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New insights into widely linear MMSE receivers
for communication networks using data-like
rectilinear or quasi-rectilinear signals - Part I: one
and two-inputs receivers

Pascal Chevalier, Jean-Pierre Delmas, and Roger Lamberti

Abstract—Widely linear (WL) processing has been of great
interest these last two decades for multi-user (MUI) inter-
ference mitigation in radiocommunications networks using
rectilinear (R) or quasi-rectilinear (QR) signals in particular.
Despite numerous papers on the subject, this topic remains
of interest for several current applications which use R
or QR signals such as anti-collisions in Radio Frequency
Identification (RFID) or satellite-AIS systems, for grant free
massive access in NB-IOT networks, for multipaths mitigation
in the Control and Non Payload Communications (CNPC)
link of Unmanned Aerial Vehicle (UAV) or FBMC-OQAM
networks. In this context, the purpose of this paper, and the
companion paper [50], is to get new insights into WL. MMSE
receivers for communication networks using R or QR signals,
aiming in particular at discarding the need to estimate the
MUI channels for their implementation, always cumbersome
in practice, while keeping their MMSE optimality. For this
purpose, several WL. MMSE receivers, with and without any
structure constraint, exploiting or not the cyclostationarity
properties of the signals, are considered in this paper and
[50] and their performance are computed and compared, both
analytically and by computer simulations, for R and QR signals
in the absence and in the presence of one MUI. Several new
enlightening results are obtained, for two-input WL MMSE
receiver in this paper, and three-input WL MMSE receivers
in [50], showing in particular the non-equivalence of R and
QR signals for WL MMSE receivers. Moreover, the conditions
under which WL MMSE receivers discard the need to estimate
the MUI channels while preserving MMSE optimality are
given. These results are very useful for implementation issues
optimization in particular.

Index Terms—Non circular, widely linear, MMSE, recti-
linear, quasi-rectilinear, SAIC/MAIC, MUI, MAI, ISI, ICI,
continous-time, FRESH, GMSK, OQAM, ASK, PSK, QAM,
Beyond5G, AIS, FBMC, UAYV, CNPC.
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I. INTRODUCTION

IDELY linear (WL) processing [1] has been of

great interest these last two decades for many ap-
plications involving second-order (SO) non-circular (or im-
proper) signals [2] and for multi-user interference (MUI)
and multi-antenna interference (MAI) mitigation in radio-
communication networks using rectilinear (R) or quasi-
rectilinear (QR) modulations in particular. Let us recall that
R modulations correspond to mono-dimensional modula-
tions such as amplitude modulation (AM), amplitude shift
keying (ASK) or binary phase shift keying (BPSK) modu-
lations, whereas QR modulations are complex modulations
corresponding, after a simple derotation operation [3], to
a complex filtering of a R modulation. Examples of QR
modulations are 7/2-BPSK, minimum shift keying (MSK)
or offset quadrature amplitude (OQAM) modulations, while
an example of approximated QR modulation is the Gaussian
MSK (GMSK) modulation.

More precisely, WL processing has been considered in the
past for R MUI and narrow-band interference (NBI) miti-
gation in code division multiple access (CDMA) networks
[4]-[11], in orthogonal frequency division multiplex systems
[12] and in ultra wide band networks [13] in particular. It
has also been proposed for R MAI suppression in V-BLAST
single user Muti-Input Multi-Output (MIMO) systems [14],
[15] and for R MUI mitigation in MIMO systems using
spatio-temporal block coding [16]. Moreover, since the end
of the nineties, WL processing has also been proposed for
QR MUI mitigation in CDMA networks using offset quadra-
ture phase shift keying (OQPSK) modulation [17]. It has
also been strongly studied and applied for single/multiple
antenna interference cancellation (SAIC/MAIC) in radio-
communication networks using QR signals, and in the
GSM cellular networks in particular, which use the GMSK
modulation. Several SAIC WL receivers, allowing the sep-
aration of two users from only one receive antenna, have
been proposed in [18]-[21] and inserted in most of GSM



handsets since 2006 [22], allowing significant capacity gains
in GSM networks [20], [23]. Other WL receivers have also
been proposed for SAIC [24]-[26] and SAIC/MAIC [27]
in voice services over adaptive multi-user channels on one
slot (VAMOS) networks, a standardized extension of GSM
networks, aiming at increasing the capacity of GSM, while
maintaining backward compatibility with the legacy system.

Despite these numerous papers about WL processing for
R and QR MUI or MAI mitigation, this topic remains of
great interest for several current and future applications. This
concerns in particular anti-collisions processing in radio
frequency identification systems [28] or in dense machine-
type networks such as grant-free narrow-band internet of
things (IoT) networks for uplink transmissions [29], which
use R and QR signals respectively, and in satellite-AIS
systems for maritime surveillance which use GMSK signals
[30]-[32]. This topic is also relevant to allow 5G and beyond
5G (B5G) networks to support a massive number of low data
rate devices through one-dimensional signaling [33], [34],
potentially jointly with MIMO non-orthogonal multiple ac-
cess (MIMO-NOMA) systems [35], or fully or over-loaded
large MU-MIMO systems using R signals [36]. Moreover,
QR interference mitigation by WL processing remains also
of great interest for unmanned aerial vehicles (UAVs or
drones), who are expected to become one of the impor-
tant enabling technologies for BSG cellular networks and
whose applications development is growing dramatically for
many civilian applications (monitoring, surveillance, traffic
control, relaying etc..) [37], [38]. Indeed, the bidirectional
Control and Non Payload Communications (CNPC) link,
connecting the ground control station to the UAV, which is
a safety-critical link requiring improved receivers in terms
of reliability, availability and low latency in a large vari-
ety of environmental and propagation conditions, uses the
GMSK modulation [39]. In low-altitude operations, CNPC
links meet frequency selective wireless channels and WL
processing is of interest for channel equalization, as already
described recently in [40]. In order to reduce the size, and
then the complexity, of the equalizer, an additional interest
of WL processing may be to potentially cancel the multiple
paths arriving outside the equalizer length, thus considered
as MUI. Another application where QR interference miti-
gation by WL processing may be still of interest concerns
communication networks using FBMC-OQAM waveforms
[41] candidate for beyond 5G and future Internet of Things
networks [42], thanks to their good frequency localization
and compatibility with asynchronous links. For frequency
selective channel, FBMC-OQAM waveforms generate Inter-
Carrier Interference (ICI) at reception, which may be pro-
cessed by efficient WL processing. Preliminary WL based
solutions for FBMC-OQAM waveforms are presented in
[43]-[45] for MIMO links using spatial multiplexing at
transmission and in [46], [47] for SISO links.

In this challenging context, let us note that most of

the WL receivers currently available in the literature for
R or QR MUI, MAI or ICI mitigation are WL MMSE
receivers [4]-[7], [9], [10], [12]-[17], [19]-[21], [24]-[29],
[33], [36], [43]-[47]. Although these receivers have been
strongly studied these two last decades, several important
questions related to their structure, performance, imple-
mentation and potential equivalence for R and QR signals
remain surprisingly raised. Indeed, all the previous WL
MMSE receivers, except those presented in [17] and [27],
are implemented at the symbol rate, after a matched filtering
operation to the pulse shaping filter, and have thus a par-
ticular structure constraint, which is shown in this paper
to be sub-optimal in many situations and for frequency
selective channels in particular. However, the impact on the
performance of this structure constraint does not seem to
have been precisely analysed and quantified in the literature
for arbitrary frequency selective channels or in the presence
of MUI, which may prevent to implement potential more
powerful WL MMSE receivers. In addition, some of these
WL MMSE receivers [14], [15], [28], [29], [33], [36], [43],
[44] fully exploit the similar waveform of SOI and MUI by
jointly estimating the SOI and interference symbols, which
requires the a priori knowledge or estimation of both the
SOI and interference channels. Other WL MMSE receivers
[41-[71, [91, [10], [12], [13], [19]-(21], [24]-[27], [45]-
[47] estimate the SOI symbols only, which does not require
the a priori knowledge or estimation of the interference
channels. Nevertheless, up to the best of our knowledge,
performance of these two approaches, both without and
with the previous structure constraint, do not seem to have
been compared to each other, which potentially prevent joint
receivers from discarding the need of interference channel
estimation, always cumbersome in practice. Moreover, in
most of the previous papers which consider QR signals,
after a derotation operation, QR signals are processed as
R ones, and seem to be considered equivalent to the latter,
despite the fact that it has been proved recently [48], [49],
through a pseudo-MLSE approach, that QR and R signals
are generally not equivalent for WL processing due to their
different SO cyclostationary properties. For this reason,
three-input WL frequency shift (FRESH) receivers have
been proposed in [48] and [49] for QR signals, without and
with frequency-offsets respectively, to make them almost
equivalent to R ones for pseudo-MLSE WL processing. One
may then wonder whether this non equivalence between R
and QR signals remains true for WL MMSE receivers and
whether the concept of three-input WL FRESH receiver for
QR signals may also be interesting or useful for WL MMSE
approaches.

The purpose of this paper, and the companion one [50],
is to get new insights into WL MMSE receivers for com-
munication networks which use R or QR signals. This is
done by bringing answers to all the previous important ques-
tions, crucial for performance and practical implementation



optimizations in particular, and by proposing new powerful
alternative receivers easier to implement. More precisely, we
consider in this paper a R or a QR SOI which propagates
through an arbitrary frequency selective channel and which
is received by an array of antennas. This SOI is corrupted
by data-like MUI (or MAI) and background noise. For each
kind of SOI (R or QR), we derive in a first step, several L (or
one-input) and WL (or two-input) MMSE receivers, either
without or with the structure constraint of the literature,
exploiting or not the full knowledge of MUI waveform. To
do so, we adopt a continuous-time (CT) approach which
is justified by three reasons. The first one, is that imple-
mentation issues are out of the scope of the paper, which
is mainly conceptual but which may be a prerequisite for
implementation optimizations investigated elsewhere. The
second one, is that a CT approach allows us to remove the
potential influence of the sample rate imposed by a discrete-
time (DT) approach. The third one, is that it allows us to
obtain analytical and potentially interpretable expressions
for the output performance of the receivers considered in
the paper, which are completely original. Concerning the
considered MMSE receivers, let us recall that the optimal L
and WL MMSE receivers have no structure constraint and
fully exploit the MUI waveform knowledge. In other words,
they implicitly exploit all the cyclostationary properties of
the MUI, in addition to their SO non-circularity for optimal
WL MMSE receiver. As a consequence, MMSE receivers
having a particular structure constraint or which do not fully
exploit the MUI waveform knowledge, by assuming them
falsely stationary for example, are generally sub-optimal.
This is in particular the case for most of L and WL MMSE
receivers of the literature, which are implemented at the
symbol rate, after a matched filtering operation to the pulse
shaping filter and which prevent from exploiting the SO
cyclostationarity property of MUIL In a second step, we
give closed-form expressions of the Signal to Interference
plus Noise ratio (SINR) on the current symbol at the real-
part output of all the considered receivers and we develop
very insightful analytical interpretable expressions of these
SINRs in some particular cases, which is very original. In a
third step we compare the performance of all the computed
receivers, for several kinds of signals, and derive conditions
under which the considered receivers are equivalent or
not. We show in particular several new interesting results
about L and two-input WL MMSE receivers, which may be
very useful for practical implementations issues, analysed
elsewhere. The first result is the sub-optimality of most of
the MMSE receivers of the literature for frequency selective
channels. The second result is the equivalence, both without
any structure constraint and with the structure constraint of
the literature, of WL MMSE receivers estimating the SOI
symbols either solely or jointly with those of the MUI, pro-
vided that the MUI waveform knowledge is fully exploited.
For receivers without any structure constraint, the third result

is the general non-equivalence of WL MMSE receivers
fully exploiting or not the MUI waveform knowledge. The
fourth result is the general non-equivalence of R and QR
signals for two-input WL MMSE receivers in the presence
of MUI. Without any structure constraint and for R signals,
the fifth result is the increasing quasi-optimality, as the
bandwidth of the signals decreases, and the increasing sub-
optimality, as the latter increases, of two-input WL MMSE
receiver which does not fully exploit the MUI waveform
knowledge by falsely assuming MUI to be stationary. For
R signals, this discards the need in practice, at least for
decreasing bandwidths, to estimate the MUI channel without
discarding the practical MMSE quasi-optimality. This result
can be extended to QR signals provided that three-input
WL FRESH MMSE receivers are considered instead of two-
input ones, as shown in the companion paper [50], where
other results are also presented, for both R and QR signals.

The paper is organized as follows. Section II introduces
the observation model and the extended one for standard
two-input WL processing of both R and QR signals, jointly
with the SO statistics of the total noise. Section III derives,
for R and QR signals, the L. and standard two-input WL
MMSE receivers, without and with a structure constraint,
fully exploiting or not the MUI waveform knowledge. Sec-
tion IV gives general closed-form expressions of the SINR
on the current symbol at the real-part output of these derived
receivers, for R and QR signals, and gives engineering
insights and comparative analysis of these SINR for several
propagation channels, and several kinds of signals, in the
presence of zero and one MUI. Symbol Error Rate (SER)
analysis and illustrations will be presented in [50] due to
lack of place. Finally section V concludes this paper.

Notations: Before proceeding, we fix the notations used
throughout the paper. Non boldface symbols are scalar
whereas lower (upper) case boldface symbols denote col-
umn vectors (matrices). 7', H and % means the transpose,
conjugate transpose and conjugate, respectively. ® is the
convolution operation. d(x) is the Kronecker symbol such
that §(x) = 1 for x = 0 and d(x) = 0 for z # 0. Ox
and I are the zero and the identity matrices of dimension
K, respectively and Jox is the 2K x 2K exchange matrix.
Moreover, all Fourier transforms of vectors x and matrices
X use the same notation where time parameters ¢ or 7 is
simply replaced by frequency f.

II. MODELS AND TOTAL NOISE SECOND-ORDER
STATISTICS

A. Observation model and total noise SO statistics

Al) Observation model: We consider an array of N
narrow-band antennas receiving the contribution of a SOI,
which may be R or QR, P data-like MUI, having the same
nature (R or QR), the same symbol period and the same
pulse-shaping filter as the SOI, and a background noise. The
N x 1 vector of complex amplitudes of the data at the output



of these antennas after frequency synchronization can then
be written as

x(t) = Zagg(t—ET)—&— D apegy(t—LT)+e(t)
1<p<P ¢
= ZG (t—0T)ap+€(t) Za/g (t—€T)+n(t)(1)
¢ ¢
Here, (a¢,ape) = (be,bpe) for R signals, whereas
(ag,ape) = (5%, 3%p0) for QR signals, where by and

bpe (1 < p < P) are real-valued zero-mean indepen-
dent identically distributed (i.i.d.) random variables, cor-
responding to the SOI and MUI p symbols respectively
for R signals and directly related to the SOI and MUI
p symbols, respectively for QR signals [S1]-[53], T is
the symbol period for R, 7/2-BPSK, 7/2-ASK, MSK and
GMSK signals [52], [53] and half the symbol period for
OQAM signals [51], g(t) = v(t) ® h(t) is the N x 1
impulse response vector of the SOI global channel, v(t)
and h(t) are respectively the scalar and N x 1 impulse
responses of the SOI pulse shaping filter and propagation

channel, respectively, g, (t) def v(t) ® hy(t) where hy(¢)
is the impulse response vector of the propagation channel

of the MUI p, G(¢t) is the N x (P + 1) matrix defined
by G(t) < [g(t),g1(t), - gp(1)] = v(t) © H(t) where
H(t) < [h(t), hy(t), .., hy(t)]. a is the (P+1) x 1 vector
defined by a;, < [ag, a1, ...,ap)7. €(t) is the N x 1
background noise vector assumed to be zero-mean, circular,
stationary, temporally and spatially white and n(t) is the
total noise vector composed of the P MUI and background
noise. Note that model (1) with (as, ap ) = (§%be, j°bp.0) is
exact for w/2-BPSK, 7/2-ASK, MSK and OQAM signals
whereas it is only an approximated model for GMSK signals
[52].

In this paper, we limit the analysis to pulse shaping filters
v(t) corresponding, for R, 7/2-BPSK and 7/2-ASK constel-
lations, to normalized (with unit energy) square-root raised
cosine filter for the symbol duration 7', with a roll-off w and
a bandwidth B = (1 + w)/T. For OQAM constellations,
v(t) is a square-root raised cosine filter but for the symbol
duration 27. Other filters v(t) will be considered in the
companion paper [50] for MSK and GMSK constellations
in particular.

A2) Total Noise SO statistics: The SO statistics of n(t)
are characterized by the two correlation matrices R, (¢, 7)

and C,(t,7), defined by R,,(t,7) L E[n(t +7/2)n" (t -
7/2)] and C,(t,7) < En(t + 7/2)n7 (t — 7/2)]. Using
(1), it is easy to verify that R, (¢,7) and C,(t,7) are
periodic functions of ¢, whose periods are equal to 7" and
T, respectively for R signals, and to 7" and 27, respectively
for QR signals. Matrices R,,,(¢,7) and C, (¢, 7) have then
Fourier series expansions given by

= LR

6]271'04 t

2

6]27{-51

Z Cﬁz

Here, o; and 3; are the so-called non-conjugate and con-
jugate SO cyclic frequencies of n(t), such that «; = ¢/T
(¢ € Z) for both R and QR signals, whereas ; = i/T and
B; = (2i+1)/2T (i € Z) for R and QR signals, respectively
[54]-[56], R (7) and C%i (7) are the first and second cyclic
correlation matrices of n(t) for the cyclic frequencies «; and
B; and the delay 7, defined by

def

3)

<R, (t,7)e I2mit >
) —j27 Bt >

< Cp(t,T)e

“)
®)

where < . > is the temporal mean operation in t over
an infinite observation duration. The Fourier transforms
R&i(f) and CZi(f), of R%(7) and CPi(r), respectively,
are called the first and second cyclospectrum of n(t) for the
cyclic frequencies «; and j3;, respectively.

R;(7)
crr) =

B. Extended models for standard or two-input WL process-
ing

For both R and QR signals, a conventional linear process-
ing of x(t) only exploits the information contained at the
zero non-conjugate (o = 0) SO cyclic frequency of x(t),
through the exploitation of the temporal mean of the first

correlation matrix, Ry (¢, 7) def E[x(t +7/2)x"(t — 7/2)],
of x(¢).

For R signals, a standard or two-input WL processing of
x(t), only exploits the information contained at the zero
non-conjugate and conjugate («,3) = (0,0) SO cyclic
frequencies of x(¢) through the exploitation of the temporal
mean of the first correlation matrix, Rz (¢, 7) e E[x(t +
7/2)xH (t — 7/2)], of the extended, or two-input model

i(t) L xT (1), xH (1))7, defined by
= " G(t—(T)b, +&(1) Zbggt—fT n(t),
[ def def (6)
where €(t) = [e"(t), € ()", n(t) d{ [ (t),n" ()],
G(t) = [gt).8i(t),-.gr(t)]. 8(1) = [g7(1).8" ()",
&) < gl (.gf W), 1 < p < P.oand by <
[bg,bll,...bp’g]T.

For QR signals, as no information is contained at 5 = 0, a
derotation preprocessing of the data is required before stan-
dard WL filtering. Using (1) for QR signals, the derotated
observation vector can be written as

xa(t) = 5TUTx(t) = 3 Galt — (T)by + eq(t)
V4

> begalt = £T) + na(?), (7)
4

Q.
,_h

€

where e4(t) % j=t/Te(t), na(t) % j=/Tn(t), Ga(t) L

[ga(t),g1.a(t),...gpa(t)] = wa(t) ® Hg(t), ga(t) =

=R
h



ITTe(0). gralt) Ty (0). valt) £ 5T Tw(t),
Hy(t) % [ha(t), by a(t), ... hpa(t)], ha(t) % 5=/Th(t)
and h,, 4(¢) def §7%Th,(t). Note that we may also define
alternatively x,4(t) by x4(t) of §%/Tx(t). Expression (7)
shows that the derotation operation makes a QR signal looks
like a R signal, with a non-zero information at the zero
conjugate SO cyclic frequency. Indeed, it is easy to verify
that x4(¢) has non-conjugate, g ; and conjugate, 54 ;, SO
cyclic frequencies such that og; = o = i/T and B4, =
B:—1/2T = i/T, which proves the presence of information
at 840 = 0. Thus standard WL processing of QR signals,
exploits the information contained at (aq,0,084,0) = (0,0)

through the exploitation of the temporal mean of the first

correlation matrix, Ry, (t,7) < E[Xq(t+7/2)%H (t—7/2)].
of the extended, or two-input, derotated model X4(t) def

[xZ(t), x5 ()T, defined by
Xa(t) =Y Ga(t—(T)bp+€q(t) =Y bga(t—T)+iy(t),

¢ l
(8)
where &(t) < [e] (1), € (1)), fa(t) < (¢ g (O
© ),

= def ~ ~ ~ ~
Ga(t) = [gd(t%gé,?(t), - 8pd(t)], ga(t)
gd ()" and 8,.a(t) = [g]4(1), 8)la(t)]". 1 <p < P.
C. M-input generic model for L and standard WL process-
ing

In the following, we consider L and WL receivers as one
and two-input receivers respectively. Then, for the M -input
MMSE receivers (M = 1,2), we denote by x,(t) the
generic observation vector. For linear receivers (M = 1),
xp(t) reduces to x(t) for R signals and to x4(t) for
QR signals. For standard WL receivers (M = 2), xps(t)
corresponds to X(¢) for R signals and to X4(¢) for QR
signals. We then deduce from (1), (6), (7) and (8), that
xp(t) always takes the form

xp ()= begar(t—CT)+ > > by (t-T) +enr(t)
l

1<p<P ¢

= Z G (t —0T)by + € (t)
4

© Z begni (t — £T) + ().
¢

9

Here, gar(t), gp,ar(t), €ar(t) and np,(t) are defined in a
similar way as xs(t), where x(¢) is replaced by g(t), g, ().
€(t) and n(t), respectively, whereas G1(f) = G(f) for
R signals and G1(f) = G4(f) for QR signals, Go(f) =
G(f) for R signals and Ga(f) = Gg4(f) for QR signals.

III. LINEAR AND WL MMSE RECEIVERS

In this section, we compute, for R and QR signals, L and
two-input WL MMSE receivers, both without and with a
structure constraint, fully exploiting (in the two cases) or

not (without any structure constraint) the MUI waveform
knowledge.

A. L and WL MMSE receivers without any structure con-
straint

Al) Presentation: In order to simplify their implemen-
tation, most of the L and WL MMSE receivers of the
literature are computed at the symbol rate after a matched
filtering operation to the pulse shaping filter. They have thus
a particular structure constraint, which is shown in this paper
to be generally sub-optimal at least for frequency selective
channels for R and QR signals, and which prevents from
exploiting the SO cyclostationary property of the MUI. To
evaluate the impact on performance of this generally sub-
optimal structure constraint, it is necessary to compute the L
and WL MMSE receivers without any structure constraint,
noting that the latter may fully exploit or not the SO
cyclostationary property of the MUI. A generic M -input
MMSE receiver having no structure constraint corresponds
to a continuous-time (CT) receiver, w?},(—t) of dimension
N x1 (for M = 1) and 2N x 1 (for M = 2), whose output,
yn (t) = wil (—t) @/ (t), minimizes, at each time sample
nT, the MSE criterion, MSE = E(|b, — yas(nT)[?). This
MSE criterion minimization may fully exploit or not the
waveform knowledge of MUI, and thus, implicitly, their SO
cyclostationary property.

A2) Optimal MMSE receivers or MMSE receivers fully
exploiting the MUI waveform knowledge: Fully exploiting
the MUI waveform knowledge in the M-input MMSE re-
ceiver computation consists to take into account the explicit
MUI form appearing in model (1), which implicitly consists
to take into account the SO cyclostationarity of the MUI,
for M = 1,2, in addition to their SO non-circularity, for
M = 2. Once the SO cyclostationarity of MUI is fully
exploited, estimating the SOI symbols only or jointly with
the MUI symbols gives rise to two equivalent approaches'
for the SOI symbols estimation, as explained in Appendix A.
In other words, we deduce from (9) that the filter w7, (—t)
minimizing the MSE criterion corresponds to the first col-
umn of the matrix W3, (—t), of dimension N x (P + 1)
for M =1 and 2N x (P + 1) for M = 2, minimizing the
joint MSE criterion, JMSE = E(||b,, — y(nT)||?). In the
latter criterion, b,, has been defined in Section II-B, whereas
yar(t) is defined by yar(t) = W (—t) ®xa/(¢). Denoting
by wj,, (—t), the M-input receiver which minimizes the
MSE criterion (i.e., the optimal M-input MMSE receiver),
it is proved in Appendix A that the frequency response,
W}‘VIO( f), of this receiver, denoted by (o) in the following,

'Note that the approach consisting to jointly estimate the SOI and
MUI symbols involves that the additive noise is SO stationary. Whereas,
considering the estimation of the SOI symbols only involves that the total
noise is SO cyclostationary, which implies a more complicated derivation
of (10).



is such that

war,(f) = Ga(f)[(No/m)Ipsa
+ YTY G(f —¢/T)Gu(f —¢/T)] 't
T G (O (N Gar(Hedy (). (10)

Here 7, def E(b2), Ny is the power spectral density of each
component of the noise vector €(t), f is the (P+1)x 1 vector
defined by f = [1,0,...,0]", C{, (f) is the (P+1)x (P+1)
inverse matrix appearing in (10), which is periodic of period
1/T, whereas ¢4, (f) & Cq,, (f)f isa (P+1) x 1 vector.
The output, at time k7T, of the associated receiver is given
by

vy (K) = / wht (F)xar(£)ei ¥ a

- / et NG (Fxr (N> M af(11)

To make cjlwo( f) more concrete, we compute its expres-
sion in the presence of P = 1 MUI, which gives in this case

e, (f) = [ehr1(f), clr2 ()], where cf; 1 (f) and c§; 5 (f)
are given by

mo(No + 3 3, llga,me (F = 7))

d _ /1
M) = N E S, e =) ) 42
. (No+22 >, llg1,m(f— %))
_%| Zz gﬁ(f—%)gl,M(f—%)F
_m H (f_2L L
6%172<f): T ZZ gl,M(.f T)gM(f T) (}3)

(No+ 2> g (f = £)I1%)
o (N g —F)I)
_%| Ze gﬁ(f—%)gl,M(f—%)F

where G (f) < [gar,(f), 81,0 (f)]. Expressions (10) and
(11) show that, for both R and QR signals, optimal L and
WL MMSE receivers are composed of three operations, as
depicted in Fig.1 The first one, G, (f), implements a set of
P +1 CT matched filtering operation to the global channels
of SOI and MUI. The second one is a sampling, to the
symbol rate, of each of these matched filter outputs. The
third one, c}{{OH( f), implements a set of P+1 discrete-time
(TD) or digital filtering operations, applied to the previous
P + 1 sampled outputs, which performs the SOI channel
equalization jointly with the noise plus MUI minimization.
Note that the implementation of the receivers (10) requires
the a priori knowledge or estimation of Ny and G(t), and
then of H(t), i.e., of the impulse response of both the SOI
and MUI channel vectors, which may be cumbersome for a
practical implementation.

A3) Sub-optimal MMSE receivers falsely assuming SO
stationary MUI: In order to throw off the MUI channel
estimation, one may prefer not to fully take into account the
MUI waveform knowledge, and thus their cyclostationarity,
by estimating the SOI symbols only, assuming that the MUI

xn (t) - ym, (k)
— G (/) ch, (f) F—
t=kT

Fig. 1. Structure of the optimal MMSE receiver

are falsely SO stationary. Denoting by wj, (—t), the M-
input receiver which minimizes the MSE criterion, assuming
that the MUI, and thus the total noise n(t), is falsely SO
stationary, it is proved in Appendix B that the frequency
response, W"I‘V[S( f), of this receiver, denoted by (s) in the
following, is such that

wa () = {/m)+ /1) > g - 4/7)
4

RO 0 (f — /T gar(f — ¢/T)} RO, ()] gar(f)
Ll (HRS,, (N e (). (14)

Here, Cﬁlws (f) is the inverse scalar term appearing in (14),
which is periodic of period 1/7T', g1(f) = g(f) for R signals
and g1(f) = ga(f) for QR signals, ga(f) = &(f) for
R signals and g»(f) = ga(f) for QR signals, RY (f)
defined as the Fourier transform of R{, (7) e By (t+
7/2)ntl (t — 7/2)] > corresponds to the power spectral
density matrix of ny;(t). Using (1), it is easy to verify that
RY () is given by

RS () = 223 gpu(Helly(f) + Nolnu
1<p<P
= R, (- ZeuPel(h), a9

where g, a7(f) is defined in a similar way as gas(f) but
where g(f) is replaced by g, (f) and where RY (f) is the
power spectral density matrix of x/(t), defined in a similar
way as R) (f), with xp(t) instead of ny(t). The output,
at time k7T, of the associated receiver is given by

yar, (k) = / wht (f)xar(f)ei ¥ a

- / e, (e (RS, (0] xar (N> M Tdf (16)

Expressions (14) and (16) show that, for both R and QR
signals, sub-optimal L and WL MMSE receivers without any
structure constraint falsely assuming SO stationary MUI, are
composed of three operations, as depicted in Fig.2. The first
one, gh (f)[RY (f)]~*, implements a CT M-input spatio-
temporal or spatio-frequential pseudo-matched filter to the
global channel of the SOI in a spatially and temporally
colored total noise. The second operation is a sampling,
to the symbol rate, of this pseudo-matched filter output.
The third one, c‘}m (f), implements a scalar digital filtering
operation, correspbnding to a pseudo-MMSE equalizer of
the SOI channel at the output of the pseudo-matched filter.



Note that the implementation of the receivers (14) requires
the a priori knowledge or estimation of R (f) and g(t),
and then of h(t), i.e., of the impulse response of the SOI
channel vector only, discarding the need to estimate the MUI
channel vectors, which may be advantageous for a practical
implementation.

XM (t) Ymg (k)
-1
— g ()[R, ()] i (f) F—
t=kT
Fig. 2. Structure of the sub-optimal MMSE receiver falsely assuming

stationary MUI

B. L and WL MMSE receivers with a particular structure
constraint

B1) Presentation: Contrary to L and WL MMSE receivers
(10) and (14), which have no structure constraint, most of L
and WL MMSE receivers of the literature are implemented
at the symbol rate, after a matched filtering operation to
the pulse shaping filter, and have thus a particular and
generally sub-optimal structure constraint in most cases.
It is then important to consider and to compute these
constrained receivers in order to compare their performance

to those of receivers (0) (10) and (s) (14). Denoting by
def

X, (t) = v*(—t)®x(t), the observation vector after matched
filtering operation to the pulse-shaping filter, we deduce
from (1) and (9) that, after the sampling operation at the

symbol rate, the M -input observation vector becomes,

Z begu, v ((n —£)T)
£
+ Z Z bpvegpv,lw ((n_é)T)‘i‘EU,]\/j (TLT)

1<p<P ¢
= Y Gyul(n—0T)by + €, 1 (nT)
0

Xpm(nT) =

=Y bigo (0 — OT) + 1y 0 (nT). (17)
Here, Xy, 01 (t), 80,07 (1), 8p, 1 (t), €001 (1) and m,, 2/ (t) are
defined in a similar way as x(t), where x(¢) is replaced
by X, (t), 8u(t), gp, (1), €,(t) and n,(t) respectively, with
a,(t) def v*(—t) ® a(t), whereas G, a(t) is defined in a
similar way as G (t) where g, () and gpu( ) replace g(t)
and g,,(t), respectively. Denoting by w4, *(—kT), the M-
input discrete time (DT) receiver whose output at time n7,
ym(nT) = >, WﬁiwscH(—kT)wa((n —k)T)), minimizes
the MSE, it is proved in Appendix C that the frequency
response, W?VISC*( f), of this receiver, denoted by (sc) in the
following, is such that

Wi (f) = mRE () el (h)
=[1/mrela (DRE L, (D] e ()]
[R5, L (N g0 ()
"o (), (18)

7Tb[

def d

= Cum., (f)[RZU M (f)}

if v(f) does not vanish in [—1/2T,41/2T]. Otherwise
w%sc( f) = 0 for the frequencies f which are outside
the support of gf ,,(f), i.e. such that x{,,(f) = O,
where x¢ ,/(f) is the Fourier transform of x, s (nT). Here,
¢4y, (f) and giM(f), both periodic of period 1/7, are
the inverse scalar term appearing in (18) and the frequency
response of the DT SOI channel vector g, ar(kT'), respec-

tively, such that

1) =3 gon(RT)e 2 =
k

gg,M(

1
T Z gU,M(f
‘ (19)

and R

MNwv, M

d
Matrices RS (f)

(f) are the Fourier trans-
forms of matrices Rg " def
k)T)] and R4

(kT) = Elxo,m(nT)x[ 1 ((n —
def
o (KT) = E[ng a (nT)ny, (n—k)T)], re-
spectively, where the DT vectors Xy, M(nT) and n, ps(nT)
are SO stationary, defined by

Rgu,M (f) = Z Rmu M kT —j2n fkT
= R;i, L(H+ mgv,Mu)gﬁ,MH(f).(zm
Rfy, M (f) = Z R‘n M —jQﬂfkT

= ngm Lgl TR (hie

Here ggmM f) is’ deﬁned similarly as gv um(f), where

go,m (kT) is replaced by gy, ,, (kT), and Rg i (f) is the

def

Fourier Transform of R? (ET) = Eley pr(nT)el p((n—

k)T)], defined by

12
—j2nfkT __
ZR&; M kT jend TZRGU M f T)a

(22)
where Re, ,,(f) is the Fourier transform of R, ,, (7) def
Ele,an(t + 7/2)€ll ) (t — 7/2)], since €, a/(t) is SO sta-
tionary. Note that the second equality of (18) comes from
the application of the Woodbury Identity to [Rg uf )L,

using (20). The output, at time k7, of the assomated receiver

is given by

yr,. (k) / wl, P (px
L

T/ A (Nety (HRE, (N7 (e KT ar

=[Nt DR, (DI

where A % [—1/2T,1/2T)]. Note that when v(f) vanishes
in A, the integration appearing in (23) is over the frequency
support of x¢ ;/(f) or Xy ar(f). Expressions (18) and (23)
show that, for both R and QR signals, sub-optimal L and
WL MMSE receivers with the structure constraint of the

Ev M

o (P df

1Xv,M(f)€j2Trfde]f(23)



literature, are composed of two operations, as depicted in
Fig.3. The first one, g‘vi’MH(f)[R;’llv ., ()7, implements a
DT M-input spatio-temporal or spatio-frequential matched
filter to the global channel of the SOI in a spatially and
temporally colored total noise, which is stationary in this
case. The second one, c‘fww( f), implements a scalar digital
filtering operation, corresponding to an MMSE equalizer of
the SOI channel at the output of the matched filter. Note
that the implementation of the receivers (18) requires the a
priori knowledge or estimation of RZ, e (f) and gfi v
and then of h(kT), i.e,. of the DT 1mpulse response of the
SOI channel vector only. Comparing (18) to (14), we find
that w4, (f) and wy, (f), both exploiting a true and false
SO stationarity property of the MUI respectively, have very
similar forms but where the matched filter to the SOI global
channel in colored noise is CT in (14) and DT in (18), at
the symbol rate.

xo,m (nT) y Y, (k)
- gg,M (f)[szv M (f)]’l CM,. (f) >
Fig. 3. Structure of the sub-optimal MMSE receiver with a structure

constraint

B2) Equivalence with the MMSE receivers jointly estimat-
ing the SOI and MUI symbols: While receivers (18) have
a similar form as receivers (14), since the MUI become
SO stationary with the considered structure constraint, they
should also have a form similar to (10), since the structure
constraint also allows us to fully exploit the MUI waveform
knowledge in (18). Denoting by G¢ ,,(f), the Fourier
transform of G, pr(kT), it is proved in Appendix C that
(18) can also be written as

W?V[SC(f) = Wb[Rg,,M(f)]flGd,M(f)f
= R (NG (H{/m)Ipia
+G4 T (NIRE L (NG (), 24

where f has been defined in (10). Expression (24) is similar
to (10), except for two points. The first one is that the
background noise is colored in (17) but not in (9), hence
the presence of RE  (f) matrix in (24) instead of NoIns
matrix in (10). The second one is that the set of DT matched
filters to the global channels of SOI and MUI in colored
background noise, [RY, | (f)]"'GY 1/ (f), replaces the set
of CT matched filters to the global channels of SOI and MUI
in white background noise, Gs(f). We then deduce from
this result that the DT filter, w4, “(—kT'), whose output at
time 0T, gy (nT) = 3, Wiy (—KT)x0 pr((n — k)T)),
minimizes the MSE, also corresponds to the first column
of the DT matrix, Wflv[sc*(—kT), whose output vector at
time nT, yr (nT) = 3, Wy " (=kT)xy 01 ((n— K)T)),
minimizes the joint MSE, IMSE = E(||b,, — yx (nT)]?).

C. Farticular case of an absence of MUI

In the absence of MUI, the total noise is SO stationary
and thus the sub-optimal MMSE receivers falsely assum-
ing SO stationary MUI are the optimal MMSE receivers.
So Gu(f), Rum(f) and RE (f) reduce to gar(f),
R (f) = Nolyar and RE  (f), respectively, and we

€v, M

deduce from (10), (14) and (18) that:

war, (f) = wa(f) =
{(No/m) +(1/T) Y llgar (f — €/} g (f)  (@25)
)4

W?w“(f) ={1/m + gg,M (f)[Rg,, M(f)]flgg,M(f)}fl
RY L, (N 'gl (). (26)

Inserting (25) in (11) and (26) in (23), it is straightforward
to show that in the general case of a frequency selective SOI
channel, ya,, (k) and yar, (k) are generally different, which
shows the sub-optimality of L and WL MMSE receivers
with the structure constraint, and thus of most of L and
WL MMSE receivers of the literature. Nevertheless, a more
detailed analysis of y,s,. (k) and yas, (k) allows us to prove
the equality of yas,, (k), yar, (k) and yas, (k), and thus the
optimality of (26), if one of the two following conditions is
verified

(@ h(f)=h 27
(b) The bandwidth of v(t) is included in A. (28)

Note that condition (b) is verified for OQAM constellations.

IV. SINR AT THE OUTPUT OF THE LINEAR AN WL
MMSE RECEIVERS

In this section, we first compute the general expressions
of the SINR at the output of the previous L and WL MMSE
receivers before decision and then we compare these SINR,
for R and QR signals and for some particular propagation
channels, when the total noise is composed of background
noise plus zero or one MUIL

A. Generic output of the linear and WL MMSE receivers
before decision
We deduce from (11), (16) and (23) that the generic

output of the L and WL receivers considered in this paper
can be written as

i (0) = [ Wl (D, (DT 9)
where it is easy to verify from (9) and (17) that
xu, (f) = Z bie 2 gy (F) +nag, (F). (30)

Note that (yar, (k )WM 1)y %, (f),

( g, (f)»nMg(f)) =
(ylﬂo(k) WM, ( )s X ( )agM( M(f))
(ynmr, (k) war, (f), %, (f), 801, (f ) nay, (f)) =



(Yar, (k), war, (f), xar (f), gar (f), s (f)) and
(ynr, (k), war, (f)s xar, (f), 8, (f) s, (f)) =

(Yar.e (B), Wiy, (F): %00 (), 8oas ()10, () for  the
receivers of Sections III-A2, ITI-A3, and III-B1, respectively.

Inserting (30) into (29), we obtain:
= b [ wlf, (D, (1)

+ ZbZ/WM )&, (f)e?*™ T gf
£k

/WM (f)nn, (f)ejzﬂfdef = brun, +eng, (k),(31)

Yy, (k)

where it is easy to verify that uy, is a real-valued quantity
and where ey, (k) is the contribution of the Intersymbol
Interference (ISI), the MUI and the background noise in
ynm, (k). As by is a real-valued symbol, it is well-known
that, assuming a circular Gaussian e M, (k), a conventional
ML receiver whose input is (31), decides the symbols from
the real-part of yys, (k), given by

21, (K) < Re(yar, (K)) = biuar, + Re(ear, (k).

(32)
B. Generic SINR at the output of the linear and WL MMSE
receivers before decision

The SER at the output of the generic receiver Wﬁg ()
is directly linked to the SINR in zp7,(k), denoted by
SINRy, (k). Using the fact that the quantities byuys, and
Re(ens, (k)) are uncorrelated, we deduce that SINRy, (k)
can be written as

2
U
ng

E[(Re(enr, (£)))?]

2mpu’
= 51 o —(33)
EH?JMQ (k)] + Re(E[yMg (k)]) — 27TbUMg
In the presence of R or QR MUI, the CT output® yyy, (t)
is SO cyclostationary, which implies that E[\yM (k)|] and
E[y2 M, (k)] have Fourier series expansions given by [48].

Z j27r'yikT/T;/;vI
Zeﬂ”‘s " / ¢, (Ndf. (35)

Here, the quantities 7; and d; denote the non-conjugate and
conjugate SO cyclic frequen01es of yas, (L), respectively,
whereas 77 ( f) and cyM (f) are the Fourier transforms

of the ﬁrst T;fw (1), and second, cyM
lation functions of Y, (t) for the delay 7 and the cyclic

frequencies ~y; and d;, respectively. Moreover, as YM, (t) is

SINR., (k)

E[ly3s, (k)] (34)

(f)df

Elyay, (k)]

(1), cyclic corre-

Note that for the (sc) receiver, Y, (t) denotes from (23), the CT signal
f C?\/ISC (f)gg,M (f)[R'{riLv o (f)]_lx'vju (f)eiQﬂftdf_

the output of the TI filter w]\HL7 (f) whose input is xxz, (%),
we can write '

ron, () =Wip, (f+%/2)RllM (Hywnr, (f—7i/2) (36)
o, () =wii, (F4+8:/2)Ch,, (F)Wh, (0:/2—),37)

; 5 :
where RY; (f) and G, (f) are the Fourier transforms of

the first, R}: (1), and second CJ: (), cyclic correlation
matrices of x ng( t) for the delay 7 and the cyclic frequency
~; and J; respectively. In the presence of MUI having same
nature (R or QR), symbol period and carrier frequency as the
SOL, it is straightforward to verify that for all the previous
considered receivers (M = 1,2; R and QR signals), v; =
d; = a; =1i/T, i € Z. This implies that (34) (35) and then,
SINR s, (k), do not depend on k and SINRy, (k) is simply
denoted by SINR . Using (31) and (34) to (37) into (33),

we obtain:
SINR s, = (38)

2
27TbuM

)

s S, (frea /2R, (F)wa, (f—0i/2)
Re(WMg(f‘i‘az/Q)Cm g(f)WM_q (ai/2=f))]df|-2myuiy,

where upy, fWM (f)gm, (f)df. As for M = 2, it is
stralghtforward to prove that yy/, (k) is real-valued whatever
the considered receiver, SINRy reduces in this case to:

SINRy, = (39)
mol [ W (f)ga, (F)df)?
{z Jwil <f+ai/2>Rat (f)ws, (f—c/2)df
—Wb[f W2 f)g2 (f)df 2

For the MMSE (o) receiver, it is proved in Appendix A
that (38) and (39) can be written as a function of the only
matrix C%,(f) and vector f defined after (10), which gives

SINRy, =
2my[1 — 2oL [ T CY, (f)Fdf)?
NoT [ £TCL (f)fdf - 2<N0T> ([ £TCL ()EdS)?
+25T [ Relf”CY (IO ( Pflif
+5(£\4 2)[NoT [ £7CL, (f)Edf

€40)

£1CY, (£)CL, (f)Edf]
e =N Lereg ey 0 @Y

Following a similar approach, it is proved in Appendix B



that for the (s) receivers, (38) and (39) can be written as

SINRy,, =
2my[1 — £ [, b, (F)df)?

(42)

]
T ACM “(f )[IIZeGﬁ(f 7Ry (F—7) 7

gm(f— )H2+Re{ZeZkgM( %)[R%,M(f 7!
GM(f—*)GT( f )[RS,M< =) g f-5 )Y df
_27Tb[ fA CM f)df]

(1+5(M 2))NoT [n e, (F)(1 = =i (F))df

SINR,, =

mo[l = 2[5 e ()df) @3
[

B s (NI GH (= £)RS ( —7)]
gum(f - )II2 i 1—*fAC?lw (f)df]?
+NonA ety (F)A = ety (f))df
Finally, as x,, pr(nT) (17) and yar,. (k) (23) are SO station-

ary, it is proved in Appendix C that for the (sc) receivers,
(38) and (39) can be written as
SINR p,.

2m T fA g0, (HRL, (f)]
Js 881 (RS, (D] el (e
+Re[[, gl (/)RS (- 'Cy

Lopr Lopr

(HRE, (=)
gl (f)df]—2mT[[, g (f)[RY

(—
4 (N 'l (Hdf)?
SINR,, = T [ 8, ( )[Rivz(f)]‘lgﬁz(f)df

C1-mT [yl (DR, ()] ted, (Fdf

45
when v(f) # 0 in A which ensures that R¢ y (f) is not
singular in A.

(44)
“lgd (f)df?

C. SINR analysis for zero or one MUI

C1) Observation model and statistics: We assume in
this section that the total noise n(¢) is composed of a
background noise and, at most, one MUI, which generates
the observation model (1) with P = 1. In this context, the
purpose of this section is to compute and compare the SINR
at the output of the previous L and WL MMSE receivers
for both R and QR signals. Note that, due to lack of space,
comparison of the previous receivers from a SER criterion
are presented in the companion paper [50]. From (1), for
both R and QR signals, for all the previous considered
receivers and for M = 1,2, the matrices R3! (f) and
Cyi ( f) appearing in (38) can be written from [48] as

R, () = 7 2 lgn, (F+oi/2)gh (f—ai/2)

‘g, (f+ai/2)gin, (f—ai/2)]+ R,
Co, () = T[gM (f+ai/2)gh, (@i/2— )
+g1, (f+ai/2)g1 a, (ai/2— )] +C, (HED)

(f)46)

Here, g1, (f) = g1,m(f) for g = o or s, whereas

g1,m,(f) = 81,0y (f) for g = sc. Moreover, Re, (f) and
CS‘& (f) are such that:
R?JQO (f) = R, (f) = Nod(ai)Inn; (48)
EMQC (f) = Nolv(f)|?6(cs)Ipsn;for R signals (49)
(f) = Nolo(f +1/4T)]*6(cvi)In;

EJWQC

for QR signals and M =1 (50)

o WfHATIPLy 0
ReMsc(f) N 5( )( ON ]\11}( f—}—l/ﬁT)PIN)

for QR signals and M =2 (51)

Cei (f) = C& (f) =Nod(a;)d(M —2)Tan;  (52)
Ce () = Nofu(f F)P6(ai)6(M —2)Ian;

for R signals (53)

Cei (f) = 0y for QR signals and M =1 (54)

o (- _ On [o(f+L/4T)PTx),

Cei, (f)Noé(a’)<|v(—f+1/4T)|21N Oy §

for QR signals and M =2 (55)

where Ny is the power spectral density of each component
of the background noise €(t).

C2) SINR analysis in the absence of interference: To get
more insights into the comparative behavior of the M -input
MMSE receivers (M = 1,2) for R and QR signals, we
assume in this section an absence of MUI interference and
a two-tap frequency selective channel such that

h(t) = u15(t)h1 + ,LLQ(;(t — T)hg.

Here p; and po (0 < po < pq) control the amplitude of
the first and second paths of the SOI respectively, 7 is the
delay between the two paths and h; and hs, deterministic
or random, with components h1(2) and ho(i), ¢ = 1,.., N,
respectively, and such that E|h2(i)| = E|h2(i)| = 1, corre-
spond to the channel vectors of the two paths, respectively.
Using (56) into (1), we deduce that the mean SOI symbol
energy per antenna, E;, can be written as

(56)

Ty

— [ E(|lg*)])dt
v | Elg=®I)

= mi [148%426Re (E (hi'hy /N)) ro(7)](57)
where [ def ua/py is the selectivity coefficient of the
channel and r, (t) ef v(t) ® v*(—t). Denoting by o 2 ef

hiThy/(||hy||||hz||) the spatial correlation coefficient be-
tween h; and hy and assuming that, in the random case,

E, =

h; and h, are statistically independent, expression (57)
becomes
Es = mppi[l + 8% + 28Re(an,2)r(7)];
in the deterministic case, (58)

= mui(1+ B%); in the random case. (39)

For a propagation channel with no delay spread (5 = 0),



for both M =1 and M = 2, for both R and QR signals, as
mentioned in (27), the three receivers (0), (s) and (sc) are
equivalent and the expected value, E[SINR, ], of the SINR
at the output of these receivers, SINR s, , which corresponds

to SINRy, for deterministic channels, is maximal and given
by

E[SINR]\/IQ] = — €s. (60)
Moreover, for both M = 1 and M = 2, for both R and
QR signals, the three receivers (0), (s) and (sc) are also
equivalent in the two following situations:

o for R, 7/2-BPSK and 7/2-ASK SOI and arbitrary
propagation channel, when v(¢) is a square-root raised
cosine filter with a zero roll-off, as stated by (28).

o for OQAM SOI, when v(t) is a square-root raised
cosine filter with an arbitrary roll-off, as stated by (28).

Excepted the two previous situations, for both M = 1
and M = 2, for both R and QR signals, the (sc) receiver
(26) becomes sub-optimal with respect to the two other
receivers and it has been verified by computer simulations
that this sub-optimality increases with the SOI bandwidth
(and thus with the roll-off for raised-cosine filters), the
channel selectivity 3, the modulus, « def |ag 2|, of the
spatial correlation coefficient between h; and h,. Besides,
this sub-optimality is more pronounced for deterministic
than for random channels. To quantify and illustrate this
sub-optimality of the (sc) receivers, we assume now that
(1,¢) are r.v. uniformly distributed on [0,47] x [0, 27].
Under these assumptions, choosing N = 1 (and thus a = 1)
and ¢, = 10 dB, Figs.4 and 5 show, for R and 7/2-
ASK QR signals respectively, for M = 1,2, w = 1,
S = 1 and deterministic channels, the variations of the
estimated complementary cumulative distribution function
Pr[(SINRy, /2¢5)dB > xdB] def Py, (x) as a function of
x (dB). Note that the curves appearing in these figures have
been obtained from 10° Monte Carlo simulations where
SINR}y, have been computed from (38) to (39).
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Fig. 4. P, (z) as a function of z (N = 1, M = 1,2, ¢, = 10 dB,
w =1, B = 1, deterministic channels, R signals)

We note the sub-optimality of the (sc) receivers for both
M = 1,2 and for both R and QR signals. Note also
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Fig. 5. PMg (z) as a function of x (N =1, M = 1,2, s = 10 dB,
w =1, 8 = 1, deterministic channels, 7/2-ASK QR signals).

the better performance of WL receivers with respect to
linear ones due to the phase discrimination exploitation
of the two paths. Note finally the similar performance for
R and QR signals for M = 1 but, for M = 2, the
slightly better performance of (o) receiver for QR signals.
To complete these results, Figs.6 and 7 show the same
variations as Figs.4 and 5 under the same assumptions but
for Rayleigh fading channels for which hq(1) and ho(1)
are i.i.d. random variables following a zero-mean circular
Gaussian distribution. The conclusion of Figs.4 and 5 hold
for Figs.6 and 7 with a lower sub-optimality of the (sc)
receivers and similar performance of (o) receiver for R and
QR signals.
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Fig. 6. PMg (z) as a function of x (N =1, M = 1,2, ¢, = 10 dB,
w =1, B =1, random channels, R signals).

Finally note that for M = 2, interpretable closed-form
expressions are possible when 7 = ¢T where ¢ € Z* in (56)
where the SINR at the output of the (o) and (s) receivers
for arbitrary roll-off are equal to the SINR at the output of
the (sc) receiver for a zero roll-off, for which we get

SINRp, , SINRp, . = SINRp, ..
SINRQRQ_,,7 = SINRQRz,S = SINRQR2,SC
1—~2

= 2¢ for 5 =0 (61)
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Fig. 7. PMg (z) as a function of z (N =1, M = 1,2, ¢, = 10 dB,
w =1, B = 1, random channels, 7r/2—ASK QR signals).

where for 8 #£ 0:
o (142e)(1+57) 1 1 1652€2a? cos? ¢
B 4fesacos ¢ VT (+2e)2(1+2)2
for acos¢ # 0

for acos¢p =0

= 0 (62)

where ¢ = Arg(ay,2) and ¢ = Arg(o,2) +¢r/2 for R and
QR signals respectively. We clearly see that these SINR are
decreasing when the spatial correlation « increases and that
these SINR tend to 2¢5 for S and a cos ¢ tending to zero
for which ~ tends to zero in (62).

C3) SINR analysis for one MUI and channels with no
delay spread:

a) Propagation model

To analyze the comparative behavior of the M -input
MMSE receivers (M = 1,2), for R and QR signals, in
the presence of interference, we assume in this section the
presence of one MUI and propagation channels with no
delay spread such that

h(t) = /L(S(t)h and hl(t) = Mlé(t - Tl)hl. (63)

Here i and gy control the amplitude of the SOI and
MUI respectively and 7, is the delay of the MUI with
respect to the SOI. The vectors h and h;, random or
deterministic, with components k(i) and h(i), 1 <i < N,
respectively and such that E[|h(i)|?] = E[|h1(1)]?] = 1,
1 < 4 < N, correspond to the channel vectors of the
SOI and MUI, respectively. Similarly as (58) and (59),
the mean SOI and MUI energy per antenna, E; and F;
respectively are given by E, = mpu? and E; = mp, 3,
where 7, def E(b%k) We then denote by e and ¢;
the quantities ¢, < E, E(||h|2)/No = NE,/N, and
e1 ' By E(|hy|2)/No = NE; /N,.

b) Deterministic channels and zero roll-off

Under the previous assumptions, analytical interpretable
expressions of SINRj,, defined by (38) and (39) are only
possible for a square root raised cosine (SRRC) filter v(¢)

for the symbol duration 7" with a zero roll-off w, i.e., for R,
7/2-BPSK and 7/2-ASK constellations with w = 0, which
is assumed in this subsection. Otherwise, the computation
of SINRy,, can only be done numerically by computer
simulations and will be discussed in the following subsec-
tions. Moreover, we assume in this subsection deterministic
channels and we denote by a1 def lavs 1]e7®=1 the spatial
correlation coefficient between the SOI and the MUI, such
that 0 < |as1| < 1, and defined similarly as a2 by
replacing h; and hy by h and h;, respectively. Finally, we
denote by SINRg,, and SINRqr,,, the SINR (38) at the
output of the M-input MMSE receivers (M = 1,2), for R
and QR signals respectively.

When |a; 1| # 1, i.e., when there exists a spatial dis-
crimination between the SOI and the MUI (which requires
N > 1), assuming a strong MUI (e; > 1), we obtain from
(38) and (39) after cumbersome derivations, the following
expressions:

SINRE, ,, SINRp, , = SINRp, ..
~ SINRQr, , = SINRQr, , = SINRQ-, ..
~ 265(1_|as,1|2) "

SINRg,, = SINRg,, =SINRg,,.
~ 2e(1— |as,1|2 cos? bs.1) (65)

SINRgr,,, = SINRgr, .. ~ 2¢ (1 _ %

(142€4) (cos?Cs 1108215 1) — 4| v 1] % €sc08% (s 1 cO8 s 1 66)
(14 2€;) — |aus,1|%€5(cos?Cs,1 + coses 1)

which reduces to (65) for synchronous SOI and MUI (11 =

0).
|O‘sl|2
2, (1 - =210
: ( :

1 + cos? Ps1 + 2€65(1 + cos? Ys1(1 — 2|ag 1
14 €5(2 — |og,12(1 4 cos? 1bs 1))

SINRggr,, =~

2))> (67)

where )5 1 def ¢s1 — w71 /2T and (51 def ¢s1 + 7 /2T.
We deduce from (65) to (67) that SINRRM /€s does not
depend on €, while SINRg R2,q/ €s depends on €5, which
proves the absence (for R signaIs) and the presence (for QR
signals) of ISI in the output 2o (k).

However, when |a, 1| = 1, i.e., when there is no spatial
discrimination between the SOI and the MUI, which is in
particular the case for NV = 1, after tedious computations,
we obtain, for M =1

SINRRLO = SINRg, , = SINRRMC
2€,
. 68
1 4 2¢€1 cos? ¢ 1 (68)
SINR@r, , SINR@Rg, , = SINRgg, ..
2¢,
= ‘ , (69)

1+ €e1(cos? g1 + cos? (s.1)

whereas, assuming a strong MUI (e; > 1), we obtain, for



SINRg, ., SINRR, , = SINRg, ..
~  2e,(1 — cos? ¢s,1),for ¢s1 # kn (70)
2¢€,
= Troo for ¢s1 =km  (71)
SINRQRg,G SINRQRQ,SC ~ 265 (1—

(142€,)(cos? (5,1 +cos? s 1) —4es cos? (s 1 cos? P 1
2[1 + 25 — €5(cos? (5,1 + cos? g 1)] ’
for (vs,1,Cs1) # (kim, ko), (72)

€s
~ av fOI' (ws,hCS,l) - (klﬂ-kaﬂ—)v (73)

Note that (72) reduces to (70) for synchronous SOI and MUI
(11 =0).

1+COS2 'L/Js 1+2€S(1—C052 ws 1)
SINRgp, . ~ 2€, (1— ; )
QRa.. € < 2[1 + €5(1 — cos? s 1)]
.2
€s8in” g 1

P for s k 74

1+ essin®ehgq peaZhm Y

~ 965 , for /(/)S,l = k’]‘(’ (75)

2¢1(1+4cos? (1)

A receiver performs MAIC (for N > 1) or SAIC (for
N = 1) as ¢ — o0, if the associated SINR does not
converge toward zero. We deduce from (64), (68) and (69)
that, for both R and QR signals, the conventional receivers
(M = 1) perform MAIC as soon as |as 1| # 1, but perform
SAIC very scarcely, only when ¢51 = (2k + 1)7/2 for
R signals and when (71/T,¢51) = (2k1, (2k2 + 1)7/2)
or (2k; + 1, ko) for QR signals, where k, k1 and ko are
integers. Moreover, we deduce from (65) to (67) and (70)
to (75) that, for both R and QR signals, the three two-input
MMSE receivers perform MAIC as soon as |as 1| # 1,
but perform SAIC as long as ¢s; # km for R signals,
(s,1,Cs.1) # (kym, kom) for QR signals and receivers (0)
and (sc) and 1,7 # km for QR signals and receiver (s),
enlightening the great interest of the three two-input WL
MMSE receivers in both cases. Moreover, we deduce from
equations (64), (65), (68) and (70) that for R signals, for both
M =1 and M = 2, the three MMSE (0), (s), (sc) receivers
are equivalent, discarding in this case the need to estimate
the channel of the MUI and proving that the structure
constraint has no impact on performance. Expression (64)
shows that the equivalence of the three receivers also holds
for QR signal for M = 1 as long as there is a spatial
discrimination between the SOI and the MUI. However,
despite similar processing and similar extended models (6)
and (8) for R and QR signals respectively, the output SINRs
(65) and (66), (67), for |a, 1] # 1, and (68), (70), (71) and
(69), (72) to (75) for |as 1| = 1, correspond to different
expressions. This proves the general non equivalence of
R and derotated QR signals for the three WL MMSE
receivers in the presence of MUI, result which has already

been obtained for pseudo-ML receivers [48]. In particular,
for a zero roll-off, while (65), only depends on 2eg: the
maximum output SINR obtained without interference, and
the parameters o, 1 and ¢ 1, (66) and (67) depends not only
on the previous parameters but also on 71 /7. Note that the
only equivalence between R and QR signals is obtained for
synchronous SOI and MUI for the (o) and (sc) receivers.
Moreover, (66), (67), (72) to (75) show that for QR signals
and a zero roll-off, the WL MMSE receiver s becomes sub-
optimal with respect to WL MMSE receivers o and sc, which
are both equivalent in this case.

To illustrate the previous results, Figs.8a and 8b show,
for the three receivers, the variations of SINRpg,, —and
SINRGR,,, (M = 1,2) as a function of ¢, for N =1,
€s = 0dB (a), ¢, = 15 dB (b), ¢ = 20 dB for synchronous
(r1 = 0) SOI and MUI. Contrary to the conventional
receiver, we note a SAIC capability of the WL MMSE
receivers for both R and QR signals as soon as there
is a phase discrimination between the sources. We note
equivalent performance of the three WL MMSE receivers
for R signals and of the WL MMSE receivers (o) and (sc) for
QR signals but suboptimal performance of the WL MMSE
(s) receiver for QR signals.
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deterministic channels.)

¢) Deterministic channels and arbitrary roll-off

To compare the performance of the three MMSE receivers
for R and QR signals, w = 0 and arbitrary values of 7 and
also to extend the analysis to arbitrary values of the roll-off



w, we must adopt a statistical perspective. For this purpose,
we still consider deterministic channels and we assume that
(¢s,1,71) are r.v. uniformly distributed on [0, 27| x [0, 4T7.
Under these assumptions, choosing €, = 10 dB and €; =
20 dB, Figs.9/10 and 11/12 show, for R and QR signals
respectively, for N = 1, M = 1,2 and w = 0, the variations
of Pr{(SINRy, /2¢,)dB > dB] % Py, (2) as a function
of x (dB). Figs.13 and 14 show the same variations as
Figs.10 and 12, but for w = 1.
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Fig. 9. Py, (z) as a function of z (N =1, M = 1,2, ¢, = 10 dB,

€1 = 20 dB, w = 0, deterministic channels, R signals) computed from
closed-form expressions of the SINR without any integral.
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Fig. 10. P, (z) as a function of z (N =1, M = 1,2, ¢, = 10 dB,
€1 = 20 dB, w = 0, deterministic channels, R signals). The two dashed
curves correspond to the two solid curves of Fig. 9.

Note, for both R and QR signals, poor performance
whatever w for M = 1, i.e., for the conventional receiver.
Note for M = 2 and R signals, quasi-optimal performance
of the receivers s and sc for low values of w and a slight
increasing sub-optimality of receivers (s) and (sc) as w
increases. Note for M = 2 and QR signals, quasi-optimal
performance of the receiver (sc) for low values of w, a slight
increasing sub-optimality of receiver (sc) as w increases
and a sub-optimality of receiver (s) whatever the roll-off.
This proves, for channels with no delay spread and arbitrary
values of w, the great interest of WL MMSE receivers (sc)
and (s) for R signals and of WL MMSE receiver (sc) for QR
signals. This proves also the necessity to improve receiver
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Fig. 11. P, (z) as a function of z (N =1, M = 1,2, ¢, = 10 dB, €1
=20 dB, w = 0, deterministic channels, 7/2-ASK QR signals) computed
from closed-form expressions of the SINR without any integral.
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Fig. 12. P, (z) as a function of z (N =1, M = 1,2, ¢, = 10 dB, €1
=20 dB, w = 0, deterministic channels, 7/2-ASK QR signals). The three
dashed curves correspond to three solid curves of Fig. 11.

(s) for QR signals, which will be done in the companion
paper [50]. Due to lack of space, other illustrations of the
same kind will be presented in the companion paper [50]
for random channels and also for OQAM, MSK and GMSK
signals.

V. CONCLUSION

New insights into linear and WL MMSE receivers have
been given in this paper, for both R and QR signals,
omnipresent in numerous present and future applications,
in the absence and in the presence of data-like MUI and
for propagation channels with or without delay spread.
Several QR signals corresponding to 7/2-BPSK, 7/2-ASK
and OQAM signals have been considered in this paper.
Other QR signals corresponding to MSK and approximated
GMSK signals will be considered in the companion paper
[50]. Three concepts of Linear and WL MMSE receivers,
corresponding to the optimal one (o), which optimally
exploits the cyclostationarity properties of the signals, the
one falsely assuming stationary MUI (s) and one with the
structure constraint (sc) of most of receivers of the literature,
have been considered and compared to each other. The
(o) receivers require the a priori knowledge or estimation
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of the channel of all the MUI, whereas the (s) and (sc)
ones, a priori sub-optimal, only require the estimation of the
SOI channel, hence their practical interest. A performance
comparison of these three receivers has been presented
both analytically and by computer simulations, using a CT
approach for propagation channels with or without delay
spread. In the absence of MUI, it has been shown the
equivalence of the three receivers whatever the propagation
channel for R, 7/2-BPSK and 7/2-ASK signals using a
SRRC filter with a zero roll-off and for OQAM signals
using a SRRC filter whatever the value of the roll-off.
Otherwise and for most of frequency selective channels, the
(sc) receiver is suboptimal with respect to the two others
which coincide. In the presence of MUI, the three receivers
are generally not equivalent, even for propagation channels
with no delay spread for SRRC filters with non-zero roll-
off. More precisely, for R signals using SRRC filters, WL
receivers (s) and (sc) are quasi-optimal for weak values of
the roll-off but their sub-optimality slightly increases with
the roll-off. For QR signals using SRRC filters for the
symbol duration 7', such as 7/2-BPSK, 7/2-ASK signals,
the previous results hold for the (sc) receiver only and
the receiver (s) becomes clearly sub-optimal whatever the
value of the roll-off. Other results will be presented in the
companion paper [50] for other QR signals such as OQAM,

MSK and GMSK signals. Taking into account the results
both with and without interference and channels without
and with delay spread, we conclude that contrary to the sc
receivers, the WL s receiver are not far from the optimality
for R signals and weak roll-off, discarding in this case the
need to estimate the MUI channels. However this result
does not hold for R signals and large roll-off and for QR
signals, for which the WL s receiver is generally sub-optimal
in the presence of MUI For this reason, three-input WL
MMSE s receivers are introduced in the companion paper
[50], to make the WL receiver (s), which only requires the
knowledge or estimation of the SOI channel, to become
quasi-optimal for both R and QR signals, whatever the
shaping filter.

APPENDIX
A. Proofs related to the optimal MMSE receivers

1) Proof of (10): Noting that the joint MSE
criterion (JMSE) satisfies E|by — yu(KT)|*> =
By — ym(RT)? + S, Elbpr — yap(kT)?
where  yas,(t) = wip(—=t) ® xum(t) and
Wua(f) = [wu(f)swari(f), - Warp(f)s -, war,p(f)],
the optimal MMSE filter wj, (f) is the first column of the
optimal joint MMSE filter W, (f). The output, at time
kT of the filter matrix W7}, (f) corresponds to the SO
stationary signal:

Y (k) = Unr(0)br + Y~ Unr(k — )by + €y 11 (k), (76)
£k

where Up(0) % [WE (/)G (f)e? Tdf  and

€w, (k) et [ WE(fea(f)e??mT*Tdf. Consequently the
JMSE criterion is given by:

JMSE = mTr[(Upr(0) — Ipy1)(Up(0) — Ipyq)H]

+ m oy Tr[Un (U (0)]
L#0
+  Tr[E(€w,nr(k)e 1 (k)]

= 7TbT/ Tr(( IP—H_ZUM )e 72T

IP+1_ZUM
+ Tr[E(ewn(k)el M<k>>]

= mT / Tr[(Ip_H——ZWH f_i)
g ) (Ipi1— ZWM

+NO/ATr[ZWﬁ(f—%)WM(f—éﬂdﬁ @
4

)~ df

Gu(f~7 GM<f——>>H]df

where we have used the property T [, e 2™/ Tqf = §(0)
in the fourth line. This JMSE is a quadratic functional of



Wa(f — %), k € Z. Following a standard method of the

calculus of variations (see e.g., [57]), the JMSE (77) is

minimized by Wy, (f) = G (f)C%,(f) where C4,(f) =
21

[(No/mp)Lps1 +1/T 32, GRi (f—4/T)Gum (f—¢/T)]

|

2) Equivalence between the jointly and direct ap-
proaches: We consider here the MSE E|b;, —yas (KT)|? with
ym(t) = wi;(—t) @ xp(t) where the SO cyclostationarity
of the MUI is taken into account. In this case, the CT
total noise output nas ., (t) = wi;(—t) @ np(t) is SO
cyclostationary with cyclic frequencies v; = «; = i/T with
power at times k7'

E(|n2., (k Zenka/?‘Zledf (78)

with
) = Wi (F 5/ 2Ry (W (f=7i/2)  (79)
where
Ry, () = > lepu(f +ai/2glh, (f —aif2)
1<p<P

+  Nod(ai)Inn. (80)
Consequently
Blnd ) = 3 Y Y [whirra

1<p<P a;
gpm (fHai/2)gg, (f—aui/2)wa (f —cu/2)df

+ N / lwar (f)|12df- (81)

This gives after direct algebraic manipulations, the following
expressions of the MSE

MSE = m,T/ \1——ZwM gM(f_*)| df
[ B Y Sy
1<p<P ¢ &k
gp,M(f—;)gﬁM(f—%)WM(f—é)df
+ NO/A%:|WM(f— %)szf (82)
This MSE is a quadratic functional of wy(f — %), k € Z.

Similarly to the JMSE, using a variational method, the MSE
(82) is minimized by

war, (f) :C?ZVM Hem(f Z CM 1+p gp,M(f)
1<p<P
(83)
where (cﬁlw,l( ), cd, a2 5(f), - ,cM H_P(f)) is the first col-
umn of C¢, (f) = [W;’ py1t+p ZZGf{( )GM(f—

£ .

3) Proof of (40) and (41): The first component of y 57 (k)
(76) is given by

ym(k) = br(FTUp, (0)F) + 77U, (0)(by, — bif)

+ Y U, (k= Oby + £ €y 0 (k)
1k

CE b (FTU b, (0)F) + enr (),

(84)

where by, and e (k) are uncorrelated and Uy, (0) is given
from the definition of C%,(f) in way, (f) (10) by

v = [ ci ISR DGu(f — )l
= Ipy— N%bT/ACM(f)df (85)

Noting that Uy, (0) is Hermitian, the expressions of
E(leas(k)|?) and E(e3,(k)) are given by:

Bear ) = mf"(3 Ut

—my(F7 Uy, (0)F)* + fTE[Ew,M(k) o (k))IE (86)
E(eis (k) = mf'[>_ U, (U, (O]
l

—mp(FTU p, (0)F)2+6(M—-2)fTE[€y s (k)L

YU, (0

m(R)IEBT)

where
Y U, (U () = T / (3" Ung, (k)e=72mIT)
4 A L
S Ulh (02T dr (88)
4
ZUMO(E)UT 0)) = T/(ZUMO(k)e—j%fkT)
4 A &
O UT, (e T df (89)
V4
with
5 U (et
k
= *ZWH GM(f—é)
= oL Gl DG (]~ 2]

No

= (IP+1*7)C 1(f)- (90)



Using
E[ew,M(k)eg,M(k))]
— N / W ()W, (f)df

- M c%ungGﬁ(f—jﬂ)%(f—ﬁ)]%(f)df

%C%(f)(??w(f)]df 1)

— NT /A CL,(f) —

E[€w7M(k‘)€5,M(k))]
= 5(M—2)NO/W]’;} (F)Ian Wiy, (=f)df

—NT /A CL(f) NOCd 4 (HCL (A ©2)

where we have used in (92) for M = 2, the relations
JonGar(=f) = G, (f) and C{(—f) = CL,(f).

Gathering (91), (88) with (90) in (86), and (92), (89) with
(90) in (87), the generic expression of the SINR (33) takes
the value (44). For M = 2, using fTC%,(f)C%,(/)f =
£7CH, (£)Cl (—E = [C(NEIR (44) reduces to (45).
|

B. Proofs related to the MMSE (s) receivers

1) Proof of (14): The output, at time k7T of the filter
wi,(f) is given by the SO stationary signal:

0)br + > unr(k — )by + nw ar(k), (93)
l#k

where [wE(Hegm(fe?? M Tdf  and

N,z (K) [wE (fna (f)e?>*Tdf where npy(t)
is falsely assumed SO stationary with power spectral
density R% v (f). Following the same steps as that of the
derivation of (77), we get the MSE

ym (k) = unr(

def
Upr (6) £
def

MSE ¥ Ely,, — bk|2

+/ szu
Ay
whose function in the global integral (94) is classically

minimized by w (f) given by (14). [ |
2) Proof of (42) and (43):

ng—*|df

RO (f - 5>wM<f ir. on

T

The proof follows

the same steps as for the optimal MMSE
filter, by replacing fTUp (k) and Ty n(k)
in_(76) by  [wip (f)Gu(f)e M af =
J e (Nerr(HR 4 ()] Gar(f)e 72T/ df and

/ Wzl\i, (fea(f)e 72 IFTqf | respectively.

C. Proofs related to the MMSE (sc) receivers

1) Proof of (18): As x, m(t), given by (17), is SO
stationary, yar,.(k), defined by (23), is also SO station-
ary. From (31), where by and enm., (k) are uncorrelated,
and from wuys,, = TfA wM f)gU,M(f)df, the MSE =
E(|bs — yar.. (k)[?) is given by:

MSE
= m|l —un,.[* + Elear,, (k)]? (95)
= (B[P = mylung,, |?
= Elyn.. (k)P (1 —unm,. —ujp,)

_— /A Wi (DRL, (Fwir, ()

o (1wl (el () -wir (et (0)] 4r06)

whose function in the integral (96) is classically minimized
by W§i\4sc( f) given by (18) for the frequencies such that

xi a(f) #0. n

2) Proof of (24): Similarly, the output y,s. (k) of the

filter W?\;‘SC( f) is SO stationary and

yum.. (k) = U, bi + e (K),

where U, % I Wcjzc(f)GgM(f)df and where by and

en.. (k) are uncorrelated. This implies that the JMSE =
E|by — yar..(k)|? is given by:
JMSE
= E[(Un..~Ips1)bil* + Ellen,. (k)|
= E[|(Unr,.Lp+1)bre >+ Ellyar,. (k) |*-El[ U, bl
= Ellya..(0)* + mT[(Uns, ~Lpi1) (U, ~Tpi1) 7]
— mTr(Up, Uip)

_ 7 / Te[Wi (NRE, (Wi, (f)
A

Tovpr

+mp(Ip =Wy (HGL (F)-WE (HGE(F))df  (98)

and is minimized for

Wi, (f) =[RS,

o7

EE0) e G B C)

whose first column is w¢, (f) (24). [ |

3) Proof of (44) and (45): It follows that the derived

structured MMSE receiver w4, (f) gives

wn. =T [ el R, (D] 'eh (N 100)



that is real-valued and besides (23) gives:
E(lya.. (K)]?)
= T [ wiLORL, (wh (D

T

= Tmj /A gir (NRY, ()] 'gir. (Hdf (0D

=T AW”AIZC(f)CiUM(f)Wﬁsc(ff)df (102)
= 1t [ gl ORL, (1)Ch ()
A * *
RS, (=) "gy,, (= f)df.(103)

Using (100), (101) and (103) in (33), (44) and (45) follow
for M =1 and M = 2, respectively. |
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