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Hypercomplex representation of finite-dimensional
unital Archimedean f-algebras

Sayed Kossentini*

Abstract

In this paper, we characterize all N-dimensional hypercomplex numbers having
unital Archimedean f-algebra structure. We use matrix representation of hypercom-
plex numbers to define an order structure on the matrix spectra. We prove that the
unique (up to isomorphism) unital Archimedean f-algebra of hypercomplex num-
bers of dimension N > 1 is that with real and simple spectrum. We also show that
these number systems can be made into unital Banach lattice algebras and we es-
tablish some of their properties. Furthermore, we prove that every 2/N-dimensional
unital Archimedean f-algebra is the hyperbolization of that of dimension N. Finally,
we consider hypercomplex number systems of dimension N = 2, 3,4, 6 and give their
explicit matrix representation and eigenvalue operators. This work is a multidimen-
sional generalization of the results obtained in [11] and [4] for, respectively, the two
and four-dimensional systems.

Key words: Hypercomplex numbers, Hyperbolic numbers, Canonical hyperbolic quater-
nions, f- algebra, Riesz homomorphism, Banach lattices

1 Introduction

Hypercomplex numbers are finite-dimensional extensions of real and complex numbers.
They have many applications in geometry and physics (see e.g. [12]). The first ex-
ample of hypercomplex numbers, and probably the most studied, is the system H of
non-commutative Hamilton quaternions [13].

The algebraic theory of hypercomplex numbers was developed by Wedderburn [20] and
Cartan [7]. Lie [16] generalized all extensions of complex numbers in relation with their
group properties. In this context geometries generated by hypercomplex numbers were
considered by Cattoni et al [8]. The study of hypercomplex numbers has been further
advanced through their classification by Peirce [18].

One important aspect of hypercomplex numbers is that as the dimension of the num-
bers increases, certain algebraic properties are lost. For example, as noted above, quater-
nions are non-commutative, while complex numbers commute. This loss of properties has
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been observed, a half century before Hamilton, by Gauss. In particular, one must either
renounce the commutative property of the product or acknowledge that the product be-
tween some non-zero numbers is zero. In this vein, Frobenius theorem states that R, C
and H are the only real associative division algebras.

In this paper, we deviate from Hamilton’s choice and consider commutative (and a
fortiori) non-division N-imensional algebras of hypercomplex numbers (N > 2).

According to [8] commutative algebras of hypercomplex numbers are of interest for
their own sake. In particular, a theorem due to Sheffers [19] states that for distributive
systems with unity the differential and integral calculus does exist only if the systems
are commutative. Catoni et al. suggest that functions of hypercomplex variables can
be useful for studying certain partial differential equations, specifically the Generalized
Cauchy-Riemann equations, as well as non-flat spaces associated with the geometries
introduced by multidimensional commutative hypercomplex numbers. This property can
be particularly relevant in general relativity and field theories.

In this article, we present a new approach to the study of hypercomplex numbers,
focusing on the order structure. Specifically, we examine the ordering of hypercomplex
numbers and the relationship between the order structure and the algebraic properties
of the numbers. This new approach provides a deeper understanding of hypercomplex
numbers and has the potential to lead to new applications. The aim of this work is
to investigate N—dimensional hypercomplex numbers in terms of Riesz algebras (also
known as lattice algebras or f-algebras). More precisely, we will establish a necessary
and sufficient condition for which N-dimensional algebra of hypercomplex numbers can
be made into unital Archimedean f-algebra. This is, indeed, not possible for many /(-
algebras including finite-dimensional ones (see e.g. [15]).

The first example of such system of numbers are the 2-dimensional hyperbolic numbers
D= {r+jy: o,y € R;j ¢ R;j? = 1}. Note that complex numbers and hyperbolic
numbers are the only real commutative Clifford algebras: D = Clg(1,0) and C =
Clg(0,1).

As complex numbers are related to the euclidean geometry, hyperbolic numbers are
related to the Minkowsk: geometry in the plane also called Lorentzian or space-time ge-
ometry [8, 22].

It has been shown in [11] that D is the unique, up to isomorphism, Archimedean f-
algebra of dimension two. f-algebra structure is an order structure. More precisely, an
f-algebra is simultaneously a Riesz space (or vector lattice) and an associative real algebra
that fulfills certain ”positivity” conditions. A typical example of f-algebras is the linear
space of real valued continuous functions on a topological space. Moreover, Archimedean
f-algebras are known to be commutative (see e.g.[14]) and are even automatically asso-
ciative ([3]). Of course, the fundamental example of Archimedean f-algebras is the field
of real numbers.

Another example of order structure on hypercomplex numbers is given in a recent work
due to Bilgin and Ersoy [4]: the algebra of bihyperbolic numbers is equipped by a partial
order compatible with its algebraic structure. We prove in section 6.3 that this order
structure is the "natural” Archimedean f-algebra structure on bihyperbolic numbers.



This paper is organized in the following way: in section 2 we recall the basic notions
and properties of matrix representation of hypercomplex numbers, Riesz spaces and f-
algebras we will use throughout this article. In section 3 we prove, for a given N, that under
a well defined order there is a unique, up to isomorphism, N-dimensional Archimedean
f-algebra of hypercomplex numbers (denoted Hy). As a consequence, fundamental order
properties including Dedekind completeness, group of signs, Banach lattice algebra norm
are given in section 4 as well as eigenvalue and conjugation operators. Section 5 is devoted
to the new notion of hypercomplex interval. Section 6 is devoted to the study of Hy for
N = 2,3 and 4. We give their explicit matrix representation and eigenvalue operators.
We propose, in section 7, an hyperbolic analogue of the Cayley-Dixon construction called
hyperbolization. we prove that every 2N-dimensional unital Archimedean f-algebra is the
hyperbolization of that of dimension N. As an example, we consider the properties of Hg
as a hyperbolization of Hs.

2 Basic concepts

We recall some notions about hypercomplex numbers (see [8]) and Riesz space theory
([17], [23]) that we will use in our presentation.

2.1 N-dimensional commutative hypercomplex numbers

An N-Dimensional commutative hypercomplex number system is the set

N-1
{X = Zxkek DT € R, €L ¢ R}, (21)

k=0

where the multiplication is given by

(i,j,k=0,--- N —1).

N-1

eej = Z C’fjek, ij = C’fi,
k=0

The constants ij € R are called structural constants. We consider a unital system with

a multiplicative identity ey denoted by 1 and then omitted. The multiplication between

two numbers x,y can be expressed as

xy =M(x)y, (2.2)
where the characteristic matriz M(x) depend on the structure constants and the com-
ponents of x and determined by the column vectors e;x, 1 =10,--- , N — 1.

Throughout the paper, Hy will denote the algebra given by the system (2.1) and satisfying
the eigenvalue problem

For each x, M(x) admits N distinct real eigenvalues Xo(x), -+, Ay-1(x). (2.3)

Therefore, Hy has a basis (vg, -+ ,vy_1) of eigenvectors such that
N—1
ka:1,Vkvn:0fork7énz>vizvkforeachk (2.4)
k=0



In this basis, called idempotent basis, every x € Hy can be expressed uniquely as
X = Ak (X) V. (2.5)

Using formula (2.5), called spectral representation, algebraic calculations are given by
component-wise operations. Therefore, the group H%, of units (i.e, invertible elements)
of Hy is characterized by all numbers x such that Ay(x) # 0 for each k. Moreover, one
can define the N — 1 conjugations of x as

N-1
X' = Merny(X)Vi (s=1,2,--- [N —1), (2.6)
k=0

where [s + k] denotes the remainder of the division of s + k by N.
Let
AN:{OS:XHKS,SZO,L---,N—l}, (2.7)

be the set all conjugation operators where o is the identity operator. Therefore, Ay is
a commutative group of automorphisms of Hy with o, 0 0y = 07544, » ol =0y, It
follows that Ay contains a non-trivial symmetry operator if and only if N = dim(Hy) is
even, and in this case there is only one given by oy/s.

Having in mind that the set of real numbers R is viewed now as a subalgebra of Hy, so
an element x € Hy is a real number if and only if \z(x) = x for each k, which means
that o(x) = x for every ¢ € Ay. It follows that the product of x by its conjugates
x° (s =1,---,N — 1) belongs to R and coincides with the characteristic determinant
|x|lmy := det M(x). That is

Ixlliey = T o) = [ M), (2.8

ogEAN

The modulus of an element x € Hy is denoted by |x|g, and defined by the formula

2=

Xlat, = [l (2:9)
Geometrically speaking, the number |x — y|g, is interpreted as the pseudo-euclidean
distance between x and y viewed as two points in RY. Therefore, the nul cone of Hy
(the set of non-invertible elements) is the set NCy of all points that coincide with the
origin via the pseudo-euclidean distance.

2.2 Riesz spaces

An ordered vector space L is a real vector space that is simultaneously an ordered set
connected by the implication: u,v,w € L, « € R*; u < v implies u+w < v+w, au < av.
The set L™ of all positive elements ( i.e, u € L; u > 0) is called positive cone of L. A
positive operator is a linear map 7' : L — W such that T(LT) C Wt ie., T(u) < T(v)
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whenever u < v.

An ordered vector space L is said to be Riesz space or (vector lattice) if the supremum
u V v; equivalently, the infimum u A v of two elements v and v exist in L. In this case the
absolute value of w € L is defined by |u| = u V (—u). Two elements u,v € L are called
disjoint, and denoted by u L v, if |u| A |[v] = 0. The set of all elements disjoint from w is
denoted by u*t, that is, ut = {v € L : |u| A |v| = 0}.

A Riesz space L is said to be Archimedean if,

u,v € L™ then, nu < v foralln =1,2,--- implies u = 0.

A Riesz homomorphism is an operator 17" from a Riesz space L to a Riesz space W such
that T(u Vo) =T(u) VT (v) and T(u Av) =T(u) NT(v) ,i.e., T(|u|) = |T(u)|.

A real algebra A ( associative algebra with usual algebraic operations) is said to be an
f-algebra if its underlying group is a Riesz space with a positive cone A" satisfying the
properties: a,b,c € AT then, ab € A" and a Ab = 0 implies ac N\b = aAcb = 0. In
any f-algebra A the squares are positive and if in addition A is Archimedean with a
multiplicative unit, then a L b holds if and only if ab = 0.

Finally, we recall a basic fact involving bases in a finite-dimensional unital Archimedean
f-algebras. This property is a direct consequence of a fundamental theorem [17, Theorem
26.10] that states that every finite-dimensional Archimedean Riesz space has a basis f of
mutually disjoint elements (atoms). However, since in any f-algebra, |a| A || = 0 implies
that ab = 0. Thus, multiplying the elements of 5 by the components of the identity
element, we obtain the following result.

Corollary 2.1. FEvery N-dimensional Archimedean f-algebra with identity element e has
a basis (co, -+ ,Ccn_1) satisfying

e=cCy+- - +Cn_1, CZ‘CJ‘ZO fOTZ#] @C?:Ci foralli.

3  Characterization of Archimedan f-algebras of hy-
percomplex numbers

The next theorem characterize Finite-dimensional unital Archimedean f-algebras by means
of hypercomplex numbers system.

Theorem 3.1 (Structure theorem). The algebra Hy is, up to Riesz and algebra isomor-
phism, the unique N-dimensional unital Archimedean f-algebra with the set {x : A\p(x) >
0, for all k} as positive cone.

Proof. According to the ordering in Hy defined above we have that
x,y € Hy, x <y if and only if A\g(x) < A\g(y) for all .

Thus in view of the Archimedean f-algebra structure of R and by the fact that the A\, are
ring homomorphisms from Hy to R, we deduce that Hy is an Archimedean Riesz space
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with the positive cone H}, closed under multiplication. Moreover,

xVy= z_: max{\g(x), \e(y) } v (3.1)
and N1
XAy =Y min{(x), Au(y)} Vi (3.2)

Let x,y,z € HY,, and m(z) = mkin{l, Ae(2)}, M(z) = m’?X{l, Ai(z)}, we get

m(z)(x \y) <zx Ay < M(z)(xAy).

The above inequalities show that zx Ay = 0 whenever x Ay = 0, and so Hy is an
f-algebra. It remains to prove uniqueness (up to Riesz and algebra isomorphism). To do
this, let Ax be an N-dimensional Archimedean f-algebra with multiplicative identity e.
By corollary 2.1, we get a basis (cg, -+ ,cy_1) in Ay satisfying

e=¢Cy+- - +Cn_1, C;Cj =0 fOI"i?éj, C?:Ci for all 7. (33)

Therefore, up to an order isomorphism, the f-algebra ordering in Ay is given by the
positive cone {agco+- - +ay_1cy_1 : ar € RT}. It follows from (3.3) and (2.4), that the
mapping ¢ : Agvo + -+ AN_1VN_1 —> AgCo + -+ + Ay_1Cny_1 is an algebra isomorphism
with ¢(|x]) = |@(x)], where from (3.1) the absolute value of x is given by

=2

x| :=xV(—x) = | Ak (x)| V. (3.4)

b
Il

Hence ¢ is a Riesz isomorphism. O]

It is well established that for every integer N > 1, there exists an N-dimensional
unital commutative hypercomplex number system satisfying the condition (2.3). Namely,
RY with coordinate-wise multiplication. Consequently, according to Theorem (3.1), we
obtain the following characterization Theorem

Theorem 3.2 (Characterization theorem). An N-dimensional unital commutative hy-
percomplex numbers system is an Archimedean f-algebra if and only if it satisfies the
condition (2.3), and in this case the positive cone is given by all elements x with a posi-
tie spectrum of the associate matriz M(x).

4 Order properties of Hy

In this section we establish some properties of Hy related to its order structure. These
results are multidimensional generalizations of those obtained in [11]. We start by order
properties of two useful operators.



4.1 Eigenvalue and conjugation operators

Proposition 4.1. One has
(i) the eigenvalue operators Ay, are surjective Riesz homomorphisms with ker(\) = vi;
(ii) the conjugation operators are Riesz isomorphisms of Hy.

Proof. (i) Let k = 0,1,--- N — 1. From (3.4), we deduce that \;(|x|) = |A\x(x)| for
every x € Hy which means that \; is a Riesz homomorphism from Hy to R. It is also
surjective, since for every real x we have A\i(x.1) = x. Now, as ker(\z) = Vect{v,, : n # k}
and vi is the set of all x disjoint from vj. One has

ker(\,) = {x: vix =0} = vj-.
(ii) Let ¢ € Ay. Then (3.4) and (2.6) shows that o is a positive operator, and so is o~
since Ay is a group. This proves that ¢ is a Riesz isomorphism of Hy.
O

4.2 Dedekind completeness

Recall that a Riesz space L is said Dedekind complete if every nonempty subset of L
bounded from above (resp. from below) has a supremum in L (resp. an infimum) in L.
In the case of Hy the result below is a direct consequence of the Dedekind completeness
of R and the spectral representation (2.4).

Theorem 4.1. The Riesz space Hy is Dedekind complete. Moreover, for every nonempty
subset S, we have

(i) if S is bounded from above, then

N—1
sup(S) = sup (Ax(S)) vi;
k=0
(ii) of S is bounded from below, then
N—1
inf(S) = inf (A\g(S)) vi.
k=0

Proposition 4.2. Let S be a nonempty bounded subset of Hy and a € Hy. Then the
set aS:={as: s € S} is bounded and

sup(aS) = atsup(S)—a inf(9),
inf(aS) = atinf(S)—a sup(S).



Proof. From Theorem 4.1 one has

=

sup(as) = - sup (Ax(a) Ak (.9)) vi.

0

B
Il

As for every k, Ap(a)A\x(S) is a bounded set in the Dedekind complete R, then
sup (Ae(@) A\ (9)) = (M(a))* sup A\ (S) — (Ax(a)) ™ inf Ax(S).

Since )y is a Riesz homomorphism (see proposition 4.1), we get (Ax(a))™ = Ay(a™) and
(Me(a))” = Mg(a™). Therefore, by observing that A\;(x)vy = xvj holds for every x we
obtain

N-1 N-1

sup(aS) = a* Z sup A\, (S)vy, —a~ Z inf A\,(S)vy,
k=0 k=0
= a’sup(S) —a inf(9).

Using duality formula inf(aS) = — sup(—a¥) and the identities (—a)™ =a~, (—a)” = a™

one obtains the second formula. O]

4.3 Group of signs

The multiplicity of the absolute value in Hy leads to introduce the following group.

Definition 4.1. The kernel of the group homomorphism |.| from H, to (H%,)" is called
group of signs, denoted by Gy.

From the definition above, Gy is the set of all elements x such that |x| = 1, and so it
coincides with the set of the square roots of the unity 1, given by

Gy = {GDVO + - €EN_1VN-1: (60, s ,EN_l) S {—1, 1}N} = (Z/QZ)N (41)

Thus, from ordering in Hy the unity 1 is the unique positive element in & . The concept
of group of signs is the natural generalization of that in real numbers R with the two
signs —1,4+1. Therefore, a multidimensional formulation of the property that for every
real number x there exists € € {—1, 1} such that ex > 0 gives the following result.

Theorem 4.2 (Theorem of signs). For every x € Hy there exists ¢ € Sy such that
ex > 0.

If x is invertible then e is unique, called sign of x, noted sign(x) and given by

sign(x) = —.



Proof. Let x € Hy. Then, as noted above, for every k£ = 0,1,--- , N — 1 there exists
ex € {—1, 1} such that ez Ax(x) > 0. Write € = egvg+ -+ - + ey_1vn_1. We get from (4.1)
e € 6 and M\(ex) > 0 for each k, that is ex > 0. Suppose now that x is invertible and let
1,69 € Gy be such that £1x > 0, e9x > 0. So £; €9x? > 0, which implies that €, e, > 0.
Since the unity 1 is the unique plos‘.itive element of the set Gy of its square roots we must

have €16 = 1. Hence €; = g9 = .

]

Remark 4.1. Geometrically speaking, Theorem 4.2 states that for every x € Hy there
exists a symmetry operator ¢» € {1, : x — ex : ¢ € Gy} that maps x into its absolute
value |x|. Moreover, 9 is uniquely determined by x if and only if x is invertible, and in this
case ¢ = 1), with ¢ = sign(x). Further, H;(¢) = ker(y. — Id) and Ha(c) = ker(¢p. + Id)
are the hyperplanes

Hile) = {x:(e—1)x=0}=(cs— 1)
Haole) = {x:(e+1)x=0}=(e+1)*.

We will now give a decomposition of x Ay and x V y using the set [(Hy) of all
idempotent elements of Hy. I(Hy) is a distributive lattice with 0 and the multiplicative
identity 1 as smallest and greatest elements, respectively. For every e € I(Hy) there
exists a unique € € I(Hy), called the complement of e, such that

ee=eNé=0andet+e=eVe=1.
This means that (I(Hy), A, V)) is a Boolean algebra.
Proposition 4.3. For every (x,y) € H3 there exists e = e(x,y) € I(Hy) such that
xVy=ex+ey and XNy =e€ex +ey.

Proof. Let (x,y) € H%. From Theorem 4.2, there exists ¢ € Gy such that |x —y| =
e(x—y). Put e = 1(1+¢), one then has e € I(Hy) and € = (1 —¢). Using the following
identities that holds in any Riesz space

1 1
xVy=g(x+y+x-y))andxAy =s(x+y—[x-vyl),

we obtain
xVy=ex+ey and xAy=ex +ey.

4.4 Banach lattice algebra norm

One of the major problems arising in the study of algebras is that they cannot be normed
in a sufficiently "nice” manner. It is well known, by Hurwitz Theorem, that R, C, H and
O (octonions) are the only finite-dimensional real algebras with a multiplicative norm.
Therefore, apart from these algebras, multiplicity of the norm must fail and then, in the
best case, one has a sub-multiplicative norm (i.e. [Juv| < ||ul/||v|| ). A similar norm-
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problem in Riesz spaces leads to the notion of lattice norm (i.e. |ju|| < ||v|| whenever
lu| < |v]). Therefore, working in a ”good” structure provides the following definition: a
Banach lattice algebra norm in a Riesz algebra A is a sub-multiplicative lattice norm. If
in addition, A has a multiplicative identity with norm one, then A is said to be unital
Banach lattice algebra.

In our case, we will prove that the structure of Hy allows us to make it into unital
Banach lattice algebra by means of conjugation operators. This is due to the important
algebraic and order properties claimed in Proposition 4.1.

Let \/ , /\ be the supremum and the infimum taken over Ay, respectively.

oc€EAN O0EAN
Theorem 4.3. The algebra Hy is a unital Banach lattice algebra under the norm
|||z := min {CY eR": al> |X|} = \/ o(|x|) for all x € Hy.
og€AN

Proof. 1t is clear, by definition and by the fact that conjugations are positive operators,
that ||.||z is a lattice norm and ||1||g = 1. So, we have to prove that ||.||r is a sub-
multiplicative norm. Let x,y € Hy, 0 € Ay. One then has 0 < o(|x|) < ||x||zr and
0 <oa(lyl) < |lyllg- Therefore,

o(lxyl) = o(lxDo(ly]) < [z ¥z

Hence
\ e(xyl) = Ixyllz < x|z [yl

c€EAN

]

the importance of the norm ||.|[z lies not only in its Banach lattice algebra norm
property but also in its lattice-conjugation connection. This approach allows us to obtain
interesting properties, as we will explain in the next section. Let i(.) and s(.) be the real
functions defined for every x € Hy by

ix)= /\ o(x) and s(x)=\/ o(x). (4.2)

g€EAN o€AN

Using the identity uv = (u A v)(u V v) that holds in any f-algebra we obtain from (2.8),
1 /lry = i(x)s(x). (4.3)
Eq (4.2) shows that ||x||gr = s(|x]). So, (4.3) and (2.9) give the formula
xlny = in(x)[Ixl7, in(x) = (i(x])¥

As norms in any finite-dimensional vector space are equivalent, the above identity implies
that for every norm ||.||, there exist positive real constants ¢; and ¢y, which depend on
the dimension N and the norm ||.||, such that for every x € Hy, we have...

, 1 . 1
crin () [[x[|¥ < [xfay < coin(x)]|x[|V.
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5 Intervals of Hy

The notion of interval in real numbers can be extended to Hy in the following way.

Definition 5.1. A subset Z C Hpy is said to be an interval of Hy if it satisfies the
following property

aAb<x<aVbanda,beZ implies x € 7.

If moreover ||x — y|lm, =0 for all x,y € Z, then Z is said to be a degenerate interval.

Example 5.1. Let a,b € Hy be such that a < b then the set
[a,bly, ={x€Hy:a<x<b} (5.1)

is a closed (for usual topology) interval of Hy with endpoints a and b. It is a degenerate
interval if and only if ||a — b|jg, = 0. Write x < y when (y — x) € (H,)". Then,
similarly, one can define the open interval (a,b)y —and the half-open intervals (a, bly
and [a, b)y , replacing < in (5.1) by <. In particular, the closed ball Bg(xo,r) and the
open ball BY(xg,7) in the space (Hy, ||.||r) are

BR(X[DT) = [XU_T7X0+T]HN7

Bj(xo,7) = (%0 —1,%X0+ ’I“)HN .

As is well known, intervals I on the real line are convex sets, meaning that if o € [0, 1]
and a,b € I, then a+ a(b—a) € I. Our purpose in the following is to formulate a similar
result in hypercomplex setting. This suggests introducing the concept of Hy-convex set
as follows :

Definition 5.2. A subset S C Hy is said to be Hy-convex if it satisfies the property

a,b € S implies [a, b] L C S,

covy

where [a, b] is the closed Hy-segment with extremities a and b, given by

COVH

[a’ b]covHN = {a + U(b - a) uce [07 1]HN}
Now, in order to characterize intervals of Hy as Hy-convex sets we need the following

lemma
Lemma 5.1. For every a,b € Hy, we have

[a, b] N:[a/\b,a\/b]HN.

COvVH
Proof. From proposition 4.3 one gets,

[aAb,aVbly =[aAbaVb] = [a, b]

COVH COVH :

11



Therefore, it suffices to prove that the desired equality holds in the case a < b. In this
case one has [a,b],, —~ C [a,b]y, . For the second inclusion, let x € [a,b]y —and let
N

o, -+ ,0n—_1 be such that 0 = \g(b —a) if b — a ¢ ker(\;) and 0, = 1, otherwise. Set

N-1
Ax(b—a
u=3Y" %Vk_
k=0
Thus, we have u € [0, 1]g, and
N-1
at+ub—a)=a+ Z)\k(x—a)vk = X.
k=0

Hence,
[a> b]HN = [a7 b]

COVH .

Finally, Definition 5.2 together with Definition 5.1 and Lemma 5.1 show that.
Theorem 5.1. Intervals of Hy are Hy-convex sets.

In th sequel, we will give an other description of degenerate intervals which are (by
Definition (5.1)) sets Z such that the pseudo-euclidean distance between each pair of points
in Z is equal to 0. We show, modulo some point, that such intervals can be decomposed
as a YW-combination of intervals in R, where W C {vq, -+ ,vy_1} (the idempotent basis
given by 2.4). We will first prove the following simple result.

Lemma 5.2. For every eigenvalue operator N\, the direct image A\(Z) of an interval
of Hy is an interval of R.

Proof. Let Z be a nonempty interval of Hy; n,u € RY, n+pu =1 and a,b € A\,(Z). Thus,
na+ pb € Z and na + ub = Ag(na + ub) where a = A\i(a) and b = A\g(b). This proves
that \x(Z) is an interval of R. O

We prove now the following Theorem.

Theorem 5.2. Degenerate intervals of Hy are the sets
N—-1
7 =x+ Z w;l;,
i=1

where xg € Hy, {w1,---wWx_1} C{vo, - ,Vvn_1} and I; are intervals of R.
N-1
Proof. Suppose that Z = X0+Z w;1;. forsome xg € Hy; {wy,---wn_1} C{vo, - ,vn_1}
i=1
and intervals I; of R. So, we have ||x — y||mg, = 0 for every x,y € Z. We will to prove Z
is an interval. Let u,v € HY, u+v =1and a,b € Z. Then

N-1
ua+ vb = Xo + Z(uai +Vbi>Wz', ai,bi € [i, (Z = 1,' . ,N — 1)
i=1
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Since, for every i = 1,--- | N — 1, we can write uw; = q;w; and vw; = §;w; for some
a;, B; € RT with a; + 8; = 1, we obtain

N-1
ua+vb = x9+ Z (via; + Bib;) w;
i=1
N-1

= X+ Z SiWi, S; € [7,

i=1

This proves that Z is a degenerate interval of Hy. Conversely, suppose that Z is a
degenerate interval of Hy. Fix xo € Z, so Z — X is an interval of Hy. Write

N-1

Z—x0= Z M (Z — x0) V.
k=0

Lemma 5.2 shows that the sets \¢(Z — x¢) are intervals of R such that at least one of
them is reduced to the single interval {0}, since Z — xqg C NCy. Then, from the above
identity, one can conclude that

N-1
7= Xo + Z Wifi,
=1

where {wy, -+ ,wy_1} C {vo,Vv1, - ,vn_1} and I; are intervals of R. O

6 Explicit description of N- dimensional Archimedean
f-algebras, N = 2,3, 4.

6.1 Two-dimensional Archimedean f-algebra
According to [8] the general commutative two-dimensional hypercomplex numbers are
Cop={z=o+uy: u® = futasz,y,a,8 € R; u g R}, (6.1)

Then, the structure constants are C3y = C3 = 0; CYy = C3; = 1; CY, = «; C; = 8 and
the characteristic matrix is

M(x—i—uy):(g xiyﬁy)'

Thus, (6.1) satisfies (2.3) if and only if 52 + 4« > 0. In this case, C, g is isomorphic to
the canonical system C, o of hyperbolic numbers

D={z+jy: 2,y e R;j¢ R;j° =1}

Thus (by Theorem 3.1), hyperbolic numbers D (also called duplex, perplex or split com-
plex numbers) is the unique (up to Riesz and algebra isomorphism) unital two-dimensional
Archimedean f-algebra with the set

DY ={z€D: M\(2),M(2) >0} ={avg+ Bvi: o, € R}, (6.2)

13



as positive cone, where
M(z)=x+y, M(z)=z-—uy,

and the idempotent basis (vg, vy) is

1=

1+i
2 7 1T g

Vo =

Note that the notion of partial order on D under the positive cone (6.2) was mentioned
at first time by [10, Section 2] and [1, Section 1.4] who established some of its elementary
properties in order to study Hilbert spaces over bicomplex modulus. Independently, a
lattice-approach [11] studied the properties of D as the unique extension of real numbers
into a two-dimensional Archimedean f-algebra, viewed now as Hj.

The group of signs G, in D is the four-element Klein group {1, —1,j, —j}. From (2.6),
a hyperbolic number z = x+ jy has one conjugation z given by exchanging A\o(2) <> A1(2),
ie., Z=x—jy, and so o(z) = Z is the symmetry with respect to the x-axis. The modulus
|zlp = /|22 = /]2 — y?| represents the space-time distance of the point z from the
origin in the Minkowski plane.

It is worth noticing that the notion of a closed interval [, 3], was introduced by [2]
and considered in [6] with the aim of extending the usual concept of Cantor sets in the real
line to the hyperbolic numbers plane ). Our contribution to this fact provides a general
definition yielding further classes of intervals, including unbounded ones. In fact, there is
no more to be added for a closed bounded interval that is necessarily of the form [o, Sy,
and so (by Theorem 5.2), it is a degenerate interval if and only if it is a line segment
parallel to one of the two bisector axis Rvg : y = z and Rvy : y = —x.

6.2 Three-dimensional Archimedean f-algebra

Recall that Hamilton was searching for a real, normed, three-dimensional associative,
division algebra that does not exist. The three-dimensional Archimedean f-algebra

H3 = {Tzl"i‘ly‘i‘h% [L’,y,ZER; h?kgéR}?

can be seen, in some sense, as an attempt to look for a different solution to Hamilton’s
problem. The multiplication in Hj is given by the rules

1
"= _(1+h), h’=1, ih=hi=i

Hj; contains one two-dimensional subalgebra given by hyperbolic numbers D.
The associate matrix is given by

M(z +iy+hz) =

SIS
8
ke - ok
IS
8 < w
~~
=
w
S~—

Thus, the eigenvalue operators and the idempotent basis (v, vy, vy) are given by
M(T)=z—2, MT)=z+y+z M1)=2x—Yy+-=2

14



vo = %(1—11), vi = i(1+2i+h), Vs = i(l—ZiJrh).
By Theorem 3.1, the f-algebra ordering is given by the positive cone
HI ={7: \(7)>0;i=0,1,2.}.
which coincides, in the R3-representation, with
Hf ={z+iy+hz: 2>0, 2<z, |[y| <z+ 2z}

The two conjugations of 7 = A\o(7)vo + A1(7)vy + Ao(7) vy are

?1 = )\1(T)VU + )\2<T>V1 + )\O(T)VQ,
T2 = /\Q(T)VO —I— )\o(T)Vl + )\1 (T)VQ.

6.3 Four-dimensional Archimedean f-algebra

The four-dimensional unital Archimedean f-algebra Hy is the set of hyperbolic quater-
nions (also called bihyperbolic numbers), given by

H4 = {q =T +.]1y +.]QZ +.]3t7 .T,y,Z,t € Rv j17j27j3 ﬁé R}a
where the multiplication is given by the following rules
J1=1J =135 =1, ju2 = Js,Juds = o, Jods = 1.

The algebra H, contains three copies of the algebra of hyperbolic numbers D.
The associate matrix M(q) is

rT y z t
y xr t z
Mlg) = z t Ty
t z y x

Thus the eigenvalues of M(q) are

X(q) = z+y+z+t, Moo =x+y—2z—t
X(q) = z—y+z—t, M@ =z—y—2z+t;

and the idempotent basis (vg, vy, va,V3) is given by

1 .. 1 ...
vy = Z(1+J1+J2+J3) V121(1+J1—J2—J3)

1 ] ] ] 1 ) . .
V2 = 1(1—J1+J2—J3) V3:1(1—J1—J2+J3)'

The Archimedean f-algebra ordering is given by the positive cone
HI = {q : )\k(q) > 0; k= 0, 1, 2,3} = {OJQVO + o1v] + pvg +a3vy L ooy € R+}

For a deeper study on the algebraic properties of Hy as an ordered vector space under
the above positive cone see [4].
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7 Hyperbolization of Hy

In this section we propose an hyperbolic analogue of the Cayley-Dixon construction called
hyperbolization. Recall that Hy denotes the N-dimensional hypercomplex numbers sys-
tem (2.1) with a natural basis (eg,---,ey_1) endowed by its Archimedean f-algebra
structure under the positive cone

H}:{AoVO—F-"VN,l: N €ERT fori=0,--- ,N—1},

where (vg, -+ ,vy_1) is the idempotent basis of Hy.
Define the hyperbolization of Hy as

Dy :=Hy +jHy, j*=1.

Thus, Dy is a 2N-dimensional system of hypercomplex numbers with the natural basis
(fo, e ,fQNfl) given by

Let us consider the idempotent elements e; and e; where

1+
€1 =

and ey = % =e1+e=1,ee=0. (7.2)
Then, each 3 = x+ jy € Hy + jHy can be written as

3= (x+yle+x-ye (7.3)
The matrix representation of 3 = x + jy € Hy + jHy is given by

My(x) Mny(y)
M(3) = : (7.4)
Mn(y) Mn(x)

where My (x) and My(y) are the associate matrices of x and y, respectively.

Theorem 7.1. The hypercomplex numbers system Dy satisfies the condition (2.3) where
the eigenvalues of the associate matrix M(3) of 3 = x+jy € Dy are

7(3) = Mo(x+Y), 71(3) = Xo(x—Yy), -, Yen-2(3) = AN-1(X+Y), Yon-1(3) = An_1(x—Y),
and the idempotent basis (Wo, W1, -+ , Waon_1) 1S
Wpo = €1Vp, W1 = €2Vp, -+, Wany_2 =€1VN_1, WanN_] = €2VN_1.

Proof. We have M(3) = PDP~! with

]N ]N MN(X -+ }’) 0

P = 5 and D = ,
IN _]N 0 MN(X — y)
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where [y is the identity matrix. Therefore, the spectrum of M(3) is the set
{MmGE):1=0,--- 2N=1} ={\(x+y) : k=0,---  N=1}U{\p(x~y) : k=0,--- ,N—1}.

We prove now that {w; : [ = 0,--- 2N — 1} is the corresponding set of orthonormal
eigenvectors. From (2.2) and (7.3) one has

MG)wo = ((x+y)er+ (x—y)ez) e1vo
= (x+y)evo

N-1
= (Z Ak (x + y)vk) e1vo
k=0

Ao(x +y)wo
= 70(3)“’0-

Similarly, one can obtain M(3).w; = v (3)w; for [ = 1,--- /2N — 1. Finally, it follows
from (7.2) and (2.4) that (wg,-- -, waxn_1) is the idempotent basis of Dy; that is,

2N—1
1= Zwl, Wiwj:Ofori#j:>wi2:Wi for all i.
1=0

]

From the fact that every multidimensional hypercomplex numbers system satisfying
(2.3) has a spectral decomposition with respect to its idempotent basis, we deduce (from
Theorem 7.1) that every 3 € Dy has a unique representation of the form

3= Z N(3)wi. (7.5)

Additionally, from (7.3) we get the following idempotent representation
3 =12z1e1 + Zoeo, Z1,Zo € Hy. (7.6)

And then, from (7.6) and (7.3) we can write

=z

3= ZEVi, 2r € D. (77)
0

i

The next result is a direct consequence of Theorems 3.1 and 7.1.

Theorem 7.2. Every 2N -dimensional unital Archimedean f-algebra is, up to Riesz and
algebra isomorphism, the hyperbolization Dy of the N-dimensional unital Archimedean
f-algebras Hy .
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Representations (7.5) , (7.6) and (7.7) gives the various representations of D},

2N—-1

DL = {3:Z”kak37k€R+}a

P
Dy = {5 = Z161 + Zoey : Z1,2Z9 € H};},

N-1

]D)j\_, = {5 = szvk, 2L € D+}.

k=0

Example 7.1. From (7.1) the hyperbolization of hyperbolic numbers D = {z + hy :
x,y € R,h? = 1} is the four Archimedean f-algebra

D+ jD = {3 =z+hy+jz+kt;z,y,2,t€R; jh k¢ R},
where the multiplication is given by the following rules
h?=j*=k*=1, hj=k, hk=j, kj=h.

It follows that D + jID is the set of bihyperbolic numbers Hy(see section 6.3). Moreover,
the three principal conjugations of 3 = x + hy + jz + kt = 21 4 2,j are

7 = x4+hy—jr—kt=2 —ju,
7 = z—hy+jz—kt=2+jn,
3 = 2—hy—jz+kt=75 —j%.

Example 7.2. The six-dimentional unital Archimedean f-algebra is the hyperbolization
Hs = H3 + jH3 of the three-dimensional unital Archimedean f-algebra Hj (see section
7.2). By (7.1) one has

Hg = {$o +izy +hay + jos + kg + los 0 2o, 21, 22, T3, T4, T5 € R}v
with multiplication given by the rules

1+h
i2zk2:kh:%,j2:12:h2:1
i+1
ij=k, jh=1 jl=h, ik:%, ih = jk = kI = i.

From (7.4) and (6.3) the associate matrix of 3 = x¢ + iry + hxe + jrs + kay + los is
./\/lg(l’o -+ ixl + hl'g) Mg(.ﬁlﬁ'g -+ il’4 -+ hi[)5)

M) =

M3(I3 + il’4 + h$5) Mg(l’g + il‘l + hl’g)
To % Ty I3 %4 Ts
1 Tog+To2 XT1 T4 T3+ Ty T4

o ) % To Is % T3
T3 % Ts T9 % )
Ty T3+ Ts T4 T1 To+ T2 T
Ts % T3 T2 %1 Lo
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By Proposition 7.1, the eigenvalues 7;(3) of M(3) are

() = Ao(zo + x5 +i(z1 +24) + h(22 + 25)) = 20 + 25 — 22 — w53

1) = Moo — w3 +i(21 — 24) +h(wy — 75)) = 20 — T3 — 72 + T5;

Y2(3) = Mo+ 23 +i(z1 + 24) + (22 + 75)) = 20 + 21 + To + T3 + T4 + T5;

13(3) = M(wo —x3 +i(r1 —24) +h(re — 5)) = 20 + 71 + 22 — 23 — T4 — T5;

74(3) = Xa(zo+ 23 +i(z1 + 24) + (22 + 75)) = 29 — 21 + T2 + T3 — T4 + T5;

Y5(3) = Aa(zo — 23 +i(z1 —24) + h(22 — 75)) = 20 — 21 + T2 — T3 + T4 — T5,
and the orthonormal eigenvectors are

wo = evo = 1(L—htj-1)
Wi = evo=(l-h—j+l)
Wy = elvlzé(l—FQi—i—h—i—j—i—Qk—i—l);
w; = 62v1:%(1+2i+h—j—2k—1);

1

1
Wy = €2V2:§(1—2i+h—j—|—2k—l).

We conclude our exposition with the following remark, which offers a new perspective
on this topic.

Remark 7.1. Let us define the canonical complexifications of Hy as follows. Consider
the 2/ N-dimensional systems

Hy 4+ Hy; > =0,+1. (7.8)
In particular, for N = 2 there are three canonical commutative Segre’s quaternions:
bicomplex numbers (12 = —1), bihyperbolic numbers (:* = 1), and parabolic quaternion

numbers (1 = 0). Examining the order structure of the systems (7.8), Theorem 7.2
shows that the hyperbolic system (12 = 1) is the only one that can be made into an
Archimedean f-algebra. In fact, even if we omit the Archimedean property, the elliptic
system (12 = —1) cannot be an f-algebra, and is probably not an Archimedean (-algebra
either. However, an ordering may exist in the parabolic system (¢ = 0). A more detailed
description of all multidimensional hypercomplex f-algebras must provide an affirmative
answer.

Regarding the two-dimensional systems that are the hyperbolization, complexifica-
tion, and dualization of the Archimedean f-algebra H; = R, Wickstead proved in [21,
Proposition 4.1] that there is no Archimedean (-algebra ordering in complex numbers C.
He also characterizes all possible such orderings in hyperbolic and dual numbers. The
question of (-ring ordering in complex numbers C dates back to Birkhoff and Pierce [5]
and remains an open problem that can be now extended to the system (7.8) with (* = —1.

Data Availability Statement. No data were used to support this study.
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