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ABSTRACT Accurately predicting the response of structures subjected to complex loadings is a challeng-
ing task in civil engineering. In particular, studying cracking nucleation and propagation is essential to as-
sess structural performances. Quasi-brittle materials, such as concrete, are generally modeled using strain-
softening constitutive models. According to Continuum Damage Mechanics, material degradation is repre-
sented at a macroscopic level by a scalar or tensorial damage variable. However, the strong localization of the
mechanical fields leads to mesh-dependent finite element numerical simulations. To recover the objectivity of
the results, damage models need to be regularized. Numerous techniques have been proposed (e.g., non-local
models, phase-field formulations, micromorphic medium, etc.), acting as localization limiters. This work con-
centrates on one class of regularization methods: the so-called non-local damage models of gradient type. This
paper applies the eikonal gradient-enhanced model to the simulation of experimental tests in a few concrete
specimens. Results are provided in terms of the structural response and of the damage maps.
Keywords Damage, non-local, quasi-brittle, gradient-enhanced, eikonal formulation

I. INTRODUCTION

In a finite element context, regularization methods should be applied if one seeks to model the behavior
of quasi-brittle materials (e.g., concrete). Several localization limiters exist in the literature (e.g., Pijaudier-
Cabot & Bažant (1987), Peerlings et al. (1996), Bourdin et al. (2000), Nedjar (1995), Moës et al. (2011), Moës
& Chevaugeon (2021)) sharing the introduction in the formulation of an internal length scale. The classic
integral non-local approach (Pijaudier-Cabot & Bažant 1987) can regularize the response by averaging a local
field in a zone defined by an internal (or characteristic) length. An equivalent (and more computationally
efficient) approach is to compute the non-local field driving damage evolution by solving an additional
Helmholtz-type differential equation (Peerlings et al. 1996). In both cases, mesh objectivity is restored in
terms of structural response. Still, some drawbacks (e.g., damage diffusion across highly damaged regions
and boundary effects) make it challenging to predict realistic crack paths.

The nonphysical damage bands initiation and evolution for these models in some specific situations
has already been studied in several works (Simone et al. 2004, Krayani et al. 2009, Geers et al. 1998). Such
an issue is related to the primary assumption of considering constant and isotropic non-local interactions
throughout the damage process. Non-local models considering evolving interactions (e.g., (Geers et al. 1998,
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Pijaudier-Cabot & Dufour 2010, Giry et al. 2011, Nguyen 2011, Desmorat et al. 2015, Vandoren & Simone
2018)) may be capable of reproducing more realistic results.

This paper focuses on two different gradient-enhanced non-local models: the classic implicit gradient
(Peerlings et al. 1996) and the gradient version of the Eikonal approach (Desmorat et al. 2015). Firstly, the
boundary value problem for both models is recalled, highlighting their theoretical differences. Then, two
numerical examples are used to compare the performances of the approaches in terms of structural response
and damage maps.

II. BEHAVIOR

The basic assumption of non-locality is that the principle of local action issued from continuum mechanics is
no longer valid. In certain materials, the microstructure strongly influences the macroscopic behavior. Con-
sequently, constitutive relations should consider what happens in the entire body. In Continuum Damage
Mechanics (CDM), non-locality can be seen as the macroscopic result of the different interactions between
microcracks. For integral type models (Pijaudier-Cabot & Bažant 1987), a common choice is to apply a
weighted average to the variable controlling damage evolution (see, e.g., Jirásek (1998)), e.g., an equivalent
strain measure. Conversely, in gradient formulation, the non-local field is computed by solving a Helmholtz
equation (Peerlings 1999).

In this work, an isotropic damage model with a single scalar damage variable D is considered. The
constitutive relation reads:

σ = (1−D)E : ε (1)

where σ is the Cauchy’s second-order stress tensor, E is the fourth-order Hooke’s tensor and ε is the small
strains second-order tensor.

Damage ranges from the state of undamaged material (D = 0) to fully damaged (D = 1) according to
the following equation:

D = 1− κ0

κ

(
1− α+ αe−B(κ−κ0)

)
(2)

where:
κ = max

t
(κ0, ē) (3)

is a damage-driving history variable, ē is the non-local equivalent strain, κ0 is the damage threshold and B

the damage brittleness. The parameter α is used to account for residual stresses in the behavior law.
In this work, the local equivalent strain is defined by the modified Von Mises model (de Vree et al. 1995)

and reads:

e =
k − 1

2k(1− 2ν)
I1 +

1

2k

√
(k − 1)2

(1− 2ν)2
I21 +

12k

(1 + ν)2
J ′
2 (4)

where ν is the Poisson’s ratio, and k is a parameter corresponding to the ratio of the material strength in
compression and in tension. The invariants of the strain tensor are defined as:

I1 = Tr(ε) (5)

J ′
2 =

1

6

(
3Tr(ε · ε)− Tr2(ε)

)
(6)

III. GRADIENT-ENHANCED NON-LOCAL DAMAGE MODELS

In the case of the classic non-local integral model, a convolution product between the local equivalent strain
field and a weighting function is used to compute the non-local equivalent strain. An equivalent gradient
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non-local approach can be obtained from the classic integral one (Peerlings et al. 1996). The main differ-
ence is that the equilibrium differential equation is coupled with a diffusion one, controlling the non-local
equivalent strain field. Other models exist where the damage variable is considered to respect a diffusion
equation (see, e.g., (Nedjar 1995, Bourdin et al. 2000, Miehe et al. 2010)).

A. GNL damage model

For the classic implicit gradient model, the Helmholtz differential equation to be solved to compute ē and
its boundary condition read:

ē− c∇2ē = e onΩ (7)

∇ē · n = 0 on ∂Ω (8)

where Ω is the considered body, ∂Ω denotes its boundary, n is the outward normal vector to ∂Ω, and c is the
gradient parameter homogeneous to the square of a length.

B. ENLG damage model

Similarly, the gradient version of the ENL model can be obtained from its integral counterpart in the space
curved by damage (Desmorat et al. 2015). In a general anisotropic CDM context, evolving non-local interac-
tions are considered by introducing a Riemannian metric g = (I − D)−1, with I denoting the second-order
identity tensor and D the second-order anisotropic damage tensor. The modified Helmholtz problem to be
solved then reads:

ē− c
1√
detg

∇ ·
(√

detg g−1 · ∇ē
)
= e onΩ (9)

g−1 · ∇ē · n = 0 on ∂Ω (10)

A full two-dimensional (2D) isotropic simplification of this model can be obtained by considering the
metric g = I′/(1 − D), with I′ denoting the 2D identity tensor. Thus, one has detg = 1/(1 − D)2 and
g−1 = (1−D)I′, and the previous differential problem becomes:

ē− c(1−D)∇2ē = e onΩ (11)

(1−D)∇ē · n = 0 on ∂Ω (12)

One should notice that when D → 1, the non-local equivalent strain equals its local counterpart, which
is the desired behavior of vanishing non-local interactions upon localization. The first numerical implemen-
tations of the integral and gradient versions of this model can be found in (Rastiello et al. 2018, Thierry et al.
2020, Thierry 2021, Marconi 2022, Ribeiro Nogueira et al. 2022).

IV. NUMERICAL FORMULATION

A. Boundary value problem (variational form)

Let us introduce the following functional spaces:

U(ud) = {w | w ∈ H1(Ω) , w = ud on ∂Ωu} (13)

U(0) = {w | w ∈ H1(Ω) , w = 0 on ∂Ωu} (14)

V = {w | w ∈ H1(Ω)} (15)
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where ud is the imposed displacement on ∂Ωu.
Neglecting body forces, and under quasi-static conditions, the fully 2D variational damage mechanics

problem to be solved consists in finding at each time t, the admissible displacement field u ∈ U(ud) and the
admissible non-local equivalent strain field ē ∈ V satisfying:∫

Ω

(1−D)ε(u) : E : ε(v) dV =

∫
∂Ωt

td · v dS ∀v ∈ U(0) (16)∫
Ω

1

1−D
ē ηdV +

∫
Ω

c∇ē · ∇ηdV =

∫
Ω

1

1−D
eηdV ∀η ∈ V (17)

where ε(u) (respectively, ε(v)) is the small strain tensor applied to u (respectively, v), v is a virtual displace-
ment field, η is a virtual equivalent strain field, and td is the imposed traction vector on ∂Ωt.

B. Finite element formulation

The computational domain Ω is discretized through a finite element mesh Ωh containing triangular ele-
ments. The unknown displacement and non-local equivalent strain fields on each finite element are approx-
imated by linear interpolation of their nodal values (denoted by the piecewise polynomials P1). Drawing
from (Badri et al. 2021, Badri & Rastiello 2023), a staggered Picard iteration algorithm is employed to han-
dle non-linearity and the displacement control is used. At iteration k + 1, one first computes the [P1,P1]

discretized vector-valued displacement field uh,k+1 ∈ Uh(ud) such that:∫
Ωh

(1−Dh,k)ε(uh,k+1) : E : ε(vh) dV =

∫
∂Ωh

t

td · vh dS ∀vh ∈ Uh(0) (18)

and then computes the P1 discretized nonlocal equivalent strain field ēh,k+1 solving:∫
Ωh

1

1−Dh,k
ēh,k+1 ηhdV +

∫
Ωh

c∇ēh,k+1 · ∇ηhdV =

∫
Ωh

1

1−Dh,k
e(ϵ(uh,k+1)) ηhdV ∀η ∈ Vh (19)

Here, (Uh(ud), Uh(0), Vh) are the discretized counterparts of (U(ud), U(0), V), Dh,k is the P0 (constant
inside an element) discretized damage field at iteration k, and e(ϵ(uh,k+1)) is the P0 local strain field com-
puted from the symetrized gradient of uh,k+1. At each iteration, the field ēh,k+1 is used to update the P0

history variable field κh and compute damage. The solution is repeated till convergence at each pseudo-time
step.

V. NUMERICAL RESULTS

Two simple test cases are illustrated in the following to show the main differences between the GNL and
ENLG damage formulations regarding damage evolution and mesh sensitivity of the overall structural
response. In particular, attention is focused on damage propagation on a L-shape panel (Winkler et al.
2001, 2004) and a double notched specimen under tension (Shi et al. 2000).

Almost the same model parameters (i.e., B, c, α, etc.) are used for both simulations so that one can
compare the models under the same conditions. The structural response and the cracking behavior are
influenced by this choice. For instance, increasing B leads to more brittle responses, and decreasing c can
affect how fast the crack propagates. The recalibration of these parameters is essential when one seeks to
represent entirely consistent experimental results, considering the real boundary conditions applied. This
is beyond the scope of this work and is left for future work.
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(a) (b)

FIGURE 1. L-shape test: (a) Geometry (thickness = 100mm), boundary and loading conditions; (b) Ex-
perimental crack-path.

A. L-shape test

The first example considered is the L-shape concrete panel test presented in (Winkler et al. 2001, 2004).
Geometry and boundary conditions are depicted in figure 1a. The material parameters used for the sim-
ulation are the following: Young’s modulus E = 25.85 GPa, Poisson’s ratio ν = 0.18, damage threshold
κ0 = 1.2x10−4, strength ratio k = 10, damage evolution parameter B = 300, gradient parameter c = 4 mm2

and parameter α = 0.99. Two different finite element meshes with 14992 and 23301 Constant Strain Triangle
(CST) elements were used for this problem.

The structural response (force vs. displacement curve) is given in figure 2. It is shown that the ENLG
model provides a more brittle response when compared to the GNL one. This is, in fact, expected for
such models considering evolving non-local interactions. Mesh convergence is obtained, but due to minor
oscillations in the non-local equivalent strain field (and consequently in damage), the ENLG response may
show slightly different curves upon mesh refinement. This behavior is typical of gradient damage models
with evolving non-local interactions (Vandoren & Simone 2018) and should be further studied.

Figure 3 shows the damage profile obtained for the GNL and ENLG models. An excellent agreement
between the "pseudo-crack" path described by the ENLG model and the experimental one (see 1b) is ob-
tained. One can see that the GNL model gives a larger damage band when compared to ENLG. Further-
more, the damage is not concentrated in a line (representative of the expected damage-to-fracture transition)
due to the damage spreading. The ENLG model gives, in this case, a more realistic damaging behavior.

B. Shi-test

The second example studied is the concrete notched specimen described in (Shi et al. 2000), the so-called
Shi-test. Material parameters are exactly the same as before, except for Young’s modulus and Poisson’s
ratio, which are here: E = 24 GPa and ν = 0.2. Geometry and boundary conditions are depicted in figure 4.
Two meshes containing 7006 and 19384 CST elements were used for the simulations.

Figure 5 shows the structural response obtained for both ENLG and GNL models. Once again, the
ENLG provides a more brittle response when compared to the GNL model. This behavior is intrinsically

5



CFGC 2023 AJCE, vol. 41(1)

0 0.1 0.2 0.3 0.4 0.5 0.60

2

4

6

8

Displacement, u (mm)

R
ea

ct
io

n
fo

rc
e,

F
(k

N
)

Structural response

ENLG 14992els
GNL 14992els
ENLG 23301els
GNL 23301els

FIGURE 2. L-shape test: mesh convergence and comparison among ENLG (solid lines) and GNL (dashed
lines) models.

related to the damage profiles obtained for both models (figure 6b). An "pseudo-crack" (highly damaged
zone) appears earlier for the ENLG model and propagates faster than the GNL model. Thus, the structural
post-pic behavior rapidly reaches low values for the ENLG model.

Moreover, the ENLG model gives a damage profile that resembles two different "pseudo-crack" prop-
agating from the notches, whereas it remains challenging to identify a "pseudo-crack" path for the GNL
model. The same result considering element deletion post-processing is given in figure 6. While the two
"pseudo-crack" can be clearly identified for the ENLG model, the GNL one shows two larger zones which
cannot be really related to a cracking behavior (figure 6b). A similar result can be obtained when the ap-
plied displacement is around 0.02 mm (figure 6a). At this stage of the simulation, the ENLG is almost at the
end of its quasi-brittle post-pic behavior, so damage is localized and the two different "pseudo-crack" can
be already observed. At the same time, the GNL model has just started its post-pic phase, so no effective
damage is localized and the cracking zone cannot be identified. Furthermore, damage is mostly localized in
one line of elements for the ENLG model. This cracking zone becomes slightly bigger throughout the rest
of the analysis.

VI. CONCLUSION

A brief overview of the GNL and ENLG damage models has been presented. Numerical examples of well-
known concrete benchmarks were used to highlight the performances of both approaches in modeling dam-
aging in concrete specimens. It is shown, as expected, that the classic implicit gradient approach can reg-
ularize the response but leads to unrealistic "pseudo-crack" paths due to damage spreading, for instance.
Conversely, the ENLG model provided more physical results in terms of damaging behavior and localizes
damage in narrow zones. Despite the small oscillations observed in the structural response, convergence
was clearly obtained for the problems studied. However, if one aims to represent better the experimental
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(a) (b)

FIGURE 3. L-shape test: comparison of damage profiles for ENLG (a) and GNL (b) considering element
deletion when D > 0.995 for the sake of post-processing.

FIGURE 4. Shi-test: Geometry (thickness = 10mm), boundary and loading conditions.

findings, a proper calibration of the model parameters is necessary.
Extension to anisotropic damage is straightforward by using the damage-dependent Riemaniann met-

ric coupled with a convenient behavior law. It should be noticed, however, that close to failure, a transition
to an explicit description of the fracture is required. The CDM framework cannot reproduce the real jump
in the displacement field nor give more information about crack opening, for instance. In this situation,
the ENLG model may provide essential information about localization, such as the zones (and directions)
where a discontinuity should be introduced (see for instance Simone et al. (2003)). This could allow us-
ing some explicit approaches (e.g., in the Embedded Finite Element Method, E-FEM) without additional
tracking algorithms.
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FIGURE 5. Shi-test: mesh convergence and comparison among ENLG (solid lines) and GNL (dashed
lines) models.
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