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LARGE SELF-SIMILAR SOLUTIONS
TO OBERBECK-BOUSSINESQ SYSTEM
WITH NEWTONIAN GRAVITATIONAL FIELD

LORENZO BRANDOLESE AND GRZEGORZ KARCH

ABSTRACT. The Navier-Stokes system for an incompressible fluid coupled with
the equation for a heat transfer is considered in the whole three dimensional space.
This system is invariant under a suitable scaling. Using the Leray—Schauder theo-
rem and compactness arguments, we construct self-similar solutions to this system

without any smallness assumptions imposed on homogeneous initial conditions.

1. INTRODUCTION

The Oberbeck—Boussinesq system is a mathematical model of a stratified flow,
where the fluid is assumed to be incompressible and convecting by a diffusive quan-
tity creating positive and negative buoyancy force. The diffusive quantity in this
model is identified with the deviation of temperature from its equilibrium value and

the resulting system has the following form
ou+u-Vu+Vp=Au+0VG+ f, xzcR> tcR,
(1.1) V-u=0,
00 +u - VO = A6,

with the unknown fluid velocity u = u(x,t), the temperature § = 0(x,t) and the
pressure p = p(z,t). In first equation of system (L.I), the symbol VG denotes a
gravitational force acting on the fluid and f = f(x,t) is a given external force.
The equations in system should contain important physical parameters such
as is the viscosity coefficient, the heat conductivity coefficient, the fluid density,
the reference temperature, the specific heat at constant pressure, the coefficient of
thermal expansion of the fluid. However, since these physical constants do not play

any role in this work, we put all of them equal to one, for simplicity of the exposition.
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As noticed by Feireisl and Schonbek [12], it is customary to take VG = ¢(0,0, —1)
(where the constant g represents the acceleration rate caused by Earth’s gravity)
as the gravitational force acting on the fluid which is a reasonable approximation
provided the fluid occupies a bounded domain, where the gravitational field can be
taken constant. On the other hand, from a physical point of view, for system (|1.1]
in the whole space R3, it is better to consider the gravitational potential of the

following form

Glz) = / L ay,

eyl
where m denotes the mass density of the object acting on the fluid by means of
gravitation. Moreover, if the size of the object is negligible, we may choose G(x) =
2] .

The Oberbeck—Boussinesq approximation can be derived as a singular limit
of the full Navier-Stokes—Fourier system with suitable boundary conditions and with
the Mach and the Froude numbers tending to zero and when the family of domains
on which the primitive problems are stated converges to the whole space R3, see
[12,26] and the references therein. Several authors studied properties solutions to
system with VG = ¢(0,0,—1) on the whole space R?, see e.g [5]6},/10%/18][24]
and references therein. On the other hand, this work is devoted to system (|1.1]) with
singular gravitational force VG(z) = V]z|™'.

The Oberbeck-Boussinesq model enjoys the following scaling property: if (u,6) is
a solution of system with

1 T
(1.2) G(zr)=— and f(z,t)= )3F ( ) )
then
(1.3) ux(x,t) = Mu(Ax, \*t), Ox(z,t) = Mz, \*t)

is also a solution of the same system for each A > 0. A self-similar solution to
system (|1.1)-(1.2)) is, by definition, a solution which is left invariant by this rescaling:
(u,p,0) = (uy,0,) for every A > 0. Equivalently, by choosing A = 1/v/2t, self-similar

solutions are those that can be written in the form

(1.4) (o, 1) = T%U(%) 0(z,t) = —@(%),

with U(z) = u(z,1/2) and O(z) = 0(x,1/2).
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If system ([1.1)) is supplemented with an initial condition
(1.5) u(z,0) = up(x), 0(z,0) = by(x),

in the case of a self-similar solution, it has to be also invariant under the scaling
(uo ., Box)(x) = A(ug, o) (Az), which means that these are homogeneous function of
degree —1. In this work, we construct self-similar solutions of system —
with arbitrary, not necessarily small initial conditions which are homogeneous
of degree —1 and essentially bounded on the unit sphere of R?. The main result of

this work is stated in the following theorem.

Theorem 1.1. Let (ug,0y) € LS. (R*\{0}) be homogeneous of degree —1, with V -

uy = 0. Let the external force f(x,t) be of the form as in (1.2)) with the profile
F € LP(R3)® with some p € [6/5,2]. Then there exists a self-similar solution (u,p)

of system (1.1))-(1.2)). This solution has the following properties:
o (u,0) € Cy([0,00), L>*(R?));
o forallt >0

lu(t) — e uollz + 110() — 260 |; < Ct'/1,

(1.6)
IVu(t) — VetAu()Hg +||Vo(t) — VetAGOHQ < OtV

Theorem extends to the Oberbeck—Boussinesq system — the well
known existence result of large (i.e. with no size restriction on the initial data)
forward self-similar solutions to the Navier-Stokes equations, first established by
Jia and Sverdk [15].

Let us briefly review related results on self-similar solutions to the Navier-Stokes
system and the Oberbeck—Boussinesq system. If initial data are sufficiently small,
unique mild solutions to the Cauchy problem either for the Navier-Stokes system or
the Oberbeck—Boussinesq system can be obtained via the contraction mapping argu-
ment applied to integral formulations of these problems. If the considered space has
a scaling invariant norm and contains homogeneous initial conditions, the uniqueness
property ensures that obtained solutions are self-similar. This approach was first
applied to the Cauchy problem for the Navier-Stokes system by Giga-Miyakawa, [14]
and refined by Kato [19] and Cannone-Meyer-Planchon [8,9], see also e.g. [44[7,/1727]
and references therein. Methods of constructing small self-similar solutions corre-
sponding to small initial conditions were then applied to other models including the
Oberbeck—Boussinesq, see e.g. [11,/13,[18].



4 LORENZO BRANDOLESE AND GRZEGORZ KARCH

For large initial conditions, the contraction mapping argument no longer works
and a question on the existence of large self-similar solutions remained open until
the seminal paper by Jia and Sverdk [15] who constructed self-similar solutions of
the three dimensional Navier-Stokes system, supplemented with a homogeneous not

necessarily small initial condition which is Holder continuous outside of the origin.

2
uloc

In their construction, they used the theory of local-Leray solutions in LZ, . developed
by Lemarié-Rieusset [22] and they obtained a local Holder estimate for local-Leray
solutions near t = 0, assuming minimal control of initial data. That estimate enables
them to prove a priori estimates of self-similar solutions, and then to show their
existence by the Leray-Schauder degree theorem. Results by Jia and Sverdk [15]
were then extended either to discretely self-similar solutions of the Navier-Stokes
system or to the Navier-Stokes system in a half-space or to the fractional Navier-
Stokes system in the works [1-3,20}21},25].

Now let us describe the strategy of proving Theorem [I.1} Substituting expressions
(1.4) into system — allows us to eliminate the time variable and we are led

to construct a solution (U, P, ©) to the following elliptic system

AU ~U —(z- VYU +(U-VYU+VP=0V(-|"Y)+F
(1.7) V.U =0,
“AO -6 — (z-V)O + V(OU) = 0.

In this construction, we use solutions to the heat equation given as convolutions of
the Gauss-Weierstrass kernel with homogeneous initial data which are themselves

of self-similar form: in particular, by our assumptions on ug and 6y, we have

1 x 1 T
1.8 ePug(z) = —U, (—) and  efy(z) = —O (—) ,
( ) 0( ) \/it 0 \/Q_t 0( ) \/it 0 \/Q_t
where the self-similar profiles

(1.9) Uy :=e®?yy and 0, := /26,

have properties recalled below in Proposition [2.1} Then, rather than studying di-

rectly system ((1.7), we will consider the perturbations

V=U-Uy and V¥ =0 — 0y,
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which satisfy the elliptic system

(1.10)
AV —V — (- V)V (V4+Up) V(V+Up) + VP = (¥ +60y) V(| ™)+ F

V.V =0,
AV — U — (2-V)U + V- (U +6p)(V + Up)) =0.

In the next section, we will construct solutions of system in the Sobolev
space H'(R3)?, see Theorem below, and we deduce Theorem as a direct
corollary. Our strategy of studying system is closely inspired by the paper
of Korobkov and Tsai [20], where they established a similar result for the Navier—
Stokes equations in the half-space. In that approach, we first solve system ({1.10))
supplemented with the Dirichlet boundary condition in a ball by using the Leray—
Schauder theorem. Then, we obtain a solution in the whole space by passing with
the radius of the ball to infinity and using an H!-estimate of the sequence of solutions
which is independent of the radius of the ball. The singular nature of the forcing
term arising from the temperature variations and the coupling bring a few new
technical difficulties. We overcome them by means of an approximation procedure
and suitable a prior: estimates, whose derivation do not appear to be so standard
(see, e.g. the contradiction argument contained in the proofs of Propositions
and [2.5). Assuming that the components of the initial data are LS (R*\{0}) and

loc
2

loc, considerably simplifies the presentation. This makes possible to

not, e.g., only L
provide a proof which is more elementary than that presented in [15,23] in the case of
the Navier—Stokes equations with external forces, despite the Oberbeck—Boussinesq
- system is more general.

As the usual practice, we skip any comment about the pressure in this introduc-
tion, because it disappears in the weak formulation of system ((1.1)) and because it
can be obtained in the well-known way by applying the divergence operator to first
equation in system ([I.1)). Here, we only mention that the pressure corresponding

to the self-similar solution constructed in Theorem [I.1] is self-similar of the form

pla,t) = <2t)—1p(a;/m).

Notations. The symbol || - ||, denotes the usual Lebesgue LP-norm. The space
LP4(Q) are the Lorentz spaces. If Q is a domain of R?, then we denote by Cg% ()
the space of smooth, divergence-free vector fields, with support contained in 2. We
denote by H(Q) the closure of C5%(Q2)* x Cg°(€2) in the Sobolev space H'(Q2)*. In
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general, we adopt bold symbols for function spaces of 4-dimensional vector-valued
functions. For example, L?(Q) = LP(Q)? x LP(Q2) and CY(Q) = C(Q)? x CH(Q).
Constants in estimates below are denoted by the same letter ', even if they vary

from line to line.

2. ANALYSIS OF THE PERTURBED ELLIPTIC SYSTEM

We begin by establishing a few simple properties of self-similar solutions to the

heat equation that will be useful in the sequel.

Proposition 2.1. Let (ug,6) € L2 (R3\{0}) be homogeneous of degree —1 with
V -ug = 0 and consider the corresponding self-similar solutions of the heat equation
eug and 0, written in the form (1.8). Then, the profiles Uy and ©q satisfy the

following equations
Up+z-VUy+ AU, =0, V.U, =0,

(2.1)
@0+IV@0+A@0:O

and the estimates
Uo(z)| + B0 ()] < C(A+ |z])7,

(2.2)
[VUo(2)| +VOo(z)] < O+ |z]) 7,

for all x € R® and some constant C > 0 independent on x.

Proof. From our assumptions we deduce that the map = +— |z|(|ug(x)| + |0o(x)]) is
in L=(R?). Let us denote by Gy(x) = (4nt)~%/2 exp(—|z|?/(4t)) the heat kernel. We
do have Uy = G2 % ug, Og = G2 %6y and VU = (VG 2) xug, VOy = (VG y2) *bp.
But (VG)2,G1/2) belong to the space L¥%1(R?) (and to any other Lorentz space
LPI(R3), for 1 < p,q < 00). As (ug,0y) € L¥>°(R3), the Young inequality for
Lorentz spaces (see [22, Ch. 2]) implies that (Up, ©g) € L*(R?). From a simple
convolution estimate, relying on the fast decay of G/, and VG5 at the spatial
infinity, we easily deduce estimates . Moreover, as ug is divergence-free, it
results that V - Uy = 0. The two other equations in are well known and follow

from the scaling invariance of the heat equation. O

2.1. A priori estimates for a perturbed elliptic system in bounded do-
mains. First, we construct solutions to system (|1.10) considered in a bounded
domain Q C R3 with a smooth boundary. For technical reasons, we introduce a

smooth, bounded function p € Cy(R*) which will be used in the next section to cut
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off the singularity at zero of the potential | - |~'. In view of the application of the

Leray-Schauder theorem, our first goal is to derive a priori estimates independent

of A € [0, 1] of solutions to the system

(2.3)
~AV +VP = )\<V+:U-VV+F0+F1(V) + (T +00) pV(|- |7 +F>,

V-V =0, z €2
AU = A(\If + 2V — V- (04 0)(V + UO))),
where, for simplicity of notation, we set
Fy:=-Uy-VUy, and F|(V):=—Uy+V)-VV +V.VU,.
and which we supplement with the Dirichlet boundary conditions

(2.4) V=0 and =0 on 0.

Proposition 2.2. Let ) be a bounded domain in R with a smooth boundary and let
p € Cp(R3). Assume that (Uy, ©g) € L>®(R?) does satisfy the decay estimates (2.2))
and F € L5(Q)%. Let A € [0,1] and (V,¥) € H(Q) be solutions to problem (2.3))-
(2.4). Then there exists a constant Cy = Co(Q2, F, p, Uy, ©y), independent on \, such
that

(2.5) / <|V|2 + U2+ |VV |+ \V\IJF) < Cp.
Q
Proof. Step 1. Multiplying third equation in (2.3) by ¥ and integrating on (2, after

noticing that
/ V- (U(V+Uy))¥ =0
Q

because both V' and U are divergence-free, we get
A
(2.6) /|V\I!\2+—/\I/2+/\/V~[@0(V+Uo)]\lf=0.
Q 2 Jo Q
The latter integral on the left-hand side can be estimated by

1
5/ \WFHI@oHZO/ !V!2+/ [©0U .
Q Q Q

The latter integral is finite because, by (2.2)), we have got |©yU| € L*(R3). Thus,
as 0 < A <1, we get the estimate

1 A
@n g [1vepss [e<a(iedi [ vEe [ o)
2 Q 2 Q Q Q
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By the Poincaré inequality and by estimate (2.7), we deduce that, in order to es-
tablish ([2.5)), it is sufficient to prove that

(2.8) / IVV[? <
Q

for some C; = C1(£, ¢, p, Uy, ©p) > 0 independent on A € [0, 1].
Multiplying first equation of system (2.3)) by V, after some integration by parts,

we get

/Q|VV|2+%/Q|V|2 :)\[/Q(F0+F1(V))-V—/Q(V-VUO)-V

(2.9)
+/ﬂ((\1/+@0)pV|.y1)-V+/QF.V]

In the above identity, the convergence of the integral [, ((¥ 4 ©g)pV|-|™") -V
deserves an explanation: the fact that WpV|-|~! -V and ©gpV|-|~' - V are both
integrable on €2 follows from estimates f below. The other integrals
in are obviously convergent because of our assumptions on (Up, ©y).

But rather than working directly with the energy inequality , we proceed by
contradiction: assume that there exist a sequence (A\;) C [0, 1] and a sequence of
solutions (Vi, ¥) C H(R) to problem (2.3)-(2-4), with Ay instead of A, such that

1/2
Jy = (/ \VV,ﬁ) — +o0.
Q
We also set

Ly = (/Q|V\pk|2>1/2

and we introduce the normalized functions

s Vi ~ Wy

so that (Vi, ¥y) is a bounded sequence in H(Q). After extracting a suitable sub-
sequence we can assume that (Vj,, U) — (V,¥) weakly in H(2) and strongly in
L?(Q2), for p € [2,6). We can also assume that A\, — A, for some Ay € [0, 1].

Step 2. Excluding the case: limsupy,_, . Ji/Li < 00.

If by contradiction, limsup,_,, . Jx/Li < 0o, then after a new extraction of a

subsequence, we can assume that there exists v > 0 such that

Ji/Li, — .
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In fact, v > 0 by estimate ([2.7]). Moreover, as J; — +00, we must have L, — +o0.
Equation ({2.6) holds with (Vj, Wy) instead of (V, V), namely

A
/|V\I/k|2+7k/ |\I/k|2+Ak/V.[®O(Vk+UO)]\I/k:0.
Q Q Q

After dividing term-by-term by L? and taking the limit as k¥ — +o0, using that
V), — U weakly in H}(Q), Vi — V strongly in L%() and 6, € L®(R) as well as
the fact that ©yUy € L*(R?), implies

1 C
—2’/ V- (G)OUO)\IJI@‘ < ”60U0||L2(Q) — 0.
21/ Ly

Hence, we get the equation

A - L
(2.10) 1+7°/ 32 = —m/v.(@ovw.
Q Q

The weak formulation of the third equation of (2.3]), written for (Vj, Uy) and A,
gives, for all x € C§°(Q),

/qufk-vxzAk[/g[\pkm.v\pk]x—/gv-[(\IJHGO)(VHUO)]X]

Let us divide this identity by L? and let k — +oo. All the terms L—12 fQ which are
k

linear with respect to {Vj, Uy} tend to zero. Hence, in the limit, we find
)\Ofy/QV (V) =0  forall y € CP(Q).
But \gy # 0 by equation ([2.10)), so
/QV S(UV)x =0 for all x € C5°(92).

This in turn implies that

V.VU =0.
But then
/v-(@oﬁ){ﬂ:—/@o\?-v\p:o
Q Q

which contradicts equation (2.10). This excludes that limsup,_,, . Ji/Lx < 00.

Step 3. We reduced ourselves to the case limsup,_,,  Ji/Ly = +o0o. After
extracting a new subsequence, we can assume that L;/J, — 0. Equation (2.9
holds true for (Vi, ¥y) and \; instead of (V, ¥) and X. Let us divide it by JZ and
study the limit of each term, as £ — 4+00. We have

1 1 ~ 1
— [ [VVi* =1, —/V2—>/V2, — | Fy- Vi =0,
5 v 5 [wes [1ve 5 [Row
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1 1
J2/F Vie = 0, JQ/(Vk VUy) - Vk—>/V VUO)V

because |VUy| € L2(Q) and Vj, — V strongly in LP(2)? for p € [2,6). For the next

term, we rely on the Hardy inequality: as ¥, and V; belong to HJ(£2) we can write

and

1 C | g Vi
v A1 et
J2/ V(117 =2 @l
(2.11) < ﬁ||v‘1’k||L2(Q)||VVk||L2(Q)
k

C Ly
< —||VUL| 720y = C— 0
< JkHV k22 A —

The function © does not belong to H} (), so we deal in a slightly different way
with the term of containing 6. First of all, since ©g € L3> N L*(R?), by the
real interpolation of Lorentz spaces, we get Oy € L% (R?). (See e.g., [22 Ch. 2]).
Then, by the Holder inequality in Lorentz spaces (see, e.g., again [22, Ch. 2|),

1 C
7 /@OPV(’ ) 'Vk‘ ST Q)HV(| T pareee ) Vil Lo @)
2.12 k
212 < vVl = £ S0
- Jk2 k} L2(Q) - Jk .

The above calculations lead to the identity

(2.13) 1+—/ V|? = —AO/(V V) -V,

which implies Ay # 0. So, for large enough k, we have A\, # 0 and we can normalize

the pressure putting
P, = —=.
LW
We now go back to first equation in (2.3), written for (Vi, W) and Ay instead of
(V,¥) and \. Dividing by A\ J? we obtain

P AV R
Ve Vit VP =— =2+ V42 -V + 2
J /\k Jk
~ o~ Ly e F
—Uo~vvk—vk-wo+(Jk\Iwa—S)pV(l ™)+ E)

More precisely, we consider the weak formulation of the above equation: testing with

an arbitrary solenoidal vector field n € Cgf’U(R3)3, after integrating on (2 and letting
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k — +o0, the terms obtained in the right-hand side vanish, in the limit. Indeed, for
the two last terms, following the calculations in (2.12)), we obviously have

1
— [ (©pV(|- |+ F)-n—0.
Ji Ja
Moreover, we also have
L ~
= [ WpV (7 =0
k

because Ly /J; — 0, p is a bounded function, and | [, U, V(]-|71)-n| can be bounded
uniformly with respect to k& applying the Hardy inequality as in (2.11]). The terms
obtained testing with 7 the other terms on the right-hand side also vanish (because
V. is bounded in H}(Q)? and |Uy| and |VUy| are both in L>°(2), and because J;, —
+00). But [, VP, -1 =0, therefore, we find in the limit

(2.14) /(f/ V) n=0, forallye O (R,
Q

This means that V € H} () is a stationary solution of the Euler equations. At this
stage, the proof can be finished exactly as in the paper by Korobkov and Tsai [20]:
there exists P € L*(€2), such that ||Vﬁ||L3/2(Q) < 00, satistying

V.VV =_-VP inQ
V-V=0 in Q
‘720 on O0f).

Then, going back to (2.13), and using once more that Uy, VUj are in L>(R3), we
find

A ~ - - -~
1+—0/|V\2:—AO/(V-VUO)-V:)\o/(V-VV)~U0
2 Q Q Q
:—Ao/vﬁ-UO:—Ao/v-(PUO)
Q Q
— 0.

The last equality relies on a classical result on the stationary Euler equation [16]
Lemma 4|, implying that in addition to the above properties, the pressure P can
be taken additionally such that P(x) = 0 a.e. on 0f2, with respect to the two-

dimensional Hausdorff measure. From the last equality we get a contradiction. [J
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2.2. Existence of solutions to the perturbed elliptic system in bounded
domains. Let (2 be a bounded domain with a smooth boundary. As before, we
take p € Cy(R3), but here we additionally assume that the support of p does not
contain the origin, in a such way that pV(| - |7') € L*(R™) N L>=(R").

Let us define the linear map L, and the nonlinear map N,
L,(V, ) ::(v Y2 VV = Up-VV 4V - VU +TpV(|-| ),
Utz VUV (V0 +O,V))
N(V, ) ::<—U0 NUy—V-VV,V-(TV + @0U0)>.
We also introduce the following nonlinear map
(2.15) G,(V, ) = L,(V,¥) + N(V, D).
In this way, our system , in the case A = 1, can be rewritten as
(2.16) (—AV 4+ VP —F,—-AV) =G,(V, 7).
We endow the dual space H(2)" with the usual norm of dual Banach spaces.

Lemma 2.3. Let ) be a bounded domain with a smooth boundary and p € Cy(R3?),
such that O & supp(p). The nonlinear map G, is well defined as a map G,: H(Q) —
L*2(Q) and is compact as a map G,: H(Q) — H(Q)'.

Proof. Notice that G,: H(Q) — L¥2(Q) is well defined. Indeed, if (V, ¥) € H(Q) C
L%(2), then the components of V - VV and V - (UV) do belong to L*?(Q2). In the
same way, using the conditions on Uy and O, one easily checks that all the
other terms defining G ,(V, ¥) belong also to L*2(2) (or even to a smaller space).
The presence of the function p cutting out the singularity of V(|-|~') near the origin
is important here.

As the Sobolev embedding H(Q2) € L%(Q) is continuous, by the previous con-
siderations the map G,: H(Q) — L¥2(Q) is continuous. Moreover, every function
f € L3¥2(Q) can be identified to an element of H(f2)" through the usual duality
h— [, [ h, where h € H(Q). Adopting this identification, it results that the map
G, H(Q) — H(Q)' is continuous.

Let us prove that, in fact, G,: H(Q) — H'(Q) is a compact operator. For every
(V,0),(V,¥) € H(Q), denoting

v::"}—V, and @b::{Iv/—\I/,
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we have,
N(V,8) = N(V,®) = (~(0+V) - Vo= v VV, V- (1 + O)o +4V) ).

Now, if (Vi, W) is a bounded sequence in H(S2), with [[(Vi, ¥i)|lm@) < R, then
there exists (V, ¥) € H(Q) such that, after extraction of a subsequence,

(U, 1) 1= (V = Vi, U — U) — 0 weakly in H(Q) and strongly in L3(Q).
For any ® € H(2), we have, after some integration by parts,
| / NV, B) -~ / N (Vi ) - | < CR(loglls + [194]) 19 o
for some constant C' > 0 independent on k and ®. It follows that

IN(V, %) — N(Vi, Up)|lmr() == sup

1®lle(o)=1

/Q[N(V/, T) — N(Vi., 0] «p’

< CR(llvlls + l[¥xlls) — 0.

For the linear terms we have also,
Lo (Viey W) = Lo (V, W)l mcey = 1 Lp(vr, i)l — 0,

as one can check using conditions . Here the condition 0 ¢ supp(p) is useful to
prove that [|¢y, pV(| - |7")|| a1y — 0, which is part for the previous claim; no other
difficulty arises for the other terms of L, (v, ¢x).
Hence,
Go(Vi, i) = G,(V, W) strongly in H(Q)".
O
Proposition 2.4. Let Q be a bounded domain with a smooth boundary and p €

Ceo(R3), such that 0 & supp(p). Let (Uy,Oq) be as in (2.2) and assume that F €
LY5(Q)3. Then the system

(2.17)
AV AVP=V 42 -VV+E+FRV)+ (T +060)pV( | Y+ F

V-V =0, x € Q,
— AV =VU+4+2.V¥U -V. ((\I/—l—@o)(V—l—Uo))

supplemented with the Dirichlet boundary conditions

(2.18) V =0, U=0 on 092,

has a solution (V,¥) € H(Q).
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Proof. Let T: H(Q2) — H(2) be the isomorphism given by the Riesz representation
theorem for Hilbert spaces, where the Hilbert space H(2) is endowed with the scalar
product

(o) - [

VV-VV’+/V\I/-V\IJ’.
Q

Q

By assumption on F, and the usual identification of L5/°(Q) functions as ele-
ments of the dual of H}(2), we have (F,0) € H(Q)" (the fourth component is zero
because we considered no forcing term in the equation of the temperature). The
weak formulation of equation reads

(2.19) (V, W) = T(G,(V, W) + T((F.0).

By Lemma [2.3] the nonlinear map 7o G,: H(Q2) — H(Q) is compact. Hence, the
map (V, V) — T(G,(V,¥)) +T((F,0)) is compact on H((2).

For every A € [0,1], if (V,¥) = AT o G,)(V, V) + XT((F,0)), i.e., if (V, V) is a
solution of (2.3)), then ||(V, ¥)||u) < Co, where Cy is the constant, independent on
A, obtained in Proposition . The Leray-Schauder fixed-point theorem (see e.g. [23,
p.529]) then implies that the map (V, ¥) — T(G,(V, ¥))+T((F,0)) has a fixed point
(V,,¥,) € H(Q), such that ||(V,, V,)|lu@) < Co. O

2.3. Existence of solutions of the perturbed elliptic system in the whole
space. In this subsection we choose, once for all, a cut-off function p € Cp°(R?)
such that, p(x) = 0 if |z] < 1/2,0 < p(z) < 1if 1/2 < |z] < 1 and p(x) = 1 if
|z| > 1. Then we set, for x € R?,

pi(z) = p(kz),
so that 0 < pg(x) <1 and pp — 1 a.e. in R as k — +oo.

Proposition 2.5. Let (Uy,©g) be as in (2.2) and F € LP(R™)3, for some p €
(6/5,2]. Let k € N, k > 1 and By the open ball of R® centered at the origin and of

radius k. Let (Vi,, Uy) € H(By) be a solution of problem (2.17))-(2.18) with = By,
and p = pi. Then there ezists a constant Cy = C1(F, Uy, ©g) > 0, independent on k,

such that

(2.20) / (yvk|2 + U+ [VVi|? + |v\1:k|2> < (.
By

Proof. The proof has a similar structure to that of Proposition
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Step 1. First of all, by estimates (2.2) and (2.7)), in the case Q = By and A = 1,

we have

(2.21) / |wk|2+/ wi§2(||@0||im(R3)/ |Vk|2+/ |@OU0|2).
By, By, By, R3

Hence, it is sufficient to prove that
1
(2.22) / (§|V;.c|2 +|VVi[?) < Ch.
By

With a slight change of notations with respect to Proposition [2.2] we now set

1 1/2 1 1/2
Jy = (/B (GGl +IVVi)) ) and Lyi= (/B (30 + 1Vv))

and

Vi 5 B ~ Wy,

—, P.=— d U, :.=—.

Jk; ) k J]? ) an k Lk;

Let us assume, by contradiction, that (2.22) does not hold. Thus, there exists a
subsequnce of solutions (V, V) € H(By) of problem (2.17)-(2.18) with Q = By and

p = pi such that

.

Ji — +00.

The boundedness of the sequence (‘Afk, \le) in H(By) (or, more precisely, of the
sequence obtained extending (f/k, \T/k) to the whole R? via the classical extension
theorem for Sobolev spaces), implies that there exists (V,¥) € H(R?), such that,

after extraction of a subsequence,

weakly in H(R®) and strongly in L (R?), for 2 < p < 6. The divergence-free
condition for V follows from the fact that, for every test function ¢ € C§°(R?), one
has [V - Ve = limy, [ Vi - Vi = 0.

Step 2. Excluding that limsup,_,,  Ji/Li < co. Assume for the moment that
limsupy,_,, o Ji/Lir < 00. So we must have also L, — +o00. Then, after extraction,
we have Jy /Ly — =, for some real 7 > 0, because of inequality . But the

following identity holds true, just like ([2.6)),
1
(2.23) / VU2 + —/ U2+ [ V-[0o(Vi + Up)]¥y = 0.
By 2 By, By,

Let us divide it by L3 and take k — +o0o. We claim that

1
L3 /s,

VO, - ViU — 7/ (VO - V)

R3

V- (©OVi)Vy, = I
k J By
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Indeed, let €2 be a bounded domain and k large enough so that 2 C By. We make
use of the fact that condition (2.2]) implies VO, € L*(R?), and that H'(R3) is

continuously embedded in L¥3(R?). So we have

)Lii/B (VGO'Vk)‘I’k—’Y/ (VGO'V)‘T"

R?)

J S
< ‘—k/ (VGO'Vk)‘I’k—’Y/ (VOy - V)W
Ly Jp, By

(2.24)

1980l o 1Lz 1 s

7, N .
<| /Q (F(V0 - T8, — +(Veu - V)T) |+ CIVOullusa

because ‘A/k and \Tfk can be extended to R? and that such extensions are bounded in
H'(R?), and so in L¥3(R?), with respect to k. The first term in the right-hand side
tends to zero as k — 400 by the compact embedding of H(f2) into L¥3(€2). The
second term can be taken as small as we wish, taking (2 = Bg, kK > R, choosing a
radius R > 0 large enough.

Hence, we get from ([2.23))
(2.25) l=y[ V- (V).

R

Let us consider an arbitrary test function y € C2°(R3) and k large enough so that
the support of y is contained in By. From the second equation of , written for
(Vi, U), we obtain

VU - Vx = / [ +z-VU]x = [ V- [(¥r + O0)(Vi + Up)]x.

By, By By,

Dividing by L? and letting k — +o0, all the integrals L—lg i) B with linear terms
k

in V, and ¥y in the above identity go to zero. On the other hand, proceedings as

n 229,

1 -
2 VoWVx =y [ V- (IV)x
k Bk. R3

Then it follows that

v V-(UV)x=0, forall y € D(R?.
R3
But v # 0 by (2.25), so
V- (UV)x =0, forall y e D(R?).

R3
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This in turn implies that V - V¥ = 0. But then

/ v-(@off)\ffz—/ OV - VU =0
R3 R3

which contradicts (2.25)). This excludes that limsup,_,, . Jix/Lk < o0.

Step 3. We reduced ourselves to the case limsup,,_,, . Ji/Ly = co. Multiplying
equations ([2.17)) by Vj and integrating on By gives, in a similar way as we did in (2.9))
(2.26) Jp = / FoVi — / (Vi - VUp) - Vi + / (Uh+ 0V (|- 71) + F) - Vi

Bk Bk Bk

Applying the Hardy inequality (c.f (2.1)) we get, as k — +o0,

‘Jil?/Bk(‘I’kPkV(‘ | ‘ H| | ‘Vk|‘

< C—||V‘1/k||L2 Bk)HVVk“LQ (Bg) —> 0.

L2(By) L2(By)

Moreover,

1 ~ ~
= (Vk VU) - Vi = | (V-VU) -V
J2 -

as one easily checks by reproducing the same calculations as in (2.24)), using that
VU, € L*(R?), by condition (2.2). Therefore, dividing equation ([2.26]) by JZ and
letting £ — +o0o we find the identity

(2.27) / (V-Vl,) -V = —1.
R3
Dividing by J? the first equation in (2.17)) satisfied by (Vj, ¥3), we get
Vi - VVi + VB,

ja
(AVk—H/k—Irx VVi+ 22 U, YV — V- VU,
A A

Ly~
=AY
5 Veon (I-171) + JZ

Writing the weak formulation of the above equation, i.e., testing with an arbitrary

(OoprV (|- |71) + F)).

n € Cg%(R?) and using that J;, — 400 and that Ly /.J;, remains bounded as k — +o0,

we deduce, in the limit:
/ (V-VV)-p=0, forallne C (R
R3

But Uy € LA(R?) and V,VV are in L2(R3). Approximating Uy in the L*-norm by

test functions implies

/ (V-VV) Uy =0.
R3
This is in contradiction with ([2.27]). O
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Theorem 2.6. Assume that Uy, and Oy do satisfy (2.2). Assume also that F €
LP(R3)3, for somep € [6/5,2]. Then elliptic system (1.10)) possess at least a solution
(V,¥) € H(R?).

Proof. Applying Proposition with Q = By and p = pr (k = 1,2,...), we get
a sequence of solutions (Vj, V) € H(Byg). By Proposition such a sequence is
bounded in the H(Bj)-norm by a constant independent on k. This implies that
there exist (V,¥) € H(R?) and a subsequence, still denoted (Vj, ¥}), such that
(Vie, Vi) = (V,U) weakly in H(Q2), for any bounded domain © C R™.

[t remains to prove that (V,¥) is a weak solution of the elliptic problem (|1.10)).
Thus, we have to pass to the limit in all the terms of the variational formulation of
problem — considered on the balls By. For example, for a test function

X € CP(R?), using pr " 1 a.e. in R and the compact embedding H{ (R?) C

loc
Lp

P (R3), p € [2,6), we do get after extracting a new subsequence,

Ry (R

R3
Similar considerations prove that all the other terms also pass to the limit. This

gives the result. O

3. CONCLUSION
This section is devoted to deduce the result of Theorem [L.1] from Theorem 2.6
Proof of Theorem[1.1 Let (V,¥) be as in Theorem [2.6] and set
1 x 1 x
u(x,t) == — <—>, —(© +\If<—>
)= W g va @t
We have (Up, ©g) € L>*°(R?) by Proposition 2.1/ and (V,¥) € H(R?) C L>>*(R3).

Then, from the scaling properties (u, ) € L= (R™, L>*(R3)).

Let us now address the continuity with respect to ¢ and we detail only the con-

Uy +V and 6(z,t) =

tinuity property at 0, that is important to give a sense to the initial condition
(Uo, 90)’,520 = (Uo, (90) We have
1 x
E(Um @0)(\/7) = e"®(ug,0) — (ug,0y) as t— 0+
in the weak-* topology of L**(R?). Let us check that —=(V, \Ij>(\/27) — 0 in the
same topology. Indeed, if ¢ € L3!(R3), we can approximate it in the L*>'-norm with

functions ¢, € L2 N L32(R3). Then is is enough to observe that

‘Rs\/_( )(\/_) 906’<Ot1/4_>0 as t—0+.
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Therefore, (u,0) € C,(RT, L>*(R?)).
Estimates (1.6]) follow immediately from the fact that (V, ¥) = (U —U,,©—0y) €
H! and from the scaling properties of the L? and the H'-norms. O
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