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Abstract

Models of the boundary conditions for the Boltzmann equation were constructed systemat-
ically in a recent paper by the present authors (K. Aoki et al., in: Phys. Rev. E 106:035306,
2022) using an iteration scheme for the half-space problem of a linear kinetic equation describing
the behavior of gas and physisorbed molecules in a thin layer adjacent to a solid surface (ph-
ysisorbate layer). In the present paper, special attention is focused on the model based on the
second iteration that was only touched on in the above reference. The model is presented in an
explicit form, and its properties are investigated numerically. In particular, it is shown by the
comparison with the numerical solution of the half-space problem that the model is a significant
improvement compared with the model based on the first iteration and is accurate and useful.
Keywords. gas-surface interaction, adsorbate layer, kinetic theory, Boltzmann equation, bound-
ary conditions.

Mathematics Subject Classification: 76P05, 82D05, 35Q49.

1 Introduction

The study of the boundary condition for the Boltzmann equation has been one of the important
subjects in kinetic theory and gas-surface interaction. The boundary condition generally describes
the relation between the velocity distribution function of the incident molecules and that of the
reflected molecules on the boundary. The most conventional models of the boundary condition are
specular reflection, diffuse reflection, and the Maxwell-type condition, which is a linear combination
of specular and diffuse reflection [17, 27]. In addition to these conventional models, more general
models have been proposed [19, 22, 18, 17, 24, 28]. However, most of the models are of mathematical
or empirical nature and lack the relation to the physical properties, such as the characteristics of
the gas and surface molecules and interaction potentials. A more physical approach is provided
by molecular dynamics simulations, which help to understand the relation between the velocity
distribution functions of the incident and reflected gas molecules [29, 25, 31, 30]. However, this
approach is in general not useful to construct new models of the boundary condition though it is
helpful to assess the existing models.



Another physical approach is the kinetic approach based on kinetic equations that describe the
behavior of gas molecules interacting with the surface molecules [14, 13, 10, 12, 20, 1, 15, 16, 6, 2,
3, 4, 7, 5]. The kinetic equations contain a potential generated by fixed crystal molecules and a
collision term with surface and bulk phonons describing the fluctuating part of the potential of the
crystal molecules.

In a recent paper [7], we proposed a kinetic equation for gas-surface interaction, following the
line of [14, 13, 10, 12, 20, 1, 15, 16, 6, 2, 3, 4], and applied it to the construction of the boundary
condition for the Boltzmann equation. The kinetic equation contains an attractive-repulsive poten-
tial that is appreciable in the vicinity of the solid surface and grows indefinitely on the surface. This
potential produces a thin layer of physisorbed molecules (physisorbate layer). The kinetic equation
also contains the interaction term between gas molecules (the Boltzmann collision term) and that
between gas molecules and phonons. Here, the term “gas molecules” also indicates the physisorbed
gas molecules. In [7], the following assumptions were made: (i) the gas-phonon interaction is dom-
inant in comparison with the gas-gas interaction inside the physisorbate layer; (ii) the thickness of
the physisorbate layer is much smaller than the mean free path of the gas molecules; and (iii) the
gas-phonon interaction is described by a simple collision model of relaxation type. Under these as-
sumptions, an asymptotic analysis was performed, and a linear kinetic equation for the physisorbate
layer was derived together with its boundary condition at infinity. The resulting kinetic equation
and the boundary condition at infinity form a half-space problem, in which no boundary condition
is imposed on the solid surface because the potential prevents the gas molecules from reaching the
surface.

The half-space problem has a unique solution if the velocity distribution function of the gas
molecule toward the surface is assigned at infinity. This property was first shown numerically [7]
and then proved rigorously [5]. This means that the velocity distribution function of the outgoing
gas molecules at infinity is determined by that of the incoming gas molecules there. Since the
thickness of the physisorbate layer is much smaller than the mean free path, the infinity in the scale
of the layer can be regarded as the very surface of the solid wall in the scale of the mean free path.
Therefore, in this scale, the distribution function of the reflected molecules is determined by that of
the incident molecules on the surface. In other words, the half-space problem plays the role of the
boundary condition on the surface for the Boltzmann equation that is valid outside the physisorbate
layer [7].

One of the main purposes of [7] was to establish models of the boundary condition for the
Boltzmann equation by solving the half-space problem for the physisorbate layer approximately. In
fact, an analytical model was constructed on the basis of an iteration scheme and its first iteration,
and the effectiveness of the model was shown by its numerical assessment. Another model based
on the second iteration was also mentioned briefly in the same reference, but it was not discussed
numerically.

The aim of the present paper is to perform further investigation of the model based on the
second iteration. The velocity distribution function for the reflected molecules on the surface based
on the model is compared with that based on the numerical solution of the half-space problem
for the physisorbate layer. According to the result, the second-iteration model gives a significant
improvement and shows almost the same result as that based on the numerical solution.

The paper is organized as follows. The kinetic model for gas-surface interaction proposed in
[7] and the resulting half-space problem for the physisorbate layer are summarized in Sec. 2. The
iteration scheme based on the half-space problem and the models based on the first and second
iterations are shown in Sec. 3. Section 4 is devoted to the numerical assessment of the second-
iteration model. Finally, some concluding remarks are given in Sec. 5.



2  Summary of kinetic models for gas-surface interaction and ph-
ysisorbate layer

In this section, we summarize the kinetic model for gas-surface interaction proposed in [7] and
the resulting half-space problem for the physisorbate layer.

2.1 Kinetic model for gas-surface interaction

Consider a single monatomic gas in a half space (z > 0) interacting with a plane crystal surface
located at z = 0, where # = (z,y, 2) indicates the space coordinates, and assume that the gas
molecules are subject to an interaction potential W generated by the fized crystal molecules. The
interaction potential W is assumed to depend only on the normal coordinate z for simplicity and is

written in the form
(2.1) W(z) = Ws(2/6) = Ws((),

where ¢ is a characteristic range of the surface potential and ¢ = z/d denotes the rescaled normal
coordinate, which is dimensionless. The rescaled potential Wy is such that

(2'2) %l_r)% WS(C) = 400, CETOO WS(C) =0,

and involves an attractive zone and a repulsing zone as Lennard-Jones potentials as illustrated in
Fig. 1. To be more specific, the following assumptions are made:

(i) the potential W(() is a smooth function of ¢ and has a single minimum Wy, (< 0) at { =
Cmin(> 0)7 ie. Wnin = Ws(Cmin);

(ii) in the interval (0, (min), Ws(¢) decreases from +oo to Wi, monotonically, so that (0, (in) is
the repulsive zone;

(iii) in the interval ((min, 00), Ws(() increases from Wi, to 0 monotonically, so that ((min, 00) is

the attractive zone;
(iv) in the repulsive zone (0, (min), Ws(() is convex downward.

The gas molecules that are trapped by the potential well are called the physisorbed molecules, and
the set of such molecules forms the physisorbate.
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Figure 1: Typical surface interaction potential Wy as function of (.

o~y

Potential energy




The kinetic equation governing the behavior of the gas molecules is as follows [14, 13, 12, 1, 2,
3,4,6,7:

of of 1dW of
E‘FC'a—EEacZ _J(f’f)+JPh(f)’

(2.3)

where m is the mass of a gas molecule, f(¢,x,c) is the velocity distribution function of the gas
molecules (including the physisorbed molecules), ¢ is the time variable, ¢ = (¢, ¢y, ¢.) is the velocity
of the gas molecules with ¢, ¢,, and ¢, being its x, y, and z components, J(f, f) is the Boltzmann
collision operator describing the gas-gas collision, and J,,(f) is the gas-phonon collision operator.

The explicit form of the Boltzmann collision operator J(f, f), which is not relevant to this paper,
is omitted here. In [7], under the assumption that the phonons are in equilibrium, a simple model
of relaxation type is assumed for the gas-phonon collision operator J,,(f), i.e.,

1
(2.4) Jon(f) = —(nM — f).
Tph
Here, 7pp is the relaxation time of gas-phonon interaction and n and M are, respectively, the
molecular number density and the wall Maxwellian given by

(2.5a) n = fde,
R3

(2.5b) M= 3/2ex _m\c\Q
' ~ \ 2nkp Ty, P\ 2kt )

where kg is the Boltzmann constant, T3, is the temperature of the solid wall, and the domain of
integration in (2.5a) is the whole space of ¢. The model (2.4), inspired by [14, 13], was used in
11, 2, 3, 4, 6, 7. We further assume that 7, is a function of z and has the same length scale of
variation as the potential W, i.e.; it is a function of the scaled normal coordinate (:

(2.6) Tph(2) = Tph,s(2/0) = Tpn,s(C).-

Since there is no interaction between molecules and phonons far away from the surface, we assume
that

(2.7) zhﬁrr;() Tph(2) = Clggo Tph,s(¢) = 00.
It is also natural to assume that 7,,5(¢) is an increasing function of ¢ in [0,4+00) with a finite
positive Tpp 5(0).

Since Jpn as well as the potential W vanishes far away from the surface, we may let 2 — oo (or
¢ — 00) in (2.3) to obtain the kinetic equation in the gas phase

af, af,

2.8 Bt =5 = J(fg fe),
(28) U e T (G )
where f,(t,z,c) denotes the velocity distribution function of the gas molecules in the far field.
Equation (2.8) is the standard Boltzmann equation for a monatomic gas, and the distribution f
must converge to f, far away from the surface.

2.2 Nondimensionalization and parameters

In order to nondimensionalize the kinetic equation (2.3), we introduce characteristic quantities
that are marked with the * superscript. We denote by n* the characteristic number density, ¢* =
(kgTy/m)'/? the characteristic thermal speed, f* = n*/c*® the characteristic molecular velocity



distribution, 7 the characteristic mean free time, \* = 77c* the characteristic mean free path,
W* = me*? = kpT,, the characteristic potential, and T;)‘h the characteristic time for gas-phonon
interaction. We recall that 0 is the distance normal to the surface where the potential W is significant,
so that 777 = d/c¢* indicates the corresponding characteristic time of transit through the potential.

With these characteristic quantities, we introduce the dimensionless quantities t, &, ¢, 7, f , fg,
M, W, Tph, and Winin, which correspond to ¢, z, ¢, n, [y foo M, W, T, and Wiin, respectively, by
the following relations:

t=t/7f, T =x/N\, ¢=c/c", n=mn/n*,
f _ fc*?;/n*’ fg _ fg 0*3/77,*, M _ ]\40*37
W(Q) = W(2)/W* = W(Q)/ksTw,  7on($) = Ton(2)/ T = Tohs(C)/Tohs

A

Wmin — min/kB Tw .

(2.9)

Correspondingly, the collision operators J(f, f) and Jyu(f) are nondimensionalized as

n A Ao
(2:10) I 9) = i )
and
n* . Ao 1, - N
(2.11) Inlf) = D) ) = @t = )
where
. = fdé
(2.12a) n /RSf ¢,
(2.12b) M = (2m) 3 exp(—|&[*/2),

and the domain of integration is the whole space of é. The explicit form of .J ( f ) f), which is not
relevant to this paper, is omitted.

Substituting (2.9)—(2.12) into (2.3), we obtain the dimensionless version of (2.3), which is char-
acterized by the following two dimensionless parameters:

T* 6 'T*
_ _ph 2 _n
(213) €ph — T_f’;7 € = F = T—g.
In [7], it is assumed that
(2.14) €ph = € <L L.

This means that the effective range § of the potential, which is also the effective range of the
gas-phonon interaction, is much shorter than the characteristic mean free path A\*. Therefore, the
molecules trapped by the potential and interacting with the phonons form a thin layer, which may
be called the physisorbate layer, in the scale of the mean free path. Equation (2.14) also indicates
that the characteristic time for gas-phonon interaction T;h is the same as the transit time across the
layer 7 and is much smaller than the mean free time 7. The parameter setting (2.14) may be the
simplest kinetic scaling for the present model of the physisorbate layer. This differs from the fluid
scaling used in the derivation of fluid-type boundary conditions [6, 2, 3, 4].
In summary, we obtain the dimensionless version of (2.3) in the following form:

of . of . of 1AW af 1. . s
(219 oF TO Bay T35 e ac ae, DI,



where ¢ = (é,¢,) and | = (2,9). By taking the limit ( — oo of (2.15), we recover the dimen-
sionless version of the Boltzmann equation (2.8) in the gas phase, i.e.

Ofy . O0fs .+ &
ot T¢ oz = IUs )

(2.16)

2.3 Physisorbate layer and boundary condition for the Boltzmann equation

In order to investigate the physisorbate layer, we assume

because ¢ = z/d = zZ/e is the appropriate normal coordinate for the layer. Then, (2.15) is recast as

of . of ~of aw af . .
6<£+%04>+ ; L= Jathy+ el (),

“ac T Ac ae

(2.18)

This form suggests that f and thus fg be expanded as f = f© + O(e) and fg = fg<0> + O(e),
respectively. It is obvious that fé()) is also governed by the Boltzmann equation (2.16). In the

following, we consider only the zeroth order terms in € and identify f ©) and fg(0> with f and fg,
respectively (or equivalently, we omit the superscript (0)). From (2.18), (2.11), and (2.12), the
equation for the zeroth order is obtained as

of Aaw(Qoaf 1 ..
Cza_C - dC (%Z - %ph(C)(nM_f),

(2.19)

where 7 and M are given by (2.12a) and (2.12b), respectively. Note that 7 here is the zeroth-order
number density in the physisorbate layer. Equation (2.19) is the kinetic equation governing the
physisorbate layer.

Integrating both sides of (2.19) with respect to é over the whole space, we then obtain that
(0/9C) [gs ¢-fdé = 0, which leads to

(2.20) / ¢.fdé =0,
R3

for any (¢ because f — 0 as ¢ — 0. This indicates the particle conservation.
As discussed in [7], the connection condition between the inner physisorbate layer and the outer
gas domain at the zeroth order is given by

(2.21) f(f,:&n,C — oo,é”,éz) = fg(f,ﬁjn,ﬁ =0, é”,éz)

Note that f, and thus (2.16) have been extended to the crystal surface 2 = 0. Condition (2.21)
means physically that the outer edge of the inner physisorbate layer may be identified with the solid
surface for the outer gas domain (see [7] for a more quantitative argument).

As shown in [5], (2.19) has a unique solution when f for the molecules toward the surface (&, < 0)
is imposed at infinity, that is,

(2.22) fd,2),¢.¢.¢.) = foo(l,2),€,6:), as (— oo, for & <O,

where foo is an arbitrary function of ¢, Z||, ¢, and ¢, decaying fast as |¢| — oo, more specifically,
satisfying foo < (27)3/2A(E, &) exp(—|¢[*/2) with A being an arbitrary function of ¢ and &|. In
other words, the kinetic equation (2.19) with the boundary condition (2.22) determines the solution



f and thus f for ¢, > 0 at infinity, and this constitutes the physmorbate layer problem. This means
that the solution defines the operator A that maps f for ¢, < 0 to f for ¢, > 0 at infinity, i.e.,

(2.23) ft,&),¢ = 00,8,6. > 0) = Af(£, &), — 00, ¢, ¢ < 0),
or equivalently, because of (2.21),
(2.24) fg(f, :ﬁ||,,§ =0, é”,éz > O) = Afg(f, :ﬁ||,,§ =0, é”,éz < 0).

This relation indicates that the operator A provides the boundary condition for the Boltzmann
equation on the surface z = 0.

In the following, we construct models of the boundary condition (2.24) by solving the half-space
problem (2.19) and (2.22) iteratively. It should be noted here that the structure of this half-space
problem differs from that of the traditional half-space problem of the linearized Boltzmann equation
relevant to Knudsen layer [8, 21, 9]. For instance, in the problem (2.19) and (2.22), the gas molecules
are subject to an external attractive-repulsive potential, and no boundary condition is imposed on
the boundary ¢ = 0.

2.4 Change of variables

In order to investigate (2.19) and (2.22), we transform these equations into a more convenient
form. Let us put

(2.25) £= ; E4+W().

Then, it follows from the properties of W(C) that, for each ¢ € [Wmin, 00), the range of ( is as
follows:

(2.26) { [Ca(e),00)  for €20,
[CalE), Gp(e)]  for Wi < e <0,

where (4(¢) is the solution of e = W(¢) for & > 0, and (q(e) and (p(¢) are the two solutions of the
same equation satisfying (,(&) < Cmin < (p(€) for Winin < e < 0.

We now transform the independent variables from (¢, ¢,) to (¢, e) and define

(227) fi(f,i”,g,é”,€) = f(f,i”,g,é”, :|:\/ 2[6 - W(C)])

Note that f+ corresponds to ¢, > 0, and f_ to ¢, < 0.
Then, (2.19), (2.12), and (2.22) are transformed to

oSG 1 :
(2.28a) +1/2[e = W(Q)] o = a0 [A(Q)M(C,€) — fx(Ce)],
1
(2.28b) &) + f1(¢,e)]dé,de, | ————de,
/ [// " } } 2[5_ W(C)]
(2.28¢) NI(C,2) = (2m) 2 exp (g [2/2 = e+ W(0))
(2.28d) fo(Ce) = foo(—V2e) as ¢ — o0, for e>0,

where M(, €) is the expression of M in (2.12b) in terms of ¢ and e. In (2.28), the arguments £, Z|,

and ¢|| in fi, foo, and M and the arguments ¢ and | in n are not shown explicitly. This convention
applies in the sequel unless otherwise stated.



In addition, we need to assume the continuity conditions

(2.29a) fi(Cale),e) = f— (Cale),e), for &> Winin,
(2.29b) fo(Gole),e) = fr (G(e),e), for Wi <e <0,

at ¢ = (4(e) and ¢ = (p(¢) to complete the half-space problem in the new variables ((,¢).
Incidentally, the particle conservation (2.20) is transformed to

(2.30) / // f-(¢,e)]dépdé,de = 0.

3 Models of boundary condition for the Boltzmann equation

In this section, we construct models of the boundary condition for the Boltzmann equation on
the basis of the half-space problem (2.28) and (2.29), which is equivalent to the problem (2.19) and
(2.22).

3.1 Iteration scheme

On the basis of (2.28) and (2.29), we define the following iteration scheme:

5 7®)
(3.12) £\l - o) 28D - hl( 5 [ Q¢ 2) - 1P¢ ),
00— [ ([ 056+ £ s
(3.1b) X ! = de,

2 [8 — W(C)]
(3.1¢) NI(C,2) = (2m) 2 exp (—Jey[2/2 = e+ W(0))
(3.1d) FB(Ce) = fool(—V22) as ¢ — oo, for e >0,
(3.1¢) M (Cale),2) = fP (Cale),2), for &> Wi,
(3.1f) fﬁk) (Gp(e),e) = fJ(rk) (Go(e),e),  for Wi <& <0,

where fik) and 7%) are, respectively, the kth iteration corresponding to fi and n.
Since (3.1a) is an ODE for fj([k), it can be solved, under the boundary condition (3.1d), to express
ff) in terms of ¥~ that is,

FPCe) = 0(Cle), o) <f<“<<a<e>, e)

¢ A= (5)M (s,e)ds
(3.20) [ ot ey o) Mo )
Ca(e) %ph(s) 2[5 — W(S)]

FP(¢ e) = 150 0(C, 005 e) <foo<—¢%>



o Ak ()M (s,€)ds
—i—/C 0(c0, s;¢€) )

Ton(s)y/ 2[e = W(s)]

 1yp, o0 (G, Go(0)5€) (fi’“(cz,(a),e)
G(e) AE=D (VN (s s
(3.:20) [ 0, e TRl )
¢ Fon ()12 — W(s)]
where
b
(3.3) O(a,b;e) = exp (/ ds - ) ,
¢ Tpn(s)y/2[e = W(s)]

and 1g is the indicator function of the set S, that is, 1s =1 for n € S and 1s = 0 for n ¢ S with n
being the relevant variable.

We consider the first and second iterations fil) and ff) starting from the following zeroth guess:
20 A - .
(3.4) fO=BM@E),  M(e) = 2m) ¥ 2exp (-2 —¢)

where /3 is a constant to be determined later. Note that (3.4) is an exact solution of (2.28) expressing
the absolute equilibrium. Correspondingly, 1) is obtained as

A

(3.5) A O(¢) = Bexp (- W(C)).

3.2 Model based on first iteration

Let us consider the first iteration fil) and start with the case € > 0. Since ﬁ(O)M(C, g) = BM(&),
the first integral in (3.2b) with k£ = 1 is recast as

00 ~(0) v N 00
/C 0(oc0, s;¢) A0 (s)M(s ) ds:—ﬁM(a)/C %H(w,s;s)ds

Ton(5)y/2le — W (s)]

= BM(e)[B(00, G ¢) — 1].
The integral in (3.2a) can be transformed in a similar way. Therefore, it follows from (3.2) (with
k =1) that
(3.62) FV(€8) = 8¢, 00:€) fool —V22) + [1 = B(¢, 003 )] BMe),
0(¢.) = 06u(€),:9) U (Gale),2) + [1 = 0(Ga(e), G:9)] BMe)
= 0(Cale): (;8) 0(Cale), 003 €) foo (—V/2¢)
(3.6D) + (1= 0(Gal2), G;2) 0(Gale), 002)] BM(e),

for e > 0.
On the other hand, for Wy, < € < 0, (3.2) leads to the following expressions for fil):

(3.7a) F(Ce) = 0(¢,0(e); ) 1 (Gole),€) + [1— B(C, Gole): )] BM(e),
(3.7b) (¢ e) = 0(¢a(€), G o) U (Cale),€) + [1 = 0(Cale), G )] BM(e),



from which it follows
(3.8) (o) = FY(¢e) = AM(e),

for Wmin <e<O. .
With the first iteration fi”(g ,€) obtained in (3.6) and (3.8), the corresponding number density
2N (¢) is obtained from (3.1b), i.e

e For 0 < ¢ < (,(0), where W (¢) >0,

ﬁ(l)(c):/w { (C,e / foo(— V2¢) dé,dé,
de

(3.9) +—B[ O((e)le™ p ———.
var } 2l — W(C)]

e For ¢ > (,(0), where W(¢) < 0,

ﬁ(l)(o:/o { (¢ e) / Foo(— V2e) dé,dé,
de

+—ﬁ[ (¢ e)le™ p ——=
var } 2l — W(C)
(3.10) +Be*W<<)erf( —W(g)).

Here

O(¢,e) = 0(¢,00;6){1 + [0(Cale), C: )]}
(3.11) = 0(Ca(e),00;8)[0(Cal€), G5 €) + 0(C, Cale); €],

and erf(z) is the error function,
erf /
G

Now, let us consider the boundary condition (2.24) [or (2.23)] for the Boltzmann equation on
the basis of the first iteration. For this purpose, we take the limit ( — oo in (3.6b) and replace

foo(—/2€) with the equivalent fﬁl)(oo, ¢) for convenience. Then, we obtain

(3.12) ff)(oo,e) = [9(@(6),00;6)]2 FW (00, ) + {1- [9(@(5),0@;5)}2}3 M(e)

We here go back from the ((,¢) representation to the original ({,¢,) representation. We omit the
superscript (1) of fil), supposing that fil) is an approximation of fi, and note that

(3.13a) fe(Ce) = f(¢,e,) for &, >0,
(3.13D) fo(¢C,e) = f(¢,e,) for &, <0,
(3.13¢) e=¢/2 at (= oc.

Furthermore, to be consistent with the boundary condition (2.24) for the Boltzmann equation, we
replace f (oo, ¢,) with the equivalent fy(0,¢,) recalling (2.21).
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Then, (3.12) is recast as

(3.14) Ful0,22) = [1 = 6(2)] Fo(0,—¢.) + &) BVI(e), for & >0,

where

(@) =1 - [0(¢a(@2/2), 00562 /2)]?

(3.15) =1—exp|—V2 ds - ,
G F(s)y/2/2— W (s)

and M (&) is given by (2.12b). It should be noted that the number of molecules is not conserved for
each step of iteration. Therefore, B in (3.14) is chosen in such a way that the particle conservation
(2.20) is satisfied for f(oo,é,) or equivalently for f4(0,é,). As the result, 3 is obtained as follows:

B=—Vor UOOO vé(v?) exp (—0v?/2) dv} -

(3.16) x / < / £.(0, dcmdcm> dv,

where v indicates the integration variable for ¢,.

Equation (3.14) with (3.15) and (3.16) provides a model of the operator A in the boundary
condition (2.24) for the Boltzmann equation. If the input distribution fe(0,é,) (¢, < 0) is the
(dimensionless) wall Maxwellian M = (21)~3/2 exp(—|¢|?/2), then it follows immediately from (3.14)
and (3.16) that the output distribution fg(O,éz) (¢, > 0) is also equal to M. This is an important
property of the boundary condition for the Boltzmann equation. The dimensional form of this
model, which is given in Sec. VB in [7], is summarized in Appendix A.

3.3 Model based on second iteration

To obtain the model based on the second iteration, it suffices to consider the case ¢ > 0. It
follows from (3.2b) that

FP(Cale)se) = 0(Cale), 003 ) foo (—V2)

(3.17) +/<°° 6(Ca(). 5:) nM(s)M(s,e)ds

a(e) Ton(8)1/2[e — W(S)]-

Therefore, (3.2a) gives

FP(00,8) = 6(Cale) <

= [0(Ca(e), 005 8)]2 f) (00, ¢)

+0(Cale), 005 €) . )[H(Ca(e), s;€) + 0(s, Ca(e); )]
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(3.18) :[H(CG(€),OO;5)]2]E£2)(OO,5)_|_ o0 O(s.¢) ﬁ(l)(S)M(S’EA)dS ’
@@ ()2l — W(s)]

where foo(—v/2¢) in (3.17) has been replaced with the equivalent fg)(oo, £) as was done in (3.12).

We now go back from the ((,e) representation to the original ((,¢,) representation. As was
done in the derivation of (3.14), we omit the superscript (2) of ff), supposing that ff) is an
approximation of fi, recall the relations (3.13), and then replace f (00, ¢,) with the equivalent
Je(0,¢,) [cf. (2.21)]. Then, using (3.15), we obtain the following expression:

fg(O, éz) - [1 - @(ég)]fg((), _éz)

X o0 A(D ()W ()
(3.19) + V(@) / o(s,e2j2)— WA s s,
22 (o) 20272~ W ()

where 71 (s) is given by (3.9) and (3.10) (with ¢ being replaced with s). However, (3.9) and
(3.10) are expressed in terms of the variables ((,e). To be consistent with (3.19), these should
be transformed into the expression in terms of the original variables ({,é,). This can be done
straightforwardly, and after some algebra, we obtain the following expression of ﬁ(l)(C ):

(3.20) A1 (C) = K1[fg(0, )](Q) + Be VO — Ky (Q)],

where the operator Ky, which operates on fg(O, ¢,) for ¢, < 0, and the function Ky are defined by

. —/max{0,—2W (¢)} 02 .
Kl 10 = [ o (c.5+1()

(3.21a) ( / / fg< v? + 2W(C)>déxdéy> dv,

+ W(C)) e V2 dy.

(321b) KZ(C) N E /\/max{O,—ZW(C)} © <C7 3

Here, the integration variable v corresponds to é,, and foo(—v/22) in (3.9) and (3.10) has been
replaced with fg (0, —\ /v + 2W(C)>

The input distribution fg(O,éz) (¢, < 0) is contained in (3.19) as well as (3.20). The constant
B is determined in such a way that fg(O,éz) for ¢, > 0 and that for ¢, < 0 satisfy the particle
conservation (2.20). In summary, with (3.20) and the resulting 3, (3.19) is recast as

fg(O, éz) = [1 - d(éz)]fg(oa _éz) + M(é)ﬁl[fg(ov )](éz)
(3.22a) + BM(&)[a(&?) — Lo(e.)],  for é, >0,

B=— UOOO ofa(v?) — Lg(v)]e_UQ/QdU} -

X [\/ﬁ/_io vi(v?) (/ _C: fg(o,v)déggdéy> dv
(3.22D) + /0 h vL1[fs(0, -)](v)e”Q/de} :

where v indicates the integration variable for ¢,. In addition, the operator £1[fg(0, -)](¢.), which
operates on fg(0,¢,) for ¢, < 0, and the function Ly(é,) are defined by

£1lA0, 1) = | 0;/2) 0(s,2/2)K1[£,(0, )](£)e )
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ds

(3.23a) X S—
on()/2062/2 — W (s)]
(3.23b) L) = [ 66k B
C(@/2) Fon(s)1/2[22/2 — W(s)]

In deriving (3.22), use has been made of the follwing equality:

/Oo (s, ¢2/2) s
Cale2/2) Fon(s)\/2[¢2/2 — W (s)]

o TR
Ca(€2/2)
0GB/, 5 2/2) +0 (5, G20 2/2)
Fonl)1/212/2 — W (5)]

_ /< T 0(Glr2), 0022

a(¢2/2)

y [_%9 (Ca(é2/2),5:2/2) + %e (s,ca<éi/2>;é§/2)} ds
= 0 (Ga(e2/2), 0032 /2) [0 (a(E2/2), 003 2/2) + 6 (00, Cal2/2): E2/2)]
=1 [0(Cu(¢2/2),0;¢2/2)]°

If the input distribution fg(O7 ¢.) (&, < 0) is the (dimensionless) wall Maxwellian M =
(27)~3/2 exp(—|¢é|?/2), then, we obtain K; [fg(O, I](€C) = K3(¢)
x exp(=W(¢)) from (3.21) and thus El[fg(O, I(é.) = La(é,) from (3.23). Therefore, (3.22b) gives
BA: 1, so that it follows from (3.22a) that the output distribution fg(O7 ¢,) (¢, > 0) is also equal to
M. Thus, the model (3.22) based on the second iteration is seen to satisfy the important property
of the boundary condition for the Boltzmann equation. This model will be examined numerically
in Sec. 4, and its dimensional form is shown in Appendix A.

4 Numerical assessment of the second-iteration model

In this section, we consider the model (3.22) based on the second iteration and assess it nu-
merically by comparison with the result based on the numerical solution of the original half-space
problem (2.19) and (2.22) [7]. The calculation of the right-hand side of (3.22) is straightforward
though the operator £4] fg(O7 )] and Lo in (3.23) contain singular integrals. In addition, the nu-
merical solution method for the half-space problem (2.19) and (2.22) is described in detail in [7].
Therefore, we omit the description of the numerical methods and show only the results.

4.1 Preparations

In order to investigate the models (3.14) and (3.22) numerically, one first has to specify the
interaction potential W (() as well as the relaxation time 7,,(¢) explicitly. We adopt the Lennard-
Jones (LJ) (9,3) potential [7]:

@) 0 =225 (5- %),
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and the relaxation times of algebraic type [7]:

o v
(4.2) Fon(¢) = #r (14 2¢)
where k, k;, v, and o are parameters. It should be noted that (4.1) and (4.2) are in dimensionless
form and correspond to (88) and (91) in [7], respectively. The reader is referred to [7] for the related
properties; for instance, (,(¢) and (y(g) for (4.1) are given by (89) there. The LJ(9, 3) potential (4.1)
is known to be realistic as a potential of interaction between a gas molecule and a crystal surface
[26, 11, 23]. In fact, it results from a continuous model of the crystal after volume integration.

In addition, the input velocity distribution fg(0,¢,) in (3.14) or in (3.22) should be specified.
As can be seen from the first-iteration model (3.14), the dependence on ¢, and ¢, of the reflected
distribution fg(O,éz) (¢, > 0) is determined partially by that of the incident distribution fg(O,éz)
(¢, < 0) and partially by the thermalizing term M(¢). This tendency is more or less the same for
the second-iteration model (3.22). This means that the models determine the ¢,-dependence of the
reflected molecules crucially but not the ¢,- and ¢,-dependence.

For this reason, we only consider the reduced distribution function Fg(O, ¢,) defined by

A co S A
(4.3) F,(0,¢,) :/ / f(0, ¢, ¢;)dé dey,
—o0 J —o0
and assume the following shifted Maxwellian
(@0 0,00 = e (-E2220) e <o
. ,Cy) = —exp | —————— |, ¢ )
S Vo 2T, ’

for the input distribution function, where v, and T, are the parameters to be specified.
In this Sec. 4, the parameters « in (4.1) and k., o, and v in (4.2) are set to be

(4.5) (Ky kryo,v) = (1,1,1,4)
as in [7], and the parameters (T}, %..) in (4.4) are assumed to be

(Ty,9.4) = (1,—1), (1,1), (0.3,0), (0.3,—0.5), and (2,0).

4.2 Numerical results

In Figs. 2-6, the reduced distribution function Fy(0,¢,) for the reflected molecules (&, > 0) in
response to that for the incident molecules (¢, < 0) is shown versus ¢, for k = k; = 0 = 1 and
v = 4: Fig. 2 is for T* =1 and v,, = —1, Fig. 3 for T* =1 and 0., = 1, Fig. 4 for T* = 0.3 and
U, = 0, Fig. 5 for T* = 0.3 and v,, = —0.5, and Fig. 6 for T* = 2 and v,, = 0. In each figure,
panel (b) is the magnified figure of panel (a) for the range —0.1 < ¢, < 1.1. The thick line for
¢, < 0 indicates the incident distribution (4.4). The thick line for ¢, > 0 indicates Fg(O,éz) for
the reflected molecules obtained from the second-iteration model (3.22), the thin line indicates that
obtained from the first-iteration model (3.14), and the circles indicate that based on the numerical
solution of the original half-space problem (2.19) and (2.22).

The reduced velocity distribution for the reflected molecules based on the first-iteration model
agrees well on the whole with that obtained by the numerical solution of the physisorbate-layer
problem. However, it shows some discrepancies for ¢, in the range 0 < ¢, < 0.5. In contrast, the
second-iteration model reproduces the velocity distribution of the reflected molecules obtained by
the numerical solution quite well for the whole range of ¢, > 0. In particular, it describes the sharp
change for small ¢, (> 0) very well. Therefore, it is a significant improvement compared to the
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Figure 2: Fg(O, ¢,) versus &, for T, =1 and 9., = —1 (k = kr = 0 = 1 and v = 4). Panel (b) is the
magnified figure of panel (a) for the range —0.1 < ¢, < 1.1. The thick line for ¢, < 0 indicates the
incident distribution (4.4). The thick line for ¢, > 0 indicates Fg(O, ¢,) for the reflected molecules
obtained from the second-iteration model (3.22), the thin line indicates that obtained from the first-
iteration model (3.14), and the circles indicate that based on the numerical solution of the original
half-space problem (2.19) and (2.22).

first-iteration model. The figures similar to panel (a)s in Figs. 2-6 for other sets of parameter values
are shown in Fig. 11 in [5] and show the same behavior. In conclusion, the model (3.22) based on
the second iteration is a good model of the boundary condition for the Boltzmann equation with
physical basis.

5 Concluding remarks

In our previous paper [7], we proposed a kinetic model of gas surface interaction, from which
a kinetic equation describing the behavior of the gas molecules in a thin layer on the solid surface
(physisorbate layer) was derived by an asymptotic analysis. It was shown both numerically [7]
and mathematically [5] that the solution of the kinetic equation for the physisorbate layer provides
a boundary condition for the Boltzmann equation, which is the governing equation outside the
physisorbate layer.

One of the main results in [7] was that an iteration scheme, based on the kinetic equation for the
physisorbate layer, was proposed and used to construct physical models of the boundary condition
for the Boltzmann equation systematically. To be more specific, the model constructed by the first
iteration is a Maxwell-type condition (i.e., a linear combination of specular and diffuse reflections)
with an accommodation coefficient depending on the molecular velocity. It was shown that the
model well reproduced the velocity distribution of the reflected molecules obtained by the numerical
solution of the kinetic equation for the physisorbate layer. At the same time, it was expected that
the model based on the second iteration, which was shown in a rather implicit form in [7], would
provide a further improvement.

The present study focuses its attention on the model based on the second iteration. We first
tried to express the model in an explicit form that is convenient for practical applications. Then,
the velocity distribution for the reflected gas molecules obtained from the model was compared with
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Figure 3: Fg(O,éz) versus ¢, for T, =1 and ., = 1 (k = K = 0 = 1 and v = 4). See the caption of
Fig. 2.

that provided by the numerical solution of the physisorbate-layer kinetic equation. It was shown
that the second-iteration model reproduced the latter velocity distribution significantly better than
the first-iteration model. Although the second-iteration model has a more complex structure than
the first-iteration model, it is still explicit in terms of the interaction potential and the gas-phonon
relaxation time. Thus, it can easily be incorporated in the numerical schemes for the Boltzmann and
its model equations. Application of the first and second-iteration models of the boundary condition
for practical rarefied gas flows is an interesting and important subject, which will be a target of our
future research.

A Dimensional form of (3.14) and (3.22)

It is straightforward to express the models (3.14) and (3.22) in terms of the dimensional quanti-
ties. The results are summarized in this appendix. Here, we denote the boundary value fy(t, x|,z =
E), c”,)cz) by fg(0,c.) omitting the variables ¢, x|, and ¢/, as in the dimensionless forms (3.14) and

3.22).

e Flirst-iteration model (3.14)
The first-iteration model (3.14) is transformed into the following dimensional form [7]:

(A1) f5(0,¢2) = [1 = a(2)] (0, —c2) + a(c2) BM(c), for c. >0,
where

m 3/2 m|c|?
(A.2a) M(c) = <27Tk:BTW> exp <— QkBTw> ,

(A.2b) o(c2) =1 —exp (‘M‘;/:o dz 44 (8)> ’

o(me2/2kgTw) Tphs(8)\/me2/2 —
1/2 oo 2 -1
f=— <27rl:ij> [/0 wa(wQ) exp (— 2Z:Tw> dw]
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Figure 4: Fg(O, ¢,) versus &, for T, = 0.3 and #,, = 0 (k = k; = 0 = 1 and v = 4). See the caption
of Fig. 2.

(A.2c) X /_ io wa(w?) ( / /_ Z fg(O,w)dcxdcy> duw.

Here, s is the integration variable for the dimensionless normal coordinate { = z/¢ [cf. (2.1)], and w
is the integration variable for c,. Recall that ¢,(mc?/2kgTy) is the solution of W (¢) = mec? /2kg Ty,
i.e., that of Wy(¢) = mc?/2.

e Second-iteration model (3.22)
The second-iteration model (3.22) is transformed into the following dimensional form:

Fo(0,¢2) = [1 = a(2)] fo(0, —¢2) + M(e) L1 [f(0, )](c2)
(A.3) + B M(c)[e(c?) — La(c,)], for ¢, >0,

where a(c?) is given by (A.2b) and

L1110, l(ez) = |/ 216 / (s, mc2/2ksTy)
Ca(mc? 2kpTw)

(Ada) Ralfel0, )(s) e ds
. X .
? el ° Tph,s(5) mcg/Q—VVS(s)7

Io(es) = /2 / O(s, mc2/2kpTyy) Ka(s)
2 Jca(me2 /2k5Ty)
ds

(A.4b) X )
Toh,s(8)y/mec? /2 — Wi(s)
,\/max{0,72WS(s)/m} maw? 2+ Wa(s
K1lfg(0, -)](s) :/ © <S’ /k T, : )>
—0 B4 w
(A.4c) X [// fe <0, —/w? + 2WS(5)/m) dcmdcy] dw,
- 1 m /OO ( mw2/2+Ws(s)>
Ras) = ——, [ 6 (s,
2( ) \/% kBTw \/max{0,72WS(s)/m} kBTW
(A.4d) x e~ w2k Tw Qg
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-1

b= | [ wlaw?) = Tatwle ™/ qu

X [\/ﬂ\/@/; wo(w?) (//Z fg(O,w)dcxdcy> dw

(A.40) + /0 T w00, ->]<w>emw2/2kBTde] .

Here, the variable s corresponds to the dimensionless normal coordinate ( = z/0 [cf. (2.1)], and w
is the integration variable for c.. The explicit form of the function © (s, [mw?/2 + Wy(s)]/ksTy)
occurring in (A.4c) and (A.4d), which can be obtained straightforwardly from (3.11), is shown here
for convenience:

2
o (o 22+ Vi)
kel

m [ dg
—exp [ -/
p< \E / Tph7s(§)\/mw2/2—|—Ws(5)_WS(£)>

S dg
A. exp | —vV2md 7
) ) {1+ g < i G Tph,s(g)\/mw2/2+WS(5)_WS(O)}

. mw? /2 + W(s)
oo (mp )

The function ©(s, mc?/2kpTy) appearing in (A.4a) and (A.4b) is obtained readily from (A.5) with
the replacement (w, W(s)) = (cz,0).

In our previous paper [7], the generalization of the first-iteration model (A.1) and (A.2) to more
general cases, such as the cases of varying wall temperature and curved boundary, is discussed. The
reader is referred to Sec. VB in [7] for the details. We should note that the same generalization can
be made for the second-iteration model (A.3) and (A.4).
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Figure 6: Fg(O,éz) versus ¢, for T, = 2 and 0., = 0 (k = k; = 0 = 1 and v = 4). See the caption of

Fig.
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