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Sobolev Spaces and Elliptic Boundary Value Problems

Chérif Amrouche

“Laboratoire de Mathématiques et Leurs Applications, UMR CNRS 5142
Université de Pau et des Pays de I’Adour, 64000 Pau, France

Abstract

In this course, we are interested to the resolution of elliptical equations
with various types of boundary conditions: Dirichlet, Neumann or Fourier-
Robin, Navier or Navier type conditions. We will study the existence, the
uniqueness and the regularity of the solutions. This regularity will depend,
as we will see on data of the problem and in particular of the regularity
of the domain. For the sake of clarity and simplification, we will examine
two model problems, one involving the Laplacian and the other the Stokes
operator.
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1. Sobolev spaces, inequalities, Dirichlet and Neumann problems
for the Laplacian

1.1. Sobolev spaces
Let us introduce the following Sobolev spaces: for any 1 < p < oo

WmP(Q) = {ue 2'(Q); V]a| <m, D% € LP(Q)}

and

D%u(z) — D%u(y)|?
WS’pQ—{UGWm’pQ;//‘ < oo, V]al=m
) ) QJo |z — y|N+op o

where m € N,;s =m + 0,0 < 0 < 1 and € is an open set of R"V. Equipped
with the graph norm, they are Banach spaces.

When Q = RY, using the Fourier transform, we define for any real
number s the space

@) = fue 7@ [ 1+ ey ol d < oo

which is an Hilbert space for the norm:

1/2
fully = ([ 1+ 1ePylapa)
RN

By Plancherel’s theorem we prove that W*2(RY) = H*(R") for all s > 0
and this identity is algebraical and topological. So, in the case p = 2, we
denote more simply the space W$2(Q) by H*(Q).

Definition 1.1. For s > 0 and 1 < p < oo, we denote
WP (Q) = ml\'llws,p(m7
and its topological dual space
WP (Q) = (WP ()]

where p’ is the conjugate of p: 1/p 4+ 1/p’ = 1. For p = 2, we will write
H§(Q2) and H*(Q) respectively.



Proposition 1.2. Suppose T € 2'(Q). Then T € W~ (Q), with m €
N*, if and only if

T= Y D%, with fo€LF(Q).

laj<m

1.2. First properties

It will be assumed from now on that  is a bounded open subset of RV
with a Lipschitz boundary.

Let us consider the following space

2(Q) = {vjq; v e .@(RN)} .

Theorem 1.3. i) The space 2(Q) is dense in WP (Q) for any s > 0 (even
if Q0 is unbounded).
ii) The space Z(RN) is dense in WP(RN) for any s € R.

As consequence, we have the following property: for any s > 0
WeP(RN) = WP(RY) and W*# (RY) = [W*P(RY)]".
But in general, for any s > 0, we have W3*(Q) C W5P(Q).
Definition 1.4. For s > 0, we set
WeP(Q) = {u € W*P(Q); © e WP(RN)}
where © is the extension by 0 of u outside of Q.
The space WP () is a Banach space for the norm
lllizemy = lllyes gy,
It is easy to verify that for any nonnegative integer m
WP (Q) — W™P(Q) (1.1)
and for any u € W;"" () we have
el ey = Illwmsgey - (1.2)
When s = m + o with 0 < ¢ < 1, we can show that
D%y
E

1l = lulaniay + D

laf=m

LP(Q)

where o(z) = d(z,T) and T' = 99Q.



Theorem 1.5. The space P(9) is dense in WSP(Q) for all s > 0 (even if
Q is unbounded).

From (1.1), (1.2) and the definition of W3"*(Q), we deduce the following:
for any m € N*, .
W™P(Q) = WiP(Q). (1.4)

Theorem 1.6. For any 0 < s < 1/p, the space 2(Q) is dense in W*P(2),
which means that
WP () = WHP(Q). (1.5)

Theorem 1.7. Let 0 < s <1 and u € WP (). Then

%ELP(Q)@S#l/p

Y
and in this case
% < C'lulwsr (),
2" |l Le(0)
where the notation | - | denotes the semi-norm of WP ().

The case s =1 is known as Hardy’s inequality: for all u € VVO1 P(Q),

u

0 < C | Vull pg) -

Lr(Q)

Using again a Hardy’s inequality, we prove the following result:

Theorem 1.8. Let s > 0 and u € WiP(Q). Then for any |a| < s, we have
D%y
st|a\

e LP(Q) < s—1/p¢ N. (1.6)

From (1.3) and (1.6), we deduce the following identity:
WHP(Q) = WiP(Q) (1.7)
which holds for any s > 0 satisfying s — 1/p ¢ N.

Proposition 1.9. i) For any 1 < j < N and for any s € R, the operator

0

—  WHP(RY) = WP (RY) (1.8)
al‘j

18 continuous.

ii) However, if we replace RN by Q, Property (1.8) takes place unless s =

1/p.



Proof. Sketch of the proof of Point (ii).
1. Case s=m+ o, withm € N and 0 < o < 1. Let u € WP(Q). By
definition, we know that

|D%u(x) — D*u(y)[”
m,p _
u € W™P(Q) and /Q/ w — [N Top < oo, Ylal=

Soforany 1 <j <N

«a 8u a Ju p
ou m=1p(q) ‘D - D Dz (v)
83:] ew and / / |x—y|N+UP < 00,

for all || = m — 1. Consequently (%‘j € Ws=tP(Q).

2. Case s < 0. Let u € WP(Q). Since —s+ 1 > 1, for any ¢ € 2(Q), we
get:

<%,¢>@'(Q)x9(ﬂ)‘ = ‘—(Ua %>@’(Q)x,@(9)‘
Op
< lellweng >‘Wj Wy ()

S ”uHWbp HSOH S+1P Q)"

We conclude by using the density of 2(§) in W, s+Lp! (Q).

3. Case 0 < s < 1. Let u € W*P(Q). Recall that Q being Lipschitz open
set, there exists an extension operator

Vt >0, P:W'Y(Q) = WPRY)
which is linear, continuous and satisfying
Py =v, foranyve W"P(Q).

As Pu € WP(RY), we get & aP“ € Ws=LP(RY). But

0Pu B %
81‘j |Q - 81']'7

where 2 is the restriction to © of the distribution 7' = 2E% € Ws=1p(RN).
J J

More precisely, we have:

ou ~
Vo e 2(Q), (5 Pla@xa@ = (T, 0)o@v)xa@y):
J



That implies
ou ~

<%790> < HTHWS*LP(RN) ”Sf’lefs,p’(RN) = HTHstl,p(RN) H‘P”’Wks,pf(m'
J

—~ , /
We have shown that 6371; € [Wl_SJD (Q)} . But

—~ / / _ , /
(=@ = W @) = 1-s 21,
i.e, s # 1/p. O
Remark 1. The above proof shows that
!
wewirrig) — 94 ¢ )
81‘]'
In particular
ou

1/2 ou
ue H'*(Q) = oz,

e @),
where we remark also that
HY2(Q) — HY2(Q) = HY(Q).
This embedding being dense, we get by duality
H2(0) = [my9)] < [A72@0)

Corollary 1.10. Let s > 0. The following characterization holds:

D%y

QO'

ue W P(Q) <= uecWyP(Q) and for anyla| =m,

€ LP(Q),
where s=m+omeNand 0 <o < 1.

1.3. Traces
Firstly, recall the following inclusions:

WHP(RN) — €O(RY) if s> J]\;.
So that if u € W*P(RY) with s > %, the restriction of u to the hyperplan
zny = 0 is well defined. But the continuity with respect to all variables is not
necessary. It is enough to have the continuity with respect to the variable
xn. This is possible as soon as s > 1/p.
Actually, we have the following result:



Theorem 1.11. i) Suppose that s—1/p=k+o, withk € Nand0 <o <1
(which implies in particular that s — 1/p ¢ N). Then the mapping

U 'l> ('70“7 YU, ... ,’Yk’lL)
where
/ / / du /
’you(.ilf) = u(:r ,O),l’ = (xlv e ,.TN_l), and Vju(x ) = 873('% 70)7
TN

defined for u € P(RYN), has a unique extension

k
WHP(R"™) —» H Ws—j—l/pvp(RN—l)
i=0

which is continuous and where k is the integer part of s > 0.
it) Moreover this operator has a right continuous inverse R:

k
Vg=(g0,--,g) € [[W 7 /PP@®RN"Y), yRg=g
=0
k
||R9||Ws,p(RN) <Cn Z ngHstjfl/p,p(RN—l) .
=0

Remark 2. For p = 2, the above result can be proved using the Fourier
transform.

This result can be extended to the case where €2 is a bounded open subset
of RV, with a %! boundary (see the the definition below).

Definition 1.12. Let £ be an open subset of RY. We say that € is Lip-
schitz (respectively of class €%,k € N*) if for every x € T, there exist
a neighbourhood V' of 2 in R and orthonormal coordinates {y1,...,yn}
satisfying:

i) V is an hypercube

ii) there exists a function ¢ defined in

Vi={y eRVY Jyj| <a;, 1 <j <N -1},



1

such that ¢ and ¢~ ! are Lipschitz (respectively %) and satisfying

1

vy eV, ‘go(y’)’ < SN

QNV ={,yn) €V; ynv < 0¥}
PNV ={(,v) €Viynv =)}

figure
Let

. VI —T'NV
Y — (v, 0v))-

Definition 1.13. Suppose that € is an open subset of RY of class %!,
with k£ € N and let 0 < s < k 4+ 1. We introduce the following space

WP(T) = {ue L’(T); uo® € W (V' N1 (I'NV))}

for any (V, ) verifying the previous definition.



Let (Vj,¢;),1 < j < J, be any atlas of I' for which each pair (V}, ;) satisfies
the above definition. One possible Banach norm for W*P(T") is given by:

J
||U||Ws,p(r) = 21 [uo <I>j||Ws,p(vj/m<1>j*1(Fmvj))
]:

which is equivalent when 0 < s < 1 to the norm

u(z) — u(y)l? e
(Hu‘ll)/p(r‘) + /F g —|x — y|N_1+5de$d‘7y )

We are now in position to extend Theorem 1.11 to the case where RY~1
is replaced by an N — 1-dimensional manifold of RY, but which is sufficiently
regular. This simply uses changes of variables.

If locally I is represented by the pair (V,¢) with ¢ and ¢~! Lipschtiz,
then a unit outward normal vector can be can defined as follows:

(=V'e(y),1)

fory e V', v/, o)) = )
Whel)) 1+ |[Vip(y)?

One can then extend this vector in all V' by setting

vy, yn) =v(y, o)),y € V.

AsT C U‘j]:ﬂ/j, we know that there exist functions g, 1, ..., g € € (RY)

such that
J

i)forall j=0,...,J, 0<p; <1 and Zuj =1
j=1
ii) supp p; is compact and supp p; C V; for any j > 1 and supp po C 2.
This partition of unity then allows to extend v in a neighbourhood of

as follows: v = Z(,ujl/). It is then easy to verify that v € L>®(Q) if T is
j=0
Lipschitz and v € €+~ 11(Q) if T is €% 1.
We are now ready to establish the following result:

Theorem 1.14 (Traces). Let 2 be an open subset of RN of class €%1,
with k € N. Let s > 0 satisfying s < k+1 and s — 1/p = { + o with
0< o<1 andleN. Then the mapping

u ’i> (70“7 ViU, ... 7’7[“)



defined for u € CH1(Q) has a unique continuous extension as an operator

¢
from W*P(Q) into H We=I=VPP(T) where
j=0
ou M

ylu:$:Vu-u, *yju:@.

Moreover this operator has a right continuous inverse R (not depending of

p)

Case 2 Lipschitz. Suppose 1/p < s < 1. We have the following properties:
i) If u € W*P(Q), then ur € W=1/Pe(T).

ii) If g € W*=1/PP(I'), then there exists u € W*P(Q) such that u = g on T
and satisfying the estimate

lullweiey < € llglhws-rmaqry -

Case  of class ¢l
i) Let u € WP(Q). If 1/p < s < 2, then up € W=1/P(I'). Moreover, for
any g € W~1/PP(T), there exists u € W*P() such that u = g on T, with

lullwesey < € gl -

i) Let w € WSP(Q). If 1+1/p < s < 2, then e% e Ws=1-1/p»(T). Moreover,
for any g € W*~1/PP(I") and g, € W~ 1-1/PP(T), there exists u € W5P(Q)

such that 9
u=go and —u:gl onT
ov
with

lellwer@y < € (Igollws-ssmoy + lgtllwe-s-1mnqe)) -

Theorem 1.15. Suppose that 2 is an open subset of RN of class €%, with
ke N. Lets >0 such that s—1/p ¢ N and s—1/p =+ 0, where 0 <o < 1
and £ > 0 is an integer. Then we have the following characterization for
s<k+1:

WP (Q) = {u € WP(Q);v0u = yiu = ... = ypu = 0} .

10



1.4. Interpolation

We will consider here only the case of spaces H*(2), with © bounded
open Lipschitz of RY.
Recall that for every s > 0 there exists a continuous linear operator:

P: H(Q) — H*RY)

satisfying
Vue H*(Q), Pugq=u.

Theorem 1.16. [Interpolation Inequality] Let s1, s, s3 with 0 < 51 < s9 <
s3. Then

_ 527951
Ve >0, ”uHWS2,p(Q) <e HU||W83,p(Q) + Ke s3—s2 HuHWsl,p(Q)
where K = K (€, s1, 82, 83,D).

The above inequality is a consequence of the compactness of the embedding
of Ws3P(Q) into W*2P(Q).

Recall now that we have different ways to define the Sobolev space
H™(Q), for m € N:

u€ H™(Q) <= V]a] <m, D% € L*(),
u€e H™(Q) < u="Ugq withU € H™(R"), (1.9)
ue H"(RY) «—= uwe. ' (RY) and (1+ |¢?)™/?4 € L2(RY).

In the case of fractional Sobolev spaces H*(2), with s =m+o,m € N,0 <
o < 1, we have:

ue H(Q) <= ue H™(Q) and V|a|=m, [ fo Prmmtil < oo
ue H(Q) <= u="Uyq with Ue H*R"),
we HS(RY) <= uwe.Z(RN) and (1+ [€)*/%a e L2(RN).
(1.10)
We can also get this space by interpolation:

H?(Q) = [Hm(Q),Lz(Q)]M, O<pu<l (I1—pm=s
and more generally we have for any 0 < pu < 1

[H°(Q), H*(Q)], = HU705502(Q),

I

Concerning the interpolation of spaces Hj"(€2), we have:

11



- S S . 1
[H (), Hy? (@), = Hy' ™" (Q) it (1= st +psa ¢ 5+ N

m
and
[Hg' ($2), Hy? ()]

with equivalent norms.

u= HU=ms1tis2 (O otherwise,

1.5. Transposition
Let V et H be two Hilbert spaces on R and A € Z(V, H). For every
fixed g € H', we consider the following mapping

V —R
x ’—><gvAx>H’><H

which defines a linear and continuous form on V that we denote by ‘Ag:
<tAgam>V’><V = <g>A':U>H/><H-

Remark 3. If A : 'V — H is an isomorphism, then we can define the

transpose of A~ and we easily verify that

tA=l = ('514)71 and 'A:H' — V’is an isomorphism.

1.6. Inequalities
They are fundamental tools in the study of partial differential equations:

i) Poincaré’s Inequality. Let € be an open space bounded in at least one
direction. Then there exists a constant C' > 0, depending on the diameter
of 2 such that

Vue WoP(Q), lull o) < C IVull Lo -

ii) Poincaré-Wirtinger’s Inequality. Let 2 be a Lipschitz bounded do-
main of RY. Then there exists a constant C'(£2) > 0 such that

1, .
Vue WHP(Q), Il{%%nu*‘KHLP(Q) < C(Q) [IVull (g -

iii) Hardy’s Inequality. Let © be a Lipschitz bounded open subset of R,
Then there exists a constant C'(£2) > 0 such that

< C9) [IVull o -

Yu e WHP(Q), H“
QlliLe ()

iv) Calderon-Zygmund’s Inequality.
0%u
axzax 5

< C(Q) ||Au||LP(Q) ‘

Vue 2(9), H
r(Q)

12



1.7. Weak Solutions

Consider the following problems:
(Pp) —Au=f inQ and u=g onl

and 5
(Py) —Au=f inQ and 8—u:h onT,

v

where  is a Lipschitz bounded domain of RY, f, g and h are given.

Theorem 1.17. Given any f € H-1(Q) and any g € HY/*(T'), there exists
a unique solution u € HY(Q) to Problem (Pp). Moreover

sy < €@ (I -1y + Nlgllarirzqry) -
Proof. Using Theorem 1.14, there exists u, € H'(£2) such that
ug=g onT with [lugllyia < C©) lgllag -

Setting
fg = —Auy = —divVu, € H1(Q),

the problem becomes: Find v € H}(Q) solution of
(PY) —Av=f—f, inQ and v=0 onl.
This last problem is equivalent to the following variational formulation:

Find v € H}(Q) such that

FV
FVID\ vp e mi@), /QW-Vsod:c=<f—fg,so>H1(%3(9).

Applying Lax-Milgram Lemma or Riesz Theorem, we prove the existence
of a unique solution v € Hg(Q) satisfying (FV)p.

Note that the bilinear form
a(v,p) = / Vo - Vedz
Q

is continuous on H}(Q) x H} () and coercive on H}(2) thanks to Poincaré’s
inequality. In addition, this form allows to define a scalar product on
Hilbert’s space Hj(Q). O

13



Remark 4. i) If Q is of class €', f € W=1P(Q) and g € W'~V/PP(T) with
1 < p < oo, then there exists a unique solution u € WP (Q) to (Pp).

ii) When € is only Lipschitz, this regularity result holds for p € ]2 —¢,2+¢]|
where € and ¢’ > 0 are depending on 2 and 2 — ¢’ and 2 + ¢ are conjugate.

Concerning the Neumann problem, the approach is a bit more compli-
cated. Indeed, if we are looking for a solution v € H'(2) only, the boundary
condition on the normal derivative does not make sense, since the functions
of L2(Q) do not have any trace at the boundary. Here, in fact, if one set
v = Vu we have

Ju
ov

=v-vonl.

Definition 1.18.
H(div; Q) = {v € L*(Q); divw € L*(Q)}.

It is a Hilbert space for the scalar product

(v, w)) H(div: Q) = / v - wdr + / (div v)(div w)dzx.
Q Q
Proposition 1.19. i) The space () is dense in H(div; Q).
i1) The linear mapping
vV— V-V,

defined on 2(Q)N, can be uniquely extended into a linear mapping of H (div; Q)
in H-V/2(T) .= [H'2(1)]".
i11) In addition, we have the following Green’s formula (or Stokes’ formula):

Vo € HY(Q), Yv e H(div; Q), /U-chdx—i—/(pdivvd:n:(v-u,gp}p
Q Q

where (-,-)r denotes the duality brackets H=Y/2(I') x HY/?(T).

Corollary 1.20. Let u € H'(Q) be such that Au € L%*(Q). Then % €
H~Y2(I'). Moreover for any ¢ € H'(Q), we have the following Green for-
mula:

0
/cpAud:E—l—/Vu~Vgpdw:<u,<p>p.
QO O 61/

Proof. It suffices to apply Proposition 1.19 by setting v = Vu. U

14



As a Consequence we can show that for any f € L?(Q) and for any
g € H-'/2(I"), the problems

Find u € H(2) such that

(Py) § —Au=f inQ,

g—}j:g on[’

and
Find u € H'(Q2) such that

(@n) Ve HY(Q), /QVu-Vapdx:/chpdx—i—(g,@r

are equivalent, so that any solution of one is a solution of the other.

Remark 5. i) The open 2 being bounded, the constant functions belong to
H' (). So that if u is a solution of (Qy), taking ¢ = 1, the data f and g
must satisfy the (necessary) compatibility condition:

[ o+ g =0
Q

ii) The implication (Py) = (Qn) results from Corollary 1.20. The re-

verse implication also uses Green’s formula and the surjectivity of the trace
operator of H'(Q) into HY/2(I).

Theorem 1.21. Let 2 be a bounded, connected and lipschitzian open of
RN, with N > 2. Let f € L*(Q), g € H-Y2(T') satisfying the compatibility
condition

/fd:c+(g,1>p:0.
Q

Then Problem (Py) has a solution H'(Q), unique to an additive constant,
verifying the estimate:

IVull 2@y < CO) (Ifl2@) + 19l a-12r)) -
Proof. According to Poincaré-Wirtinger’s inequality, we have

So that the bilinear form
a(u, @) = / Vu-Vedx
Q

is coercive on the quotient space V = H'(Q) /. It is then sufficient to apply
Lax-Milgram on the Hilbert space V. g

15



Remark 6. i) We could have chosen as space V the space H(Q2) N L3(2)
where

Li(Q) = {v < L2(Q);/Qudx = o} :

which is a Hilbert space and then use the inequality:
Voe HY(Q)NLHQ), [vllgig) < C [Vl -

ii) We could have taken f in a space larger than L?(£2). More precisely if
f e LE(Q), where (2*) is the conjugate of 2* defined by

- 2
2*

1 i—% ifN>3
€ >0 arbitrary if N = 2

ie, (2°) = 285 if N >3 and (2°) > 1if N =2.

iii) In LP-theory, we have existence results in W1P(Q) when Q is €' and
1 <p<ooorwhen Qis €% and 2 — ¢ < p<2+e.

In the same spirit, we can consider the case of Fourier-Robin boundary
condition:

Find u € HY(Q)
(Prr){ —Au=f inQ,
g—:j +au=g on I,

where « is a positive function defined on I', which can be formulated in an
equivalent way by:

Find u € H'(2) such that
(Qrr) Ve HY(Q), /Vu~Vg0dm+/aucpdx:/fcpdx+<g,<,0>p.
Q r Q

1.8. Strong solutions

Theorem 1.22. Let Q be a bounded open of class €% of RN. Let f €
L*(Q) and g € H/*(T'). Then the solution u given by Theorem 1.17 belongs
to H?(2) and verifies the estimate:

lullzzqey < @) (12 + N9l o2y ) -
Proof. Firstly, we note that
L2(Q) — HYQ) and H®?T)— HY*(T)

so that the problem (Pp) has a unique solution u € H(Q).

16



We shift the data g € H*2(T) by u, € H?(Q) and we set again u = v-+u,,
so that v € H(Q) vérifies:

—Av = f+ Auy € L*(9),
v=0 onl.

So, we need to show that v € H?(). One of the methods to establish this
regularity consists in using the technique of the differential quotients.
The complete proof being long and tedious, we will admit it. O

Remark 7. We can also establish the existence of solutions in W2?(£2) when
the data f and g verify:

feLP(Q) and ge W*PP(D)
and the domain € is of class €11.

1.9. Very weak solutions

We assume here that 2 is a bounded open of class €%! and we are
interested in the homogeneous problem

Find u € L?(Q)
(PEYS —Au=0 inQ,

u=g¢g on I,
where g € H~'/2(T).

Remark 8. As the function u belongs “only” to L?(Q), the boundary con-
dition u = g on I' has a priori no sense. But we will see that in fact, we
can make sense of the trace of a harmonic function in L2(Q) and (we can in
fact weaken this last hypothesis).

Lemma 1.23. i) The space 2(Q) is dense in the sapce
E(Q;A) = {ve L*Q); Ave L*(Q)}.

ii) The mapping v — v defined on P2(Q) can be uniquely extended into a
continuous linear mapping of E(Q; A) into H=/?(T).
i11) In addition, we have the following Green’s formula:

Vv e B(Q;A), Ve HAQ)NHHQ)

Dy
/QUA<pdx - /ngAvdx = (v, 87>H*1/2(F)><H1/2(F)~
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Proof. i) The idea is to use the Hahn-Banach theorem. So let ¢ €
[E(Q; A)] vanishing on 2(Q) and show that it cancels on F(Q; A).
We know that there exist (f,g) € L2(Q) x L?() such that

Yo e E(Q;A), (€,v>:/fvdx+/gAvd:c.
Q Q

Let f and g the extensions by 0 outside of 2 of f and g respectively. Then,
for any v € Z2(RY)

(e, U|Q>:/fvd:1c+/gAvdx:/ fvdm—f—/ gAvdz,
Q Q RN RN

Ag = —fin RN,
As g e L*(RV) and Ag € L?>(RY), then g € H2(RY). Therefore g € H?(Q).
The extension g, by 0 outside of € belongs to H?(R"). We know then that
g € HZ(Q2). By definition, there exists a sequence (g )y of fonctions of Z(Q)
such that g — g in H?(9).
Finally, let v € E(Q2; A). So,

1.€,

(¢,v) = lim {/ —vAvkdac—i—/gkAvdm] = lim 0=0.
Q Q

k=—00 k—0

i) Let v € 2(Q) fixed and ¢ € H?(Q2) N HE(Q). Then

dp
vA da:—/ Avdx:/v.
/Q 4 ng r Ov

Now let 1 € H'Y/?(T). According to the trace theorem and since Q is of class
€L, there exists p € H2(Q) verifying

=0 and g—f:,u onl,
el g2y < C llull gz -

Thus, using the Cauchy-Schwarz inequality

/ 9¢
Fval/

1/2
< () (Iolaq + 1A0leq) * lellm)

’(Uamg—l/z(r)xm/?(r)‘ = ’/FUM
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< OO vl peesay el g2y -
This shows that the linear mapping
20Q) — HV2(T)
v

is continuous when 2(1) is equipped with the norm of E(Q; A). We finish
the proof by using the density of 2(Q) in E(Q;A).
iii) Immediat. O

Theorem 1.24. Let Q be a bounded open of class €4 of RN and let
g € H"Y2(T'). Then, the problem (PY) has a unique solution u € L*(Q)
verifying the estimate

el 20y < Q) gl g2 -

Proof. From Green’s formula above, it is easy to see that u € L?() is a
solution of the problem (PY) if and only if

Vo € H*(Q) N H(Q), / ulApdr = (g, §5>F (1.11)
Q

Indeed, let u € L?(£2) be a solution of (P3). Green’s formula implies that
(1.11) takes place.

Conversely, let u € L?(£2) be a solution of (1.11). Then, for all ¢ € 2(Q),
we have

0= /QUASO dz = (Au, ) gr()x2(Q)
1.€,
Au=0 1in Q. (1.12)

Let now ¢ € H%(Q) N H}(Q). From (1.12) and Green’s formula above, we
deduce successively that:

0
0:/Q<pAud:c:/QuAgod$—<u,af>p

then
9y

(w5000 = (0, 30)r.

u

ov
From the surjectivity of the trace mapping v +— (vr, g—}j) from H?(12) into
H32(I') x H'/?(T") we know that

Ve HY2(D),  (u,p)r = (g, pm)r
i.e,u =g in H_I/Q(F). O
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Remark 9. A similar result can be established for the Neumann problem
(P{) with boundary data h in H =3/2(T") and satisfying the compatibiity
condition (h, 1)r = 0.

1.10. Solutions in H*(QY), with 0 < s < 2

We have established in the previous paragraphs the existence of solutions
in H1(Q), H2(Q2) and L?(Q) under generally optimal assumptions (except for
the Neumann problem).

We will now consider the case of solutions in H*(£2) with 0 < s < 2 and
s # 1. The main ingredient is to use interpolation (complex here).

Theorem 1.25. Let Q be a bounded open of class €.
i) Suppose that % < s < 2. Then the operators

A H5(Q) N HH Q) — HSTQ(Q) = [HF*(Q)] ifl<s<2ands#3,
3/2 1/2
A HYAQ) — [H @)
A:HFS(Q) — H3(Q) = [Hy ()] ifl<s<3,
(1.13)

are isomorphisms.
ii) For any g € H*(T), with —3 < s < 3, Problem (P) has a unique
solution u € HS+%(Q).

Remark 10. What happens if € is only Lipschitz? For what values of s can
we have u € H%(Q)?

2. The Stokes problem with various boundary conditions
We are interested here in the study of the Stokes problem:

Find (u,7) satisfying
() “Au+Vr=f inQ,
divu =0 1in{,

with one of the following boundary conditions on I':
i) w = 0 (Dirichlet boundary condition)
ii) u-v=0and curlu x v =0 (Navier type boundary condition)
iii) v - v = 0 and (Du)v + au, = 0 (Navier boundary condition)
iv) u x v = 0 and m = 7y (pressure boundary condition).
Here u denotes the velocity field, m the pressure field, €2 a connected
bounded open set we assume at least Lipschitz.
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Recall that
1
divu=V-u, curlu=Vxu and Du= 3 (Vu+ (Vu)T) .

The notation u, denotes the tangential component of u: u, = u—(u-v)v.
Finally f and « are given on €2 and I' respectively.

Remark 11. i) We limit ourselves here, with the exception of pressure, to
the case of homogeneous boundary conditions.

ii) If the boundary of Q is flat (like a cube for example or half space), the
above boundary conditions are more easily written. When Q = R3, the
Navier-type boundary condition is equivalent to:

6U1 8UQ
=0 d —=—"-=0
s a 61’3 01’3
and that of Navier at:
uz =0 and %—aulz%—augzo.
8:753 83:3

2.1. The Problem (S) with Dirichlet boundary condition

As for the Laplace equation with the Dirichlet boundary condition, we
will assume

feH ' (Q)?

and so look for u € HE(Q)? verifying (S). Here we have in addition the
constraint

divu=0 inQ
and the Lagrange multiplier 7. First of all, as @ must verify
Vr=f+Auc H'Q)?

it is therefore reasonable to look for 7 in L?(£2). Moreover, it is easy to
verify that such 7 satisfies:

Vv e H&(Q)?’, <V7T, 1)>H—1(Q)><HS(Q) = —/deivvd:r:.

The space
V ={veHj(Q)?% dive =0in Q}

being a subspace of H}(2)3 is therefore a Hilbert space. Moreover

Vv e V, <V7T, U>H*1(Q)><H6(Q) =0.
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We are now able to propose a variational formulation of Problem (S5):
Find w € V such that
0
(PD) YveV, / Vu:Vodr = <f, 'v)H_l(Q)XH&(Q),
Q
where we note that the pressure m has ”disappeared”.

Lemma 2.1. The problem

Find (u,7) € H}(Q)3 x L*(Q)
(S —Au+Vr=f inQ,
divu=0 1in€

is equivalent to the problem (PY).

Proof. The implication (5%) = (PP) is immediate. Conversely, let u be
a solution of (PY). Then, in particular,

Vo€ 2(Q)° such that dive =0 inQ,

we have
(=Au — f,v) g @pxa@3 =0 (2.1)
As —Au — f € H1(Q)? and the space

V(Q) = {ve2(Q)?*dive=0inQ}

is dense in the space V, then the relation (2.1) takes place for all v. Then we
know that there exists m € L?(£2), unique up an additive constant, because
() is connected, such that

—Au—f=V(-m) inQ

(this result is called ”De Rham’s version of the theorem” in H~1()"). And
finally, as w € V, then

divu=0inQ2 and =0 onl.

This ends the proof of the lemma. O

Theorem 2.2. For any f€ H1(Q)3, the Stokes problem (P%) has a unique
solution w € V' vérifying further

”u”Hl(Q)3 <) ||f”H—1(Q)3 :
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Proof. Simply apply Lax-Milgram theorem. g

Remark 12. The theory is well known for everything that concerns the reg-
ularity of solutions when the data are:
- solutions in WHP(Q)3 x LP(Q2)
- solutions in W?2P(Q)3 x LP(2)
with 1 < p < o0.

In particular if £ € L?(Q)? and Q is of class €1}, then w € H%(Q)? and
7w e H(Q).

2.2. The Stokes problem with Navier type boundary condition

Here we are still interested in Stokes’ problem, but with the following
boundary condition:

u-v=0 and curlu xrvr=0onT.

In order to take into account this condition at the boundary, it is important
to write the Laplacian operator in the form:

—A = curlcurl — Vdiv.

On the other hand, if we study the existence of weak solutions u in H'()3,
it will be necessary to give a meaning to the condition at the boundary

curlu xn=0 onl.

Recall the following Green formulas:
i) If v € L?(Q)? and curlv € L?(Q)?, then v x v € H~'/?(T")? and

Ve HY(Q)3, /v-curlcpd:c—/go-curlvdm—(vxn,go)p
Q Q

where (-,-)r denotes the duality brackets H~1/2(T") x H'/2(I).
i) If v € L2(Q)% and divw € L?*(Q), then v -v € H- /(") and

Vo e HY(Q), /v-Vgpd:v+/g0divvdx:<v-n,<p>p
Q Q

Remark 13. If v € L*(Q)% and curlv € L%°(Q)% (respectively div v €
L%/5(Q)), then

vxveH YD) (resp. v-v e HV/(I))

and Green’s formulas above remain valid.
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Proposition 2.3. Let v € L%(Q)3 such that curlv € L*(Q)3 and curl curlv €
LY/5(Q)3. Then curlvx v € H '/2(T)? et we have he following Green for-
maula:

Ve Hl(Q)?’,/ curlv- curly —/ @ - curlcurlv= (curlvx v, p)r.
Q Q
Proof. Il suffices to put w = curl v and use the previous reminders. [

We are now able to propose a variational formulation for the Stokes
problem (S) with the Navier type homogeneous condition. To do this, we
set

V={velL*(Q)%curlve L*(),dive=0inQand v-vr=00nT}

equipped with the graph norm:

/
lolly = (110720 + leurl o] 72ap)

which makes it a Hilbert space.
We suppose f € L/%(Q)3 and we consider the following variational for-
mulation:

Find v € V such that for any v € V,
0
(Pry) /curlu~curl'vda::/f-'vdx.
Q Q

Questions

i) Is the problem (P2,) equivalent to the problem (S%)?
ii) If so, is the bilinear form

VxV —R

(u,v) |—>/cur1u‘curl'vd$
Q

coercive?
ii) Is the solution unique?

Remark 14. As with the Neumann problem for the Laplacian, the boundary
condition
curlu xv=0 onT

is "hidden” in the variational formulation.
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Answers to the above questions
In order to study Problem (P2,/), we have to describe with more pre-
cision the geometry of the domain. We first need the following definition.

Definition 2.4. A bounded domain in R? is called pseudo-% %! (respec-
tively pseudo-% ') if for any point & on the boundary there exist an integer
r(x) equal to 1 or 2 and a strictly positive real number Ay such that for all
real numbers A with 0 < A < A, the intersection of €2 with the ball with

centre z and radius A, has r(x) connected components, each one being C %!
(resp. €'11).

Hypothesis. There exist J connected open surfaces ¥;, 1 < j < J, called
“cuts 7, contained in (), such that:

(i) each surface 3; is an open part of a smooth manifold M,
(ii) the boundary of X; is contained in 99 for 1 < j < J,

(iii) the intersection X; NY; is empty for i # 7,
(

iv) the open set

J
=0\
j=1

is pseudo-% %! (respectively pseudo-% ') simply-connected.

Example for J =1 and I =3

Theorem 2.5. Let Q be a bounded open pseudo-€ ' set.
i) Let v € L*(Q)3 such that divv € L*(2), curlv € L*(Q) and satisfying in
addition

v-ve HY2) (respectively v x v € HY/*(I')%).
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Then v € HY () and we have the following estimates:

0]l 1) < CEOQ 0l 2y + 1div ol 2y + [[ewrlv]| o) + lv- v g1/2(r)
(2.2)
and

9l 110y < C) [0l 2y + v vl 2y + leurtvilaggy + 10 x Pllguzqry)] -

(2.3)
i1) Under the above assumptions, if in addition v-v =0 on I, then we have
the following estimate:

J
ol oy < C@) (Idiv ol ey + lewrlol oy + 32| [ v-v])  (24)
=1 17%
and if v x v =0 on I, then we have the following estimate:
J
||'U||H1(Q) < C(Q) (||div 'UHL2(Q) + HCUNUHH(Q) + Z /F v-v ) (2.5)
i=1 11

Remark 15. i) Suppose that
v € L2(Q)3, dive € L*(Q) and curlv € L?(Q)?

with
v-v=0 and vxvr=0 onl.

Let us then extend v by 0 outside of 2. It is easy to show that this extension
verifies:

v e LA(R%)3, dive ¢ L*(R%) and curlw € L*(R?)3.
As —A = curlcurl — Vdiv, then Av € H~1(R3)3 and
v — Av € H 1 (R?)?,

which means that v € H'(R3)3 and therefore v € H}(2)3.
ii) Now note that if u € 2(R3)3, then

/|Vu|2 dx ——/ u-Audm—/ [u - (curlcurl u) — u - Adiv u] dx
Q R3 R3

:/ (|curlu\2 + |div u\2> dz.
]R3
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Since Z(R?)? is dense in H!(R3)3, we deduce that:
Vue H(®RY, [ |Vul|® dz :/ <|cur1u|2 + |divu|2) dz.
R3 R3
iii) Back to point i) of the remark: since v € H}(2)3, we have:

Vol = [V l5zgey = [ (leurlaf + laiv ) da.

which gives the relation

/ \Vo|* da :/ <|curlv|2 + |div 0]2) dx.
Q Q

Note that this last relation can also be directly established if v € 2(Q)3
and then, by density of 2(Q) in H}(Q2)3, for any v € H(Q)3.

Remark 16. i) If  is simply connected, then for any v € H'(2)? such that
v-v =0 on I, the inequality (2.4) is written

[9l71 oy < C) (Idiv vllagq) + lleurl o]l z(qy ) -

ii) If T" is connected (I = 1), then for any v € H*(Q)? such that v x v =0
on I, the inequality (2.5) is written

191 s < C(Q) (Ildiv o]l gy + leurl o]l 2y )

Proposition 2.6. Let Q be a bounded open subset of class €' of R3. Then
the bilinear form

(u,v) r—>/ curlu- curlvdx
Q

is coercive on the following spaces V. and on W respectively:

V:{veHl(Q)g; divv=0inQ,v-v=0o0n Fand/ v-u:O,lgng}
)

J

W:{veHl(Q)S;divv:OinQ,vXV:Oon Fand/ v-V:0,1<j<I}.
Iy

We are now able to study the problem (P2 ,;). We start with the simplest
case where (2 is simply connected.
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Theorem 2.7. Let ) be a bounded open domain of class €' of R3. Suppose
that € is simply connected.

i) Then for any f € L5/°(Q)3, Problem (P%y) admits a unique solution
verifying the estimate

1wl 1) < CQ) 1Al Lors () -

ii) The problem (P2 is equivalent to the problem (S%y).
iii) If moreover Q is of class €% then the solution (u,7) € W2%/5(Q)3 x
W176/5(Q).

Proof. i) The open 2 being simply connected, then
V= {UEHI(Q)3; dive=0 inQ, v-v=0 on I'}

and V is an Hilbert space. Then let’s put
a(u,v) = / curl u - curlv dx.
Q

Proposition 2.6 shows that the form a is coercive on V. Finally, the form
l(v) = fQ f - vdx is clearly continuous because the continuous embedding
HY(Q)3 — L5(Q2)3. The Lax-Milgram theorem implies the existence of a
unique solution of Problem (P2 ).

ii) Let us first show that

(S’.?“N) = (P’.?“N)'

Set
H={ve L°(Q)3; divw € L*(Q),v-v =0on r}.

We know that Z(£2)3 is dense in H. So we can show that the dual of H can
be characterized as follows:

H' ={g+Vx g€ L850 and x € L2(@)}

(similar proof to the characterization of the dual H~1(Q) of HE(Q)).
Let now (u,7) € V x L*(Q) solution of (S%,). Then for any v € V

(VT, )y = —/ mdivedx = 0.
Q

Therefore,
—Au=Vr—-fcH.

We need the following lemma:
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Lemma 2.8. i) The space 2(Q)3 is dense in the following space
E={ve H'(Q)?® AveH'}.

it) The mapping
v— curlv X v

defined on 2(2)3 can be uniquely extended into a continuous linear mapping
from E into H=/?(T)3.
iii) Moreover, for any ¢ € HY(Q)? such that

dive=0inQ and @-v=0o0nT

and for any v € E, we have the following Green formula

—(Av, QY = / curlv- curlpdr + (curlv X v, )r
Q

where (-,-\r denotes the duality brackets H=Y/2(I")3 x H/?(T)3.

We return to the proof of the theorem. Since uw € H'(2)? and Au € H’,
i.e, u € F, we can use this lemma to deduce on the one hand that the
condition curl w = 0 has a meaning in H~/2(I")® and on the other hand
that

V'UGV, <A'U'»'U>H/><H=/

curlu~cur1vdx:/f-'udx
Q Q

i.e, u is solution of (Py).
Conversely, let u € V solution of Problem (P%,). Then

divu=0 inQ, w-vr=0onTl

and
Vo € 2(Q)% with dive = 0in Q
we have
(curlcurl u, v) g ()% Q)3 = (F, V) 2 (Q)3x2(0)3-
That gives

(=Au, v)grpxa@3 = ()o@ x20)3-

So there exists, by De Rham’s theorem, a function 7 in L?(Q2), unique up
an additive constant, such that

—Au—f=V(—7m) inQ (2.6)
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(note that L5/5(Q) — H~1(Q)).
It remains to show that u vérifies:

curlu xv=0 onl.

For that, from (2.6) and use the formula of Green of the first lemma, one
deduces that

Vv eV, (—Au—i—Vﬂ,v)H/Xg:/curlu-curlvdx+<curluxu,v)r
Q

that is to say that

VveV, /curlu-curlvdx—i—(curlu><V,1)>r:/f-vdx.
Q Q

But u being solution of (P?,), then
VveV, (curluxv,v)r=0.
Now let it be g € H'/2(I'). We know that there exists
we H'(Q)?, divw =0inQ, w=p. onT

where p. = p — (- v)v the tangentrial component of pon I'. As w € V,
we have:

(curlu x v, p)r = (curlu x v, pu_)r = (curlu X v, w)r =0,

which means that
curlu xv =0 onT.

iii) The regularity W6/5(Q) of « is due to the fact that 7 satisfies:
div(Ve—f)=0 inQ and (Vi—f)-v=0 onl

Setting z = curlu, the regularity W26/5(Q)3 of u is a consequence of the
following properties:

z € L6/5(Q)3, divz =0, curlz € L6/5(Q)3 and zxv=0 onl.

Case (2 non simply connected
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We then show that the kernel:
Kp(Q) = {v e L*(Q)* divv =0, curlv =0inQand v - v =0o0n T}

is of finite dimension and that the dimension corresponds to the number of

e]
cuts ¥; necessary to obtain an open set Q = Q\ szlEj simply connected.
As a consequence, if

V:{vEHl(Q)g; divv=0in Qandv-v=00nT}

then, to prove that Problem (P% ) admits a solution, it is necessary that f
satisfies the following compatibility condition:

Vv e Kp(Q), /f-vdx:().
Q

Moreover, if a such solution u exists, it is unique up an additive element of

Kr(Q).

2.3. The Stokes problem with Navier boundary condition

We recall the Navier condition:

2(Du)v]. +aur, =0 onl

ou- 33+ 2)
2 61‘]- 81’1 1<i,5<3

is the deformation tensor, @ defined on I' is the friction coefficient and wu. is
the tangential component of w. To simplify, we will consider here only the
case o = 0.

Note that when div w = 0 in €2, then 2div Du = Aw.

where

Lemma 2.9. If (u,7) € H'(Q)3 x L?(Q) is such that
—Au+ Vr e L5/°(Q)?

then
(Dujv], € H-/(r)?

and

forany @ € H'(Q)®  such that divep=0 inQ and @ -v=0 onT
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we have the Green’s formula :

/(_Au+v7r)-<pd1::2/Du:]D)cpdx—2<[(ID)u)V]T,<p>r
Q Q

where (-, ") denotes the duality brackets H=/>(I')% x H=Y/2(T")3.
With this Green’s formula, the Stokes problem can be formulated as:

Find w € V, such that for any ¢ €V,
0
(Pr) 2/Du:]]))<pdxz/f~(pdx.
r Q

Set
a(u,p) = / Du : Depdz.
Q

When 2 is not axisymmetric, then this form is coercive on V' due to Korn’s
inequality:
lwllg o) = Dyl 2 -

While if © is axisymmetric, this is not the case anymore. We must then
quotient by some finite dimensional kernel.

Remark 17. In fact, on I' we have the relation:
2(Du)v]. =curlu x v — Au
where A is an operator of order 0:
2
ov
A = . —
u ; (u 68k> -

where (71, 7T2) is a base of the tangent plane to I' at point  and (s, s2) are
local coordinates in this tangent plane.

This means that on the questions of regularity, they can be reduced to
those concerning the Navier type condition.
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