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ON THE SELF-SIMILAR STABILITY OF THE
PARABOLIC-PARABOLIC KELLER-SEGEL EQUATION

FRANK ALVAREZ BORGES, KLEBER CARRAPATOSO, AND STEPHANE MISCHLER

ABSTRACT. We consider the parabolic-parabolic Keller-Segel equation in the plane and
prove the nonlinear exponential stability of the self-similar profile in a quasi parabolic-
elliptic regime. We first perform a perturbation argument in order to obtain exponential
stability for the semigroup associated to part of the first component of the linearized op-
erator, by exploiting the exponential stability of the linearized operator for the parabolic-
elliptic Keller-Segel equation. We finally employ a purely semigroup analysis to prove
linear, and then nonlinear, exponential stability of the system in appropriated functional
spaces with polynomial weights.
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1. INTRODUCTION

In this paper we are concerned with the parabolic-parabolic Keller-Segel system in
self-similar variables in the plane

Of =Af+div(pzf — fVu)

(1.1) 1
Ou = E(Au + f) + px - Vu,

with fixed drift parameter p > 0 and with small time scale parameter € > 0, which aims
to give the time evolution of the collective motion of cells (described by the cells density
f = f(t,x)) that are attracted by a chemical substance (described by the chemo-attractant
concentration u = u(t,z)) they are able to emit ([24, 17]). Here ¢t > 0 is the time variable
and z € R? stands for the space variable. We refer to the work [6] as well as to the reviews
[15, 26] and the references quoted therein for biological motivation and mathematical
introduction.

We establish in a convenient weighted Sobolev space the exponential stability of the nor-
malized self-similar profile in the quasi parabolic-elliptic regime, that is for small values of
the time scale € > 0, without assuming any radial symmetry property on the initial datum.
This extends similar results obtained in [8] in a radially symmetric framework. As in that
last reference, the proof of the stability is based on a perturbation argument which takes
advantage of the exponential stability of the self-similar profile for the parabolic-elliptic
Keller-Segel equation established in [7, 11]. The proof however differs from [8] because
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it uses among other things (1) a different, and somehow more standard, perturbation ar-
gument performed at the level of the main part of the first component of the linearized
operator instead of at the level of the whole linearized system and (2) a purely semigroup
analysis of the linear and nonlinear stability of the system.

Our result implies that in a quasi-parabolic-elliptic regime and for some class of ini-
tial data without assuming any radial symmetry property, the associated solution to the
parabolic-parabolic KS system in standard variables (corresponding to p = 0) has a self-
similar long-time behavior, which in particular means that no concentration occurs in large
time and thus the diffusion mechanism is really the dominant phenomenon all along the
time evolution.

It is worth mentioning that as far as the existence problem is concerned, an alternative
possible approach has been developed in [6] where weak solutions have been proved to
exist for a very general class of initial data, see also [21, 20]. The associated uniqueness
result has been solved in [8], see also [2, 9], but the accurate analysis of the long-time
behavior of these solutions is still lacking. On the other hand, mild solutions have been
proved to exist under a smallness condition in the initial datum for instance in [3, 12, 10]
with associated self-similar behavior result in the longtime asymptotic in [23, 22, 10] or
under a large time scale parameter for instance in [10, 5].

The two, and only two, general properties satisfied (at least formally) by the solutions
of the parabolic-parabolic Keller-Segel equation are the positivity preservation of the cells
density, i.e.

f@t,)y >0 if f(0,-) >0,

and a similar positivity property for the chemo-attractant concentration u, as well as the
mass conservation of the cells density, namely

(1.2) (ft ) = (F0,)), ¥E=0, (h):= | hdz.
That mass conservation (1.2) is known to be violated in some supercritical mass situation.

However, we will only be concerned in this paper with a subcritical mass framework that
we describe now.

We denote by @@ = Q¥ and P = P the normalized stationary solutions to the Keller-
Segel system (1.1), that is
{o — AQ +div(u2Q - QVP),  Q(0) =8,

1.
(13) 0=AP+Q+cux-VP,

which existence, uniqueness, radially symmetric property and smoothness have been estab-
lished in [23, 4, 10]. It is worth emphasizing that we adopt here the normalizing convention
of [14] motivated by the fact that in the vanishing drift limit

QY — Q°, VPl — VP’ as u—0,
where (Q°, PY) is defined by

Q) = —

(1+[z?)%

and thus Q° is the well-known 87 critical mass solution to the parabolic-elliptic Keller-
Segel equation in standard variables (corresponding thus to u = & = 0). Because for any
€ > 0 there exists a one-to-one mapping

M 2 (0,00) = (0,8m),  p= Me(p) = (QF),

another possible (and more standard) normalization convention should be to fix the drift
term p := 1 and to normalize the stationary solution by its subcritical mass in the interval
(0, 8).

We next introduce the perturbation (g,v) of the stationary state (Q, P) defined by
f=Q+yg, (9)=0, u=P+u,

AP’ = Q"
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in such a way that the mass compatibility condition {(f)) = (Q)) is satisfied. If (f,u) is a
solution to (1.1) then (g,v) satisfies the system

{Btg = Ag+div(uzxg — gVP — QVv) — div(gVv)

(1.4) 1
Opv = E(AU +9g) + px - Vo,

and reciprocally. Instead of working with solutions (g,v) to (1.4) we shall rather work
with the unknown (g, w) defined by

W=V —K*g,
where k is the Laplace kernel in the plane

1 =z

1
1. =1 =——"
(15) (z) = =g loglel, Va() =~

so that * ) is a solution to the Laplace equation —A(k* Q) = Q in R2. We will therefore
consider the modified system

0rg = Ag + div(pzg — gVP — QVEk * g — QVw) — div(gVk x g) — div(gVw)
(1.6) ow = %Aw—i—,uw-Vw—i—g
+ Vi *[gVP 4+ QVE x g+ QVw] + Vi x [gVw + gVEk * g],

satisfied by (g, w), that we complement with an initial condition (gg, wp).

We introduce the Banach spaces X' := L x (LP NHY and Y = Hl x (L? "H?) endowed
with the norms
19, w)llx = llgllzz + llwllze + l[wll g2,

(g, )lly == llgll e + [lwllze + [Jw]] g,
where the weighted Lebesgue space Lﬁ(RQ), for 1 <p<ooand k > 0, is defined by
LR (R?) i= {f € Lipe(®?); [[fllzp := [@)* fllow < 00}, (2} := (1 + |2}/,
and the norm of the higher-order Sobolev spaces W,f’p (R2) is defined by
AP ep = D I2)E O f 117
k lo<e

We define the homogeneous seminorm f — | f||ze := |D’f||z2 and we write f € H' if
| £ll e < 00. We also denote by H, ' the duality space of H}: for the scalar product (-, 2
namely

1@l = sup (¢, f)r = |[{2)* |l

”f”Higl llgll <1
so that we may identify
H' = {FO +divF; F, € Lz}.
For k > 1, so that Lz C L', we finally denote
L}y :={fer (f)=0}.
We may now state our main result.

Theorem 1.1. Let us fir p € (0,00), k > 3 and p > 2. There are €o,m9 > 0 such that
for any € € (0,e0) and any initial data (go, wo) € Li,o x (LP N HY) with ||(go, wo)|lx < o,
there exists a unique global solution (g,w) € L{*(X) N L(Y) to (1.6) which verifies

(1.7) 109, w)llLge ) + (9> W)l 22 vy < 1l(90> wo)lx-

Moreover, for any X\ € (0, 27“), we have the decay estimate

(1.8) 1(g(®), wt)llx S e Ml (go, wo)llx, VE>0.
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This result improves [8, Theorem 1.4] where similar estimates are established with the
restriction that the initial datum is radially symmetric (and satisfies additional regularity
and confinement conditions) and also improves [23, 22, 10] which deal with small initial
data and arbitrary time scale parameter € > 0. It is worth emphasizing that because of
the one-to-one mapping p +— #:(n), the choice of a given drift parameter u € (0, 00)
and its associated steady state Q¥ here is equivalent to the choice of a given subcritical
mass in (0,87) for the initial datum in [8, 23, 22, 10]. It is also worth underlining that
Theorem 1.1 implies that the corresponding solution (F,U) to the parabolic-parabolic
Keller-Segel equation in standard variables (i.e. u = 0) satisfies

R(lt)z <$), U(t,x)wP(%), as t— oo,

with R(t) := (1 4+ put)"/2, and we refer to [8, Sec 1.] for further discussions.

F(t,x) ~

As said above, we shall always work with the unknown (g, w) and it is worth stressing
why the corresponding evolution system is given by (1.6). We may indeed observe that if
(g,v) satisfies (1.4) then the function w := v — k * g straightforwardly satisfies

1
ow = EAw—i-,um-Vw—i-/mc-V,«;*g—V,«;*[Vg—i—,umg—gVP—QV,«;*g—QVw]
+ Veix*[gVw+ gVkx*g|.
Using that
— 1
z-VE*g—Vk*(xg) /,m y‘z{ gy g(y)}dy=—g/wg(y)dy=0,

because of the mass Vanlshlng condition on g, the equation on w simplifies and thus (g, w)
satisfies (1.6). Equivalently, defining the operator

L(g,w) = (L1(g,w), L2(g, w))
by
[,i(g, w) = £i719 + ﬁmw, 7= 1, 2,
with
{El,lg = Ag+div(pzg — gVP — QVExg), Liw=—div(QVw),
(1.9)

1
L219 =9+ Vex[gVP+QVEkxg], Loow= gAw + px - Vw + Vi * [QVw],

the system (1.6) on (g, w) rewrites as
(1.10) d(g, w) = L(g,w) + (= div(gVk * g) — div(¢Vw), VE * [gVw + gV * g])
' (9,w)}e=0 = (g0, wo)-

In the initial Sections 2 and 3, we present some estimates on the family of steady
states (@, P) and some functional inequalities that will be useful throughout the paper. In
Section 4, we establish the dissipativity of the operator £; 1 and next the exponential decay
of the associated semigroup for small enough values of € > 0, thanks to a perturbation
argument and by taking advantage of the dissipativity of the limit operator for ¢ = 0
corresponding to the usual linearized parabolic-elliptic Keller-Segel operator. In Section 5,
we prove in a more direct way the dissipativity of the operator L£2. In Section 6, we
deduce then the decay of the semigroup S, associated to £ by writing in a proper accurate
enough semigroup way the two decay estimates of S¢, ; and by showing that both out of the
diagonal contributions £; j, @ # j, are small enough. The above two arguments significantly
differ from those used in the proof of [8, Theorem 1.4]. In Section 7, we finally present the
proof of Theorem 1.1 which is based on a classical nonlinear stability trick.

In the sequel, for two functions S and T defined on R, we define the convolution ST
by

(S*«T)( /St—s s)ds, forallt>0,
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so that in particular the Duhamel formula associated to an evolution equation
g =Ag+G, g(0) = go,
writes
g =5rg0+ SAxG.

Moreover, for A € R, we denote ey : t — e. We also write A ~ B if A = ¢B for

a numerical constant ¢ and A < B when A < ¢B for a numerical constant ¢ > 0 and
A,B>0.

2. ESTIMATES OVER (Q AND P

We present some estimates on the steady states Q = Q¥ and P = P!, that we recall
satisfy (1.3), which will be useful in the next sections.

Proposition 2.1. There exist eg > 0 and ag > 0 such that for all ¢ € (0,20) and
a € (ap, 1) we have:
(1) (Bounds over P) For all x € R? there holds

(2.1) PO(z) — %””'2 < Plz) - %ﬂz < P°(z) < P(z) < 0,

(2.2) z-VP(z) — pajz* <z -VPz) <z VP(x) <0.
(2) (Bounds over Q) For all x € R?, there holds

(2.3) Qo(ﬂ:)e_“# <Q(r) < Qo(x)e—u(l—a)@‘

Proof of Proposition 2.1. In order to prove (2.1) and (2.2), we follow the same ideas as in
the proof of [14, Proposition 4.1], but including the necessary modifications to handle the
terms depending on ¢ that appear for this new problem.

First notice that P° and P are radial functions solving the equations

AP (z) = —Q%x) = —8¢"@) PY(0) =0,

AP(x) + pex - VP(z) = —=Q(x) = —SeP(x)_“#, P(0) =0.

In polar variables, these equations read as

(PO)'(r) 4 (PO (r) = ~8e7°0), PY(0) = (P)(0) =0,

1 r|?

(2.4) (P)"(r) + (; + ,uar) (P)(r) = —8eP(r)—M%, P(0) = P'(0) =0.
Solving these two equations, we get

r1 e
(2.5) Po(r) = —8/ ;/ TePO(T)dep,

0 0

T e—lwé P 22
2.6 P(r)= -8 reP (M =11=E)5F drap.
(2.6) (r) p

0 P 0

Plugging an expansion in powers of r up to order 4 for P(r) in (2.4), the coefficients of
such expansion can be computed, which gives
§ pul u

P(r) = pocy = =@+ 0 + (14 L1+ ) 4 o),

POr) = —2r2 + 7% 4+ o(r?),

P(r) = =2 + (1+ L (1 + )" + o),

for any given a € (0,1). This implies that there exists rg = ro(a) > 0 such that the
following relation holds true

2 2
@n PP py - —“O‘2|T|

5 < P’%r) < P(r) <0, Vre(0,mr).
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Set @« = 1 — ¢ and assume now, by contradiction, that there exists r;1 > 0 such that
P%ry) = P(r1) and
p(l —e)lrf?

P(r)— 5

< P°(r) < P(r), Yre(0,r).
Using (2.5) and (2.6), we get
0= PO(Tl) — P(?“l)

_ g /7"1 l/PT <6P0(7—) _ eP(T)}L(lE)é/JE‘O;) deP
0o pPJo

<3 /7"1 l/PT (ePO(q—) _ eP(T)}L(lE)é) drdp < 0,
0o pPJO

the last strict inequality being due to the second inequality in (2.7). This is a contradiction
and therefore Py(r) < P(r) for all > 0.

On the other hand, suppose by contradiction again that there exist a € (0,1) and r,, > 0
such that

2
UE(a,7a) = P(ra) — L“;a‘ = P(r,)
and )
P(r)— —,uo;\r] < PO(T) < P(r), Vre(0,ry).

Using (2.6), we have

° 2
\I/g(Oé7T'a) = _8/r l/p TeP(T)—u(l—E)é—ugédep . M
o pJo 9

To 14 72 2 2 T,
< —8/ l/ TePO(T)*ﬂ(lff)T*HE%dep — % =: W(a, T, ).
0 pPJO

Notice that U(a,74,0) = POry). If we prove that there exist values of o such that
0¥ (a,ro,0) < 0 then, in a neighborhood of 1 = 0, we would have
UH(a,74) < U, 10, 1) < U(a,74,0) = POry),

which would be a contradiction. Since there exist ¢g > 0 and ap > 0 such that for all
(e,a) € [0,e0] X [, 1], the function

~ 4(1 — T T
0,0, ¥ (a,r,0) = 7( 2 / 3P Mdr 4 487“/ e Mdr — ar
r 0 0

2(1 —¢) ) 1 1
:f<ln(1+r )+1+T2—1)—|—4er<1— 1+T2) —ar

is less than O for all r > 0, we deduce that

8,)@(04,7@,0) = / ’ @ﬁuﬁl(a,r, 0)dr <0,
0

which leads to the desired contradiction and finishes the proof of (2.1). We may estab-
lish (2.2) in a very similar way, but using the expressions for z - VP and x - VP. We
finally prove (2.3) by taking the exponential of the estimate (2.1). O

Lemma 2.2. There exist some constants C; > 0,1 =0,...,3, 9 >0 and ¥ € (0,1), such
that for any p € (0,00) and any € € (0,e0], there hold

(2.8) 0 < Q(z) < Coe MIeP/2(zy =4,

(2.9) sup (i + (z)) |VP(z)| < (Y,
T€ER2 ’x‘

and

(2.10) |AP| < Cope + Cslz) ™t
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Proof of Lemma 2.2. Consider the values of g > 0 and «ag > 0 given in Proposition 2.1,
so that from its proof, ¥ := 1 — ag € (0,1) is independent from g and . The estimate
(2.8) is then nothing but (2.3). Computing the explicit expression for VP gives

. ||
VP =—e nels —|;|2 ; Q(r)et*z rdr
and hence
1 rlel 2 || 4 92
VP < — o Q(r)e’< T dr < —m (ry~te =) T rap,

Taking € small enough, we deduce

1
J[ Jo

which directly implies (2.9). Finally, writing
AP = —puex- VP —Q,
we conclude to (2.10) thanks to (2.2) and (2.8). O

z|
|IVP| < — (r>747"d7° < ]w\(m>*2,

Lemma 2.3. There exist some constants 9 € (0,1), C; > 0, i = 1,...,4, such that for
any p € (0,00), any € € (0,g0] and any = € R?, there holds

(2.11) VP! — VP < peCy|z|,
(2.12) |APF — APJ| < peCs,
4| T 2
(2.13) QY — Q| < peCye™ ™7,
4| T 2
(2.14) VQ! — VQy| < peCye ™7

Proof of Lemma 2.3. We recall that in radial variables, we have the expressions

Tl e 22
J! r):—8/ —/ 0P T rdrdp,
0 pPJO

2
el
7"):—8/Te ’ /pepgﬂ_“(l_e)éTdep
0 P 0
which imply

T T2 T T2
Pt — Pl = (Pa" —/ (Pg‘)'e’”TdT) + (/ (P etz dr — Pé‘)

0 0

—nel _q
:_/ 76 : /Q“ e“€2Tdep

—S/Tl/ P - 16)T 2)7'd7'.

72
Directly from Proposition 2.1, we know that [§' Q¥ (7)e!* = rdr < [ Q°(7)rdr < 8, and
the mean value theorem gives us that

2

B (P — P + ua%)eh(T)

)

with h(7) satisfying

2

2 19 2
A(r) < max{Pl — (1 = &), P — p-h < PP — =E

2
Thanks to Proposition 2.1, we deduce

0#72

8eM™) < Q(r)e™ "2
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Putting everything together, we get

pep?

e

p_ ph "l-e @ "1 pu_ p U
Pr-RY <se [ =S dp+ [~ [P - P 4 e |Q ) rdrdp
0 p 0o pJo 2

TP
< peKr® + / / | Pt — PY|Q°(r)drdp,
0o Jo

where K is a constant independent of i and . Integrating by parts the integral term, we
get

T

P B < pekr o [P - BIQY (),

0

which thanks to Gronwall’s Lemma gives
|PE — BY| < peCola?.

This estimate together with a similar manipulation on the gradients of P# and P}’ gives
(2.11). On the other hand, we have

QF - Qp] = e HUmIT _ (Riw

2
= |PF— P+ ,ua%]8eh(7")

19m"2

< peColrPQO(r)e™ 2,

which is nothing but (2.13). Repeating the same process for V(Q — Q) gives (2.14).
Finally, using the equations for P and P}', we have

A(PF = P) = —(QF — Qf) — pex - VPL.

We conclude to (2.12) thanks to (2.13) for the first term and thanks to (2.2) for the second
one. -

3. FUNCTIONAL INEQUALITIES

We gather in this section some functional inequalities that we shall use through the
paper. First, we provide some estimates over the solution for the Poisson problem.

Lemma 3.1. There holds

(3.1) ID?k % g2 S llglle2s Vg€ L2
and, for k > 2, there holds
(3.2) IVk*gllze Sllgllez. Vg€ Lio.

Proof of Lemma 3.1. Thanks to Plancherel identity and because & ~ [£|~2, we have

1055 % gll 2 = [1€:&51€1 23l 22 < 191122 = llglz2,
what establishes (3.1). We now prove (3.2). We similarly have

~ 2 ~ 2
HVFL * g”%z >~ /1|§|§1 % df +/1‘§‘>1 % d§ = Il + IQ.

For the second term we have
B < [ [GOFd = lgle:
For the first term, using that g(0) = 0 because ((¢g)) = 0, we have
1
3(6) = ¢+ | Degloe)as,

and we thus obtain

< (E&"l nga@)\?) [ <€ <1513 < llagllhs < il
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by using some classical and elementary Fourier identity and estimate as well as the con-
tinuous embedding L3 C L}. O

Lemma 3.2. Fork >1,p> 2 and 2 < q < p, we have
(3.3) IVE*gllee Sllgllze, Vg€ L.

Proof of Lemma 3.2. We split |Vk| := Ky + Ko, with

1 1
K1 = ml‘x‘gl € Lrl, Vrl < 2, K2 = ml‘x‘21 € LTQ, VT'Q > 2,

that we use with r; := (1 + 1—1) - %)_1 and r2 := p. We then have

IV fl Lo [y fllze + [ K2+ f e
K[l fllze + (B2l el £ 20

11z,

A CIN N

where we have used the convolution embeddings L™ * L9 C LP and L' x LP C LP in the

second line as well as the Cauchy-Schwarz inequality in the last line in order to prove
Ll c L. O

We recall the following two particular cases of the Gagliardo-Nirenberg interpolation
Theorem in dimension 2.

Lemma 3.3. (1) For any p > 2 and setting 6 = we have

D
2+4p’
(3.4) IVwllze S lwlp’ Vw2, Vw e LP 0 A
(2) The following Ladyzhenskaya’s inequality holds

1/2 1/2
(3.5) 1£e S UAIZIVAIL, ¥ feH"

We will also need the following non classical Gagliardo-Nirenberg type interpolation
inequality.

Lemma 3.4. Let p € (2,00). For any B > 0, there is Cg > 0 such that
IVewls < Blwl, +Csl V2wl Ve LP 0 2.

Proof of Lemma 3.4. We compute

IVwllZ =/ (&~ lw(glal) + (&> 1al*)(g*|@|**)
jg<1

|§]>1
1 ~ —~ —1 ~112/3 ~n4/3
S &) T D 2l €] 2 + 1€6) @I2E2 1€ 2@ 1
2/3 4/3
S Nwll g [ V20| + [w]) 22, |V 2w]| 3

2/3 4/3
S lhwllzo | V2wl gz + ] 352V 2w] 75,

where we have used the Cauchy-Schwarz inequality in the second line and the continuous
embedding LP(R?) ¢ H~(R?) (consequence of the embedding H'(R?) c L¥' (R?)) in the
last line. We then conclude by applying Young’s inequality. O

4. ESTIMATES FOR L1 1

In this section, we establish some dissipativity estimates and related semigroup decay
estimates successively on the operators £; 1 and related operators.
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4.1. Dissipativity estimates related to L£;;. In order to keep track of the ¢ > 0
dependence, let us denote
A =Ly,
where we recall that this one is defined by
L119 = Ag+div(uzg — gVP — QVE * g).

We start with a first fundamental dissipativity estimate.

Lemma 4.1. For any k > 3, there some constants €y > 0, small enough, and Cy, oo > 0,
large enough, such that

1
(41) (Neg )1z < —n(k ~Dllgl3z — 5196125 + Collglas,y -
for any € € (0,g0) and g € H.
Proof of Lemma 4.1. We briefly repeat the proof of [8, Lemma 4. 4] We compute

(Aeg, g) 2= /Agg )2k —|—/d1v puxg)g{x /le gV P)g /le QVEk * g)g(z)?
=L+ o+ I3+ Iy,

and estimate each term separately. For the two first terms we have

ot f=— [199P@% + [vrg* (@)™

where Vi Al ()t
Vix Az Vix
L A L
— k(2 + 1) ()2 — ke — 1) — 2k(a)
Moreover, for the third term we compute

V(z)k
I3 = / gVP - Vg{x)™ +2 / g (@) VP <;<c>f>c
Z—é/APf@Vk ().

Thanks to the uniform estimates (2.9) and (2.10) on P, we observe that
V()

k| S Iz - VPllgoe (2) ™ < Crfa) ™

kp.

and
|AP| < Coue + Csx)™?
for some constants C; > 0, which imply

epnC Cs 1
5 lglze + (O + 7 ) @) 212
k

I3 <

For the last term we write

xk
14:/kxvﬁ*QVg@Vk+2/lxvﬁ*mVé§ g(z)**.

Since ||Q(x)%* |~ < C4 and ||Q(x)*V ()|~ < C4 thanks to estimate (2.8), we obtain
Iy < Cal|VE* gll2[VyllL2 + 2Cal|VE * gll 2|9l 2

1
< CilIVe «gllze + 5 IVellzz + Cillglz2

_ 1
Cill{m) " gl + 51 Vallze,

where we have used Lemma 3.1 and Young’s inequality. Gathering the previous estimates,
we get

(Aeg gz < =3 [ IVl + [digP
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with
_ eC: C
I = —u (k 1 T) 4 (cz Lo+ —3) ()L 4 B2k 4 p){z) 2 — K2 ()

2
< —pu (k —1- 8—%) + Cs(z)~L.

We remark that, for any g9 > 1, we have

_ B 1
(@) @) < 0fF M iy<py + — (@),

00
thus we obtain
1 2 802 05 2 2
(4.2) {Aeg,9) 2 < —5lIVyllzz — (k —1l-==- @) lgllzz + Collgllzz(s,,)
where Cy = C5g%k_1. We therefore choose €9 > 0 small enough such that ¢gCy < 1 and
0o > 1 large enough such that “0750 < 1/2, which concludes the proof. ]

4.2. Splitting of the operator £, ;. We introduce the splitting
Ae=A+B.,, A:=My, B:.:=A—A,

with x,(z) == x(z/0), x € D(R?), 1p0,1) < X < 1p(z2), and constants M, o > 0. We
immediately deduce from Lemma 4.1 that B, is dissipative, more precisely:

Corollary 4.2. For any k > 3, any € € (0,g9) and any constants M > Cy and o > oo,
there holds

1
(43) (Bog, )i < —ulh = 2)lgl%; — 51Vl < Al = ollgl

for any 0 < A < p(k — 2) with 0 = min(1/2,u — N), and where €9, Cp, 00 > 0 are taken
from Lemma 4.1.

Remark 4.3. We shall fix hereafter the parameters M > Cy and ¢ > g in the definition
of B. such that Corollary 4.2 holds.

In order to work at the level of the semigroup, we reformulate (4.3) in the following
way.
Lemma 4.4. For any k > 3, ¢ € (0,e09), M > Cy and 0 > 09, there holds
(1) For all 0 < X < u(k —2) and all g € L2, we have

lexSe, (gl + lexSe. (gl 2 S sz,
(2) For all0 <\ < p(k —2) and all exR € L?H, ", we have
lex(Sa. = R)HLgOLi + [lex(Ss. * R)HL?H; S HeARHLfHk‘l'

Proof of Lemma /4.4. Let 0 < X\ < u(k —2). For g € L3, we first consider f := e)S5.(-)g
the solution to the evolution equation

hf =Bf+Af. f(0)=y.
Because of (4.3), we have

1d
S 12y = (Bt £ + I < ol £
from which we deduce (1) thanks to the Gronwall’s lemma.

For R such that e\R € L?Hfl, we next consider f := e)(Sp. * R) the solution to the
evolution equation

Oif =B.f +Af+exR,  £(0)=0.
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Because of (4.3) and the Young inequality, we have
Sl 12 = (Bef f)ig + A2, + (xR, f) iz
ol 1By + xRl -1 17
T2 2
_E”f”Hé + C”e)\R”Hk*l?

for some constant C' = C(u,A) > 0. We deduce (2) thanks to the Gronwall’s lemma
again. ]

IA

IN

4.3. Spectral analysis of £ ;. We deduce a nice localization of the spectrum of £ 1 from
the previous estimates and a perturbation argument. Let us denote by Ag the linearized
operator of the parabolic-elliptic Keller-Segel equation which is given by

Aog = Ag + div(pxg — gV Py — QoVEk * g),

where (Qo, Pp) is a solution to (1.3) with e = 0. From [7, 11], we know that for £ > 3 and
0 < A < p, there exists a constant C' = C'(\, p, k) > 1 such that

1Sao(0)f N2 < Ce | fll 2, Vf € Liy,
and the spectrum verifies
(4.4) S(Ao) N A, = {0}

where A_,, := {z € C: Rez > —pu}.
By a perturbation argument similar to the one used in [18] (see also [27, 16]), we are
able to obtain a similar picture for the operator £ = A..

Proposition 4.5. Let k > 3. For any 0 < A < u, there is €, > 0 small enough, such that
the operator A, on L% satisfies

Y(A)NnA_, ={0}, Vee(0,&").
Proof of Proposition 4.5. We split the proof into several steps.
Step 1. We claim that
Z/{E(Z) = RB& (Z) - RAO (Z)ARBE (Z)
is uniformly bounded in %(L?) and Z(H, ', H}) for any z € Q := A_,\\B(0,7/2) any
e>0and 0 < r < X< g On the one hand, Rp.(2) € %(L3) is just an immediate
consequence of the growth estimate on Sp. established in Lemma 4.4-(1). For proving
Rp.(2) € B(H; ', H), we consider first g € L2, z € A_,, and we define f := Rp_(2)g, so
that (z — B:)f = g. Using (4.3) and the fact that pu(k —2) > u, we deduce
1
LIV, + (Rez 4+ I FI2; < (= Bf. £z = (F-hsz < Wl g
and thus
(4.5) IV Fllze < max(2, 17" llgll -1

By a density argument, the same holds for any g € H ! From (4.4), we also have
R, (2) € #(L2) uniformly bounded in %(L3) for any z € Q := A_,\B(0,r/2). Moreover,
the proof of the bound in (L%, H}) is exactly the same as for R (z). Indeed arguing as
in Lemma 4.1, we first obtain

1
(Mof [z < —pllfllZ: - §|!Vf|!%§ +Coll flIZ2(B,,)-

Defining f := Ry, (2)g, we deduce
1
(Rez + I fllz2 + SIVFIZz = Coll fllias,,) < (2 = Ao)f FHrz = (9, Pz < Clallzz-

Step 2. We claim that the family of operators (A;) converges in the sense

1A = Aol 2y < mile) = 0.
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We may indeed write
(Ae = Ao)g = (B —Bo)yg
= —div(gV(P: — Ry)) — div((Q: — Qo)Vk * g)
~Vg V(P — Ry) + gA(P: — R)
+V(Q: — Qo) - VE* g — (Q: — Qo)g,
so that
[(Ae = Ao)gllzz < IV(Pe = Po)lle=[[Vglirz + |A(P: = Po)llr=gll 2
HI(@)*V(Q: = Qo)llz=llgl 2, + Q= — Qollz=llgll 2.
We immediately conclude since we are able to prove (see Lemma 2.3)
V(P. - Py) =0, A(P.—P)—0, (@)*V(Q:—Qo)—0, Q:—Qo—0
uniformly in L>(R?).

Step 3. We claim that X(A:) N A, C B(0,7/2) for any ¢ € (0,eq), choosing g9 > 0 small
enough. On the one hand, we write the two resolvent equations
Ra. = Rp. —Ra. ARz,

Ra. = Ra, —Ra.(Ae —Ao)Rag»

£

from what we deduce
Ra. = RB. — RagARB. + Ra.(Ac — Ao)Rp, ARB.,

or equivalently
RAE (I + IC&) = u67
with
K:a = (AO - Aa)RAO-ARBE-
On the other hand, from Step 1, we have Ry, (2)ARp. (z) is bounded in Z(L7, H}) uni-
formly in z € Q := A_\\B(0,7/2) and Ag — A is small in B(H}, L}) for £ > 0 small, so
that both estimates together imply

sup 1K ()| 2y < 1,
2€A_\B(0,r/2)

forany 0 <r < A < pand € € (0,e9), with g = €o(r,\) > 0 small enough. This implies
that I + /C; is invertible on 2 := A_,\B(0,r/2) so that

Ra. =U(I+K)7!
is bounded on 2, which ends the proof.
Step 4. We define now

o= [Ry(@)ds Tz e il =1,
2m Jr

the Dunford projector on the eigenspace associated to eigenvalues of A, which belong to

the ball B(0,r). We write
i _
. = %/Fue(uica) Ldz
= i/RBE {I - K. (I+K€)’1}dz—i/ Rag ARp. (I + 1K) dz
27 Jr 27 Jr

_ 4 10 1
= o /F’RngICE (I+K:) " dz o /F Ray ARp. (I +K.)™ " dz,
and

7
Mo = o / (Rp, — Ry ARz, } dz
T Jr

= o [ RaoAR {1+ K™+ Kl + )
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We deduce
) _
LUy = 5= [ (RaARg, —Re)K. (1+ K" dz

o [ RaA{RE, ~ R I+ K7 dz
27 Jr
- —i/uglcg (I+K.) dz
2m Jr

+% /FRAOARBO{BO _BRe (T +K.) ' dz.

We conclude that [[II; — o[ gz2) = O(e) < 1 for € > 0 small enough by taking advantage
of the estimates established in Step 1 and Step 2. By classical operator theory (see for
instance the arguments presented in [16] in order to prove [16, Chap 1, (4.43)]) one deduces
that dimII, = dimIlp = 1. On the other hand, at first glance we have A1 = 0 and
1 € (L?) so that 0 € (A?) = £(A.), and 0 is the only spectral value of A. in the ball
B(0,r). O

4.4. Semigroup decay estimates for £; ;. We are now able to deduce a nice semigroup
decay estimate on Sg, , from the previous estimates on the resolvent.

Proposition 4.6. With the notation of Proposition 4.5, for k > 3, all 0 < XA < p and all
e € (0,e4) there holds, for any g € Lio,
1S, (Dgllzz S e gl -

Proof of Proposition 4.6. 1t is a consequence of Proposition 4.5 and of the splitting struc-
ture of the operator A.. More precisely, we may for instance apply the quantitative
mapping theorem [19, Theorem 2.1], where it is worth emphasizing that Rp.(2) : L§ —

H} c D( ;/ 2) with uniformly bound in z € A_,, which is a strong enough information
in order to establish [19, (2.23)] without checking [19, (H2)]. Alternatively, one can use
the Gearhart-Priiss-Greiner theorem [13, 25, 1] in order to get the same conclusion. [

Thanks to the previous estimate for Sg, , and the estimates for Sp, in Lemma 4.4, we
are able to deduce semigroup estimates for Sg,, (in Propositions 4.7 below) similar to
those satisfied by Sg..

We start observing that, thanks to Duhamel’s formula, we have

(4.6) Sgy, =SB +Sp. A% Sy, and  Sgy, = Sp. +Sc,, x ASB..
Denoting ITtg = g — g, where II is the projection onto Ker(A.), we obtain
(4.7) Sg, It = Sp I+ +(Sp. A Sg, , JIT) and  Sg, It =TI*Sp, +(Sg, 1T+ ASR,).
Using that Sz, ,II* = II*+S,, |, and iterating the formulas yields
Sp, It = Sp I+ + Sp A% TIHSp, + Sp. A * Sg, 1T+ + ASg,
and

(4.8) Sg, JIt =TI+Sp. + Sp.IT* * ASp. + Sp. A * Sg, It + ASp._.

We deduce by combining some results of section 4.2 and the above Proposition 4.6, some
additional estimates on the semigroup Sg, ;.

Proposition 4.7. Let 0 < A < p and k > 3. There is e, > 0 small enough such that for
any ¢ € (0,e4) the following holds:

(1) For all g € Li,o we have
lexSen, (gl o2z + lexSes, Oallzzm < lgllzz-
(2) For all exR € L?H, ' with TIR = 0, we have

He)\(slh,l * R)H + ‘ e)\(Sﬁl,l * R)‘

S HeARHLgH;l-

2 27171 ~Y
LL? L2H}
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Proof of Proposition J.7. Proof of (1). Remark that g = ITtg, since g € Li,o- The first
estimate is nothing but Proposition 4.6. In particular, we deduce from this one that

1 1
(4.9) lexSco gz S llew ey I [l e 2y S 1,

by choosing A < A < 1. On the other hand, thanks to Lemma 4.4-(1) and the first
estimate, we have

lexSe. (Dgllzzmr < gl 2

and
lex(Ss. * ASc, 1 )()gllrzmy S lleaxASey . (gl 2

S lleaSey (gllzzre
S llgllzz

where we have used that A € 2(L3?), from which together with the first identity in (4.6),
we immediately obtain the second estimate.

Proof of (2). Remarking that R(t) = II+R(t), for all t > 0, and using the second identity
in (4.7), we may write

(4.10) Sy, * R=8p, It « R=T11"(Sp. * R) + S, ,II"  ASp, * R,
and thus
ex(Sc,, *R) = eAHL(SB8 * R) + (e,\SLMHl) x Alex(Sp. * R)].
We deduce
lex(Seyy * R)llperz < llea(Ss. * B)llpeerz + ll(€xSe, 1Y) * Ale(S5. * Rl o~ 12

< llex(Sa. * R)HL;;oLi

A

+llexSe | ez Az llea(Ss. * R)ll - 2
S lerBl g
where we have used Lemma 4.4-(2) and (4.9) in last line. We have established the first
estimate in (2).
For the second term, using (4.8), we may write
Sei, ¥R = I (Sp, * R) + Sp It * ASi. * R+ Sp. A * SZ;UHL *x ASp. * R,
and thus
ex(Sc, , xR) = ITMex(Sp. * R) +ex[Sp. * (11" ASp, x R)]+ex[(S5.A) * (¢, , TIT #ASp, * R)].
We now estimate each term separately. From Lemma 4.4-(2), we have
lex(S. * R)HL?H; S ”e)\RHLfH;L
From Lemma 4.4-(2) again, we also have
lexlS. * I+ ASg. * Rl 211 < llex(ITHASp, = R)| 21
< llea(ITASp, * R)| 212
S llea(Sa. * R)HL?L%
< lleaRil 2
We finally have
lex[(Sp.A) * (Se, IT * ASp. + Rl 12111
< ll(eaSe, , TIT) * [Aex(Sp, * RB)ll 2
S lI(exSey 1) * [Aex(Ss. * R)]ll 12,2

< \|eAS£1,1Hl\|Lg(@(L§))||A ar2)lllex(Ss. * R)]ll 22

5 HeARHL%Hk—ly
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where we have used Lemma 4.4-(2) in the second line as well as Proposition 4.6 and
Lemma 4.4-(2) in the last line. Putting the three last estimates together, we conclude to
the second estimate in (2). O

5. ESTIMATES FOR L2

In this section, we are concerned with establishing estimates on Sg, ,, where we recall
that Lo 2 is defined

1
Loow = gAw + px - Vw + Vi * [QVw].
Lemma 5.1. For any p > 2, there exist c,, Cp, > 0 such that
— C 2/,[/ /
[ (o™ < 2T - Ll + Clull Vo,

for any w € W2P,

Proof of Lemma 5.1. We classically compute
/(Eg,zw)wp_1 =2 / IVwP/2|? — ot /wp + /wp_1Vn* (QVw).
€ p
We conclude by observing that

[ e @) <l 195 @Vl

IN

N

/
|5 | QVwl] 2
/
S wlBF IVwl o,

where we have used Hoélder’s inequality in the first line, Lemma 3.2 in the third line, and
Lemma 2.2 in the fourth one. O

We observe that
1
VLoow = gA(Vw) + pz - V(Vw) + pVw + Vs * [QVuw],

where we denote
(z-V®); = 20,®;, (VZkx ®); = Oyyr x By,

for any vector ®.
Lemma 5.2. For any w € H?, there holds
1
(Lo w,w) g1 = ||Vl - 1QY*Vw]7..
Proof of Lemma 5.2. A straightforward computation gives

1
(VLyow,Vw)r2 = /(gAVw + uNVw + px - V2w + V25 % [QVw]) Vw

1
= = [P - [Qvul,

where we have performed two integrations by parts for the last term and we have used the
identity Ax = —4. 0

As a consequence of previous estimates, we obtain the following decay and regularization
estimates for the semigroup Sc, ,.

Lemma 5.3. Let p € (2,00) and 0 <9 < 27“. There is €9 > 0 small enough such that for
any ¢ € (0,e2) the following holds:

(1) For allw € LP N H', we have

1
”eﬁsﬁzz(')w”Lgo(meHl) + Heﬁsﬁ2,2(')wHL§LP + %”eﬁsﬁ2,2(')wHL5H2 S ”w”meHl'
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(2) For all eyS € L} (LP N H'), we have

ey(Sc,, * 5)’

Heﬂ(sﬁ2,2 * S)

+ Heﬁ(sﬁ2,2 *S)’ L?HQ

L2Lp \/_ H

S lleoSlirzre + lleSl L2

L (LPNH1)

Proof of Lemma 5.5. Let us denote ¢ = eySr, ,(-)w the solution to the evolution equation

Orp = Logp+ 09, ¢(0) =w.

Thanks to Lemma 5.1, we have

Gl < (9= 2 Jolt + ol 196l

and because
1d on (1d
31918 = ol (511 ).
we get

2l < (9= 2) 1oIR, + Cllolur IV 61 .

Combining that last estimate with Lemma 5.2 yields

2p 1
5t Lol + 190182} < (9= 2 ol + 0190l — LIVl
+ Cllglls V6o

Observing that thanks to (3.4) and Young’s inequality, we have

Cllllis IVellir < ClIOIR V26192 < C=77 6|3 + EHV%H%m

with 8 = p/(2 + p), we thus obtain
1d , 2
% {H¢HLP + HV¢HL2} < - ? — 9 — O ) ||g||2p + V| V][22 — —HV 8|12

Finally, taking € > 0 small enough and using Lemma 3.4, we hence deduce

1d
2dt

for some o > 0, from which (1) follows by Gronwall’s lemma.

1
{1813, + 196132} < —oll8l3, — IV26l2:,

We now consider ¢ = ey(Sc,, * ) the solution to the evolution equation
Orp = Lopd+ U+ eyS,  $(0) =0
Arguing as above we have

1d 2u 1

335 LIl + IV} < (2 =0 - 7% 6l + 9190132 - oI V2013
+ 10llzr llesSlie + IVl 2 lleg VS| 2.

By Young’s inequality for any 8 > 0 and some C > 0, we get

1d

2 0 1
Ip 2fSs—\——v—-Cerf— Ip 12— L2
s {11 + 19613} < = (20— 027 = 5) 10l + 0 + DTl — oIVl

+ CsllesS||ir + CsllesVS||3s.

We then conclude to (2) arguing as before by taking £, > 0 small enough, using
Lemma 3.4 and applying Gronwall’s lemma again. O
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6. SEMIGROUP ESTIMATES FOR THE LINEARIZED SYSTEM

We start with some estimates on the out of the diagonal operators £y 2 and Lo which
we recall that they are defined in (1.9) by

Liow=—div(QVw), L219=9g+ VE*[gVP+ QVEkx*g].
Lemma 6.1. For k > 3 and p € (2,00), there hold
1L12w] 1 S lwl 3 IVPwlZ.  Yw € LP 0 B2,
with 0 :=p/(2+p), and
L2190 + L2190l S llollmz, Vo€ Hy
Proof of Lemma 6.1. For the first estimate, we write
[div(VQ - V)| -1 S IVQ - Vw2
S Vwl|ze
S llwll [ V2w] 7,
where we have used the exponential decay of @ (see Lemma 2.2) in the third line together
with Holder’s inequality, and also (3.4) in the last one.
For the second estimate, we write
1L2,19llr < [lgllLe + IVE* [gVP]|[Lr + |VE % [QVE % g|| L,
and we estimate the three terms at the RHS separately. On the one hand, we have
Vi [gVPLr S gV P 1
S lgllze

where we have used Lemma 3.2 in the first line and Lemma 2.2 in the second one. Similarly,
we have

Ve [@VE+ gllle S |QVE * gl 1z
SIVEgloe
S lgllze
by using successively Lemma 3.2, Lemma 2.2 and Lemma 3.2 again. Therefore we get
L2190 S ll9llry < gl
thanks to the Sobolev embedding H}(R?) C L (R?).
For the third estimate, we write
1ol < I9glz2 + 9% 5 (g9 P2 + 92k % [QV + gl
< I9glz2 + 9V P2 + [QVr « gl 2,

where we have used (3.1) in order to handle the two last terms. Thanks to Lemma 2.2,
we have
gV P2 < llgllze-
We also have
1QVE *gllr2 S IVE*gllee < Nz,
where we have used Hoélder’s inequality and then Lemma 3.2. To conclude, we put together
the three last inequalities. O

As a consequence of Proposition 4.7, Lemma 5.3 and Lemma 6.1, we obtain the following
semigroup estimate on the linearized problem.

Proposition 6.2. Let 0 < A\ < p and k > 3. There is e, > 0 small enough such that for
any € € (0,¢e,) there holds:

(1) For any (go,wp) € Li,o x (LP N HY), with 2 < p < %’\i, we have

lexSc(-)(gos wo)llLg= (x) + llexSc () (g0, wolll 2wy < 1l(90, wo)llx-
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(2) For any exR = ex(R1,Rz2) € L%(H,;l x (LP N Hl)) with IIR1 = 0 we have
lex(Se * R)l[Lge(xy + lea(Se * R)llzz2y) S leaRll gz a1 (zrniny)-
Proof of Proposition 6.2. We split the proof into two steps.
Proof of (1). Let us denote
(g(t)’ ’U)(t)) = Sl:(t)(go’ wO)’
so that
g(t) = S£1,1(t)90 + (SE1,1 * ‘6172w)(t)

and

w(t) = Seyo(B)wo + (Seyz * L219)(F)-
We observe that (£q2w)) = 0 so that II(£; 2w) = 0, and we can then hereafter apply the
results of Proposition 4.7 to Sg, ; * £ 2w. From Proposition 4.7-(1), we have

He/\Sﬁl,l(')QOHLgoLi + He/\Sﬁl,l(')QOHLfH; S HgOHLi'
On the other hand, from Proposition 4.7-(2) , we have
lex(Sey * L10w)l[pge 2 + [lex(Seyy * Lrow)ll 2y S llealipwl gz
1-0 0
S lexwllp s lleawllzz g

with 8 = p/(2 + p), where we have used the first estimate in Lemma 6.1 and the Holder
inequality in the second line. We have thus established

—0 (%
(6.1) lexgll gz + llexgllz iy < Cillgollz + Callewllyzy, lexwl7a e
for some constant Cy,Cy > 0.

We now come to the estimate of w. We recall that from Lemma 5.3-(1), we have

1
lexSca, (Jwoll peeronpy + [1€xSea, (wollpzre + %HGASZZQQ(')U}OHLfH? S llwoll o -
We recall that from Lemma 5.3-(2), we have

1
lex(Sc, 5 * Lo19) oo (ronr) + 1€x(Seas * L219) 1200 + %HGA(SLM * Loag)l 25

S llealoagllrzrr + llealoagllpzm

S ||e>\9”L§H;,
where we have used the second estimate in Lemma 6.1 for obtaining the last inequality.
The two last estimates together, we have thus established

1
(6.2)  llexwllpeo(ronpny + llexwllpzr + %”e)\w”LfHQ < Gsllwollz2 + Calleagllzz s

for some constants C3, Cy > 0.

Coming back to (6.1) and using Young’s inequality, we deduce that for any 5 > 0, there
is some Cg > 0 such that

lexgllzeorz + lleagllizzm: < Cillgollzz + Blleawlizz e + Callexw|| 2 g2
Combining that last estimate with (6.2) yields
lexglizzrz + lexgllzzm < Cillgollzz + BCslwollzz + ACullergll 2
+VeCsCsllwoll 2 + VeCpCullergllz -
Choosing first 5 > 0 small enough and then £ > 0 small enough, we obtain
lexgllzeorz + lleagllzzm: < Csligoll 2 + Cellwoll 2

for some constants C5,Cs > 0. We then conclude part (1) by gathering this last estimate
with (6.2).
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Step 2. Let us denote (G, W)(t) = (Sz * R)(t), so that

G(t) = (Sgyy * L12W)(t) + (Scy, * R1)(1)
and

W(t) = (S£2,2 * £271G)(t) + (S£2,2 * RZ)(t)'
Observing that ITR; = II(£; 2W') = 0, we may use Proposition 4.7-(2) as well as addition-
ally Lemma 6.1 for handling S¢, ;, * £12W, and we obtain

lexGllze 2 + leaGliz iy < CallexWllzy, leaW 7 o + CilleaRall 21

for some constant C7,Cy > 0 and with 6 = p/(2 + p).
Similarly, using Lemma 5.3-(2) and additionally Lemma 6.1 for handling Sg, , * £21G,
we have

1
lexWll oo (Lenpy + lexWillze + %\leAWlngm < CallexGllrzm + CallexRall 2 ronfny,
for some constants C%, Cy > 0. We can then conclude to (2) by arguing as in Step 1. O

7. PROOF OF THE NONLINEAR STABILITY THEOREM

This section is devoted to the proof of Theorem 1.1. We fix A > 0, k > 3 and p > 2
such that
2u
p
We next choose g9 € (0,e4), where €, > 0 is the small scale time provided by Proposi-
tion 6.2.

Consider the space

2 = {(g.w) € LF(LEo x (1P N HY) N LE(H} x (L2 0 H2) | [|(g,w)l|z < oo}

A< —

with
1(g; w)llz = llex(g; w)llLge (x) + llex(g, w)ll Lz y)-

For a fixed initial datum (go,wp) € X, define next the mapping ® : Z2 — Z, (g, w) —
®[g, w| given by, for all ¢ > 0,

Plg, w](t) = Sc(t)(go, wo) + (Sc * R[(g, w), (9, w)]) (),

where
Rl(g,w), (g,w)] = (Rl(g,w), (g, w)] + Si[(g,w), (g, w)],
Ra[(g,w), (g, w)] + Sa2[(g,w), (g, w)]) ,
with
Ri[(g,w), (g, w)] = —div(gVw),  Si[(g,w), (g, w)] = —div(gVk * g),
Ro[(g,w), (g, w)] = Ve [gVw],  S2[(g,w), (g, w)] = VK * [gVk = g].

We observe here that the first component of ®[g, w](t) belongs to L7 o since
LR [(g,w), (9, w)] = 1L51[(g,w), (g, w)] = 0,

thus in the sequel we can apply the results of Proposition 6.2.
Thanks to Proposition 6.2, we have

152 () (g0, wo)llz < (90, wo)ll L2 w (Lo

as well as
152+ Rllz S llexBillg: ), (9: Wl Lz -1 + lleaSil(g, w) (g, W)l 2 2
+llexRal(g, w), (g, W)l 2 1o + llexBal(g, w), (g, W)l 2 i
+[lexSz((g, w), (g, w2 1o + llexSz(g, w), (g, w)]ll 12

and we now estimate each term separately.
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For the term associated to Ry, we first have
[div(gVw)llg— S lgVwl Lz
S lgllza V] zs

1/2 1/2 1/2 1/2
S gl gl g 19l 2 12w,

where we have used Holder’s inequality in the second line, and twice the Ladyzhenskaya’s
inequality (3.5) in the last one. We hence obtain

1/2 1/2 1/2 1/2
leaRal(g.w), (9. W)l 2 o < leaglle pa Vw2 alleagl V2wl

< g, w)l%-

For the term associated to Si, arguing similarly as above, we get

(7.1)

I div(gVe* g)ll 1 S gVe * gLz
S llgllralIVe = gllza
< /2y 11/2 1/2 o2 1/2
S gl gz gl gy 1VA = gl 2711V = gll 2
S gl llgll s

where we have used Holder’s inequality in the second line, twice the Ladyzhenskaya’s
inequality (3.5) in the third line and finally Lemma 3.1 and (3.1) in the last line. We
hence obtain

lexSil(g, w), (g, w)lll 2y S lleagllzger2llgll 2y
< (g, w)1%-

For the term associated to Rs, thanks to Lemma 3.2, we have

(7.2)

IV (gVw)llze S lgVwl| 2
and, because of (3.1), we have
IV + (V)| S lgVewllpe.
We can thus argue as above for obtaining (7.1), and we deduce
(7.3) leaR2(g. w), (g:w)]ll 2 v + llexRal(g,w), (g, w)lll 2 g < (g, )%
Finally, for the term associated to S, thanks to Lemma 3.2 and (3.1), we have similarly
IV (gVE*g)lle S [1gVE gl 2
and
Vi (Ve g)ll g S lgVk * gll 2,
and therefore, arguing as for obtaining (7.2) yields
(7.4) lexSa[(g, w), (9. w)lll g2 v + llexSal(g, w), (g, w)]ll 2 S Il(g, w)]1%-

Putting together (7.1)—(7.4), we have hence obtained a first estimate

(7.5) 12[g, w]llz < Coll(g0, wo)ll 1 2 + Cill (g, w)| %

Now, for (g, w), (g, w) € Z, we remark that
®lg, w] — [g, w] = Sg * (R + ST, 3 + 53)
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with
Ry = Ri[(g,w), (9,w)] — R1[(g,w), (g, w)]
= Ri[(g9,w), (9, w) — (g, w)] + R1[(g, w) — (g, w), (g, w)]
St = Sil(g, w), (g, w)] — S1[(g,w), (g, w)]
= Si[(g, w), (g, w) = (g, w)] + Si[(g,w) — (3, w), (g, w)]
Ry = Ra[(g, w), (9, w)] — Ra[(g,w), (9, w)]
= Rao[(g, w), (9,w) — (g, w)] + Ra[(g, w) — (g, w), (9, w)]

= SQ[(Q,U)), (g,UJ) - (g,ﬁ))] + SQ[(Q,U}) - (9771_})7 (gﬂl—})]

Arguing exactly as above, we may establish a second estimate

(7.6)  [1®(g,w) = (g, w)llz < C2([[(g, w)llz + I(g, w)ll2) [I(9, w) — (g, w)] =-

As a consequence of the estimates (7.5) and (7.6), we can find 79,7, > 0 small enough
such that Cong + C1n? < n1 and 2Cem; < 1 in such a way that ® is a contraction on
Bz(0,m;) for any (go,wo) € Bx(0,79). By a standard Banach fixed-point argument, one
can construct a unique global mild solution (g, w) € Z to (1.10) for any (g, wp) € X such
that ||(go, wo)||x < mo. More specifically, choosing 7y := 2Cyng and 4Cy max(Cy, Ca)no < 1,
the above solution in particular verifies the energy estimate

(7.7) 109, )l g () + (9, W)l 22 vy < 2C0l[(g0, wo)llx

which is nothing but (1.7), as well as the decay estimate
(7.8) lex(g, w)lzee x) + llex(g, w)ll 22y < 2Coll(g0, wo)llx,
which is nothing but (1.8).
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