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ABSTRACT

Metasurfaces have attracted much attention due to their much more compact
configurations and their abilities to modulate wavefronts of propagating waves by abruptly
shifting their phase and/or amplitude. Most current metasurfaces are usually composed of
subunits with periodic unit cells, which limits their design freedom for arbitrary phase and
amplitude modulation. To overcome this limitation, in this paper, we propose an aperiodic
elastic metasurface where arbitrary phase and amplitude modulation can be achieved. The
aperiodic elastic metasurface is composed of pillared resonators with different heights and an
analytical model-based genetic algorithm (GA) inverse design method is employed to
determine the heights of the pillared resonators. The proposed aperiodic elastic metasurface
can steer and focus flexural waves with full transmission and can steer flexural waves into
different directions with different amplitudes. The inverse design method and the aperiodic
design in this paper can inspire the design of other types of functional metasurfaces for

fascinating applications.
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1. Introduction

Metasurfaces, pioneered in electromagnetics[1-6] and later extended to acoustics[7-12]
and mechanics[13-17], are a class of subwavelength planar metamaterials which can modulate
wavefronts of propagating waves by abruptly shifting their phase and/or amplitude.
Metasurfaces that modulate the wavefronts by varying the phase distributions, referred to as
phase gradient metasurfaces, have received extensive attention due to their easy designs, much
more compact configurations, and multiple functionalities. The phase gradient metasurfaces
are usually designed based on the generalized Snell’s law (GSL), which links the phase gradient
profile and the corresponding transmitted or reflected wave pattern[1, 8]. Most current
metasurfaces can only cover a complete phase shift span (i.e., from 0 to 27 ). However, to
realize a full control of wavefronts (e.g., applications for holographic imaging[6, 18, 19] or
particle manipulation[20, 21]), the subunit of the metasurface is required to also cover a
normalized full amplitude shift span (i.e., from 0 to 1).

Since Zhu and Semperlotti[22] firstly realized anomalous refractions of elastic waves
utilizing an elastic metasurface composed of locally resonant unit cells, different forms of
elastic metasurfaces have been designed and various functionalities have been achieved. Jin et
al. studied the resonant and scattering properties of the pillared resonators[23] and presented a
compact metasurface consisting of a line of gradient pillared resonators for deep
subwavelength focusing and imaging[24-26]. Cao et al.[27] proposed a flexural wave channel,
composed of dual-layer elastic wave gradient metasurfaces, to achieve the asymmetrical
flexural wave transmission. They also studied a disordered elastic metasurface composed of
identical pillared resonators with a random arrangement. They found that the phase shifts and
amplitudes of the subunits are only linearly related to the number of resonators and independent
of the spatial arrangement of resonators within the decoupled region[28]. Zhang et al.[29]
designed a metasurface to steer flexural waves, where the metasurface is constructed by an

array of two-material composite beams with different length ratio. Recently, they further
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proposed a metasurface with sinusoidally-shaped phononic beams to steer flexural waves by
tuning the bending stiffness[30].

The above-mentioned elastic metasurfaces are all transmissive metasurfaces. Other than
the transmissive metasurfaces, reflective metasurfaces have also been designed to achieve
anomalous reflections. Based on gradient force-moment resonators, Xu et al.[31] proposed a
deep-subwavelength metasurface, where each force-moment resonator is realized by stacking
a lead block atop a silicone rubber block to steer and focus reflected flexural waves. Cao et
al.[32] proposed a lossy metasurface utilizing strip-like plates, attached with a damping layer
and a constrained layer, to realize a high-efficiency absorption of flexural waves. Ruan et a/.[33]
proposed a binary-cell elastic metasurface and realized the flexural-wave retroreflection by
modulating the phase through changing the thickness of the cells. Instead of utilizing the GSL,
they also designed a reflective elastic metasurface based on a surface impedance matched
method.[34] Recently, Chuang et al.[35] proposed a tunable reflective elastic metasurface
composed of zig-zag structures with different foldable angles. Apart from anomalous refraction
and reflection, other functionalities and applications can be achieved by elastic metasurfaces
such as wave mode conversion[15, 36, 37], wave mode splitting[38, 39], source illusion[40],
and energy harvesting[13, 41-43].

Enhancing the efficiency of wavefront manipulation is one key issue in the design of
metasurfaces[5, 44-46]. In acoustics, several designs and methods, including nonlocality[47,
48], bianisotropy[49, 50], and impedance matching[12, 51, 52] have been employed to realize
high-efficiency metasurfaces. Several ways and structures have also been proposed to realize
the high-efficiency elastic metasurfaces. Lee ef al.[53] proposed a metasurface with spatially
decomposable unit cells to independently tune the effective mass and stiffness and realize a full
transmission of longitudinal waves by breaking the intrinsic proportional density-stiffness
relation. Based on the phase accumulation, Cao et al.[54] proposed a pillared elastic

metasurface that can support high transmissions of out-of-plane flexural waves. Also relying
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on the phase accumulation, Jiang et al.[55] proposed a high-efficiency notched metasurface to
manipulate flexural waves in which multiple parameters of the unit cells can be tuned
independently. Rong et al.[56] proposed a multifunctional elastic metasurface with a high-
energy transmission and robust manipulation utilizing a topology optimization. Since the GSL
ignores the impedance-matching constraint, the above-mentioned GSL-based metasurfaces
cannot redirect all the incident energy into a desired direction and this limits the efficiency of
the elastic metasurface, especially at large deflection angles. Liu et al.[57] recently found the
theoretical efficiency limits of anomalous refractions of the flexural waves based on the GSL
and, by utilizing nonlocal coupling between the neighboring unit cells for impedance matching,
they designed a high-efficiency elastic metasurface to break the GSL efficiency limit. Although
such a design can realize wave deflecting with a high efficiency, the impedance matching
method is difficult to expand to realize other complex functionalities such as wave focusing.
On the other hand, although the full transmission of longitudinal waves has been studied, to
the authors’ knowledge, the full transmission of flexural waves on metasurfaces hasn’t been
realized. Since the manipulation of flexural waves are practical, it would be desirable to design
a metasurface which can realize the full transmission of flexural waves.

In fact, full transmission of the flexural waves means that the transmitted waves have a
unity nominal amplitude. In some cases, to achieve a certain goal, e.g., holography, a complete
amplitude shift is also required in addition to the complete (i.e., 27 ) phase shift. Since
holography is one of the most important applications in optics and acoustics, several methods
and structures have been proposed to design optical and acoustic metasurfaces where both
phase and amplitude are modulated[11, 20, 58-61]. However, instead of amplitude, most
existing elastic metasurfaces can only realize phase modulation. Liu et a/.[62] designed an
amplitude-shift elastic metasurface, composed of zigzag unit cells, to steer flexural waves. Also
based on zigzag designs, Xu et al.[63] proposed a zigzag structure with a gradient index to

simultaneously modulate the phase and amplitude. Wang et al.[64] realized the extreme
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transmission of elastic zig-zag metasurface through the parametric optimization based on the
genetic algorithm. Although the zigzag structure can realize both modulation of phase and
amplitude shift and even the full transmission of waves, the fabrication of the zigzag structure
might destroy the integrity of the host plate and thus sacrifice the strength and stiftness.

In this paper, based on an inverse design method, we propose an aperiodic elastic
metasurface with simultaneous phase and amplitude modulation. Different from the previous
periodic pillared elastic metasurface design, where all the pillared resonators within the subunit
of which have identical height, the pillared resonators in our design are arranged aperiodically
within the subunit. In addition, the heights of the pillared resonators are determined by a semi-
analytical method based on a genetic algorithm. Compared with the general periodic elastic
metasurface, much more abundant combinations between the phase and amplitude shifts,
including full transmission of flexural waves, can be obtained. To illustrate the advantages of
the aperiodic design, steering and focusing of flexural waves with full and controllable
transmissions are later presented in this paper. Following the introduction, Section 2 presents
the transmission characteristics for the subunit of the aperiodic pillared elastic metasurface.
The aperiodic design of the elastic metasurface based on the GSL, including the steering and
focusing of flexural waves, is described in Section 3 and Section 4, respectively. Experimental

validations are also provided in Section 4. Finally, Section 5 presents the conclusions of this

paper.

2. Transmission characteristics of the subunit of the aperiodic pillared elastic metasurface

Fig. 1 illustrates the general periodic and the proposed aperiodic design of the pillared
elastic metasurface on a section of a plate. Here, to keep the integrity of the host plate, no slots
are cut between adjacent subunits, despite the fact the presence of slots can minimize the
coupling between the adjacent subunits. As shown in Fig. 1(a)-1(c), for the general design

approach, pillared resonators are arranged periodically on the plate along the x-direction and
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the pillared resonators with different heights are arranged along the y-direction to produce the
desired phase gradient profile. However, for the aperiodic design approach as shown in Figs.
1(d)-1(f), the heights of the pillared resonators are different both in the x-direction and the y-
direction. While it looks as being randomly arranged, we note that by carefully designing the
heights of the pillared resonators within the subunit, desired transmission characteristics,
including phase and amplitude of the transmitted waves in the subunit, might be obtained.

We have established an analytical plane strain model to obtain the transmission
characteristics, including phase and amplitude of the transmitted waves, in the subunit on the
pillared elastic metasurface. In this study, the subunit of the pillared elastic metasurface is

composed of 8 pillared resonators. The subunit is divided into several regions, as shown in Fig.

2, and the nth unit cell of the subunit is composed of the nth host plate region (P, ), the (n+1)th
host plate region (P ,,) and the nth pillared resonator (R ). As described in Ref[65], both
longitudinal waves and flexural waves will simultaneously exist in the pillared elastic
metasurface even if only flexural wave is excited to the host plate. Note that the longitudinal
waves and flexural waves correspond to SO and A0 lamb waves in the plate at low frequencies,
respectively.

The governing equations for longitudinal waves and flexural waves in the host plates and

the pillared resonators can be expressed in the following forms

E o’u (x, t) o’u (x, t)

> 2 — P 2 =0
(1-v7) o o (i=P,R), (1)
Y 84w(x, t) tod azw(x, t) 0
STt P T T

where £, V, p, d and I are Young’s modulus, Poisson’s ratio, density, thickness and

d’

section moment of inertia, and /, = - - The subscript i =P represents the case of the

host plates and i = R represents the case of the pillared resonators. The general solutions of
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the transverse displacement w(x, t) and longitudinal displacement u(x, t) in Eq. (1) can be

expressed in the following forms

’)e—ikux + Az(/)eikux)emz

wﬁ:(A

e e GERLRL LB RLR, LR, (2)
w/) (B1 e +B, " +B e +B, " )e'“”

B S 92 TN Th2o

1

pda’ o
and k,, = IE—II are the longitudinal wavenumber and flexural

. . . . . O R B O R )
wavenumber, respectively, in which @ =27 f is the circular frequency, 4 , 4, , B, , B, ,

D) k,,

. ()
B, , B, are complex coefficients, 4, €'

R A " corresponds to the positive-going longitudinal

Ok, . . . . O ks
waves and A, €"" corresponds to the negative-going longitudinal waves, B, e """

.. . . )
corresponds to the positive-going propagating flexural waves and B, e corresponds to the

—kpix

. . . ) .. .
negative-going propagating flexural waves, and B, e corresponds to the positive-going

[C) . .
evanescent flexural waves and B, " corresponds to the negative-going evanescent flexural

waves.

The physical quantities u(P”), W(P") , (p(P”), F (P”), y () , M (P.) and the complex

. )R E) ) m) () . i
coefficients 4, , 4, , B, , B, , B, , B, in each plate region can be organized as a state

(P.) (P.)

and a coefficients vector k

) :[um), W) o) B (e M(m)}

vector v

n=1,2,..9), (3)
(r,) _ () (Pr) () () () () (
k _|:A1 =A2 931 932 ’Bs =B4

where @, F', V' and M are slope, axial force, shear force, and bending moment, respectively,

and they can be expressed as
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For simplicity, the origin of coordinates is set at the interface among the P, P, and R
regions. Substitute Egs. (2) and (4) into Eq. (3), we can relate state vector ") and coefficients
vector k") in the following form
v =N EY (n=1,2,...9), 5)

where NV, is the transformation matrix between the state vector and the coefficient vector at
the same position, and the expression of /V, is presented in the supplementary material.

At the interfaces of the P, P

n+l

and R regions, as shown in Fig. 2(b), the force in the x
direction and z direction and the moment should be balanced at the connection position and the

following boundary conditions must be satisfied,
0
p )yt _p®) =0 (n=1,2,...8). (6)

The displacement in the x direction and z direction and the rotation angle are continuous at the

connection position, so the following boundary conditions must be satisfied,

u =u

uP) = R

B = (B)

)0 (n=1,2,...8). (7)
%) = i)

o) = p*)

The top end of the R region is free, hence the force in the x direction and z direction and the

moment are 0,
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F(Rn) =0

z=hy,
V(R")Z:h =0 (n=1,2,...8). (8)
MM =0

z=h,

Substitute Eq. (4) into Egs. (6)-(8), we obtain
k(Pn+l)
N, =NE" (n=1,2,...8), )
jAu)

where N, and NV, are 12x12 and 6x6 matrix respectively. The expression of /V, and NV,
are presented in the supplementary material.

From Eq. (9), we can obtain
k(Pn+l)
=N NG =NE (n=1,2,..8). (10)

From Eq. (10), we can obtain
K = N (n=1,2,...8), (11)

(P/l )

where kEP”“) indicates the coefficient vectors at the left end of the P region and k,

n+l

indicates the coefficient vectors at the right end of the P, region and N, is the first to sixth

I

rows of N,.Forthe P, region with a length d , the relationship between the state vector at the
right end and the coefficients vector at the left end can be expressed as

W =N k™ (n=1,2,...8), (12)
and the expression of [V, is presented in the supplementary material. Here, the length of P,

region is composed of two parts, where one is the distance between the two pillared resonators

~

d, , and the other part is the effective thickness of the pillar resonators d , thus

d=d +d=d +d..

From Egs. (5), (11) and (12), the coefficients vector at the right end of the P, region and



10

11

12

13

14

15

16

17

18

19

20

the coefficients vector at the right end of the region can be related by N’ as

k) = N o) = NN = NDUN NGRS = NUES) (n=1,2,...8). (13)
Then, we can obtain the coefficients vector at the right end of P, region as
KM = NN NG NE NS NS NT R, (14)

To obtain the phase and amplitude of the transmitted flexural waves, we need to obtain kEPQ) ,

expressed as

K =N kY =N, N' N> N> N N> NS N7k, (15)
We consider the case when only the flexural wave is excited to the left end of the subunit. Thus,
there will only be positive-going propagating flexural waves, negative-going propagating
flexural waves, negative-going propagating longitudinal waves, and negative-going evanescent
flexural waves in the P, region. Since the reflected waves in the right end of the subunit is not
considered, there will only be positive-going propagating longitudinal waves, positive-going
propagating flexural waves, and positive -going evanescent flexural waves in the P, region.

Then, Eq. (15) can also be expressed as

kTransmitted = NS Nll Nfl le Nj Nfl Nfl NZ{ k[ncident’ (16)

7 * T .
where k, .. :[0 r, 1. r. 0 rF] and k. . :[IL 0 ¢t. 0 ¢ O} . By solving
Eq. (16), we can obtain ¢,., and the phase ¢ and amplitude 7 of the transmitted flexural wave

as
r=abs(tF) (17)

and

10
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arctan[w}wﬂrz ifRe(tF)< 0
R 2
(18)

F
arctan(%}+% if Re(t,)>0

We have first studied the transmission characteristics of the subunits on the periodic
pillared elastic metasurface before designing the aperiodic one. Figs. 3(a) and 3(b) show the
analytical phase and amplitude of the transmitted waves in the subunit of the periodic pillared
elastic metasurface when the pillared resonators are with different heights, where the following
design parameters are considered in calculation: the thickness of the host plate dp is 1 mm, the
thickness of the pillared resonator dr is 1 mm, and the distance between the adjacent pillared

resonators within a subunit d is 2 mm. The working frequency is chosen as 1000 Hz and the

corresponding wavelength in the host plate is 98.9115 mm. The width of the subunit w, is

0.22 and the width of the pillared resonators 4, is gwp. The host plate is set as aluminum

with a Young’s modulus of 70 GPa, a Poisson’s ratio of 0.33, and a density of 2700 kg/m>. The
pillared resonators are made of iron with a Young’s modulus of 200 GPa, a Poisson’s ratio of
0.30, and a density of 7870 kg/m>. As a comparison, Figs. 3(c) and 3(d) show the phase and
amplitude of the transmitted waves obtained from the finite element model (FEM) in COMSOL
Multiphysics software. The correspondence of the phase and amplitude curves at different
heights between the analytical model and FEM can be seen in Figs. 3(a) to 3(d). To have a
better observation of the relationship between the analytical and simulation phases and
amplitudes, in Fig. 3(e) we plot the phase and amplitude curves obtained from the analytical
model (solid circle) and FEM (hollow diamond), where the corresponding pillared resonator
heights are indicated with different colors. We can see that the two curves almost coincide with
each other when the heights are small. However, as the height increases, there exists
discrepancies between the two curves since the pillared resonators in the three-dimensional

FEM are not in a plane strain state as those in the analytical one. We note that, if we consider
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the phase and amplitude of the structure with only one pillared resonator, the curves obtained
from the analytical model and the FEM can almost coincide with each other at all heights as
shown in Fig. 3(f), indicating that although there are some differences between the analytical
results and the simulation results, the difference is acceptable and we can determine the heights
of the pillared resonators using the analytical model, and this argument will be validated later
in this section.

It can be observed that the phase changes more rapidly with the height when the pillared
resonators are high (more than 12 mm). To explain this phenomenon, the lowest dispersion

bands of the unit cells with different heights, which is associated with the bending mode of the

2rf

host plate, are plotted in Fig. 4(a). According to ¢ = - where ¢ is the wave velocity, & is

the wavenumber, and 7 is the frequency, at the same frequency, the change of wave velocity

for two pillared resonators with different heights can be expressed as

ne= L 2] e Ak _2xf ] (19)
ko k, e +Ak) kK

Ak

where Ac is the change of wave velocity, k,, k, are wavenumbers for the two pillared

resonators with different heights (k,, k, >0) and Ak =k, -k, is the change of wavenumber.

From Eq. (19), we can see that the change of wave velocity increases when the change of
wavenumber increases. Fig. 4(a) shows that at a certain frequency (e.g., 1000 Hz), the change
of wavenumber with respect to the height of the pillared resonator increases as the height of
the pillared resonator increases, indicating that the change of wave velocity with respect to the
height of the pillared resonator will also increase as the height of the pillared resonator
increases. After propagating the same distance within the host plate, the flexural wave with
different velocities will have different phase shifts, and the wave velocity of the flexural wave
changes more rapidly with respect to the height when the pillared resonators are high, resulting

in a more rapid change of the phase. To figure out the causes for the change of wave velocity,
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as shown in Figs. 4(b) and 4(c), we plot the vibration modes of the pillared resonators with
different heights. Figs. 4(b) and 4(c) show the z direction displacements in the pillared
resonators associated with longitudinal vibration modes (longitudinal waves) and the x
direction displacements in the pillared resonators associated with bending vibration modes
(flexural waves), respectively. When the pillared resonators are short (less than 12 mm), the
longitudinal vibration mode (longitudinal waves) is dominant in the pillared resonator. On the
other hand, the bending vibration mode (the flexural wave) is dominant when the pillared
resonators are high (more than 12 mm). When the propagating flexural wave in the plate
encounters the pillared resonators, parts of them are converted into the longitudinal waves and
the flexural waves in the pillared resonators, which will propagate in the pillared resonator and
then back to the plate to interfere with the ongoing waves. This transmission process leads to a
phase shift of the flexural waves in the host plate. In addition, the wave velocity of flexural
wave is smaller than that of the longitudinal wave in the pillared resonators, and this explains
the more rapid change of wave velocity in the host plate with respect to the height when the
heights of the pillared resonators are high.

It can also be observed that the amplitude of the transmitted flexural wave oscillates
between 0.2 and 1. The oscillation is caused by the Fabry Perot resonance[40]. This can be
demonstrated by comparing the phases at the peak points of the amplitude curve. As shown in
Fig. 5, we plot the amplitude curves of the subunits with different pillared resonators. It can be
observed that within the same height range, amplitude curves of the subunits with more pillared
resonators have more peaks and the phases at the peak points of the amplitude curves are either
3.5 or 0.4 rad, meaning that the difference of the phase between these peak points are
approximate 7 . Fabry Perot resonance between two cylinder-pillared resonators has been
studied in Ref[66], in which the resonance frequencies of the compressional mode of the two
cylinder-pillared resonators are within the working frequency range and Fabry Perot resonance

happens when the distance between the two cylinder-pillared resonators is half of the
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wavelength. However, in our design, the working frequency is much smaller than the resonance
frequency of the compressional mode of the pillared resonators and the bending mode is
dominated within the Fabry Perot resonance region, and thus the Fabry Perot resonance is
related to the height of the pillared resonators. It should be noted that the Fabry Perot resonance
has been utilized to enhance the efficiency of sensors and actuators in elastic waves. Here, we
can see that due to the Fabry Perot resonance, high transmission of flexural waves can be
achieved.

In a general periodic metasurface design, the pillared resonators within one subunit have
identical height. As shown in Fig. 3(e), the amplitude can correspond to only one or two values
at a given phase. At some phases, the amplitude of the transmitted waves is only about 60% of
the full transmission, which will greatly reduce the efficiency of the metasurface when using
these subunits to construct the metasurface. To account for the cause of the low transmission,
we plot the amplitude of the transmitted flexural wave, reflected flexural wave, transmitted
longitudinal wave, and reflected longitudinal wave as shown in Fig. 6(a). We can see that the
amplitudes of the transmitted and reflected longitudinal waves are rather small compared with
that of the transmitted and reflected flexural waves. It means that although both the flexural
and longitudinal wave are considered in the analytical model, the longitudinal wave can be
ignored in the designing process. In fact, the low transmission is caused by the mismatch of the

impedance. Specifically, the phase shift is realized by the change of the phase speed, which is

proportional to /K o /M o7 » While the amplitude is determined by the impedance of the pillared
resonators, which is proportional to , /K M, swhere Keff refers to the effective stiffness and

M o Tefers to the effective mass[53]. For the design of the periodic metasurface, all the

heights of the pillared resonators are the same and thus there is only one design freedom that
can be taken into consideration. Then, combination possibilities between the effective mass

and stiffness are limited and thus one can only moderately modulate the phase and amplitude
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utilizing a periodic metasurface. However, for an aperiodic design, where the pillared
resonators within one subunit can have different heights, much richer combinations between
the effective mass and stiffness can be achieved which might enable more accurate and
abundant phase and amplitude modulation of the wavefronts.

To verify the concept of using the aperiodic design for an abundant wavefront modulation,
we first consider the design of an aperiodic subunit where the height of only one pillared
resonator is different from other pillared resonators. The phase and amplitude of the transmitted
waves when the pillared resonator with different height is located at different positions is shown
in Figs. 7(a)-7(d) and the combination range between phase and amplitude with only one
different pillared resonator is shown in Fig. 7(e). We can see that, in addition to the height, the
position of the pillared resonator with different height will also influence the phase and
amplitude of the transmitted waves. Due to the symmetry configuration of the metasurface, the
results of the other four arrangements (i.e., the resonator with different height is located at the
position of the 5th, 6th, 7th, or 8th location) are the same as the four ones presented in Fig. 7.
We can see that, although only one of the pillared resonators is designed to have different height,
phase and amplitude can cover a much wider range. Then, one can obviously expect, if all the
eight pillared resonators have different heights, much more abundant modulations between the
phase and amplitude can be achieved and accordingly more precise and complete modulation
of the wavefronts can be achieved.

However, different from the periodic design, where one can easily determine the pillar
height to obtain the desired phase, it is difficult to determine the heights of each pillared
resonator to obtain the desired transmission characteristics in the aperiodic design. Luckily, the
design of the height of the pillared resonators on the aperiodic metasurface can be treated as an
optimization problem and here the genetic algorithm (GA)[67-71] is employed to find the
optimized heights of each subunit. To determine the heights, we firstly find out the optimized

heights based on the analytical model. Then, based on the analytical heights, we determine the
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corresponding heights using the FEM results to minimize the design error presented in the ideal
analytical model. Due to the nature of the genetic algorithm[72], it should be noted that the
solution to the optimization problem is not unique but the results can support the concept of
achieving much more abundant combinations between the phase and amplitude, including the
full transmission of flexural waves, using the aperiodic metasurface. The genetic algorithm
(GA) is a method to solve optimization problems based on natural selection, a process that
drives the biological evolution. The first step of GA is to create an initial population with a size
po and the generation of initial population is random. The individuals in the population are the
possible solutions to the optimization problem, i.e., the heights of the eight pillared resonators
within one subunit in this paper. Then, based on the fitness value of each individual in the initial
population, which can be obtained from a fitness function, GA will select some individuals as
parents, and these parents will generate the next generation, and the individuals in the next
generation are called children. The next generation is composed of three kinds of children,
including elite children, crossover children and mutation children. Elite children are the
individuals in the current population with the best fitness values. These individuals
automatically survive to the next population without any change and the number of elite
children is apo. Crossover children are created by combining the vectors of a pair of parents
and the number of crossover children is (1-a)bpo. The rest are mutation children that are created
by introducing random changes, or mutations, to a single parent. The process described above
is one optimization round and this optimization round is repeated until the average change in
the fitness value is less than the specificized value. In this paper, the GA toolbox embedded in
MATLAB is utilized to solve the optimization problem and, by default, a=0.05, 5#=0.8. The
objective function in this paper is defined as the summation of the difference between
optimized amplitudes and target amplitudes and the difference between optimized phases and

target phases as
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(20)

where 7,

and ¢, are target amplitude and phase, 7, and ¢, are optimized amplitude and
phase, o and B are weighting parameters and we choose a =1 and f=2r.

To demonstrate that the aperiodic metasurface can realize arbitrary phase and amplitude
modulation of the wavefronts, we plot different combinations of phases and amplitudes
obtained from the aperiodic design with a phase interval of 0.5 rad and an amplitude interval
of 0.2 as shown in Fig. 8(a). The blue circles represent the analytical results and the red triangles
represent the corresponding FEM results. Due to the differences between the ideal plane strain
theoretical model and the three-dimensional FEM one, there will exist some discrepancies
between the analytical results and the simulation ones. While one can design pillared resonators
directly in COMSOL with its built-in optimization module[73-75] to obtain more precise phase
and amplitude, the proposed analytical model-based genetic algorithm design approach is much
more efficient. As shown in Figs. 8(b) and 8(c), we plot the out-of-plane displacement
distribution of the transmitted wave field in the subunit with the same phase (1 rad) but different
amplitudes (an interval of 0.2) and the same amplitude (1) but different phases (an interval of
1 rad), respectively, where the left numbers indicate the phases and the right numbers indicate
the amplitudes obtained from FEM, respectively. We can see that based on our aperiodic design,
in addition to the phase, the amplitude of the transmitted waves can also be modulated
simultaneously. As a comparison, we also plot the out-of-plane displacement distribution in the
subunit with the same phases for the periodic design as shown in Fig. 8(d). Compared with the
results shown in Fig. 8(c), we can clearly see that to some phases, the amplitude of the
transmitted waves is very low, while the normalized amplitude is almost 1 in the aperiodic
design. From the above analysis, we can see that much more combinations between phases and

amplitudes, including full transmission of flexural waves, can be realized based on the
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aperiodic design.

To understand the mechanism of the full transmission, as shown in Fig. 9, we plot the
amplitude and phase at different frequencies of the subunit of the periodic and aperiodic
metasurface. It can be observed that the full transmission corresponds to the peak of the Fabry
Perot resonance region, and different from the periodic design, in which the peak of the Fabry
Perot region is narrow and single, for the aperiodic one the region is wide and multiple. This
phenomenon, caused by the coupling between different Fabry Perot cavities, can also be
observed in multilayer partially reflective surfaces[76]. In the aperiodic design, pillared
resonators with different heights can be regard as Fabry Perot cavities with different peaking
frequencies, and by combining them together, the coupling between theses pillared resonators

can broaden the high-transmission region.

3. Steering flexural waves utilizing the aperiodic pillared elastic metasurface

In this and the following sections, we use steering and focusing of flexural waves as two
demonstration examples to illustrate the advantages of the aperiodic elastic metasurface on
realizing arbitrary wavefront modulation of the flexural waves. We first design an aperiodic
elastic metasurface to steer flexural waves. When designing the elastic metasurface to steer

flexural waves, gradient phase shifts along the y-direction (as shown in Fig. 1) is necessary and

the theoretical refraction angle g, of the transmitted waves can be obtained by the GSL as

0, = arcsin(sin 6, + A dé (21)
2r dy

where @, is the incident angle and d_ is the spatial phase shift gradient. Here, a vertical
'y

incident flexural wave (i.e., g =0) is considered and two cases of flexural wave steering are
presented in this section. The first case is to illustrate that the aperiodic metasurface can realize

the full transmission of flexural waves and the second case is to illustrate that the aperiodic
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metasurface can realize the amplitude modulation that is potential in providing more abundant

wave manipulations. In the first case, we steer the vertical incident flexural waves into only

one direction, where the phase shift ¢ between the adjacent subunit is %, the spatial phase

dp /12 .
shift gradient d—¢:m =13.23 and the refraction angle 19t =12.02°. The subunit without
y 0.

the presence of the pillared resonators can be regarded as a reference subunit #1, and another
23 subunits with pillared resonators are arranged to produce the desired phase shifts. Figs. 10(a)
and 10(b) show the theoretical desired phase shifts and the phase shifts obtained from the 3D
FEM of the periodic design and the aperiodic design, respectively. We can see that the average
transmission of these subunits is about 0.88 and the two designs can both achieve the desired
phase shifts but the amplitude at some phase shifts is rather low for the periodic design, which
will influence the steering efficiency. However, the aperiodic design can not only achieve the
desired phase shifts, but can also achieve the nearly-full transmission for all the subunits and
the average transmission of the subunits is about 0.99. The corresponding out-of-plane

displacement distributions in the transmitted wave field of the subunits are plotted in Fig. 11(a),

where only 12 subunits with phase interval as %, instead of all large number of subunits, are

plotted for clarity. We can clearly see that the subunits can obtain the desired phase shifts and
can realize almost full transmissions of the flexural waves.

After analyzing the transmission characteristics for the subunits, we assemble these
subunits to steer flexural waves. The out-of-plane displacement distribution in the incident
wave field and the transmitted wave field are plotted as shown in Fig. 12(a). It can be clearly
observed that the vertically incident flexural waves have been deflected by the designed
aperiodic elastic metasurface. In order to obtain the refraction angle from the numerical
simulations, the polar directivity graph of the transmitted waves measured at three wavelengths

away from the center of the metasurface is shown in Fig. 12(b). It can be observed that the
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refraction angle is 10.64°, which has a good agreement with the theoretical one. In addition,

.y . . . . _dg_rl6
utilizing the same subunits but with a spatial phase shift gradient —=——=26.46, we steer

dy 024

the flexural waves into another direction with a refraction angle 6, =24.62° . The

corresponding out-of-plane displacement distribution in the incident wave field and the
transmitted wave field of this case are plotted in Fig. 12(c) and the polar directivity graph of
the transmitted waves measured at three wavelengths away from the center of the metasurface
is shown in Fig. 12(d). The refraction angle is 27.32°, which also has a good agreement with
the theoretical one.

Next, the aperiodic metasurface is exploited to steer the flexural waves into different
directions with different amplitudes and we note that this function cannot be realized by the
general periodic metasurface. The theoretical desired phase and amplitude distribution,
together with the phase and amplitude distribution obtained from the 3D FEM of the aperiodic
design along the metasurface, are shown in Fig. 13(a). The numerical results of the out-of-plane
displacement distribution in the incident wave field and the transmitted wave fields and the
polar directivity graph of the transmitted waves measured at three wavelengths away from the
center of the metasurface are plotted in Figs. 13(b) and 13(c), respectively. We can clearly see
that the incident waves have been deflected into two different directions and the amplitudes of
the two direction transmitted waves are different amplitudes. Although there are some
discrepancies between the numerical and theoretical refraction angles of the two directions
probably due to the coupling between the subunits emerging from the amplitude difference
among the subunit plate, the ability to split flexural wave with different amplitudes have been

demonstrated.
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4. Focusing flexural waves utilizing the aperiodic pillared elastic metasurface
Apart from steering waves, the aperiodic pillared elastic metasurface can also focus

flexural waves. Focusing waves requires a hyperbolic phase profile satisfying

b(y) = 27”<\/F2 +y - F), 22)

where y is the coordinate along the metasurface as shown in Fig. 1 (y =0 is on the axis of
the symmetry) and F' is the designed focal distance, chosen as 34 in this paper.

Figs. 14(a) and 14(b) show the amplitude and phase of the subunits to focus flexural wave
designed based on the aperiodic design and periodic design, respectively. It can be observed
that the two designs can both achieve the desired phase profile, but the amplitude at some phase
is rather low for the periodic design, and the average transmission of these subunits in the
periodic design is about 0.88, which will influence the focusing efficiency. However, we can
see that the aperiodic design not only can achieve the desired phase profile, but can also achieve
a nearly-full transmission for all the subunits, where the average transmission of the subunits
is about 0.99.

After analyzing the transmission characteristics of the subunits, we assemble these
subunits to form a metasurface and study its wave focusing effect. The simulated displacement
and energy distribution in the transmitted wave field are shown in Figs. 15(a) and 15(b),
respectively. We can clearly see a focal area appears after the incident wave passes through the
elastic metasurface and the focal distance is approximately about 34. To further demonstrate
that the aperiodic design can improve the efficiency of wave focusing, we plot the energy
intensity of the periodic design and aperiodic design as shown in Figs. 15(c) and 15(d). The
peak normalized intensity of the periodic design is about 5.549, while the peak normalized
intensity of the aperiodic design is about 6.623 and the focusing efficiency has increased about
19.35%.

We then set up an experiment to verify the simulation focusing results and the feasibility
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of the aperiodic design of metasurfaces. In the above sections, we choose the material of the
host plate as aluminum and the material of the pillared resonators as iron, and the working
frequency is chosen as 1000 Hz to better illustrate the advantages (e.g., high efficiency of
focusing) of the aperiodic design. In the experiment, for the convenience of fabrication, the
host plate and the pillared resonators both have the same material as aluminum and the working
frequency is chosen as 8000 Hz. Utilizing the same method in the above sections, we redesign
the aperiodic elastic metasurface to focus waves and the details of this design is illustrated in
the supplementary material.

The photo of the experimental setup is shown in Fig. 16. The aperiodic metasurface and
the host plate were fabricated from a same aluminum plate through a milling technology. As
mentioned in Section 2, no slots are cut between adjacent subunits and thus the integrity of the
host plate are indeed kept. An array composed of seven piezoelectric sheets was bonded on the
surface of the host plate to generate the A0 Lamb waves. A layer of blue-tack was attached to
the boundary to minimize reflections from the boundary of the plate. An 8 kHz 5-count
Hanning-windowed tone burst was generated by a signal generator and the signal was sent to
the power amplifier, which drives the piezoelectric sheets. A scanning Laser Doppler
Vibrometer (LDV) system (Polytec PSV-500) was utilized to measure the out-of-plane
propagating velocity of the host plate. The LDV system has a built-in bandpass filter from 7
kHz to 9 kHz. To avoid the environmental disturbances, the response at each location is
measured three times and averaged before the LDV scans the next location. The sample
frequency is 100 kHz and the time resolution is 5xs. One flexural wavelength contains about
15 scanning points in this experiment.

The experimental distributions of the out-of-plane velocity at the incident end and
transmitted end are shown in Fig. 17. As a comparison, the results obtained from the simulation
are also presented. It can be observed that plane incident flexural wave will focus in the

transmitted end, where the velocity at the focal distance is much larger than that in the incident
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end, and the focal distance is about 34 . The experimental results agree well with the simulation
results, demonstrating the accuracy of the simulation results and the feasibility of the aperiodic

metasurface.

5. Conclusions

In this paper, we have proposed an aperiodic elastic metasurface consisting of pillared
resonators that can realize arbitrary phase and amplitude modulation of the wavefronts.
Different from the general periodic metasurface, where the subunits are composed of identical
unit cells, the subunits of the aperiodic metasurface are composed of different unit cells, where
the heights of the pillared resonators within the subunit can be determined by an analytical
model-based genetic algorithm inverse design method. The proposed aperiodic elastic
metasurface can steer and focus flexural waves with almost full transmission. Utilizing the
aperiodic design, the focusing efficiency can be increased by 19.35%, compared with that of
the general periodic design. In addition, the proposed aperiodic elastic metasurface can steer
waves into different directions with different amplitudes, which cannot be realized by the
general periodic metasurface. The proposed aperiodic metasurface and its inverse design
method can inspire the design of other types of metasurfaces, and open a promising route for

applications such as on energy harvesting or holographic imaging.
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Fig. 1. (a) Schematic 3D model of the pillared elastic metasurface, (b) schematic 3D model of
the subunit, (c) schematic 2D model (plane strain model) of the subunit for the periodic design.
(d) Schematic 3D model of the pillared elastic metasurface, (e) schematic 3D model of the

subunit, (f) schematic 2D model (plane strain model) of the subunit for the aperiodic design.
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12 Fig. 2. (a) Sketch showing that the subunit is divided into several regions. (b) Sketch of the
13 unit cell composed of the nth host plate region (P, ), the (n+1)th host plate region (P ,,) and
14 the nth pillared resonator (R ).
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Fig. 3. (a) Phase and (b) amplitude obtained from the analytical model. (c) Phase and (d)
amplitude obtained from the 3D FEM. The relationship between phase and amplitude at

different pillared resonator heights for the subunit with (e) 8 pillared resonators and (f) 1

pillared resonator.
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Fig. 12. The numerical simulation results of the out-of-plane displacement distribution for the
metasurface to steer waves into one direction with full transmission when the refraction angle
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wavelengths away from the center of the metasurface to steer waves into one direction with
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directions with different amplitudes.

41



2
3
4
5
6
7
8
9
(g 1 (b6 1
> 108 > 10.8
/\4 - A_’l -
= QT Q
£ 1062 £ 1062
23 EFE H
i - & - Analytical model {04 JE é - &= Analytical model 104 ;f!
o —e— FEM model ol —e— FEM model
4 B 2
1! 0.2 ! 0.2
0 5 0 15 20 5 ¢ 0 5 0 15 20 5 ¢
10 Subunit Number Subunit Number

11 Fig. 14. Phase and amplitude of the subunit in the (a) aperiodic and (b) periodic deign to focus
12 flexural waves.
13

14

15

16

17

18

19

20

21

42



10

11

12

13

14

@ " " - ©
500 [ 1 7

400 '/
30 ’ . 1 Zat
5}
200 ‘\ 1
5
100 / 1

—— Aperiodic
—— Periodic

(=1
&~

v (mrp)

w

o , , , 0 200 400 600 800
0 200 400 600 800 x (mm)
(b)
500
—— Aperiodic

400 —— Periodic
2300
g
A

200

100

100 200 300 400 500
0 200 400 600 800 » (mm)
x (mm)
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Fig. 16. Photo of the experimental setup.
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8  Fig. 17. Distribution of the out-of-plane velocity in the host plate obtained from (a) experiment
9 and (b) simulation.
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