivity of 0.17, 0.23,
and 1.84 nm dl/mg for Na+, K+ and glucose solutions,
respectively. These results are comparable to those of other
plasmonic biosensors in the literature within the range
of 1800–2600 nm [48,67–69]. Based on this comparative
study, the proposed biosensor has the advantage of being

(a)

(b)

(c)

FIG. 8. Transmission spectra versus the wavelength for different concentration C of (a) Na+, (b) K+, and (c) glucose solution.
Change of the peaks’ wavelength versus the concentrations are presented in the insets of (a),(b),(c), respectively.
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a simple device that can be miniaturized at the nanoscale.
Indeed, the compact design of the sensor makes it suitable
to be integrated into the on-chip optical sensing platforms.

V. CONCLUSION

In this paper, we have given an analytical demonstra-
tion of FW BICs and induced resonances in a simple
T-shaped cavity with both an experimental evidence in the
radiofrequency domain using coaxial cables and a numer-
ical validation in the infrared domain using nanometric
M -I -M waveguides with an application for gaz sensing
and biosensing. The cavity is made of two horizontal
guides of lengths d2 and d3 coupled to a vertical guide of
length d1. We have demonstrated analytically that the FW
BICs are obtained by choosing d2 and d3 commensurate
at certain frequencies, which are independent of d1 and of
the infinite waveguide. These BICs are common modes of
the guides d2 and d3, such as the electric field vanishes at
their connection point with the stub of length d1. There-
fore, they are modes of both closed T-shaped cavities with
Neumann or Dirichlet boundary conditions at the bottom
side of d1. We have shown that the FW BICs appear as
a consequence of the interaction between two DBCS (or
two NBCS) branches. The coupling strength between the
two branches depends strongly on d1. In addition, we have
shown that by slightly shifting from the BIC condition,
this latter transforms into either EIT-EIR or ATS reso-
nances with a finite width. EIT and ATS resonances show
similar behaviors in the transmission spectra. However, in
order to discern between them, first we have fitted the two
phenomena with the corresponding fitting formula. Then,
we have used an AIC test to select the best fitting model
for each resonance and discriminate the regime where
EIT or ATS dominates as a function of δ. Also, we have
given a comparison between the DOS and the derivative
of the argument of the determinant of the scattering matrix
(the Friedel phase [66]), which can be measured experi-
mentally. Furthermore, we have transposed our analytical
results to M -I -M plasmonic waveguides operating in the
infrared domain. These results are validated by numerical
simulation using the finite-element method based on COM-
SOL Multiphysics software. Finally, we have shown that
the T cavity can be used as a sensor with a good sensitivity
to detect both the gaz or the concentrations Na+, K+ and
glucose solutions in comparison with other plasmonic sen-
sors [48,67–74]. Finally, the compact design of the sensor
makes it suitable to be integrated into the on-chip optical
sensing platforms.

Let us mention that the validity of our results is sub-
ject to the requirement that the propagation is monomode,
namely, the cross-section size of the waveguides is small
enough compared to their lengths and to the propaga-
tion wavelength. In the case of multimode circuits with
high-order modes, our analytical results are no longer valid

and a numerical treatment is required. In such a study,
multiple periods of field in the transverse cross section
should be considered above the cutoff frequency. BICs in
waveguides with large transverse cross sections have been
addressed in acoustics and photonics by introducing dis-
continuities inside the waveguides [89–91]. The authors
of these papers explain that these BICs occur when they
belong to different symmetries of the system.
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