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Properties of the Biot-Savart operator acting on surface currents
Wadim Gerner?

Sorbonne Université, Inria, CNRS, Laboratoire Jacques-Louis Lions (LJLL), Paris, France

Abstract: We investigate properties of the image and kernel of the Biot-Savart operator in the context
of stellarator designs for plasma fusion. We first show that for any given coil winding surface (CWS)
the image of the Biot-Savart operator is L2-dense in the space of square-integrable harmonic fields
defined on a plasma domain surrounded by the CWS. Then we show that harmonic fields which are
harmonic in a proper neighbourhood of the underlying plasma domain can in fact be approximated in
any C*-norm by elements of the image of the Biot-Savart operator.

In the second part of this work we establish an explicit isomorphism between the space of harmonic
Neumann fields and the kernel of the Biot-Savart operator which in particular implies that the dimen-
sion of the kernel of the Biot-Savart operator coincides with the genus of the coil winding surface and
hence turns out to be a homotopy invariant among regular domains in 3-space.

Lastly, we provide an iterative scheme which we show converges weakly in W*%’Z—topology to ele-
ments of the kernel of the Biot-Savart operator.

Keywords: Biot-Savart operator, Plasma physics, Coil winding surface
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1. Introduction

In the context of stellarator designs for plasma fusion one distinguishing feature, as opposed to the
tokamak design, is a complex coil structure [32]. There are different ways to model the complex coil
structure in the stellarator design. It can be modelled as a collection of finite 1-dimensional closed
curves, by means of a closed surface known as coil winding surface (CWS) around which the coils wrap
or by means of a region enclosing a finite volume?.

In the present work we focus on the CWS model and investigate the properties of the corresponding
Biot-Savart operator. Specifically, let S C R3 be a regular enough (for the purpose of this introduction
we assume all quantities involved to be C*°-smooth) closed surface and let j € V(S) be a divergence-
free vector field on S, i.e. j | S and divg(j) = 0. By means of the Biot-Savart law [19, Chapter 5] the
magnetic field throughout 3-space induced by such a surface current is given by

1 T —
BSs()(0) = 3 [ 30 x 7= Ldot). (1)
In the context of stellarator design we require the hot fusion plasma to be confined in some region
P C R3 which is surrounded by and of positive distance to S, i.e. if Q is the bounded region enclosed
by S (02 = S) then we require P C § and dist(S,P) > 0. So given such a plasma confinement
region P (known as plasma domain) and a coil winding surface S with the mentioned properties it is
of importance to understand the magnetic fields within P which can be generated by currents being
supported on S. Mathematically this amounts to understanding the image of the Biot-Savart operator.
Before we present our findings let us first point out that the image and kernel of the Biot-Savart
operator have been studied in different contexts. For example it is of relevance in fluid dynamics and
magnetohydrodynamics to understand the properties of the Biot-Savart operator given by

1 T —
BSq(v)(z) := E/Qv(y) X T yy|3 By, 2 €Q

where 2 C R3 is a smooth bounded domain and v is a smooth vector field on €. This operator is
used in order to define the helicity of vector fields which is a fundamental conserved quantity and may
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be regarded as a measure of the topological stability of the underlying fluid flow c.f. [31], [25],[6],[4,
Chapter III]. A thorough study of this operator has been conducted in [g].

On the other hand, in the context of magnetic tomography, we may consider currents which are
supported inside a bounded volume V' and look at the magnetic field induced by such a volume current
on some surface S surrounding the volume V' at a positive distance, i.e. one may consider the operator

1 T —
BSY (v)(x) = /Vv(y) x ﬁdsy, z€S.
Understanding the kernel of this operator is important for the question of uniqueness of current recon-
structions, see for instance [26],[17] and references therein.
In our situation the current is supported on a surface S and we are interested in the magnetic field
inside a (plasma) domain P. It is a fact of Maxwell’s equations of magnetostatics that in our situation

we have
curl (BSg(j)) =0, div(BSg(j)) =0 in P.

Naively one may conjecture that BSg may generate any such harmonic vector field on the plasma
domain (of particular interest are square integrable harmonic fields since they correspond to magnetic
fields of finite magnetic energy). However, we will provide a simple procedure which allows to construct
harmonic fields which are not contained in the image, see Proposition [3.1] Nonetheless we will be able
to establish a density result, i.e. even though the image of the Biot-Savart operator does not contain
all harmonic fields, it is dense in this space. To formulate a more precise statement let us define

L2H(P) := {Br € W"2(P,R%) | curl(Br) = 0, div(By) = 0}1=20

where -I'l22(7) denotes the completion with respect to the norm || - ||z2(p). The T" stands for "target”,
since the vector fields By are the potential target magnetic fields which we wish to approximate by our
surface current magnetic fields. The conditions curl(Br) = 0 and div(Br) = 0 are understood in the
weak sense. Let us point out that we equivalently can write L*H(P) = {Br € L?*(P,R3) | curl(Br) =
0 = div(Br)}. Loosely speaking we prove the following result regarding the density, see Corollary
for a more precise statement. We denote by D? the closed unit disc in R? and by Vgiy=0(9) the smooth
divergence-free tangent vector fields on S.

Theorem 1.1 (First main result (informal version)). Let Q C R® be a bounded domain with Q =
D? x S' and let D?* x S = P C Q. Suppose that OQ winds once around P, see Figure |1, then the
image of the operator

BSoq : Vaiv=0(0Q) — L*H(P)

as defined in is dense in L*H(P) with respect to the || - ||L2(p)-norm.

Figure 1: The Coil winding surface 02 (green) winds once around the plasma domain P
(yellow), see also Figure [2[ and the explanations preceding it for a more detailed
description.



We note that in stellarator designs the coil structure and plasma domain are taken to be toroidal
and the coils are constructed in such a way that they wrap around the plasma domain, see for instance
[20, Figure 1] for the schematic structure of the Wendelstein 7-X stellarator in Greifswald Germany.

From a mathematical point of view the plasma domain need not wind around the volume 2 and
might for example be contained in some contractible region. We show that in this case the image of
the Biot-Savart operator is no longer dense so that the density of the image of the Biot-Savart operator
in fact depends on the way the plasma domain is embedded in €.

From the point of view of applications, if we identify a nice target field Br € L?>H(P) which has
good confinement properties, an L?-approximation is usually not sufficient. In fact, the gradient VB
of By influences the ”drift” of the plasma particles [24, Chapter 2] and so if we wish to reproduce the
desired plasma behaviour under the influence of the current induced magnetic field we should aim for
a Cl-approximation. Of course, the C'*-norm may blow up even under L?-closedness which may lead
to undesirable plasma behaviour and so it is vital to identify a class of vector fields which can in fact
be approximated in C'-norm.

Exploiting elliptic regularity results we can obtain the following corollary from Theorem

Corollary 1.2. Let @ C R? be a bounded domain with Q = D? x S* and let D* x S' = P C Q.
Suppose that 9 winds once around P. If P C U C § is an open set and By € L?>H(U), then for
every € > 0 there exists a current j. € Vaiv=0(5) with

where S = 092.

Note that the approximation is valid on the plasma domain P but not necessarily on all of U. More
generally, by means of a bootstrapping argument, we may approximate By on P in any C*-norm for
any fixed k¥ € Ny. As mentioned before, Corollary [I.2) provides a vast class of magnetic fields on the
plasma domain which can be well-approximated by magnetic fields induced by surface currents.

The C'-approximation property is a nice feature in view of the functionality of stellarator designs.
However, as we will show, in order to achieve a better and better approximation it is sometimes
necessary to utilise stronger and stronger currents so that due to physical limitations in real world
applications there is at times only a finite accuracy which one can achieve. We state this observation
in the following proposition.

Proposition 1.3. Let Q, P C R? be bounded domains with P C Q. If By € L>H(P) \ Im(BSgs)
where S := 0(Q, then for any sequence (j,)n C Vaiv=0(S) with || BSs(jn) — Brllr2(py — 0 as n — oo
we have [|j, | z2(sy — 0o. Consequently, for any such Br there exists a constant ¢ > 0 such that for
every j € Vdivzo(S) with ||]||L2(S) <1 we have H BSS(j) — BT”LQ(P) > c.

Let us emphasise that the methods used in order to prove this result do not yield any numerical
value for the constant c. So while we know that there is only a limited accuracy that may be achieved,
this accuracy, a priori, might or might not be good enough for practical purposes.

The last question which we address in the present work is the characterisation of the kernel of the
Biot-Savart operator. We have mentioned earlier that whether the image of the Biot-Savart operator
is dense in the harmonic fields on the plasma domain or not depends on the way the plasma domain is
embedded into the volume €2 bounded by the coil winding surface .S. When it comes to the kernel the
shape of the plasma domain is entirely irrelevant. This is simply because BSg(j) is analytic within Q
for any surface current j and so if BSg(j) vanishes on P, then by real analyticity it must vanish on all
of . Hence, mathematically, we are interested in the following question

Given a smooth bounded domain Q C R with boundary S = 0€). Is there a characterisation of
Ker(BSs) = {j € Vaiv=0(S) | BSs(j)(z) =0 for all z € Q}?

The relevance of this space is twofold. On the one hand it is of importance in view of inverse problems.
Say, we are given a magnetic field B inside the plasma domain P which we know is induced by a
surface current on S. Can the current j inducing B, at least in principle, be uniquely obtained from
the knowledge of B? A positive answer to this question corresponds to the kernel being trivial. On



the other hand, if the kernel is non-trivial, adding any element of the kernel to some surface current j
will induce the same magnetic field inside P. But from the point of view of applications some current
distributions may be easier to realise physically than others. So having a trivial current is a good
property from the point of view of inverse problems while having a large kernel is a good property
from the point of view of real life stellarator design as it grants some flexibility.

Before we state our main result regarding the kernel let us recall some basic concepts. Given a
bounded smooth domain  C R? we can consider a smooth curl-free vector field A on Q. In general,
when (2 is not simply-connected, the vector field A will not be a gradient field. One can then wonder
how many ”essentially different” such non-gradient curl-free vector fields exist. More precisely, two
curl-free fields are said to be essentially the same if they differ by a gradient field and essentially different
otherwise. Identifying curl-free fields which are essentially the same gives rise to an equivalence relation
which induces the first de Rham cohomology group HJg (€2) of the domain Q.

Additionally, we may introduce the notion of harmonic Neumann fields Hy (€2) on © which is the
following space of smooth vector fields Hx (2) := {T' € V(Q)| curl(T") = 0 = div(T), T' || 9Q}.

It is well-known that H(£2) is finite dimensional and that the Hodge-isomorphism establishes an
isomorphism between Hjg () and Hy () [29, Theorem 2.2.7 & Theorem 2.6.1]. Even more, it is well-

known that dim (H éR(Q)) is a homotopy invariant between smooth manifolds [22] Theorem 17.11] and

in fact we have dim(H}(2)) = ¢(99), [9], where g(d£2) denotes the genus of dQ (which, in the case
0N is disconnected, is defined as the sum of the genera of the connected components of 99).

Regarding the kernel of the Biot-Savart operator we will establish an explicit isomorphism between
Hy () and Ker(BSg) (S = 99). This will, by the aforementioned Hodge isomorphism, in particular
provide an isomorphism between Ker(BSg) and H (). It then follows from the properties of the de
Rham cohomology group that the dimension of the kernel of the Biot-Savart operator is a homotopy
invariant. Note that it is highly non-trivial that this is the case because the Biot-Savart operator
depends on S (as it defines its domain of integration) but also the allowed currents depend on S (since
they are required to be tangent to S and divergence-free with respect to the metric induced on S).
So a-priori the dimension of the kernel of the Biot-Savart operator should be expected to depend not
only on the topology of S but also on the way .S is embedded into 3-space.

We now state the informal version of our second main theorem (recall that g(S) denotes the genus
of a surface S).

Theorem 1.4 (Second main result (informal version)). Let Q C R?® be a bounded smooth domain.
Then dim(Ker(BSpq)) = g(0). In particular, if Qy, Qo are two bounded, smooth domains in R3
which are homotopic, then the kernels of the respective Biot-Savart operators are isomorphic.

Structure of the paper

In section 2 we introduce the notation and preliminary definitions needed to give a precise statement
of the results. In section 3 we give precise statements and proofs of Theorem [I.1] Corollary [I.2] and
Proposition We also discuss some additional results regarding the density of the image of the
Biot-Savart operator, c.f. Proposition In section 4 we discuss the relation of the density result
Theorem [I.1]and some optimisation problems appearing in the plasma physics literature. In particular,
we show how one can obtain a sequence of surface currents whose induced magnetic fields approximate
a given target field better and better, c.f. Corollary .3 and Remark £.:4] In Section 5 we give a
precise statment and proof of Theorem [I.4] including a regularity result, see Theorem [5.1} In section
6 we provide a recursive procedure which allows one to approximate the elements of the kernel of the
Biot-Savart operator in some appropriate topology, see Theorem [6.5

To make this work more self-contained we included some results, which are well-known in the smooth
setting, in the Appendix which deal with the setting of non-smooth domains. Appendix A contains a
regularity result regarding the harmonic Neumann fields, which will be crucial in establishing regularity
of the elements of the kernel of the Biot-Savart operator. Appendix B is devoted to the L2-Hodge
decomposition on non-smooth domains. In Appendix C we recall the notion of tangent traces and
discuss their connection to the Biot-Savart operator.



2. Notation and definitions

Throughout this paper we denote for a given C*®-regular (k € N, a € (0,1]) hypersurface S — R? by
V(S) the maximally smooth vector fields on S (in particular these vector fields are taken to be tangent
to S). We denote by Vy(S) the subspace of V(S) of divergence-free vector fields with respect to the
induced Riemannian metric on S, equivalently v € Vy(S) < [4v-grad(¢)do(x) = 0 for all ¢ € C}(R?)
(the space of compactly supported C'-functions) where do(z) is the standard induced surface measure.
In addition, we denote by Vgé(z) := Vé(z) — (N(z) - Vé(x))N (z) the surface gradient of any C'-
function ¢ € C1(S) where 5 is an arbitrary C!(R3)-extension of ¢ and N any fixed unit normal field
on S. Given some 1 < p < oo, k € Ny we denote by WHPV(S), WkPVy(S) the completion of the
corresponding spaces V(.5), Vo (S) with respect to the standard Sobolev WkP_norm, where as usual by
convention W%P = LP denotes the LP-norm and H! = W2, We will also make use of the following
space defined on some given bounded domain  C R3

H(curl,Q) := {w € L*V(Q) | curl(w) € L*V(Q)}
where curl(w) is understood to exist in the weak sense and be of class L?. We equip this space with
the inner product (v, w) 2 cur == [, v(z) - w(x)d3z + [, curl(v)(z) - curl(w)(z)d*z which turns it into
a Hilbert space.
In addition, given a bounded C'-domain Q C R? we denote by
Hn(Q) :={T € H'V(Q)|curl(T) = 0 = div(T), T || 99},

where curl, div are the standard curl and div on the 3-d domain Q and H'V(Q) denotes the H!-regular
vector fields on 2. Further we introduce the space of LP-harmonic fields

HP(Q) := {B € W"PV(Q)| cwrl(B) = 0 = div(B)}, LPH(Q) 1= LPHP(Q),

where curl and div are understood in the weak sense, LPHP(§2) denotes the LP-closure of HP(2) and
we highlight that we do not enforce any boundary conditions.

Finally, we define the operator of interest. Let P,Q) C R? be bounded C'!'-domains with P C
and set S := 91, then we define

P .72 i/ r—y
BSS.LVO(S)—HJ(P),UI—>(x»—>47r Sv(y)x |x—y|3d0(y) ,

BSs : L*Vy(S) = V(Q), v (a: — %/Sv(y) X J:;S da(y)) ,

where V() denotes the smooth vector fields on . Throughout we always assume that the domains
involved are C1:!'-regular unless otherwise noted.

3. (Non-)Density of the image
3.1. Im(BSs) C LPH(P)
In this subsection we establish the following simple preliminary observation.
Proposition 3.1. Let P,Q C R3 be bounded C''-domains with P C Q. Then
Im(BS%) € LPH(P)
for every 1 < p < oo, where S = 09).
Proof of Proposition[3.} After translating  if necessary, we may assume that 0 € Q\ P. We then

define the vector field By (x) := e € LPH(P) for every 1 < p < oo (since 0 has a positive distance

to P). We observe that Br is analytic on Q\ {0}. Further, observe that for every j € L?Vy(S) we
have BSs(j) € V() and even more, BSg(j) is div- and curl-free in Q and thus it is analytic on Q.
Consequently Im(BS%) ¢ LPH(P) for all 1 < p < oo and if there were to exist some j € L*Vy(S) with
BSs(j)|p = BSL(j) = Br on P, then by real analyticity of the vector fields involved we would find
BSs(j) = Br on Q\ {0}. However, By blows up if we approach 0, while BSg(j) remains bounded.
Thus, Br € LPH(P) cannot be contained in the image of BSL. O



Remark 3.2. Even if the domain of BSg is replaced by L'V(S) the same argument shows that the
image of this operator will be strictly contained in the space LPH(P) for every 1 < p < oo.

3.2. Proof of Proposition [I.3]

Before we come to the proof of the first main result Theorem let us first turn to Proposition [1.3]
which, in comparison, is much easier to establish. Let us recall the statement

Proposition 3.3. Let P,Q C R? be bounded C*!-domains with P € Q. If By € L*H(P) \ Im(BS%)
where S := 99, then for any sequence (j,), C L*Vy(S) with || BSL (j,) — Brllr2(py — 0 as n — oo
we have [|jn]/z2(5) — oo. Consequently, for any such By there exists some ¢ > 0 such that for every
j € L*Vy(S) with ||| £2(sy < 1 we have | BSE (4) — Brl||L2py > c.

Proof of Proposition[3.3 Assume that there exists a bounded sequence (j,), C L?Vy(S) such that
(BSISD (4n))n converges to Br in L?(P). Then by reflexivity of Hilbert spaces, after possibly passing to
a subsequence, we may assume that the (j,), converge weakly in L?(S) to some j € L?V,(S). But one
easily verifies (since dist(P, S) > 0) that the operator BSY is L?(S)-L?(P) continuous and so BS% (4,,)
must converge weakly to BS% (j) in L?(P). By assumption BSE(j,) converges to B in L?*(P) and
hence we must have By = BS§ (5) € Im(BSL) which is a contradiction. O

3.3. Proof of Theorem [1.1]

The strategy of the proof of Theorem [1.1|relies on the abstract functional analytic fact that if (V)| -||)
is a normed vector space and U < V a subspace, then U is dense in V if and only if the annihilator
U° :={T € V'|T(u) =0 forallu € U} <V’ satisfies U° = {0}, where V' denotes the topological
dual space of V, [16, Corollary 16.8 & Remark 16.9]. We hence wish to understand the annihilator of
Im(BS%). To this end the following characterisation of the topological dual space of L>*H(P) will be
useful.

Lemma 3.4. Let P C R? be a bounded C'''-domain. Then the following map
I:L*H(P) — (L*H(P))', B+ (LQH(P) —R, A »—>/ A.Bd3a:>
P

is a linear isomorphism.
Proof of Lemma[3.4 This is an immediate consequence of the Riesz representation theorem. O

Remark 3.5. Using the duality of the standard LP-spaces [18, Chapter 4 Theorem 2.1] one can show
more generally, whenever a suitable LP-Hodge decomposition is available, that the map Z defines a
linear isomorphism from LIH(P) into (LPH(P)) for every 1 < p < oo where 1 < ¢ < oo denotes
the corresponding Holder conjugate. A suitable LP-Hodge decomposition is for instance available if
the underlying domain P satisfies an additional cut-property, see [3, Hypothesis 1.1, Theorem 6.1 &
Corollary 6.1] or if P is C*°-smooth [29, Corollary 3.5.2].

In a first step we prove a non-density result whenever the plasma domain P has disconnected
boundary.

Proposition 3.6. Let P, C R3 be bounded C*'-domains with P C Q. If OP is disconnected, then
Im(BS%) is not LP(P)-dense in LPH(P) for any 1 < p < oo, where S := 9.

Proof of Proposition[3.6l By assumption JP has at least two boundary components which we denote
by Ci,...,Cn for some 2 < N < co (and the labelling can be chosen in an arbitrary way). We then
consider the following boundary value problem

Af=0in P, flc; = 015 for 1 <j <N,

where §;, denotes the standard Kronecker delta. Because OP € CU! this problem has a solution
f€Micyen W24(P), [15, Theorem 2.4.2.5]. Since OP is disconnected we see that f is not constant
and hence B := grad(f) € Wh9V(P) \ {0} for every 1 < ¢ < oco. Further, since f|sq is locally



constant, we find B L 9P. We will now show that B is in the annihilator of Im(BSg) < LPH(P) for
every 1 < p < oo. To this end we define the following two operators

T: LPH(P) — R, Ar—>/ A- Bdz,
P

1 T —
BSp(B)(z) = E/PB(y) X e yy|3d3y, z € RE,

We note that by Sobolev embeddings [I1, Chapter 5.6.2 Theorem 5] we have B € L*V(P) and
therefore T' € (LPH(P))' for every 1 < p < oo. We claim that T € (Im(Bsg))o for which we have to
show that for any A € Im(BS%) we have T((A) = 0. Equivalently we have to show that

/ BSE (j)(z) - B(x)d®x = 0 for all j € L2Vy(S).
i

But we observe that it follows immediately by writing out the definition that f I BSg (§) - Bd®x =
J5J-BSp(B)do(x) and further for any fixed 2 € € we have

47 BSp(B)(z) = /P B(y) x |j__yy‘3d3y= - /P v, (wim) x B(y)d®y
= [, (72 e [ R

where we used that B € W4V(P) for every ¢ > 3 and = € Wh*(P) for all 1 < o < 3 so that

[z—-]
LW e WLY(P) and the standard calculus identity curl (YB) = (Vi) x B + v curl(B) for scalar
functions ¢ and vector valued functions B. In addition, letting e; denote the standard basis vectors

and using an integration by parts, we find

B B B ;
/ curl, () dy = <curl () ,ei> e; = 7@) X G N (y)do(y)e;
P |z =yl |z — | L2(P) or |z =yl

-/ (N(y)x B(”)-eida(mei: N) x 2 o).
oOP

lz -yl oP lz -yl

We therefore arrive at

B (B
47 BSp(B)(z) = — Mda(y) +/ Md‘%y.
op =yl P lr—yl
Since B L 9P and curl(B) = 0, we conclude BSp(B) = 0, see also [8, Theorem B & Theorem B'] for
the smooth setting, and consequently 0 # 1" € (Im(BSg))O and thus the image of BSY is not dense in
LPH(P) for any 1 < p < oco. O

Now we recall that Hy(P) = {I' € H'V(P)|curl(T) = 0 = div(T"), ' || 9P} and we note that if P
is a Ot'-domain, then according to Lemma we have Hy(P) C WLPY(P) for all 1 < p < oo and
thus Hy (P) C LPH(P) for every 1 < p < co.

The main result regarding the density of the Biot-Savart operator on C*'-domains is the following.

Theorem 3.7. Let P,Q C R? be bounded C*'-domains. Assume that P C Q and that OP is connected.
Then we have

71 ((m(BSE))”) < Hn (),

where I denotes the isomorphism from Lemma S := 0Q and the annihilator is considered with
respect to the space (L*H(P), || - || 12(p))-

Remark 3.8. In accordance with Remark[3.5]it follows that if P satisfies an additional cut-assumption
or is C*°-smooth, then for every 1 < p < co we have the same inclusion Z~* ((Im(BSISD))O) < Hn(P)
where the annihilator is considered with respect to the space (LP'H(P), [ - ||Lp(p)).



Proof of Theorem[3.71 To ease notation we let S := 9€2. We then have the following equivalence
B eI ' ((Im(BSE))°) & Z(B) € (Im(BSY))° < Z(B)(A) =0 for all A € Im(BSY)

& I(B)(BSE (j)) = 0 for all j € L*Vy(S) < / B -BSL(j)d®z = 0 for all j € L*Vy(S).
P

We recall from the proof of Proposition [3.6|that we have the identity [, B-BS§ (j)d®z = JsBSp(B) -
jdo(z) and we notice that since dist(P,.S) > 0 the vector field BSp(B) is smooth in a neighbourhood
of S. We can now use the musical isomorphism to identify BSp(B) with a 1-form wésp (p) and we
observe that by density

BeTI ' ((Im(BSH))°) « / j-BSp(B)do(x) =0 for all j € L*Vy(S)
S
& / j-BSp(B)do(z) =0 for all j € Vy(S) & L#MESP(B) is an exact 1-form, (3.1)
S

where ¢ : S — R3 denotes the inclusion map and (# denotes the corresponding pullback.
We claim that
L#wéSP(B) is closed on S < B € Hn(P) (3.2)

which will prove the theorem. One direction is immediate, namely if B € Hy(P), then by extending B
by zero outside of P one easily verifies that this extension is divergence-free in the weak sense on R3.
It is then standard that the Biot-Savart potential is of class HL V(R?®) and satisfies curl (BSp(B)) =
curl (BSgs(xpB)) = xpB, [12, Corollary 5.3.15], where xp denotes the characteristic function of P.
So in particular, since S C R3\ P, curl(BSp(B)) = 0 on S in this case and hence in terms of differential
forms this is the same as the identity dw]lgsp( B) = 0 on P and so the closedness follows by means of
the fact that pullbacks commute with exterior differentiation.

Now we suppose that L#wésp (B) is closed. By means of the Hodge-decomposition theorem, Theo-
rem we can then decompose B as B = I' + grad(f) for some f € W12(P) and I' € Hy(P), where
we used that B is curl-free. As pointed out t#wyg () is closed. Hence L#wésp( p) is closed if and

only if L#w]l?)sp (arad(f)) is closed due to the linearity of the Biot-Savart operator. Further, we have the
following equivalence from standard differential geometric facts

diFwis,p) =0 F (**dwésp(B)) =0 *n <*dwésp(3)> =t (**dwéSP(B)) =0

& n (sdbs, ) ) = 0 < curl (BSp(B)) | S,

where x denotes the Hodge star operator and we used the notions of the tangent and normal part of
a differential form and the "dual” relation between these notions [29] Chapter 1.2 equation 2.25 &
proposition 1.2.6]. Hence

db#w}lgsp(grad(f)) =0 < curl (BSp(grad(f))) || S.

Letting h(z) := — [, grad(f)(y) - 7=4zd’y, a direct calculation yields

R
4r curl (BSp(grad(f))) = grad(h) on R3\ P.

In particular Ak = 0 on R?\ P, so that in fact h is analytic on R? \ P. We now set E := —grad(h)
and observe that div(E) = 0 on R*\ P so that div(hE) = —|E|* and consequently for all R > r for
any fixed r» > 0 with Q C B,(0), setting U, := B,(0) \ €2, we find

Hﬂ@wﬂﬂwﬁm@=—éwmmmfx
R

T

= —/ hE - ido(a?) +/ hE - Ndo(z) = —/ hE - —do(z),
9B r(0) |z s 9B R (0) |z

where N denotes the outward unit normal with respect to 2 on S = 9Q and we used that F =
—grad(h) = —4n curl (BSp(grad(f))) || S. We finally observe that for |z| > 1 we have |h(z)| < e



and |E(x)| < e for some suitable constant ¢ > 0 (which depends on grad(f) but is independent of

R or z). Consequently, taking the limit R — oo, we conclude that E = 0 on U, for every r > 0 with
Q C B,(0). Hence grad(h) = —E = 0 on R?\  and by real analyticity grad(h) = 0 on R?\ P because
OP is connected and hence so is R?\ P, [23]. In conclusion h = 0 (due to its behaviour as |x| — 00) on
R3\ P. It then follows from [I3, Theorem 9.9], since grad(f) € L2V(P), that h € W,-?(R?) because

h(z) = 04 [p ?If(;/l) d3y = —470,: N(0;f)(x) where N(¢) denotes the Newton potential of a function

¢. This in particular implies that 2 € W'?(P) and that the trace of h when viewed as a function on
P coincides with its trace when viewed as a function on R?\ P [I0, Theorem 3.44] so that, because
h =0 on R3\ P, we infer h € W, *(P). We will see later in lemma [3.9| that we can express

h(z) = /M) F) L= N(y)do(y) — 4 f(z) for all = € P. (3.3)

ly —af
A direct calculation yields then that for all x € P we have

A | L=

opP |y7 \

-N(y)do(y) = 0.

In addition, since div(B) = 0 in the weak sense, we have Af = 0 in P and consequently Ah =0 in P.
So in particular h € WO1 ’Q(P) satisfiles Ah = 0 in the weak sense and the uniqueness of weak solutions
to the Dirichlet-Laplace problem implies A = 0 in P. Overall

h=0on R*\ OP.

Now we approximate grad(f) in L?-norm by div-free vector fields (By,), C ﬂl<s<oo wt SV( ). Then
by means of the Hardy-Littlewood-Sobolev inequality, [30, Chapter V], h - [»B =Y d3y

eyl
will converge to h(z) in LS(R3). We then have for any fixed ¢ € Céx’(Rs)
0= / (Ag)hd*z = lim (Ap)h,d*x.
RS n—oo RS
- _ By (y)-N(y)
Due to the regularity of the B,, we have h,,( Jop B Py do(y) and grad(h = [,p(B
N)m=fwdo(y). Consequently

/}RS(Ad))hnd?’x =— /RB grad(¢) - grad(h,)d*z = 47r/(9 (B - N)p(y)do(y) = 47r/Pgrad((/>) - B, d%y,

P
where We used Fubini’s theorem in combination with the explicit expression for grad(h,,) and the facts
that ‘m y|3 = fvmﬁ, fAmﬁ = 4n§(x — y) where 6(x) denotes the Dirac delta and we used
Gauss’ formula to establish the last identity (recall that the B, are divergence-free). We therefore
arrive at

0= lim [ grad()- Bad’y = /P grad(9) - grad(f)d’y

n— oo P

by the approximation property. We recall that ¢ € C°(R3) was arbitrary so that by a density
argument the above identity remains to hold for all ¢ € W12(P). Letting ¢ = f yields grad(f) = 0
and in conclusion B =T € Hy(P). O

To finish the proof we are left with justifying ((3.3)).

Lemma 3.9. Let P C R? be a bounded C'-domain, 1 < p < oo, and f € WHP(P) be a weak solution
of Af =0in P. Then

-

*/Pgradm(y)- Y By = fy) - N(y)do(y) — dmxp(x) f(z) for all z € R®\ OP.

|z —y[? op \y—%I3

Proof of Lemma[3.9. We prove the statement for x € P, the other situation (z € R?\ P) can be dealt
with in the same manner but without the need to cut out an e-ball. Since x € P, we have B.(x) C P



for all small enough € > 0. In addition, since Af = 0 in P we know that f is in fact analytic in P. We
can then write

T—Y 3 T—Y 3 T—Y
grad(f)(y) - dy:/ grad(f)(y) - dy+/ grad(f)(y) - d>y.
Jymaow - g=mte= [, 0w gt [ e T
Since Be(z) C P and f is analytic in P we can estimate |grad(f)(y)| < c(z) for all y € B(x)
independent of y for all small enough e and where ¢(x) > 0 is a constant which will depend on the
point z. With this it is clear that

. T—Y 3
lim grad(f)(y) - d’y = 0.
8 o SO

On the other hand, using an integration by parts and that div, (ﬂ) =0 for all y € P\ Be(x) we

[z—y|3
obtain

/ grad () Y aty= [ fa) L N)do(y) + / F)E=E Y oy,
P\B.(z) aP

= y - — 0'
|z —y|? |z —y|? oB.(x)  lx—yl® |z —yl
Since f is continuous in P we then find

. T—y T—y
hm/ fly . do(y) = 4n f(x
O JoB, (x) ( )\x—y|3 |z —yl ) (=)

which altogether concludes the proof. O

Regarding the proof that E = 0 on R3\ Q in the proof of Theorem we refer the reader also to
[8, Proof of Theorem A] where a similar reasoning was used.

Theorem enables us to prove some (non-)density results which include Theorem Before we
state the result let us introduce same nomenclature. If Q C R? is a C'-domain with Q = D? x S, i.e. Q
is a solid torus, then we call a closed C*-curve 7 contained in 9 a poloidal curve if, under identification
of said diffeomorphism, it is homotopic to the standard closed curve sweeping out dD? x {z} for some
fixed point = € S'. In terms of fundamental groups, if we fix any x in the image of a poloidal curve
7, then we can identify 71(Q,z) = Z and 71(9Q,z) = Z x Z (where we think of the first factor to
correspond to windings around D?), and « will then represent the trivial element in (2, ) while
it represents the element (1,0) in 71(9Q, ). Further, given some subset D C R? we say that D is a
C2-disc if D is a 2-dimensional C2-submanifold with C'-boundary which is diffeomorphic to the unit
disc of R?, i.e. D itself is a C''-embedded submanifold with boundary and its (manifold) interior D is
C?-embedded.

Corollary 3.10. Let P, C R? be bounded C*!-domains with P C Q and set S := 9.

i) If 90 = S? and P is any C"'-domain with connected boundary. Then Im(BS%) is L?(P)-dense
in L?H(P) if and only if OP is diffeomorphic to a sphere.

ii) If P = D3, where D? denotes the closed unit ball in R?, then Im(BS%) is L?(P)-dense in L>H(P).

iii) In the following we assume that Q 2 D? x S 2 P are solid tori.

a) If 9§ contains a poloidal C''-curve v which bounds a C2-disc D C Q with DN P = (), then
Im(BSY) is not L?(P)-dense in L2H(P).
b) If 9 contains a poloidal C'-curve v; which bounds a C2-disc D C €2 such that D N P

is yet again a C2-disc which is bounded by a poloidal C!-curve ~y, contained in P, then
Im(BS%) is L?(P)-dense in L*H(P).

For a depiction of the two situations described in (iii) see the following Figure
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Figure 2: Left side case (a), right side case (b). The coil winding surface S = 92 is depicted by
the green grid. The plasma domain P is depicted in yellow. The disc D is depicted
in red. In both cases the disc is bounded by a poloidal curve contained in S.

Proof of Corollary[3-10 (i): If 9 = S?, then any closed 1-form on 9 is exact. It then follows from

(3.1) and (3.2) that the annihilator of Im(BS%) is zero if and only if Hy(P) = {0} which in turn is
the case if and only if the genus of 0P is zero which is equivalent to 0P being a sphere.

(ii): If P = D3 then Hy(P) = {0} so that Theorem tells us that the annihilator of Tm(BS%)

is zero and thus Im(BS%) is L?(P)-dense in L?>H(P).

(iii): We recall that according to 1’ and 1} it is enough to check whether for a fixed B €
Hy(P) \ {0} the closed 1-form L#wéSP(B) is exact on 9Q or not. If it is exact for at least one

such B, the image of BSg will not be dense in L?H(P) and if it is not exact for any such B, the
annihilator will be zero and the density-property will follow.

(a): We observe first that a closed 1-form on 02 is exact if and only if it integrates to zero along a set
of generators of the first fundamental group of 9. We can first again identify 71 (99, z) =2 Z x Z for a
fixed x € O where the first factor corresponds to windings around dD? (recall that 9 = dD? x S1).
It is then possible to find a representative 7 of the element (0, 1) which bounds a disc D = D? outside
of Q. We recall that BSp(B) is curl-free outside of P and thus Whs,» (p) 18 closed on R?\ P and since

D C R*\ Q C R3\ P we conclude that ngésp(m is closed, where 15 : D — R? denotes the inclusion
map. Then by Stokes’ theorem we find

/V[’#OJ%BSP(B) = /N dbgwéSp(B) =0.
o7 D

On the other hand, by assumption, we can now find a poloidal curve 7 contained in 92 which bounds
a disc D = D? in Q such that DN P = (. Then we can argue as before that Lﬁwéspw) is closed

and thus Stokes’ theorem yields [  1#wpg 5 = 0. In conclusion t¥wig g is exact on 9 and (3.1)

implies that the annihilator of Im(BS%) is non-zero, i.e. Im(BS%) is not dense in L2 (P).

(b): By 1) and 1) it is enough to show that L#wéSP(B) is not exact on 9. This will follow
once we show that there exists a closed C*-loop v on 9 with f,y L#wésp(B) # 0. To this end we
consider a poloidal curve ; on 92 which bounds a disc D; such that D, NPis again a disc denoted by
D5, which is bounded by a poloidal curve 2 contained in 9P. We recall that BSp(B) is smooth away
from OP and satisfies curl(BSp(B)) = xpB where xp denotes the characteristic function of P. We

can then consider a small tubular neighbourhood Ue around 0P which has two boundary components
C! ¢ P° and C? c P. We then have

/ B - Ndo(z) = / curl(BSp(B)) - Ndo(z) = / curl(BSp(B)) - Ndo(x)
D2\U. D2\U.

Di\U.
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where we used that curl(BSp(B)) = 0 outside of P. We observe first that B is continuous up to the
boundary by Sobolev embeddings since Hy (P) C WPV(P) for all 1 < p < co. Hence the left hand
side, upon taking the limit € \, 0 converges to fD2 B - Ndo(x) and so

/ B-Ndo(xz) = lim curl(BSp(B)) - Ndo(z).
Do

E\(O Dl\Us

We may assume that D; \ U, is bounded by 3 closed curves, the poloidal curve 41 and two more curves
3 c C! and 4 € C2. Then applying Stokes’ theorem yields

ks, s + /
.

/Dl\Ué curl(BSp(B)) - Ndo(x) = /

71

BSp(B) —|—/ BSp(B).
s vi
As e N\, 0 the curves 7§, ¢ will approach the curve v, but due to the orientation conditions in Stokes’
theorem the limiting curve of v§ and v§ will be oriented in the opposite way. Then due to the continuity
of BSp(B) these path integrals cancel as e \, 0 and therefore we obtain

/L#wéSP(B)z/ B - Ndo(z).
71 Dy

To be more rigorous one may start with a C'l-vector field on D; which is everywhere tangent to Dy
and outward pointing along ¥» and extend it to a C'-vector field X on € in such a way that X is
everywhere outward pointing on P and compactly supported within a small neighbourhood around
OP. Letting ¥, denote the global flow of X we can then consider the tubular neighbourhood U, given
by the flowout ¥ : OP x (—¢,¢) — U, (x,t) — U,(x) which defines for small enough 0 < € a C-
diffeomorphism onto some open neighbourhood U, of P. It is clear from construction that D \ U, is
bounded by the curves 71, ¥, o0~y and ¥_. o y,. From here one can easily justify the above argument
rigorously.

It then follows from [3, Corollary 3.4] and the fact that Dy is bounded by a poloidal curve that
Jp, B-Ndo(x) =0 implies B = 0 and hence the annihilator consists solely of the zero functional, i.e.

Im(BSY) is L?(P)-dense in L>*H(P). O

3.4. Proof of Corollary [1.7]

In this subsection we introduce a class of "nice” harmonic fields within which the image of the Biot-
Savart operator is C*-dense for every k € N, drastically improving the L?-density result, Corollary
Essentially, we consider those harmonic fields, which admit a harmonic extension to a whole neigh-
bourhood of the domain P. Note that if P € U € ), where P € U means P C U, for bounded
Cll-domains P,U,Q C R3, then every element of L?*H(U) = {B € L*V(U)|curl(B) = 0 = div(B)}
satisfies B € C>°V(P) by elliptic regularity and hence B|p has finite C*-norm for every k € N. Simi-
larly, Im(BS),) € C®V(P) and so any element in the image of the Biot-Savart operator has a finite
C*-norm on P.
With this in mind, we formulate the following result

Corollary 3.11. Let P € U € Q C R? be bounded C*'-domains with P = D? x S! =2 Q) and let
S := 00. If Q admits a poloidal closed C'-curve v contained in S which bounds a C2-disc D in ) such
that D N P is yet again a C2-disc bounded by a poloidal closed C!'-curve ¥ contained in P, then for
every Br € L*H(U), k € Ny and every € > 0, there exists some j € L?Vy(9), such that

| BS5 () = Brllex(p) < e

Proof of Corollary[3.11] The main idea is to exploit elliptic estimates together with Sobolev regularity
results. We can fix any C*°-smooth vector field X on R? which is everywhere outward pointing along
OP. Multiply this vector field by a bump function so that wlog X is identically zero outside a small
neighbourhood of 9P. We can then consider for small ¢ > 0, P; := ¢;(P), where 1 is the flow of X.
We observe that P C P, for all t > 0 and that if D is the disc within  bounded by a poloidal curve
v such that D N P is bounded by a poloidal curve 4 in 9P, then (D) will be a disc within Q (since
Y () = Q) which remains bounded by the same poloidal curve v (because v, is the identity outside
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a small neighbourhood of 9P) and we have ¢y (D) N P, = ¢;(D N P) which will be a disc in P, which
is bounded by the curve 1, o ¥ which remains a poloidal curve for small ¢ and is contained in OF;.

We now observe that any B € L2H(U) is in fact, by elliptic estimates, analytic in U. Further it sat-
isfies AB = 0 in the classical sense on U. Then, since P C P, we can exploit elliptic estimates (keeping
in mind that AB = 0), [II, Chapter 6.3 Theorem 2],[I3, Theorem 9.11] and Morrey’s inequality [IT,
Chapter 5.6 Theorem 6] to conclude

| Bllcrpy < e1llBllwr+22(py < c2BllL2(p,),

where the constants ¢; > 0 depend on k,P and the fixed small value t. We recall that BSE = BSg |p
and that Im(BSY) C L*H(U) so that we obtain

IBSS (j) = Brllcr(py < c2l BSE (4) = Brll2(p,) for all j € L*Vy(S).

We have however already verified that P, satisfies the conditions of Corollary [3.10] so that we know
that Im(BS?) is L?(P;)-dense in L>*H(P,;). But obviously Br|p, € L*H(P;) and so there exists some
je € L*Vo(S) with || BSE (je) — Brl|r2(p,) < £ which concludes the proof. O

4. Relation to optimisation problems in plasma physics

In the plasma physics literature it is customary to use Tikhonov-type regularisation methods to make
ill-posed problems accessible, c.f. [21], [27]. More precisely, given some target field Br € L*H(P),
where P C 0 C R? is our plasma domain one would like to find a current j € L?Vy(9), S = 09,
which minimises the quantity || BSs(j) — Br||r2(p). However, in order to guarantee the existence
of a minimising current one introduces a regularising parameter A > 0 and can study the following
regularised minimisation problem.

O0:Bry:= it (1IBSs() = Brlliaee) + AlillEacs)) (4.1)

It follows then from standard variational techniques and convexity of the functional that a unique
minimiser always exists.

In this context the question of the behaviour of C(\; Br) arises as A N\, 0. At the very least
one would like to understand if this quantity approaches zero or not, which has close connections
to questions regarding the approximation properties of the Biot-Savart operator. Let us make this
statement precise.

Proposition 4.1. Let P, C R3 be bounded C''-domains, S := 9Q, with P C Q. Given some
Br € L*H(P) the following two statements are equivalent

i) limy,0C(X; Br) =0.

ii) There exists a sequence (jn)n C L?Vo(S) with || BSs(jn) — Brllr2(p) — 0 as n — oc.
In particular, we have limy\ o C(\; Br) = 0 for every By € L*H(P) if and only if Im(BS%) is L?(P)-
dense in L2H(P).
Proof of Proposition [{.1}

(i)= (ii): We assume for a contradiction that there does not exist a sequence (j, ), for which BSE (j,)

converges to By in L?(P). Then the L?(P)-orthogonal complement of Im(BS%), recall that L2#(P) is
a Hilbert space, is non-empty and we have the direct sum-decomposition L>H(P) = clos (Im(BSE)) @

(Im(BS?))l. In particular, we can express By = B; + By for an element B; € clos (Im(BSf;)) and
B, € (Im(BS% ))l Since we assume that Br ¢ clos (Im(BS%)) we must have By # 0. Consequently

|| BSS(]) - BT”%Q(P) + )\H]H%2(S) Z ||BQH%2(P) for all A >0 andj S LQV()(S)

by L?(P)-orthogonality of the decomposition. Thus C(\; Br) > HBQH%?(P) > 0 which contradicts
lim,\\o C()\, BT) =0.
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(ii)=(i): Given any e > 0, fix some j. € L*V,(S) with || BSE (jo) — BT||2L2(P) < €. Then for any
fixed A > 0 we have

C(X; Br) <|IBSs(je) = BrlZz(py + Aljell7zcs) < €+ Alljell7zs)-
We note that j. is independent of A and so for the fixed ¢ > 0 we obtain

0 < liminf C(\; Br) < limsup C(\; Br) <.
AN A0

Since € > 0 was arbitrary, we get limy\ o C(\; Br) = 0 as desired. O

The following is then a direct consequence of Corollary and Proposition where we recall
that we write P € () to mean P C Q.

Corollary 4.2. Let P € Q C R? be bounded C'!'-domains with P = D? x ' = Q. If Q admits a
poloidal closed C!-curve v contained in 9 which bounds a C?-disc D in § such that DN P is yet again
a C2-disc bounded by a poloidal closed C'-curve 4 contained in AP, then for every By € L>H(P) we

haVe
]].]ff .B — ”

The above observation enables us to obtain a sequence of currents (j,), C L*V(S) whose magnetic
fields (BSs(jn))n approximate a given target field Br.

Corollary 4.3. Let P € Q C R3 be bounded C''-domains with P = D? x S! =~ Q. Suppose
further that Q admits a poloidal closed C'-curve v contained in 92 which bounds a C2-disc D in
Q such that D N P is yet again a C?-disc bounded by a closed poloidal C'-curve ¥ contained in
dP. Given any Br € L?*H(P) and A > 0 we denote by j the (unique) minimiser of . Then
limyo || BSaa(jx) — Brllz2(p) = 0.

Proof of Corollary[f.3 This is a direct consequence of the fact that || BSaa(jx) —BT||2Lz(p) < C(X\;Br)
which converges to zero according to Corollary O

Remark 4.4. i) According to Proposition we know that if By # BSyqa(j) for every j €
L?Vy(092) then the L2?(9Q)-norm of any sequence of currents (j,), C L?Vy(0Q) for which
BSsq(jn) converges to Br in L?(P) must diverge to infinity. For the specific sequence from
Corollary we have however the estimate

. C(X\; Br)
13al1Z2(00) < N

and so in particular [|jx[[z2(a0) € 0 (%) as A\ 0 because C(\; Br) — 0 as A\, 0.

Cl1-domain, let By € L*H(U). We may then just like in the proof of Corollary enlarge the
plasma domain P by means of a flow out construction to a slightly larger domain P € P, € U and
consider the minimisers j) of on the underlying domain P;. Then according to Corollary
BSsa(jx) will converge to By in L?(P;) and by means of elliptic estimates in C'-norm to Br
on P. So that one may in fact obtain a C'-approximating sequence. Note however that we do
not obtain any specific rate of convergence as A \ 0.

ii) Given some P € U € Q, where P and  satisfy the conditions of Corollary q and U is some

5. Kernel of BSg

For a bounded Ct'-domain ©Q C R3 we let S := 9 and consider the operator

BSs : L2Vy(S) = V(Q), j — (x s i /S jly) x |§__3j/|3da(x)>
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where V(2) denotes the smooth vector fields on Q (recall that L?Vy(S) is the space of L?(S)-vector
fields which are tangent to S and divergence-free as vector fields on S in the weak sense).

Before stating the rigorous version of our main result we recall that H () is the space of H'-vector
fields on Q which are div-free, curl-free and tangent to the boundary of Q and g(.5) denotes the genus
of a surface S.

The following is our main result.

Theorem 5.1. Let Q C R? be a bounded CY'-domain. Then
dim (Ker(BSsq)) = dim (Hx(2)) = g(09Q).

In particular, dim (Ker(BSpq)) is a homotopy invariant, i.e. for any two given bounded C'+'-domains
01,0y C R3 which are homotopic, the kernels of the corresponding Biot-Savart operators are iso-
morphic. Further, Ker (BSoqa) C Nocaci CU*V(0), i.e. all elements in the kernel are a-Hélder
continuous for all 0 < a < 1.

Remark 5.2. We provide an explicit isomorphism between Hpy (€2) and the kernel of the Biot-Savart
operator. In particular, we can construct a basis of the kernel from any given basis of Hx (£2).

From the point of view of physical applications the case where a surface S bounds a solid torus is
of particular interest. Letting D? denote the closed unit disc of R? we obtain the following corollary.

Corollary 5.3. Let D? x S' 2 Q c R3, 9 € C*! be a bounded C':'-domain. Then
dim (Ker(BSsq)) = 1.

We divide the proof of Theorem [5.1]into two parts which we deal with in the following two subsec-
tions. In the first part we prove the upper bound on the dimension and in a second step we provide
the lower bound.

5.1. dim (Ker(BSaq)) < dim (Hn~(2))

Before we come to the proof of the upper bound we first prove two auxiliary results. The first result
states that we can always find certain extensions related to square integrable currents which posses some
regularity and that under certain circumstances these extensions may be taken to be curl-free. The
second statement provides an equivalent expression for BSg in terms of the curl of suitable extensions
related to the underlying current.

Before we state the first lemma we recall that H(curl, Q) is the space of square integrable vector
fields which admit a square integrable curl. Further, we say that w € H (curl, Q) satisfies N’ x w = j
on O for some j € L2V(9Q) if it satisfies

/ curl(w)(z) - Y (2)d>z — / w(z) - curl(y)(z)dx = / j - pdo(x) for all p € WH2Y(Q).
Q Q

o0

Further, we equip H(curl, Q) with the norm ||wl|p2 cun = \/||w|\2L2(Q) + | curl(w)H%Q(Q) which is in-

duced by an inner product.
Lemma 5.4. Let Q C R3 be a bounded C':'-domain. Then there exists a bounded linear operator
T : L*Vy(08) — H(curl, Q)

such that div(T'(j)) = 0 on Q in the weak sense and N x T(j) = j on 9 for all j € L?Vy(9€). Further,
if [,o7-Tdo(x) =0 forall T € Hy(Q), then curl(T(j)) = 0.

We note that the existence of extension operators in the context of H(curl,2) spaces are well-
established, see for instance [I, Theorem 3.1] and in fact following the construction of the extension
operator in the proof of [I, Theorem 3.1] shows that their constructed extension operator satisfies all
the required properties as stated in Lemma [5.4] However, to make the present manuscript more self-
contained, we provide here a shorter, alternative proof exploiting the Hodge-decomposition theorem.
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Proof of Lemma[5.J] We adapt the reasoning of [14, Corollary 2.8] which dealt with the corresponding
space H(div, Q).

Define the space H+Vy () := {A € H'V(Q) | div(A) = 0, A-N = 0} and note that it is an H'-closed
subspace of W12V(€2). It then in addition follows from [2, Lemma 2.11] that the norms | - || 12 cur and
|- |z are equivalent on H:Vo(Q). Given some j € L2V, (99Q) we can then define the following linear
operator

J:HiVo(Q) =R, e [ j-tpdo(z).
oQ
It then follows from the trace inequality that |J(¥)| < [|jllz200) |l z200) < cillillz2o) Ve @) <
calljll 200 191 £2,cur1 Where we used the equivalence of the corresponding norms and where ¢y, c2 > 0
are suitable constants which are independent of j and 1. It then follows from the Riesz representation
theorem that there exists a unique 4; € HEVy(£2) with

/ j-do(z) = / Aj(z) - (z)d*x —|—/ curl(A;)(z) - curl(y)(z)d*x for all ¢ € H3Vo(Q).  (5.1)
a0 Q Q

It is then obvious that the assignment j +— A, is linear. We then let w; := —curl(4;) and note
that the assignment j — w; is also linear. We now claim that curl(w;) = A; which will establish
w; € H(curl, Q) because 4; € H'V(Q). To see this let ¥ € V,(£2) be any smooth vector field which is
compactly supported in §2. According to Theorem we can decompose ¥ = curl(B) + ' + V¢ for
suitable ¢ € W2(Q), B € W12V(Q) with B L 9Q and T’ € Hx (). We then find

/ Aj-VdPz = / Aj - (curl(B) + I d*x
Q Q

where we used that A; € H}Vo(Q2). We further notice that curl(B) + T' € HEVy(S2) (note that
curl(curl(B)) = curl(¥) € L?*V(Q) and curl(B) || 9Q so that curl(B) € H'V(Q)). Utilising (5.1) we
find

Aj - Vdx = —/ curl(A;) - curl(¥)d*z — / j-Vodo = —/ curl(4;) - curl(¥)d*z
Q Q 0 Q

where we used that curl(V¢) = 0, that ¥|sq = 0 and that j is divergence-free in the weak sense, i.e.
L?(99)-orthogonal to all gradient fields. This proves that curl(w;) = A;. We notice that

[will72 curt = 1451172 cart = J(A5) < callill L2co0) 14511 22,curt = c2llillL200) w; ]l 22 cun

by means of and the boundedness of the functional J. We are left with verifying that N x w; = j
on JN2. But this follows in the exact same spirit as the calculation with ¥ above.

This proves the first part of Lemma In order to establish the second part we will modify the
assignment j — w; further to ensure that curl(w;) = 0 whenever [, j-T'do(x) =0 for all T' € Hx (Q).
The main idea of the upcoming argument, namely exploiting the Hodge-decomposition theorem, is
taken from [29, Theorem 3.1.1]. Given our w; we consider the following Hodge-decomposition of
curl(w;)

curl(w;) = grad(p) + curl(C) + T

for suitable p € W12(Q), C € W12V(Q), C L 99, div(C) =0 and T € Hy (). Since this decomposi-
tion is L?-orthogonal we find

lexad(o) ey = [ curltw,) - grad(p)d’e = 0
where by means of an approximation argument we assumed that p € W22() and thus Vp € W12V(Q)

and where we used the fact that curl(Vp) = 0 and N'xw; = j which is L?(9€2)-orthogonal to all gradient
fields. Similarly, using curl(I') = 0 we find

||I‘||%2(Q) = /chrl(wj) TdPr = / j - Tdo(z)

oN
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which equals zero whenever [, j-T'do = 0 for all T' € Hx(Q2). We conclude curl(w;) = I+ curl(C) for
some C' € WH2V(Q) with div(C) = 0 and C' L 9 and where I' € H () is zero whenever j satisfies the
additional orthogonality assumption. We observe first that || curl(C)|[z2(q) < || curl(w;)| £2 (o) and that
the assignment w; — curl(C) is (unique) and linear. Finally we let Hp(Q2) := {0 € H'V(Q)| curl(©) =
0= div(@), © L 99} which is an L?-closed subspace of L?V(2). It then follows, see the proof of
Theorem that there is a unique vector potential C; € H'V(Q2) which is L?-orthogonal to Hp(£2),
satisfies dlv(C ) =0and C; L 0Q and the a priori estimate

1Cj w2y < eall curl(w;)| L2

for a suitable cg > 0 which is independent of j. The assignment j +— C; is therefore linear and
continuous. We finally let T'(j) := w; — C;. By the above arguments this yields a bounded, linear
operator from L2Vy(99) to H(curl,Q) with div(T(j)) = 0 and N x T(j) = N x w; = j because
C; L 99 and div(C;) = 0 so that T satisfies the conditions of the first part of the lemma. In addition,
as we have seen above, if [, j-T'do = 0 for all T' € Hy(€2), then curl(C;) = curl(w;) and consequently
curl(T'(5)) = 0 in this case. U

Lemma 5.5. Let Q C R3 be a bounded C'''-domain. Let j € L2V(0€2) and let T'(5) be defined as in
Lemma [5.4] Then we have the identity

cur j LY 3 - ] LAY g8
Bon(i o) 22TV X B+ V. [, TOV0)- iy

In particular, BSpq : L2V (0Q) — L?*H () is a well-defined, linear, continuous operator.

Proof of Lemma[5.8 In a first step we assume that j is additionally of class H'(9€2). We start by
defining v := j x N and S := 9Q where N € C%1(S) denotes the outward pointing unit normal on S.
Due to the Lipschitz regularity of N we find v € H'V(S). We observe that v - N = 0 a.e. on S and
that

—T(j)(z) for a.e. z €.

Nxv=Nx([GxN)=j—-WN-jN =3,
where we used the vector triple product rule, that [N| = 1 and that j - A =0 a.e. on S. In addition,
if o € Wh2V(Q) is any H'-vector field on Q with ¢l = v on S (or equivalently N x & = N x v = j)

then we find
wB8s() = [ (V) 220 ) ot - () 220 ) Vo)

once more by means of the vector triple product rule. It then follows from [I0, Theorem 3.42] and the
Hardy-Littlewood-Sobolev inequality that we may assume that o € WH2V(Q) N C>®V(Q).

Now fix any = € Q and let B.(z) € Q (precompact in ). Using the integration by parts formula
for Sobolev functions we find, letting n; := N - ¢;,

- Ty - Ty Yi — T - =Y 3
0 - n;do(y) — / <v . ) do(y) = / Oy, (v : > d’y,
/s < |z — y|3> ' OB, (x) lz—yl*) |z -yl O\ B, (z) Y |z —y?

i.e. we have

7 o orz—y \ y—x . T—y 3
v —— | Ndo / <v~ ) do(y :/ grad (v- )d y.
/s ( |z — y|3) W) - 9B, (z) lz —y®) |z —yl @) Q\B.(z) Y lz —y[3

Now, 0 as well as y +— | y‘ 5 are smooth on Q\ B.(x) so we can use standard vector calculus identities
to express

- =Y Y o~ r—y r—y ~
rad, | v - V~7+sz U+ v X curl + x curl(v),
arad, (7 720 ) = Vo e Y (B=ap) o

where the derivatives are all taken with respect to y. First, we observe that curl (ﬁ) = 0 because

7“;” i grad, ( ‘> In addition, as y | ‘3 is smooth on Q\ B(x), we have the identity

T—y i ) — gy’
/ Vs sdiy = / 0" (y)0y, <3> d*y ¢;
Q\B. () |z -yl Q\B. () |z -yl

. - Sﬁ'_y 3 x_y ~ ./L'_ .’L'—y -
=— div (v dy+/ (vy )do /71)'./\/(101/,
/Q\Bm OB | e=oP W oy ) W [ amyp @) 0W)
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where we used the Einstein summation convention. Combining our considerations so far we obtain

L (g

N T —y - iy Y 3 r—y -
= V sy 04+ —5 x curl(v) — div(v d —|—/ 0 - N)do(y). 5.2
Lo e < cunl(s) — div(7) 'y @ Mydo(w).  (52)

EEL | s lz—yl?

On the other hand

i —Y ~j r—Y y—x
) (2t N ) o) - [ v (F 2 dot)
L EETE 05 (o) T—yPF Tz —y]
. ~d r—1Y 3 ;Ui — yi . 3
= div [ 97 (y >dy=/ ;7 (y)d’y,
~/Q\Be(w) ( ( )|9C —y? O\B. () lz —y? )
where we used that div (ﬁ> = 0 as can be verified by explicit computation. Therefore,

/ <|x_;3 Ny )) o(y)do(y) = /sz\m )v‘: yy‘svds /c’?BE(x) |;~)£y;|2da(y).

Combining this identity with (5.2)) we arrive at

L(N"QL;%)aw—(amwj_ngmdw

= curl(3) x ——Y_ 4 Qiv(d) =Y g3 — Y (5. (1) — o(y) .
_/Q\B(z) 1) |z — |3+d ()| — Y /S 5(0-N)do(y) / do(y).

y[3 lz —y[3 OB, (z) |z —y[?

As for the last integral we notice that

/ ) o(y) = 12 0(y)do(y) = 47r][ 0(y)da(y),
9 €

B () |z —y[? OB, () B, (z)

where faBe(x) = m fBBE(x)' Since z € 2 is an interior point and @ € C*V(Q), we see that

o(y) .
lim do(y) = 4mo(x).
O JoB, (2) \17—3/\2 ) (=)

For the remaining integral we also use the smoothness of v as follows

. x— T—Y 4
curl(9) x —=% + div(0) ~d°y
/Q\B (x) |z — \3 lz —y[?
Yy 3

- x — T—Y . x — T
= | curl(v 7+dlv dy—/ curl(v 7+d1V’U d’y
oo s v [ o) x 2 v

and since © is smooth on 2 and hence of class C!(B(z)) we can estimate

1
<C(zx / ——d%y
K R e

for some constant C(z) > 0 which will depend on 2 but can be chosen independent of e. Translating
the integral and working in spherical coordinates we see that lime || B.(x) To=3l? y|2 do(y) = 0. Therefore,
taking the limit € \, 0, we conclude that

T — T —
curl(v —— +div(v d3
0 8 X s AN

47 BSs(j)(z) = / curl(s) x Y3y + | div(@) 2=

Q |z —yl Q \x—y|3

Y By — v 7]40 wo(x).
iy A(.N) do(y) — 4w (x)

|z — gyl
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We observe now that

= A=l

= -V, (/Q Wd‘?y—/swdg(y)> = Vz/fo(y)' J:;j‘sd:‘y

where we used an integration by parts in the last step. Therefore we arrive at

47 BSs(j)(x) = / curl(?) x ‘ d3y + V. / y|3d3y 4mo(x) for a.e. x € Q.
Q
We recall that & € H'V(f2) was an arbitrary element satisfying N'x% = j on S. According to Lemma
we have T'(j) € H(curl,Q), div(T(j)) = 0 and N x T(j) = j. It is then a consequence of [2, Remark
2.14 & Corollary 2.15] that in fact T'(j) € WH2V(Q) and consequently we may set @ = T'(j) and deduce
the desired formula for the case j € H*Vy(S). In the general case we can for given j € L?V,(S) find an
L?(S)-approximating sequence (j,)n, C H'Vy(S). Then obviously BSg(j)(x) = lim,,— 0o BSs(jn) ()
pointwise for every fixed x € Q. By continuity T(j,) will converge in L?(2) to T(j) and thus,
upon passing to a subsequence, T(j,) will converge pointwise almost everyvvhere to T(j). Similarly,
the Hardy-Littlewood-Sobolev inequality implies that fQ curl(T'(jn)) x E Z=Y d3y converges in LS to

Iw y
Jo curl(T'(4)) x |§ nyS d3y because curl(T( 1)) converges to curl(7'(5)) in L? by properties of the operator
T. Lastly, if we let N(f)(z) := & [, Ii(yy‘dgy denote the Newton potential of a function f € LP(f),
then we observe that
T())*
0. [ 1) sty = o0 [ Ty - g0, n( ()Y
|$ - o lz—yl

where (T'(j))* denotes the k-th component of T(j). It then follovvs from the linearity and regularity of
the Newton potential [I3, Theorem 9.9] that V. [, T'(j») = y|3d y converges to V [, T'( = yy|s d3y
in L2(Q) because T'(j,) converges to T(j) in L?(Q2). Hence, upon passing to subsequences, the involved

terms will converge pointwise a.e. and the claim follows. O

We can now combine Lemma [5.4] and Lemma 5.5 to prove the following main ingredient needed to
obtain the upper bound on the dimension of the kernel of the Biot-Savart operator.

Corollary 5.6. Let Q C R? be a bounded C''-domain. If j € Ker (BSsq) and if

/ j-Tdo(y) =0 for all T € Hn(Q),
0

then 7 = 0.

Proof of corollary[5.6. Given j € Ker(BSspq) with [, j - Tdo = 0 for all T € Hy(2) we denote
by T'(j) € H(curl,Q) the vector field from Lemma which satisfies N x T'(j) = j on 9 and
curl(T'(4)) = 0 in Q by our orthogonality assumption on j. It then follows from Lemma that

47rBSag(j):/curl(T(j)) T d3y+V/ I:v y|3d3y 47T(4) in Q.
o Z

Since curl(T'(j)) = 0 and j € Ker (BSsq) we obtain the identity

() v/ I:v— ‘dy,zeQ (5.3)

We set WI2(R?) = {f € LS(R?)|grad(f) € L*V(R®)} and 9(z) == & [, T( ) d®y and
note that the Hardy-Littlewood-Sobolev inequality implies that w € LG(R3) whlle the regularising
properties of the Newton potential imply that V¢ (z) € L2V(R?) and consequently ¢ € W12(R3).

Our goal now will be to show that we must have T'(j) L 99, i.e. N x T(j) = 0, which will imply
j=NxT(j)=0.
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Before we give a proof of the fact that T'(j) L 09 let us refer the reader to the proofs of [8, Propo-
sition 2 & Theorem B] where a similar statement in a more regular setting was derived. The following

is an alternative, shorter argument, to establish the same result which works for less regular vector
fields.

Let E := —V1 and ¢ € C}(R?) be any fixed compactly supported function. We can then approximate
J by vector fields (j)n C H'Wo(S) in L2(S). Letting ¢y, (2) := [, T(jn) - =itz d’y and E, := =V ¢,

REE
we know, due to the properties of the Newton potential [I3], Theorem 9.9], that the E,, converge to F
in L?(R3). Then using the Fubini-Tonelli theorem and arguing in the same spirit as at the end of the
proof of Theorem [3.7] we find

[ Vo Bus = - [ avTG.)0 (4; [ vota- H’d%) &y

|z —yf?

[ ww G (5 [ oty - o) doty)

|z -yl

= [ @G womEs = [ W) TG =~ [ TG Vo,
where we first used an integration by parts, differentiated under the integral sign and made use of the
fact that T'(j,) € H'V(Q) as explained in the proof of Lemma Taking the limit we conclude

V¢ Ed*x = —/ T(5)(x) - Vé(x)d>z for all ¢ € CH(R?).

R3 Q

This identity in combination with the fact that C; (R?) is dense in Wl’z(Rg), in the sense that for every
J € WE2(R?) there is a sequence (fn)n C Ce(R?) with fn — f in L(R?) and grad(f,) — grad(f) in
L?(R3), yields, by setting ¢ = 10,

B gy = / () - Ed'z,

where we used that £ = —V1. Now (5.3) yields ||E|? = =0,ie. =V, =FE=0in [} Hence,
L2(R3\Q)

1) is constant on each connected component of Q°. Since P € W1’2(R3), this in particular implies
that the trace of 1) when viewed as a function on (2 is a locally constant function on 9€2. In addition,
Vi =T(j) on Q from which one easily infers that j = N x T'(j) = 0 on 99. O

Let us now state the desired upper bound as a stand alone result.
Corollary 5.7. Let Q C R? be a bounded C*'-domain. Then dim (Ker(BSpq)) < dim (Hx ().

Proof of Corollary[5.7] Fix any basis I'y,... s Taim(rn (2)) of Hy(€2). We can then restrict each I'; to
the boundary to obtain well-defined vector fields on 9. These vector fields will span a subspace of
the square integrable vector fields on 9f2. We denote this subspace by Hy ()]s and we set n :=
dim (Hn(Q)|aq). We note that n < dim (Hy(£2)). We now suppose that we are given j; € Ker(BSsq),
1 <i<n+1. Our goal is to show that any such collection of vector fields must be linearly dependent.

If 71 = 0 we are done. If j; # 0 we define V; := {F € Hn(Q)|oal(T, j1)r200) = O} and we claim that
dim (Vi) = 1, where Vi~ denotes the L?(9€2)-orthogonal complement of V; within Hy(Q2)|sq. To see
this we first note that if I'y, Ty € Vi+\ {0}, then by definition of V; we must have f(’)ﬂ j1-Trdo # 0 for
k = 1,2 and consequently setting I" := fag g1 -Tadoly — fag g1 -T1doTy € Vi we find faQ j1-Tdo =0
so that I' € V;. Therefore I € Vi N Vf‘ = {0} and hence T'; and T’y are linearly dependent. On the
other hand, since j; # 0 lies in the kernel of the Biot-Savart operator, it follows from Corollary
that dim(V;1) > 1 and so overall this space is precisely 1-dimensional. We can now fix any I'; € Vi
with fm j1 - T1do = 1 spanning this space. We can then consider jl = j,, — faQ Jm - T'1doj; for
2 <m < n+1 and observe that (j},,I'1)12(90) = 0 and that dim (V}) =n — 1.

Now if j3 = 0 this means that j, and j; are linearly dependent and we are done. So we may assume
ja # 0. In that case we can repeat the above procedure by setting V5 := {I' € V1\<F,j§>L2(aQ) =0}
and we let V5= denote the L?(99)-orthogonal complement of V, within V3. It now similarly follows that
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dim (V2 ) =1 and we can fix some T'y € V3+ C V; with Joq 33 - T2do = 1. We then define accordingly
g2 =gk — faﬂ gt -Tadojs for 3 < m < n+ 1. Tt follows accordingly that (jm,Fk>Lz(6Q) = 0 for all
3<m<n+land1<k<2.

Again, if j3 = 0 we see that j1, j2, j3 must have been linearly dependent and we are done. So overall
either ji,...,j, are linearly dependent (in which case we are done) or otherwise, after repeating the
above procedure n-times we obtain an L?(99)-orthogonal basis I'y,...T,, of Hx(Q2)|aq and suitable
constants a; € R, 1 < i < n such that j,41 — Y 1 a;ji is L?(09Q)-orthogonal to all Ty, 1 < k < n.
Hence, setting j := jni1 — Diq Qiji, [pqJ - Tdo = 0 for all T € Hy(Q) and since j is in the
kernel of the Biot-Savart operator (recall BSyq is a linear operator) it follows from Corollary - 5.6| that
we must have j = 0 and hence in any case ji,...,Jn,+1 must be linearly dependent. We conclude
dim (Ker(BSpq)) < dim (Hx (2)|an) < dim (K (Q)). O

5.2. dim (KQT(BS(’}Q) > dim (HN(Q)))
Proposition 5.8. Let  C R3 be a bounded C'*!'-domain. Then dim (Ker(BSgq)) > dim (Hx(£2)).

The proof of Proposition consists of 4 steps. To ease the exposition we will assume at some
instances in steps 1-3 that 02 is connected. If 0f) is disconnected some additional work is required
which we postpone to step 4.

An outline of the four steps is as follows. In the first step we define for every non-zero I € H ()
an explicit non-zero element jo € L?Vy(9€2) which we show to be of class C%*V(9Q) for all 0 < a < 1.
In the upcoming step 2 we then verify that the defined current jj lies in the kernel of the Biot-Savart
operator. In the third step we then show that the non-zero currents obtained in this way from a basis
of Hy () are linearly independent, which will prove the claim. In the last step we explain how to
adjust the argument if the boundary is disconnected.

The regularity claim of Theorem [5.1]then comes for free from Corollary [5.7] because the upper bound
then guarantees that the linearly independent vector fields which are of class C%® for every 0 < o < 1
in fact form a basis of Ker(BSpn). We state this result as a corollary.

Corollary 5.9. Let Q C R? be a bounded C*'-domain. Then Ker(BSsa) C Nycqei CUV(09).
Proof of Proposition[5.8

Step 1:

Before we define the current jg we fix an orientation on 92 in such a way that given any vector field X
tangent to JQ the corresponding orthogonal field X+ obtained from X by identifying X with a 1-form
wl via the pulled back Euclidean metric and then identifying the 1-form %w} with X' is given by
X1 =N x X where N denotes the outward pointing unit normal.

We now fix some I' € H () with ||FHL2(Q = 1 where we recall that Hy(f2) is the space of H'({2)-
vector fields which are tangent to the boun(fary and curl- and div-free. It follows from Lemma
that I' € WPY(Q) for all 1 < p < co. In particular, by standard Sobolev embeddings, the restriction
['|aq is of class C%V(9Q) for all 0 < o < 1.

We can now consider the volume Biot-Savart potential BSq(I')(x) : fQ Wd y and it

follows from the proof of Proposition [3.6] that we have the identlty

BSq(I)(z) = —i . Wda(y) for z € 0,

where we used that T is curl-free. Our previous arguments imply that A" x T is a C%*V(9€) vector field
for every 0 < a < 1 and it is then standard that the right hand side of the above identity in fact defines
a continuous vector field on all of R3. Then, in turn, [28, Theorem 4.17] implies that V, BSq(T')|q
admits a unique continuous extension up to the boundary which is of Hélder class C%(Q) for every
0 < a < 1. Because BSq(T) is also continuous on all of R? this then implies that BSq (T)|an € C1(092)
forall 0 < a < 1.

Lastly, we may define

1 BSq(I')(y) - N(y)
F: Q—)Rxwﬂ/ Q|x_y| do(y) (5.4)
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and we note that since BSq(T) - AV is of class C%%(9Q) for each 0 < o < 1 we can argue identically as
in the case of the Biot-Savart operator that F' is in fact continuous up to the boundary of £ and that
its restriction to the boundary is of class C1:*(99) for every 0 < o < 1. Further, setting

e CH(09)  CH(@).g = walal(@) = 1= [ o) =5 - N)do(y). 2 €9

it follows from [28, Theorem 4.31] that wq, is well-defined and that in particular wg[g] admits a C1:2(€2)
extension denoted by wg[g] (we follow here the notation in [28]).
So far we did not need to assume the connectedness of 9f2. But for the moment, to ease the
exposition, we assume that 02 is connected. In step 4 we will deal with the disconnected case separately.
If 00 is connected it follows from the jump relations [28] Theorem 6.6] and [28, Corollary 6.15]
(keep in mind that then R?\ Q is connected and hence the condition x~ = 0 in the statement of [28]
Corollary 6.15] is satisfied) that there exists a unique g € C1*(99) with the following property

we [9]|an = Floa and g € CH*(09) for all 0 < a < 1. (5.5)

We finally define
jo := BSa(T) x N — (Vaqg)t € C¥*Vy(09) (5.6)

for all 0 < v < 1, where ¢ is the unique solution of with F defined in and where N denotes
the outward pointing unit normal. We notice that by our previous arguments we find BSq(I")|sq €
CY1(99) and so BSq(T) x N € CO1Y(9Q) C C%2V(99Q) for all 0 < o < 1. Further, g € C1*(99Q) for
all 0 < a < 1 and so Vgag € CO*V(9Q) for all 0 < a < 1 so that the regularity claim in follows.
In addition, in the language of differential forms, we see that (Vaqg)® corresponds to xdg which is a
coexact form and hence divergence-free. Further, we have for every f € C1(99)

/69 grad(f) - (BSq(T) x N)do = aQN. (grad(f) x BSq(T)) do
= / div (grad(f) x BSq(I")) d*z = —/ grad(f) -T'd*x =0
Q Q

where we extended f in an arbitrary way to a function f € C'(Q) (notice also that strictly speaking
N -(gradgg (f) x BSq(I')) = M- (gradg (f) x BSq(T')) because only the tangent part contributes to this
expression and one should approximate f by smoother functions in C'-topology to make conventionally
sense of the divergence term which contains second order derivatives acting upon f), where we used
the vector calculus identity div(X x Y) = curl(Y) - X — Y - curl(X), that curl (BSq(T')) = I because
I is divergence-free and tangent to the boundary and the L?-orthogonality of H () to the space of
gradient fields. In particular, jy is indeed divergence-free.
We now argue that jg # 0. To this end we note first that

/ (gradyg g)* - Tdo = / (N x grad(g)) - T'do =0
) )

where in the last step one can argue identically as previously by extending ¢ in an arbitrary C! way
to . On the other hand, we find

/ (BSa(T) x N) -T'do = / div (T x BSq(T)) d*z = —|0[|72(q) = =1 #0
o0 Q

by choice of I so that altogether we see that faQ jo - T'do # 0 and thus jy # 0.

Step 2:

Here we prove that BSaq(jo)(z) = 0 for all z € Q. To this end we recall from Lemma [5.5] that letting
v:=N X jo and if & € WH2V(Q) is any vector field with @ = v, then

. N 1 N 1 N T — .
BSan(jo) = — BSa(cwl(?) — . /Q div() = yy|3d3y Fam N jgda(y) +3in Q. (5.7)
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Letting j; := BSq(T) x N we can apply (5.7) with v = BSq(I')Il and & = BSq(I") to compute

BSon(j1) = ~ BSa(T) + BSo(T) + 1~ /a (BSa(T) - ) =Yzdoly)

where we used that BSq(T') is div-free and a vector potential of T'. Hence

BSsa(j1) = ﬁ /a _(BSa(T) ) 27V o (y). (5.8)

lz —y?

As for (Vaag)" we observe that g € C1(99) for all 0 < a < 1 implies that g € WZ_%’p(aQ) for all
1 < p < oo so that by means of [I5, Theorem 2.4.2.5] we can find a function § of class W?2P?(Q) for
all 1 < p < oo such that Ag = 0 in Q and glgpg = ¢. It then follows that (Vagg)l =N X Vaag =
N x Vqg = —Vg x N where we again used the fact that the normal part does not contribute when
taking the cross product with . Hence, we may take © = —V§ to compute the Biot-Savart operator

Of (Vagg)L .

oL ioN) LY _ Vi
BSon((Vons)") = ~3- | (Vi N) 7 =Yrda(y) - Vi

In order to utilise (5.5) we rewrite

V. [ V§-N
=— do(y
Am Joq |z =y )

L[ wi ) 2 e (y)

Cdm 0 |9C - y|3

and upon integrating by parts twice we find

1 Vg'/\/ L 1 y—x o '
1 Jog o =g W) —g—%/mg(y)y_xp N (y)do(y) = § — walg] in

where we simply plugged in the definition of wq from the previous step in the last equality. We
therefore arrive at
1 .
BSsa((Vaag)™) = —Viwalg] in Q.

To exploit the defining properties of g we recall that wq[g] admits a continuous extension wg,[g] onto

€ and observe that w[g] € C° (Q) N C?(12) is harmonic in Q, [28, Proposition 4.28]. In addition, the
function F as defined in is in fact of class C°(©2) N C%(Q) and also harmonic in 2 which follows
easily by direct calculation. Therefore, by means of the maximum principle, F' and wq[g] coincide
within € if and only if F' and w;g [g] coincide on 9. But this is precisely the defining property of g,
recall , i.e. we find

1 T —

BSoa((Vang)™) = —V.F = — [ (BSq()-N)

I o Y do(y) in €.

[z =yl
Combining this with (5.8) and exploiting the linearity of the Biot-Savart operator we find BSsq (jo)(z) =
0 for all x € Q as desired.

Step 3: Here we prove that if I't, . .., T'gim(2y (2)) forms a basis of Hx (£2), then the currents jj, obtained
from the I'y, by means of the procedure in the previous steps are linearly independent. To this end,
suppose that we are given o; € R with j := Z?;IT(HN(Q)) aij; = 0. Setting I" := Z?;H{(HN(Q)) o;I'; and
g := Y, a;g; we note that we then have by linearity

0=7=BSo(l) x N = (Vaag)" .
It then follows identically as in the last part of step 1 that we have
0= (45,D)r200) = = IITlI72(0)

and consequently that I' = 0 which in turn, since the I'; form a basis, implies that «; = 0 for all <.
Consequently the constructed currents are all linearly independent.
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Step 4:

Here we deal with the situation where 99 is disconnected. To this end we observe that R3 \ Q has
exactly one connected component which is unbounded. The boundary of this connected component
will coincide with some boundary component of €2 which we denote by 9Q°. We set m := #9Q—1 and
label the remaining boundary components of 9Q as 9Q!, ..., Q™. We observe that all the arguments
of step 1-3 apply verbatim as long as we can guarantee that there exists a function g € C1(9Q)
satisfying . It however follows from [28, Theorem 5.8, Theorem 6.5, Proposition 6.13 & Theorem
6.14] that for F|pq where F is defined in (recall it is continuous up to the boundary and its
boundary restriction is of class C1®), there exists a solution g of as long as

/ F(z) - pi(z)do(x) =0,1<i<m
a0

where the y; € C**(99) satisfy v{u](z) == — 1= [,q (;(yy)‘ do(y)|aqi = d;j. But this is easy to verify be-

cause BSq(T) € HE V(R3) is dlvergence free. So letting Q¢ denote the bounded connected component
of R?\ 09 we find, using Fubini’s theorem and the defining properties of the y;,

/ wi(z) - F(x)do(z) = 7/ BSa(D)(y) - N ()] (y)do(y)

o 90

= 7/ BSo(I')(y) - N(y)do(y) = / div (BSq(I)) (y)dPy = 0.
Qi .

Consequently, there exists a solution g to and the remaining part of the proof applies verbatim
with the only difference that the solution g is no longer unique, however, the regularity assertion
remains valid because any two solutions differ by an element in the kernel of an appropriate operator
which consists of smooth elements |28, Theorem 6.14]. O

6. A recursive approximation

Throughout this section we let @ C R3 be a bounded C!'-domain. We recall from the proof of
Proposition that if we are given some I' € H v (£2) then we can obtain an element j € Ker(BSsq)
by setting j := N x BSq(I') + N X gradyg g where g € (. pcq CH*(09) satisfies

y—x BSq((T) - N
| s = - Nwiot) = [ o). (6.1)
We recall here that if 9 is disconnected, then the solution of is not unique, however, the induced
gradient field gradq g is independent of the choice of solution.

Therefore, if we are given some I' € H (), the main obstruction in finding an explicit formula for
j is the fact that the function ¢ is implicitly defined. The goal of this section it to reformulate the
defining equation for g into a suitable fix point problem and then to provide an iterative scheme
which allows us to approximate N X grady, g by means of this iterative procedure in some appropriate
topology.

We start by defining Hex(Q) := {Vf|f € HY(Q), Af = 0} which is an L?-closed subspace of
L?H(2). We also recall the definition of a firmly non-expansive operator, c.f. [5, Definition 4.1 &
Proposition 4.4].

Definition 6.1. Let H be a Hilbert space and F' : H — H a map. Then we call F' firmly non-expansive
if

IF(z) = Fy)lI* < (z -y, F(z) — F(y))-

We note that any firmly non-expansive map F is necessarily Lipschitz-continuous with Lip(F) < 1
and so in particular non-expansive.

Lemma 6.2. Let Q C R?® be a bounded C''-domain and T' € Hx () \ {0} be any fixed element.
Then the following is a well-defined, firmly non-expansive operator

St Hex(Q) = Hex(Q), Vf — Vo[ BSeM)-N / Vi d?y.

4 lY) \ZU—Z/| |
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Proof of Lemma[6.3 First we recall from the proof of Proposition [5.8/ that z — [, BSaN 7, (y) €

lz—y]
No<aci CH(€2). One also verifies easily by dlrect calculations that this function is harmonic in € so

that we conclude —_— € Hex . On the other hand, it follows from the regularity
h lude V. [, 220X d5(y) € H On the other hand, it follows from the regul

of the Newton potential [I3, Theorem 9.9] that = — [, Vf(y) - |;” yy‘gdg’ € H'(Q). In addition, it
follows from Lemma [B.9] that we can write

/v Ty = | )= Mo () + dn (@),

0 |5U - y|3

One can verify by direct calculation that the first term in the above expression is harmonic in (2,

while f is harmonic by assumption. This proves V fQ Vi(y) - I . yy‘s d3y € Hex () and establishes the

well-definedness of the operator S.
We will now prove the following identity, where we let H : L*V(Q) — H*(R?), X — & [, X
d®y and set f := f; — f» for any two given functions fi, fo € H*(Q) with Vf1,Vfa € Hex (),

IJL’ y\?’
IS(V1) = SV Iy = [ VT (S(V5) =SV~ [ [VHVIPds
Q R3\Q

& [IS(V ) = S(V )72 = IVFl7200) = IVF = VH(VN)720) = 20VH(V )72 @0y (6.2)

In order to prove this we first observe that S(Vf1) — S(Vfa) = VH(Vf). We first assume that
X € C*V,.(Q) is a smooth compactly supported vector field on Q. Then

3
1
2 _
||VH(X)||L2(R3)—Ejz_:1 8 2)9; /Xz

d3yd3

1 l
= lim — / 0;H(X)(x)0; / X(y d3yd3
R—o0 41 jJ,ZZI Br(0) J ( ‘.T—yP

= 1 Ly i -y
= lim_ [MZ/BR@ H(X)(z) (—A/QX( ‘x_y‘gdi” >d3x—|— - H(X)(x)N-VH(X)da(x)].

The boundary term vanishes in the limit due to the behaviour |H(X)| € O (LI) and |VH(X)| €

o (ﬁ) as |z| = oo. In addition we have

. 2 div(X .
—AZ/ X |x d3y_ —AZ/ X y|d3y:A/Q()(y)d3y: —4r div(X) ()

|z -y

where we used that X is compactly supported and that W is the fundamental solution of the

Laplace operator. Using once more that X is compactly supported in €2 we find
IVH(X)|172@s) = —/ div(X)(x)H(X)(z)d3z = / X(z)-VH(X)(z)d*x
Q Q

By means of an approximation argument this identity remains valid for all X € L?V(f2). Letting
X = V£ and recalling that S(Vf;) — S(Vf2) = VH(Vf) we immediately obtain the first line in (6.2)).
The equivalent reformulation follows immediately by expanding the terms. The first identity in (6.2])
implies the firm non-expansiveness of S. O

Before we proceed let us introduce the following notation: Given a set M and a function f : M — M
we define its fix point set as Fix(f) := {z € M|f(z) = z}.

Lemma 6.3. Let Q C R? be a bounded C*'-domain and T' € Hy () \ {0} be a fixed element. Let S
be the corresponding operator as defined in Lemma[6.2] Then the following holds

i) Fix(S) # 0.
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ii) Fix(S) C My cpeoe WPV(Q).
iii) If Vfi, Vfy € Fix(S), then N x Vfi =N x V fs.
iv) If Vf € Fix(S) then N x Vf = N x Vyag where g is any solution of (6.1)).
Proof of Lemma[6.3. (i) We know that admits a solution g € (Ny.,cq CH*(99) for any given

I' € Hn(€2). We observe that then in particular g € W2 wP (09) and that we can therefore find some
fe€Nicpene W2P(Q) with Af =0in Q and f|sq = g, c.f. [I5, Theorem 2.4.2.5]. We observe that we

can rewrite (6.1)) equivalently as

e e AR

Taking the gradient on both sides yields S(Vf) = Vf with Vf € Hex(2) N[ e oo WLPY(Q). This
yields Fix(S) # 0.

(ii): We show now that if V f1, V fo € Hex () are any two fixed points of S, then Vf € Hp(Q) = {O© €
L2V(Q) | curl(©) = 0 = div(0), © L 9Q} where f := f; — fa. Once this is shown, it will follow from the
regularity result Lemma and the fact that there exists some fixed point of class [, . Lry(Q)
as shown in the proof of (1) that all fixed points are of the desired regularity. To see that we note
that if V f1, V fo are any two fixed points of S then ||S(V f1) — (Vfg)HL2 @ = =||Vfi— Vng%Q(Q) and
it then follows from that VH(Vf) = 0on R*\ Q and Vf = VH(Vf) in Q. VH(Vf) =0 on
R?\ Q implies together with the fact that H(Vf) € H'(R®) that the trace of H(V f) when viewed as
a function on € is a locally constant function on 9. Since Vf = VH(Vf) in Q the same must be
true for f from which one easily concludes that ' x Vf = 0 and hence Vf € Hp (). As mentioned
before this concludes the proof of statement (ii).

(iii): This is an immediate consequence of the proof of (ii) since Vf; — Vfo € Hp(2) and conse-
quently N' x (Vf; — Vf3) =0.

(iv): By (iil) it is enough to find one Vf € Fix(S) with this property. We have however already
seen in the proof of (i) that if g is any given solution of then the unique solution of the boundary
value problem Af = 01in Q, f|aq = g gives rise to a fixed point Vf € Fix(S). But from here it follows
immediately that N x Vf =N x Vaaf = N X Vaag. O

Corollary 6.4. Let Q C R3 be a bounded C'''-domain and let S be defined as in Lemmafor some
fixed I' € Hn(Q) \ {0}. Let further (A\,), C [0,2] be a sequence such that > >~ A\, (2 = A,) = +o0
and let X € Hex(2) be any fixed element. Then the sequence (X,,), C Hex(Q2) defined by X, ;1 :=
X + M (S(X,) — X,,) satisfies the following properties

i) X, converges weakly in L?(f2) to some Vf € Fix(S).
ll) ||S(Xn) - XnHLZ(Q) — O, n — oQ.

Proof of Corollary[6.4 This is a direct consequence of Lemma Lemma in combination with
[5, Corollary 5.17]. O

We are now ready to state the main result of this section. To this end we define the space

_1 . . . . ¢do
W= 2-21,(89) as the completion of L2V, (8€2) equipped with the norm | := su Pyew d2po0) M

and note that the Biot-Savart operator extends to a linear, continuous operator BSyq : W™ 2 ’QVO (09) —
L?H(R), see Appendix |C| for more details.

Theorem 6.5. Let Q C R3 be a bounded Ct-domain and T' € Hy(Q)\ {0} be any fized element. Let
St Hex () = Hex(Q) be defined as in Lemma[6.2 Further we define the sequence (Xp)n C Hex(Q2)
recursively by Xo := 0 and X, 41 := S(X,,). Then the following holds

i) jn = NxBSq(l)+NxX, € VV’%’21/()(6'9)ﬁﬂ0<a<1 CO2V(8Q) converges weakly in W —2:2(98)
to a non-trivial element j € Ker(BSsq) as constructed in the proof of Proposition ,
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i) BSoq(jn) converges weakly to zero in L?().
i) If P C Q is any other CY1-domain with dist(P,0Q) > 0, then BSgq(jn) converges strongly in
Ck(P) to zero as n — oo for any fived k € Ny.

Proof of Theorem[6.5 (i): We start by observing that we had already shown in the proof of Proposi-
tion n 8| that N x BSQ( ) is divergence-free and of class C%'V(9€). Further we claim that S(X) €

MNicp<oo Wl’pV(Q) Whenever X € NWEPY(0Q) N Hex(Q). To this end it is enough to prove that
the function F(z) := [, X ;7 3"3 d3y is of class W2P(Q) for all 1 < p < co. We recall that the

regularity of the Newton potentlal 1mphes F € HYQ) and that AF = 0 in Q. Further, since X

is assumed divergence-free we find F(z) = [, 90 X(f;) Ay/‘(y) do(y). By Sobolev embeddings we know

that X € Nycqer COV(Q). It then follows identically as in the proof of Proposition that
Flog € Mocac1 C092) € Micpen WZ_%”’((?Q). Hence it follows from standard elliptic regular-
ity results that F' € (), <p<oo W2P(Q) and the regularity assertion follows. The fact that all of the
(jn)n are divergence-free in the weak sense follows also from the same arguments as in the proof of
Proposition and so in particular j, € W22, (09).

Letting A, := 1 for all n € N and setting Xy := 0 it follows from Corollary that the sequence
(X0)n C Hex(Q) converges to some V f € Fix(S) weakly in L?(2). We observe further that curl(Y) = 0
for every YV € Hex(2) and therefore (X,,), converges in fact weakly in H(curl, Q) to Vf € Fix(S). It
then follows from the continuity of the tangential trace, see Lemmal[C.I] that A x X, converges weakly
in W~=22(0Q) to N x Vf. According to Lemmawe have N x V f = N X Vgqg where g is a solution
to (6.1). We conclude that N x BSq(T') + N x X,, converges weakly to N x BSq(T") + N X Vaqg
in W~2:2(9Q) which by the given construction in Proposition is a non-trivial element of Ker(BSsq).

ﬂ It follows from the continuity of the Biot-Savart operator, Lemma that BSaq(jn) converges
weakly in L?(Q) to BSgq(j) = 0 since j € Ker(BSaq).

(iii): We claim that BSgq : W~2:2V,(8) — C*V(P) is a continuous operator for any fixed k € Ny.

The assertion will then follow from the fact that C**!(P) embeds compactly into C*(P) and the fact
that BSsq(j,) converges weakly to 0 in L?(2). We prove this fact for k = 0 since the general case can
be obtained in the same spirit. For this purpose we assume j € L?Vy(952) and write

47 BSaQ(j)(l') = Gimk/ Jl(y)

f[9) lz —y[3

where we use the Einstein summation convention. We define now for fixed 1 < k < 3 the vector field
W;(y) = €lmk ﬁel which defines a smooth vector field on 92 which is not-necessarily tangent to

9Q. We may further set ¢} (y) := % (y) — (N (y) - ¥% (y))N (y) which gives rise to a C%'V(99)-vector
field. We hence conclude

3
47T| BSaQ S Z

[ - stwsty )\ < il s oy lecﬁ’“\\mzm

by definition of the norm W~2-2. It is now easy to see that because |z — y| > & for all z € P and
y € 012 for a suitable constant § > 0 independent of z and y that we can bound ||¢g’§||W%,2 (092) above
by some constant independent of x. Taking the supremum on both sides of the inequality we find
| BSaa(j)llcopy < C”‘jHW’%’Z(aQ) for some ¢ > 0 independent of j. As explained before the general

case follows in a similar fashion and the result follows by employing compact embeddings. O
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A. Some regularity results

We define here Hy(Q) := {T' € L*V(Q) | curl(T) = 0 = div(T), T' || 992}, where the condition
div(T') = 0 and T || 9 is understood in the sense that I' is L2-orthogonal to all Vf, f € H*(Q).

Lemma A.1. Let Q C R? be a bounded C'"'-domain. Then Hn(Q2) C ), ,c00 WPV(Q).

Proof of Lemma[A.d]l Tt follows first from [2, Theorem 2.9] that Hy () € W12V(Q). Next we can
localise the problem by flattening the boundary (the interior case can be handled identically by working
in a local chart). We observe that locally around any fixed point z € 99, curl(T') = 0 implies that
we may write I' = grad(f) for some f € H'(U), where U = V N is a suitable open neighbourhood
of z. We see that Af =0in U and N - Vf = 0 on QN U. In order to show that f is locally of
class W2P for every 1 < p < oo, we compose f with a boundary chart u : U — {(z,y,2)[z > 0}
and multiply it by a suitable bump function p (with an abuse of notation we write, for notational
simplicity, f for the composition f o u~!). Letting f:= pf we see that Agf = fAgp—29(Vgf,Vyp)
and N - grad,,( f ) =N, ;aip f, where the quantities are now considered with respect to a pulled back
metric g with C%!-coefficients g;;. Since we multiplied f by a bump function we may further assume
that f is defined on some smoothly bounded domain. We recall that we already know that f c w22
because I' € W2Y(Q), thus [15, Lemma 2.4.1.4] together with a standard bootstrapping argument
implies that f € W2P for all 1 < p < oo and consequently f € W2P after possibly shrinking the
neighbourhood U and thus T' € W1PV(Q) by compactness of Q. O

We will also need the corresponding result for normal boundary conditions. To this end we let
Hp(Q) :={6 € L*V(Q) | curl(©) = 0 = div(0), © L 9Q}.

Lemma A.2. Let Q C R? be a bounded C'*!-domain. Then Hp(Q2) C MNi<p<oo WLry(Q).

Proof. Tt follows first from [2, Theorem 2.12] that Hp(2) C H'V(Q2). We can then just like in the
proof of Lemma localise the problem and hence assume that © = Vf for a suitable function
f € W22, We observe that the condition V f x N' = 0 implies that f is locally constant along 9 and
so it satisfies appropriate Dirichlet-boundary conditions. We can then similarly employ [I5] Theorem
2.4.1.4] and argue identical in spirit as in the proof of Lemma to deduce the result. O

B. An L?-Hodge decomposition theorem

Theorem B.1. Let Q C R? be a bounded CY1-domain, then for every v € L*V(Q) there exists some
Few,?(Q), Ae Wh2V(Q), div(4) =0, A L dQ, h € W2(Q) with Ah = 0 in the weak sense in
and T' € Hy () with

v = grad(f) + curl(A) + grad(h) + T
and this decomposition is L?-orthogonal. Further, f,h and A may be chosen such that

I fllwrz) + 1Rllwr2 ) + [Allwz @) + 1T z2) < cllvllzz)
for some ¢ > 0 independent of v.

Proof. We start by considering the space X := {Vp | p € H*(Q)}. Upon subtracting the mean value of
a given p € H'(Q) we see that we may restrict attention to functions of zero mean. Then the Poincaré
inequality implies that this is an L2-closed subspace. Similarly we may now consider the subspace
Y :={Vf|f € HY(Q)} < X. Again an application of the Poincaré¢ inequality implies the L?-closedness
of this subspace. We can therefore express any v € L?V(Q) as v = grad(f)+grad(h)+w where w is L2-
orthogonal to X. We note that grad(h) being L?-orthogonal to ) is equivalent to the statement Ah = 0
in the weak sense. We now consider the space Z := {curl(A)|A € W12V(Q), div(A) =0, A L 9Q}.
We can consider the subspace Hp(Q2) = {© € L*V(Q)|curl(©) = 0 = div(0), © L 99} and observe
that Hp(Q) € WH2V(Q), c.f. [2, Theorem 2.12]. Then the vector potential A of any element of
the space Z may be additionally assumed to be L2-orthogonal to the space Hp(f2). It then follows
identically as in [29, Theorem 2.1.5, Corollary 2.1.6 & Proposition 2.2.3], keeping in mind that the
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principal curvatures of a C'!-boundary are essentially bounded functions, that we have the Poincaré-
type inequality ||Al[w12(0) < cl|curl(A)| z2(n) for some constant ¢ > 0 independent of A. From this
it follows easily that Z is L2?-closed. We observe that Z is L2-orthogonal to X and thus we may
decompose further v = grad(f) + grad(h) + curl(A) + T'. We claim that I' € Hx(Q). Since T is
L?-orthogonal to X we only need to argue that I is L2-orthogonal to every vector field of the form
curl(¢) for some smooth vector field ¥ which is compactly supported in 2. We see that 1 is normal
to the boundary of  and we can then find a solution ¢ to the Dirichlet problem A¢ = —div(¢) in
Q and ¢|pn = 0 of class W22(Q), [15, Theorem 2.4.2.5], so that A := 1 + V¢ remains normal to the
boundary and is divergence-free. Therefore curl(vy)) = curl(4) € Z and thus I' must be L2-orthogonal
to curl(y) implying curl(T') = 0. The a priori estimate follows readily from the arguments provided to
establish the L?-closedness of the spaces involved and the L2-orthogonality of this decomposition. [

C. Tangent traces and Biot-Savart operator
Let Q C R?® be a bounded C*'-domain. We introduce the following norm on W2:2)(9Q)

= sup  Hondodl
HEW 22V (09)\ {0} H¢Hw%~2(an)

It is then standard, [14] Theorem 2.11], see also [7], that the following trace map, also referred to as
the twisted tangential trace,

H:QPV@)HMHMM)%(WﬁQV@QLWH»vH%Mxv

is a continuous linear map. Letting W~2:2V(8Q) denote the completion of W2-2V(8Q) with respect
to || - || it follows that the trace map Tr extends to a unique trace map, denoted in the same way, Tr :
H(curl, Q) — W~2:2)(92). We note that for any j € L2V(95) we have | [oqd - ddo| < lill2ll@ll2 <
Illz211l,,,3 = for all ¢ € W2:2V(9Q) and therefore L2V(9Q) C W~22V(9Q). In addition, the notion
of an L?(92)-tangent trace for elements w € H(curl,Q), i.e. N'x w = j with j € L?>V(99Q), introduced
at the beginning of section 5.1 coincides with the trace of w in the sense introduced here.

Furthermore, it follows from the proof of Lemmal[5.4] that the extension operator 7' is continuous if we
equip L%V (09) with the norm || - || which follows from the fact that the functional J introduced in the
proof satisfies the estimate |J ()| < ||7]| H¢||W%,2 and the standard trace estimate for Sobolev functions.
If we now let W~ 2-2))(99) denote the completion of L2V,(8€2) with respect to ||, then the operator T'
defined in Lemmal5.4|extends to a continuous linear operator T : W~ 22V (9Q) — H (curl, ) and by an
approximation argument it still satisfies div(7'(j)) = 0 in Q and Tr(T'(j)) = j for all j € W22V, (9Q).
In addition, since we now know that the operator T is continuous from (L*Vy(9), || - ||) into H (curl, ©2)
it follows from Lemma [5.5 that

(L : 2~i/-u
B%Q(LMMMLHH%%LHKWJH4ﬁadMDXW7Mﬂdm

is continuous and hence extends to a unique continuous, linear operator
BSoq : W22V (09) — L*H(Q).
We collect these observations in the following lemma.

Lemma C.1. Let Q C R? be a bounded C!'-domain. Then there are unique continuous, linear
operators

Tr: H(curl, Q) — W_%’2V(8Q),

BSaq : W22V (09) — L*H(Q)
such that Tr(w) = N x w for all w € H'V(Q) and BSaa(j)(z) = & [504(Y) ¥ myedo(y) for all
j € L2V (09).

Remark C.2. The above considerations together with the proofs provided in section 5.1 in fact imply
that the conclusions of Theorem remain valid if the domain of BSyq, is replaced by W’%QVO(@Q).
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