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Linear stability of discrete shock profiles for systems of conservation laws

Lucas COEURET!

Abstract

We prove the linear orbital stability of spectrally stable stationary discrete shock profiles for conservative finite
difference schemes applied to systems of conservation laws. The proof relies on an accurate description of the
pointwise asymptotic behavior of the Green’s function associated with those discrete shock profiles, improving
on the result of Lafitte-Godillon [God03]. The main novelty of this stability result is that it applies to a fairly
large family of schemes that introduce some artificial possibly high-order viscosity. The result is obtained under
a sharp spectral assumption rather than by imposing a smallness assumption on the shock amplitude.
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Notations

Throughout this article, we define the following sets:
U:={2€C,|z|>1}, D:={z€C,|z|<1}, St:={z€C,|z|=1},
U:=S'uU, D:=StuDb.

For z € C and r > 0, we let B(z,r) denote the open ball in C centered at z with radius . We also introduce
the Kronecker symbol §; ; which equals 1 if i = j and 0 when i # j.

For E a Banach space, we denote L(E) the space of bounded operators acting on £ and ||| ) the operator
norm. For T in £(E), the notation o (T") stands for the spectrum of the operator T and p(T) denotes the resolvent
set of T'.

We let M,, (C) denote the space of complex valued n x k matrices and we use the notation M,,(C) when
n = k. For an element M of M,, (C), the notation M7 stands for the transpose of M. For a square matrix
M, com(M) corresponds to the cofactor matrix associated with M.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line). Furthermore, we use the usual Landau notation O(-) to introduce a term uniformly bounded with
respect to the argument. For more clarity, we will also occasionally use the notation O¢(-) to precise the fact
that the term is a complex scalar and O, , (-) to say that it belongs to M 4(C).

We let Res(f, a) denote the residue of a meromorphic function f at the point a.

The following table of symbols summarizes most of the essential and recurring notations introduced in the
article. We separate them by section.

Section 1: Introduction

d, f,U dimension, flux and space of states of the system of conservation laws (1.1)

u”,ut  states of the stationary shock (1.3)
Af, 'rf, li eigenvalues and right and left eigenvectors of df (u™)
P~ matrix (1.4) composed with the vectors rf

I index associated with the Lax shock hypothesis (Hypothesis 1)
v ratio between the space and time steps Az and At
N nonlinear operator defined by (1.7) corresponding to the evolution operator of the
finite difference scheme (1.8)
p,q integers determining the stencil of the finite difference scheme scheme (1.8)
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stationary discrete shock profile associated with the shock (1.3)
linearization (1.11) of the operator A/ about the constant state u
matrices (1.13) and (1.12) appearing in the definition of the operator £+
linearization (1.20) of the operator A about the discrete shock profile u®

matrices (1.22) and (1.21) appearing in the definition of the operator £
eigenvalue of the amplification matrix Zzz_p /skAf, defined by (1.15)

constants defined by (1.17) and (1.18) which characterize the speed and viscosity
parameters of the different waves in the decomposition (1.35)

unbounded connected component of C\ (¢(£L ) Uo (£ 7)) (see Figure 1)

Evans function defined by (4.19) which intervenes in Hypothesis 7

sequence defined by (4.37) spanning the eigenspace of £ associated with the eigen-
value 1, satisfying (1.23) and (1.24)

temporal Green’s function defined by (1.26)

spatial Green’s function defined by (1.27)

generalized Gaussian and generalized Gaussian error function defined by (1.31)
outgoing/incoming waves in the decomposition (1.35), defined by (1.34a) and (1.34e)
reflected waves in the decomposition (1.35), defined by (1.34b) and (1.34f)
transmitted waves in the decomposition (1.35), defined by (1.34c) and (1.34g)
vectors defined by (1.34d) and (1.34h), associated in the decomposition (1.35) with
the activation of the sequence V'

fast decaying residual term in the decomposition (1.35), defined by (1.36)

+

Section 3: Local exponential bounds on the spatial Green’s function for z far from 1

W(Zaj07jve)

matrices defined by (3.1)

matrices defined by (3.2) which intervene in the dynamical systems (3.4) and
(3.7)

fundamental matrices of the dynamical system (3.4), defined by (3.5)

sets defined by (3.6) which correspond respectively to the solutions of the
dynamical system (3.4) tending towards 0 at oo and their traces at 0
matrices defined by (3.9)

strictly stable and unstable subspaces of M*(z) which verify (3.11)
projectors associated with the decomposition (3.11) of C4P+a)

local and extended geometric dichotomies respectively defined in Lemmas 3.4
and 3.9

sets defined by (3.38) corresponding to the intersection of O with the resolvent
set and spectrum of the operator .Z

linear operator (3.34) which extracts the "center" values of a vector of size
d(p+q)

vector defined by (3.43) and composed of G(z, jo,j+q9—1)e,...,G(z,jo,j—p)e

Section 4: Extension of the spatial Green’s function near 1
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radii defined respectively by the construction of the functions & and Lemmas
4.3 and 4.8

eigenvalues respectively of M*(1) and M™*(z) which verify (4.2) and (4.3)
partitions (4.1) of the set {1,...,d(p+ ¢)}

sets defined by (4.18)

right and left eigenvectors associated with the eigenvalue ¢ (z) for the matrix
M*(z), defined respectively by (4.4) and (4.6)

solution of the dynamical system (3.4) defined in Lemma 4.3

coefficients defined by (4.32) and (4.33)

solution of the dynamical system (3.4) defined by (4.34)

matrices defined by (4.38)

determinant of matrices defined by (4.38) and satisfy (4.40)

projector (4.41) on Span(®,,(z,0)) along Span(®,(2,0)),e(1,....d(p+q)}\{m}



m(z Jjo,e) complex valued functions defined by (4.53)
CE(2,jo,e), ‘K,f(z jo,e) complex valued functions defined by (4.55)
gi,’m (2),9 g m (%) complex valued functions defined respectively by (4.57) and (4.59)
e)

Af,i(z jo,e) complex valued functions defined by (4.67)

Section 5: Temporal Green’s function and proof of Theorem 1

eg, €7, 65 radil defined respectively by (5.2), (5.4) and Lemma 5.2
g,n radius and width defined by the conditions (5.11), (5.12) and (5.14)
re  function defined by (5.10) which determines the imaginary part of the extremities
of —p+iR N B(0,¢)

wE(r)  complex function (5.4) corresponding to the logarithm of (- (™) for m € TEUIE,
oF (1), fz (1) complex functions defined by (5.5) and (5.6) corresponding respectively to the

principal part and the rest of the asymptotic expansion of wli at 7=0

Tout(n), F?;L (m),T9 (n paths defined by (5.15) and represented in Figure 3
Lin(1),T(n), T

)
n
X  set of the paths going from —n—ir.(n) to —n+ir.(n) whilst remaining in B(0, ¢)
I projector on the vector space Span (> jez V(j)) along the vector space spanned

+ +
by the vectors v ,..., 77,77 q,..., Ty

1 Introduction

1.1 Context

A fundamental issue on the subject of systems conservation laws is understanding how discontinuities that
can arise in solutions are handled by conservative finite difference schemes. At the center of this question
stands the notion of discrete shock profiles which are defined as solutions of the numerical scheme that also
are traveling waves linking two states. They correspond to numerical approximations of shocks. A desirable
feature of the numerical scheme should be that stable shock waves for the system of conservation laws should
yield stable discrete shock profiles (or a family of them) for the numerical scheme. For a general introduction
on the questions of existence and stability of discrete shock profiles, we highly encourage the interested reader
to take a close look at [Ser(07].

In the present paper, we will consider conservative finite difference schemes that introduce numerical viscosity
and will focus on the study of the discrete shock profiles associated with standing Lax shocks. We can assume
that there exists a continuous one-parameter family of discrete shock profiles associated with such a shock. Such
an existence result has been proved for instance in [MR79; Mic84] under a weakness assumption on the shock,
i.e. when the difference between the two states is sufficiently small. Let us introduce two notions of stability
for the family of discrete shock profiles:

e Spectral stability amounts to asking for the operators obtained by linearizing the numerical scheme about
the discrete shock profiles to have no unstable or marginally stable eigenvalues except for 1 which is always
an eigenvalue because of the existence of the continuous one-parameter family of discrete shock profiles.
Furthermore, we ask for 1 to be a simple eigenvalue (in the sense of Hypothesis 7 related to the so-called
Evans function) of the linearized operator. Spectral stability thus corresponds to Hypotheses 6 and 7
introduced below.

e Nonlinear orbital stability signifies that for initial conditions of the numerical scheme which are small
enough perturbations of a discrete shock profile, the solution of the numerical scheme that ensues stays
close to the manifold of the discrete shock profiles with respect to some well-chosen norm of a Banach
space. This is essentially a stronger and more concrete stability property.

There are some results surrounding nonlinear stability that have already been proven. Most of them introduce
a weakness assumption on the amplitude of the underlying shocks and/or focus on fairly specific schemes or
situations. For instance, [LX93a; LX93b; Yin97] focus on proving a nonlinear orbital stability result for discrete
shock profiles moving with rational speeds associated with weak Lax shocks for the Lax-Friedrichs scheme.
Another example is [Smy90] which also proves a nonlinear orbital stability result on some stationary discrete



shock profiles for the Lax-Wendroff scheme without any weakness assumption. Two of the main results that we
can point out are the following:

e In [Mic02], Michelson proves the nonlinear orbital stability of the family of discrete shock profiles associated
with weak standing Lax shocks for schemes of any odd order under an assumption of stability of the viscous
shock profiles associated with some scalar problem.

e In [JenT4]|, Jennings focuses on the particular case of monotone schemes for scalar conservation laws. The
main results are the existence and uniqueness of continuous one-parameter family of discrete shock profiles
with rational speeds and a proof of nonlinear orbital stability for them when they are associated with Lax
shocks. In this paper, no weakness assumption on the associated shocks is introduced.

Compared with the nonlinear stability theory for viscous shock profiles [ZH98]| or for semi-discrete shock profiles
[BHRO3; Bec+10], one can hope to prove that spectrally stable discrete shock profiles associated with stationary
Lax shocks verify nonlinear orbital stability in some well-chosen Banach space, at least when the numerical
scheme introduces some numerical viscosity. This new result would generalize the previously cited articles by
proving a result of nonlinear stability that holds for systems of conservation laws, for a fairly large family of
finite difference schemes, while avoiding to introduce a weakness assumption on the shocks. This would answer
Open problem 5.3 of [Ser07].

Just like in [ZH98; MZ02; BHRO03; Bec+10], proving that spectral stability implies nonlinear orbital stability
can essentially be separated in three steps:

1. We first need to precisely describe the long time behavior of the temporal Green’s function ¥(n, jo, )
(defined below by (1.26)) associated with the operator .£ (defined below by (1.20)) obtained by lineariz-
ing the numerical scheme about the spectrally stable discrete shock profile. We also need an accurate
description of the discrete derivative ¥(n, jo,j) — 4(n, jo — 1,5) of the Green’s function.

2. One can then use this description of the Green’s function and its discrete derivative to prove decay
estimates in suitable Banach spaces (for instance weighted ¢"-spaces) for the families of operators (£"),en
and (L™ (Id — T)))nen where the shift operator T is defined by (1.28). This amount to proving a linear
stability result for the studied discrete shock profile.

3. Finally, one can use the decay estimates obtained in the second point to hopefully conclude a nonlinear
orbital stability result in suitable norms.

The main result of the present article (Theorem 1 below) provides an accurate description of the long
time behavior of the Green’s function and its discrete derivative for spectrally stable discrete shock profiles
associated with stationary Lax shocks when the numerical scheme introduces numerical viscosity (and under
a few additional technical hypotheses). As a consequence, we also prove decay estimates on the semi-group
(Z™)nen when it acts on £"-spaces (see Theorem 2 below) as an example of linear stability result. Though the
decay estimates of Theorem 2 might not be sufficient to conclude a nonlinear stability result, we claim that the
statement of Theorem 1 should be precise enough to find a suitable functional framework to achieve a nonlinear
stability result for these discrete shock profiles. This was achieved in the particular case of scalar conservation
laws by the author in a following paper [Coe24| using Theorem 1. A generalization in the general case of systems
of conservation laws could be investigated in a future paper.

Let us now focus on the study of the Green’s function and the statement of Theorem 1. It can be seen as
an improvement on the result of [God03] that highly influenced the analysis performed in the present paper.
In [God03; Laf01], Lafitte-Godillon generalizes in the fully discrete setting several tools introduced in [ZH9S]
that are necessary to study the Green’s function for the linearized operator. More precisely, she constructs
the Evans function for this problem and introduces in her thesis [Laf01] the notion of geometric dichotomies
(an equivalent version of the exponential dichotomies for the discrete dynamical systems). Those tools will be
redefined and used intensively in the present paper. Lafitte-Godillon then attempts to obtain precise estimates
on the Green’s function of the linearized operator. However, the result of [God03] has two limitations:

e The proof is done specifically for the modified Lax-Friecrichs scheme. This is not a strong limitation as
it is quite clear that the content of the paper [God03] can be generalized to a larger class of numerical
schemes (at least for odd ordered schemes).

e The estimates on the Green’s function proved in [God03, Theorem 1.1] are not sufficient to conclude on the
nonlinear stability as they are only local with respect to the initial localization of the Dirac mass associated
with the Green’s function (the parameter ! in [God03, Theorem 1.1] which corresponds to the parameter



jo in Theorem 1). This is a consequence of the analysis on the so-called spatial Green’s function (defined
below by (1.27)) done in [God03] which is not precise enough for linear/nonlinear stability purposes.

In the present paper, we solve those issues by describing precisely the leading order of the Green’s function
and proving sharp and uniform estimates on the remainder. We also consider schemes of any odd order, in
particular with only few restrictions on the size of the stencil of the scheme.

Before finishing this introduction section, we wish to point out to the reader that, even though the aim of
this article is to obtain a result for the study of the Green’s function of discrete shock profiles with a choice
of context and a proof that are as general as possible, we still have to introduce fairly restrictive assumptions.
This also opens up several direction to improve the analysis of the present article.

e The stability analysis has been restricted to discrete shock profiles associated with stationary Lax shocks.
It would interesting to investigate the case of discrete shock profiles associated with under- and over-
compressive shocks (like in [God03]) as well as the case of moving shocks, and more precisely of moving
discrete shock profiles with rational speeds. We point out that the latter case might be more difficult to
study.

e Results on the verification of the spectral stability of discrete shock profiles (Hypotheses 6 and 7 below),
which is the starting point of our analysis, are scarce. Known results are usually proved in very restrictive
contexts (see for instance [CF24, Chapter 3] for such an investigation specifically for the Lax-Wendroff
scheme and scalar conservation laws). We also highlight the Open Question 5.1 [Ser07] which tackles a
necessary criterion for the spectral stability of weak discrete shock profiles, which stills remains to be
investigated.

e The proof of the main result of the present article relies on additional structural assumptions related to the
choice of finite difference schemes. For instance, we introduce a joint reduction assumption (Hypothesis
4 below) that plays a central role in Section 4 to construct the Evans function and prove a precise and
useful expression of the spatial Green’s function. Similarly, the finite difference scheme must satisfy a
viscosity assumption (Hypothesis 5 below) which is verified for first order schemes and possibly for higher
odd ordered schemes. In might be possible (and most importantly desirable) to relax or even remove those
assumptions to generalize the result of the present paper for a larger family of finite difference schemes.

1.2 Definition of stationary discrete shock profiles (SDSP)

We consider a one-dimensional system of conservation laws

Ou+0,f(u)=0, teR;, xR, (1.1)
u:Ry xR = U, '

where d € N\ {0} corresponds to the number of unknown u =: (uq,...,uq) of (1.1), the space of states U is an

open set of R? and the flux f : U — R? is a ¥ function. We will suppose that the system of conservation laws

is hyperbolic, meaning that for all u € U, the jacobian matrix df (u) is diagonalisable with real eigenvalues.
We fix two states u~,u" € U such that

fw™) = fu®). (1.2)
This is the well-known Rankine-Hugoniot condition which allows to state that the standing shock defined by

u~ if x <0,

Vie Ry, Ve e R, wu(t,z) = { ut else (1.3)

is a weak solution of (1.1).

Since the system of conservation laws we consider is hyperbolic at the states u™, we introduce the eigenvalues
AE AF € R and a basis of nonzero eigenvectors ri, ..., 7+ € R? of df (u*) € My(R) associated with those
eigenvalues. We also define the invertible matrix

+

P™ = (ri |...| r])€ MyR) (1.4)
and the dual basis lf, e ldi € R% associated with the eigenvectors rf, e rdi:
T -1
(I ... ) = (PF) . (1.5)



The vectors lli are then eigenvectors of df (u®)” associated with the eigenvalues )\li. We organize the eigenvalues
so that

+ +
AT <L A
In this paper, we focus our attention on Lax shocks.

Hypothesis 1 (Lax shock). We assume that the shock is non-characteristic, i.e.:

0¢o ={Af,... AT}

Furthermore, we assume that there exists an index I € {1,...,d} such that

AT <0< AT,
A, <0<A7,

where we use the convention )\3[ := —o0 and >‘¢:1E+1 =400 if I =1o0rl=d.

We consider a constant v > 0 and introduce a space step Az > 0 and a time step At := vAx > 0. The
constant v then corresponds to the ratio between the space and time steps. We impose the following CFL
condition on the constant v:?

Vu e, wvmino(df(u)) > —¢ and vmaxo(df(u)) <p. (1.6)
We introduce the discrete evolution operator N : U% — (R%)Z defined for u = (uj) ez € UL as
VieZ, Nu)j=uj—v(F Wuj_pi1,. - Ujtq) — F Wiuj—p, ... Ujrq-1)), (1.7)

where p,q € N\ {0} and the numerical flux F : (v;u_p,...,u,—1) €]0, +0o[xUP? — R? is a C! function. We
are interested in solutions of the conservative one-step explicit finite difference scheme defined by

VneN, "= N(u") (1.8)

where u° € U~.
We assume that the numerical scheme satisfies the following consistency condition with regards to the PDE

(1.1)
Vv €]0,4oo[,Yu €U, F(v;u,...,u)= f(u). (1.9)

This condition is often a consequence of the condition (1.6) verified by v.

Traveling wave solutions of the numerical scheme (1.8) linking two end states of a shock wave are the so-called
discrete shock profiles. Since we are considering stationary shocks (1.3) in the present paper, the associated
discrete shock profiles will also be stationary and will thus correspond to fixed points of the operator A.

Hypothesis 2 (Existence of a stationary discrete shock profile (SDSP)). We suppose that there exists a sequence
u* = (u})jez € U that satisfies
N@*)=a" and uw; — u®.
j—+oo

Let us point out that in [Ser07], it is proved that the existence of a SDSP implies that the Rankine-Hugoniot
(1.2) is verified. However, the existence of a SDSP for all admissible and physically significant standing shock is
not fully answered. Existence results tend to actually prove the existence of a continuous one-parameter family
of discrete shock profiles. The main results tackling the issue of existence of SDSP would be [MR79; Mic84;
Jen74]:

e In [Jen74], Jennings focuses on discrete shock profiles for monotone conservative schemes applied to scalar
conservation laws. In this context, he proves the existence and uniqueness of a continuous one-parameter
family of discrete shock profiles associated with shocks of any strength for rational speeds. He also proves
nonlinear orbital stability for such DSPs.

e In [MR79], Majda and Ralston tackle the case of system of conservation laws and prove the existence of
a continuous one-parameter family of DSPs with rational speeds. They introduce two limitations though:
They consider schemes of order 1 (this corresponds to the case where = 1 in Hypothesis 5 below) and
they only consider weak shocks, i.e. shocks where the difference between the two states must be small
enough. The result is generalized in [Mic84] for schemes of order 3 (i.e. p =2 in Hypothesis 5 below).

2Up to considering that the space of state U is a close neighborhood of the SDSP defined underneath in Hypothesis 2, we should
be able to satisfy such a condition.



The following assumption on the convergence of the SDSP %® towards its limit state is important in our
work as it it used to construct some of the main tools needed to carry out the analysis (for instance to prove
the geometric dichotomy in Section 3.3 or for the proof of Lemma 4.3).

Hypothesis 3 (Exponential convergence of the SDSP towards its limit states). There exist some constants
C,c > 0 such that '
. a5 —ut| < Ce™9,

Vj eN, @, -] < Clo—ci (1.10)

Hypothesis 3 can most likely be proved to be a consequence of the shock being non-characteristic (Hypothesis

1). We refer to [ZH98, Corollary 1.2] for a proof of this fact in the continuous setting and [Bec+10, Lemma 1.1]

in the semi-discrete case.

1.3 Linearized scheme about the end states u*

Let us now introduce some hypotheses on the end states u* and v~ and on the considered numerical scheme.
To summarize briefly the main assumptions, we mainly ask for the numerical schemes we consider to introduce
numerical viscosity and to have linear £"-stability at the states u™ and u~ for any r € [1, +o0].

We linearize the discrete evolution operator A about the constant states u~ and u* and thus introduce the
bounded operators .Z* acting on ¢"(Z,C%) with r € [1, +occ] defined by

q
Vhe l"(Z,C) Vi € Z, (LEh); =Y Afhjx, (1.11)
k=—p
where for k € {—p,...,q — 1}, we first define
Bf = v, F (viu®, ... u¥) € My(C) (1.12)

and then for k € {—p,...,q}, we let

fBiEl if k =g,
Af = B,f if k= —p, (1.13)
Srold+ Bif — Bif | else.

We start by introducing the following assumption on the matrices cht and Af.

Hypothesis 4. For k € {—p,...,q— 1}, the eigenvectors 7'%, cee 7,3: of df (u™) are also eigenvectors of the
matrices B;f defined by (1.12). If the system of conservation laws (1.1) is strictly hyperbolic at the states u¥,
this is equivalent to the matrices df (u™) and Bff commuting.

Hypothesis 4 implies that the eigenvectors rf, cee rf of df (u™) are also eigenvectors of the matrices Af
defined by (1.13) for k € {—p, ..., q}. Hypothesis 4 is fairly usual and is not that far fetched since the consistency
condition (1.9) links the numerical flux F' and the flux f and that, most of the time, the matrices B,f defined
by (1.12) are expressed using df (u*). We can then introduce the notation for k € {—p,...,q}:

)\j:
1,k
= P A pE (1.14)
+
ANk

For [ € {1,...,d}, we then define the meromorphic function F;* on C\ {0} by:

q
Ve e C\{0}, Ff(r):= > MjrFeC (1.15)
k=-p

By (1.14) and (1.15), the functions ]—"li correspond to the eigenvalues of the amplification matrix > 7_ » likAki
+

of the linearization of the numerical scheme at the states u™.



They will thus allow us to characterize the spectrum of the operators .Z*. We refer for instance to [Tho65;
DS14; RS15; CF22; Coe22] for a study in the scalar case of similar convolution operators as .#*. Fourier
analysis and in particular the well-known Wiener theorem [New75| imply that:

q d
o) =Jo| DY saf | = FEEhH. (1.16)
=1

reS? k=—p

The definition (1.13) of the matrices Af and the consistency condition (1.9) imply that:

q q
Y Ap=1Id and Y kAL = —wdf(uF)

k=—p k=—p
which translates into having:
Vie{l,...,dy, FF1)=1 and of = —F(1)=vAf £0 (1.17)

with )\li defined in Hypothesis 1.
The following assumption is linked to the linear ¢"-stability of the numerical scheme (1.8) at the end states
which corresponds to the ¢"-power boundedness of the operators .Z*.

Hypothesis 5. For alll € {1,...,d}, we have:
Ve € SN\ {1}, |F (k)| < 1. (Dissipativity condition)

Moreover, we suppose that there exists an integer p € N\ {0} and for alll € {1,...,d}, there exists a complex
number ﬂli with positive real part such that:

FiE(e™) = exp(—ia;fE — BEEM 4 O(|¢* ). (Diffusivity condition) (1.18)

E—

Hypothesis 5 implies that the linearization of the numerical scheme at the states u® is dissipative with an
order of dissipation 24 (see [GR21, Section IV.1.3]), i.e. there exists a constant ¢ > 0 such that:

Vie{l,...,d} Ve € [-mm], |F(e)] <1-6l¢ (1.19)

Let us point out that, reciprocally, the dissipation property (1.19) with 4 = 1 also immediately implies Hypoth-
esis 5. Most finite difference schemes of order of accuracy 1 satisfying some CFL condition will verify (1.19)
with ¢ = 1. For instance, this is true for monotone schemes in the case of scalar conservation laws.

However, when considering the case where the dissipation property (1.19) is verified for p > 1, it is still
possible to have terms of the form ic¢® with ¢ € R\{0} and k € {2,...,2u — 1} that appear in the asymptotic
expansion of the logarithm of .7-'1i (€€) at ¢ = 0 and Hypothesis 5 would thus not be verified. This is for instance
the case of the Lax-Wendroff scheme which is dissipative of order 4 but a term of order 3 appears in the
asymptotic expansion of the logarithm of ]-'lj[(ei5 ). The possibly additional terms appearing in this asymptotic
expansion are linked with the order of accuracy of the numerical scheme (see [Hed75] for details in the case
of finite difference schemes for the scalar transport equation). Verifying Hypothesis 5 and thus having the
expansion (1.18) essentially translates the fact that the modified equation truncated at order 2u and associated
with the linearization of the numerical scheme about the states u® introduces only a numerical viscosity term
of order 2 (see [Hed75, (1.7), (1.8)]).

From the standpoint of the power-boundedness of .#*, simply asking for the ¢?-power boundedness of
the operator .#* would be equivalent to asking that o(#%) € D (Von Neumann condition). The stronger
Hypothesis 5 is thus also inspired by the fundamental contribution [Tho65] due to Thomée and has much
further consequences, as the asymptotic expansion (1.18) assures the £"-power boundedness of the operator .+
for every r in [1,+00] (see [Tho65, Theorem 1] which focuses in the scalar case on the £>°-power boundedness
but also studies the ¢"-power boundedness as a consequence).

We conclude this section by defining the open set O which corresponds to the unbounded connected com-
ponent of C\(o(£T)Ua(Z£ 7)) represented on Figure 1. Hypothesis 5 implies that U\ {1} C O.



=N
-

Figure 1: In red, we have the spectrum of the operators .+ which corresponds to the union of the curves
]-'li (S'). Here we chose d = 1, i.e. one curve corresponds to the spectrum of .#* and the other corresponds
to the spectrum of £ ~. In gray, we represent the set O which corresponds to the unbounded component of
C\(o(ZLT)Uc(£L7)). The elements of the set O are either eigenvalues of the operator £ (represented by green
dots) or belong to the resolvent set p(.¢). We know that 1 is an eigenvalue of . and Hypothesis 6 implies that
the eigenvalues of .Z in O are located within the open unit disk.

1.4 Linearized scheme about the SDSP u*

We now linearize the discrete evolution operator A about the discrete shock profile ° and thus define the
bounded operator . acting on ¢"(Z,C%) with r € [1,4oc] defined by:

q
Vh e 0'(Z,CY),Vj € Z, (ZLh);= Y Ajhjix, (1.20)
k=-p

where for j € Z and k € {—p,...,q — 1}, we first define the matrix
Bj i=v0u, F (v;u_,, ..., 05, , 1) € May(C) (1.21)
and for j € Z and k € {—p,...,q}:

—Bji1,4-1 if k=gq,
A]’Qk = Bj7_p if k= —p, (122)
5k,01d + Bjr — Bjyi1,.-1  otherwise.

+. we have

We observe that since the SDSP (ﬂj )jez converges exponentially fast towards its limit states u
that the matrices A, (resp. Bj ) converge exponentially fast towards the matrices A,f (resp. B,:f) defined by
(1.13) (resp. (1.12)) as j tends towards £oo.

We will now focus on the spectral properties of the operator . when it acts on ¢2(Z,C?). The following

proposition which localizes the essential spectrum of the operator .Z is central.

Proposition 1. We have that
Oess(Z)NO = 0.

Proposition 1 allows us to conclude that for z € O, zIdy — £ is a Fredholm operator of index 0 and thus
that z either belongs to the resolvent set of .Z or is an eigenvalue of .Z. Proposition 1 is proved for instance
in [Ser07, Theorem 4.1] using the so-called geometric dichotomy developped in the thesis of Lafitte-Godillon
[Laf01, Section III.1.5]. We will have to reintroduce the geometric dichotomy in Section 3 and we will thus
provide the reader with the proof of Proposition 1 (see Lemma 3.8 hereafter).

We will now introduce the spectral stability assumption that we impose on our SDSP w®. It can be separated
in two parts.

Hypothesis 6. The operator £ has no eigenvalue of modulus equal or larger than 1 other than 1.

10



Combining Hypothesis 6 with Proposition 1, we can then conclude that the set U\ {1} is included in the
resolvent set of .Z.

The second part of the spectral stability assumption and the last hypothesis we will introduce on the
spectrum of the operator .Z has to do with the so-called Evans function Ev defined later on in the article by
(4.19). This is a complex holomorphic function defined in a neighborhood of 1 that vanishes at the eigenvalues
of . The Evans function plays the role of a characteristic polynomial for the operator .Z.

We will show that under the previous hypotheses, 1 is an eigenvalue of the operator .Z and thus that the
Evans function Ev vanishes at 1. This is the consequence of the existence of a differentiable one-parameter
family of SDSPs associated with the one we are studying. In continuous and semi-discrete settings as in [ZH9S8;
Bec+10], there is an underlying regular profile that describes the differentiable one-parameter family of traveling
waves studied in those papers as translations of said profile. The one-parameter family then corresponds to
an invariance by translation. The derivative of the regular profile then belongs to the kernel of the linearized
operator in these settings. In our present fully discrete setting, the existence of such a regular underlying profile
that describes the different SDSPs of the one-parameter family is not clear.

Here, we will make a strong hypothesis on the behavior of the Evans function at 1.

Hypothesis 7. We have that 1 is a simple zero of the Evans function Ev defined below by (4.19), i.e.

OEv
Ev(1) =0 da —I(1 0.
V) =0 and (1) £
We will show that Hypothesis 7 implies that the eigenspace of .Z associated with the eigenvalue 1 is of
dimension 1. More precisely, we will define a sequence V € ¢2(Z, C%)\ {0} below in (4.37) such that:

ker(Idep2 — %) = SpanV (1.23)

and we will prove that this sequence V' converges exponentially fast towards 0 at infinity, i.e. there exist two
positive constants C, ¢ such that '
VieZ, |V(j)| < Ce il (1.24)

Coming back to the above discussion, if there exists a regular profile that allows us to describe the one-parameter
family of SDSPs as this profile up to translations, then the sequence V and the derivative of the said profile
would be collinear.

We finalize this section by introducing two last (technical) hypotheses.

Hypothesis 8. The matrices Aj _, = Bj _, and Aj, = —Bjt1,4—1 are invertible for all j € Z and the matrices
Ajfp = pr and Aqi = —B;t_l are also invertible.

This hypothesis is usually a consequence of the CFL condition (1.6). Hypothesis 8 serves us in the article
to express the eigenvalue problem associated with the operators ., T and £~ as dynamical systems (see
Section 3.1 consecrated to the so-called "spatial dynamics"). Finally, we impose for the following assumption
to be verified.

Hypothesis 9. For alll € {1,...,d}, the equation
Fif(k) =1 (1.25)
has p + q distinct solutions k € C\ {0}.

Hypothesis 9 will be used to prove that the matrix M;5(1) defined by (3.9) is diagonalizable with simple
eigenvalues. This will allow us to study the eigenvalues and eigenvectors of the matrix M= (1) defined by (3.2b)
in Section 4. Let us observe that the expression (1.15) of F;* implies that searching for solutions x € CP*9\ {0}
of (1.25) is equivalent to searching for zeroes of the polynomial:

q
k€ C\ {0} — P — Z )\li’klik'*'p.
k=-p

The function above has p+ ¢ zeroes counted with multiplicity and Hypothesis 9 is then just equivalent to asking
for the zeroes of the above function to be simple.

11



1.5 Temporal and spatial Green’s functions
For jy € Z, we define the temporal Green’s function recursively as:

gg(Oija ) = 5j0

VneN, 9(n+1,jo,-) =291 j,), (1.26)

where the sequence §;, is defined by
0jo = (6j0’jld>jez € EZ(ZNA/[d((C))'

For z € p(&), we also define the spatial Green’s function G(z, jo,-) as the only element of £2(Z, M4(C)) such
that:

(Zfdp —g)G(Z,jo,') :5]'0. (127)

The following lemma proved via a simple recurrence is a direct consequence of the definition (1.26) of the

temporal Green’s function and the finite speed propagation of the linearized scheme.

Lemma 1.1. Foralln €N, 59,5 € Z, we have that

j_jO ¢ {_nq7anp} :g(n’jOaj) = 0.

The main result of the present article (Theorem 1) is a precise description of the temporal Green’s function
9 (n, jo,7) and of its discrete derivative ¥(n, jo, j) —¥4(n, jo — 1, j) respectively when j —jo € {—ngq,...,np} and
when j — jo € {—ng—1,...,np}. This result is essential in order to hopefully conclude the nonlinear stability
analysis of the discrete shock profile w°. Indeed, as exemplified in the following paper by the author [Coe24]
or in [CF24, Chapter 5|, the nonlinear stability analysis about the discrete shock profile @° relies crucially on
proving sharp decay estimates on the families of operators ((£™),en and (L™ (Id—T))nen acting on well-chosen
weighted ¢"-spaces, where the shift operator T is defined by:

T (hj)jeZ eCl— (hj+1)jeZ e CZ. (1.28)
Yet, for all h € ¢7(Z,C%) with r € [1, +0oc], we have that:

VneNVj€Z, (£L"h); =Y 4 (njo,j)hjo, (1.29)
Jo€EZL
V’IlGN,Vj GZa (gn(IdfT)h)J = Z (g(naj()aj)7%(n7j071aj))hj0' (130)
Jo€EZ

Therefore, Theorem 1 below should allow us to prove the required sharp bounds on the families of operators
(ZL"")nen and (L (Id—T))nen- As an example, we prove in Theorem 2 such decay estimates for the semi-group
(ZL") ey acting on £7(Z). More useful bounds when the operators 2" and .£"(Id — T) act on polynomially
weighted ¢"-spaces are proved in [Coe24, Proposition 2| using Theorem 1 whilst focusing on the case of scalar
conservation laws.

Let us briefly present how the rest of the introduction will be structured. We start by defining the different
terms (1.34) appearing in the decomposition (1.35) of the temporal Green’s function in Theorem 1. We will
then state Theorem 1 describing precisely the long time behavior of the temporal Green’s function and its
discrete derivative and follow it up with a more informal and legible description of the statement of Theorem 1.
Finally, in accordance with the discussion in the paragraph above, we will state Theorem 2 which tackles decay
estimates of the semi-group (£"), . acting on £"-spaces.

Let us start by defining the functions Hy,, F>, : R — C such that for 3 € C with positive real part, we have:

1 4 .
Vo € R, HZu(ﬁvx) [—p— / ezxuefﬁum du,
2T R
+oo (1.31)
Vo € R, E2u(5;x) = H2M(B; y)dy7
x
where we recall that the integer p is defined in Hypothesis 5. Let us point out that Lemma 1.2 implies that the
function Fy,, is well-defined. We call the functions Hy,, generalized Gaussians and the functions Ej,, generalized
Gaussian error functions since for p = 1, we have

22
Ve € R, Hy(B;x) = e 47,

12



Noticing that the function H», is an even function and that it is the inverse Fourier transform of u — 6’5“2”,
we observe that

+oo
lim By (B52) = Hoyu(Biy)dy = 1 (1.32a)
Vo €R, Bs(8,—z) =1— Eyu(B,2). (1.32b)

The following lemma introduces some useful inequalities on the functions Hs, and Ey,, defined by (1.31).

Lemma 1.2. Let us consider a compact subset A of {z € C,R(z) > 0} and integers 1, m € N\ {0}. There exist
two positive constants C, c such that for all p € A

Vo €R, |0MHy,(B;7)| < Cexp(—cla|7 ), (1.33a)
W €)0, +ocl, |Ez,(fix)| < Cexp(—cle|mT), (1.33b)
VY €] —00,0], |1 — Eau(B;2)| < Cexp(—clz|7T). (1.33¢)

The interested reader can find a proof of (1.33a) when the subset A is a one point set in [Coe22, Lemma 9] or
in [Rob91, Proposition 5.3] for a more general point of view. By observing that the constants C, ¢ constructed in
those proofs depend continuously on 3, we can then conclude the proof (1.33a) for general sets A. Inequalities
(1.33b) and (1.33c) for the function Ey, are directly deduced by integrating the function H, and using (1.32a)
and (1.33a).

Let us now introduce the different terms that will describe the leading order of the pointwise asymptotic
behavior of the Green’s function ¥(n, jo,7) in (1.35). A more informal description of those terms will be given
below Theorem 1. We define for n € N\ {0} and j, jo € Z the following functions:

e For jo>0andl € {1,...,d}

o 1 na;” + jo—j T
S (n,jo, §) = ﬂjzoﬂﬂe[ﬂ on] T Hy, ( |, (1.34a)
of L2 pzs n2n
e For jo>0,0'€{l,...,I} and l € {I +1,...d} (i.e. such that o} <0 and o;f > 0)
2 + . Ot;F .
; +Jo T —J
. 1 J Jo o\ af T
+ — _ + + (% 1+
il do: D) 3= b0 e fgon] Mo | o= o) T T
l 14
(1.34b)
e For jo>0,0'€{l,...,I} and l € {1,...] — 1} (i.e. such that o;f <0 and o; < 0)
: : —\ 2u noz_+j0i—j
o 1 J .= o <a ! a 4T
TF (0, go,7) = Lol 4 5o fw 01— Hop | ——=08; — il |
l’l( jo:J) <0 #fﬁ,e[?v%] n o noy fi na?,‘ﬂl Ozl",’ na b
(1.34c)
e For jo > 0and !’ € {1,...,I} (ie. such that o <0)
+ .
. nap + Jjo T
Ef(n,jo) := EQH( ;;ll) I, (1.34d)
n2e
e For jo<Oandl € {1,...,d}
D 1 _noy +jo—J\ _,-T
Sy (nJo, 7) = Lj<olizia [y 5]~ Hau (51 ) (1.34e)
oy 2 n2u nn
o For jo <0,0'e{I,...,d} and l € {1,...1 — 1} (i.e. such that o, > 0 and o; < 0)
: : —\ 2 nap oSt —

I 1 J . Jo (ozl> ! ay, T
Ry (n, g0, J) == Lj<ol i bo gfn g~ Hopw | =—=8 ——=8, | —= |
l’l( Jo J) =<0 $7$6[5’2n] n2e 2 nal t TLOzl/ ! Oél/ ne L

(1.34f)
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e For jo<0,0'€{l,...,d} and l € {I +1,...d} (i.e. such that a;, >0 and a;” > 0)

: : 2 naf +jot — j

1 J jo (o ! ; _T
T, =1,50l , n —H <t — i L _ h
(n jO) ) 7>0 7 Jo. 6[57274”%“ 2u ’I’LO{?Bl na;ﬁl ) 1 'T'l 1 5

oy Otf, n 2w
(1.34g)
e For jo <0,0"€{I,...,d} (ie. such that o, > 0)
_ . _ —nay —Jo\ ,_T
El’ (n,jo) = EQ/L </Bl/ ; l21> ll’ . (134}1)
n =«

We observe that the functions Sli, Rli/’ , and T,iJ are valued in My(C) and the functions Elj/[ are valued in
M 4(C).

Let us now state Theorem 1 which gives an accurate description of the temporal Green’s function and
its discrete derivative. Below the statement of Theorem 1, the reader will find a more legible explanation of
Theorem 1 as well as one of its consequence (Theorem 2). We recall that the Landau notations O, Oy, , and
Oc are described in the notations section at the beginning of the paper and are used respectively to differentiate
matrices, line vectors and scalars.

Theorem 1. Let us assume that Hypotheses 1-9 are verified. Then, there exist:
o A sequence V € (2(Z,CH\ {0} defined by (4.37) satisfying (1.23) and (1.24),
o Families of complex scalars (Cl],;’i)l/, (Cl,R’li)l/ 1 and (C, li)m,

such that for all n € N\ {0}, jo € N and j € Z which verify j — jo € {—ngq,...,np}, we have that

=1 I'=1 \l=I+1 =1

d -1
4 (n, jo, J Z (n, jo, j +Z ( Z Cp Rl/ (n, jo, J +ZCV Tl/ (n, J()»J))

<Z CPYEf(n Jo)> +R(n, jo,j) (1.35)

=1
where R(n, jo,j) s a faster decaying residual of the following form for some constant ¢ > 0 independent from
n, jOa .7
e For j > 0 such that j — jo € {—nq,...,np}:

R(?’l, joaj) = O(e_cn>

. . 2p—1
1o ”‘(ﬁ—”i)’ el ~eljol
« a, e ¢ e ¢ljo 1 T
+> > exp | —c nli ' (O( - >+T1+0M1,d (; )+0<C< 1)77”? )

U'=1l=I1+1

2n—1 22“1
Jo_ , =
el n ) d 4 e—cljol ‘n — ajﬁ
+ § 0 exp | —cf —F— + D T OMy, | e [ e | )
=1 n 2 I=I+1 n2x n s
(1.36a)
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e For j <0 such that j — jo € {—nq,...,np}:
R(n7j07j) = O(e—cn)

. . 2p—1
_ J___ Jo . )
I I-1 n P o —clj] —cljol 1
1 1 e _ e _ T
+ E E exp | —c - O|\—— ) +7O0m,| — ) +0c ~ | 7 lf?
Ve1 =1 nzw nzn n nwe
24
Jo et 1 2351
e—cldl n+ I-1 —c|jol ‘n— -L
1,/ _ € o
+ E :O CXp | —¢| — T — + E :rl OMl,d T &Xp| —C¢| — T
I'=1 n 2w =1 nzu n2u

(1.36b)

The coefficients C’ll,%’;r, C’;f and C’;,E’Jr are defined by (5.30). There is a similar result when jo € —N\ {0}
using the families of complex scalars (Cl],ﬂ’*)l/, (C’ZI,{’Z )iy and (C,’l )irq and the functions E,, S;, R/, and
Ti

Furthermore, we can choose the constant ¢ > 0 such that the discrete derivative with regards to the parameter

jo of the temporal Green’s function verifies that, for all n € N\ {0}, jo € N and j € Z which verify j — jo €
{—-ng—1,...,np}:

e Forj >0:

g(nujOaj) - g(najo - 17]) = O(e_c")

2p

2p—1

- ) ~elil ~eljol
€ e T
+Zexp —c o (O( 1 )+rf0Mld< T )+Oc< 1)r;“ll+ )
1=1 2w n2 n2e ni
2p
( i _ o >’ et
. d PTNSF T —clil —c|jol
U € e 1 T
+Z Zexp —c — (o( 1)—!—77*0/\41@(1)—&-0@( 1)rl+ll+, )
U=11=I+1 n2u n2n nin nw
Jo 7T . sy
e~clil n o d e—cliol ‘n - L
+ Z 0 exp | —¢ | =" + 3 O, | e | e | |
=1 nzn =111 nan nak
(1.37a)
e For j <0:

g(na jO?j) - %(nvjo - 17]) = O(eicn)

2

. . Zn—1
1 1-1 ”—<‘7—‘73>‘ el ~elj
o ot c e—cldol 1
+ZZexp —c li l <O< >+rzOM1d<1)+OC< 1)"'lllJ’rT>
r=11=1

—1 1= n2u

2p
Zn—1

e—clil

+Z exp | —¢| ——— +ZTfOMLd ——exp | —¢c| ——

=1 n2u -1 nQ/L TLQH

(1.37b)
A similar description of the discrete derivative of the temporal Green’s function holds for jo € —N\ {0}.

Let us describe more clearly what the decomposition (1.35) of the temporal Green’s function ¥(n, jo, j)
conveys for jo > 0. The same description can be done for j, < 0 as well as for the discrete derivative of the
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/\EF’L(”~JO)V(J) R;/r,l<7l7j()‘j)

Jj]tl(na j(): .])

Jo

Figure 2: A schematic representation of the result of Theorem 1 on the Green’s function ¢(n, jo,j). Here we
represent a case where jo € N, d = 4 and I = 3. We recall that the integer I is defined by Hypothesis 1. We have
d generalized Gaussian waves (in blue) arising from the Dirac mass at j, which travel along the characteristics
of the right state u™. The ones reaching the shock location are decomposed into reflected waves (in purple),
transmitted waves (in green) and the activation of the component of the Green’s function along the vector space
ker(Idsp — %) (in red). We only represent this decomposition for one of the incoming waves.

temporal Green’s function using (1.37). Figure 2 is a schematic representation of the decomposition (1.35). The
first term on the right hand-side using the function S}t of (1.35) corresponds to d generalized Gaussian waves
arising from the Dirac mass at jo which travel along the characteristics of the right state u™ (the blue waves in
Figure 2). The generalized Gaussian behavior of the different waves originates from the smearing effect caused
by the diffusivity condition in Hypothesis 5 which corresponds to the introduction of artificial viscosity at the
states u®. These waves correspond to the leading order of the Green’s function of the operator .#+ associated
with the "right" state u*. Recalling that we are considering a Lax shock under Hypothesis 1, we observe the
following distinction:

e The first I generalized Gaussian waves follow the characteristics incoming the shock since o < 0 for
le{l,...,I} and will eventually reach the shock (located at j = 0).

e The last d — I generalized Gaussian waves follow the outgoing characteristics with respect to the shock
since o >0 for I € {I +1,...,d} and travel towards +o0o without interaction with the shock.

When the generalized Gaussian waves following incoming characteristics reach the shock location, we observe
that they lead to different behaviors for three new types of waves:

e There are reflected generalized Gaussian waves along the outgoing characteristics of the state u™ (i.e. the
purple waves in Figure 2). It corresponds to the second term using the function R;,r’l in (1.35). This

explains the restriction of [ € {I + 1,...,d} which implies that al"’ > 0.

e There are transmitted generalized Gaussian waves along the outgoing characteristics of the state u™ (i.e.
the green waves in Figure 2). It corresponds to the third term using the function TJfl in (1.35). This

explains the restriction of I € {1,...,I — 1} which implies that a;, < 0.

e Because of the properties of the function Fy, defined by (1.31), we have that the vectors Eﬁf (n,jo) are

close to 0 for small times n and converge towards l?,‘T as n tends towards +oo. Thus, the last term in the
decomposition (1.35) could be described as the progressive construction of the component of the Green’s
function along the vector subspace ker(Idy; — %) (i.e. the red wave in Figure 2). Each wave with speed
;) activates part of this profile as they reach the shock. Since V' is an eigenvector of . for the eigenvalue
1, this part of the Green’s function does not decay as n tends towards +oo.

Before stating Theorem 2, we want to address a slight observation that could be made on Theorem 1. One
might expect that it could be possible to obtain the decomposition (1.37) of the discrete derivative of the
temporal Green’s function ¥(n, jo,j) — 4(n,jo — 1,7) using the difference of the decomposition (1.35) of the
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temporal Green’s function for ¢ (n, jo,j) and ¢ (n, jo — 1, j) since (1.37) and (1.35) look fairly similar. However,
we claim that this is non trivial since the reflected and transmitted waves le,E’ (1, jo, 7) and Tfﬂn, JosJ), which
are defined in (1.34), use the function Hy, with varying viscosity parameters in their definitions. The known
estimates (1.33a) of the functions Hy, would not allow to conclude the proof (1.37) this way. To prove the
decomposition (1.37) of the discrete derivative of the temporal Green’s function presented in the article, we will
rather slightly adapt the proof of the decomposition (1.35) for the temporal Green’s function (see Section 5).

As explained at the beginning of this section, the main use of Theorem 1 is to prove decay estimates on the
families of operators (£"), . and (ZL"(Id —T)), cy on well chosen Banach spaces. Of course, an important
step remains to choose the correct Banach spaces on which those operators must act to conclude a nonlinear
orbital stability result. This has been done in the scalar case in [Coe24] by considering polynomially weighted
{"-spaces. Investigating the case of systems of conservation laws remains to be done. However, to display an
example of the usefulness and versatility of Theorem 1, we prove the following decay estimates of the semi-group
(ZL™)nen when it acts on ¢7(Z,C?).

Theorem 2. Let us assume that Hypotheses 1-9 are verified. For ri,79 € [1,400] such that r1 < rq, there
exists positive constant C' such that

C

A (1L _ 1
n2\ri T2

Vh € £ (Z,C%),¥n € N, min | L™ h — V|| <
Veker(ld£2 -2)

[1Pellgr -
Let us point out that such decay estimates are similar to the one associated with the heat equation for
instance. This is a consequence of the diffusive nature of the numerical scheme introduced in Hypothesis 5.

1.6 Plan of the paper

Firstly, Section 2 will be dedicated to the proof of Theorem 2 using Theorem 1. The main part of the article
however (from Sections 3 to 5) will concern the proof of Theorem 1:

e In Section 3, we will prove Proposition 1 which describes the spectrum of the operator .Z in the set O
and will allow to define the spatial Green’s function defined by (1.27) on U\ {1}. We will then prove
Proposition 2 which implies exponential bounds on the spatial Green’s function in the neighborhood of
any point of U\ {1}.

e In Section 4, we prove that Proposition 3 which claims that the spatial Green’s function can be mero-
morphically extended in a neighborhood of 1 through the essential spectrum of the operator .£. We will
show that it has a pole of order 1 at z = 1 and find precise expressions (4.51a)-(4.51c) on it that will be
essential in Section 5.

e In Section 5, we express the temporal Green’s function defined by (1.26) with the spatial Green’s function
(1.27) using the inverse Laplace Transform. Using the different results proved on the spatial Green’s
function in Sections 3 and 4, we will conclude the proof of Theorem 1.

Section 6 will be dedicated to a concrete example. We will first show that some of the previously introduced
hypotheses are verified for the modified Lax-Friedrichs scheme and then present a numerical example of the
result of Theorem 1 when the conservation law we consider is the Burgers equation. Section 7 is the Appendix
and contains the proof of some technical lemmas used throughout the paper.

The author feels like it is important to point out that the proofs of some lemmas in the present paper are
done in other papers. However, the author feels like they needed to be reproved either to correct mistakes or
because the way they are presented here is fairly different from the statement in other papers. For instance, the
geometric dichotomy (Lemma 3.4 below) uses the same proof with slight variations as in [Laf01, Section III.1.5]
where it is first introduced.

2 Proof of linear stability (Theorem 2)

The goal of this section is to prove Theorem 2 using the description of the temporal Green’s function obtained in
Theorem 1. We recall that for 71,75 € [1,+00] such that 7; < 7y, we have that for all n € N and h € £ (Z,C?)

L= Y 9 (n,jo. j)hj, € (m(Z,CY. (2.1)

j0EZ .
Jo€ jez
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Step 1: Let us prove that for all integers € {1,...,d} and for all couples r1, 79 € [1,+00] such that r1 < ra,
the operators

r(z,C%) - 2 (Z,C9)
. 2.2
h — (ZjOEN ]lj—joe{—nq,...,np}sl-‘r(na]07])hj0>j€Z ( )
for n € N\ {0} are well-defined and that there exists a positive constants C' such that
T1 d + . . C
Vn € N\ {0} 7Vh el (Z,C )7 Z Ilj—joE{—nq,...,np}S[ (n7]07])hj0 < 171 1\ ||hHlT1 . (23)
jo€N nﬁ(i*%)

JEL gra
We fix an integer [ € {1,...,d}. Using (1.33a), we have that there exist two positive constants C, ¢ such that
vn € N\ {0},Vh € £>*(Z,C%),Vj € Z,
C
1

24
+ ; - Zn—1
noy” +j0—J\ ™
exp —(") hyol. (2.4)

nze

Z ﬂj*joe{fnq,“.,np}sl-i_(najO)j)h’jo < Z

20
jo€EN joeN TL2H

We also observe that there exists a constant C' > 0 such that

+ N T 3
vn € N\ {0}, Z i exp [ —c (M) <C. (2.5)

jez n 2

Let us now prove that, for different choices of couples 71,72, the operator defined by (2.2) is well-defined and
that (2.3) is verified.

e Using (2.4) and (2.5), we have that:

Vn € N\ {0} 7Vh € Eoo(ZaCd)avj € Z7 Z ]lj—jOE{—nq,...,np}SlJr(nvjOaj)hjo < C’ ||hH€<>° .
jo€N

Thus, for r1,79 = +00, the operator defined by (2.2) is well-defined and (2.3) is verified.
e Using (2.4), we have that:

C

1
n 2w

Vn € N\{0},Vh € €"(Z,C")\Vj € Z, | 1j_joef-ng..np}Si (0, §)hjo| <
Jjo€N

1Pl -

Thus, for r; = 1 and r2 = 400, the operator defined by (2.2) is well-defined and (2.3) is verified.
e Using (2.4), Fubini-Tonelli’s theorem and (2.5), we have that for n € N\ {0} and h € ¢}(Z,C%):

Z Z ]lj—joE{—nqw,nP}Sl—%(n?j07j)hjo
JEZ |joEN

24

C no + jo — 71\ 1 ~
ED D D ey (") o] < C lAl,s -

Pm Pm
joeN \ jez " n=e

Thus, for r; = 1 and r = 1, the operator defined by (2.2) is well-defined and (2.3) is verified.

e Up until now, we have proved that for all couple (ri,72) € {(1,1), (1, +00), (+00,+00)} the operator
defined by (2.2) is well-defined and that (2.3) is verified. Using Riesz-Thorin Theorem, we can then
conclude that, for all couple (ry,72) € [1,400]? such that r; < 79, the operator defined by (2.2) is
well-defined and that (2.3) is verified.
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Step 2: We claim that, using an identical proof as in Step 1, for all couple 71,79 € [1,400] such that r1 < ra,
the operators from ¢"(Z,C%) to ¢2(Z,C?) defined by

h— Z L joe{-ng,..., np}Rl’ (n, jo, 7)hjo h— Z L joe{-ng,..np} By (1, Jos 3)hijo
Jo€N ez Jo<0 jez
he | D0 1 joet-ngmpy Ty (ns dos )R h (D0 1 e -ngmpy Ty (ns dos 5) P (2.6)
Jjo€N jez Jo<0 jez
h— Z ]lj—joe{—nq,“.,np}sl_(nvjovj)hjo h e Z ]lj—jOE{—nq,...,np}R(n7jOvj)hjo
Jjo<0 jez JoEZ jez

for n € N\ {0} are well-defined and satisfy similar bounds as (2.3). Let us now introduce the linear operators
U, from " (Z,C%) to £72(Z,C?) defined by:

vn € N\ {0},Vh € (" (Z,C%),Vj € Z,

\I/ h ] = Z ]lJ —jo€{—ngq,...,np} (Z C’l’ Tl ]0) ) V(])

Jo€N '=1

+ Z ]l] —jo€{—ng,...,np} (Z C(l’ E Tl JO)h )V(.]) (27)

Jo<0

We recall that the Green’s function ¢(n, jo, j) is equal to 0 when j — jo ¢ {—ng,...,np}. Thus, using the
equality (2.1) and the decomposition of the Green’s function ¥(n, jo,j) when j — jo € {—ng,...,np} given by
Theorem 1, the previous results (2.3) we proved on the operators (2.2) and (2.6) allow us to prove that for all
r1,72 € [1,+00] such that r; < rg, we have that there exists a positive constant C such that:

T d n 9
Vh € 0" (Z,C%),¥n € N\ {0}, |Z"h— WU,k < - > 12l s (2.8)

A1 (L _ 1
n2\T T2

Step 3: Let us prove that for all integers I’ € {1,..., I}, the operators

>=(z,cd)  — H(Z,C?)
E, . . 2.9
h ~ (ZJOEN ]ljfjoﬂfnq,.-.,np}cl/ +Eﬁ(n730)hjov(])>jez 29
for n € N\ {0} are well-defined and that there exist two positive constants C, ¢ such that
n € N\{0},¥h € (Z,C), ||| D 1jjog(-nagonmyCo B (1 0)jo V (5) < Ce Rl -
Jjo€N jezlly
(2.10)
We recall that (1.24) implies that there exist two positive constants Cy, ¢y such that:
vjez, V()< Cpe vl (2.11)
Furthermore, for I’ € {1,...,I}, the CFL condition (1.6) implies that
ot
0<—af <122 <. (2.12)

2
We fix an integer I’ € {1,...,I}. For h € {*(Z,C%), n € N\ {0} and j € Z, we have that:

D

Jjo€N

1j—jo§f{—”q7~-7”l)}clj’57+El—i_(na jo)thV(j)
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E, —evld .
< || ev Yo Lijogtongmpre” VYIE (n, o)1,

. a-af,
Jo€ |0, 2l NN

+ > Lot (nampyeIEF (n, o) 1hyo] | - (2.13)
ot
joe[nq oo {NN

_ At
e Using (2.12), we observe that there exists a positive constant ¢ > 0 such that for all jo € {O, nd ;"'} NN

and j € Z which verify j — jo ¢ {—ngq,...,np}, then:
il = en.

Therefore, since the function Fs, is bounded, we have that there exists a positive constant C' such that
for all h € £>°(Z,C%) and n € N\ {0}:

—c ; . _tv i 7C—Vcn
> > 1 jog(—ngrmpye VINES (n, 50 |hjo| < C [ D e 20 | ne™ 2" ||h]] e .

jez oo jez
jo€|0,—51tn|NN

Therefore, there exist two new positive constants C, ¢ such that for all h € £>°(Z,C%) and n € N\ {0}:

§ : E : ]lj—jo§f{—nq,...,np}eicvlj‘|E;_(nvj0)||hjo| <Ce™ " Hh”ZOO . (214)
p— —
7€ jge{o,q 2;tn:|ﬁN

e Using (1.33b), there exist two positive constants C, ¢ such that for all h € £°°(Z,C?%) and n € N\ {0}:

> > Lo {—nanmpye IS (n, o) 1o
a+

JEL  [q-at
jo€ | —5tn,+oo0 NN

2p
< C||h) e Z e—cvlil Z exp | —c¢ (M)

jez g—at nzu
Jo€ {72 ' n,+o0 |:|’TN
Therefore, using (2.12), there exist two new positive constants C,c such that for all h € ¢>°(Z,C%) and
n € N\ {0}:

> > 1 jog(nanmmye VB (n, o) Ry < Cem [|R] oo - (2.15)

J€L  [q-af
Jo€ 5—n,+o00 [NN

Thus, combining (2.13), (2.14) and (2.15), we can conclude the proof of (2.10).
Step 4: Using a similar proof as in Step 3 for the operator from £>°(Z,C%) to ¢'(Z,C?) defined by:

hr | Y L jog{ongremnyCit '~ By (n,j0)hio V) |
Jo<0 jez

we can obtain similar bounds as (2.10). We can then prove that there exist two positive constants C, ¢ such
that:
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Vh € 0" (Z,C%),Vn € N\ {0},

ZZCV T (n, jo) hm+ZZq, E; (n,jo)hj, | V

JoeNU=1 jo<0l'=I oo

C
[ollgry (2.16)

N f,f)
n2e\r1 T2

where the operator ¥,, is defined by (2.7). Using (2.8) and (2.16), we can conclude that there exists a positive
constant C' > 0 such that:

Vh € " (Z,C%,Vn € N\ {0},

L"h — ZZC z'"ﬂohﬂo+zzq/ By (njo)hi, | V

JjoeNU=1 Jo<0l'=I

Since the sequence V' € ¢1(Z,C?) defined in Theorem 1 verifies that:
ker(Idyp2 — %) = SpanV,

this allows us to conclude the proof of Theorem 2.

3 Local exponential bounds on the spatial Green’s function for z far
from 1

In this section, the goal is twofold:

e In order to determine where the spatial Green’s function is defined, we want to study the spectrum of
the operator .Z in the set O (i.e. outside of the curves representing the spectrum of the limit operators
£*). More precisely, we will prove Lemma 3.8 below that characterizes the eigenvalues of .# in the set O
and states that there is no essential spectrum of the operator . which lies in the set . This result was
already proved in [Ser07, Theorem 4.1]. As a direct consequence, we will have proved that the elements of
the set O are either in the resolvent set of the operator £ or are eigenvalues of .¢. Using Hypothesis 6,
we can thus deduce that the set U\ {1} is included in the resolvent set of % and that the spatial Green’s
function can be defined in a neighborhood of any point of U\ {1}.

e We will prove Proposition 2 below that introduces locally uniform exponential bounds on the spatial
Green’s function G(z, jo, ) when z belongs to U\ {1} and jo € Z. We will see later on in Section 4 that
the study of the spatial Green’s function for z near 1 will require some special care and that it is a more
refined analysis of the case where z is in U\ {1}. It might be important to keep in mind that a lot of the
tools we will introduce in Section 3 will also be useful in Section 4 to deal with the case where z is close
to 1.

The main ideas of this section will be to characterize the solutions of the eigenvalue problem associated with
the operator .Z by using solutions of a discrete dynamical system of finite dimension.

We will then define a central tool for our analysis : the geometric dichotomy introduced by Lafitte-Godillon
in her thesis [Laf01] and based on the exponential dichotomy coined by Coppel in [Cop78|. We will take some
time to rewrite the proofs of some lemmas even though most of the ideas can already be found in the previously
cited texts. This will motivate the introduction of several notations and will make several crucial bounds precise.

3.1 Rewriting the eigenvalue problem as a dynamical system

As we explained, one of our objectives is to study the spectrum of the operator .Z. In this section, we express
the eigenvalue problem (zIdp — %Z)u = 0 as a discrete dynamical system. We will define a few important
mathematical objects that will appear often throughout this article.
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For z€C,je€Zand k € {—p,...,q}, we define the matrices
Ajp(2) = 20k 0ld — Aj, and  Af(2) = 20, 0ld — A (3.1)

We recall that Hypothesis 8 implies that for all z € C and j € Z, the matrices A; _,(2), A;4(2), Afp( ) and
Aqi (2) are invertible and we can thus introduce the matrices :

—Ajg(2) T A g1(2) s A (2) TN A (2)

Id 0o ... 0
VjeZNzeC, M;z):= 0 N : € Map+q)(C)  (3.2a)

0 0 Id 0

and : A " At Lyt
7 (2) (2) 7 (2) (2)

Id 0o ... 0
VzeC, M*(z):= 0 . . M(p+q)(C). (3.2b)

0 0 Id 0

which are well-defined and are furthermore invertible. We observe that for all z € C the family of matrices
(M;(2))jez converges towards M*(z) as j tends towards +oo. If we define for every z € C and j € Z the
matrices

£ (2) == Mj(2) — M*(2),

then Hypothesis 3 implies the following lemma.

Lemma 3.1. There exists a constant a > 0 such that for every bounded set U of C, there exists a constant

C > 0 such that _
€] (2)] < Cemd,

Vz e U Vj €N, €5,(2)| < Cemed (3.3)
Proof We have that N N
Eq-1(2) o g_,(2)
n 0 0
£F () = |
0 0
where
et (2) = { L AD)THAR — (As0) " Ay if k€ {=p,....a = 1}\{0},
o (A2)1 A = (A3) T Az0 — 2((A2) 7 = (A) ) if k= 0.

Using Hypothesis 3, we conclude the proof of (3.3) and observe that the constant « can be taken uniformly on
C but the constant C must depend on z. O

Let us consider u € ¢3(Z,C%) such that
(zldp2 — L)u=0.

If we define for all j € Z the vector
Ujtq—1
W; = : ;
Uj—p
we observe that (W;);ez € (% (Z,C4PT9) which implies that the vector W; converges towards 0 as j tends

towards oo. We also observe that
Vj € Z, Wj+1 = M](Z)WJ (34)

To study the solutions of the dynamical system (3.4), we define the family (X;(2))jcz € Magp+q)(C) of
fundamental matrices defined by
Vi€Z, Xju(2)=M;(2)X;(2),

Xo(2) = Id. (3.5)
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We observe that a solution (W;),ecz of the dynamical system (3.4) thus verifies:
Vj €7, Wj = Xj(Z)W().

To find the eigenvalues of the operator .Z, we thus need to search for the solutions (W;), ez of the dynamical
system (3.4) which belong to £? and therefore converge towards 0 when j tends to co. We thus introduce the
following sets for any z € C:

zZ
E%(z) := {(Wj)jeZ € (C(p+q)d) solution of (3.4) such that W, = O}7 (3.6a)
J—To0
EE(z) = {Wo e CHd (X, (2)Wo)jez € Ei(z)} . (3.6b)

The sets correspond to the solutions of the dynamical system (3.4) which converge towards 0 as j tends towards
400 and to their traces at j = 0.

3.2 Spectral splitting: study of the spectrum of M*(z)

Since the matrices M;(z) converge towards M*(2) as j converges towards +oco, the dynamical system (3.4) can
be considered to be perturbations respectively for j € N and j € —N of the dynamical systems

Vj e N, Wj+1 = ]\4—~_(,’<$)I/Vj7 (37&)
Vj S *N, Wj+1 = Mi(Z)W] (37b)
To study the solutions of (3.4) which converge towards 0 as j tends to +00, we will study solutions converging
towards 0 of the dynamical systems (3.7a) and (3.7b). This relies on studying the spectrum of the matrices
M*(z).
Using the eigenvalues Afk of the matrix Af defined by (1.14), we introduce the scalar quantities:

VzeCVIe{l,....d},VEe€{-p,....q}, Af(2):=20r0— A, (3.8)
and the matrices:
—Alj’[q(z)_lAllqul(z) cee —Al{[q(z)_lAll,:p(z)
N 1 0 ... 0
VzeCVle{l,...,d}, M (z):= ' ' . . (3.9)
0 . . :
0 0 1 0

Hypothesis 8 implies that the matrices Afp and A(jf are invertible so Af_p(z), Alﬂfq(z) # 0. Thus, the matrices
Mli(z) are well-defined and invertible. We have the following result.

Lemma 3.2. There exist invertible matrices Q* € M1 4)a(C) such that
M (2)

VzeC, M*(z)=(Q*)" Q*.
M (2)

Proof Recalling the definition (1.4) of the matrices P~, we observe that

P -1 pt —D;t(z)—lﬂj)qi_l(z) el _Dét(z)_lﬂ)fp(z)

Id 0o ... 0
M*(2) - oo ' 610

+ + O .. .. :

} i 0 0 Id 0

where .
A1,k(2)
Vk€{-p,....q}, Df(z)=
Afk(z)
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Then, in the right hand term’s matrix of (3.10), by reassembling the first columns of each blocks, then the
second columns, ...and then doing the same for the lines, we prove that the matrix M*(z) is similar to the

block diagonal matrix
M (2)

M (2)
O

The following lemma is due to Kreiss (see [Kre68]) and describes precisely the spectrum of the matrix M (2)
as z belongs to OU {1} and I € {1,...,d}.

Lemma 3.3 (Spectral Splitting). e ForzeCandl e {l,...,d}, sk € C is an eigenvalue of Mli(z) if and
only if kK # 0 and
.Fl:t(li) = z.

o Letz€ O andl € {1,...,d}. Then the companion matrix Mli(z) has

— no eigenvalue on St,
— p eigenvalues in D\ {0} (that we call stable eigenvalues),

— ¢ eigenvalues in U (that we call unstable eigenvalues).
o We also have that

—if ozli >0, Mli(l) has 1 as a simple eigenvalue, p — 1 eigenvalues in D\ {0} and q eigenvalues in U.

—if ali <0, Mli(l) has 1 as a simple eigenvalue, p eigenvalues in D\ {0} and ¢ — 1 eigenvalues in U.

Lemma 3.3 is proved in [CF22, Lemma 1] (see also [Kre68|). For z € O, combining the consequences of
Lemmas 3.2 and 3.3, the matrix M*(z) only has eigenvalues in D or U. Also, if we define the space E*(M*(z))
(resp. E“(M®(2))) which is the strictly stable (resp. strictly unstable) subspace of M*(z) corresponding to
the subspace spanned by the generalized eigenvectors of M (z) associated with eigenvalues in D (resp. U), then
we have dim E*(M™*(z)) = dp, dim E*(M¥*(z)) = dgq and

Clrtad — Bs(M*(2)) & E“(M*(2)). (3.11)

We consider P (z) and PF(z) the associated projectors in C4P*9). Those projectors can be expressed as
contour integrals (see [Kat95, Chapter 2 Section 1.4]). For instance, we have:
1
PE(z) = — [ (tId— M*(2))"'dt
=37 / (2)
where 7 is a simple closed positively oriented contour which surrounds the stable eigenvalues of M*(z) and not

the unstable ones (S' is a good candidate). Therefore, the projectors P:¥(z) and P (z) depend holomorphically
onz € O.

3.3 "Local" geometric dichotomy

The conclusion of the study of the spectrum of the matrices M (z) done in Section 3.2 is that the vector space
of solutions of (3.7a) (resp. (3.7b)) converging towards 0 as j tends towards +oo (resp. —oo) has dimension
dp (resp. dq) and can be characterized by using the spectral projector P, (z) (resp. P, (z)). We recall that
(3.4) is a perturbation of the dynamical systems (3.7a) and (3.7b). Thus, we could expect for the vector spaces
E*(2) and Ej (2) (resp. E~(z) and Ej (z)) defined by (3.6a) and (3.6b) to be of dimension dp (resp. dq) and
we would want some way to characterize their elements.

In the present section, our goal is to construct projectors which will play for the dynamical system (3.4) a
similar role as the spectral projectors P;(z) and P, (z) for the dynamical systems (3.7a) and (3.7b). This is
the aim of the following lemma.

Lemma 3.4 (Geometric dichotomy). For any bounded open set U such that U C O, there exist two holomorphic
functions Q% : U — M (p49)a(C) such that
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e Forall z€e U, Qﬁ(z) is a projector and we have

dimIm Qf;(z) = dimkerQ;(z) =dp and dimIm Q@ (z) = dimker Qf;(z) = dg.

o There exist two positive constants C, ¢ such that for all z € U, there holds:

Viz k20, |X;(2)QF(2)Xk(2)7! <C€_C|J ", (3.12a)
Wk 2§20, |X;(2)(Id - Qf(2)Xk(2)"| < o, (3.12b)
Vi<k<0, |X;(2)Qp(z )Xk(z) Y <C’e_C|J Rl (3.12c¢)
VE<j<0, |X;(z)Id-Qp(2)Xk(z)"t| < ce-clﬂ’-kl. (3.12d)

Lemma 3.4 has been developped in the thesis of Lafitte-Godillon [Laf01, Section II1.1.5] and is inspired by
the exponential dichotomy discussed by Coppel in [Cop78]. As it is explained in [Cop78, Chapter 2], to better
understand the meaning of this lemma, it is interesting to see that the inequalities (3.12a) and (3.12b) imply
that for all vector & € C?+94 there holds:

Vi>0, |X;(2)Qf(2)¢] < Ce g,
VE>0, |(Id—Qf(2)¢] < Cem "Xy (2)¢].

The first inequality implies that there exists a dp-dimensional subspace of solutions (W}), ez of the dynamical
system (3.4) which converge exponentially fast toward 0 at +o0o (and which thus belong to £2(N)). The second
inequality translates to the fact that there exists a supplementary of the previous subspace of solutions for which
the solutions explode exponentially at +oo. Thus, Q;(z) plays a similar role for the dynamical system (3.4) as
any projector for which the range is E (z) (for instance the spectral projector P (z )) for the dynamical system
(3.7a). The same kind of conclusion can be achieved with @, for the behavior at —

Thus, the construction of those two projectors Q7 is fundamental to study the SOluthIlb (W;) ez of (3.4)
that converge toward 0 as j tends to +00, i.e. the elements of the set E*(z) defined by (3.6a). We will see in
Lemma 3.7 that the projectors Qﬁ(z) allow to characterize the elements of the vector spaces Ex (2).

We give below the proof of Lemma 3.4 which is overall the same as in [Laf01, Section III.1.5]. The main
modification is that this new iteration of the proof pinpoints more clearly the holomorphicity of the projectors
Qﬁ and most importantly why the projectors Qﬁ we construct depend on the relatively compact subset U of
O which is considered. This last point is not really addressed in [Laf0l; God03] and we feel that it is quiet
important. For instance, for two sets U; and U, that satisfy the conditions of Lemma 3.4, the construction of
the proof of Lemma 3.4 does not imply that the projectors QU and QU are equal on U; NUs, even if U; C Us.
Therefore, we cannot immediately construct two functions Qi that are defined on O which would verify similar
properties as QU. However, it turns out that the ranges Im QUl( z) and Im QUQ( z) coincide for z € Uy NUy. We
will prove this fact later on and use it to extend uniformly the geometric dichotomy on a large part of O (see
Lemma 3.9 below).

Proof of Lemma 3.4
The construction of both functions Qi is similar so we focus here on the construction of Q?}. The proof will
be separated in four steps. In the first step, we will construct the function Q§ using a fixed point argument.
The second step will be dedicated to proving that for all z € U, Qﬁ(z) is a projector for which the kernel
and the range are respectively of dimension dg and dp. The third and fourth steps concern the proof of the
inequalities (3.12a) and (3.12b).
Step 1: Construction of Q.
We set for z € O that
1y (2) == max {In(|¢]), ¢€a(M*(2))ND},
nE(z) :=min{In([¢]), ¢€o(M*(2))NU}.

The functions n} and n;" are continuous on O and verify that
Vz€ O, nf(z)<0 and nf(z)>0.
The set U being compact and included in O, there exists a constant cy such that

maxnS (z) < —eg <0 and 0 < cy < minn(2).
zeU zeU
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We will also ask that cy < a where « is the constant appearing in (3.3). By definition of i and 7, there
exists a positive constant C'y such that

’M+(z)jPS"‘(z) Cre—cHI,

. | <
Vze UVjeN, |M+(z)_qu+(z)‘ < Cpe—cni, (3.13)
Furthermore, using (3.3), since U is bounded, there exists a positive constant C¢ such that
Vz e U,Vj eN, \5f(z)| < Cge™, (3.14)

We consider an integer J € N and we will make a more precise choice later. We define the Banach space

£ 1= { )2y € Muraa( @092, suplty] <400
J=-

with the norm

1Y ||, s == sup [Yj].
j=J

Furthermore, for z € U, we define the linear map ¢(z) € £ (¢7) and T'(z) : £ — £5° such that for Y € {5 and
7 > J, we have

j—1 +oo
(p()Y); =Y M¥ (Y FPF()E (2)Yi = Y M () TP ()€ (2)Ya
k=J k=j

and
T(2)Y := (M+(z)j—JP;(z))j2J + p(2)Y.

We observe that
VY €lP Vi >J, (p(2)Y)j41 = MT(2)(p(2)Y); + & (2)Y5,

and thus
VY €lF Vj>J, (T(2)Y)j41=M"(2)(T(2)Y); + & (2)Y;. (3.15)

Our goal will be to find a fixed point of T'(z). It will be a solution of the dynamical system (3.4) for j > J. To
do so, we will have to prove that there exists J large enough so that

le(2)ll £ ey < 1.

We begin by proving that the applications ¢(z) and T'(z) are well-defined. We consider Y € ¢5° and j > J.
Using (3.13) and (3.14), we have the estimates:

Jj—1 +o0
(e(2)Y);] <> CuCremcnlimt=Femek|y, | 43" CpCeemenli 1 Femok|y; |
k=J k=j

+o00 '
< Yoo,y CyCge=! Z e—crli—1-k|

k=J
14e7cH
—aJ
S W,y CCee™ T — -
If we set )
en
0= CyCee/ 1~ (3.16)

1—ecn’

then we have just proved that the operator ¢(z) is well-defined, bounded and
lo( ey < 6.

We also observe that (3.13) implies that (M (2)7=/ P} (2));5, € £5. Therefore, T(z) is well-defined.
Let us choose the integer J large enough so that § < 1. For z € U, we have that Id — ¢(z) is invertible.
Thus, we can define

Y(2) = (Id = ()" (MF(2)"PF(2)) 15, -
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This sequence Y (z) € £5° is the only fixed point of T'(z) and it depends holomorphically on z. We observe that
(3.15) implies that
VzeUNVj>J, Yi(z)=M;2)Y;(2). (3.17)

We now define
VzeU, Qfz):=X,(2)""Y5(2)X,(2). (3.18)

Since Y depends holomorphically on z and is bounded on U, Q$(z) also depends holomorphically on z for z € U
and is bounded on U.
Step 2: We now show that Q;; is a projector.

We are going to prove that for all z € U the matrix QIJ; (z) we have just constructed is a projector such that
ker Qfr(2) = Xy(2) 'E*(M*(2)) and dimImQ{(z) = dp.

By observing that P;F(z)? = P;f(z), we can prove that (Y;(z)P; (z));>. is another fixed point T'(z). Since
Y'(z) is the only fixed point of T'(z) in ¢3°, we thus have that:

Yy (2)Pf(2) = Y,(2). (3.19)
Using that Y'(z) is a fixed point of T'(z), we also have that

Pf(2)Y;(2) = P (2)(T(2)Y (2))
+oo
=P (2) (PJ(Z) - M*(Z)"lkPJ(Z)SJ(Z)Yk(Z)> :
k=J

Because P (z) commutes with M*(z), P;7(2)? = P} (2) and P} (2)P(2) = 0, we have proved

Pf(2) = PH(2)Y;(2). (3.20)

S

Using (3.20), we prove that (Y;(2)Y(2));>s is a fixed point T'(z). Since Y (z) is the only fixed point of T'(z) in
¢5, we have in particular that:
Yi(2)* = Yy(2)

which means that Y (2) is a projector. The definition (3.18) of Q;(z) then implies that Q;;(z) is a projector.
The equalities (3.19) and (3.20) allow us to prove that ker Y;(z) = ker P} (z) = E“(M*(z)) which implies that:
ImQf(2) = Xs(2) 'ImY;(z) and kerQfi(2) = X () 'E“(M™*(2)).

Step 3: We now show that Q;; satisfies the inequalities (3.12a) and (3.12b).
First, we are going to prove the inequality (3.12a) for j > k > J and the inequality (3.12b) for k > j > J.
We observe that (3.17) implies that

Vze U,Vj > J, Yj+1(2) = MJ(Z)}/J(Z)

and thus
V2 e UVj>J, Yi(z) =X;(2)Xs(2)"'Ys(2) = X;(2)Qf(2) X s(2) . (3.21a)
We introduce
Vze UV >J, Zj(2) = X;(2)Xs(z)"  (Id - Y,(2)) = X;(2) (Id — QF(2)) Xs(2)~". (3.21b)

We have the following lemma.

Lemma 3.5. We have that
j—1
Vi>k>J, Yi(z) =MT(2) TP (2)Yi(2) + Y MT(2) T TIPS (2)E] (2)Yi(2)
1=k
+oo )
=Y Mt ()P (2)E] (2)Yi(2),
l=j
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and

Vk >G>, Zj(z) =MT(2)FPf(2) Zi(2 —|—JZ:M+ ITHE PR () EN (2) Zi(2)
=J
k—1
=Y MY RH(2)E (2) Zi(z).
1=j

Proof of Lemma 3.5

e Since we have that
Vi>J, Yi(z) = M (2)Yj(z) = (M*(2) + & (2))Y;(2),

using the Duhamel formula, we find that
VE>J, Yi(z) = MT(2)*TY(2) + Z M*(2)F e (2)Vi(2).

Knowing that Y'(z) is a fixed point of T'(z) and that P} (2)Y;(z) = P} (z), we have for j > k > J

Y;j(2)
=(T'(2)Y (2)),
7j—1 +oo
=Mt () PH) + Y M) T PH)E () Yi(z) = Y M ()T PE(2)E (2)Yi(z)
1=J =y

—M*(2)I*PF(2) <M+( =Ty (2 +ZM+ L 1_lé’l+(z)Yl(z)>

j—1 +oo
+Y MY TR () (2)Yi(z) = Y M () T PH(2)E (2)Yilz)
=k I=j
Jj—1 +oo
=M ()P PH)Yi() + Y MY TIPS ()6 (2)Yilz) = Y M ()T PR () (2)i(2)
1=k =3

which corresponds to the statement of Lemma 3.5.
o We now turn to the equation of Z;(z). Since we have that
VizJ, Ziw(z) = M;(2)Z;(2) = (M (2) + £ (2)) Z (2),

using the Duhamel formula, we find that for k > j > J

j—1

Zi(z) = M ()77 Z,(2) + > M (2) 7 (2) Zy(2) (3.22)
l=J

Zi(z) = MY (2)F97,( +ZM+ F=1-let (2) Zi(2). (3.23)

Using (3.22) and knowing that P} (2)Z;(z) = P} (2)(Id — Y;(2)) = 0, we have that

PH2)Zi(z) =Y M () ' PHR)E () Zil=).
I=J
Furthermore, (3.23) implies that
k—1
P (2)Z;(2) = M*(2) "* P (2)Zi(2) = Y MT (2) T P ()6 (2) Z(2).
l=y

We end the proof of Lemma 3.5 by observing that Z;(z) = P;f(2)Z;(z) + P (2)Z;(z).

S
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O

We introduce the constant
1—e™cH

T 1t een
where the constant  is defined by (3.16). Using Lemma 3.5 and (3.13), we obtain that for any vector £ € C(P+a)4;

o: =CpCee 7 >0 (3.24)

—+o00
Vizk>J, V()8 <Cre” UM [Vi(2)¢| + ) CuCee 1 lem !y (2)¢|
=k

—+o0
<Cpe~ U |Yi(2)g| + 0 e yi()g]
I=k
and similarly:

k—1
Vk>j >0, |Zj(2)¢] < Cre™ " * D | Z(2)E| + © Y eI Zy(2)g]
=J

The following lemma corresponding to [Laf0l, Lemma 1.5.1, Section III.1.5] will allow us to obtain clearer
bounds on |Y;(2)¢] and |Z;(2)¢].

Lemma 3.6. Let us consider positive constants Cyg, cg and © such that

L+e o cosh (CTH)
1—e—"  sinh (CTH)

f:=0

€]o, 1[. (3.25)
For any real valued sequence y € £>°(N) with non negative coefficients that satisfies :

+oo
VieN, y; <Cue I +0) e ol =Hy, (3.26)
k=0

we have that: .
V] € N7 Yj < Prj,

where

r := cosh(cy) — 2sinh (%{) cosh? (%I) —0€le 1| and p:= %(r —e ") > 0. (3.27)

The proof can be found in the Appendix (Section 7). We will now use Lemma 3.6 to prove that
Vizk=J, V()€ < pr/FYi(2)E], (3.28a)
Vk>j>J, |Zj(2)€] < pr¥| Zi(2)€], (3.28b)
where r and p are defined by (3.27).

We consider k > J. If Yi(2)€ # 0, then by applying Lemma 3.6 to the bounded sequence y := (%) N
je
we obtain (3.28a) with r and p defined by (3.27). Else, if Y}, (2)¢ = 0, then for j > k, we have:

Yj(2)€ = Xj(2) X (2) Y3 (2)€ = 0.

Thus, (3.28a) is also verified in this case.
The proof of (3.28b) is similar. If Z;(2)¢ # 0, then we apply Lemma 3.6 to the sequence y defined by

Zes (206 e
VieN, y =4 Tmea  £I€10,.. K},
’ o 0 else.

This proves (3.28b) in this case. If Zj(2)¢ = 0, then since

Vie{d,....k}, Zj(2)¢ = X;(2)Xk(2)" 1 Z(2)€ = 0,
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(3.28b) is also trivially verified in this case.
Using (3.21), (3.28a) and (3.28b), we proved that:

Vizk>J, |1X;(2)QF(2)Xk(2) T < o X (2)QF (2) X (2) 7, (3.29a)
Ve >G> J, |1X;(2)(Id = Qf () Xk(2) 7! < pr* 7 | Xu(2)(Id — Q5 (2)) Xi(2) 1. (3.29b)
If we prove that the families (X (2)Q;(2) Xk )(z sy and (Xg(2)(Id — QF(2)) Xk (2) " V)k>y are uniformly

bounded for z € U, we will have proved (3 12a) and (3.12b) respectively for j > k > J and k > j > J.
Using Lemma 3.5, we prove that for j > J:

+oo
PHE)(Y(2)); = =) M* (Y "'PIHE ()Y (),

1=j

PH(2)(Z(2)); =) M* (=) ' PH()E (2)(Z(2)i.
I=J
Thus, we have using (3.21) that:
+oo
PHRX;(2)QF(2)X,(2) 7 = = 3 MF(2) I PT (2)6F () Xu(2)QF (2) X5 (=) 7,
1=j
i1
PH(2)X;j(2)(I1d = Q) X;(2) 7 =Y M (=) ' PHR)E (2) Xi(2) (1d — Q5 () X5 (=) "
1=J

Using (3.13), the definitions (3.16), (3.24) and (3.27) of the constants 6, © and p, as well as (3.29a), we have

+oo
P ()X (2)Q5 () X;(2) 1 <0 e U IXi(2)Qf(2) X(2) 7|

l=j
< 0e CHpZ )X (2) Qi ()X ()7

_ eﬂmxmcz;(z)&@)*l

1 —re—cu

_ CH#mj(z)Q;(z)xj(z)ﬂ.

ecH

Similarly, using (3.29b), we have

j—1

|[PF(2)X;(2)(Id = Qf () X;(2) 1 < ©) e U101 (2) (Id — Q5 (2)) X (=)'

I=J

<O p Y (re” )X (2)(1d - QF(2)) X, (2) 7|

< Oprr——; 1X;(2)(Id = Q1 (2)X;(2) 7|

= Crren X (2)(1d — Q)X (2) 7

Therefore, if we define 1 := Cy—S—(r — e~ °H), we have for all j > J

eHl

|PF(2)X;(2)Q5 () X;(2) 71 < 0| X;(2)QF(2)X;(2) 71,
[P ()X (2)(Td = Qr(2)) X (2) | < nlX;(2)(Id — Qr(2)) X;(2) 1.

Using the definition (3.27) of r, we observe that
eCH CH CH\?
n= C’H 12s1nh ( 5 ) <cosh (7> — 4/ cosh (7) - 9) . (3.31)
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We already supposed that J was taken large enough so that the number 6 in (3.16) satisfies § < 1. We will now
also suppose that we took J large enough so that  is close enough to 0 so that the above number 7 in (3.31)
satisfies n < % To conclude this step of the proof, we observe that

Xj(2)QF(2)X;(2) 7" = Pl (2) = P (2)X;(2)Q5(2) X (2) ™ = P (2)X;(2)(Id — Q5 (2)) X(2) "
and

X,(z)(Id— Q§(z))Xj(z)71 — PH(z) = P (2)X;(2)(Id - Q'&(z))Xﬂz)fl - PH(2)X;(2) $(z)Xj(z)71.

Thus, using (3.13) to bound Py and P and (3.30), we have
X5 (2)Qp (2)X; (=) 7! < Crr + 1 (1X;(2)Q5(2) X, (2) 7' + 1X;(2)(Id — Q5 (2)) X;(2) 1)
and
X (2)(Id = Q(2))X;(2) 71| < Crr + 1 (1X;(2) Q5 (2) X, (2) 7 + 1X;(2)(Id — Q5 (2)) X;(2) 1) -

This implies that :

2C
|X5(2)Qu(2)X;(2) 7| < 7;1 :
' 1
Vj Z J7 4 _ 2CH
X ()0~ Q)X (o) < ot
n
Therefore, we have proved that for all z € U, we have:
: + -1 2Cu i
Vi k= d X (AQHEXE) ! < preir (3322)
2 ]
Vk>j>J, |X;(2)(Id - Qf(2)Xk(2) 7t < P fgnrk_j. (3.32b)

Step 4: Q{; satisfies the inequalities (3.12a) and (3.12b) respectively for all j >k >0 and k > j >0
We will only finish the proof of (3.12a) since the proof for (3.12b) is similar. We have proved (3.12a) for
7 >k > J. We consider a constant C > 0 such that

C >r 7/ maxjeqo,..s-1y 1 X;(2)Q (2) X (2) 7|

......

Vz e U, _ _
C>r JmanE{O,...Jfl} |XJ(Z)Q?§(Z)XJ‘(Z) 1.

This can be done since the projector Q;} defined by (3.18) is bounded on U.

e If j > J >k >0, we have

X5 (2)QE(2)Xk(2) 7 < 1X;(2)Qp (2) X (2) 71X (2)Q (2) X (2) 7|

2Cyg
< ijC J
SPr o T
2Cy
<C I=k,
< 9172777“

e If J >35>k >0, we have

X5 (2)Qp (2) Xk (2) 7 < X5 (2)QF5 (2) X (2) M| X (2)Qp (2) Xk (2) '
< 22
< CPrik,

Therefore, there exist two constants C,c > 0 such that for all z € U, (3.12a) is verified. O
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3.4 Spectrum of .Z and extended geometric dichotomy

Now that we have proved the geometric dichotomy, Lemma 3.4 let us go back on studying the vector spaces
E(j)[ (z) which characterize the solutions of the dynamical system (3.4) converging towards 0 as j tends towards
+o00. The previous section about the geometric dichotomy allows us to prove the following lemma.

Lemma 3.7. For any open bounded set U such that U C O, we have
VzeU, Ef(z)=Im(Q5(2) and FEy(z)=1Im(Qy(2)).
Therefore, for all z € O, dim Ej (2) = dp and dim E; (2) = dq. Also, for Wy € C4P+9) | we have that
Wo € B (2) N By (2) & (X (:)Wo),en € 2(2,C#+0)%)
where X;(z) is defined by (3.5).
Proof We prove the first set equality on Ej (z). The second one on Ej (2) would be proved similarly.

e For Wy € Im (Qf;(2)), we have for j € N using (3.12a)

Xj(Z)WO = Xj(Z)Q;(Z)XO(Z)_lwo — 0.

Jj—+o0
Thus, we have that Wy € Ef ().
e For W, € Ef (z), we have for j € N using (3.12b)

(Id — Q1 (2))Wo = Xo(2)(Id — Q1 (2)) X;(2) ' Xj(z)Wy  — 0.

j—+oo
Thus, Wy belongs to the kernel of Id — Q;(z), i.e. Wy € Im (Qf;(2)).

Therefore, we have proved that
Ey (2) = Im (QF5(2))-

For W, € C4P+9) we immediately have that if the family (X, (z)Wj);jez belongs to £2(Z, CXP+D)) then W,
belongs to Ej (2) N Ey (). We now consider Wy € Ef () N Ey (2) = Im (Q;(2)) N Im (Q;(2)). Since we have
Vi€Z, Xj(z)Wo=X;(2)Qf(2)Xo(2)" ' Wo = X;(2)Qp (2)Xo(2) ' Wo,
the inequalities (3.12a) and (3.12c) imply that (X;(2)Wy) ez € ¢2(Z, CHPTD). O

Let us now come back to the heart of the matter: the study of the spectrum of the operator .. We
introduced the dynamical system (3.4) to study the solutions of the eigenvalue problem

(zldp — L)u = 0.

The following lemma, for which the main part is proved in [Ser07, Theorem 4.1], is deduced by using the
geometric dichotomy.

Lemma 3.8. For z € O, we have that
dimker(zIdp: — £) = dim Eff (2) N E; (2). (3.33)
Furthermore, zIdy;2 — £ is a Fredholm operator of indez 0, i.e.
Oess(Z)NO = 0.

Before proving Lemma 3.8, let us thus introduce the linear map which extracts the center values of a vector
of size d(p + q)
II: Cdr+a) — ct
(@)jet, dwray = (T5)jetda-1)41,da)
We now give the proof of Lemma 3.8. Let us point out that the proof of the fact that the essential spectrum of
Z does not intersect O is exactly the same proof as in [Ser07, Theorem 4.1].
Proof of Lemma 3.8

(3.34)
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We consider z € O and start by proving the relation (3.33).
e For w € ker(zldp — &), if we introduce
Wq—1
Wy = : e Cdlrta)
W—p
then we have that
Wj+q-1
VjeZ, X]‘(Z)Wo = .
Wj—p
Since w belongs to ¢2(Z,C%), we have that Wy € EJ () N Ey (). This implies that the linear map:
o: ker(zldp — %) — Ef(2)NE;(2)
Wg—1
w —
W—p

is well-defined.
e We consider Wy € Ef (z) N E; (z) and define for j € Z

w; = TI(X;(z)Wp) € C?

where the operator II is defined by (3.34). Lemma 3.7 implies that the sequence w := (w;);ez belongs to
(%(Z,C%). Furthermore, since (X;(2)Wp) ez is a solution of (3.4), we have that

(zIdp2 — L)w = 0.
Therefore, the linear map:
v EF(2)NEy(2) — ker(zldp — &)
Wo = (I(X;(2)W0)) ez
is also well-defined and we can easily verify the equalities:

povy=ldps )y and Yoy =ldi(ard-2)-

This concludes the proof of (3.33).

We now focus on the second part of Lemma 3.8 which consists in proving that for any z € O we have that
zIdp2 — £ is a Fredholm operator of index 0. This part of the proof is the same as [Ser07, Theorem 4.1]. Our
first goal is to prove that zId,> — % is a Fredholm operator. We have already that

dimker(zIdp — %) = dim Ef (2) N Ej (2) < +o0.
There remains to prove that Im (z1dp2 — %) is closed and that
codimIm (zIdp — %) < +o0.

We now fix a bounded open neighborhood U of z € O such that U C O. We consider h € (*(Z,C%). The
sequence h belongs to the range of zIdy> — . if and only if there exists v € £2(Z, C?%) such that, if we define the
vectors:

A (2)7 1 h;
Vjrg1 j.a( 0) J
ViezZ, W;= : eCirta g, = , € Clrta)
Vj—p 0
then there holds the recurrence relations
Vi € Z, Wj+1 = MJ(Z)WJ + Hj. (335)
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For 57 > 0, we define
J 400
Z5 =" X;(2)QF(2)Xp(2) " Hyr — Y Xj(2)(Id — Qf(2)) X (2) " Hy,
k=0 k=j+1
where the matrix Qf;(z) is defined in Lemma 3.4. Those vectors Z;r are well-defined and verify that

Vj>0, Zf,, =M;(2)Z + H,.

Furthermore, using inequalities (3.12a) and (3.12b), there exist two positive constants C, ¢ such that

+oo
VieN, |Zf|<C> e VHH, .
k=0

Using Young’s convolution inequality, the sequence (Zj+ )jen belongs to (2(N) and satisfies the estimates

2

1
2
SNz <o | > H)?

j=>0 JEZL

where the positive C is independent of h. At this stage, we have found a particular solution of (3.35) on N and

any sequence (Z;);>o solution of (3.35) on N can be written as:
Vi>0, Zj=Z +X;z)V*

where V+ € EJ(2). We prove in a similar way that the sequences (Z;);j<o € £2(—N) solution of (3.35) on —N
are the sequences defined by R
Vi<0, Zy=2; +X;(:)V"

where V'~ is a vector in the finite dimension space Ej () and the vectors Z; are defined by:

Vj<0, Z; = Z X;(2)(Id - Qp(2)Xk(2) " Hy—q — Z X;(2)Qy () Xi(2) ' Hy—1.
k=—o00 k=j+1

We also have that

1
2

DIZpP | <c| Yo HP

j<0 JEZ

where the positive constant C' is independent from h. Using all those information, we conclude that a sequence
h belongs to the range of zIdg — & if and only if there exists a couple of vectors (V*, V™) € Ef (2) x Ej (2)
such that

Z&—-zy=v-—-vt.

If we now define the bounded operator
v:he}(2,C — zf — Zy e cieto (3.36)
and
©: (VY V)€ Ef(2) x By (2) —» V™ =Vt e it (3.37)

which is an operator from a finite dimension vector space to another finite dimension vector space, then we have
proved that
Im (zIdp — ) = v (Im ).

Therefore, the range Im (21dyp2 — &) is closed.
We now want to prove that codimIm (zIdp —.%) < +o0o. We consider N > 1 such that there exists
(hi,...,hy) a linearly independent family of ¢2(Z, C?) such that

Im (21dp2 — £) N Span(hy, ..., hy) = {0}.
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We are going to prove that the family (v(hi1),...,v(hy)) is linearly independent in C?®+%) and therefore that
N < d(p+ q). Here and below, the operator v is the one defined in (3.36). We consider scalars A1,..., Ay € C

such that
N N
i=1 i=1
We therefore have that v
v (Z )\ihi> €lmep
i=1
with ¢ defined in (3.37) and thus

N
> Aihi € Im (21dg2 — &) N Span(hy ..., hy).
i=1

This implies that

N
> Xihi =0
i=1
and the linear independency of (hy,...,hy) allows us to conclude that A\ = ... = Ay = 0. We have thus proved

that zIdy> — Z is a Fredholm operator for all z € O. We also know that, since O is unbounded, there exists
z € O such that zIdy: — .2 is an isomorphism. The set O being connected and by continuity of the Fredholm
index, the statement of the lemma is true. O

We now introduce the sets
0, =0Nnp(Z) and O,:=0nNac(Z). (3.38)

Lemma 3.8 implies that the set O, only contains eigenvalues of .Z. Then, because of Hypothesis 6, we have
that B
O\ {1} C O,.

We also observe that Lemma 3.7 gives us the dimension of the subspaces Ei(z). Then (3.33) implies that
Vze 0, Ef(z)®E,(z)=Crtod, (3.39)
Thus, for z € O,, we can define the unique projector Q(z) from C4P+% to Ef () such that
ImQ(z) = Ef () and kerQ(z) = Ej (2).

The function z € O, — Q(z) is holomorphic (see [Kat95, Chapter 2 Section 4.2] to construct bases of i (2)
that are locally holomorphic). We will now prove that the function @ is fundamental to the study of (3.4) by
extending the geometric dichotomy. The following lemma is once again very much inspired by [Laf01, Section
II1.1.5] and [Cop78, Chapter 2].

Lemma 3.9 (Extended geometric dichotomy). For any bounded open set U such that U C O,, there exist two
positive constants C,c > 0 such that for all z € U, the projector Q(z) associated with the decomposition (3.39)
satisfies:

Vi>k, |X;(2)Q(2)Xk(2) | < Cem ik (3.40a)
Yk >4, |X;(2)(Id — Q(2))Xy(2)t| < Cemeli=Hl, (3.40b)

Proof We begin by assuming that we proved the existence of two constants C, ¢ > 0 such that for all z € U

Vi>k>0, |X;(2)Q(2)Xk(2) 7| < CemliTkl (3.41a)
Vk>j2>0, |X;(2)Id—Q(2)Xp(2)7t| < Cecli=H, (3.41D)
VE<j<0, |X;j(2)Q(2)Xk(2)7| < Cemlimkl (3.41c)
Vi<k<0, |X;(2)Id—Q(2)Xp(2)7| < Ce el H. (3.41d)



Then, we observe that to prove the assertion (3.40a), there would only remain to prove (3.40a) in the case where
j > 0> k. Using (3.41a) and (3.41c), we have

X5 (2)Q(2) Xk (2) 7! < |X;(2)Q(2) Xo(2) ! [ Xo(2)Q(2) X (2) ] < CPe U™,

Hence, the assertion (3.40a) follows from (3.41a) and (3.41c). Similarly, (3.40b) follows from (3.41b) and (3.41d).

Therefore, there only remains to prove the existence of C,c¢ > 0 such that (3.41a)-(3.41d) are true for all
z € U. We will prove (3.41a) and (3.41c). The proof for (3.41b) and (3.41d) can be dealt with similarly. First,
we need to consider a bounded open set V such that V C O, and U C V and the projector QJ‘E provided by
Lemma 3.4. This will be useful later on to bound the difference Q‘t — Q. For z € U, Lemma 3.7 implies that
Ef (2) =Im Qi () = ImQ(z), i.e.

QP (2)Q(2) =Q(2) and  Q(2)QF(2) = Q¥ (2).
This allows us to prove that

QP (2) = Q(2) = QH(2)(QF(2) — Q(2))(Id — QF(2)).
Therefore, for j, k € N, we have

X;5(2)(Q7(2) = Q(2)Xk(2) ™ = X;(2)QF (2) Xo(2) 1 (QF (2) — Q(2)) Xo(2) (Id — Q3 (2)) Xi(2) .
Thus, because of the inequalities (3.12a) and (3.12b), we have the estimate
|1 X;(2)(QF(2) = Q(2)) Xa(2) 1| < C?e™*UHR|QY(2) — Q(2)]. (3.42)
Using the inequalities (3.12a), (3.12b) and (3.42), we can thus prove that
Vi k>0, |X;(2)Q(2)Xk(2)!| < Cem UM 4 C2eUtN|Qf(2) — Q(2)

and
VE> >0, |X;(2)Id-Q(2)Xk(2) | < Ceh=D) 4 02Ut QT (2) — Q(2)|.

Since z € V + Q7 (2) — Q(z)] is continuous and U C V, we can uniformly bound |Qi>(z) — Q(z)| for z € U.
We can then deduce the existence of two positive constants C, ¢ to verify the inequalities (3.41a) and (3.41c). O

3.5 Bounds on the spatial Green’s function far from 1

For z € O, and jy € Z, since z is in the resolvent set of .Z, the spatial Green’s function G(z, jo, ) defined by
(1.27) is well-defined. We observe that the function z € O, — G(z, jo, ) is holomorphic.
We consider e € C?. We then observe that the vector valued sequence G(z, jo,-)e belongs to ¢*(Z,C?%) and
satisfies:
Vz € 0,,Vjo € Z,Ve € C%,  2G(z,jo,)e — LG(z, jo,-)e = Jj,e,

i.e.

q
Vz €0, Vjo,j € ZYe € C Y Aji(2)G(z, o, j + k)e = §j, je.

k=—p
Thus, if we define the vectors:
G(z7j07j + q— 1)6
Vz € 0,,Yj0,j € Z,Ye € CY, W(z,jo,j, ) := : , (3.43)
G(Zvj()vj _p)e
then we have that:
A;;(sjo,je
Yz S Opavj07j c Z,Ve S Cd; W(Z7j07j + lae) = Mj(z)W(Z7j07ja e) - . (344)
0

We will now prove the following proposition using the extended geometric dichotomy (Lemma 3.9).
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Proposition 2 (Bounds far from 1). For U a bounded open set such that U C O,, there exist two constants
C,c > 0 such that o
Vz e UVee C4 V), jo € Z, |W(z jo,j,e)| < C|elecli=dol,

In particular, the result of Proposition 2 holds true in a neighborhood of any point z € U\ {1}. A direct
consequence of Proposition 2 on the spatial Green’s function (1.27) is that for any U a bounded open set such
that U C O,, there exist two constants C, ¢ > 0 such that

Vz € U,Yj, jo €Z, |G(2, 7o, )| < Ce 0L,

Proof of Proposition 2
We consider z € U, j,jo € Z and e € C? such that |e| < 1. The equality (3.44) implies the following results:

e We have
vj 2J0+1a W(Zaj07j+]-7e) :Mj(z)W('ZajO»jve)a

i.e.
Vj 2j0+17 W(Z,j[),j,e) :X](Z)XJ0+1(Z)_1W(27.707.]0+17e) (345)

Also, since G(z, jo, -)e € (*(Z,C%), we have that X;,11(2) "W (z, jo, jo + 1,€) € Ef ().

e We have
vj Sjo—l, W(Z,jo,j+1,9) :Mj(z)W(Zaj()»jae),

i.e.
v] < jOa W(Zaj07j7 e) = X](Z)XJ (Z)_1W(Z,j07j0,e). (346)

Also, since G(z, jo, -)e € ¢%(Z,C?), we have that X, () W (z, jo, jo,€) € Ey (2).

o We have 1
Aj e
Wz, jo, jo + 1,e) = M, (2)W(z, jo, jo,€) — 0
0
ie. 1
Jo,q
Xjo+1(2) W (2, jo, Jo + 1, €) — Xjo (2) ' W (2, Jo. Jo, €) = —Xjor1(2) ™! :
0
Since Q(z) is the projection on E (z) with respect to Ej (z), we have that
joa®
Xjor1(2) W (2, jo, Jo + 1,€) = —Q(2) Xjo1(2) 7! : ;
0
in
Xjo(2) T W (2, Jo, Jo, ) = (Id = Q(2)) Xjp4r(2)7H [ .
0
Using (3.45) and (3.46), we thus have the formulas:
Ajorq®
Vi >go+1, Wi(z,jo,j,e) = —X;(2)Q(2) Xjo11(2) " 0 , (3.47a)
0
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-1
Jo,q

Vi <jo, Wi(z,jo.j,e) = X;(z)(Id — Q(2)) Xjp1(2) " ) ) (3.47Db)

We now apply the inequalities (3.40a) and (3.40b) and obtain:
—1
jo,q©

Vz e UVj,jo €Z, |W(z,j0,7,€)] < Ce—cli—Go+1)]

The result of Proposition 2 follows. O

4 Extension of the spatial Green’s function near 1

The analysis of the spatial Green’s function done in the previous section does not hold in a neighborhood of
1. Indeed, the spectrum of the limit operators .#* in (1.16) should belong to the essential spectrum of the
operator .. This corresponds to the matrices M*(z) having central eigenvalues for some z near 1. Thus, the
geometric dichotomy presented in the previous section cannot be applied immediately. To circumvent these
issues, the strategy will be to refine the analysis of (3.4) near 1 by finding a particular basis of Egt(z) and
using this basis to express the spatial Green’s function. In some sense, it amounts at using the projections on
a specific basis of solutions of (3.4) rather than the projection associated with the geometric dichotomy. This
corresponds to adapt in a fully discrete setting the same strategy as in [ZH98; MZ02; BHR03; Bec+10] which
tackle continuous or semi-discrete problems.

4.1 Right and left eigenvectors of M*(z) for z near 1

To study the spatial Green’s function for z near 1, we will need to study the solutions of the dynamical system
(3.4) with more accuracy. The first step is to have a better understanding of the eigenvalues and eigenvectors
of M*(z) when z is close to 1.

First, let us make some observations on the eigenvalues of M;*(1) defined by (3.9) for I € {1,...,d}. Using
Lemma 3.3, we know that the eigenvalues x € C\ {0} of M;=(1) are the solutions of

FE (k) = 1.

Hypothesis 9 allows us to conclude that the matrlx M i( 1) only has simple eigenvalues. Furthermore, Lemma

3.3 implies that 1 is a simple eigenvalue of M;=(1) and that the rest of the elgenvalues are in D\ {0} or U and

we know the number of eigenvalues in each set depending on the sign of al . Thus, we can define a family
= C4r+9) such that

(G )met....aw+a) € such tha

Ve (L d}, o(MED) = {5 Gy G na)

Furthermore, using Hypothesis 1 to determine the sign of ozli defined by (1.17) and Lemma 3.3, we can index
them in order to have the following fact.

e Foralll e {l,...,I}, since a;r < 0, we choose
""’Cl+dp 1) €D, —ljldp =1, 7ltrd(p+1)""’<:l+d (p+q—1) cU.
e Foralll € {I+1,...,d}, since ozl+ > 0, we choose
C ""’<l+d(p 2) €D, Cl+cl(p 1) =1, 7;:-dp"”7cl+dp+q 1) el
e Foralll € {1,...,1 -1}, since a; < 0, we choose
G Sar €0 G =1 Sivapeny Ginapray €U
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e Foralll € {I,...,d}, since a; > 0, we choose

GGy €D Sy =L Sy Girdpray) € U-

We indexed the eigenvalues to separate the stable, central and unstable eigenvalues of the matrices M, li(l).
More precisely, we observe that if we introduce the sets

It={,....dlp—1)+1}, I, ={1,....dlp—-1)+1-1},
It ={dp-1)+I1+1,...,dp}, I ={dlp—-1)+1,...,dp}, (4.1)
It ={dp+1,...,dp+ 1}, I, ={dp+1,....dp+1-1}, ’
I3, ={dp+1+1,....dlp+q}, I ={dp+1,....dlp+4q)},
then we have that
Vmels, ¢ eb,
vm e IZUIE, 4;—:_1, (4.2)
Vmelf, (" el.

Since those are simple eigenvalues of M, li(l)7 we are able to extend them holomorphically in a neighborhood
of 1. We consider §p > 0 a radius such that for each m =i+ (k—1)d € {1,...,d(p+ q)} w1th ke g[l p+q}
and [ € {1,...,d}, there exists a holomorphic function ¢t : B(1,8y) — (C such that ¢E( and for all
z € B(1,6o), Cﬁl( ) is a simple eigenvalue of Mli( ). We will also separate the different types of elgenvalues by
assuming that we chose dp small enough so that there exists a constant ¢, > 0 such that for all z € B(1,dp)

Vm e IZ, |¢E(2)] < exp(—2¢,), (4.3a)
Vm e IZUTE, exp(—c.) < |CE(2)] < exples) (4.3b)
vm e IE, exp(2e.) < |CE(2)]. (4.3c)

When we will study the temporal Green’s function ¥4(n, jo, j) later on in Section 5, we will have to bound terms
of the form

(SO EACHE
The inequalities (4.3a)-(4.3c) will allow us in a lot of cases to obtain exponential bounds for some of those terms.

Using Lemma 3.2, we thus have a complete description of the eigenvalues of M*(z) for z in a neighborhood
of 1. The following lemma also allows us to introduce a basis of eigenvectors for the matrices M=*(z).

Lemma 4.1. Form =1+ (k—-1)de {1,...,dlp+q)} withk e {1,...,p+q} andl € {1,...,d}, the vector
Gal2)7
RE(2) = : e cdlpta) (4.4)
Gr(z) P

is an eigenvector of Mi(z) associated with the eigenvalue C,“,—:(z) Furthermore, for all z € B(1,dp), the family
(Rﬁ(z))me{l,...,d(ﬁq)} s a basis of Cdlp+a)

Proof Let us start by proving that the vector R (z) defined by (4.4) is an eigenvector of M*(z) associated
with the eigenvalue (:(2). We have that (% (z) is an eigenvalue of M;=(2) so Lemma 3.3 implies that

Fir(Gn(2) =

We use the definition (3.8) of the functions A}, and the definition (1.15) of the function JF;* to prove that

_ Z AE(2)TAE(2)CE(2) Z A 1Afk(z)gi(z)k7'f
k=—p k=—p
=(§i() +AF ()7 (2 = FEGEED) )
-



This allows us to conclude that the vector RE (z) is an eigenvector of M™*(z) associated with the eigenvalue

(n(2)-
We now consider z € B(1,dp) and a family of complex numbers (A )me(i,....d(p+q)} Such that:

d(p+q)

0= > AnRL(2).

m=1

Separating the blocks of coefficients of size d in the previous equality and observing that the family ('r‘li) le{1,....d}
is linearly independent, we have for all [ € {1,...,d}:

p+q
v] € {7]37”-,(]* 1}3 0= Z)‘l-i-(k—l)dcl:i(kfl)d(z)j'
k=1
We have that, for each integer k € {1,...,p+ ¢}, Cﬁ(kil)d(z) is a simple eigenvalue of M= () for all z € B(1, dp).
Therefore, the complex values (Cl:i(kfl)d(Z))ke{la--<7p+(I} are distinct and thus

Vke{l,....,p+a}, Njar-1) =0

Since this is true for all I € {1,...,d}, we proved that the family (R: (2))mef1,....d(p+q)} is linearly independent
and is thus a basis of C4P+a), O

Thus, we have a characterization of the eigenvalues and eigenvectors of M*(z) for z € B(1,dp). Lemma
3.3 implies that, for all 2 € O N B(1,8), we have that [(£(2)] < 1 for m € {1,...,dp} and |¢E(2)| > 1 for
me{dp+1,...,d(p+q)}. Thus, for z € O N B(1,d)

E*(M*(z)) = Span {Ri(z), m € {1,...,dp}}
and
EY(M*(2)) = Span{RffL(z), me{dp+1,....dlp+q)}}.

This equality implies that we can extend holomorphically the definitions of E*(M¥*(z)) and E*(M*(z)) for
PSS B(l, (50)

We now conclude this section by studying the dual basis associated with the basis (RZ (2))me(1,....d(p+q)}-
We introduce the invertible matrix

Vze B(1,00), N®®(z):= (Rf(z) |...] Rﬁ(pﬂ)(Z)) € My(p+q)(C) (4.5)
and the vectors LE(z2),. .., Lf(m_q)(z) € CHrt+9) defined by
+ + T +,00 -1
Vz € B(1,5), (L1 (z) |...] Ld(p+q)(z)) = NEeo ()7L, (4.6)
We observe that
Vz € B(1,00),Vm,m € {1,....d(p+q)}, Li(2)"RE(2) = bmm (4.7)
and
Vz € B(1,00),Ym e {1,....dlp+q)}, M*(2)TLE(2) = ¢5(2) L (2). (4.8)

We will now prove the following lemma which gives a more precise description of the vectors L (z) of the
dual basis.

Lemma 4.2. We considerm =1+ (k—1)de {1,...,d(p+q)} withk e {1,...,p+q} andl € {1,...,d}. For

all z € C, there exist coefficients xi(2),. .. ,xlﬁ_q(z) € C such that
zi ()
LE(z2) = : : (4.9)
:E]:at+q(z)lli
Furthermore, we have
+ + dCy
Vz € B(1,60), x7(z)= Al,qﬂ(z) (4.10)

where )\fq is defined by (1.14).
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In the proof of Lemma 4.2, we also find the expressions of the coefficients :L"Qi (2),... ,x;)t+q(z) but, contrarily

to :Eli (2), they will not be used later on in the paper.

Proof The proof of Lemma 4.2 uses calculations similar to those done at the end of [Coe22, Lemma 2.4]. We

consider z € B(1,8). We begin by introducing the vectors & (z), .. :cp+q( z) € C? defined by

7 (2)
: = Li(z)
m;;q(z)

We consider [ € {1,...,d}\ {l}. Using the definition (4.4) and the linear independence of the vectors R (z),
we have that

yﬂ'?
+ T .
Span{RﬁH‘Eil)d(z)v k€{177p+Q}}: : N ) ylv'“,yp-i-qe(c
Yp+qT7
Using (4.7), we can then prove that:
ptq
VY1, Yprq € C, Zyj:cj[(z)Tr?[ =0

j=1

and thus:
vie{l,....,p+q}, :c?t(z)TriE =

Since this is true for all [ € {1,...,d}\ {I}, we have that T; £(z) € Span I for all j € {1,...,p+q}.
Now that we know that we can express the vector L (z) as (4.9), let us prove (4.10). Using (1.14) and the

definitions (1.5) and (3.8) respectively of the vectors I; and of the functions Afk, we have looking at the j-th
block of size d of (4.8) that:

Vie{l....pta—1}, Gu(2)af(2) = o7 (2) — AL, (=) 7IA, ()2t (2),

and:
(r(2)mpg(2) = =L, (2) T AT (2)77 (2).

Thus, we have:

. + gy Alik(z) + 1 +
Vie{l,...,p+q}, zj(2)=- Z W A, () ag (2).

We now have an expression of each z; £(2) depending on 27 (z). We also recall that

+T 4+
I r =1

Using the expressions (4.4) and (4.9) respectively of the vectors R (z) and L (z) as well as (4.7), we have

+ +q g—J
1 _Li TRi pzf]l, q j_ Zil qu A:I: (z){i(z)kfl A:i:( ) lx:I:( )
= = I,k m l,q 1
J=lk=—p

Using the definitions (3.8) and (1.15) of the functions Alfk and ]-'li, we have

q

1=~ > (a= ARG | AL () et (2)

k=—p

q

= aGa(=) 2= Y (a— RNGG () | AL (2) et (2)

k=—p
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d]:z

- (in(Z)l(Zfzi(Ci(Z))) (Gm(z ))> AL () et (2).

We observe that since (% (2) is an eigenvalue M;"(2), Lemma 3.3 allows us to prove that

FECEE) = amd BRI ) 1
Thus, since qu (2) = —)\li’q, we have that
LS R
—(%Eens) e
and we deduce (4.10). O

4.2 Choice of a precise basis of EF(z) for z near 1

Now that we have a better understanding of the spectrum of M*(z), we are going to prove a lemma that is
quite similar to the geometric dichotomy. This lemma corresponds to [God03, Lemma 3.1], itself inspired by
[ZH98, Proposition 3.1].

Lemma 4.3. There exist a radius 61 €]0, o] and two constants C,c > 0 such that for allm € {1,...,d(p+q)}
and z € B(1,81), there exists a sequence (V;E(2,7))jez € Cw+0d” sych that :

o For all j € Z, the function V.2 (-, 7) is holomorphic on B(1,6;).

e The functions = € B(1,61) — (Vit(2,7))jen € £°(N,C*P+D) and » € B(1,61) — (V7 (2,7))je-n €
(=N, Cd(p+‘Z)) are holomorphic. Furthermore, up to considering a smaller radius 01, those functions
and their derivatives are bounded on B(1,41).

o For z € B(1,681), if we define WE(z,j) == (E(2)IV,E(2,5) for all j € Z, then WE(z,-) is a solution of
(34), i.e
Vi€ Z, Wilzj+1) = M;(z)W5(z3).

o We have N N il
VjeN, [Vi(z7j) - Ry(z)] <Ce™V
VRE B e N, V(o) - RaG)l < Ce

The proof of this lemma is quite similar to the construction of Qﬁ(z) in Lemma 3.4 and is fairly based on
the proof of [ZH98, Proposition 3.1].
Proof We will focus on the construction of (V,}(z,7));jez for an integer m € {1,...,d(p+ ¢)}. Because of
(3.3), we have a constant C' > 0 such that

Vi eN,Vz € B(1,6), [Ef(2)] <Ce .

We fix A := § and define the sets

Ly ={ve{l,....dp+a}, |G1)]< IC+(1)6‘A%7
={ve{l...dp+a}. GO IGMle 2}

Because the functions ¢ depend holomorphicaly on z in B(1,d), there exists d; €]0, do[ such that

el G <IGh(z)le?,

VEBLA: e rn (e > G Rl 1s

(4.11)

We define for z € B(1,01)
E3.(2) := Span (R} (z), veI),
E%(z) := Span (R} (2), veIY).
We have that
CPHad = B8 (2) @ E% ().
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We define P35 (z) and P%(z) the projectors defined by this decomposition of C?+99, They depend holomorphi-
cally on z and commute with M T (z). Because of (4.11), there exists a constant C' > 0 such that

|(Gh () MH @) Pie)| < Coxp (-44)

(4.12)

We consider J € N and we will make a more precise choice later. For z € B(1, d;), we define the linear map
p(z) € L(t=({j €Z,j>J},CP+D4)) such that for Y € (= ({j € Z,j > J},CP+D4) and j > J, we have:

(P()Y), = > (Gh(x) "M (2)) T T P ()G () T E ()Y
=/ (4.13)

*Z (GHE) M () T T PR ()G (2) T E ()i

Using the inequalities (4.12), we have that:

j—1 i1
- L=k p A a
S |G M) T T PG ) T E Y| SVl D e FO ek
k=J Py
2. X (a (4.14)
Y fe 39 elBo)
k=J
SV floge 20D
and :
+oo
1— k i R
Z|<+ )M () T PAGIGHE) T (Y| S Yl e Y e2a
k=j (4.15)

SIVlee™

We have thus proved that the linear map ¢(z) is well-defined and that there exists a constant C' > 0 independent
from J such that
Vz € B(1761)a ||@(z)‘|£(€°°) < Ce—OtJ

We can then choose J large enough so that there exists a constant C' €]0, 1[ such that
V2 € BLG), o)l o) <C <L
Furthermore, ¢ depends holomorphically on z. We can thus define for z € B(1,4,)
V(z) = (1d— o(2) ™ (R3(2)),.5, € € ({j € 2,5 > 7}, Coro)
which depends holomorphically on z. We have that:
Ve € B(1,01), V(z) = (By,(2)) 5, +e(x)V(2).

Thus, for z € B(1,41) and j > J, we find that:

Vi (2) = R ( Z )M (2)) T P ()G (2) L E (2)Va(2)

- Z (Gh(z) T MT(2) " PL2)Gh(2) T () Vil2)

k=j+1

= Gh(z) T Mz ( Z )M (2)) T P ()G ()T (2)Va(2)

k=J
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400
=Y (G M) T T PLEG () T ()Val2)

k=j+1
= GLE) M) (BLE) + (V) + (Gh ()M (2) T Cha) e (Vi)
= Gh() M (2)Vi(2) + Gh(2)TIE ()Y (2)
= G (2) 7T M (2)V;(2).
Thus, for j > J, we have '
Vj(2) = G ()7 X5(2) X (2) Vi (2).
We define for z € B(1,01) and j € Z

Vi (2,0) == Gh(2)7 77 X;(2) X 5 (2) "1V (2)

and
Wt (2,4) == Gh(z) Vit (2, 4)-

The two first points of the statement of Lemma 4.3 are easily proved from the previous observations. There
remains to prove the inequalities in the third point of Lemma 4.3. For z € B(1,4;) and j > J, we have using
(4.13)-(4.15)

Vit (2.0) = BE(2)] = [(p(2)V ()] S e 39 4 e,

We recall that for z € O, N B(1,6;), we have for m € {1,...,dp} that

[Gn(2)] < 1.

Therefore, (W, (2,0))me(1,.. ap} is a family of elements of Ef (2) = ImQ(z) for 2 € O, N B(1,61). In the
same way, we prove that for all 2 € O, N B(1,61), (W, (2,0))me{dp+1,....d(p+q)} 1S a family of elements of
Ej (z) = ker Q(z). We are going to prove the following lemma.

Lemma 4.4. For all z € B(1,61) and j € Z, (W, (2, §))mef1...dp+q)} 9nd (W (2,5))me(i....aip+q)} re bases
of CHP+9) | The same is then also true for the families (Vi (2,5))meqt...awra)y and (Vi (2,5))mef1....dp+q)} -

Proof We will write the proof for the family of vectors (Wf(2,7))mef1....d(p+q)}- We consider z € B(1,4d;)
and j € Z such that the family of vectors (W} (2,7))me(1,....d(p+q)} i DOt linearly independent. We can then
introduce a family (cm)me(1,....ap+q)} € CUPTD\ {0} such that

d(p+q)
0= > eaW(24) (4.16)
m=1
Since the sequences (W, (z,7));jez are solutions of (3.4), (4.16) is verified for all j € Z. We define
I,.={me{l,....dlp+q)}, cm#O0}#0,
R := max |¢,(2)| > 0,
Ip = argmax,, e, |G (2)] # 0.

Using (4.16), we obtain

mel, Rj
B GhN W,k (2,5) — Gh(2) R}, (2)
_n; cm( 2 ) Rm(z)+m€ZI Cm R .
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e Using Lemma 4.3, there exist two positive constants C, ¢ such that we have for m € [,, and j € N

‘W,:(z,j) — GhEYRLG) | _ oo (|<$}§z>|)j < Ceci.

R
Thus,
W) - GEYRAG)
RI j—=+4oo
e For m € I,\Ig, we have 4
(C;’Eéz))] R (2) j_:)roo 0.

Thus, we have that

G
m;R Cm( R ) RTYL(Z) j—j—oo 0

Since I # 0, we fix mg € Ir. Because of Lemma 4.1, the projection of the previous expression on Span(R;f, (z))
along Span(R} (), m # mg) implies that
SRON
mo | ——=—— — 0.
“mo ( R J—+o0

But, mg belongs to I so ¢}, (2)| = R. This implies that ¢,,, = 0. However, mg € Ig C I, 80 ¢, # 0. This is

mo
a contradiction. O

For z € O, N B(1,41), we recall that
dimEf (z) =dp and dim Ej (2) = dg.

Thus, Lemma 4.4 implies that the family (Wn“;(z,O))me{lw’dp} (resp. (Wi (2,0)) e dpt1,....dprq)}) IS @ basis
of Ef (2) (resp. Ej (2)). We can then extend holomorphically the subspaces EJ (z) and E; (z) on the whole

ball B(1,41) as

Vz € B(1,61), Ef(z):=Span (W, (z,0)) and  Ej (2) := Span (W, (2,0))

me {1 dp) me{dp+1,....d(p+q)}
(4.17)
We will also define L 4
Iss = I‘:‘S, Ics = I(:sa (418)
Iy =17, I =1,

4.3 Definition of the Evans function

In this section, we are going to define an Evans function and prove that the eigenspace of the operator £
associated with 1 is of dimension 1 when it acts on ¢2(Z, C?).

An important part of the study of the spatial Green’s function far from 1 was dedicated to introduce the
projection @ of the geometric dichotomy. The main ingredient of the introduction of Q(z) has been to understand
when Ej (z) and Ej (2) are supplementary, as it allowed via Lemma 3.8 to conclude on which elements of O
where eigenvalues of the operator . and which elements of O are in the resolvent set of the operator .Z.
For z near 1, because of (4.17), studying whether the vector subspace Ej (z) and E; (z) are supplementary

comes down to knowing when (Wfr(z,O)7 cee WUE;(Z, 0), Wipi1(2,0),.., Wip+a) (2, 0)) is a basis of CUP+a),

We define the Evans function as
Vz € B(1,61), Ev(z):=det(W; (2,0),... ., Wy (2,0), Wy, 1 (2,0),..., Wy . 1 (2,0)). (4.19)

The function Ev is holomorphic on B(1,01). Furthermore, for z € O N B(1,4d1), (3.33) and the set equality
(4.17) imply that the function Ev vanishes when z is an eigenvalue of the operator .¢. Thus, Hypothesis 6
implies that the function Ev is not uniformly equal to 0. We will now prove the following lemma which links
the behavior at z = 1 of the Evans function Ev, the eigenspace associated with the eigenvalue 1 for the operator
% and the vector subspace

Span (W} (1,0),m € I,) N Span (W, (1,0),m € I,).
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Lemma 4.5. We have that Ev(1) = 0. Furthermore, if we assume that 1 is a simple zero of the Evans function
(see Hypothesis 7), then we have that:

dim Span (Wn";(l,()),m € Iss) N Span (W,;(l, 0),m € Isu) =1, (4.20a)
dimker(Idyp: — &) = 1. (4.20Db)

Moreover, if we consider a vector Vo € Span (W,}(1,0),m € Is) N Span (W, (1,0),m € Is,) \ {0}, then:

ker(Idpe — ) = Span(II(X;(1)Vh)) ez (4.20¢)
where the operator I1 defined by (3.34) is the linear map which extracts the center values of a vector of size
d(p+q)-
Proof The proof is separated in a few steps.
Step 1: Let us start by proving that:
dim Span (W} (1,0),m € I ,) N Span (W,,(1,0),m € I5,) > 1.

Form e {1,...,d(p+q)}, z € B(1,61) and j € Z, we define the vectors Wi(_p)(z,j), e Wfrf(q_l)(z,j) e
such that:
LEAER)
W (2,4) = :
Wi P(z,5)

We also define: ©
wE(z,7) =MW (2,5)) = W (2,5) € CL. (4.21)

We recall that the sequence Wt (z,-) is a solution of the dynamical system (3.4) and thus:
Vi€Z, WiE(zj+1)=M(z)WE(zj).

Using the definition (3.2a) of the matrix M;(z), we have:

Vi€ ZVk e {—p,....q—2}, WEP(zj+1)=w=*V 0 ), (4.22a)
q—1
. -1 . _ k .
vieZ, WETV( i+ =AY AneWEY @) . (4.22m)
k=—p
Using (4.22a), we thus have that:
Vi€ 2k € {—p,...,qa— 1}, WEP (2 ) = wi(zj+ k). (4.23)

This implies that:

Vi€eZ, WiE(zj)= : (4.24)
U)i(z,j - p)
Furthermore, combining (4.22b) and (4.23), we obtain:
q
Vj € Z, Z Ajp(2)wE(z,j+k) =0
k=-p
and thus using the definitions (3.1) and (1.22) of the matrices A; () and A, :
q—1 qg—1
VieZ, (z—1wk(zj)= Z Bjrwi(z,j+ k) — Z B pwi(z, 5+ 1+ k). (4.25)
k=—p k=—p

Evaluating (4.25) at z = 1, we thus obtain that the sequence (Zz;l_p Bjrwi (1,5 + k)) is constant.

JEZ
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o If m € Iys = I, since ¢,(1) = (' € D, Lemma 4.3 implies that:

EER

WHLH=CVEL ) = 0 andthus  wh(l,j) — 0.
- J

— 400 J—+oo

As a consequence, since the sequence ( Z;l_p Bjrwi (1,7 + k)) ) is constant and the family of matrices
je

(Bjk)(j,k)ezx {—p,....q—1} is uniformly bounded, we have that:

q—1
Vji€Z, Y Bjrwh(lj+k)=0. (4.26a)
k=-p

e Ifmel,, =1

su?

using a similar proof as for (4.26a), we obtain that:

q—1
Vi€Z, Y Bjrwy(l,j+k)=0. (4.26b)
k=-p

o Ifmel,=1It

cs?

we have that ¢ (1) = gjn = 1. Furthermore, using Lemma 4.3, we have that:

+
L]
Wo(Lg)=Va(1,j) — Ry(1)=
j—+oo .:i:
T
where m =1+ (k—1)d e {1,...,d(p+q)} withk € {1,...,p+q} and [ € {1,...,d}. Therefore, we have
that:
+
nz(l ]) J—H—OO L

As a consequence, since the sequence ( Z;ip Bjwk (1,5 + k)) is constant, we have that:

JEZ
qg—1
Vi€Z, Y Bjrwy(lj+k)= Z Bfrf.
k=—p k=—p

Using the definition (1.12) of the matrices B}, the consistency condition (1.9), the definition (1.17) of a;"
and the fact that 7/ is a eigenvector of df (u™) associated with A;", we have:

Z B rf =vdf(ut)r| =vArf =aof r.

k=—p
We thus obtain that: )
g
Vji€Z, Y Bjswy(lj+k)=ar]. (4.26¢)
k=-p
o If m € I, = I_,, using a similar proof as for (4.26¢), we obtain that:
qg—1
Vi€Z, Y Bjxw,(l,j+k)=a; 7. (4.26d)
k=-p

The equalities (4.26¢) and (4.26d) will be used later on in the proof of Lemma 4.6. Using Hypothesis 8 to invert
the matrix B; _, and combining (4.24) with (4.26a) and (4.26b), we have:

Ym € I, Wk (1,0) € DVV .V ecidvta-D)
Vm € Loy, W, (1,0) € DVV , Ve cdlpta-1)

47



where

D = (_B(;,EPBO#I*1 R BoilprO,prrl) S Md,d(p-‘rq—l)((c)'
Also,

. 1% _
dlIﬂ{(Dv) .V ecdrta 1)} =dlp+q—1),

#I,, Ul =dlp+qg—1)+1.

Therefore, since Lemma 4.4 implies that the families (W,}(1,0))
independent, we can conclude that

and Hypothesis 1 implies that

mer.. and (W (1,0)),.;  are both linearly

dim Span (W, (1,0),m € I ;) N Span (W, (1,0),m € Iy,) > 1. (4.27)

Step 2: We observe that the definition (4.19) of the Evans function and the inequality (4.27) immediately
imply that Ev(1) = 0. Let us now assume that Hypothesis 7 is verified, i.e. we assume that:

OEv

W(l) # 0.

Therefore, using (4.27) and differentiating the expression (4.19) of the Evans function Ev, we also easily deduce
(4.20a).
Step 3: We will now prove (4.20c) and thus obtain (4.20b). Let us start by considering a vector V; such
that:
Vo € Span (W} (1,0),m € L) N Span (W, (1,0),m € I,,) \ {0} .

We then obviously have that:
Vji€Z, X;(1)Vy e Span (W,E(1,7),m € I ) NSpan (W, (1,5),m € I,) .

Lemma 4.3 thus implies that (II (X;(1)Vp));c;, has exponential decay as j tends towards +oo and —oco and
thus belongs to ¢2(Z,C?). Furthermore, since (X;(1)Vp)jez is a solution of (3.4) for = 1, we have that
(IT(X;(1)V0)) jez belongs to ker(Ide — £). Thus,

Span (H (Xj(l)vo))jEZ C ker(ldp — .i,p)

We now consider w € ker (Idgp2 — %) and define

Wq—1
Wo:=| : | ecirto
W—p
We then have that
Witq—1
VieZ, W;:=X;(1)Wy= ; . (4.28)
Wj—p

Since (W5 (1,0))meqa
such that:

d(p+q)} 18 @ basis of C¥P+9) we introduce a family of complex scalars (Cm)me{t,...d(p+a)}

.....

d(p+q)
Wo= > exW,i(1,0). (4.29)

m=1

Then, since W,} are solutions of (3.4), we have that:

d(p+q)
Vi€Z, Wi= Y. caWih(1,4).

m=1

We will now use a strategy similar to the proof of Lemma 4.4 to prove that:

Vme{l,...,dlp+ @)} \Iss, cm=0. (4.30)
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We introduce:
Ly:={me{l,....dlp+4q)}, Cm7£0}7£®a
R := max |C+\ > O7
mel, —m
I := argmax,,; [C*] # 0.

Let us assume that the assertion (4.30) is false. Then, I is not an empty set and the scalar R is larger or equal
to 1. We have that for all j € Z:

W ¢ty ¢t W1, ) — T RE(

melgr meln\IR mel,

We observe that (4.28) implies that W) converges towards 0 as j tends towards +o0o because the sequence w
belongs to ¢2(Z,C?). Since R is larger or equal than 1, we have that:

Hj
e 0.
RI j—+4o00

Furthermore, using similar ideas as in the proof of Lemma 4.4, we have that:

¢ Wi(1,5) - ¢ R (1)
S o(G) moe oIS

mel,\Ir mel,

Thus, (4.31) implies that:
cy’
2m +
> e () ms, 0
melr

Since Ig is not empty, projecting the equality above on Span(R;;, (1)) along Span(R;,(1),m # my) for some

mgo € Ir implies that:
¢ g
=mo
=2 — 0.
Cmo < R > j 0

But, mg belongs to Ir so |§20| = R. This implies that ¢,,, = 0. However, mg € Ig C I, s0 ¢y, # 0. This is a
contradiction which implies that (4.30) has to be verified. Then, using (4.29), we have that:

Wo € Span(W,F(1,0),m € I,).

Furthermore, using a similar proof with the family (W, (1,0))meq1,.. Sd(pta)ys We have that W, belongs to
Span(W,}(1,0),m € Is) N Span(W,, (1,0),m € I,) = SpanV. Therefore since for all j € Z we have:

w; = T(W;) = TI(X;(1)Wo),

we conclude that the sequence w belongs to Span (II(X;(1)Vp)),c,- We can thus finally verify (4.20c) and
(4.20D). 0

First, as a consequence of Lemma 4.5, since the Evans function Ev is holomorphic on B(1,d;) and not
uniformly equal to 0, the equality Ev(1) = 0 implies that we can consider §; small enough so that the Evans
function Ev only vanishes at z =1 on the ball B(1, d;).

Our new goal for the rest of this section will be to use Lemma 4.5 to introduce below two new bases
(P (2,0))meqr,...apy @0 (Pr(2,0))e(dptt,... dprqy 0 (4.34) for the vector spaces Ef () and Ej (z) more
suitable for the study of the spatial Green’s function when z is close to 1. We will also define in (4.38¢) below
a new Evans function D® associated with this new choice of bases which will share the same properties as Ev.

The equality (4.20a) of Lemma 4.5 implies that there exist two non zero families of complex numbers
(0s.m)mer.. and (8y,m)mer., such that:

> OemWi(1,0) = > OumW,,(1,0). (4.32)

melg, mEIgy,
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In the rest of the paper, we fix the choice of families of coefficients 0; ,, and 6, ,,. Even if we have to reindex
the eigenvalues gi, we will assume that 05 1,0, 4(ptq) 7 0. Furthermore, we also define:

Osm :=0forme{l,....dlp+¢)}\Iss and Oy, :=0forme{l,...,dlp+q)} \Lsu. (4.33)

We define for m € {1,...,d(p+q)}:

D mel.. Os,m Wit (2, 7), ifm=1,
; N Wi (z,7), ifme{2,... dp},
Vze B(1,61),Vj €Z, ®,(z,7):= W (2. 9), itme {dp+1,... dp+q) -1}, (4.34)
Zme[m 9u,mW72 (Zaj)v if m= d(p + q)-

Since 0s,1,0u,a(p+q) 7 0, we have that (®n(2,0)),,e01, apy a0 (Pr(2,0))efapsi,....dprq)} AT Tespectively
bases of Ef (z) and Ej (z). Equality (4.32) implies that ®1(1,0) = ®g(»14)(1,0) and since ®1(1,-) and
@ (ptq)(1,-) are solutions of (3.4) for z = 1, we have:

Vi€Z, ®1(1,5) = Pupsqe(l, ). (4.35)

Furthermore, using the expression of ®1(z, j) and ®4,44)(2,7) as well as Lemma 4.3 and inequalities (4.3a) and
(4.3¢), we prove that there exists a positive constant C' such that:

Vz € B(].,(Sl),v_] e N7 |(I)1(Z,_])| < 06—20*\3‘\7

. 4.36
Vz e B(1,61),) € =N, [Dyipiq)(z7)| < Ce2-lil. (4.36)

If we define:
Vi€Z, V(j)=(P1(1,5)) = Papiqe(l,5)), (4.37)

then using (4.20c) because:
®1(1,0) = Pg(p1q)(1,0) € Span (W;{(l, 0),m € ISS) N Span (W,;(l, 0),m € Isu) \ {0},

we have that V is a sequence in ¢2(Z, C%)\ {0} such that (1.23) and (1.24) are verified. It will correspond to the
sequence V in Theorem 1.

If we summarize, for z € B(1, 1), we have five families to describe the solutions of the dynamical system
(3.4):

e The bases (@1(z,j), Wi (z,5), .-+, W;Epﬂ)(z,j)) and (Wf(z,j), Wi (z,9),. .., W;Epﬂ)(z,j)) for which

we know the asymptotic behavior when 5 tends to +oo thanks to Lemma 4.3.

e The bases (Wf (Z7 J)v R Wdi(p+q)71(zvj)v q)d(p-Fq) (Z7j)> and (Wf (Zvj)v A W(izp+q)fl(z7 J)? Wtjzp+q) (Za .7))
for which we know the asymptotic behavior when j tends to —oo thanks to Lemma 4.3.

e The family (<I>m(z:,j))m€{1 _____ d(p+q)
tend towards 0 as j tends towards 400 or —oco, at least when z € O N B(1,6;). It is a basis of CHP+9) if
and only if Ef (2) @ Ej (2) = CUP+9 ie. for z different from 1.

} which is linked to the solutions of the dynamical system (3.4) which

We introduce a few more notations. For z € B(1,41) and j € Z, we define:

G®(2.9) = (B1(2,5)] . [Bugpiq) (2:4)) D®(2) := det(G®(2,0)), (4.380)
G (2,3) = (@12 D)W ()] [ Wiy (20)) D¥(2) = det(GF(2,0),  (4:38D)
G (z5) = (Wi ) Wiy 1 (52 DRy (2:9)) D™ (2) := det(G (2,0)), (4.38¢)
GH(z.g) = (Wi W )] Wi (500)) (4.384)
G (z4) = (Wi W ()] Wiy (22)) (4.38¢)

Those functions are holomorphic on B(1,41). We now make a few observations:
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e We observe using the definition (4.34) of ®; and @4, 4) that for z € B(1,01) and j € Z

051 (0) 1 (0) Ou1
~ 0572 1 ~
G (2,5) =G (2.4) : : and G (z,5) =G (2.]) '
: ", 1 9u,d(p+q),1
0s.d(p+a) (0) 1 (0) Ou,d(p+q)
(4.39)
e Using (4.34) and (4.33), we have for z € B(1, 6;):
09 1 eu,l
05 2 1 (0) 9“ 2
G (2,0) = (Wit (. 0) . IWZ (2, 0) Wy 1 (2, 0)| - Wiz ) (2 0)) : . :
Os,d(p+q)-1 (0) L Oudpra—1
Os.d(p+a) Ou.d(pta)
and thus since 0, 4(p4.q),0u,1 = 0, we have that:
D*(2) = 0510u.ap+ EV(2). (4.40)

The function D® thus shares the same properties as the Evans function Ev, i.e. the function D® is holomorphic
on B(1,67), vanishes only at z = 1 and 1 is a simple zero of D®. We will thus also call D® Evans function.

e For z € B(1,6;)\ {1}, the function D® does not vanish at z and thus (®,,(z, 0))mef1,....d(ptq)} 1S @ basis. We
can define form € {1,...,d(p + q)} the projector II,,,(2) on Span(®,,(z,0)) along Span(®,(z,0))ve1,....d(p+q)}\{m}-
We observe that

,,(2) = G®(2,0) P, G®(2,0)7* (4.41)

where P, = (8; m0j.m )HE{1 d(pra) € Ma(p+q)(C). The function II;, is holomorphic on B(1, 1)\ {1}.
We conclude this section with an additional lemma.

Lemma 4.6. We have that:

det ST 1,ZV T'IH,... ;L #0
JEL

where the sequence V is defined by (4.37).

Lemma 4.6 corresponds to a generalization of the so-called Liu-Majda condition (see [ZH98, (1.24)] and
[BHRO3, (3.59)]) which is a usual necessary condition linked with the spectral stability assumption. It will
play a central role in the conclusion of the proof of Theorem 1 (see Section 5.3). The proof of Lemma 4.6 is
essentially an adaptation in our context of the proofs of [God03, Proposition 2.1] and [Ser07, (5.8)] which were
written for three-point schemes.

Proof Let us start by observing that, using (4.35) and the definition of the Evans function D?®, we have:

dD® 0d 0%,
(1) = det( 821(1 0) — at’*‘”(1,0),%(1,0),...,@d(pﬂ)u,o)). (4.42)

We will need some information on the vectors appearing in the determinant on the right-side of (4.42).
Forme {1,...,d(p+q)}, j € Z and z € B(1, ), we define:

¢m(z7j) = H((I)m(za.j))

where the operator II is defined by (3.34). The functions ¢,,(+, ) are holomorphic on B(1,4d;). Furthermore,
using the definition (4.34) of the function ®,,, the equations (4.24) and (4.26) imply that for m € {1,...,d(p+q)}
and j € Z:

bm(z,j +q—1) %m (2,5 +q—1)

P
Vz € B(1,61), ®n(z74) = : and thus aa—m(z,j) = : (4.43)
: > :
¢m(z7] _p) ag);n (27] _p)
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and if we write m =1+ (k—1)de {1,...,d(p+q)} withke {1,...,p+q} andl € {1,...,d}:

q—1
> Biipm(l,j+k) =0 if m € Iy U L,
k=-p
q—1
Vi € Z, > Bixdm(Lj+k) =afr] if m € I, (4.44)
j—
qflp
> Bixom(Lj+k)=oyr; if m € I,
k=-—p
We are now going to prove that:
1 8Qz’d(zﬂrq)
B (1,k V(y 4.45
Z o ( ) - St -3 v (4.45)

JEL
where the sequence V is defined by (4.37). First, we notice that:

VieZ, V(j)=¢1(1,)) = bap+q)(1,)- (4.46)
For m € {1,...,d(p+ q)}, if we differentiate (4.25) and evaluate it at z = 1, we have:

VieZ wi Z B; Z Bﬁlk 1]+1+k) (4.47)
k=—p k=—p

a;/; (1,-) belong to ¢>*(N,C¥P+9). For m € I, we

e Lemma 4.3 implies that the sequences VI (1,-)
have that ¢f,(1) = ¢* €D and thus for j € Z:

+ . + +
W 1,4y = ¢+ 1(jd<’”<1>v< i+, n) =

0z dz j—+oo

Since the family of matrices (Bj k) (jk)ezx{—p.....q—1} i uniformly bounded, we have:

ZBM 1]+k),—> 0.

Jj—+oo

Thus, by summing (4.47) for j > 0, we have for m € I:

i, ow =
m _ + .
> BoxTy! <1,k>—j§:;wm<1,g>. (4.48a)

e Using a similar proof, by summing (4.47) for j < —1, we have for m € I:

— Z BOk (1,k) = i w; (1,5). (4.48b)

k=—p j=—00

Thus, using (4.46), (4.48) and the definition (4.34) of ®; and ®4(;,+4), we obtain (4.45).
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Combining (4.42), (4.44) and (4.45), we have that:

dD®
det(B()’_p)?(l)
Iq
I;
. 1 0P ptgq
=det (0) . 0) ( 021 (1,0) — 224eta) (1,0) | ©5(1,0) | ... | ®agpiq)(1,0) )
14
B07q_1 cee e BO,—p+1 BO,—p
0y a¢d(p+Q)
g —1) - et o g
2 (1,q—1) 5 (1,¢—1)
: A
=det 0
?(L—H 1) - %(L—w 1)
> VE) B
JEZ

(4.49)

where the matrices A and B are defined by:

(bg(l,q— 1) ¢d(p+q)(1,q— 1)
A= € Ma(p+q-1).d(p+9)-1(C);
¢2(1,7p+ 1) ¢d(p+q)(1,*p+1)
B = < 0‘ ‘0 ofrin afrtlarry a; T Of... ‘0 ) € Maap+q)—1(C).
N—— N——
d(p—1)+I—1 zeroes dq—I+1 zeroes

After permutations of the columns of the matrix on the right-hand side of (4.49) to rearrange it as a block
triangular matrix, we can obtain:

dD* - N .
det(Bo,p)dZ(l)’ = |det(C)det { afy rf ), .. ofri arry, o > V() (4.50)
€z
where the matrix C' is defined by:
C =
P2(1,g—=1) | ... | Gap—1)+1(1,q—=1) | ¢aprr1(1,q—=1) | ... | daprg(l,q—1)
: : : : : : € My(p+q-1)(C)
o2(L,=p+1) | ... | Gap-1)+1(L,—p+1) | dap+1(L,—p+1) | ... | Gapiq)(L, —p+1)

Finally, Hypotheses 7 and 8 imply that the left-hand side of (4.50) is different from 0. We then easily obtain
that:

det rf,...,T'LPZV(j),TfH,...JI #0.
JEL

4.4 Behavior of the spatial Green’s function near 1

Now that we have introduced all the tools necessary, our goal is to prove the following proposition which implies
that the spatial Green’s function can be meromorphically extended near 1 and which gives expressions of the
spatial Green’s function using the solutions W and ®,, of the dynamical system (3.4) defined previously
respectively in Lemma 4.3 and (4.34).
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Proposition 3. We consider jo,j € Z and e € C. The function W (-, jo, j, €) can be meromorphically extended
on the whole ball B(1,61) with a pole of order 1 at 1. Furthermore, using the functions CKJ, and 'g“jn,’m defined

below respectively by (4.55b) and (4.59), we have that for jo €N, j € Z, e € C? and z € B(1,81)\ {1}:

o Forj>jo+1:

dp dp d(p+aq)
W(z.jo.d.€) == Gl (z.do, Wi (z.0) = Y. > Gh (265 (2. 5o, W, (2. 5)
m=1 m=2m'=dp+1
d(p+q)
Z gm/ 1 (Z .707 )(bl(zhj)
m’'=dp+1
o Forje{0,...,50}:
dlpta) dp d(p+q)
W(Z7j0aj7 e) = Z %7—7‘1_(2:7.7-07 e)W;;(ZaJ) - Z Z gm m (Z .]Oa )W7jl_<z7.7)
m=dp+1 m=2m/=dp+1
d(p+q)
= > G (20, @)1 (2, 7).
m’=dp+1

e Forj <O:

d(p+g)—1 d(p+q)

W(Z7j0aj7 e) = Z Z gm/ m m (Z7j07 e)W'r;(Zv.])

m=dp+1 m’=dp+1
d(p+q)

+ Z ’ d(p—',—q )cg;;/ (Zﬂ j07 e)(pd(p+q) (Z,])

m’=dp+1

Similar expressions can be deduced when jo € —N\ {0} using the functions ‘5:;/ and G,.1

(4.51a)

(4.51D)

(4.51c)

To enter into more details, in Section 4.4.1, we will use the families of solutions of the dynamical system
(3.4) previously introduced to decompose the expressions (3.47a) and (3.47b) proved on the spatial Green’s
function in Section 3 and obtain the expressions (4.54) below of the spatial Green’s function on B(1,61) N O,.
Since the sequence W, are holomorphic on B(1,6;), this will allow us to extend the spatial Green’s function
meromorphically on the whole ball B(1,4d;) with a pole of order 1 at 1. The computations performed in this
section will be fairly inspired by [God03, Section 3| and the expression (4.54) corresponds to the result of
[God03, Proposition 3.1]. However, our goal is to improve the expression (4.54) to obtain the result (4.51).

Those calculations will be performed in Sections 4.4.2 and 4.4.3.

4.4.1 Meromorphic extension of the spatial Green’s function near 1

We observe that for z € O, N B(1,4;), we have that Q(z) is the projector on Ej (z) along E; (z) and thus

dp (p+q)d
Q(z) = Z II,,(2) and Id—Q(z)= Z I1,,(2)
m=1 m=dp+1

where the projectors IL,;,(z) are defined by (4.41). Since the equalities (3.47a) and (3.47b) are still verified for

z € 0,NB(1,61), if we define for m € {1,...,d(p+ q)} the functions v,:

1
AJU,'I

0
Vz € B(laél)\ {1} ,Vj(),j S Z,Ve € (Cda Vm(zaj07ja e) = Xj(Z)Hm(Z)on+1(Z)71
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then, we have that for z € O, N B(1,61)

dp
Vi>jo+1, W(zjo.d,e) ==Y vm( o, je), (4.52a)
m=1
(rtq)d
vj S jOa W(zajOaja e) = Z Vm(zajOajv e)' (452b)
m=dp+1

Since the right hand terms of (4.52) are holomorphic on B(1,6;)\ {1}, we can extend holomorphically the
function W (-, jo, j,e) on B(1,d1)\ {1}.
We observe that (4.41) implies for z € B(1,01)\ {1} and m € {1,..., (p + ¢)d},

-1

jo,q®
o G®(z,j _
vz d0noe) = ST P com(@ (2 0) X (7|
D®(2) :
0
If we define
~ -1
D1 (z,jo,€) AJoO,qe
Vz € B(1,61),Vjo € Z,Ve € C?, = com(G*(2,0)" X 11(2) 7" . , (4.53)
Dd(erq) (Z,jo,e) 0
then the functions ﬁm(-,jo, e) is holomorphic on B(1,41) and we have:
ﬁm ) ] ? .
Vz € B(1751)\ {1} 7Vj07.j S Z7ve € (Cd7 Vm(Z,j07j, e) = m¢m(27])
Therefore, (4.52a) and (4.52b) can be rewritten for z € B(1,61)\ {1} as
dp =R .
. . . . Dm(z7.707e) .
Vizjo+1, Wiz, jo.j.e)=— 2 W¢m(z,3)7 (4.54a)
(rta)d A .
. . . . Dm(Z,JO,e) .
< - Zmi%J0:€) g (). 4.54b
Vi <jo, W(z,Jo,j,e) mz%ﬂ Do (2) (2,9) (4.54b)

Thus, recalling that 1 is a simple zero of the Evans function D?®, the expressions (4.54a) and (4.54b) allow
us to conclude that the spatial Green’s function has been meromorphically extended on B(1,4d;)\ {1} with a
pole of order 1 at 1.

4.4.2 Decomposing the function Dy

Now that we have found the meromorphic extension of the spatial Green’s function near 1 using the family
(P (2, 0))meqt,...ap+q)}> We Will use the other families (Wli(z,j)7 ey dezp+q)(z,j)> for which we know pre-
cisely the behavior as j tends towards 0o to find the new improved expressions (4.51) of the spatial Green’s

function of Proposition 3. This will rely on finding precise expressions for Bm defined by (4.53).
We begin this section by introducing the vectors

-1
CE zdore) g
Vz e B(lv 51)7vj0 € Za Ve € (Cd7 (gi(z7j07e) = = gi(zajo + 1)71 . ) (455&)
+ . .
ng(p_g_q) (Zaj07 e) 0
-~ —1
G (21 ove) g
Vz € B(1,6,),Yjo € Z,Ye € C¢, €% (z,jo,€) = : =Gz jo+ 1) | . |. (4.55Db)
o4 . :
%d(p+q)(zv.70a e) 0
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Using (4.39) and (4.33), we obtain that for z € B(1,8;), jo € Z and e € C¢

G, (2, jo. @) = 0516, (2, Jo, @), (4.56a)

vm e L\{1}, %! (zjo,€) =%1(z o0, €) + 0, mE (2, 5o, €), (4.56b)

Vm e {1,....d(p+ )} \Lss, ,;’;(z jo,€) = 6, (2, jo, €), (4.56¢)
vme{l,....dp+ O\ Lu, €, (2 Jo,€) =, (2, Jo, €), (4.56d)
I € L\ {0+ ), T () = G (5 0) + DGy o), (4560
d(p+q (Z’jo’e) = 0Ou d(p+q)c€d(p+q)(z Jjo,e). (4.56¢)

In Section 4.4.4 and more precisely in Lemma 4.8 below, we will prove estimates to bound %2% However,
the functions ‘gﬂf will be put on the side for now and will naturally reappear later on in Section 4.4.3 using
(4.56). For now, we will mainly focus on properties linked to the functions €.

We introduce the matrices

Vz e B(1,6,), M%*(2):=G%(2,07'6%(2,0) and , := com (M™T(2)).

(L3),  ME(2) = GF(2,0)7'G%(2,0) 0 D (M*(2))
(4.57)

Using the definition (4.53) of D,,, we have that:

ﬁl(zvj()?e)
Vz € B(1,61),Vjo € Z,Ve € C?, ; = D*(2)com(M*(2))T€% (2, jo, €)
Dd(p+q)(z7j07e)
and thus:
N d(p+q)
VYme {1,...,d(p+q)},Vz € B(1,8,),Yjo € Z,Ye € C?, D,,(z,jo, €) = Z It ()i (2, o, ©).

(4.58)

Looking at (4.54), we are interested in studying the quotient of Dy, (-, jo,€) and D®. In order to have lighter
expressions later on, we also introduce the functions ﬁfn, m defined by:

+
gm’,m (Z)

vm,m' € {1,...,d(p+q)} ,Vz € B(Ls)\ {1}, G n(2) = Di(Z)DT@)-

(4.59)

The function ﬁ,ym is meromorphic on B(1,41)\ {1} with a pole of order at most 1 at 1 since 1 is a simple zero
of the Evans function D®. If gi,’m(l) =0, it can thus be extended holomorphically on the whole ball B(1, d;).

This decomposition of the functions D,, will be used in Section 4.4.3 with (4.54) to obtain a better expression
of the spatial Green’s function. We end this section by proving the following lemma using (4.35).

Lemma 4.7. (i) Form' € {1,...,dp} and m € {1,...,d(p+ q)}, we have
Vz € B(la(sl)v g:r_L',m( ) - Jm R =N
(i) Form ¢ {1,d(p+q)} and m' € {1,...,d(p+ q)}, we have

gfn,m(l) =0.

(iii) Form’ € {dp+1,...,dlp+q)} andm e {1,...,d(p+q)}, we have

V2 € B(1,61), G n(2) = 5’”’*”@5—%
(w) Form ¢ {1,d(p+q)} andm/ € {1,...,d(p+ q)}, we have
g’;l’,m(]') =0.
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(v) We have

911D = G D =0 and 94640 aprg) (D) = Jagpeg)a (D) = 0.
(vi) For m' € {1,...,d(p+ q)}, we have
g1 (1) = —g;,7d(p+q)(1) and g1 (1) = =9 apig)(1)- (4.60)

Lemma 4.7 determines the couple of indexes m,m’ € {1,...,d(p+ q)} such that gfn/ m 1s equal to 0. This
allows us to remove many terms in (4.58). It also determines the couple of indexes m,;n’ e{l,....dlp+q)}
such that g : ., vanishes at z = 1 which implies that the function g gm m defined by (4.59) can be holomorphically
extended on the whole ball B(1,61).

Proof We will focus on proving the statements involving g ' m Since every statement involving g, -, . will have
similar proofs. We observe that the definition (4.34) of ® (z O) implies that if we define for z € B (1 01) and
me{l,...,dlp+q)}

Cii(2) 1= G (2,0) 1@y (2,0)

then, for m € {1,...,dp}, we have
ChHz)=en

where (€;)je(1,....d(p+q)} 15 the canonical basis of C4rt+a) | Thus,

I
MF(2) = ( gp Chi1(2) | - | Chprg®) ) . (4.61)
For m,m’ € {1,...,d(p+ q)}, we recall that g;,w(z) is the (m’, m)-cofactor of the matrix above.
We observe that
m(MH()T M (z) = 226 (4.62)
CO z = D+(Z) d(p+q)- .

Looking at the first dp columns of M™(z) in (4.61) and using (4.62), we then conclude that the first dp lines of
com(M™T(z)) are equal to
( Ht3tm [0)
D¥(z)dp

which implies Point (i).
The equality (4.35) also implies that:

Ciiprg(1) =e1=C (1).

and thus:
1
+ Lap + + 0
MT(1) = 0 Cdp+1() C’d(p+q) (1)
0

Points (ii) and (v) are then easily deduced by equality between the first and last columns of the matrix above.
There just remains to prove Point (vi). We observe that

D*(1)

M (1)com(MT(1)" = m@(pﬂ)

=0.

Looking at the coefficient at the first line and m’-th column, we have that

d(p+q)—1

G+ S (ChWNIGh D)+ G a1 = 0.
m=dp+1

Using Point (ii), we easily conclude the proof of Point (vi). O
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4.4.3 Final expression of the spatial Green’s function

We will now prove the expressions (4.51) on the spatial Green’s function when jo is larger than 0 (i.e. the
location of the initial perturbation d;, is on the right of the shock). The case where jo < 0 would be handled
similarly and give another expression of the spatial Green’s function on B(1,d;) that would be necessary to
prove a decomposition of the temporal Green’s function similar to (1.35) when jy < 0.

Case where jy > 0 and j > jo + 1:

Using (4.54a) and (4.58), we have

dp d(p+q)

W(Zaj()vjv Z Z gm m m’(z ]07 )(I)m(zvj)

m=1 m/=1

Point (i) of Lemma 4.7 then implies that

dp d(p+q)
W(Zijaj7 e) = Z Cgﬁrj;(z7j07 Z Z gm m m’(Z ]07 )(I)m(Z,])
m=1 m=1m/=dp+1

Using the definition (4.34) of @, we then have that

W(ZajOajv e) = 795,1%1—~_(Zajan)W1+(Zvj) - Z (Cg;;(zajan) + os,mcgfi_(zaj()?e))wg(zaj)

mels\{1}
dp d(p+q)
- Y Ei(zdo.e =3 > Ghm@E (2 00,€)Pm (2, 4).
meEl.s m=1m/=dp+1

Using (4.56a)-(4.56¢) which link the functions €+ and ‘gjl: and the definition (4.34) of ®,, for m € {2,...,dp},
we obtain that (4.51a) is verified, i.e. :

dp dp  d(p+q)
W(Zaj07j7 Z Cg+ Z JOa W+ Z j Z Z gm m (Z .70a )W’r—‘rt(zaj)
m=1 m=2m/=dp+1
d(p+q)
Z gm/ 1 m/(Z .]07 )@1(2,.])
m’'=dp+1

Remark 1. If m € {2,...,dp} and m' € {dp+1,...,d(p+ q)}, we have that g$/7m(1) = 0 because of Lemma
4.7. Thus, the function

2 € B(Lo)\ {1} = G ()6, (2, jo, @) Pra(2, j)
can be holomorphically extended on the whole ball B(1,d7).

Case where jy >0 and j € {0,...,jo}:
Let us consider m € {dp+1,...,d(p+ ¢q)}. Using the respective definitions (4.38a), (4.38b) and (4.57) of
the matrices G®, G* and M*, we have the following expression of the vector ®,,(z, j) depending on the family

(W:(Z,j))ke{l,i..,d(xﬁq)}:

d(p+q)
®p(2,7) = G (2, ) MT(2)km)reqt,...dpra)y = MT(2)1.m®P1(2, ) Z M (2) kWi (2, 4)-

Thus, since m € {dp+1,...,d(p+q)}, using (4.58) and the fact that Lemma 4.7 implies g;fl,m = 0 for
m’ € {1,...,dp} we have

EER
D+ Z d(piq i‘])
gm m (Z ]05 ) M+(Z)17m M+ ( ])
Z) m’'=dp+1
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Using (4.54b), we then have that:

W(Zvj()ajve)
d(p+q) d(p+q) d(p+q) [ d(p+q)
= Y > M@ imgl o (2) | 1(2,4) + > M@ km m(2) | Wi (2,4)
m’'=dp+1 m=dp+1 k=2 m=dp+1

D*(2)
D*(z)

€t (2, jo,e). (4.63)

Let us find expressions for the sums Z%‘:&gll M‘F(z)k,mg:ﬂm(z) when m’ € {dp+1,...,d(p+q)} and
kEe{l,...,dlp+q)}. We recall that g;z,’m(z) is the (m’, m)-cofactor of the matrix M™(z). Furthermore, by

definition (4.57) of the matrix M™, we have that

_ D%(2)
- Dt(2)

MT(2)com(MTF(2))T Id. (4.64)

Thus, by observing (4.61) implies that for k € {dp+1,...,d(p+q)} and m € {1,...,dp} we have M™T(2),m, =
0, we conclude looking at the k-th line and m/-th column of (4.64) that

d(p+q)

D<I>
Wke{dp+1,....dp+q}.¥m e {dp+1,..dp+q)t, > M (kmh (2) = D+EZ§5’“”"
m=dp+1 z
(4.65)
Furthermore, (4.61) implies that
vk e {1,...,dp},Ym e {1,...,dp}, M (2)km = Op.m-
Thus, looking once again at the k-th line and m/-th column of (4.64), we have
d(p+q)
Vke{1,....dp},Vm' €{dp+1,....dp+q)}, D M (Dkmglyn(z)=—gh . (2). (4.66)
m=dp+1

We finally conclude using (4.56a)-(4.56¢) which links the functions €% and %2;:5 and combining (4.63), (4.65)
and (4.66) that (4.51b) is verified, i.e.:

d(p+q) dp  d(p+q)
W(Zvj()ajv Z (f Z ]07 Z Z gm m m,(Z ]Ov )W:;(Z,‘])
m=dp+1 m=2m/=dp+1
d(p+q)
— D G @GN (200,001, ).
m’=dp+1

Remark 2. We observe that some terms in (4.51b) are equal to terms of (4.51a). We will see later on that they
contribute to the reflected waves in the decomposition of Theorem 1.

Case where j, > 0 and j < 0:
Using (4.54b) and (4.58),

d(p+q) d(p+q)

W(ZajOaj7 Z Z g7n m (Z .]Oa )(bm(zaj)

m=dp+1 m’'=1

Lemma 4.7 implies that
Vme{dp+1,....d(p+q)},vm' € {1,....dp}, g, =0.

Im ,m

Thus, using (4.56a)-(4.56¢) which links the functions € and €%, we have that (4.51c) is verified, i.e.:
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d(p+q)—1 d(p+q)
W(ZajOaja Z Z gm m m,(Z 307 )WH;(Z,‘])
m=dp+1 m’=dp+1
d(p+q)

+ Z ’ dp+q )anj:’(’z?jOae)q)d(p+q)(z,j).
m’=dp+1

Remark 3. m € {dp+1,...,d(p+q)—1}and m’ € {dp+1,...,d(p+ ¢)}, we have that g;,)m(l) = 0. Thus,
the function B

2 € B(L,00)\ {1} = G 1 (2)€ (2, Jo, €) Pra (2, )
can be holomorphically extended on the whole ball B(1,d1).

4.4.4 Useful estimates

In this section, we will introduce the necessary observations to properly bound the terms appearing in the
decomposition of the spatial Green’s function of Section 4.4.3. We will in particular introduce a new expression
of the functions €X(z, jo, €), prove that they roughly act like (- (2)77° and determine their behavior as j, tends
towards £oo.

For z € B(1,61) and j € Z, we recall that Lemma 4.4 implies that (V£ (2, J))meq1
C4»+9), Thus, we can define for z € B(1,6,), jo € Z and e € C¢

d(p+q)} 15 @ basis of

.....

-1

AF (2. ose) g
+ . + : + : . + =1 0
N (27,70) = ( Vvl (Z’]0+1) ‘ ‘ Vd(p+q)(z7¢70+1) ) and N . =N (21.70) :
Ad(p+q) (Zaj()?e) 0
(4.67)
We observe that (4.55b) implies that for all z € B(1,6;), jo € Z and e € C%, we have
-1
d(p+a) B ]B’q
Z CE (=Y ICE (2, Jo, ) ViE (2, o + 1) =
0
Thus, we have that for m € {1,...,d(p+q)}, 2 € B(1,61), jo € Z and e € C¢
G (5:40,€) = Ga(2) 7 AL (2, o ). (4.68)

We now prove the following lemma which gives us the asymptotic behavior of At (2, jo, e).

Lemma 4.8. There exist a radius d2 €]0,01] and two constants C,c > 0 such that for all z € B(1,d2),

m=1l+((k—-1)de{l,...,dlp+q)} with k € {1 .,p+qtandle{l,...,d} and e € C%, we have
VieN, |V, - VH1,5)| < Clz—1], (4.69a)
Vj € —N, |Vm z,j)—Vm( )| < Clz =1, (4.69b)
VieN, [®1(z) - ®1(1,5)] < Clz — 1”51, (4.69¢)
vje-N, |(I)d(p+q)(zaj) - q)d(pﬂ-q)(laj)’ <Clz—1le” 2 al, (4.69d)
dc:t »
Vjo € N, ‘A;(z, o, €) — %(z)lfTe < Clele=clol, (4.69¢)
Vjo € —N, ‘ ~ (2, jo, €) — 5; (z)l; e| < Clele=clol, (4.69f)
Vjo €N, [Af (2o, €)| < Cle], (4.69g)
Vjo € =N, |A(2,jo, €)| < Clel. (4.69h)
Vijo €N, |A% (2,0, €) — Al (1,40, €)| < Clz — 1][e], (4.69i)
ij € _Nv |A (Z .703 ) A (1 .707 )| < C|Z_ 1||e|? (469.])

where ¢, is the positive constant in (4.3).



Proof The first two inequalities are direct consequences from the fact that z € B(1,01) = —5=(z,-) €
(2 (£N, C4P+9) is bounded (see Lemma 4.3).

We will prove (4.69¢). The proof of (4.69d) would be similar. Using the definition (4.34) of ®;, we conclude
that we only have to prove that for all m € I, that there exists a constant C' > 0 and a radius d2 €]0,d;] such
that

3cx

Vz € B(1,8,),¥5 €N, |W,5(z,5) — W (1,5)| < Clz—1le” 2 .
We observe that for z € B(1,01) and j € N, we have

(Wit(z,0) = Wi(L7)| < |G Vit (2,5) = Vit (L) + [V L) Gh (2 = ¢hy) .

Using (4.69a), (4.3a) and the fact that % is bounded on B(1,d2) for d; €]0, d2], we easily conclude the proof
of (4.69c¢).

We will focus on (4.69¢) as (4.69f) would be proved in a similar way. We observe that Lemma 4.2, (1.14)
and (1.5) imply that:

A;_le
0 ¢t T -1 a¢h T
0
(s i a1+ T e .
Thus, AY (2,70,€) — Z=(2)l;"" e is the m-th coefficient of the vector
1 —1
Ajo»qe Aq+0 €
NG| L |-t

0 0

where the matrix N1 is defined by (4.5). We then just have to find bounds for this difference of vectors. We
have

-1 1
Aj?),qe A;EO e
N (z,j0) " . — N> (2)7!

0 0 (4.70)

-1 1 -1 .
Ajoo,qe (Ajq —Ag e
=N"(z,50)"" (N+’°°(z) —N+(z7j0)) N2 (z)7t i + NT>(z)t

0 0

We wish to bound each term in the right-hand side of the equality (4.70). Let us start by looking at the
first term. Lemma 4.3 implies that the functions NT(-,50)~! are bounded on B(1,d;) and that the bound can
considered to be uniform for jo € N. The function N*°°(-)~! is also bounded on B(1,d;). Since Ajf(:q converges

towards A;I“_l as jo converges towards +oo, we also have that the family of matrices (A
Finally, using Lemma 4.3, we have that there exist two constants C,c > 0 such that

j_o%q)jo en is bounded.

V€ B(1,61),Yjo €N, [NT(2) = N*(z,jo)| < Ce™.

Thus, there exists another constant C' > 0 such that

—1
jo0,a

Vz € B(1,6),Ye € C*,Vjo €N, |NT(z,jo) " (NV>(2) = NT(2,50)) NT>(2)~* _ < Clele <o,

61



We now focus on the second term. The function N*°°(-)~! is bounded on B(1, ;). Furthermore, Hypothesis
3 allows us to determine that there exist two constants C, ¢ > 0 such that

. - -1 —cj
Vjo €N, |Al —AFT| < Cem .

Therefore, there exists a new constant C' > 0 such that

(A7l — AF e

Jo,q

0 A
Vz € B(1,61),Ye € C%,Vjp € N, |[NT>°(z)7! < Cle|e™%.

We can then conclude the proof of (4.69e).

We observe that (4.69g) and (4.69h) are direct consequences of (4.69¢) and (4.69f).

There remains to prove (4.69i) as (4.69j) would be proved similarly. We observe that for z € B(1,d2) and
jo € N, we have

NT(z,50) " = N*(1,50) " = N (z,50) "  (NT(1,5o) — N*(z,j0)) N*(1,50) "

Using (4.69a) and the observations above which claimed that N*(z, jo) ™! is bounded uniformly for z € B(1, ds)
and jo € N, we have that there exists a positive constant C' such that

Vi€ B(L,%), Yo €N, IN*(z,50) " = N*(1,jo) ™| < Clz — 1].

The definition (4.67) and the fact that the family of matrices (Aj_o%q) joen is bounded imply that (4.691) is verified

for some constant C > 0. O

5 Temporal Green’s function and proof of Theorem 1

The previous Sections 3 and 4 served respectively to describe the spatial Green’s function far from 1 and
near 1. Our objective is now to focus on the core of the article: the study of temporal Green’s function and
the proof of Theorem 1. In the present section, we will express the temporal Green’s function with the spatial
Green’s function using functional analysis. We will then use the different results of the previous sections (mainly
Propositions 2 and 3) to obtain the result of Theorem 1. Just as when we proved Proposition 3 on the spatial
Green’s function near 1, the proof of Theorem 1 will be done whilst assuming that jy is larger than 0 to obtain
(1.35) and (1.37). The case where jy < 0 would be handled similarly and would necessitate to prove expressions
of the spatial Green’s function on B(1,d1) similar to (4.51a)-(4.51¢) when jo < 0.

5.1 Link between the spatial and temporal Green’s function

First, we recall that in Sections 3 and 4, we studied the vectors W (z, jo, j, e) defined in Section 3.5 which are
composed of several components of the spatial Green’s function. The inverse Laplace transform implies that if
we introduce a path I' that surrounds the spectrum (%), for instance I, := rS! where r > 1, then we have

1 1

Vn € Navj()aj S Zvve € (Cda g(nijvj)e: By ZnG(Z,jo,j)edZ: By ZnH(W(Zijaj7e))dZ

2im J§, 2im J§,
where II is the linear application defined by (3.34) which extracts the center values of a large vector. We consider
the change of variables z = exp(7). If we define I, = {r + it,t € [—m, 7|}, then we have

Vn e N,Vjo,j € Z,Ye € C%,  4(n,jo,j)e e"TeTII(W (€7, jo, 4, €))dr. (5.1)

- 2im Jp,
The goal will now be to use Cauchy’s formula and/or the residue theorem to modify our choice of path T' and
to use at best the properties we proved on the spatial Green’s function in Propositions 2 and 3.

In Proposition 3 of Section 4, we proved that we can meromorphically extend the spatial Green’s function
on a ball B(1,01) with a pole of order 1 at 1 and have found the decompositions (4.51) of the spatial Green’s
function. We also introduced an even smaller ball B(1,d3) on which we have more precise bounds (Lemma 4.8)
that will help us later on in the proof. We consider a radius &f €]0, 7[ such that

v € B(0,e5), € € B(1,62). (5.2)
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Lemma 5.1. For all radii € €]0,e}|, there exists a width n. > 0 such that if we define
Q. :={reC, Rre|—n,n,Im7 € [—nm, 7|} UBQ0,e),

then for all §, jo € Z and e € C¢, the function T+ W (€™, jo, j, €) is meromorphically defined on Q.\ {0} with a
pole of order 1 at 0 and there exist two positive constants C., c. such that

V7 € Q\B(0,¢),Y4,j0 € Z,Ye € C%,  |W(eT, jo, j, €)| < C:|ele™ =10l (5.3)

Defining this width 7. is important for the following calculations since we have defined a set ). on which

we can change the path of integration of (5.1) using the residue theorem. Furthermore, for 7 € ., either
7 € B(0,¢) which implies that e” € B(1,d3) and that we can thus use the decomposition (4.51) of the spatial
Green’s function we obtained in Proposition 3, or 7 ¢ B(0, ) and we can use (5.3) to obtain exponential bounds
on the spatial Green’s function.
Proof The proof is identical as [Coe23, Lemma 5.2] and will thus not be detailled. It just relies on observing
that for any radius ¢ €]0,¢e}[, the results of Section 4 imply that for all jo,j € Z and e € C¢, the function
7 +— W(e",jo,J,€) is meromorphically extended on B(0,¢)\ {0} with a pole of order 1 at 0. We then use
Proposition 2 on a neighborhood of each point of the set

U.:={reC, Rrel0,n],Im7 e [—m, x|} \B(0,¢)

and conclude via a compactness argument on the existence of a width 7. €]0, e[ and of two positive constants
C.,c. such that (5.3) is verified. O

Let us observe that for all m € I U IZ, we have that the function ¢ (which we recall are defined in

Section 4.1 and are eigenvalues of the matrlces M*(z)) is holomorphic and (£ (1) = 1. Therefore, there exists
a radius €} €]0,e}[ so that for all m € I U IE that we write as m =+ (k — 1)d with k € {1,...,p+ ¢} and
1 €{1,...,d}, there exists an holomorphic function wli : B(0,e7) — C such that wli (0) =0 and

vr € B(0,e1),  GuleT) = exp(w; (7). (5.4)
Since (;f(e7) is an eigenvalue of M;"(e™), Lemma 3.3 implies that
V1 € B(0,¢7), ]-'li(ewli(ﬂ) =e".
If we define the holomorphic function

<pli : C — C
T = _% + (_1)H+1 Bl 20 (55)

.
o i2u+1

then, up to considering £} to be slightly smaller, the asymptotic expansion (1.18) implies that there exists a
bounded holomorphic function &* : B(0,e%) — C such that

Vr € B(0,e}), wi(r) =f(r)+ gt (). (5.6)

The following lemma introduces central bounds for the calculations performed in the rest of the section.

Lemma 5.2. There exists a radius €5 €]0, e[ and two positive constants Ar, Ay such that for alll € {1,...,d}
V1 e C, aFR(piE (1)) < —R(1) + ApR(T)** — AfIm (1), (5.7)
v € B(0,¢3), i R(wy (1) + a7 (N7 < —R(7) + ARR(T)™ — AfIm ()

The proof is identical as [Coe23, Lemma 5.3] and will thus not be detailed here.
Choice of the radius ¢ and of the width 7

We will now fix choices for a radius € > 0 and a width n > 0 which will satisfy a list of conditions. Those
conditions will be centralized here in order to fix the notations and are especially important to prove some
technical lemmas in Section 5.2.1. We will try to indicate at best where those conditions are used.
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First, we fix a choice of radius ¢ € |0, min (55, (ﬁ) 2“1> [ where the radius €5 is defined in Lemma
5.2. This choice for & will allow us to use the results of Lemmas 5.1 and 5.2. Furthermore, if we introduce the

function:

vy: R — R

T, Ty — ApTpy (5.9)

which we will use to define a family of parameterized curve later on in Lemma 5.4, then the function ¥ is
continuous and strictly increasing on |—oo, g]. This conclusion on the function ¥ will be essential in the proof
of Lemma 5.4 to construct the path ' appearing in (5.18¢).
We now introduce the function:
re: 10, — R

1
7 — g2 —n? (5.10)

which serves to define the imaginary parts of the extremities of the curve —n 4 iR N B(0, ). We recall that we
defined a width 7. in Lemma 5.1. We claim that there exists a width 1 €]0, min(e,n.)[ that we fix for the rest
of the paper such that the three following properties are verified.

e The following inequality is satisfied:

T A (.11
It is used for instance in the proof of Lemma 5.4.
o We have: A
n+ Arn** — 7%5(77)2“ <0. (5.12)

It is quite clear that we can choose 7 small enough to satisfy this condition since, when 7 tends towards 0,
the first two terms on the left hand side converge towards 0 and the third converges towards —%5. The
condition (5.12) is used in Lemma 5.4 to prove (5.18b). A consequence of (5.12) is that

A 2n
pArem™ o (5.13)

Vn € N,Vz € [g,Qn} Nte[-n,m], (n—x)t+azArt®™ — 5 <

Indeed, using the convexity with regards to t of the left hand side of (5.13), we have that

Arre (7])2
2

Iz Agre 2p
<|n—x|n+ cApn®* — xﬂ

(n—2)t +2Art** —x

We observe that n € [%, 2x] and thus, using (5.12), we have:

2p
mAITZ(n)Sx( <0.

(n — z)t + xApt* — n+ Apn*t —

Aﬂ’s2(77)2” )

The consequence (5.13) of (5.12) will be used in the proof of Lemma 5.6.

o There exists a radius €4 €]0, e[ such that if we define

1

then —n + ileztr € B(0,). It is used in the proof of Lemma 5.4.

We introduce the paths Tou (1), TE (17), T (1), Tin(n), T(n), Ta(n) represented on Figure 3 and defined as:

[—n —im,—n —ire(n)] U [-n +ire(n), —n + i),
I () = [-n £ irc(n),n £ ire(n)]
= [n—irc(n),n +ire(n)],
=T, (n) UTY, (n) UTS (n)
Lin(n) UTout(n),
—n —ire(n), —n +ire(n)] .

(5.15)
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ot (): —&— fet T ()
Ty (n): —>— ron /4 4 1\B-(0)
Fonlr): == T ow
Ta(n): —f—
I, (n)

Figure 3: A representation of the path described in (5.15): Toui(n), T'E (), T, (1) and Tq(n)

We observe that those paths lie in Q.. Using the Cauchy formula and acknowledging the "2im"-periodicity
of 7 — W(e7, jo, j,€), we can prove via the equality (5.1) that:

. . 1 nTt T T . .
g(“v]Oa])e = 2 € € H(W(6 ,jo,j,e))dT
v F(n) (5 16)
1 1 '
_ L eI W (e o o €))dr + —— / MTETIW (e, o, 4y €))dr.
20 I, () 20 Jr,, ()

Lemma 5.3. There exist two positive constants C, ¢ such that for alln € N, jo,j € Z and e € C* we have that

1
— / e"TeTII(W (€T, jo, j, e))dr| < Clele™™".
Fout(n)

20w

Proof The conclusion of the lemma directly follows from (5.3) and the definition of T',,+(n) which implies that

V1 € Tou(n), €77 =e ™.

The equality (5.16) and the sharp exponential bounds on the term:

1
— e"Te"II(W (€7, jo, J, €))dT,
2im Fout(n)

that we just proved imply that there just remains to handle the term

1
% - enTeTH(W(eijOaj7 e))dT (517)

in(77)

to have the description (1.35) of the temporal Green’s function expected in Theorem 1. We recall that I';, (1) is
a path that lies inside the set B(0, ) by construction and that we chose the radius e €]0, 5[ to be small enough
so that

V7 € B(0,e), €7 € B(1,09).

Thus, recalling that we consider jo > 0, we can use the expressions (4.51a), (4.51b) and (4.51c) to decompose
the integral (5.17) into different terms depending on the position of j with respect to 0 and jo. Our new goal
can now be separated in three parts:
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e In Section 5.2, we will prove Lemmas 5.7-5.11 that will allow to bound the several terms that can appear
when decomposing the integral (5.17) using (4.51).

e In Section 5.3, we conclude the proof of the decomposition (1.35) of the temporal Green’s function using
the previously proved Lemma 5.3 and the following Lemmas 5.7-5.11.

e In Section 5.4, we explain how the analysis performed in the two previous steps can be adapted to also
deduce the decomposition (1.37) of the discrete derivative of the temporal Green’s function.
5.2 Decomposition of the integral within B(0,¢)

This section will be mainly devoted to the proof of Lemmas 5.7-5.11 that will allow to study each term that can
appear in the decomposition of the integral (5.17) using the expressions (4.51a), (4.51b) and (4.51c¢). However,
we are first going to need to introduce a few more technical lemmas that will be used relentlessly throughout
the rest of the paper.

5.2.1 Gaussian estimates

First and foremost, we define the set X of the paths going from —n —ir.(n) to —n + ir-(n) whilst remaining in
B(0,¢). We observe in particular that I'q(n), I'in(n) € X.

Lemma 5.4. We consider an integer k € N.

e There exist two positive constants C,c such that for all n € N\ {0} and = € [0, %]

/r o I7|* exp (nR(7) + z (=R(7) + AgR(7)* — AfIm (7)*)) |d7| < Ce™“". (5.18a)

o There exist two positive constants C,c such that for all n € N\ {0} and z € [2n, +o0[

/rv " 7" exp (nR(7) + 2 (=R(7) + ArR(7)* — AfIm (7)*)) |dr| < Ce™ ™. (5.18b)

e There exist two positive constants C,c such that for all n € N\ {0} and = € [%,271], there exists a path
I' € X such that

/1“ \T|k exp (n§R(T) +x (—?R(T) + ARR(T)* — A;Im (7')2“)) |dT]

20
C _ 2p—1
< —T exp (—c (|n 1x|) ) . (5.18c¢)
n 2w nze

Lemma 5.4 will allow us to obtain generalized Gaussian bounds for several terms throughout the proof of
Theorem 1. The inequalities (5.18a)-(5.18c) separate different cases depending on x. An important point to
observe is that the path T appearing in (5.18¢) depends on n and x whereas the constants C, ¢ are uniform.

The way Lemma 5.4 will be used is to first observe that the integral of some holomorphic function over
some path of X is equal by Cauchy’s formula to the integral of the same function over any path of X. We then
prove that the integrand can be well bounded and use the result of Lemma 5.4. The proof of Lemma 5.4 can
be adapted from [CF22; CF23; Coe22; Coe23| and will be done in the Appendix (Section 7).

Lemma 5.5. There exists a constant C > 0 such that for alll € {1,...,d}, n € N\ {0} and z € [0, 2n]
v @ (1) _ gwai ef (1) < Cnlr)**exp (:L‘ (—%(T) + ArR(1)* — A;Im (7)2”)) )

The proof of Lemma 5.5 is similar to the proof of [Coe22, Lemma 16| and will not be detailed here. We
recall that the functions @™ and ¢ respectively defined by (5.4) and (5.5) are linked by the equality (5.6).
Lemma 5.5 will allow us to "extract" the principal part <pli of the function wli. This principal part will then
appear in terms that can be studied using the following lemma.

Lemma 5.6. We consider I’ € {1,...,d} and s,s’ € {—,+}. There exist two constants C,c > 0 such that for
all n € N\ {0}, we have:
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o Forx,y € [0,+00[ such that x +y € [g,2n] and ' € X

20

1 s o P I A el Rt
/exp (m’—l—xalgal (1) + yay oj (T)) dr — iHm (nﬁl +E i (a;'> at \
r

e Forx € [%,271] and ' € X

1 a7

%/exp (nT + zoj@j (1)) dr — ——Hay, (5?; M)‘ < C; exp (—c <|n _1$|> . ) . (5.19b)
r nH nzu

2im nze

e forx e [%,Qn],

1 / exp(n7+xaf<pf(7))dT_E2 (515' —|als|(n—x))
n )
Fm(ﬁ)

. 1
2im T n

< —exp|—c¢ + .
nzs nze
(5.19¢)
The proof of Lemma 5.6 is a summary of calculations performed in [Coe22; Coe23] and will be done in the

Appendix (Section 7). Let us observe that there is no condition on the paths of integration in (5.19a) and
(5.19b). However, since the integrand is only meromorphic in (5.19a), we only consider the path T';,(n).

5.2.2 Outgoing and incoming waves

We will start by looking at the outgoing and incoming waves by proving the following lemma.

Lemma 5.7. We considerm € {1,...,d(p+ q)} and write it asm =1+ (k—1)d withk € {1,...,p+q} andl €
{1,...,d}. There exists a constant ¢ > 0 such that for alln € N\ {0}, jo,j € N such that j —jo € {—ngq,...,np}
and e € C* we have:
o IfmelfUll and J;% € [%,2n], we have that:
L

+ ~
- %/ enTeTngj;(eTaj07 e)H(W;;(eT,j))dT - Sl+(n7j0aj)e
27/71- F'Ln(n)
‘n (j—jo)’ 7 ] ol
—\5F —clj —cljo 1
=exp | —¢c| ———+ <O <|e|el> + Oc¢ (|e|el> r" + Oc ( 1) lfTer?') . (5.20a)
n nz na nu
e IfmellUull, j;f” ¢ [2,2n] and j;fo > 0, we have that:
l l
+ ~
- Sgg(io‘l) / TG (€7 jo LW, (e, f))dr — S} (n,jo. e = O (|efe™™) . (5.20D)
v Fin(n)

elfmell andj>jo+1orifmel}, andj€{0,...,jo}, we have that:

1

— eTeTE (€7, jo, ) TI(WE (e7, §))dr = O (Jele™") . (5.20¢)
2im Jp

in(”])

Proof e We start by proving (5.20a). The proofs of (5.20b) and (5.20c) will be done afterwards as they are
fairly less complicated. We consider m € I; U I, such that =L € [Z,2n].
Ry

Using the expressions of W,! and <gn"; given respectively by Lemma 4.3 and (4.68), we have using Cauchy’s
formula that for any I' € X

/ eTeTE T (€7, jo, ) IU(WE (e, §))dr = / e (eT) I eT AT (€T, jo, @)TI(V, (e, 5))dr. (5.21)
Fin(n) r
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Using Cauchy’s formula once again, (5.4) since the eigenvalue we consider is central and the definition (1.34a)
of the function SEL, we then have that

+ ~
_senle)) / €T G  (€7, Go, )W (€7, ))dr — SF(n, jo, j)e = En + Ear + (Bs+ By + Es) I erf
Tin(n)

(5.22)

2
where F; is a vector and Fs, ..., 5 are complex scalars defined by

+
B, = —s8uar) [ e D e A (6 o, eV ()~ B
ry

um

+ o +
Ey = _7Sgn('al ) / enTeli—io= D (1) (A;’,’L(eT,jO,e) — dgm(eT)l?'Te> dr,
1)

247 dz
+ +
sgn(oy )/ G—iw (1) (g7 ¢+ (¢7)~1 Lom 1
E( —_ _ =2 7 nTt J—Jo wl T T T _m T - d
5 ol S TG (en) T (eT) + o )47
B=_ ! o (e(j—mwr(f) _ e(j—jowm) dr,
2ir|oy"| Jr,
+ . .
_ / ermeli—iel e~ L, (gr U T I
2’L'7T|Oél+| s nze nze

and I'y,...,T'5 are paths belonging to the set X defined at the beginning of Section 5.2.1. We just have to prove
correct bounds on the terms Ej,..., E5 appearing in (5.22) to obtain (5.20a). In particular, we will use good
choices of paths I'y,...,I's to optimize the bounds using Lemma 5.4.

» Using (4.69g), (5.8) and Lemma 4.3 which claims that the vectors V' (z,j) converge exponentially fast
towards R (€7), we have that there exist two positive constants C, ¢ independent from n, jg, j and e such that

|Ey| < Ce=clilje] [ exp (mce(f) n (J ;ljo> (—=R(7) + AgR()* — A;Tm (7)%)) \dr|.

» Using (4.69¢) and (5.8), we have that there exist two positive constants C, ¢ independent from n, jo, j
and e such that

|By| < Ce=olje] [ exp (n%(r) + (j _jo> (—R(7) + AgR(7)* — A;Tm (T)Qﬂ)) \dr|.
Ty (&%)

» We notice that ¢, (1) = 1 and %(1) = —Oé%. Using a Taylor expansion and (5.8), we have that there

exists a positive constant C' independent from n, j, and j such that

Bs) < C [ |7]exp (néR(T) + (J‘jo) (“R(r) + AgR(r)* — A;Tm (7)2“)> dr|.

s Q

» Since j;io € [%, 2n] , we can use Lemma 5.5 and prove that there exists a positive constant C' independent

from n, jo and j such that

|Ba| < Cn | |7+ exp (“Wﬂ + (j_fo> (=R() + ARR(r)* — AfIm (7)2“)) dr].
T4 &
Using Lemma 5.4 which gives a good choices of path I'y,..., Iy € X depending on n, jo and j to handle
the integrals in the terms above as well as Lemma 5.6 to take care of the term Ej, there exist new constants
C, ¢ > 0 independent from n, jp, 7 and e such that

2p 2p
. . 2p—1 . - 2p—1
. J—Jo . J—Jo
CeVlle] ‘n_ ( o/ )’ Cellle] ‘”_ ( o/’ )’
|Ey| < ——exp | —¢ + s |Ea] < ——exp | —c + )
n2we mn 2 n 2w n2m
24 24
A 2p—1 ) 2p—1
c (2] c = (2]
|Bs| < —exp | —¢| ————— ) [Ea| < T exp | —¢| ————— ;
nw n 2w nw n2we
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We have thus obtained (5.20a).
e We now focus on (5.20b). We thus consider m € I, and j > jo +1 or m € I}, and j € {0,...,jo} such
that J;% ¢ [g, Zn]. We observe that in particular, Sl"’(n,jo,j) = 0. Using (5.21), (5.4) since the eigenvalue we
1

consider is central, Lemma 4.3 which claims that the vectors VI (z,j) are uniformly bounded for z € B(1,d1)
and j € N, (4.69g) and (5.8), there exists a positive constant C' independent from n, jo, j and e such that for
allT e X

+ ~
L) [ e i VAT ) — 5 o e
2im Jr.m)

< Cle| /F exp (mﬁ(f) + (j +j°) (=R(7) + AgR(1)* — A;Im (7)2#)) |dr].

Q

We then use Lemma 5.4 to prove that there exist two new positive constants C, ¢ independent from n, jg, j and
e such that

sgn(a;

_ ) / €TeTE (€7, jo, ) TI(WE (e, §))dr — St (n, jo,j)e| < Clele™ ™.
217-(- Fin(n)

e We now focus on (5.20c). We will consider the case where the integer m belongs to I, and j > jo + 1.
The second case considered in (5.20c) would be handled similarly. Using (5.21), Lemma 4.3 which claims that
the vectors VI (z, j) are uniformly bounded for z € B(1,4;) and j € N, (4.69g) and (4.3a) whilst noticing that
7 > jo + 1, there exists a positive constant C' independent from n, jg, j and e such that

1 " o
o [ TG W )| < Clefem b [ RO
Tin(n)

Ta(n)
< 2r5(n)C|e|e_”"_20*|j_j0|.

A%y

5.2.3 Reflected waves
We now look at the reflected waves.

Lemma 5.8. We considerm € {2,...,dp} andm’ € {dp+1,...,d(p+ q)} and write them as m =1+ (k—1)d
andm’ =1+ (K — 1)d with k, k' € {1,...,p+q} and I,I' € {1,...,d}. There exists a positive constant ¢ such
that for all n € N\ {0}, jo,j € N such that j — jo € {—ngq,...,np} and e € C?, we have:

o Ifmell, m ell and L — i—i € [2,2n], we have that:

o, M

1 - ~ . . ajf _ ..
— o | TR €V G OUW (T, ) — S, L (DR (o d)e
Din(n) Qy
. . QElil
n- (oﬂ_iiﬂ le|e—cldl |e|ecliol 1
’ (& (& T
—oxp | —c S o ") v oc (M )t v oc (= ) i e ).
nze nne nae nwe

(5.23a)

e Ifmell, m el and a]j — O{‘jr ¢ [2,2n], we have that:

cs’
l 12

1 N > . ;o o o e
- — e"Tengl,)m(eT)%nt(eT,]o, e)II(W,F (e, 7))dr — ith,,m(l)Rﬁ’l(n,joJ)e =O(lele™"). (5.23b)
27 1 () A
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e Ifmelf, m el and —i% € [2,2n], we have that:
l/

2n—1
Jo
1 nT 75+ TN+ (T +(,T s |e‘6_0m n O‘l47
- — e"meTgr, L (eN)E, (€, jo, e II(W, (e7,j))dr = O —exp | —¢| ———
2im Lin(n) 7 n2 n2s
| (5.23¢)
e Ifmelf, m' el and —I% ¢ [2,2n], we have that:
l/
1 ~ > . .
- — e"TeTg;,7rn(eT)‘€$(eT,jo, e)II(W,f (e, j))dr = O (|ele™"). (5.23d)
2’L7T Fm(n)
o IfmeIf, m' eI}, and 2L € [2,2n], we have that:
&
1 ~ > . .
— 5 "7 Gy (€7)Cn (€7 o, II(W (€7, 5))dr
27 Tin(n) ’
24
j Sn—1
|e|e_c‘j0‘ ‘TL - aj
=0(lele™™)+O0¢ | ——exp | —c| ——— r. (5.23e)
nzu n2r
e Ifmell, m eI}, and O‘]T ¢ [2,2n], we have that:
1 ~ > . . _
- — e"TeTg;,’m(eT)%n"{(eT,jo, e)II(W,f (€7, j))dr = O (|ele™"). (5.23f)
2Z7T F’in("])
o Ifme I}, m €I}, wehave that:
1 nrT T T\ - T - T - —cn
S [ e VG o, W ()T = O (jele ) (5.230)
(s Fm(ﬁ)

We observe that since we consider m € {2,...,dp} and m’ € {dp+1,...,d(p+ q)}, Lemma 4.7 implies that
5:1',771 can be holomorphically extended on the whole ball B(1,4;) and thus the term §;2,)m(1) is well defined.

Proof e We start by proving (5.23a). We consider that m € If;, m’ € I}, and L - i—i € [2,2n].
1 14
Since the function E:r;’,m can be holomorphically extended on the whole ball B(1,¢), using the expressions of

W+ and ‘67;, given respectively by Lemma 4.3 and (4.68), we have using Cauchy’s formula that for any I" € X

/ CGE V(e o, TIWA (e, J))dr
Fin(ﬁ)
:/ TGE, (VG VCE () T AL (¢ o, TV, (€7, J))dr.  (5.24)
I

Using Cauchy’s formula once again, (5.4) since the eigenvalues we consider are central and (1.34b), we then
have that

1 nT T T o T - T N a+~ . N
~ 5 e g m(€T)C (€7, Jo, )W,k (€7, j))dr — —e gt (R (1, o, j)e
1T Tin(n) O‘l/

= By + Eorf + (B3 + By + Es + Eg) I erf  (5.25)

where F7 is a vector and Fs, ..., Eg are complex scalars defined by
1 ~ ; - . .
By= =g | € (@)= DemUrDTi T AL (7, o, )TV, (€7, §) = Ry (e7))dr,
1T r ’
1 N : . ¢,
E2 = _% r, en‘rg;;/’m(eT)e]w;r(T)e*(joJrl)w?;(T)eT (A:;,(e‘r,jo,e) - flﬂ; (eT)ll—,’—Te) dT7
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=+
1 nt_jwt (7) ,—jow b (1) | =+ T\, T+ (T 71dC;r1’ T Im, (1)
By =g | @m0 l'”(gm/,,,xe TG (€T () T )

gr (1 . . 4
py = Tl [ o (=i _ o0 =il
2imay,  Jry

gt (1 , : ,
&:“wﬂ{/wwwm@m@m_ewwgw
2imag,  Jr

O TR T
Ee = —"— e el \T) e I0Py T dr

2imay;,  Jry

+ N\ 2e na 4 o J
; ; 0 T —
_Yar (g 1 H J ot J0 s+ (X ! o

+gm/7m( ) 1 412 +ﬂl +Bl/ * ) 1 )
I nze nal nal’ 4 n2e

and I'y,...,T'g are paths belonging to the set X. We just have to prove bounds on the terms Fi,..., Es. In
particular, we will use good choices of paths I'1,...,I's to optimize the bounds using Lemma 5.4.

» Using (4.69g), (5.8) and Lemma 4.3 which claims that the vectors VI (z, j) converge exponentially fast
towards R (e7), we have that there exist two positive constants C, ¢ independent from n, jo, j and e such that

|B1| < Ce<lil|e| /F exp (m}e(T) + (ﬁ - j‘i) (“R(r) + ArR(r)* — ATm (7)2")> \dr|.

@ Qy

» Using (4.69¢) and (5.8), we have that there exist two positive constants C, ¢ independent from n, jo, j
and e such that

|Ey| < Ce~Volle| [ exp (na%(T) + <J+ - j°+> (=R(1) + AgR(7)* — A;Im (T)%)) |dr|.

Iy o ap

n
» We notice that ¢, (1) = 1 and %(1) = —Oé%. Using a Taylor expansion and (5.8), we have that there

exists a positive constant C' independent from n, joland 7 such that

|E3| < C’/F3 |7|exp (n?R(T) + <]+ - jj_) (=R(7) + ApR(7)* — A;Im (7)2“)> |dT]|.

O[l O[l,

» We observe that aJT and fi—i are positive and ;7 — i‘ﬂr € [2,2n]. Thus, we have that 057 € [0,2n]. We
124 v
can then use Lemma 5.5 and (5.8) to prove that there exists a positive constant C independent from n, jo and

7 such that

|E4| < Cn /F 7)2#+  exp (n?R(T) + <‘7+ - j°+> (—R(7) + AgR(1)* — A;Im (T)%)) \d7|.

[&7] Qg

Furthermore, we also have that and —i—‘i € [0,2n]. We can also use Lemma 5.5 and (5.7) to prove that there
l/
exists a positive constant C independent from n, j; and j such that

5| < Cn/ |72+ exp (n?R(T) + (ﬂ - Ji) (=R(r) + AgR(r)2 — ATm (7)2“)> dr|.
T's o ag)

Using Lemma 5.4 which gives a good choices of path I'j,...,I's € X depending on n, jy and j to handle
the integrals in the terms above as well as Lemma 5.6 to take care of the term Ejg, there exist new constants

C,c > 0 independent from n, jg, j and e such that
2
. . Zn—1
, ‘ n—|-L —
Ce*CIJ\|e| CQ*C|J0|‘e| % o

1 exp | —¢ 1 ) |E2| S 1 exp | —¢ 1
n2e n2e n2e n2e

|Eq| <
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2u 2u

. . 2p—1 R . 2p—1
J Jo J Jo
n—\-F— n—|\—-x— -
of o of o)

C C
|E3| < —exp | —c +— , |E4l < —exp | —¢ + ,
n~ n2n ne nzne
2 2u
. . 2p—1 . . 2p—1
J Jo J Jo
n—|-x— n—|-F— %
c ( )\ c ( )‘
|Es| < —exp | —c - , |Es| < —exp | —c +
nw T2 nmw nz2w

We have thus obtained (5.23a). . '
e We now focus on (5.23b). We consider that m € I}, m’ € I}, and LI [Z,2n]. We observe that in
l 4

cs?

particular, Rﬁyl(n,jo,j) = 0. Using (5.24), (5.4) since the eigenvalue we consider is central, Lemma 4.3 which
claims that the vectors V! (z,j) are uniformly bounded for z € B(1,d1) and j € N, (4.69g) and (5.8), there
exists a positive constant C' independent from n, jo, j and e such that for all ' € X

1 - NS ;o o o
‘—‘ J VG O ) 2 O] e
Tin(n 14

< Clef / exp (mce(f) n (ﬁ - Ji) (—R(7) + AgR(7)* — A;Tm (7)2“)> \dr|.
r Q; ag)
We then use Lemma 5.4 to prove that there exist two new positive constants C, ¢ independent from n, jo, j and
e such that
o

1 nT T T\ T . o . o
_7/ ( )6 (& g:r;/,m(e )%m+(e 7]0ae)H(W,’j.;(e ,j))dT— a+g7-rl/;m(1)Rl—~;,l(n’jO5j)e
Fin(n v

< Clefe=em.

e We now focus on (5.23¢) and (5.23d). We consider that m € If,, m’ € I},. Using (5.24), (4.3a) to bound
+, (5.4) since the index m’ belongs to I}, Lemma 4.3 which claims that the vectors V, (2, ) are uniformly

m? cu?

bounded for z € B(1,41) and j € N, (4.69g) and (5.8), there exists a positive constant C' independent from n,
jo, j and e such that for all I € X

1 nT T T - T . T . a+~ ; y
o [T I o OOV D~ S (VRS (o e
1T Tin(n) al/

< Cem2elil|e| /F exp (mﬁ(T) + ( ji) (=R(7) + AgR(1)* — A;Im (T)%)) |dr].

ayy

We observe that — 4% is positive since m’ belongs to IF,. Using (5.18¢) when —4% ¢ [2,2n] and (5.18a) and
G Yy
(5.18b) else, we end up proving (5.23¢) and (5.23d).
e We now focus on (5.23¢) and (5.23f). We consider that m € I}, m’ € I},. Using (5.24), (5.4) since the

index m belongs to I}, and Cauchy’s formula, we have that

1

“air oo

: e"TeTﬁfn,,m(eT)an‘;(eT,jO, e)II(W,} (€7, j))dr = E1 + Eaor}
n{n

where the vector E; and the complex scalar Fy are defined by
E, ;:/ e”TeTgrfL,’m(eT)ejw;r(T)(;, (eT) AT (€7, jo, )TV, (€7, §) — RiE(e7))dr
'y
By — / TG (€)= CE (1) T TAL, (7, o, €)dr
I
where T'1,T's are paths belonging to the set X. Using (4.3¢) to bound C;:w Lemma 4.3 which claims that the

vectors V,}(z,j) converge exponentially fast towards R;f (e7), (4.69g) and (5.8), we prove that there exist two
positive constants C, ¢ independent from n, jg, j, e, I'1 and I'y such that

|EL| gC\e|e*c|j|e*C|j0|/

exp (n?R(T) + % (=R(1) + ApR(7)* — A;Im (7)2“)> |dT],
r a

l
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[ Ea| <Clele™l /

r

emp<n%@)+ﬂ_@4a7y+ARm@ﬁ%-Aﬂm(ﬂmq>|m¢

2 o

Whilst observing that + is positive since m belongs to I\, when 07 ¢ [ Qn] Lemma 5.4 allows us to prove

exponential bounds Wlth regard to n on the terms E; and Fs and to thus immediately conclude the proof of

(5.23f). When -L- e € [%,2n], Lemma 5.4 allows us to choose I'; and I'y depending on n, jo, j and e so that
4

there exist new constants C, ¢ > 0 independent from n, jo, j and e such that
2u 2p
2u—1 2n—1
C‘ele—c‘j|e—0|jo| C’\e|e_c|30‘ ‘
|Ei| < ——————exp | —¢| ——— |E|<7exp —c | ———
n2e n 2w n 2w n2u

Since j € [g, Qn], we have that there exist two other constants C,c > 0 independent from n, jg, j and e such
that
|Eq| < Clele™“".

This allows us to conclude (5.23¢).

e There only remains to prove (5.23g). We observe using (5.24) with T' = T'y(n) € X, (4.3a) and (4.3c) to
bound (7 and ¢, (4.69¢) and Lemma 4.3 which claims that the vectors V,}(z,j) are uniformly bounded for
z € B(1,01) and j € N, we have that there exists a positive constant C' independent from n, jo, j and e such
that

‘_/ em—eT@: m( )%4_( T;jO, ) <W+( ))dT < C|e|e—20*(|3|+‘jo‘) 7“7
r

5.2.4 Transmitted waves
We now look at the transmitted waves.

Lemma 5.9. We consider m € {dp+1,...,d(p+q)—1} and m’ € {dp+1,...,d(p+ q)} and write them as
m=I1l+k—-1)d andm’ =1U'+ (K —1)d with k, k' € {1,...,p+q} and [,I' € {1,...,d}. There exists a positive
constant ¢ such that for all n € N\ {0}, jo €N, j € —N such that j — jo € {—nq,...,np} and e € C?, we have:
e lfmel,, m eI}, and a]? - i—?r € [2,2n], we have that:
p

1

2ir

> . PR Qp .
em—erg; m(er)(fg(eT,jo,e)H(Wm(e 7.7))d7—_ Lg;’,m(l)TlJ/r,l(nJOvJ)e

Fin (7]) 4

2p
”(jaﬂ o i ol
a; al, ele—¢<ly ele—¢ljo 1
=exp | —c¢ li ! (O (|) + Oc¢ (|61) T+ Oc¢ (1> l?,'TeTl> .
e n2e n2e nwe

(5.26a)

e Ifmel,, m eI}, and aj—, - é—‘jr ¢ [2,2n], we have that:

l v

1 nTtT T T - T N — T N 1 N N —Ccn
By € € g;’r_L’ m(e )Cfg(e »JO> e)H(WnL (6 a]))dT - l.|-gjr_L’ m(l)T'l—’i_l(na ]0,])6 =0 (|6‘€ ) . (526b)
207 Iy () a ’

e Ifmely, m e€lIf, and —2% € [Z,2n], we have that:

l/
24
-1
. Jo
1 en’T T+ TN+ (LT eicm |€| n alt
o € G m(e )Cgm (6 ,JO, e)H(Wm( aj))dT =0 — 3 &Xp | —C| ——
20 Jr () n 7

(5.26¢)
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e Ifmel,,, mell and —i—i ¢ [2,2n], we have that:

1 ~ - . — (T —cn
Sin e”TeTg;,’m(eT)%;t(eT,jo, e)II(W,,(e",j))dr = O (|ele”"). (5.26d)
v Fin(n)
e Ifmel,, m eI}, and L e [%,Qn], we have that:
R
1 ~ > . _ .
5 TG i (€T) (€7, Jo, @I (W, (€7, 7))dr
2T Fin(n) ’
N
‘e|e_c|j0‘ ’n - (XT
=0(lele™™)+O¢c | —F——exp | —c| ——— r; . (5.26e)
ne nzne
e Ifmel,,m el and L ¢ [2,2n], we have that:
Rl
1 ~ - . — (T —cn
5 e"TeTg;,’m(eT)%nt(eT7jo7 e)II(W,,(e",j))dr = O (|ele”"). (5.26f)
v Fin(n)
e Ifmel,,, m €I}, wehave that:
1 ~. - : — (T —c
[ e (VB o (Wi (e ) = O (Jele). (5.268)
[ an(n)

Just like in the case of the reflected waves, since we consider m € {dp+1,...,d(p+¢q) — 1} and m’ €
{dp+1,...,d(p+ q)}, Lemma 4.7 implies that @—;/,m can be holomorphically extended on the whole ball B(1, d;)
and thus the term g, (1) is well defined.

Proof The proof of Lemma 5.9 is sensibly the same one as for Lemma 5.8 so the proof is left to the reader.
Let us just point out that in order to prove (5.26a), we have using Cauchy’s formula that

1 ~ > . . |~ o
s [ TG (€ o, W (¢, )T — g, ()T (o, e
2,”1_ Fm(n) m’,m alJ/r m’,m y
_ T _
= E1 + BEar; + (B3 + Es + Es + Eg) I} er;
where F; is a vector and Fs, ..., Fg are complex scalars defined by
1 _ - . ) B ) B
By= g [ Vg (€)= D em U= O AL (e o, )TI(V,, (7, §) — Ry (€7))dr,
1T Ty ’
1 - - , act,
Ey = i 5 enrg;’rl/l’m(er)ejwl (T)e—(Jo—‘rl)le?(‘r)e‘r <A;,(6T,j0,e) . 21: (e-,—)ll_;,/_Te> dr,
1 o o dct, 9 m(1)
_ nt  jw, (1),—jow, (T) + ™, T+ (,7T\—1%5Sm T m’,m
By= gz | el e (gm/,m@ TGN ) S
~+
Ey = _W/ enT (eij(T) _ em;(ﬂ) e—d0w [ (7) g7
2imay;, Jry
~+
Es = _gm’am(l)/ enT i (7) (efjow;(T) _ e—josof,(r)) dr,
2iregt Jr,

~t
E¢ = —gmm<+1)/ "7 eler (M=ol ()
2imay,  Jr

) 1 )

_ .oQ; .
—>2“ noy +joss —J
l/
nzn

a; 1 J J «a
gt i — + [
- +gm’,m(1) 1 HQ# _Bl - +ﬂl/ ( T
ap) n2e nao; nag; o)

and I'y, ..., ¢ are paths belonging to the set X. We just have to prove bounds on the terms FE1,..., Fg just
like in the proof of (5.23a). O
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5.2.5 TUnstable excited mode

Lemma 5.10. There exist two positive constants C,c such that for all m' € If,, n € N\{0}, jo € N, j € Z
such that j — jo € {—ngq,...,np} and e € C¢, we have
e For j € N, we have that:

1 ~ > . . o . ~ .
‘_21'71- / e"TeTg;,yl(eT)‘f;r, (7, jo, )TL(®y (€7, §))dr + ¢F (1) 70~ AT (1, jo, e)Res(g,,, DV (5)
Fin(n)

< Clele™". (5.27a)

e For j € —N, we have that:

1 nrT T T\ T 1 T —Jo— - ~- :
% /F o e ¢ g:r_L’,d(p-‘,-q) (6 )Cg:;/(e »JO, e)H(éd(p-i-q) (6 aj))dT + C:;/(l) 70 IA;/(17J07 e)Res(g;,, 1)V(])
in (7

< Clele™“". (5.27b)

We recall that the sequence V' is defined by (4.37).
Proof We are going to prove (5.27a). We consider m’ € I,

£, n e N\ {0}, jo € N. For j € N, using the residue
theorem and the equality (4.68), we have

1

3 )e"fefazl,l(ef)ﬁ(ef,jo,e)H(%(eij))dr + G ()77 AL (1, jo, @)Res(,, 1, 1)V (5)
Lin(n
1 —Jdo—1 7~ T T - T -
o e (eT) 0 te 9:1/,1(6 VAT (€7, o, e)IL(P1 (€7, §))dT.
2im La(n)

Using (4.3¢) to bound ¢, (4.69g) to handle the term A}, and (4.36) to bound @1, there exists another positive
constant C independent from n, jo, 7 and e such that

1 .
_%/ TG (eT) T e g 1 (€T AT (€7 o, )TI(® (€7, ) )dr
2im Ta(n) ,
< Cle| e |dr| < 2r.(n)Clele™".
Ta(n)
We thus obtain (5.27a). The proof of (5.27b) is fairly similar and is left to the reader. O

5.2.6 Central excited mode

Lemma 5.11. We consider m’ € I, = I}, and write it as m' =1+ (k' — 1)d with ¥’ € {1,...,p+q} and
" € {1,...,d}. There exists a positive constant ¢ such that for all n € N\ {0}, jo € N, j € Z such that
j—jo€{-nq,...,np} and e € C¢, we have:
e For —i% € [%, Zn] and j > 0, we have that:
4

1

e enTeng—n/,l(eT)(gnt/(eTaj07 e)H((I)l(eTaj))dT
2 Tin(n)
T
1 . . I e ~ .
- (MEl—t_(naJO)e - (A:@’(l,j()a e) + la+ >> Res(g::b/,la 1)V(j) -
14 14
2p
. 2n—1
lele=l] nr
——exp | —c| ——— + 0 (lele™). (5.28a)
nzw nzu

e For —i—‘i [%,Qn] and j > 0, we have that:
l’
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1

2i7T Tin (77)

J
«

e For —4% €
4

1

2’i71' Fm(n)

e For —-I1%
al/

1

2Z7T Tin (77)

nrt T+

€ € g1

_<a1

. . I e ~ ‘ _
+E;f(n,jo)e— <A;,(1,j0,6)+ L - )) Res(g:;,’l,l)V(j) = O(lele™ ™).

()%

14

(eTa Jo, e)H((I)l(eTa ]))dT

m/’

T

ayy

[%, 2n] and j < 0, we have that:

5

nT T+

€€ I d(p+a)

—<a1

4

(eT)%n—s' (eTa jOa e)H<q)d(p+q) (eij))dT

. . ;e _ _
_,'_E;_(TL, .70)6 - (A;:/(L]m e) + la+ Res(g:’r_ﬂ,la I)V(.]) =
l/

2p

] 2p—1
—eljl ‘n + 2%
|e|ei exp | —c 7:” +0 (|e|e_6”) .
n2e n2n

,Qn] and j < 0, we have that:

nT T+
€€ Imi d(ptq

_<a1

+
4

)(eT)%ﬁZ,(eT,jO, e)ll(Pyptq) (€™, 5))dr

+T

oy,

We recall once again that the sequence V is defined by (4.37).
Proof We will focus on proving (5.28a) and (5.28b) as the proof of (5.28¢) and (5.28d) would be similar whilst
observing that the equality (4.35) is verified and that the definition (4.59) of Zﬁ;,’m and (4.60) imply that:

e Proof of (5.28a):
Using Cauchy’s formula, (4.68) and (5.4) since the eigenvalue (7, is central, we have

1

2i7T Tin (77)

where

E4I

Es

nT T+

€ € 9m

_<a1

+ElJ’r(na jo)e - <A;’(1aj0ae) + T >> Res(ﬁ:;’)p 1)V<.7>

1
2
1

(€)E,)

1

I'y

um Ts

1

2m

s

Res(G1:1) / eme‘j"“ﬁ(” — o) (7)
2 .

Res@;,’d(pﬂ), 1) = fRes('g};,’l, 1).

(€7, jo,e)II(P1(e™, j))dT

m/’

T
I e

Oél,
= By + BV (j) + (Es + By + E5)AT (1, j0,e)V(§) + EsV (5)

enT€T§+/ 1(67)6—(j0+1)w;7(7)A:L/(e'r’jo’ e)H(‘bl(eT,j) - @1(1,j))d7',

mo,
enTeng‘n/,l(eT)e—(jo‘ﬁ‘l)w; () (A;‘;/(e‘r’ jOa e) - A:y_ﬂ(lvj(% e)) dTa

B Res@;g,,l, 1)) 0

enre*jow;'(‘r) (eT-avtz’,l(eT)C;’(eT)_l .

dr,
-

—
B 1 e—Jow i (1) na;t + jo
= — Res(g;;/,l’ 1) (2”_(_ A‘ o en” Tid’r — E2# < ;;7 ;% > )
in (" *

76

(5.28b)

(5.28¢)

I - . _
Ef(n,jo)e— <A$(1,j0, e) + - +e>> Res(g;;,,l, V() =O(lele™ ™). (5.28d)

(5.29)



— 4 nag + o 4 . ll"',’Te
E6 ::Res(gm"lv 1) 1- E2u o T 1 Am’(la.707e) + Ck+ )

nze 14

and I'y,..., Ty € X. Let us observe that, since the function ﬁ;, 1 has a simple pole of order 1 at 1, we have the
right to use the Cauchy’s formula for the first 4 terms as the functions inside the integrals can be holomorphically
extended on the whole ball B(1,¢).

» Using (4.69g) to bound A, (e7, jo,e), (4.69¢) to bound g, | (e")II(®1(e”,j) — ®1(1,5)) and (5.8), there
exists a constant C' > 0 independent from n, jo, 7, € and I'; such that

|Ey| < Cle|e 214 / exp (mﬁ(r) — ji (=R(1) + ArR(7)* — AfIm (T)QH)> |dr].

Iy ap

» Using (4.69i) to bound g}, ,(e7) (A} (€7, jo,€) — AL, (1,0, €)) and (5.8), there exists a constant C' > 0
independent from n, jg, 7, € and I's such that

|Es| < Cle exp <nﬂ?(7') - j(jr (4)?(7) + ApR(T)* — A;Im (7)2“)> |dT].

s ap

» Using (5.8), there exists a constant C' > 0 independent from n, jo, j, € and I's such that

|Es| < C exp (n%(T) — ji (—%(T) + ApR(T)* — A;Im (7)2“)> |dT|.

I's ap

» Using Lemma 5.2, there exists a constant C' > 0 independent from n, jg, j, € and I'y such that

|Ey] < Cn |72 exp (n?R(T) — Ji (—%(7‘) + ArR(1T)* — A;Tm (7)2”)> |dT].
Iy al’

Using Lemma 5.4 which gives a good choices of path 'y, ..., 'y € X depending on n, jo and j to handle the
integrals in the terms above, there exist new constants C, ¢ > 0 independent from n, jg, j and e such that

2u 2u

. 2p—1 A 2p—1
Jo Jo
Ce<lilje| ntar Cle| ntar
l 1
|Ei| < ————exp | —¢ | ———— , |Ey| < ——exp | —¢ | ——— ,
n 2w n 2K mn2m n 2
2u 2u
; 1 ; 1
0 0
c ey c ey
l l
|Es| < —exp [ —¢| *—— ; [Ba| < —exp | —c| ——
nn nn nn nn

There remains to bound the terms F5 and Eg. We use (5.19¢) of Lemma 5.6 to bound the term F5 and obtain
the existence of two positive constants C, ¢ such that:

2u
Zn—1

C
|Es| < ——exp | —¢ | —F—
nne n2wn

We observe that (5.4) and the asymptotic expansion (5.6) imply that:

e, 1

="
Z al/

Then, using (4.69¢) and the fact that the function Es,(B;;-) is bounded to handle Fg, we can also consider

that we chose the constants C, ¢ so that: ‘
|Es| < Cle|e=clool,
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Since f% € [%, 2n], we can change the constants C, ¢ such that:
a;,

|Es| < Clele™“".

Using (4.36) and (4.69g) to bound V() = II(®1(1,5)) and A, in (5.29) and the several bounds on the
terms FEy,..., Eg that we just proved, we can conclude the proof of (5.28a).

e Proof of (5.28b):

We will separate this proof into two parts.

» Let us assume that —i—i € [O, %} We recall that 5;,71 is a meromorphic function with a pole of order 1

at 1. Using the Residue Theorem, we have:

1 I -
- e”TeTg:g,,l(e ). (€7, jo, )IL(@y (7, §))dr

. m/
2 )
T
I e
ll

1 . . ~ .
- (O[_;,_El—i_(na jO)e - <A;/(13‘707e) + + >> Res(g;;/’la 1)V(])
ll

Oél/

1 .
= [ T (e TR AL (7 o, e)TI(®: (7, j))dr

2 Jram)
Res(g,r 15 1) nag + jo T
g, 3 2E28)) o

ag
We need to obtain exponential bounds on both terms on the right hand side of the equality above. First, we
observe that since —-% belongs to [0, 2], we have

al,

+ 4 +
oy FJ0 o S

1 =
n2s

We have that a;f < 0 since m’ belongs to I}, and thus, using (1.33c) and (4.36), we have that there exist two
positive constants C, ¢ such that for all n € N\ {0}, jo,j € N, e € C¢ such that —i—i € [O, %}

Res(g., ;1,1 +
B (1, (520 Y i v

Oé; n2e

< Clefe~clile=en,

We now observe that using (4.69g), (4.36) and (5.8), we can prove that there exist two positive constants
C, ¢ such that such that for all n € N\ {0}, jo,j € N, e € C?

1 .
o [T ) R OAL (¢ i, T )
2im T'a(n) 7

< Clele=cV! / exp (n%(T) — ’1 (=R(7) + AgR(7)*" — A;Im (T)Qu)) |dr].
Ta(n) Qy

Using (5.18a), we can find exponential bounds for the integral in the right hand term above. This allows us to

conclude the proof of (5.28b) when —i—?, belongs to [0, Z].
l/

» Let us assume that —2% € [2n, +oo[. Since —2% belongs to [2n, +oc[, we have
« [e%

’ G

nagt + jo 2u—1

> —af,n 2n

T
n2e

We have that a; < 0 since m’ belongs to I}, and thus, using (1.33b) and (4.36), we have that there exist two
positive constants C, ¢ such that for all n € N\ {0}, jo,7 € N, e € C? with fi—‘}r € [2n, +ool:

Res@:@/m 1)

+

El—i_ (Tl, JO)eV(j)
al/

< Clele=¢lile=en,

Res(g, 1, 1) najt + jo T )
————Fa, < p ll> I eV(j)

al/ ne
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Furthermore, using (4.36) to bound V'(j) as well as (4.69¢), there exist two positive constants C, ¢ such that
such that for all n € N\ {0}, jo,j € N, e € C* with —2% € [2n, +o00]:
l/

T
ll",’e

| (A;,(l,jo,e) + = > Res@;,,l, NV ()| < C|e‘6*6|j\efcn_

al/

Finally, using (4.69g), (4.36) and (5.8), we can prove that there exist two positive constants C, ¢ such that
such that for all n € N\ {0}, jo,7 € N, e € C¢

1 -~ T 0- T - T -
o | TR VG o eI ()i
2’67’( Fm(n)

< Cle|e=cll / exp <n§R(7) - ”°+ (=R(1) + AgR(1)* — A;Im (7)%)) |dr].
Fin(n)

Qy,

Using (5.18b), we can find exponential bounds for the integral in the right hand term above. This allows us to
conclude the proof of (5.28b) when —-I& belongs to [2n, +oo]. O
l/

5.3 Proof of the decomposition (1.35) of the temporal Green’s function

To conclude the proof of the decomposition (1.35) of the temporal Green’s function, we will start by using the
expression (4.51) of the spatial Green’s function and the calculations of Section 5.2 to obtain a first "preliminary"
decomposition (5.32) of the Green’s function. We will then have to perform what could be described as a mass
analysis of the temporal Green’s function to finally obtain (1.35).

5.3.1 A preliminary decomposition

First, let us define the coefficients C’ﬁ’ ’l+, C’;f and C’ﬁ "+ and a sequence of line vectors Py that will appear in
the calculations below. The constants defined here will also correspond to those in Theorem 1.

e The coefficients C’ﬁ ’l+ are given by:

+
Ve {l,.. I} Ml e{l+1,....dy, Cit.=Sgh (), (5.30a)
: of I

where m’ =1l'+dpe I}, and m=1+d(p—1) € I}

e The coefficients Cﬁf are given by:

Ve {1, I} Mle{l,... . T—1}, CI=2Lgh (1), (5.30b)
= g,

where m' =1'+dpe I}, andm=1+dpe I,
e The coefficients Cl],g "+ are given by:

Res@;[b,’l, 1)

+ b

vi'e {1,...,I}, CPt =
al,

(5.30c)

where m’ =1’ +dp € I},

e Because of the linearity of AZ (2, jo,-) (see (4.67)), we define the line vectors Py (jo) € Mi 4(C) by:

4T

L) ~
Vjo S Zvve € Cda PU(jO)e = Z (A;’(]-?j()ve) + loé-l,-e) Res(g;Ql? 1)
l/

m’EI;"u

— > LT AL (1, jo,e)Res(gy 1, 1), (5.30d)

m'elf,
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Using (4.69¢) and noticing that for m’ € I}, the eigenvalues ¢, (1) belongs to the set I, we observe that
there exist two constants C, ¢ > 0 such that:

Vijo €N, |Py(jo)| < Cecliol, (5.31)

Let us start by proving a decomposition of the temporal Green’s function when j > jo + 1. The cases when
j€40,...,j0} and j < —1 would be handled similarly using (4.51b) and (4.51¢). Using (5.16), Lemma 5.3 and
(4.51a), there exists a constant ¢ > 0 such that for n € N\ {0}, jo € N, j > jo + 1 and e € C? which verify
jij € {771(%"'7”]9}:

1 1
G(n,jo,j)e ==—— e"e"II(W (€7, jo,j,€))dT + — e"Te"II(W (€7, jo, j,€))dT
27/71- Fin(n) 227{_ Fout(n)
1 ~
= Z e / e"TeT 6,5 (€7, jo,e)IL (Wi (e, 4)) dr
+ + 2im Tin(n)
melj Ul

_i nToTat Vot T +/ 7T
+ Z Z ( 2T \/l;i”(n)e € gm',m(e )Cgm/(e ;jO,e)H (Wm(e 7])) d’T)

melfUIL\{1} m’eI}, U,

1 ~ o . T o —cn
DY (—2- [ e @ e (@ e J))d7'>+0(|ee )
v Fin(n)

m’elf,uld,

Thus, using Lemmas 5.7-5.11, we obtain that for all n € N\ {0}, jo € N, j > jo + 1 and e € C? which verify
J—Jjo € {-ngq,...,np}:

g(n jOaj)e
Z S} (n, jo, j e+z Z C’ﬁ Rl, n, jo,j (ZC’E YEF(n,jo)e + Pg(jo)e )V(j)
I=I+1 U=11=I+1 r=1

J—Jo

: ‘" G —elil —cljol
eje ele 1 T
+ ) exp | e[ <0<||1 >+OC<|1> ++Occ( 1>ll+ er?)
I=I+1 n2 nze n2n ne

< i T

1o d e 3)‘ —eljl —cljol

e al, 0 1

+ Z Z exp | —c : ! (O (|cﬂel> + O¢ <|e|e> Tl + O¢ < > l?,'Te'I“l+
n

1 1
U=11=I+1 2 n 2 n 2 n
20
2p—1 22M1
Jo . e
. j
—cljl n+ o, d —cljol n—-x
eje G e|e oH +
+§:07X | — = + Y Oc| ——ew| | —5— T
=1 n2x n 2k I=I+1 n 2 n 2

+ O(lele™").

Thus, observing that Sﬂ'(n, Jo,j) forl e {1,...,1} and T?‘:l(n,jo,j) forl’ e {1,...,I}andl e {1,...,1 -1}
are equal to 0 for j larger than jyo + 1, we thus obtain for n € N\ {0}, jo € N and j > jo + 1 which verify
j_jO € {_nQa"'vnp}:

I I—-1
4 (n, jo, j Z (n,jo, 4) + Y ( > CHTRE (o, d) + Y CLit T (o, JoJ))

=1 I'=1 \I=I+1 =1

IS8

(Z Cir Y Ef (n,jo) + PU(JO)) + R(n, jo,j) (5.32)

I'=1

where the remainder R(n, jo, j) has the form (1.36a) described in Theorem 1. Similar proofs using (4.51b) and
(4.51c) allow us to extend the description of the Green’s function (5.32) respectively for j € {0,...,jo} and for
Jj<—-L
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5.3.2 Analysis of the mass of the temporal Green’s function

To pass from the decomposition (5.32) above of the temporal Green’s function to the decomposition (1.35)
announced in Theorem 1, we just have to prove that the line vectors Py (jo) are equal to 0 for all j, € N. We
will prove this fact using a mass analysis of the temporal Green’s function ¥ (n, jo, ).

Firstly, the definition (1.20) of the operator .# and the definition (1.22) of the matrices A, imply the
following conservation of mass property:

Vh € (4(Z,C%),

q - q—1
STzh); =31 S Ajrhiin | =3 [ b+ Z Bjihjtr— Y Bivixhjrien | =) hy. (533)
JEZ JEZ \k=—p JEZL k=—p k=—p JEL

As a consequence, one can use the conservation of mass (5.33) with the definition (1.26) of the temporal Green’s
function and Lemma 1.1 to obtain that the mass of the temporal Green’s function is conserved:

Jo+np
Vjo € Z,VneN, Id= Y 9(n,jo,j). (5.34)

Jj=Jjo—nq

We observe that (5.34) and the decomposition (5.32) imply that for all e € C¢, jo € N and n € N\{0}:

d Jot+np 1 d Jo+np
=> | X Smdede|+>0 > G X2 Bl dode
=1 \j=jo—nq U'=11l=I+1 Jj=jo—ngq
I I-1 Jo-+np I Jotmp
2.2 G| DD T de | + (Z Cﬂ’*Eﬁ(n,jo>e+Pu<jo>e> > V| 6:3)
=1 1=1 j=jo—ngq I'=1 Jj=jo—nq
Jo+np
+ Z R(n, jo,j)e
j=jo—ngq

The equality (5.35) essentially expresses the mass of the temporal Green’s function as the sum of the masses of
the waves in the decomposition (5.32). We now recall the so-called Liu-Majda condition proved in Lemma 4.6:

det | i, 7, > V@), rly,. .y | #0. (5.36)
JEL

We can thus define the projector II on the vector space Span (Z jez V(j )) along the vector space spanned by

the vectors 1 ,...,7_{, 7'1-4—1’ ceey rj.
We observe that the terms R;,’J(n, Jo,j)e and TlJf’l(n, Jo,j)ein (5.35) are vectors in the vector space spanned
by the vectors r1,...,r;_, 7’}_4-1’ cee r}' by the definitions (1.34b)-(1.34¢) of Rl",’l and Tl'fl This is also the

case for the terms Sﬁ'(n,jo,j)e when [ belongs to {I + 1,...,d} by the definition (1.34a) of Sl+. Thus, by
applying the projector II to the equality (5.35), we have that for all e € C%, jo € N and n € N\{0}:

I jo+np Jo+np
Te=> "> (S (njoj (ZC,7+E+ n jo)e+PU(j0)e> ol > v

=1 j=jo—nq =1 Jj=jo—nq
jo+np R

+ > T(R(n,jo,j)e). (5.37)

j=jo—nq

We claim that:
. N jo+np E T
U'e{l,....,1},Vjo eN,Yec C?  C/TE](n,jo)ell | Z Ve |, . G T e %v (5.38a)
J=jo—ngq Je
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Jo+np

Vjo € N,Ve € C¢, PyGoyell | D" V(j) T Py(jo)eY_V(j),  (5.38b)
Jj=jo—nq JEL
Jo+np
vie{l,...,I},Vjo € N,Ve € C?, > T(S (n, o, )e) L0 (5.38¢)
Jj=jo—nq
4 Jo+np R
Vjo € N,Ve € C%, j jznqﬂ (R(n.jo,5)e) = 0. (5.38d)
i

The proof of those limits will be detailed at the end of the Appendix (Section 7). By letting n grow towards
+00 in (5.37), the limits (5.38) imply that for all e € C? and j, € N:

I
Tle = (Z BT 4+ Py > e V(). (5.39)

I'=1 JEZ

We notice that (5.39) implies that, for all e € C?, the sequence:

Py(jo)e | Y V()

JEL jo€EN

is constant. Because of the exponential decay (5.31) of the sequence of line vectors (P (jo)) we thus obtain

that:

Jo€EN

Ve € C'Vjo €N, Puljo)e [ D V()| =0. (5.40)
JEZL

Noticing that the Liu-Majda condition (5.36) gives us >_..7 V(j) # 0, the equality (5.40) implies that:
Vjo eN, PU(jO) =0. (541)

This allows us to conclude the proof of the decomposition (1.35) of the temporal Green’s function using (5.32),
at least when jo > 0. A similar proof for j, < 0 can be performed once a temporary decomposition of the
Green’s function (5.32) in this case has been deduced.

5.4 Proof of the decomposition (1.37) of discrete derivative of the temporal Green’s
function

In order to obtain the decomposition (1.37) of discrete derivative of the temporal Green’s function, we must follow
a similar path as for the proof of the decomposition (1.35) of the temporal Green’s function. This requires the
introduction of some additional lemmas (Lemmas 5.12-5.15) which are "discrete derivative versions" of Lemmas
5.7-5.11. We will start by stating those different lemmas and detail their proofs. We will finally clarify how to
conclude the proof of (1.37) of the discrete derivative of the temporal Green’s function.

5.4.1 Discrete derivative version of lemmas on outgoing, incoming, reflected and transmitted
waves

In this subsection, we start by stating the three Lemmas 5.12, 5.13 and 5.14 which are similar to the Lemmas
5.7, 5.8 and 5.9.

Lemma 5.12 (Discrete derivative version of Lemma 5.7 on outgoing and incoming waves).

We consider m € {1,...,d(p+q)} and write it as m = 1+ (k — 1)d with k € {1,...,p+q} and | €
{1,...,d}. There ezists a constant ¢ > 0 such that for all n € N\ {0}, jo € N\ {0}, j € N such that j — jo €
{-ng—1,...,np} and e € C¢ we have:

e Ifme I+ UIE and =00 ¢ [2,2n], we have that:

[ e (G o e~ G~ 1.0 OV )dr
in (1)
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2p
. 1
‘n - (]‘i")’ —cljl —cljol 1
=exp | —c 7:” (O (|e|el) + Oc¢ (|e|el> r" + Oc ( 1) lf'TeTf) . (5.42a)
ne

nze nze

e Ifmelfull, j;fjo ¢ [g’2n] and % > 0, we have that:

/ e (ﬁ(en o, €) — G (e, jo — 1, e)) (W (7, 4))dr = O (Jele") . (5.42b)
F'Ln(n)

Lemma 5.13 (Discrete derivative version of Lemma 5.8 on reflected waves).
We consider m € {2,...,dp} and m' € {dp+1,...,d(p+q)} and write them as m = 1+ (k — 1)d and
m' =1+ (k' —1)d with k, k' € {1,...,p+q} and I,I' € {1,...,d}. There exists a positive constant ¢ such that
for all n € N\ {0}, jo € N\ {0}, j € N such that j — jo € {-ng—1,...,np} and e € C%, we have:
o Ifmell, m eI} and ajj - ;—S’r € [%,2n], we have that:
1

1

/ e”TeTﬁ;rL,,m(eT) (‘Knt(eT,jo, e — ‘gnt(eT,jo -1, e)) (Wt (e, 5))dr
Fm('fl)

( S T

n— ﬁ“i)‘ —elj —eli

@ o, cljl cljol 1

=exp | —c li d <0(|eel)+OC (|eel> r;r+0¢;< >l?,'Te7’l+>.

na nw
(5.43a)

e Ifmell, m el and ajj — Jo ¢ [2,2n], we have that:
1

al,

L ) (B o € = G = 1) IO ) = Oele™™). (s
Lin(n

Lemma 5.14 (Discrete derivative version of Lemma 5.9 on transmitted waves).

We consider m € {dp+1,...,d(p+q) —1} andm’ € {dp+1,...,d(p+ q)} and write them as m =1+ (k—
1)d and m’ =1+ (K — 1)d with k, k' € {1,...,p+q} and [,I" € {1,...,d}. There exists a positive constant c
such that for all n € N\ {0}, jo € N\ {0}, j € —N such that j — jo € {-nqg—1,...,np} and e € C¢, we have:

e Ifmel,, m eI}, and aj—, — I e [2,2n], we have that:

cu’?
! Xy

L ) (G160 € = = 1,0) MW (€7 )
Lin(n

2p
. . 2p—1
J Jo
Q; o) le|ecldl lelecliol\ 1 T
=exp | —c - (O(1 +Oc | ——— | m +Oc + lf, er; |.
n2me mn 2 n2H nw

(5.44a)

e Ifmel,, m eI}, and aj—, —do ¢ [2,2n], we have that:
l

a)
/ ) en‘re‘rgj;l,’m(e-r) (g,;:(eT,jo, e) - gri(eT?jO - ]-7 e)) H(Wn; (CT,j))dT = O (|e|efcn) . (544b)
Fin n

Proof of Lemmas 5.12, 5.13 and 5.14

The proofs of Lemmas 5.12, 5.13 and 5.14 are fairly similar to those of Lemmas 5.7-5.9 with some slight
adjustments. We will prove in details the result of Lemma 5.12 and the other Lemmas 5.13 and 5.14 will be left
to the reader.

We consider m € If; U If,. We recall that ;" is defined using (5.4). Using Cauchy’s formula and the
expressions of W, and €, given respectively by Lemma 4.3 and (4.68), we have that:

/ enTeT (ﬁ;(enjo, e) — Tt (e, jo — 1,e)) (W (e™, §))dr = By + Eyry + Eslf erf
F'Ln("])
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where the vector E; and the scalars Fy and E3 are defined as:

Ey = / N7 eli—d0) = (1) o7 (e_wf(T)A;;(eT,jo,e) — Al (e o — 1, e)) II (V,,J{(eT,j) — R;;(eT)) dr,
I

o d¢t
FEs ::/ T eli—i0) = (1) T <6w’+('r) <A%(677j079) - Cm(e‘r)lerTe>
T, dz

+
- (A;(eTajO - 178) - dde(eT)ll-i-Te)> dTa
z

+
By = / o7 pli—i0) i} (1) o (efw,*m _ 1) Lo (7
Ty dz ’
and I'1, I'; and T's are paths belonging to the set X.
» Using (5.8) to bound the function ;" and Lemma 4.3 to bound V,! (€7, j) — R}, (e7), we prove that there
exist two positive constants C, ¢ independent from n, jg, j and e such that:

|Ey1| < Ce Ve /F o (m%(r) + (j _f0> (—=R(7) + AgR(7)** — A;Im (T)Qﬂ)> |dr|.

o

» Using (5.8) to bound the function ;" and (4.69¢), we prove that there exist two positive constants C, ¢
independent from n, jg, j and e such that:

1| < Ce=clivlje| [ exp (mR(T) + (j - jo) (“R(r) + ARR(r)* — A;Im (7)2#)) dr].

+
s Q

» Using (5.8) to bound the function w;r and a Taylor expansion, we have that there exist two positive
constants C| ¢ independent from n, jy, j and e such that

|Bs| < C/FS 7| exp (mﬁ(f) + (j +j°) (—R(7) + ApR(1)* — A/Tm (T)%)) \dr.

Q

Using Lemma 5.4 which gives a good choices of path I';,T'5,T's € X depending on n, jo and j to handle
the integrals in the terms, there exist new constants C,c > 0 independent from n, jo, j and e such that if
ke [2,2n]:

2 2
, i=jo |\ 7" . i=jo|\ 7"
Ce—clil ‘” — ot Cle—¢liol ‘n ot
\E1|§6TMexp —c 7;” and |E2|§ef|e|exp —c fa’
nZ;L n2u nZ;L nZ;L
’ J—Jo zjlil
C i
Bl < —exp | —¢ | ———
nwe nane
and if % ¢ [%,Qn]:
|E1| < Clele™", |E2| < Clele™ and |E5| < Ce ",
We have thus obtained the results (5.42). O

5.4.2 Discrete derivative version of the lemma on the central excited mode

Just like in the previous section, we state Lemma 5.15 which is a similar discrete derivative version of Lemma
5.11.
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Lemma 5.15 (Discrete derivative version of Lemma 5.11 on the central excited mode).

We consider m' € I}, and write it as m' =1+ (k' — 1)d with k' € {1,...,p+q} and I’ € {1,...,d}. There
exists a positive constant ¢ such that for alln € N\ {0}, jo € N\ {0}, j € Z such that j—jo € {-ng—1,...,np}
and e € C?, we have:

o For —i—% € [%,Qn] and j > 0, we have that:

/(fWJﬁHWNﬁH&m@—£M&m—L@H@Mﬂmﬁ—
Lin(n

eV o+ Cn
——exp | —c| —+ +0 (lele™). (5.45a)

nze nze

e For —Li ¢ [Q Qn] and j > 0, we have that:

ay 12
/ T (G 0. ©) — G (e do — 1,€) ) TH(@1 (7, )dr = O([ele™ ™). (5.45b)
Fin n

o For —i—i € [%,Zn] and j < 0, we have that:

1

/F o T B @) (7 dos €) = Gl ("G = 1, €) ) T @agpag) (€7, ))dT =

2p
2n—1

. Jo

|e|e—clil ‘n + -
1 exp | —¢ 1 :
nawe nzne

+ O (lele™). (5.45¢)

e [or —;—% [%271] and j < 0, we have that:

/F. . e"TeT'g;,’d(erq) (e") (%nt,(eﬂjg, e)— € (e, jo— 1, e)) (@y(ptq (e, 4))dr = O(lele™ ). (5.45d)

Proof of Lemma 5.15
We consider m’ € I}, and write it as m’ = 1"+ (k' — 1)d with ¥’ € {1,...,p+q} and ' € {1,...,d}. We
start by proving that there exist two positive constants C, ¢ such that:

. nogy + jo — 1 no,, +
vn € N\ {0}, Vjo € Z, E2;¢(ffr;l1jo>E2p(lJf;l1]O)‘

nawe nawe
24
2u—1
c nt
l
<—exp|—c| — . (5.46)
n 2w 2K

Since —Ha,, (8,5 ) is the derivative of the function Eo, (8, ), using (1.33a), there exist two positive constants
C, ¢ such that:

vn € N\ {0}, V) € Z,

+ +
nag, + jo — 1 nag, + jo
E2u( l—t_;l1>_E2u( ['77171

nze n2e
C 2p
< — sup exp | —c|t|z«—T ).
n2;_L 'na++j071 na++j0
te {7”; e
n 2K n 2K

Then, there exist two new positive constants C, ¢ such that (5.46) is verified. Using the definition (1.34d) of
El’,L and the bound (1.24) of V(j), the inequality (5.46) implies that there exist two positive constants C, ¢ such
that for all n € N\ {0}, jo € N\ {0}, j € Z such that j — jo € {~ng,...,np} and e € C?, we have that:
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e For 707 S [” Qn]'

29
4
2p
Jo et
Jr
. . . C ele cl]l n CEJF,
(i (o)~ B o~ 1) v ()] < D9 Do | e | | ()
nza nZ
e For —i—% ¢ [2,2n]:

(B} (n,jo) = Epr (n, jo — 1)) eV (j)] < Clele™". (5.47b)

Thus, using (5.47) and the result of Lemma 5.11 for jo and jo — 1, we conclude the proof of Lemma 5.15. O

5.4.3 Concluding the proof of the decomposition (1.37)

There just remains to conclude the proof of the decomposition (1.37) of the discrete derivative of the temporal
Green’s function. We will give details on the case when j > jo + 1. The cases when j € {0,...,70} and j < 0
would be handled similarly using (4.51b) and (4.51¢) rather than (4.51a)

Using (5.16), Lemma 5.3 and (4.51a), there exists a constant ¢ > 0 such that for n € N\ {0}, jo € N\ {0},
j > jo+1and e € C? which verify j — jo € {—ng —1,...,np}:

(g(nﬁjOuj) - g(n,jO - 1’]))6

! 1

" 2ir e"TeTI(W (e, jo, j, €))dr — o— e"Te" (W (e, jo — 1, j,e))dr

A% Tin(n) % Fon ()

! 1
" 2ir e"TeTII(W(e™, jo, j, e))dr — 5— e"Te"I(W (€™, jo — 1,j,€))dr
2 Jr, () 2 Jru )
1

= Z —f/ enTeT (%’m( ,Jo, €) _r@”;t( . jo — 1, e)) (Wit (e™, ) dr

m,e]:@ 2 Lin(n)

e ( iz o ) (T 0 @)~ (o~ 1) (W, ,md)

mEI(é m Elju

nt T+ T o+ o+ o T
Y ( iz o @I (B )~ o~ L)) T mw)

m 61Jr

+ Z ( 2277' /m(n) e’ T((g-F( 7.707 ) Cg+( 7.70_1 e))H(W;g(eT,])) dT)

mEISS

nreTat (T (G (e in.e) — €, (7. jo — (o
- Z Z < QZ’N /m(n)e € gm’,m(e )(%m’(e 7.7078) ‘fm,(e ,Jo 1,6))H(Wm(e ’])) d7->

melf\{1} m'ell,

Y Y <_2;T/Fm(n) TG m€7) (G (7 o €) = Gt (€7 o — 1,€) ) T (Wi (e ,j>)d>

mell, melf,

TLT T4+ T o ~ _ P
+ Z Z < 227‘(’ /“1(77) € gm/ m(e )(%n/( 7]0’ ) <gm/( 7]0 1 e))H(Wm(e ,7)) dT)

mGI:Z\{l}m ert,
1 - . - T T —cn
s </ ) (G o)~ G o~ 1) 0 ,y>>d7>+0<e|e )
Tin(n

Using Lemmas 5.12-5.15 to bound the first three green terms and Lemmas 5.7-5.11 to bound the remaining
blue terms, we obtain the decomposition (1.37) with an additional term

(P (jo) — Pu(do — 1)) V(j)

where the line vectors Py (jo) are defined by (5.30d). However, we have proved in (5.41) that those line vectors
are equal to 0. We have thus finally obtained the decomposition (1.37) of the discrete temporal Green’s function
when j > jo + 1. The decomposition (1.37) for j € {0,...,jo} and j < 0 would be handled similarly.
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6 Numerical example

In the present section, we will prove that several hypotheses of the article are verified under some CFL condition
for the modified Lax-Friedrichs scheme. We will then apply the modified Lax-Friedrichs scheme to Burgers
equation and numerically observe the result of Theorem 1 in the scalar case (i.e. d = 1). Let us observe that
there exists an example of numerical simulation for the gas dynamics system (d = 3) and for the modified
Lax-Friedrichs scheme in [God03, Section 5].

Some hypotheses verified for the modified Lax-Friedrichs scheme

Let us start by considering a one-dimensional system of conservation laws (1.1) with &/ = R? and two states u~
and ut in R? which satisfy the Rankine-Hugoniot condition (1.2) and Hypothesis 1 (i.e. it is a Lax shock). We
now consider as an example the modified Lax-Friedrichs scheme for which the numerical flux is defined by:

f(u_1) + f(uo)

Vv €]0, +oof, Vu_1,up € RY,  F(v;u_1,up) := 5

+ D(U_l — Uo)

where D is a positive constant. The integer p and ¢ are then both equal to 1. We immediately observe that the
consistency condition (1.9) is verified. We consider a constant v > 0 which corresponds to the ratio between
the space and time steps and which satisfies the CFL condition (1.6). The discrete evolution operator A is then
defined for u € (R?)Z by:

VJ S Z, (N(U))] =Uuj—v (f(u'j+1) ; f(uj_l) + D (—Uj+1 + 2’U,j — uj—l)) . (61)

We have that the matrices Bif defined by (1.12) are in the present case:
+ Lo+ + Lo+
B> =v gdf(u )+ DId and By =v §df(u )—DId] .
Hypothesis 4 is immediately verified. Furthermore, if we assume that:

vie{l,...,d}, |Af|<2D

then a part of Hypothesis 8 is verified.
We will now prove that Hypothesis 5 on the spectrum of the operator .Z* is verified under conditions on v
and D. For | € {1,...,d}, we have that the functions F;= defined by (1.15) verify:

)\liu
2

Vi € C\{0}, F*(x)=(1-2Dv)+ Dv (k+r71) = (k—r1)

and thus: ‘
VEe R, Fi (elg) = (1 —-2Dv)+ 2Dv cos(§) — i)\lil/ sin(§).

Therefore, under the assumption that:
Vie{l,....d}, |Aflv<2Dv<1,
then, we have that:
VE € R, ’]—'li (%) |2 = (1 -2Dv)? +4Dv(1 — 2Dv) cos(€) + (Afv)? + ((2Dv)? — ()\lil/)Q) cos?(€) < 1

with an equality if and only if £ € 27Z. Furthermore, the asymptotic expansion (1.18) is verified for 4 =1 and

we have that: T
2Dv — (A
Vie{l,...,dy, BE= %l”) €10, +ocl.

Thus, Hypothesis 5 is verified.

Let us conclude this section by proving that Hypothesis 9 is verified. We consider [ € {1,...,d}. For
k € C\ {0}, we have that:

b AL
ﬂi(ﬁ,):l@(DU—l2y>,£2_2DVH+<DV+l2V):O
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J

Figure 4: Solution u™ of the numerical scheme (6.1) for the initial condition (6.2). The solution u™ seems to
converge in time (quite fast) towards a stationary discrete shock profile u°.

The equation on the right-hand side above has two solutions:

2Dv + )\liu

1 and ———FF—
2Dv — A\j'v

1.

Thus, Hypothesis 9 is verified.
The last hypotheses remaining to prove depend on the existence of a SDSP associated with the shock we
consider and are therefore fairly situational.

Application to Burgers equation
In the present section, we consider the scalar (d = 1) conservation law (1.1) where the flux f is defined by:

u2

VueR, f(u):= =
This corresponds to the so-called Burgers equation. For the shock, we consider the states
v~ =1 and wu'=-1

The Rankine-Hugoniot condition (1.2) and Hypothesis 1 are verified. Thus, the shock associated with the states
u~ and u™ is a stationary Lax shock.
For the numerical scheme, we consider the modified Lax-Friedrichs scheme defined above by (6.1) with the
positive constants D and v satisfying:
v<2Dv <1.

The section above implies that several of the hypotheses we introduced in the article are verified. From now
on, we choose ¥ =0.25 and D = 1.

We want to know whether Hypothesis 2 is verified, i.e. if there exists a stationary discrete shock profile
associated with the shock we are considering. In Figure 4, we display the solution u” of the numerical scheme
(1.8) for the initial condition

1 ifj<—1,
VieZ, u):=¢S 0 ifj=0, (6.2)
-1 ifj>1.

We observe that the solution u" seems to converge in time (quite fast) towards a fixed point @® of the discrete
evolution operator /. Furthermore, it seems as if there exist two positive constants C, ¢ such that:
. s —ut| = |us + 1| < Cell
Vj eN, Js] —| |—]s < —elj]
[ut; —u~| = [al; — 1] < Ce V.
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G(n, jo. j) jo=50

300 —70.5
0.30
250 I
0.25 0.4
0.20 200
0.15 0.3
0.10 150 o
00
: 100
300
250 50 0.1
0.0

20 50
.40 0 J
J 60
Figure 5: Representation of the Green’s function ¥(n,jo,j) for jo = 50. The initial time n = 0 has been
removed for readability since the Green’s function is equal to the sequence §;, at this time step.

Hypotheses 2 and 3 would then be verified. We can then compute the Green’s function ¥(n, jo,j) defined
by (1.26) associated with the operator .Z. In Figures 5 and 6, we display the Green’s function ¥ (n, jo, j) for
jo = 50 and —30. The behavior displayed by the Green’s function fits the result of Theorem 1. For small
times, the Green’s function resembles a Gaussian wave traveling along the characteristics of the conservation
law (1.1). Since we are considering Lax shocks, the waves are traveling towards the shock location at j = 0.
When they reach the shock location, there only remains a fixed solution of the operator £ which corresponds to
the progressive construction of the component of the Green’s function along the vector subspace ker(Idy —.%).

7 Appendix

Proof of Lemma 3.6

We define recursively

Vj e N, z? =y

and
+oo
Vn € N,Vj € N, z;”l =Cge " +0 Z e~enli=i=kln (7.1)
k=0
We then prove recursively that for all n € N, the sequence 2™ is bounded, has non negative coefficients and
n CH . n n+1
12"l & < T—9 and VjeEN, 2 <z (7.2)
Let us point out that proving recursively that the sequence 2™ is bounded actually implies that the sequence

2"+ is also well-defined by (7.1).

Let us initialize our recursive proof. We already assumed that the sequence z° = y is bounded and has non
negative coefficients. We thus want to prove (7.2) for n = 0. We start by noticing that the inequality (3.26)
immediately implies the second inequality of (7.2). Using the definition (3.25) of the constant 6 and that the
sequence z° is bounded and has non negative coefficients, we notice that :

1+e ¢H

+oo
VJ S Z, @ZeiCHUiliklzg < @m

k=0

12/l = 011"l -

Thus, using the inequality (3.26), we have that:
VieZ, z)<Cu+6]|2"_. (7.3)
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a(n, jo.J)

300 0.5
250 0.4
200
r0.3 =
n -2
150 <
-0.2 O
100
50 0.1
L
-40 -20 0
J
Figure 6: Representation of the Green’s function ¥(n, jo,j) for jo = —30. The initial time n = 0 has been

removed for readability purposes since the Green’s function is equal to the sequence d;, at this time step.

Since 2% has non negative coefficients, we obtain:
1]l < Cu +0[12°)l,

which allows us to conclude the proof of (7.2) for n = 0.

We now consider n € N for which the recursive property is verified we will prove that the recursive property
for n+1 is satisfied. First, using the equality (7.1) and the fact that the sequence 2™ has non negative coefficients,
we immediately have that the sequence 2z"*! has non negative coefficients. Furthermore, using a similar proof
as for (7.3), we have for all j € N:

Z;H'l <Ch+0|2"]

and thus using (7.2):
C
n+1 H
Sy
Thus, we have that 2"*! € ¢*°(N) and:

e, < 1

Finally, we observe that using the equality (7.1) for n and n + 1, we have:

—+oo
n+2 n+1l __ —culj—1—k|/ . n+1 n
G-t =) e (27 —2) 2 0.
— N———
k=0 >0

This concludes the recurrence.
We now observe that, for p, ¢ € N\ {0}, using the equality (7.1), we have

+oo
P q _ —cul|j—1-k|/ p—1 _ _q—1
z; zj—GE e (2, 2.
k=0
This implies that

, -1 -1
Hz"—qungHz” — 24 HOO

Thus, we have that
2C
Up2q20, 27—z, <O -y <60
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Since 6 < 1, the sequence (2"),en is a Cauchy sequence of ¢*°(N), thus it converges towards a sequence
2% € £>°(N). Since we have y; < z7 for all n,j € N, we obviously have

VieN, y; <z°

Also, the equality (7.1) implies that

+oo
VjiEN, 2°=Che " +0) e cnlimikze (7.4)
k=0

Thus, there just remain to prove that there exists only one bounded sequence that satisfies (7.4) and that it
has the form 2> = (pr?) ey where p and r satisfies the properties we expected.
oo

We write (7.4) for j, j + 1 and j + 2 and reassemble the terms 25°, 259, and 279, on the left side. We then
have

—cy %) —2cy oo —3cy %)
(176 @)zj —e Oz7, —e SEFND

Jj—1 +oo
=Cge “"7 4+ 0 E eTculi—l=kl 00 E e~cnli—1=k| ;00 (7.5a)
k=0 k=j+3

[eS) —cH s} —2cy o)
— Oz; +(1-e @)zj+1fe 0275,
j—1 “+o0
= e HCOpe I 4 @ | emoH Ze—CH\J—l—’f\ZzC + eCH Z e_cHlj_l_k‘Z;SO (7.5b)
k=0 k=j+3
—CH o0 o] —CH (o]
—e MOz —@Zj+1+(1—6 @)zj+2

J—1 +oo
= e 2HCpye 1l 4 © | e72H E e_CHU_l_k'zZO + e2cH E e_ch'“_l_’“‘z,fC . (7.5¢)
k=0 k=j+3

We consider three scalars «, 8, € R such that

{ a+ Be”CH 4 yemH =0

a4+ BeH 4+ ye?H =,
A solutionisa =y =1and 8 = —e::i ::ZZH = —S;&};f(zcc:)) = —2cosh(cy). We then have that
s — et
a—0 (e + B+ye" ") =1—0—F5— (27" — 2cosh(cg))
e2 +e 2

sinh (CTH)
cosh (CTH)

— 1 + 40 sinh? (%H)

= 1+ 20sinh(cy)

Multiplying the equalities (7.5) respectively by «, 8,y and summing them, we obtain that

VieN, 2%, —2cosh(cn)zSs, + (1 + 40 sinh? (%H)) 250 =0,

We are thus led to study the polynomial
P:= X? —2cosh(cy)X + (1 + 46 sinh? (%{)) . (7.6)

Its discriminant is

c

A = 4sinh?(cy) — 166 sinh? (%H) = 16sinh? (%H) (cosh2 (?H) - 9) > 0.
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Its roots are

r4 := cosh(cy) £ 2sinh (%1) cosh? (%) —6.

We observe that evaluating the polynomial P at 0 and 1 gives us
P(0) = 1+ 40 sinh? (%H) >0

and
L inh? (<) = —4(1 — ¢) sinh? (2
P(1) =2~ 2cosh(cy) +40sink® (F1) = —4(1 - 0) sinh® (1) < 0.

Thus, 7 > 1 and 7 :=r_ €]0, 1[. We have that p, p € R such that
VjeN, 2= pr? —|—ﬁrﬂ_.
Since the sequence z°° is bounded, we have that p =0, i.e.
VjeEN, 2= prd.
Let us now compute the value of p. Using the equality (7.4), we obtain for j € Z:

+o00
pr! = Cpye™ I + @pz e~cnliml=klk
k=0

= Cire ™" +6p (”H“”WHV” " ecmn(re”)ﬂ)

recH — 1 1—recH

—eeni (O —0p—" ) 440 er e
o H P reen — 1 P\recn —1 " 1—pe—en )

Using the definition (3.25) of # and the fact that r is a root of the polynomial P defined by (7.6), we have that:

ecH N e—cH B esinh (<) 2sinh(cy)
reci —1  1—re=cu ) " cosh (<L) —r2 + 2rcosh(cy) — 1

(%)
sinh (%’) 2sinh(cy)
( H) 460 sinh? (CH)

C

cosh 5

=1.

Thus, we obtain:
cH

pri = e~cHi <C’H — @p,) + pr?
recH —1

ie.
cH
Crr=Op
Therefore, the scalar p verifies:
C
= @H(r —e ).

To conclude, we observe that » > e~ °H. Indeed, we have that:
r = cosh(cy) — 2sinh (%) cosh? (C?H) -0

. cq cH
> cosh(cy) — 2sinh (?> cosh (?>
= cosh(cy) — sinh(cgy)

=e °H,

Therefore, r belongs to the interval Je~¢# 1] and p is positive.
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Proof of Lemma 5.4

e Proof of (5.18a)
We consider n € N\ {0} and z € [0, %]. Noticing that I'q(n) C B(0,¢) and using (5.11), we have

/F " |T|’C exp (nﬂ?(T) +z(=R(7) + AgR(T)?* — AfIm (7)2“)) |dT|

re(n)
<e¥ / exp (—(n — z)n + zApn™ — xAt*") dt
—re(n)

<2r.(n)e* exp (*g (n— ARHZ“))

<2r.(n)e* exp (—%) .

e Proof of (5.18b):

We consider n € N\ {0} and « € [2n, +oo[. We will separate the integral on the path I';,(n) using the paths
1Y (1) and I'E (1) introduced in (5.15).

» Noticing that I'q(n) C B(0,¢) and that n — 2 < —F, we have using condition (5.11)

/1“0 . |7|* exp (nR() + z(—R(7) + ApR(T)* — AfIm (7)2“)) |dT]

TE(W)
<e” / exp ((n — 2)n + zApn® — zAt*) dt
—Te (77)

<2r.(n)e” exp (—x (g - ARnQ“))
<2r.(n)e" exp (—2n (g - ARnQ”)) .

We have proved exponential bounds on this first term.
» We have that using (5.12) and that x > 2n

) |T|k exp (n%(T) +z(—R(1) + AR%(T)QH — A;Im (7)2”)) |dT|
rs.(m

n
<&k / exp ((n — )t + xApt™ — xArr-(n)**) dt
-7
<2ne” exp ((a: —n)n+ xArn* — a:AIre(n)Qu)
<2ne” exp (3[: (77 + Apn®* — Apr. (77)2“))
<2ne” exp (—AITE(U)Q“n) .
We have proved exponential bounds on this second term.
We can then easily conclude the proof of (5.18b)

e Proof of (5.18¢):
We consider n € N\ {0} and x € [%,2n]. We start by observing that

vae [2,2n], <|"x>_ <n. (7.7)

2 nie

Thus, obtaining exponential bounds on certain terms when x € [%,2n] would also allow to conclude on the
proof of (5.18¢).

We will now follow a strategy developed in [ZH98] in a continuous setting, which has also been used in
[God03; CF22; CF23; Coe22; Coe23] in the discrete case, and introduce a family of parameterized curves.

We recall that we introduced in (5.9) the function ¥ defined by

V1, €R,  U(1,) =T, — AgT,?.

and that we chose € small enough so that the function ¥ is continuous and strictly increasing on | — co,¢]. We
can therefore introduce for 7, € [—n, €] the curve I', defined by

D, = {r€Cn<R(T) <7 R(T) — ApR(r)™ + AT (1) = U(,)} .
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It is a symmetric curve with respect to the axis R which intersects this axis on the point 7,. If we introduce £, =
( W(rp)—¥(=n)
Ar

of this curve by defining v, : [—¢;, £,] — C such that

1
) o , then —n+1f, and —n —il, are the end points of I',. We can also introduce a parametrization

V1 € [-mpel V€ [0, 4], Im(yp(t) =t R(1p(t) = hp(t) = U7 (U(rp) — Apt™). (7.8)
The above parametrization immediately yields that there exists a constant C' > 0 such that
V1 € [=m,e],Vt € [y, L], |hy(t)] < C. (7.9)
Also, there exists a constant ¢, > 0 such that
V7, € [-n,el, VT €T, R(T) — 7, < —cpIm (7)%. (7.10)
For 7 € T',, it follows from (7.10) that
nR(7) + & (—R(7) + AgR(7)* — AfIm (7)**) < —neplm (7)% + (n — 2) 7 + AR (7.11)

There remains to make an appropriate choice of 7, depending on n and = that minimizes the right-hand side of
the inequality (7.11) whilst the paths I';, have to remain within the ball B(0,¢). We recall that when we fixed
our choice of width 1, we defined a radius ex €]0, e[ such that —n +ilcy, € B(0,¢) where the real number legy,
is defined by (5.14). This implies that the curve I', associated with 7, = €4 intersects the axis —n + ‘R within

B(O,g). We let
C .’E—nv v xil—, P( > 7Sgn(<) (|<|)2u1 '

We observe that the condition z > % implies

A
N>R (7.12)
2
Coming back to inequality (7.11), we now have
nR(7) +x (—%(T) + AR%(T)Q” — A;Im (7')2“) < —nep,Im (7‘)2“ + n(’yrg“ — 2uCTp). (7.13)

Our limiting estimates will come from the case where ( is close to 0.
Then, we take

0 (g) T (g) €[-2,e4], (Case A)
Tp 1= €4, if p %) > ey, (Case B)
-7, ifp(%) < -1 (Case C)

The case A corresponds to the choice to minimize the right-hand side of (7.13) since p (%) is the unique real
root of the polynomial
yXH =

The cases B and C allow the path I'j, to stay within B(0,¢).
We now define the paths:

Fp,res = {_77 + Ztv te [_T&‘ (7])’ _gp] U [epv Te (77)]} )
Fp,in ::Fp ) Fp,'res,

where the function r. is defined by (5.10). We observe that I', ;, belongs to the set of paths X. We will
decompose the integral

/1‘ | |T|k exp(nR(7) + (—?R(T) + ARR(T)* — A;Im (7')2“))\d7'\

using the paths I', and I'y, ;.. and we will then bound each term.
» Let us assume that x and n are such that we are in Case A. Since 7, = p (%) is the unique root of

v X2~ — ¢, we have:
77-5“ — QNCTP = —(2/1, — 1)’7’7’3” <0. (714)
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Thus, the inequality (7.13) becomes for 7 € T',,
nR(7) + x (—R(7) + AgR(7)* — AfIm (7)**) < —neplm (1) — (2 — 1)ynT )t

Therefore, we have
/ |7|¥ exp (n?R(T) +x (—éR(T) + ApR(1)* — A/Im (7)2")) |dT]
FP

< / |T|k exp (—ncplm (7)2“) |dT| exp (—(ZM — 1)'yn7'§“) .

P

Using the parametrization (7.8) and the inequality (7.9), we have that

_ép
/ |7|¥ exp (—neplm (7)) |dr| < / (J7pl* + tk)e_"cpt%dt.
T, -,

The change of variables u = n7it and the fact that the functions y >0 yFexp (—%;lfyyz“) are uniformly
bounded with respect to v > ATR imply

Ly 2 1
/ t/Fe et dt < —

—4p n 2w
—tp 1 20— 1
/ ‘ﬁ?'kfi_n%tzudt 5 wr1 ©XP ( s VnTglL) .
—Lp n 2w 2

Thus,

1 -1
/ |T|k exp (n%(T) +x (—?R(T) + AR%(T)Q“ — Arlm (7)2“)) ld7| S —= exp (— 2M2 'ynTz“) .
r

p n 2w

Furthermore, since we are in the Case A

2
2p=1 o, 2pu—1 AR(|n—m|>2u“1

,ynT - 2 1
2 P = e

2(2pAR) 7T

Therefore, there exist two positive constants C, ¢ independent from n and = such that if we are in Case A,

. s om0 2 (007 5 A it <~ (25 7) ).

I n 2w T2

Since x € [§,2n], this gives us two new constants C, ¢ independent from n and 2 such that if we are in Case A
and z € [§,2n], then as expected

P n 2w nze

1 exp (u3(e) 2 (<) + AR~ AT (7)) lr] < o exp (—c(m?ﬂ)?“l).

» Let us assume that x and n are such that we are in Case B. Since 7, =4 < p (%), we have

and thus using (7.12)
2p

—1
Apelf. (7.15)

2
VT = 2Ty < (2 = 1)yef < -

Therefore, the inequality (7.13) becomes for 7 € T,

2u—1

nR(7r) + x (—§R(T) + AR%(T)Q“ — ArIm (T)Q”) < —ncpIm (7)2“ -

2
AR’H,E#
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<_2,u—1
- 2

2
€#HARTL.

We conclude that there exist two positive constants C', ¢ independent from n and = such that if we are in Case
B,

[ It esp (%) + @ (<R(7) + AnR(r) — Al (7)) r| < Ce™

Using (7.7) if necessary, we obtain the bound expected in the statement of the lemma.

» Let us assume that z and n are such that we are in Case C. Since 7, = —4 > p (%), we have

s (@

and thus using (7.12)

n\* " >
VT = 2Ty = (5) +2u¢5 < —(2p - 1)y (5) < -

2p
Ar (ﬂ) . (7.16)
Therefore, the inequality (7.13) becomes for 7 € T,

nR(7) +x (—3?(7') + ApR(T)* — AIm (7)2“) < —nepIm (T)% — 2n-1 1ARn (ﬂ)zﬂ

- 2
We then conclude that there exist two positive constants C, ¢ independent from n and z such that if we are in
Case C,

/F |7|* exp (T’L§R(T) +x (4}?(7’) + ApR(T)* — AjIm (7)2")) |dr] < Ce™“".

Using (7.7) if necessary, we obtain the bound expected in the statement of the lemma.
» We recall that —n £ £, belongs to I',. For 7 € I'y, ;.cs, we have that

R(r)=—-n and [Im(7)|>¥,.
Thus,

nR(1) + 2(—R(7) + ApR(T)* — AfIm (1)) < —nm + x(n + Agn®* — Aﬂﬁ“)

<

< —nn+z(—7p + ARTﬁ“)

< —n(n+1p) + TL(’}/TZ?“ — 2u(Tp).
In each cases A, B and C, we have that

n
> L
77+Tp,2

and 'yTg” —2ucT, <0.

Therefore, for all 7 € I'p rcs,

nR(1) + z(=R(7) + AgR(1)** — AfIm (7)?*) < —n—.

N3

We then conclude that

/F |T|k exp (n@?(T) +x (—?R(T) + ApR(T)* — AIm (7)2“)) |dr| < 2meke "7

p,res

Using (7.7) if necessary, we obtain the bound expected in the statement of the lemma.
Combining all the results we encountered, we easily conclude the proof of (5.18¢c).
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Proof of Lemma 5.6

We will prove the statement of Lemma 5.6 with s = s’ = + in order to alleviate the notations.
e Proof of (5.19a):
» We start by defining the paths

1—‘0 = {Ztat € [_Tﬁ(n)7 Tﬁ(n)]} and Ft:iomp = {t + irﬁ(n)7t € [_7770]} .

For all T € X, Cauchy’s formula implies that

/ exp (nT + xafgo;r(T) + yaﬁaplf(T)) dr — / exp (nT + CEO&?LQDf (1) + yaf,go;,r(T)) dr
T o

<

+

/ exp (nT + xafcp;r(T) + yaf?gof,(T)) dr
r

comp

/ exp (nT + ma;rcpf(T) + yaﬁgpf, (T)) dr|.
Tcomp

We observe that (5.7) implies that

/ exp (m’ + wa;rgaf (1) + yozlﬂp;? (T)) dr
r

comp

0
< [ exp ((n— (z + )t + (z +y) Apt™ — (x + y) Arr-(n)*") dt.

Using (5.13) since ¢ € [-,0] and = +y € [%,2n], we have that
(n—(@+y)t+ (@ +y)Apt™ — (v + y) Apre ()™ < -

Combining the observations above, we have thus proved that for all path I' € X, n € N\ {0}, z,y € [0, 4o0[
such that z +y € [%, Qn}

/ exp (TLT + xozl"'go?' () + yoz?,'gol",' (T)) dr — / exp (nT + asozl"'cpl"'(T) + yoz?,'go?,' (T)) dr
T To

» Since x +y > % > %, we observe that
+o0 A 24 +oo A2H
/ exp (—(ac + y)AItQ‘L) dt < exp (_Wﬂ) / exp (— ! ) dt.
re(m) 4 re(n) 4

Therefore, if we introduce the path
ree = {it,t e R}

then, using (5.7), the integral
/ exp (nT + xafrgof(T) + yaf,gof, (T)) dr
r§e

is defined and we have that

/ exp (nT + xa?‘gpl"’(T) + yal‘fgol‘*,' (T)) dr — / exp (m’ + xoz?'gof (1) + ya?,‘g@l‘t(T)) dr
o

g

+oo 2u 2u

< 2/ exp <AIt > dt exp (1417"5(77)n> . (7.18)
Ta(n) 4 4

1
» Using the change of variables u = ";f t, we obtain
L

1 L . 1 [+ . B yBlE \ e
exp (n7 + zoy” o (1) + yoif ) (7)) dr = — exp | it(n — (z+y)) — el dt
«

2T ree 27 J_ o ; o
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+ +
log"| x Yy o
=~ Hy, 6ﬁ+6ﬁ( -

n 2w n n al/

) oy (n - <x+y>)> .

Combining (7.17), (7.18) and the observation above, we obtain the inequality (5.19a).
e Proof of (5.19b):

1
We observe using the change of variables u = Z=-¢ that

o
+ .+ L[ oB o
= - i — ) — Pl 420
5 | exXP (nT + zai o} (7)) dr = 5 [ exp | it(n — x) ol dt
rs oo Qy
o] a (n—z)
= IL Hyy, l+; l N .
xT2n x 2w

Combining (7.17), (7.18) and the observation above, we have proved that there exist two constants C,c > 0
such that

1 - Fn— ‘

Vo € [27 2n} , = / exp (n7 + zoy o] (1)) dr — |al1 |H2u i w < Ce™ “". (7.19)

2 2im Jr b T3

T28

Using (7.7), we can obtain the same generalized Gaussian bound as the one expected in (5.19b).
» We observe that

1 af(n—x 1 of(n—2z
1H2u<l+?l(1 )>_ 1H2M(l+;l(1 ))
Im

T2 2u n2w n2n

x2m
1 o (n—x af(n—zx of(n—x 1 1
=— <H2u< fral(l)) _HZH( z+3l(1)>)+H2u< z+al<1)>( + - 1>~ (7.20)
T2 x2e nze e x2e 2

We want to prove generalized Gaussian bounds for the two terms on the right hand side of (7.20). Applying the
mean value inequality and (1.33a), we have that there exist two constants C,c > 0 such that for all = € [5,2n]

i T - Ttk
] <H( <>>H< a<>>>‘§ C e . ( <|n 1x|> )
n?2e

€T2m €T2e n2e nzne

1 1

T T
T2 2

Since = € [%7 2n], we also have using the mean value inequality that

<|nfx\ 1 2% |n —

sup (7.21)
2M te[z,n] |1‘J|1+ﬁ

2
Therefore, since the function y — 2 exp (—%y 2HL1) is bounded, there exist two new constants C,c > 0 such

that for all z € [%,2n)]

2p
1 af(n—x af(n—z C n—x|\ 21
1<H2M<l+;l(l)>—H2H(l+;l(l)>)‘§exp —c( 1) . (7.22)
xZ;L :I/'Q}L n2u n nQ;L

We have thus proved generalized Gaussian bounds for the first term of the right hand side in (7.20). We
now focus on the second term. Using (1.33a), (7.21) and the fact that, for any constant ¢ > 0, the function

2
Y — Yy exp (fcy 2/:1) is bounded, we have that there exist two constants C,c > 0 such that

+ 28
o (n—x 1 1 C n—ox 2n—1
qu’ l+’ l ( 1 ) 1 1 S — €xXp —C ‘ 1 | . (723)
nzu T 2n nzu n nzu

Combining (7.20), (7.22) and (7.23), we have proved generalized Gaussian bounds for the difference

1 af (n—x) 1 af (n—x)
1H2u< frél> —1H2u< S

1
x2m x 2 nzu n2n
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With (7.19), we easily conclude the proof of (5.19b).
e Proof of (5.19¢):
» We observe that (5.7) implies that

n
< / exp ((n — x)t + zARt™ — wApre(n)*) dt.
Ta(n) -7

/ exp (nT + xa?‘g@fr(T)) i
rE () T

Using (5.13) since ¢ € [, 7] and = € [%,2n], we have that

2u
Arre(n) n

(n — 2)t + 2 Art®* — xApr.(n)* < — 1

Using the observations above and Cauchy’s formula, we have thus proved that for all n € N\ {0}, z € [%,2n]
and paths I' € X

< 4”)exp<—Wn). (7.24)

T T re(n

/ exp (n7 + zoy o] (1)) i / exp (n7 + zoy o] (1)) 0
Fin(n) F?n(n)

» Since x > % > %, we observe that

/+°° exp ((n — )y + zAgn® — zAst*) it
re(n) |T’ + Zt‘

1 [ At
< 7/ exp (— 18 > dt exp ((n — x)n + xArn* — xiAjrg(n)2“> .
7'5(77)

<40

Furthermore, using (5.13) since x € [%, 2n], we have that

Agre(n)?
exp ((n —x)n + xArn* — xZAIrE(n)2“> < exp (—ITS(n)n> .

Therefore, if we introduce the path

I5m) ={n+it,t € R}
then, using (5.7), the integral
dr

/ exp (nT + xal+<pl+ (T))
52 (n) T

is defined and we have that

/ exp (n7 + zoy ¢} (7)) 0 / exp (n7 + zoy ¢ (7)) dr
ro e ()

9, (m) T T
2 [t Apt?r A 2p
< 7/ exp < L > dt exp <1T8(n)n> . (7.25)
" Jre() 8 8
+
» We observe that using the change of variables t = — Iai | u, we have
2K

+o0 €XP (i(" )t —in) — =L (4 it)2“>

1 exp (nT + za o (7 1 i
— p( l%())dT:,/ . a; dt
2T ree (n) T 2im J_ t—1in
exp [ i0810=0) (4 sein) g (et 2
| oo P s o7 | l o7 |
- du.
207 J_ o u—|—z‘wi" u
o |
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Furthermore, we can prove that

1 [too exp (wc (u+is) — B (u+ is)2“> N
Vs €]0, +oo Ve €R,  — o - s du= Es, (B ;).

The proof is done in [Coe23, (5.65)]. Therefore,

1 exp (m‘ + xafr@f(T)) n —|al+|(n — )
-0 dr = EQH /Bl ) s u—— I
20T Jree () T T

Combining this observation with (7.24), (7.25) and (7.7), we have that there exist two positive constants C, ¢
such that for all n € N\ {0} and = € [%,2n]

1 exp (n7 + zai ¢ (1 —lat|(n — x
L[ owlr el o), (o clofin=n
17 Fin(ﬁ) T

» We notice that 0,Fs, (6;” ; ) = —Hy, (ﬁf ; ) Therefore, we have using the mean value inequality and
(1.33a) that there exist two positive constants C, ¢ such that for all n € N\ {0} and = € [%,2n]

—la |(n — = —lajf|(n — = n—x T
e (o =) (5 B0 | < | o Lo (152 ).
n2e

€T2m nze
Using (7.21) and the fact that y — y?exp (—%y 23&1) is bounded, we have that there exist two new positive
constants C, ¢ such that for all n € N\ {0} and z € [Z,2n]

P _ ot _ C _ 237’11
e (5 =), (5, Bl o (e ety
€Tr2m nawe n- 2w nawe

This allows us to conclude the proof of (5.19¢).

1 1
1 L
xX2m n 2w

Proof of the limits (5.38) in Section 5.3

We recall that the linear operator Il is the projector on Span (Z jez V(j)) along the vector space spanned by

— - + +
LETRRN PR SIRTRRI
e Proof of (5.38a):
Let us consider I’ € {1,...,I}, jo € Z and e € C¢. Since the sequence V decays exponentially at +oo fast

(see (1.24)) and the linear operator II is continuous, we have that:

Jjo+np
o > v, = 2 Vi) (7.26)
Jj=jo—ngq JEL

We also observe that of = v} < 0 and thus using the limit (1.32a) of the function Es, and the definition
(1.34d) of the matrix Eljf(n,jo), we have:

+ .
+ . nog, + Jo T T
Ey(n, jo) = Eap ( hE ;;}) L o L (7.27)

Thus, combining (7.26) and (7.27), we obtain (5.38a):

Jo+np
A ] T .
C;,E’+Elj,:(n,j0)el'[ E V(J) njroo Cz]?#ll-i’r € Z V(j)-
j=jo—n4q ez

e Proof of (5.38b):
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Using (7.26), we immediately obtain (5.38b):

Jo+np
Py(joell | > V()| = Pulio)e) V(i)
Jj=Jjo—ngq JEL

e Proof of (5.38¢):
We consider | € {1,...,I}, jo € N and e € C%. Using the definition (1.34a) of the matrix S;" (n, jo,s) and

the inequality (1.33a) of the function Hy,,, there exists a constant ¢ such that for all n € N\{0} such that:

2p
jot+np Jo+np n — (i=do 2t
Sat(y i 1 o
Z I1 (5 (n, jo,j)e) = Z 150 | ——exp| —¢| ———+—"— . (7.28)
j=jo—na i=jo—na e ne

Since O‘l+ = V)\?' < 0, we have that:

2j P
Vne N\{0},Vjo NV €N, n>-2 o Doy (1200)
Oél 2 al

Therefore, for n € N\{0} large enough such that n > —22 we have:
@

. -1
Jo+np n — (1=10 Jo+np
i - (5] i ‘
E 1,500 —exp | —c L = E ]l]->00< 4 exp (— o n))
221 (7.29)

n2e

1
2 ﬁ . .
n n J=Jo—ng

=0 (nz‘g%l exp (—in)) .
22p—1

J=jo—ngq

Thus, combining (7.28) and (7.29), we obtain (5.38¢):

Jjo+np N
> TS (n, o, d)e) L0
Jj=jo—ngq

e Proof of (5.38d):
We consider jo € N and e € C?. Using the expressions (1.36) of the fast decaying residual R(n, jo,7) and

applying the projector II, there exists a constant ¢ > 0 such that for n € N\{0} and j € Z:
e For j > 0 such that j — jo € {—nq,...,np}:

T (R(n, jo, j)e) = O(e™")

I n— (1= 2t d —elj n — (i=io 2t
a; eV ]
+ E @) —exp | —¢ = + E @) ——exp | —c¢ .
1=1 n2x 2w I=I+1 n2 n2x
2u 20
. . 2p—1 2p—1
I d ; n—| -4 -5 I , n+ -8
efc‘ﬂ a?’ a; e*d]‘ a?;
+ E g (0] ——exp | —c¢ - + g O ~—exp | —¢| ————
U=11=I+1 naw naw V=1 n2w naw
(7.30a)
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e For j < 0 such that j — jo € {—ngq,...,np}:

2u

. . 2p—1
J
_ =1 | il n- (al - &)‘
IL(R(n. jo, j)e) =O(e™") + D> O | —exp | —c ;
I=11=1 nz nz
» (7.30b)
. Zn—1
I n+ 2%
—clj| af,
e !’
+ Z O ——exp | —c TI
=1 n2we n 2K
We also claim that we can prove the following limits :
Jo+np
Y. 0 =0(me™) = 0, (7.31a)
Jj=jo—nq
. o =
jo+np ‘n _ (J Jo)‘
1 o
Vie{l,...,I}, Z 1,500 | ——exp | —c | ———++ — 0,
L~ bm bm n—-+4oo
j=jo—nq n n
(7.31b)
24
2n—1
dotne | —eljl nt o
VIl e {1,...,I}, Z (0] —exp | —c¢ TL n_>—J>rDQ 0, (7.31c)
j=do—nq na ne '
2p
Jo+np o—clil ’n— (j;i‘[))‘ i
Vie{I+1,....d}, > 1;50 —exp | —c 2 — 0,
= - nze nzw n—-+oo
j=jo—nq
(7.31d)
_2p
. . 2p—1
Jo+np e—clil n — (Cjz_'— — O{%) ’

Ve {1, I} Vle{l+1,....d}, > 1;50 —exp | —c — — 0,
.~ - nzue nzn n—-+4oo
j=jo—nq

(7.31e)
2
2u—1
Jotnp e_cm n— <a]1 — (i%) ‘
VI {l,... I} VIe{l,....T-1}, > 10| ——exp|—c - — 0.
j=jo—nq n2 n2 e
(7.31f)
Combining (7.30) and (7.31), we immediately obtain the expected limit (5.38d):
Jotmp
2 (R josje) | 2 0.
j=jo—nq

There just remains to actually prove (7.31). The first limit (7.31a) is immediate. The second one (7.31Db)
has already been proved via (7.29). The limit (7.31c) can be easily obtained via the following calculations for
ed{l,...,I}:

_2p _2p
. Sn—1 . 1
T ne 1 -
v G
E O| ——exp|—cc| —F— =0| —Fexp|—c| —— - 0.
j=jo—ng nzw n2e nzw n2w n—+00
—jo—
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The last limits (7.31d)-(7.31f) can be obtained using a similar proof. We will thus prove (7.31e) and leave
the proof of the two remaining limits (7.31d) and (7.31f) for the interested reader. We consider I’ € {1,...1},
le{I+1,...,d} and jo € N. We observe that a;f < 0 and ;" > 0. Let us consider n € N\{0} large enough so

that: +
Jjo < —nzl' : (7.32)

We separate our analysis in two parts:

nalJr
4

e For 5 € N such that j <
that:

, since n is supposed to be large enough so that (7.32) is verified, we have

J Jo n
n— (L -2} >
(F-3)=3

As a consequence, we have in this case:

1
n2H n 2w

2
' n— L B jo 2p—1
e‘d]‘ O/,+ a;? 1 c
—exp | —c =0 — exp —4 ) - (7.33a)

+
e For j € N such that j > mzl , we immediately have that:

J Ji T
0
—cls| ”‘(w—(ﬁ)’ 1 +
£ exp | —c¢ S— =0 (1 exp (Ciln)> . (7.33b)
n

nzn nzn

Combining the two cases in (7.33), we easily obtain (7.31e) by observing that there exists a constant ¢ > 0 such
that:

J J et
. _ J 0
Jo+np e_cm n <O‘z+ a;) ‘ . i
Z 1,500 | ——exp | —c¢ : =0 (n 2 e_c”) — 0.
j=jo—ng n2 n2 e
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