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Explicit maximal totally real embeddings

BY
NEFTON PALI and BRUNO SALVY

Abstract

For real analytic compact manifolds equipped with a covariant derivative operator acting
on the real analytic sections of its tangent bundle, a construction of canonical maximal
totally real embeddings is known from previous works by Guillemin-Stenzel, Lempert,
Lempert-Szoke, Szoke and Bielawski. The construction is based on the use of Jacobi fields
which are far from being explicit. As a consequence, the form of the corresponding com-
plex structure has been a mystery since the very beginning. A quite simple recursive
expression for such complex structures has been provided in the first author’s work "On
maximal totally real embeddings" [Pali]. In our series of articles we focus on the case of
torsion free connections. In the present article we provide a fiber-wise Taylor expansion of
the canonical complex structure which is expressed in terms of symmetrization of curva-
ture monomials and a rather simple and explicit expression of the coefficients of the expan-
sion. Our main argument applies to far more general settings that can be useful for the
study of open questions in the theory of the embeddings in consideration. In this article
we also provide evidence for some remarkable canonical vanishing of some of the integra-
bility equations in quite general settings.
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Introduction and statement of the main result

1.1 Previous works

We remind first some notations and definitions from the work [Pali]. We recall first that over a
smooth manifold M, the vector bundle T7,,|as =~ Tys @ Thy, is a complex one with the canonical
complex structure J" : (u, v) — (—wv, u) acting on the fibers. Any almost complex structure
which is a continuous extension of J" in a neighborhood of M inside Tj; makes M an (almost
complex) maximally totally real sub-manifold of Tj;. We denote by

T € COO(TJM, ﬂ*T]cKI ®]R TTM) R



the canonical section which at the point n € Ty takes the value T;, : E, — T, ,, which is the
canonical isomorphism map. We remind now the following definition from [Pali].

Definition 1.1. Let M be a smooth manifold. An M-totally real almost complex structure over
an open neighborhood U C T of the image of the zero section Oy is a couple («, B) with o €
C>®(U, Ty ®, Tr,) and with B € C*°(U, n*GL(T)) such that dr - o = L1, over U and such
that oo, = d, Opr, Bo, =1, ,, for allp€ M. With A:=a+iTB, the almost complex structure Ja
associated to (o, B) is the one which satisfies TTOA"/I{_]A77 = Ay(CThs n(n)) C CTry .y for alln e U C
Thy.

Every almost complex smooth extension of the canonical complex structure J" of Ty, as over a
neighborhood of M inside Tj; writes, over a sufficiently small neighborhood U C Tj; of M, as
the almost complex structure associated to a unique M-totally real almost complex structure
over U.

Definition 1.2. We denote by Circ the circular operator
(Circ0)(vi,v2,v3,8) = 0(v1,v2,v3,®) +0(v2,v3,01,0) +0(v3,v1,v2, @),

acting on the first three entries of any q-tensor 0, with ¢ > 3. We also define the permutation
operation Oa(v1, v, @) :=0(v2, vy, ®).
For any complex covariant derivative operator V acting on the smooth sections of Clys we
denote by HY the associated horizontal distribution. We define the operator

dY: C=(M, T3;%* ®, CTh) — C°(M, RT3, Ti®% Ve, Ch),

with k> 1 as follows

dlvA(glaé'Qau) = VEIA(SQ,‘LL)*V&A(gl,M),

with &1, & € Ty and with p € Tj\?(kfl). In the case V acts on the smooth sections of Ty, we
denote by (n,t)— ®Y (1) € Tay, the geodesic flow of V starting at a point 1 € Tyy.

For any two sections A € C>®(M, T;j®<k+1) ®y CIy) and B € C*(M, TJ\’Z’®(H1) @, CI) we
define the exterior product

* *,Q(k+1-1
AMB € C®(M,NTy o, Ty Ve, CTy)
as

(AN B) (&, &2,m, 1) = A(&, B(&2,n), p) —A(&2, B(&, ), 1),

with &1, &a € Ty, n € T]S?l and | € Tj\ej(k_l). We denote by Sym,.,,. . ., the symmetrizing operator
(without normalizing coefficient!) acting on the entries 71, ..., s of a multi-linear form. We use
the convention that a sum and a product running over an empty set are equal respectively to 0
and 1.

We observe that the argument given in the proof of corollary 2 in [Pali] applies without modifi-
cations in the case of a general torsion free covariant derivative operator acting on the smooth
sections of the tangent bundle. For the convenience of the reader we provide in the appendix,
the argument in this more general setting. We therefore have the following statement.



Corollary 1.3. Let M be a smooth manifold equipped with a torsion free covariant derivative
operator V acting on the smooth sections of the tangent bundle Ty, let U C Tjr be an open
neighborhood of the image of the zero section with connected fibers, let J = Ja be an M-totally
real almost complex structure over U, real analytic along the fibers of U and consider the fiber-
wise Taylor expansion at the origin

TN (HY = A)y & = i+ Sk(&,nh),

k>1

with n € Ty in a sufficiently small neighborhood of the image of the zero section, with § € Ty x(y)
arbitrary with Sy, € C°°(M , Ti; ®,, S* Ty ®, CTy) and with n*:=n*k e Tﬁfw(n).

Then the almost complex structure J is integrable over U and for any n € U, the complex curve
Yyt +is— s®Y(n), defined in a neighborhood of 0€ C, is J-holomorphic if and only if S1 =0,

_ i v
Sk = ms}’mz...,lwl@k,
for all k>2, with ©Y :=2RY, with
k—1 r—1
OF = —2i(idY)* (VR )o+ > (r+ D! (idY)* 1" (pSp M Sr—pr1)
r=3 p=2

for all k>3 and the equations Circ Syms 41 0Y =0, are satisfied for all k> 4.
skt

We remind that by the results due to Guillemin-Stenzel [Gu-St|, Lempert [Lem|, Lempert-Szoke
[Le-Sz1, Le-Sz2|, Szdke [Szo| and Bielawski [Bie| in particular, the complex structures in the
statement of corollary 1.3 exist in the case M is a compact real analytic manifold and V is a
torsion free covariant derivative operator acting on the real analytic sections of Tj;.

By corollary 1.3, the vanishing of the tensor Circ Syms . g+1 OY, for all k > 4, is certainly true
in the above analytic case. We feel however that a proof independent of [Gu-St, Lem, Le-Sz1,
Le-Sz2, Szo, Bie] provide a more general statement useful for the applications.

The first author has shown [Pali] that the equation Circ Syms . 41 Oy =0 is satisfied for k=4
even in the more general case of a torsion free complex covariant derivative operator acting on
the smooth sections of the complexified tangent bundle.

We wish to point out that in this more general case it is not possible to have a statement similar
to corollary 1.3, simply because there are no geodesics in M associated to the complex covariant
derivative operator.

However this complex case is rather important to the applications to micro-local analysis since
quite often the operators there are expressed in terms of complex covariant derivative operators.
In this article we build a general formalism which allows us to give a more compact proof of the
vanishing of the tensor Circ Syms, . x11 OY in the case k=4, and which allows us to provide also
a proof in the case k=5.

We have checked by using computer algebra [Pal-Sal] the above vanishing also for the cases k =
6, 7. It is quite likely that the vanishing is always satisfied in the torsion free complex covariant
derivative case.

1.2 Statement of the main result

We provide now more notations useful for the statement of our main theorem.



Notation 1.4. We denote by AFop any element A= (aq,...,an) € Zgo with N € Z~q arbitrary

such that |A] ::Zleaj:p. We set l4:=N. We denote also A!:=aq!---an!,

J
Al = Zasa
s=1

[All; = [Alj+7,

for any 1< j< N, and we set ||A||:=||A||n+N. For anyl=1,...,N, we define A] :=(aq, ..., a)
Af = (aj41,...,an) and

A;,h = (A;)?_: (al+1, ceey ah) s

for any l,h € Z>o with I<h < N. In all this article, for notational simplicity, we use the identifi-
cation (vy,...,v) =(1,...,p), for a given element (vy, ...,v,) € T)5".

Let R1):=V*RY. We denote by R(1,...,a+1,e,a+2) the endomorphism
v o— R(a)(l,...,a—i—l,v,a—i—Q).

Given a family of endomorphisms (T})}_, we denote by

P
H T; = Tyo--oT,.
j=1

We also define the curvature monomial of multi-degree A as

la
RAW . A1 +1) = | T RONAL 142, AL+ 1,0, 1A = 5 +2) | 1,

j=1
i.e. the curvature monomial R writes as
RAL, .., A +1)
= R(al)(Z,...,a1+2,R(a2)(a1+3,...,a1+a2+3,R(a3)(a1+a2+4,...,a1+a2+a3+4,R(a4)(...
s RO (Al o1+ 2, 1A+ 11 [ Ally +2), [ All +3) ), A +1)

We denote by NF1 any A € 7% such that |\|=1 and we define for any A€ Zl}O the coefficient

N cofem
Ca = > HA @y vith =l
0<H<KA
Ix |)\‘j71 1
C(H) = —1)]|Hy .
) = 2, oL M o

With these notation we can state our main theorem.

Theorem 1.5. (Main theorem: Explicit maximal totally real embeddings)



Let M be a smooth manifold equipped with a torsion free covariant derivative operator V acting
on the smooth sections of the tangent bundle Ty, let U C Tpr be an open neighborhood of the
image of the zero section with connected fibers, let J = Jx be an M-totally real almost complex
structure over U, real analytic along the fibers of U and consider the fiber-wise Taylor expansion
at the origin

JHHY —A)y-€ = i+ SiE )

k>1

with n € Ty in a sufficiently small neighborhood of the image of the zero section, with § € Ty = (n)

arbitrary with Sy, € C=(M, Ty; ®,, S* Tiy @, CTyr) and with n*:=n** € T)7 W(n)

Then the almost complex structure J is integrable over U and for any n € U, the complex curve
Ypit+is — s®Y (1), defined in a neighborhood of 0€ C, is J-holomorphic if and only if S =0

1 .
Sp = pEsya) Z CpSyms,  x+1RP, with D>0,
IDl|=k

for all k=2 and the equations Circ Syms, . 41 @X =0, with

k—1 -
OF = —2i(idY)* 3(VRY)o+ Y (r+1)! Z (1Y) =1 (pSy AL Sy i)
r=3 p=2

are satisfied for all k> 6.

The main theorem is a direct consequence of corollary 1.3, combined with the following general
result (as well as the vanishing for k=4,5 that we provide below).

Theorem 1.6. Let M be a smooth manifold and let V be a torsion free complexr covariant
derivative operator acting on the smooth sections of the complexified tangent bundle CTy;. Then
for all k=2, a section Sk € C°(M , T ®, S* T @, CTy) satisfies

— v \%
Sk = msme,...,k+leka
with ©Y :=2RY and with
k-1 -
O = —2i(idY)F (VR )2+ Y (r+1)! Z (idY)F =1 (pSp AL Sr—pr1) s
r=3 p=2
for all k=3, if and only if
1 .
Sk =~ > CpSyms_ x41RP, with D>0,
I DlI=k

for all k> 2.

In the auxiliary preprint [Pal-Sal], we provide a Maple program verifying the main equivalent
statement in the proof of the theorem 1.6. We warmly thank Francois Guenard for providing an
alternative verification of the same statement in "Mathematica", that we also include there. In
[Pal-Sal], we provide as well verifications of the vanishing of the integrability equations for the
cases k=4,...,7.



2 Proof of theorem 1.6

In all the article, with the exception of the appendix, we assume V be a torsion free complex
covariant derivative operator acting on the smooth sections of the complexified tangent bundle
CTh.

2.1 Expliciting the powers of the 1-differential. Part I

Notation 2.1. For any A € T;;%? ® End_(CTy) and for any 0 € ;%% ® CTyy, the product
operations of tensors A-6, A—60 € Tﬁ®<p+q> ® CTy are defined by

(A-0) (w1, ..oy tp , V1, .0 0g) = AU, ..., up) - 8(v1, ..., Ug)
(A=0) (U1, ..oy Up , V1, ey V) = Z9(1}1,...,A(u1,...,up)mj,...,vq).

We denote RY.0:=RY -0 — RV—4.

We denote by Altg, the alternating operator (without normalizing coefficient!) acting on the first
two entries of any tensor. We recall the following well known fact (see [Pali]).

Lemma 2.2. For any complex covariant derivative operator V acting on the smooth sections of

the complezified tangent bundle CIy and for any tensor § € C°(M, T]\ij@)k ®g CIhr), holds the
commutation identity

Alt2 V20=RV.0. (2.1)
We observe now two other elementary lemmas. Their proof is left to the reader.

Lemma 2.3. For any p-tensor 0,

(dlv)ko (17 7k+p) = Z €o ka (015 "'50k+17k+27 7k+p) )

oceSti1

where Sky1 is the set of permutations o of the set {1,....k+ 1} such that if 1<j<k<I<k+1
then 0; <oy, and o; < oy.

Lemma 2.4. For any p-tensor 6,

(dV)0(1,....k+p)

.TflT 5 . R
= Z (71)27‘21(\7 )th?(l,, ll,...,jl,ll,]1+1,...,
Jr—1<lp<jr<k+1
onZIO,T>1

PEREY] l27 "'7j27l27j2+ 17 ) Z‘I') "'7j‘l'7l'r7j7"+ 17 7k+27 7k+p) .



The notation a, ..., b for integers a < b denotes the increasing by one sequence from the left to
the right hand side. We ignore this notation when a > b. We start by showing the following fun-
damental proposition.

Proposition 2.5. Let V be a torsion free compler covariant derivative operator acting on the
smooth sections of CTys with curvature operator RY (-,-) - =RV (-,-,-). Then for all integers k >
1

7

Syma,..,i+4| (dF)F (VRY)s | = Symo, . va @, (2:2)
Syma,...u+4| (dF)F (VRY)s | = Syma, .. v a(Th + Qut Vi) (2:3)
with
Op(1, ... k+4) == —(=1)*VFIRY(2, .., k+3,1,k+4),

Te(1, ...k +4) == (=1D)FVFIRY(3, .., k+3,1,2,k+4),

k+1
Qr(l, ... k+4) = —(—1)kZ VI~ RY.VFIIRY)(3, ., 5,2, 5+ 1, K+ 3,1,k +4),

j=2

k+1
Vi(l, .. k+4) = (71)'62 VITHRY.VFHIIRY) (3, 5, 1,5+ 1,k + 3,2,k +4) .
j=2

Proof. We notice first that the symmetrization of a tensor with two alternating entries van-
ishes. Applying this fact to the covariant derivatives of RY we infer the identities

Sme,...,k+4{(d1V)k(VRV)Q} = Symo, . k+t4 Pk,

Syms,...,k+4{(d1v)k(VRV)2} = Syms,. . kta(@r+ Vi),
with
or(l,. k+4) = (=D*VEVRY)2 (2, k+1,1,k+2,k+3,k+4),
Ye(l, . k+4) == — (=DFVFHVRY)2 (1,3, k+1,2,k+2,k+3,k+4),

which rewrite as

or(1, ..., k+4) (—DFVFHIRY (2, k+2,1,k+ 3,k +4)
= — (=1D)*VFHIRV(2,.. k+3,1,k+4),
(1, ... k+4) — (=D VFHIRY (1,3, ..,k +2,2,k+ 3,k +4)

= (=1)FVFHIRY(1,3,..,k+3,2,k+4),



thanks to the alternating property of RY. We deduce in particular the identity (2.2). Using the
identity (2.1) we infer

or(l, .. k+4) = —(=1)*VFHIRV(3,2,4,... k+3,1,k+4)
— (-D¥(RV.VFIRY)(2,..,k+3,1,k+4),
V(1. k+4) = (=1)FVFIRV(3,1,4,..,k+3,2,k+4)
+ (-D*(RV.V*'RY)(1,3,....,k+3,2,k+4).
We now show by finite induction on p, the identities

or(l, .. k+4) = —(=DFWFHIRY(3, .., p+1,2,p+2,....k+3,1,k+4)

p
- (-1)’62 VI=2(RY.VFHIZIRY)(3,...,5,2, 5+ 1, ...k + 3,1,k +4),

j=2

Yp(l, . k+4) = (“D)FVFIRY (3 p+1,1,p+2,....k+3,2,k+4)

p
+ (4)'62 VIT2(RY.VFHIIRY)(3, .. 5,1, 5+ 1,k + 3,2,k +4)
j=2

for any integer p, with 2<p<k+1. We assume them true for p <k + 1. Applying the covariant
derivative V§7j_1,p+1 to the identity (2.1), with 6 := V**2-PRV  we infer the conclusion of the
induction. If we set p:=k+ 1 in the previous identities we obtain

(pr+ Vi) (1, .k +4) = —(=DFVFIRV(3 . k+2,2,k+3,1,k+4)
— (-DFVFIRY (3, k+2,1,2,k+3,k+4)

thanks to the alternating property of RY. Then the identity (2.3) follows from the differential
Bianchi identity. O

2.2 Equivalent definitions of the tensor Sy

We start by noticing a few elementary equivalent definitions of the tensors Sj introduced in the
statement of corollary 1.3. We assume more in general here that V acts on the smooth sections
of CTy; . For notational simplicity we use the identification V*S = S®*) for any tensor S.

Definition 2.6. We define for all k> —1

D1, k+4) == —(“DFREHD(Q, k43,1, k+4).

Using the identity (2.2) we infer the following equivalent definition for Sk.



Lemma 2.7. The tensors Sy defined in the statement of corollary 1.3 satisfy for all k> 2,

1
> msyml»-wkﬂ Ok,
k—2 s .
N SRS SN P
p=2 2 >

P p(Ly sk +1) i= (=) T (pSyAS, )12 k= L k=741, k1),
Remark 2.8. Notice that

0y = 201 +4!125A 85,

and

Symg 3.4,5(S2AS2) = Syms 345 pa,

*52(25 SQ(L 37 4)’ 5) .

This implies

1 -
Symo 3.45(S2A\S2) = I—SSym2,3,4,5u4,

i4(1,...,5) = R(2,R(1,3,4),5).
Remark 2.9. Notice that

2iq)2+5!232/\Sg+5!3S¢3/\S2+4!p573_’2,

p57372(1, ooy 6) = —Qi(SQ/\ SQ)I(Q, 1,3,4, 5,6) s

and
Symz 34,5605 = Symzsase(2iP2+us),
ps(1, s 6) = —51255(2, S5(1,3,4,5),6) — 51354(2, Sa(1, 3, 4), 5, 6)
42041852, 3, Sa(1,4,5),6) + 2041 85(3, S4(2,1,4,5),6) .

Symo 345,65 = Syma 3456 /Ls

—6iR(2,R'(3,1,4,5),6) —6iR'(2,3, R(1,4,5),6).
Remark 2.10. We observe the equality

(Sp/\l S,-_p+1)(1,k —r+1,..,k+1)

= Sp(1,Sr—pr1(k—r+1,....k—p+2),k—p+3,....k+1)

— Splk—r+1,S _pr1(Lk—r+2,...k—p+2),k—p+3,..,k+1).



Now, the fact that the tensors 6 have at least one couple of alternating entries combined with

the fact that the total symmetrization of such tensors vanishes implies the following equivalent
definition of S.

Lemma 2.11. The tensors Sk defined in the statement of corollary 1.3 satisfy for all k> 2,

i .
Sk = msme,...,k+19ka

Op = 2i"Pp_3+ uk

k—1 r—1
peoi= = DDy e Y phas
r=3 p=2 IC{2,...,k—r}

with
Phrp(ly s k+1)
= S (1 k—r+1,80%0 (I, 1,k =142,k —p+2),k—p+3,. k+1).

(Notice that in the case r = k — 1 the set I is empty). Using the elementary properties of the
symmetrization operators we infer the following equivalent definition of Sy.

Lemma 2.12. The tensors Sy defined in the statement of corollary 1.3 satisfy for all k> 2,

)
Sk = msme,...,k+10ka

O = 2i*®p_5+ py,

E—1r—1 . X k+1
(r+ (=) I
DR ID I et ren DD > Phrpis
r=3 p=2 (r p+2)'(p+1)'1g{2,...,k—r} j=k—p+2

with
pé,r,p,j(la--w k'+'1)
= OV (I k=741, k—p+3,.y 00 (CT L k=742, k= p+2),j+ 1, k1)
For any A= (ay,...,an) € Zgo, we define the multinomial
(|A|) - 1Al
A Al
Proposition 2.13. For any integer k > 2,
rL' ~
S, = —— S (7]
k (k+1)!k! yms . k+10k,
with

0. = Z CpRP,
DEgk—2Ip

10



where the coefficients Cp are given by Cp:=2(—i)* for Ip=1 and by the recursive formula

Cp=— Z (—i)lP- A|(|D A|> [A[I'Ca;- Cay ’ (2.4)
1<h<lp—1 D=AJ (|45 1+ DAL+ 1)!
0<A<D
la=lip

forlp>=2

Proof. We assume by induction on k > 3 that

i ~
Sp = WSme p+10p,

for any p=2,.....,k — 1, with ép under the form

6, = 3 CaRA
AFop—2la

for some coefficients C4, with obviously 0> =2R and C4 = 2 (—1%)P in the case 4 = 1, thanks to
the equivalent definition of S, given in lemma (2.12). We show that 6, writes under the form
claimed in the statement of the proposition 2.13 with the coefficients Cp given by the recursive
formula (2.4). For this purpose we notice first that the straightforward argument showing the
equivalent definition (2.12) of Sy implies for all k>3 the identity

Z ~
-t 0
Sk DI Syms, . k+10k,
with
0, = 23+ fup,
k—1 r— k+1
~ T'+1 ) —l-r ~T
o= Y Z k D S D S
r=3 p=2 T p+2 p+1). IC{2,...k—r} j=k—p+2
and with
ﬁé,r,p,j(la---ak"i'l)
= OV (I k—r+1,k—p+3,.., 5,008 (CT 1 k—r 42, k—p+2),j+ 1, k+1).
For any integer a > 1, we denote by [a] := {1, ...,a} and we set [0] :={). For any integer b> 1, we

denote by Map(a, b) the set of maps f:[a] — [b].

We observe now that for any AFg p — 2[4 and any integer ¢ >0, the Leibniz identity implies

(RND(1,og+p+1) = Y H (g+1),

f€Map(q,la) | j=1
with

RM = ROHITON(f1G) JA 1+ g+ 20 [|Aj + g+ 1,0, p— j+q+2).

11



We write now

éz()lfl) _ Z Cy (RA)(|I|)7
AEgp—21a

and we notice that the shape of (RA)(‘”) shows that pAi_’T_,pyk,Hl, with h := l4, are the only
terms with non vanishing symmetrization of the variables 2, ..., k + 1. Indeed we consider the
factor

RlntlI WD (F=Y), p—h+1—ap,...p—h+1,1,p—h+2), (2.5)

with f € Map(Z, h) in the expression of (RA)(‘ID(I, 1,..,p+ 1) and we perform the change of
variables

1 2 e j—k+p—1 J—k+p j—k+p ... p+1
! | ! ;. v ! !
k—r+1 k—p+3 ... j O ) (CL L k—r+2,. . k—p+2) j+1 .. k+1

in the factor (2.5) with j € {k — p + 2, ..., £ + 1}. (We recall that we ignore the standard
increasing notation a, ..., b when a > b.) The only case when the symmetrization of the variables
2, ...,k + 1 does not annihilate the factor (2.5), is when the index j € {k —p+2, ...,k + 1} satis-
fies the equality

j—k+p = p—h+1,

i.e. only when j=Fk — h+ 1. This shows the required statement about pﬁiyhpﬁk,;&l.

We infer that for all £ > 3 the equality hold

i .
Sk = msme,...,k+19k,
with
O = 2i*®y_3+ i,
with
i = (r+DI(=i)k—1=r 3 Cy O LA B
T — I I kr.p >
3<r<k—1 (r=p+2)Hp+1)! AFgp—2la
2<pLr—1 BEor—p+1-2Ip
I1C{2,....k—r}
with

Py (1 k1)
= (RYUID ke + 1,k +3, o by + 1, (RB)YICIDC T 1, k42, o ey +2), ki + 2, k1),

and with ks :=k — s. Using the expression

la

RA(xaya-"ap+y_1) = H R(a])(||A||J—1+yaaHA||J+y_1a.ap_j+y) “ T,

Jj=1

12



for any integers x,y >0 and using the change of variables

kp+3 ..k +1 ki, +2 ki,+3 ... k+2

1 1 1 3 3
kp+3 ... ki,+1 RE(L,k+2,..,k+2) ki +2 ... k+1

we infer the equality
RMk,+1,kp+3, . ki, + 1, RB(L k42, .k +2), Ky +2, .k + 1)

Ia—1
= U TT B AN+ Ey 3, Al by 42,0,k 42)

j=1

RS (K +2—agy ooy by + 1, RB(L k42, o ey +2), B+ 1,y +2)

Indeed notice that [A| +la=p—la=k, +2— (b, +2)and p—j+ (k, +3) — 1 =Fk; + 2.
Expanding RP(1,k, +2,..., k, +2) we obtain

RAkr+ 1, kp+3, ki + L, RBE(L ke + 2,0k +2), Ky + 2, b+ 1)

la—1
=TT R AN+ Ey 3, Al by 42,0,k +2)

j=1

RYM(ky, +2—ay, ...k +1,0 ke + 1k, +2)

Jz]
H R(bt)(”B”t—l‘f'kr‘f'QaaHB|‘t+k7+1’.’kp_t+3) .1’
t=1

since || B|| —t+k,+2=k,—t+3.

For any integer a > 1, we denote by [a]1 :={2,...,a+ 1} and we set [0]; := (). For any integer b >
1, we denote by Map([a]1, b) the set of maps f: [a]; — [b]. Using the Leibniz formula and the
alternating property of R we infer the identity

i (r+ 1) (—i)k—1-7 a
= 7-7 2'
H 2 (r—p+2)l(p+1)! > CaCBpiry (2.6)

3srsh-l AFop—2la
2<psr—1 Bror—p+1-2lp

feMap([kr—1]1,la+1B)
with

-f A B
— AP, kD)

Ia—1
= | ] R OD2G), JAl 1+ kp+ 3, [ All+ Fip + 2, 0, k54 2)

j=1

R(alA—Hfil(lA)l)(fil(lA) 3 klA+2 T ALy ey klA+17kT+ 1 , @, klA+2) :

B
| T ROA AN f g+ 8) (IBle—1 + K +2,con, | Bl + Ko+ 1,0,k — £ 43) | 1,

t=1

13



We observe the equality
—Symy ki1 phiy =Syma, k1 RP, (2.7)

with lp:=1l4+Ilp and with DEy k — 2lp given by

a/_]+|f_1(j)|7 jzla"'alAa
bi—ia+ 1), j=la+1,...,lp

We deduce that ), writes under the form claimed in the statement of the proposition 2.13.

We denote by abuse of notations D — A — B > 0 when d; —a; > 0 for all j =0, ..., 4 and when
dj—bj_,=0forall j=la+1,....Ip

Given A, B, D as before we denote by MapZ z([k — r — 1]1, Ip) the sub-set of Map([k — r — 1],
Ip) given by the elements f which satisfy condition (2.8). We denote also by

M2 g k.r = |Map¥ p([k—7—1]1,1p)]|.

Using (2.6) and (2.7), we infer the recursive formula

+1)!(_Z')k+1—r D
Cp = 2: (r E: CaCMi B i
_ ] | Bk,
3<r<k—1 (r=p+2)l(p+1)! AkFop—2l4
2<pgr—1 BFor—p+1-2ip
la+ip=Ip
D—A—-B>0

We remind that in the case [p =1 hold the formula Cp=2(—14)* for all k > 2.

Remark 2.14. Let AFy a with l4 = ¢ and consider the sub-set Mapa(a, ¢) of Map(a, q) given
by the elements f such that |f~(j)]=aj, for all j=1,...,q. Then

Mapa(a, ) = ().

The fact that in our set-up |D| — |A| — |B| =k — r — 1, allows to apply the previous remark to
the set Map¥ p([k —7 —1]1,1p). We infer the formula

1353

1

la
MP = (k—r—1)! @b
AB K, " H (d; —a))! b (di=bj-1,)!
: J A

We conclude the explicit recursive formula

(=)= (k—r— 1) (r+1)!CaCp
Cp = Z 177D 1’
3<r<k—1 (T—p+2) (p+1) HJ 1(d aJ) j=la+1 (dJ_bJ_lA)
2gpsr—1
AEop—2la
BFor—p+1-—2Iip
la+is=lp
D—-A—B>0

which rewrites as (2.4). This concludes the proof of proposition 2.13. 0

14



Example 2.15. In this example we set for simplicity R’: =R") and R” := R®. For k = 6 we
have the expression

05(1,....,7) = —2B5(1,...,7)
+ CQ,ORN(Qa 37 45 R(57 17 6)’ 7) + CO.,Q R(27 RN('?’; 47 57 15 6)7 7)

+ C11R'(2,3,R'(4,5,1,6),7) + Co,0,0R(2, R(3,R(4,1,5),6),7),

Cao = 10,
Coo = 10,
Cl,l = 17,
32
Cooo = —22.
0,0,0 3

3 Expliciting the recursive formula for Cp

Lemma 3.1. For any integer k>3 and any DFg k —2lp withlp>1,

ZD ! CDh CD+

Cp_ .
> Cbo, Z 1Dy, |+ DD +1)!

pESuppD

Proof. In the case Ip =1 we have Cy_o = —1iCy_3, for k > 3 by definition. This coincides with
what provides the formula in the lemma under consideration. We consider now the case Ip > 2
and we use the identifications D = (dy, ..., d;,), A= (a1, ..., aip). Using the recursive formula (2.4)
we write

—i Y Cpo,

pESuppD
bl_ial dp—ap (|D|—|A]|
_ _pypl-1al_dp—ap_ ( )F
1 A
L, U eaUp 4
0<ALD -1,
la=lp

with

lD 1 CA CA+

D I e ESV I (FH SV

Let I =(1,..,1) € Z'» and let Sp := |Supp D|. We denote by Ip € Z'» the vector such that
Supp Ip=Supp D and 0 <Ip <I. Then

—i Y Cpo,

pE&SuppD

bl dy—a, | (1D| |4
_ _\IDI=1A] dp—ap ( )F
O<A<ZDJI - 1<Z<z DI -1A] D-A )™
IAX D IPXID
la=Ip pESuppD

15



<f¢>'D'*‘A‘(|D| -laly
2 DI—TA[\ D4 )
pESuppD
D-Ip<A<D—1,
la=Ilp
|D|—-Sp<|A|

We notice indeed that the conditions D —Ip < A<D —1,, |D| — Sp < |A|, when they are not
empty, imply a,=d,— 1. We infer

—i > Cpoy,

pESupp D

_ Z (—i)IDI- \A\(lDl |A|)
0<A<D-Ip
la=Ilp

(=)= D] - |A]
— pa =d,—1 —(
D7HD<§<D |{ P P }| |D|—|A| D—A
lA:lD
|ID|-Sp<|A|<|D|

T D|—-]A
S 3 (e,

la=Ilp
|AI<|D|

)5

since [{p:ap=d, —1}|=|D|—|A|. Then the conclusion follows from the formula (2.4). O

Definition 3.2. Given t € R%>°, sc R and A € Z>0 , B € Z;O, with p, q € Z~o we define the
concatenation product

(tAs7)  (tPs9) 1= ¢ t0r el et sPH
and we extend it by linearity.

Definition 3.3. Giventc R%>°, scR, AcZt So and j € Zxo we define the contraction product
t;i— (tAsP) = tATligp

where A+ 1;:= A+ 1, 4, if j < p, with 1, ; the vector of length p with vanishing components
except the j-th one which has value 1 and where A+1;:=A, if j > p. We extend the contraction
product by linearity.

Lemma 3.4. LettcR%>°, sc R, and x € R. Then the function

LD+

) +D glp
u(z,t,s) : Z Cpt*” s'p ‘DH+1)

D>0

1s the unique solution of the Riccati-type ODE

uku
3zu+?+z<z tj>ﬁu+sx2 = 0,

jz1

16



Il
e

with the initial condition u(0,-,-)

Proof. We write first

1ol
Ozu(z,t,s) = Z CptP s 2 '
P 1o
> CptPse VR
= DL™S 2,055~
P DT 2
|D|+2lp>3

D
= E CptPsip i —sx2.
D>0 ’
|D|+2ip>3

On the other hand

lAl+1 1Bll+1

_ tAgla_T Bgp_ %
(uxu)(x,t,s) E Cat?s AT+ E Cpt I ED]
A>0 B>0

ZlAI+IB

= g2 CxCr (12 s!a) x (¢B glB
; G (155 () A DB T+ o

o7l Cp- Cpr 2Pl

= 2 +D glp h h
2 ,; (1D [+ DDy +1)!

D3>0

b1 1ol
Y e S
D>0 h=1 (1D, [+ DD [+ 1)!
|[D|+2ip>3

|
8

and

[(Z tj>ﬁu1(x,t,s) = Z (tj—~u)(z,t, )

=1

LDl

_ CptP+ligo _ X
2 >, (1D +1)!

j=z1 D=0

L
-2 |D||!< 2 CD%)

D>0
|D|+2lp>3

b o &Pl
Z tvs W( Z CD_lP)'

Then lemma (3.1) implies that the function u satisfies the singular Riccati’s ODE. The unique-
ness statement follows from the following corollary. a

17



Corollary 3.5. Let t c R%>°, sc R, and v €RR then the function

u(z,t,s) = Zul(x,tl,...,tl)sl,

I>1
ID]+1
x
w(x,ty, ..., t) = CDtD—,
2 O T
Ip=I
satisfies the recursive system of linear ODE'’s
Opur(z,t) +ityur(x,ty) +22=0,
1 =
Opuy(z,ty, .., t) +iw(z, tr, ..., 1 Z EZ Up(Ty 1, ooy bp) U= p(X, Eps1, s ty) = 0, (3.1)
j=1 p=1
Vi=2.

with initial conditions uy(0,t1,....t;) =0, for alll >1 and all (t1,....t;) € R
Proof. According to the proof of lemma 3.4 we can write

(wsu)(, t,5)

= 2 Z CaCp (tAslA)*(tleB) IHAH"H'BH :
AF%0 (Al + DB +1)!
S Ca Gt et gl gl gl AN+

O EDID VDY : l
|
>3 751 ASo B>0 (IA[T+ DB+ 1)!
la=p Ip=l—p

— SZS Z CAt’flmtzp:E“A“J“l C’Btf,ﬂrl---tfl’prB“*l
1 1
1>2  p=1| A>0 (Al +1)! B>0 (1B +1)!
la=p Ip=l—p
-1
= st Up(T, 115 oo bp) Ui— (X5 Ept1, oy bl -
1>2 p=1

On the other hand still according to the proof of lemma 3.4 we can write

Lo 2IPl+1
KZ tj)w](z,t,s) Y e [(ESY]

i>1 D>0 j=1

[[+1

! D
_ l £
- Z 2 ; T(IDT+1)!
21 D>0 j=1
Ip=I1

l
Z Sl Z tj Ul(iﬁ,tl,...,tl).
j=1

1>1

18



The required conclusion follows from the Riccati-type equation in the statement of lemma

3.4.

In general we introduce the concatenation product for functions of the type

u(,t,s)

Z Ul(xatla "'7tl) Sl )

>1

'U(IE,t,S) = Zvl(xatla'“atl)sla
I>1

as

-1

(uxv)(z,t,s) = Z slz Up(T,E1y ooy ) Vi (X, Epg1, ooy Tr) -

122 p=1

The concatenation product is associative.

Lemma 3.6. The solution u of the system (3.1) is equivalent to the solution

v(x,t,s) = Zvl(ac,tl,...,tl)sl,

I>1
of the Riccati-type ODE

00— —vxv+iz?e ™ s=0,
x

via the identification

. L
.=y Lty
—ie Zﬂ:”vl(x,tl,...,tl).

Proof. We write

and

~
|
—

up(xatla '~'5tp) ulfp(xatp+17 "'7tl>
1

p

-1

. 1 )
— el Z vp(z,t1, .o tp) Vim (T, tpta, oy tr) -
p=1

19
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We infer that the system (3.1) rewrites as

Opv1(m,ty) +ia? el =0,

. 1
1
azvl(xatla "'7tl> 7? ’Up($,t1, '~'5tp) 'Ul,p(l', tp+15 "'5tl> = 07
p=1

V=2,
which is equivalent to the equation (3.2).

3.1 General facts about Riccati-type equations

In this subsection we denote for notational simplicity y(x,t,s) =0, y(z,t,s).

Lemma 3.7. A solution

of the Ricati-type equation
y = ag(x)y * Y+ al(:r)y + ao(IE, t, S)a
with as non zero and once differentiable and with

ap(x,t,s) = Za07l(x,t1,...,t1)sl,

1>1

18 equivalent to a solution
u(z,t,s) = Z u(w,ty, ..., 1),

of the linear second order ODE

i—R(z)u+ H=xu 0,
R = a1+2,
az
H = as ag ,

via the identification 4+ az yxu =0, with ui(x,t1) = f(t1), for some non vanishing function and

. Ix
Ux+1(T, TN s oo TN
yl(l'ytly---ytl)zz(_1)ZAU/\1+1($’t1’-“’b\ﬁ_l)H LT UL a1 - EAL 1)

NFL ag(x) f(tx,+1) iss S(ta+1)

for all =1, with [A|;:=Y7_ A,
Proof. The function v:=as y satisfies Riccati-type equation

v = vxv+R(z)v+ H(x,t,s).

20
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Indeed

v = asy+asy

as
= a—U+GQ[QO+aly+02y*y}
2

= a0a2+<a1+2>v+v*v.
ag

We now show that if 4 4+ v+u = 0 then the function u satisfies the second order linear ODE in
the statement. Indeed

U = —0%u—v*u
= —vxu+vx*(vku)
= (—v4+uvxv)*u
= —[R(x)v+ H]*u

= R(z)u—Hx*u.
We notice now that the identification @ + v*u =0 implies 11 =0, i.e. ui(x,t1) = f(¢1) and

. -1
Ul+1(1',t1,...,tl+1) Ul+1_p($,tp+1,...,tl+1)
t1,....t)=— - E t1,...,t .
yl(lf, 1, ’ l) a2($)f(tl+1) P yp(fl'a 1y ey ;D) f(tlJrl) 5 (3 5)

for all I > 1, which implies the explicit formula (3.4). Indeed if we set

Az,t,s) = ZAl(x,tl,...,tl)sl,

I>1

B(IE,t,S) = ZBl(xatla'“atl)Sla
I>1

Az, ty, .. t) = Ul+1($,t1,...,tl+1)’

f(tiy1)

'llH_l(:r,tl, ...,tl+1)

az(z) f(ti+1)

(notice that the definitions are well posed) then the relation (3.5) writes as y = —B — y % A.
Thus

Bl(xatla "'5tl) =

y = —Bx)Y_ (-1)FA"k,

k>0

where we denote by A** the k-th power with respect to the concatenation product *. (By con-
vention A*0:=1.) In other terms

Ix

yl(iﬁ,tl,...,tl) = Z (—1)l>‘B,\1($,t1,...,t,\1)H A,\j(x,t‘/\|j71+1,...,t‘/\|j),
Y= j=2
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which is precisely formula (3.4). O

Notice that y; is given directly by the solution of the ODE ¢ (z,t1) = a1(x)y(x, 1) + ao,1(z, t1).

In this paper we will always consider the case u(0, ¢, s) = ¢1 s. In the Riccati-type equation (3.2)

we have as(z) =ix 72, a1 =0, ao(z,t,s) = —iz? e 5. Therefore the corresponding second order

linear ODE writes as

U—i—%U—i—(e”tls)*U:O. (3.6)

with U(0,t,s)=t, s and U(0,¢,s)=0. Then according to formula (3.4) we infer the expression

. l)\
Uy, r1(x, t)5), s ey LI
,Ul(xatla"'atl)ziiIQZ (71)l>\ U)\1+1(x;t17 7tk1+1)H /\J+1( [Alj—1+1 ‘A|]+1) , (37)
< tait1 ol Al +1

for all I > 1, for the solution v of the equation (3.2).

In order to compute the solution U we need an other elementary lemma.
Lemma 3.8. In the set up of the previous lemma, any ODE
i+a(x)e+agxu = f(x,t,s),
s equivalent to the ODE
W —%(le—l—a;f—élao)*w = e%falf,
via the identification
w = e 3%y,
Proof. We write u= A(z)w and we observe the elementary equalities 1= A w + A,
i = Aw+2Aw+A0.
Then the ODE on w in the statement is equivalent to the ODE
A +2Aw+Aw+a1Aw+aAw+ Aagxw = 7,

ie.

A+ 2A+a A+ (A+a1A+ Aag) xw = f.

We seek for A solution of the ODE 2 A +a1A =0, ie. A= ¢”2/" We infer in particular the
identity

1. 1
A+§G1A+§G1A = 0
Using this we write

A+a1A+AaQ = 7%(11144’%(11144*‘40,0

NS

(2d1 +af —4ap),



which implies the required conclusion. O

We infer that if we set U =z~ !w, then the equation (3.6) is equivalent to the equation
W+ (e'h 8) x w=0, (3.8)

with the initial conditions w(0, ¢, s) =0 and w(0, ¢, s) = u(0, ¢, s) = t18. (The later condition fol-
lows deriving the equality w=2xU). Then formula (3.7) implies the expression

. l
sty nt) = —ie Y (o1 D s bat) 7 L e )

ta+1 ol T AL +1

. Wx,41(T, LA 15 - Ea 1)
+ iwy (1) H ; ’
N =1 TUN|j+1

for all [ > 1, for the solution v of the equation (3.2).

3.2 Expression for the solution of the equation (3.8)
We notice first the equalities w(0,t,s) =w(0,t,s) =0, w1(0,t1) =t1, W1 =0. We set
1
wp ity .. t) = le(”)(o,tl,...,tl).
Differentiating the equation (3.8) with respect to the variable  and evaluating at « =0 we infer
for all { >2
k-1 .

1 "
wk+2,l(t1,--->tl) = —mz 1wy — rl—l(t%---atl)a
=0

which we rewrite as

1 p—3 i

wp_’l(tl,...,tl) = 7ﬁrzo tlwp r—2,0-1 (tg,...,tl)

-1
1 X i o
= ty w 7T,l71(t25"'5tl)'
T2 oot W

We deduce

2
wy oty ba) = 0P~ 1pp P3¢y,

for all p >3 and zero otherwise. We deduce also

1 = )

_ r—
wp.,3(t17t27t3) - p(p*l) . (T*Q)'tl wp*T,Q(t25t3)
r=
1 = "

- tfizwpfr,Q(t2;t3) 5



since wp_,,2=0 for p—7r>3. Thus

Zp_l p—3 tr Qtp r—3
’U)pyg(tl,tg,tg) = pr=1) 2 (p—r—2) (rl— 2)i(p =] ts .
We compute now
1=,
wp,4(t1?"'7t4) = p(pfl) ~ (7"*2)' tl wpf'r‘,?;(t%"'?tél)
p—>5 .
== p(pl_ 1) Z (7“ ’L_T2)| tI_2wp_»,«,3(t2,...,t4),

since wy_, 3=0 for p—7r>5. Thus

2) t’r‘l 2tT272 t§7T177‘273

o - p—ri—re2—
wp,a(ty, o te) = 71 Z: Z: 77’1 77’171)(r172)!(7"272)!(1)77’177’2)!t4

We compute now

T
wp75(t1,...,t5) = ( tI_2wp_,,«,4(t2,...,t5)

! t{ipr_»,«A(tg s ...,t5) 5

wp75(t1, ...,t5)

p—ri—ro—r3z—2 «
(p—r)(p—ri—)(p—ri—r2)(p—r1i—12—1)

r1=2 ro=2 r3=2

tI172 t5272t§372 t£7T17T27T373
(r1 =2 (ra—2)(rs—=2)(p —r1 —r2 —13)!

We deduce the general formula

ts.

jp—1 PTITli-iz20=5)+1
wp,i(te, s t) = YISy (p—Irli—2—2) %
p(p—1) =

1<j<l-2

— -2 r 3
tp||12

X tla
H —lrl)p=Irl;=1) H = rfi-2)!

for all [ > 3. Performing the change of variables r; =r; — 2 we infer

Z.p_l p—|7"‘1i_2l+1
Wity ey tt) = ——— (p—|rli—s—21+2) x
pip=1) =
1<j<l-2

1—2 t'f'] tp |7"|l 2— 2l+1

1-3
1 J
X . : 2
Il (p=Irlj=25)(p—Irlj =27 -1) jl;[lm (» |7“|z P
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If we set rj_1:=p—|r|j—2— 20+ 1, then we can rewrite the previous sum as

P!
wpats,nt) = —— Y (moa+1)x

-1
p(p )H:fflp72l+1

-3 ) =2 1 g
x : : Y L S
N e=m=—n=—rr—==|| oo

-1 1-2 1-1

_ 1 i
“wn = | e || L

rebTp—2141 [ J=1

where rE)"! p — 21+ 1 denotes the compositions of length [ — 1 and |r|=p — 21+ 1.

We notice that the previous formula hold also for [ =2. In conclusion

wi(w,t1) = wty,

wl(ac,tl,...,tl) = Z ’U)I,J(tl,...,tl)mp,
p=>2l—1

for all [ > 2.

3.3 The explicit expression of the coefficients Cp

By the result of the previous subsection, we infer the expression

WA AT B 1 s b)) ) Wp, A+ 1 (AL —1 415 - EAL+1) P
LA +1 v tAl+1
with
Wp N+ 1AL 415 o A +1)
UaL+1
. Aj—1 A g7
S =P O : I S
pip—1) L (p=lrls=28)(p—Irls=2s=1) || 1 7!
rEgIp—2X;—1 - 5% 5=
Thus
Wx;+1(T5 Ea 41 - L4 1)
Al 41
Aj— A aTs
-y e oy : |1 ]
— = — — : )
P22A,+1 p(p 1)7“’:3]‘])72)\]‘71 s=1 (p=Irls=2s)(p—Irls =25 —1) s=1 Ts:
and

'Lb)\1+1(£L',t1, "'7tk1+1)

Ia +1
. A1—1 A1
iy e oy 1 el
Sy I
T (p—1 e Ty L et (p—=|rls—28)(p—]r|s—2s—1) o !
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We infer in conclusion

’Ul(l',tl,...,tl)
Ix e )
Zp] l-p]
= _ZZ l 1 Z (p1—1)fo
A P27 +1 iZ1 pi(p; —1)
Tj':(?jpj*Q)\jfl
J=1,..0n
I Aj—1 T] y
X 1_] i_[ 1 H H \/\|] 1+5]
j=1 5]—1 7|rj|5j728j)(pj*|7’j|sj*28jf1) el Tia

for all [ > 1. Thus

vl(xatl? "'?tl>

_ )i+t Z Z 1) (|H |, + 20, il gl H 12041
Hezk, AFl

I A1

1
x H H B s

21 =iy [0y e 2020 = ) + SR R+ 24 —8)] [ HY

for all [ > 1, which we rewrite as

tH

Ul(xatl? "'?tl>

H
SISy Z-\H\:E\H\JerJrl%Z (=) ([H|x, +271) X

Hezk, AEL

I A—1

1
]1;[1 s_|1:[jl oy e 200 = )+ ISR 214 — 9)]

X

We now recall that thanks to lemma 3.6 the solution w of the Riccati-type equation in lemma
3.4 is given by

Ul(xatla"'atl) = —ie _leJ ljvl(x tl? 7tl)‘

Then using the expansion

T S| ] 2

e i = (=) —

Hezk, H
we deduce the formula
Ul(l',tl,...,tl)

|H |
= ()Y ()Pl $ —Hf(D) S (DR (H ], 200) X
DeZi, 0<HLD

Ix Al —1

1
< |11 11 R I~ ’

21 s= Al ot he 20105 =) + D272 L e £ 2(IA] = )]
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for all I > 1. We conclude the explicit expression

_1)HI
Cp = ()" (=)PH(D|+21+ 1) Y }J(Dl—)_wZ(—l)“(IHIMHAl)X
0<HZD AEL

Ix Alj—1
(Al 1

<1 11 (SR bt 207 = ) + I e +2(1A] — )]

j=1 Szl)\‘jfl r=s+1 =s+1

)

for all D € Z,. We write now Cp = —(—i)IP!l (| D|| + 1)!Cp. We obtain the expression of the
coefficients Cp in the statement of theorem 1.6.

4 Expliciting the integrability equations
In this section we provide some basic tools for a general expression of the integrability equations
Circ Syms, . g+1 @X = 0,
for k>4. We notice in particular that the equation Circ Syms 4,5 OY =0 writes as
Circ Syms 4 5[3dY (VRY )2 — 2 RY ARV | =0,
with RY := Symy 3 RV. Its vanishing has been proved in [Pali] by using a direct computation.

4.1 Expliciting the powers of the 1-differential. Part II

From now on let py,;:= (R.R**179)(=2) and notice that

pr; € C°(M,Ti®9 e 2T e, T e, 2T o, T ©, CTy)

satisfies the circular identity with respect to its last three entries and in the case j < k the
tensor py ;- v satisfies the circular identity with respect to its last three entries for any vector
v € Tjy. We remind the identity

RF+D(2  k+3,1,k+4) = RFY3, . k+2,2,k+3,1,k+4)
k+1
+ > (B 4y 2,0+ L k43,1, k+4),
j=2
obtained in the proof of the identity (2.3) in proposition 2.5. We rewrite it in the more general

form

R D(1b,...,¢,2,d) = RV, .. c—1,1,¢,2,d)

c—2
+ Z pcfb,h7b+3(b;~~ah715h+17"'76527d)5
h=b—1

for any 3 <b < c. Differentiating we obtain the general commutation formula

Rle=at(q, .. b—1,1,b,...,¢,2,d) = R D(a, ... c—1,1,¢2,d)

c—2
+ Z pcfa,h7a+3(aa~“7ha17h+15"'5ca2ﬂd>ﬂ (41)
h=b—1

for all 3<a<b<c<d. We now show two key elementary lemmas.
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Lemma 4.1. In the set up of proposition 2.5, for all integers k>1,

CircSyms, 44T = CircSymy  gyaTh,
with
k+1
T, ... k+4) = (—1)kz(j—1)p;w-(4,...,j+1,3,j—|—2,...,k+3,1,2,k—|—4).
j=2

Proof. We notice first that for any tensor §=0(1, ...,k +4), the tensor

k+4
0(1,....k+4) = 0(1,2,4,....,5,3,j+1,....k+4),

+

<.
I
w

satisfies the identity
Syms, _p+40 = Symy  pi40.

Applying the previous definition to our tensor T} we obtain the expression

k+3
Ti(1, ... k+4) = (4)’62 RFHD(4, . 5,3, 5+1,..,k+3,1,2,k+4)
j=3

+ (=DFR*FTD(4, . k+4,1,2,3).
Using the commutation identity (4.1) we infer
R4, . 5.3, 541, k+3,1,2,k+4)
k+2
= RO, k+3,3, 1,2k +4)+ Y prn-s(d b3, b+ 1, k+3,1,2,k+4).
h=j

We infer the equality
Tk(l,...,kj-i-él)
= (=DF(k+1)R*D4, . k+3,3,1,2,k+4)+ (—1)* RF+D(4, .. k+4,1,2,3)
2 k42

+ (=1)F Pkh—3(4y o by 3 R+ 1,k +3,1,2,k+4).

N
+
e
-+

<
Il
w
>
Il

Using the elementary equality

IS

s=a h=s h

b b
(h—a+1)Cy,

a

we obtain the identity
Ti(1, ... k+4)
= (=D (k+1)R**D(4, . k+3,3,1,2,k+4)+ (—1)* RE+D(4, . k+4,1,2,3)
k+2

+ (4)’@2 (h—2) pren—3(4, .. h, 3, h 41, k4+3,1,2,k+4).
h=3
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Using the algebraic and differential Bianchi identities and performing the change of variable h =
j+ 1, we infer the required conclusion. ]
Lemma 4.2. In the set up of proposition 2.5, for all integers k>1,

k41

CircSymsg, ..., k44 (dY)k(Vva} = Y CireSymy,__ya(Th i+ Qrj+ Vis),

j=2

T i(1, ok +4) == (D8 —2) pgj(4y oy 5+ 1,3,5+2, .., k+3,1,2,k+4),

j
Qr,i(1,. . k+4) = _(_1)kz ok i(4,..8,3,s+1,...,5,2,7+1,..,k+3,1,k+4)
s=3
k+3
— (=1)k Z P4y §H1,2,542, 08,3, 8+ 1, k+3,1,k+4),
s=7+1

J
Vi i(1, .k +4) = (71)162 pri(4, 8,3, 8+ 1,05, L, i+ 1, k+3,2,k+4)
s=3

k+3
+ (-1)* Z ok (4 G115 +2,0,8, 3,54+ 1, k+ 3,2,k +4).
s=7+1

Proof. In the computation that will follow we will denote by Pk,j(---)p with p =0, 1, the terms
that summed-up together annihilate the operator Circ Symy . j44. For all 2 < j <k + 1, we
define

T;w-(l, vk +4) = (DFG -1 pr (4o i+ 1,3, 542,00, k+3,1,2,k+4),

J
Qr,;(1,.. k+4) = *(*1>’“Z P, i(4, 8,3, s+1,...,5,2,i+1,.. k+3,1,k+4)
s=3
k+3
— (=1)* Z Pk (4 s 1,25 42,008,3, 8+ 1, ., k+ 3,1,k +4)
s=7+1

— (=D¥pr (4, j+1,2,j+2,.. k+4,1,3),,

j
Ve (1, .. k+4) = (_1)kz ok i(4,..8,3,s+1,...,5,1,5+1,.. k+3,2,k+4)
s=3

k+3
+ (=1)F Z Pk i(4y s G 11,542,083, 8+ 1, ., k43,2, k +4)
s=j5+1

= (=Dkpp (4, j+1,1,5+2,..,k+4,2,3),,
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and we notice the equalities

k+1
Syms, . k+4 Qr = Z Symy, .. k+4Qk,j
j=2
k+1
Syms, . k44 Vi = Z Symy, .. k44 Vi,j-
j=2
Then proposition 2.5 and lemma 4.1 imply
k+1
Cire Syms, .. 4 (dY)* (VRVH = CireSymu,.. sa (Trj+ Qu i+ Vij) - (4.2)
j=2

We write

(L k4+4) = (“1D)*(G=2) pr (4o j+1,3,5 42,0, k+3,1,2,k +4)
— (=DFfpr (4, G +1,3,5+2,...,k+4,1,2)
— (=D*pg (4, j+1,3,5+2,.. . k+3,2,k+4,1)
= (=% —2) pr.;(4,.., 5 +1,3,5+2,.... k+3,1,2,k +4)
— (=DFpr (4, 5 +1,3,5+2,....k+4,1,2),

+ (71)kpk,j(4a 5j+ 1737j+25 ceey k+472ﬂ 1)2

We infer the identity

.....

= CircSymy, _gra(Thj+ Qr.j+ Vi),

.....

which combined with the identity (4.2) implies the required statement. O

Lemma 4.3. In the set up of proposition 2.5, for all integers k>1,

k+1

CiI‘C Symgym_’k+4|:(d1v)k (VRV)2:| = (71)]C Z CiI‘C Sym47”__’k+4 [(] — 2) Tkyj 7A1t2 Qk,j} 5
j=2

with
Ty ;(1,....,k+4)

= > RUD(I,3, 542, REFIIHEBINCT, 43, k+3,1,2,k +4))
IC{4,.j+1}

- > REAL=G+ID(r 543 RICIDCT, 3, j+2,h), ... k+3,1,2,k+4)

IC{4,.,j+1}
j+3<h<k+3

- S REFIHIN(L 43, k43, RISID(CT, 3, +2,1),2,k +4)
IC{4,.j+1}
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B Z R(k+1—j+|1\)(1’j+3’_._’k+371’3(|81\)(31’3,j+2,2),k+4)

- Y BRI G43,, k43,12, RIMD(CI, 3, i+ 2,k +4)),

and with

Qu,;(1,.. . k+4)

= Z R(ll‘)(l’th+17R(k+1_J+|CI‘)(EI’j+277k+3713k+4))

3<s<y
IC{4,..,5,3,5+1,..,5}

_ 3 RUEHI=IHIN( i 42, RICIDCI, 2, j+1,h), ... k+3,1,k+4)
3<s<y
IC{4,..,5,3,5+1,...,5}
J+2<h<k+3

_ 3 REAL=GHIDN(r 542 k+3,RICIDCT, 2, j+1,1),k+4)

3<s<y
I1C{4,...,5,3,54+1,...,5}

- > RUHI=GHID(T 542, k+3,1, RIDCT, 2,5 +1,k+4))

3<s<y
I1C{4,...,5,3,54+1,...,5}

+ > RUD(1,2,3 REFIZIHEINCT 42, k+3,1,k+4))
IC{4,...,5+1}

_ jg: ;yk+14j++10(17j_+2’“_rRGGID(gl;ngjh%,“,k_yg,1,k_y4)

I1C{4,....5+1}
j+2<h<k+3

_ S RPN g2 k+3,1, RID(CT, 2,3,k +4))
IC{4,...,5+1}

n 3 RUD(T,2, j+2, REFI=IHCINCT 43, 5,3, s+1,....,k+3,1,k+4))
j+2<s<k+3

_ Z REAL=GHID(r 543 RUCIDCI, 2, j+2,h),....8,3,s+1,....k+3,1,k+4)
j4+3<s<k+3

j+3<h<s

_ 3 RUHI=3+ID(r 543, s, RIGID(CI, 2, j4+2,3),s+1,....k+3,1,k+4)
j+2<s<k+3

_ 3 RWAL=GHIN(T 543 .. 5,3, s4+1,..,RILIDCT, 2, j+2,h),....k+3,1,k+4)

j+2<s<k+2
IC{4,...,j+1}
s+1<h<k+3
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— Z RUHI=GHID(T 543 5.3, s+1,....k+3, RICTDCT, 2, j+2,1),k+4)
jH+2<s<k+3

- > RWAI=GHIN(T 543 . 5.3, s+1,...k+3,1, RIIDCT, 2, j +2 k+4)),
J+2<s<k+3
I1C{4,...,j+1}

where the symbol T C{4,...,5,3,s+1,..., 5} means a subset of the elements 4,...,$,3,s+1,..., j
written in this order and CI C {4,...,8,3,s4+1, ..., j} denotes its complementary set respecting
the same order.

Proof. We recall first the definition
(R.R®H(1,....p+5) = R(1,2,R®)(3,....p+5))

p+5
— > RWI(3,..,R(1,2,h),....,p+5),
h=3

which writes in the case
(RRFTIID) (=1, k+4) = R(j—1,5, R* (1, k+4))
k4

- Y RMTIIG41, R 1,5,h), . k4 4).
h=j+1

We infer the expression

pk_’j(l, ceey k+4)

= S>> RUD(I, =1, 5, REFZIFRIDCT 41, .,k +4))

k+4
— > ST RGN 41, RIVDECT, =1, 5, h), .. k+4).
IC{1,...,j—2} h=j+1

Performing the change of variables

1 . j—2 =1 § . k+1 k+2 k+3 k+4
1 1 1 1 { { 1 U
4 ... j+1 3 j+2 .. k+3 1 2 k+4

we infer the expression

ok i(4, i +1,3,5+2,.,k+3,1,2,k+4)

= S RO, 42, REFIIFBINCT, 43, k+3,1,2,k+4))
IC{4,...j+1}

k+3

- > > REFIIHIN(T 43, RISIDECI, 3, 5+2,h), .. k+3,1,2,k+4)
IC{4,....j+1} h=5+3
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— S© o REHIHIN(L 43, k43, RIFD(CI, 3, j+2,1),2,k+4)
IC{4,..,j+1}

— So o REHIHIN(L 43, k43,1, RISD(CI,3, j+2,2), k+4)
IC{4,..,j+1}

— S© RN 43, k+3,1,2, RIFDCT,3,j+2,k+4)).
IC{4,..j+1}

Performing now the change of variables

1 .. s=3s-2s—1..j-23j—1 j .. k+2 k+3 k+4
1 1 1 4 1 1 1 { { U
4 s 3 s+1 .. j 2 441 .. k+3 1 k+4

we infer the expression

ok i(4, 8,3, s+1,...,5,2,i+1,..,k+3,1,k+4)

= > RUID(1,2,5+1, REF1=GHCIDCT j4+2, . k+3,1,k+4))
IC{4,...,8,3,5+1,...,5}
k+3
- > > REFIIHIN(L 42, RISIDECT, 2,5+ 1,h), ... k+3,1,k+4)

IC{4,..,5,3,s4+1,..,j} h=j+2

B Z RUEHI=IHIN(T 542, . k43, RICDCT 2, j+1,1),k+4)
IC{4,..,8,3,541,...,5}

- > REAI=GH+ID(r 42 k+3,1,RICIDCT, 2, j+1,k+4)).
I1C{4,...,s,3,s+1,...,5}

We perform finally the change of variables

1 . j=2j§—-1 4§ .. s=2s=1 s .. k+2 k+3 k+4
\ 4 \ \ \ \ \ 4 4 4
4 .. j4+1 2 j4+2 .. s 3 s+1 .. k+3 1 k+4

We distinguish two cases. In the first case, when s =j 4 1, we have

pe (4, .., i+1,2,3,j+2,..,k+3,1,k+4)

= > RUN(1,2,3, REFIIFEIDQCT j 42, k+3,1,k+4))
IC{4,.j+1}

- > REA1=3+ID(r 42 . RITIDCT 2,3 h),....k+3,1,k+4)

I1C{4,...,5+1}
j+2<h<k+3

- S RN 42, k43, RISID(CT,2,3,1), k +4)
IC{4,j+1}

- S RN 42, k43,1, RIFD(CT,2,3,k+4)),
IC{4,...+1}
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and in the second case, when j+2 < s <k + 3, we have
P4, i +1,2,5+2,...,8,3,s+1,...,k+3,1,k+4)

= > RUN(I,2, 542, REFITIFEIDCT 43, .5,3, s+ 1, ... k+3,1,k+4))
IC{4,.,j+1}

- > REAL=G+ID(r 543 RICIDCI, 2, j+2,h),....8,3,s+1,...k+3,1,k+4)

IC{4,.,j+1}
j+3<h<s

— > REA1=G+ID(r 543 . s, RICIDCI,2,j+2,3),s+1,....k+3,1,k+4)
IC{d,,j+1}

- > RWAL=GHIDN(r 543 . 5.3, s+1,..,RICIDCT, 2, j+2,h),....k+3,1,k+4)

IC{4,...,5+1}
s+1<h<k+3

- > REFIIHINIL 43, .,8,3, 5+ 1, o k+3,RICIDCI,2,5+2,1),k+4)
I1C{4,..,5+1}

- > RN 43,5854 1, k+3,1, RIFD(CT, 2, j+2 k+4)).
IC{4,.,j+1}

Then the conclusion follows from lemma 4.2. O

4.2 Expliciting the 1-exterior product of the lower order term of Sy

Given a subset S C Z>1 and I C S we denote below by abuse of notation (I C S the complemen-
tary set of I inside S. We show now the following key result.

Proposition 4.4. For all h > 2, let

A 24ht1
Sp = ms}’mz,..,,%l@h#&-
Then for all k>1,
k+2 r—1 R R
Syms, . k+4 E: (r+DDY (GdY) 2 (pSy A1 Sr—pi1) | = Syms, kraL(k),
r=3 p=2
with
’i i —i) k(o 1) L
= & r-p2le+ D)
and with

ILkTp( k+4)

IC{1,3,....k—r+3}
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ROTII=2(T 42 k+3, ROPHEI=DWCT ko1, k2, kp+ 1), ey ke +4)

-

I1C{2,...k—r+3}
ROTI=2(T f 42 k+3, ROPHEI=DWCT k1, ki 1 kp+ 1), by k+4)
with kp:=k —p+4, in the case k+2—r>1 and with
Lk?k+2_’p(1,...,k+4)
k+3
= Y RPNk 42,5, RETPTIE, Lk, 2,k +1), 5+ 1, k43, 1k +4)
j=kp+1
+ RP=D(ky+2,..., k+4,1, RE=PTU(3 .k, 2.k, + 1))
k+3
— Y RCT(kp+2,., 5, RETPINE, Lk, Lk 1), 5+ 1,0,k 43,2,k +4)

j=kp+1
— RPD(k, 42, k+4,2, R*=PHU3 K, 1,k,+1)).
Proof. We notice that in the case k+2—r>1,
Syms, . kra[((dY) 27 (p Sy AL Srpi1)] = (=0)FF27"Symy ki a(@rrp— Vkrp)
with
Okrp(ly o k+4) = VE2 " (p S, A Sr i) (2, k43—, 1 k+4 -7, k+4),
Vkrp(1, s k+4) 1= VA2 (pS A1 S, 1) (1,3, k+3 =1, 2 k+4—7, .. k+4).

We notice now that

Syms,.. k44 Pk,r,p = SYM3 . k+d Ph,r,ps
Syms, _j+dVkrp = SYM3 ktra Vkrp,
with
Grrp(ly oy k4+4) = VEF2or N (2 k+3—r,Lk+4—7r, . k+4),
Okrp(l, o k4+4) = VFP27rA (1,3, k+3—7,2k+4—7, ... k+4),
with

Mp(Lk+4d—r, . k+4)

= —pS’p(k+4—r,§T,p+1(1,k+5—7“,...,k—|—5—p),k—|—6—p,...,k+4).
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Therefore
(@k,r,p - /&k,'f,p)(la seey k + 4)

= p 3 SUD(T ke, SUBID (O, 2, k41, ey ey 1), b+ 2, oy 4+ 4)
IC{1,3,...k—r+3}

S SUDT ky, SICID (O 1, k4 1, o Ry 1), ey + 2,k +4)

pt1
d(1,...,p+1) := Z(I)(1,3,...,j,2,j+1,...,p—|—1),

j=2

satisfies the identity
Sme,.,.,erlq) = Sym3 ..... p+1q)
Thus
(Symaz, . p+1®)™ = Sympis  pipir @

We infer

(@k,r,p - z/zk,r,p)(l, ceey k+4)

437+3 3
| _ | _ | _ |
(p+DIp =D —p+ 2 —p+ 1 =

= (I Cr
(Symu|+3,.,,,|1\+p+1<1>§,‘_‘§)(I, kr, (Symgriso,., \[}I\+r—p+2q’g—p|)—2)([:1-a 2,k + 1, kp+ 1),
kp+2,...,k+4)

4Z'r+3
(p+ D p =D r =p+2)r —p+ 1! 2

= (|11 CI
(Sym\fl+3,-~~,|I\+p+1q);(7‘7‘32)(Ia Ky, (Symlcl‘-‘rQ,...,‘EI‘+T‘—p+2®')(~‘7p|)72)(CIa 1,k 41, k,+ 1),

kp+2,..,k+4).
and thus

4 (_1)k—rik+1
(r—p+2)!(p+1)!

(_i)k+2_r Sym3,-..,k+4(¢k,r,p - 1Ek,r,p) = Syms, .. k44 ﬁJk,r,pa
with

]~Lk,7«,p(1, e kj—l—4)

- Y af

IC{1,3,...k—r+3}

|1

(T, ke, IS0 J(CT, 2, B4 1, oo by 1), hp 42, o e+ 4)

r—p—2
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I B, @D S CT, 1 k41, e+ 1), e+ 2, o e+ 4)

IC{1,3,....k—r+3}

U1, ke, RO—PHII=DCL ey 4 1, ki 2,k + 1), K+ 2, oy k- 4)

VNI, ke, RO=PHEII=DCT k1, ki 1 e+ 1), ey + 2,k 4).

Using the expression

®, 3(1,...,p+1) = (—1)PZ RP(3,..,5,2,j+1,...,p,1,p+1)
j=2
+ (=D)PRW(3,..,p+1,1,2), (4.3)

we deduce the formula

4(7i)k+1
(r—=p+2)!(p+1)!

(—)**+2="Symy, o a(Prrp — Vrorp) =
with
Lirp(1, . k+4)
k+3

>

IC{1,3,...k—r+3} j=kp+1

ROFI=2(T 42, 5 ROTPHEI=DQT k1, ke 2,k + 1), 541, o k43, ke, k+4)
+ > ROFI=2(T k42, k+4, Ky, REPFCI-DCT k41,0 Ky, 2, Ky 4 1))
IC{1,3,...k—r+3}
k+3

IS

IC{2,....k—r+3} j=kp+1
ROHI=2(T 42, 5 ROTPHEI=DQCT k1, k1 kp+1), 541, o k43, ke, k+4)

— Z ROTII=2(T k42, k44, Ky, ROCPFOI=DCT k41, Ky, 1,y 4 1))
I1C{2,...,k—r+3}

The fact that in the case under consideration k+2—7>1, i.e k. > 3, implies

4 (=i)ktt
( ) ) Syms,...,k+4]Lk,'r,p-

s V\k+2—1 G G _
Sym3,.~-,k+4 [(Zdl) (psp/\l S’“—Z)-i'l)] = (T—p+2)!(p+1 ]

37



We consider now the case r =k + 2. We consider the expansion
(pS /\1Sk p+3)( k‘+4)
= pSp(1, Sk pr3(2, s kp+ 1), kp+2, ... k+4)

- pS (2, Sp_ p+3(1,3, o kp+ 1), kp+2, .., k+4)

4k+5
(p+ Dlp— DIk —p+ DIk —p+3)! "

X

(Sym3,..-,p+1§>p—3)( (Syma, . ey Pl — p) (2, kp+ 1), kp+2, ..k +4)

4ik+5
(p+ Dl =ik —p+ Dk —p+3)

X (Symgy_,__’p+1§>p,3)( (Sym2 _____ kp Dy p)( 3 k +1) kp+2,...,k+4).
We infer

S S, A S 4¢t 0 S i

yms g4 (PSpA1Sr—pt1) = G+ D k—pLa) yms, .. k+4 Lk k+2,p,
with

Ly g2 p(l, ., k+4)
= O, 3(1, 05 (2,0, kp+ 1), kp+2,... k+4)
— D, 3(2, Pk (1,3, k1), kp+ 2, k4 4)
= (=1)F P10, (1, REPFI3 k2 k4 1), kp+2, .. k+4)
— (=1)F P ®, 32, REPTV(S, Ky 1,y + 1), k42, k+4).

Using (4.4), we obtain

4(77:)]’64»1
(p+ DIk —p+4)!

Syms, ... k+4 (P Sp A1 Sr—pt1) = Syms, . k+4 Lk k+2,p,

which shows the required formula. O

5 Vanishing of the integrability conditions in the cases k =
4,5

We recall the notation R’: =R™). In this section we show the identity

k+2 r—1
CireSymy, . 44| 20(id)F(R)2 =Y (r+ 1)1y (i d)* > "(pSyASe—pi1) | = 0,
r=3 p=2
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for all integers kK =1,2. We notice that S'p: Sp for p=2,3. This corresponds to the cases k=4,5

in the main integrability conditions Circ Syms . f41 oy =0.

5.1 Alternative proof of the vanishing of the integrability conditions in

the case k=4

We set for simplicity ab, cde:= R(a,b, R(c,d,e)) and a similar definition for abe,de or a,bed, e.

We observe first that lemma 4.3 implies the identity

CircSymsz 4 5[d (R')2] = CircSymy s Alta Qo

Qi.o(1,...,5) = 23,415— 234,15 — 41,235

+ 24,315 —243,15 — 3,241, 5 — 31, 245.

We notice that Circ QQ; 2= Circ QLQ, with

o
=
o
—
—
“O_‘
N~—
I

12,435, — 124,35, — 43,125,

+ 34,125, — 142,35, — 3,241,5, — 12, 345,

= —2.12,345+2-34,125 — 124,35 — 142, 35 — 421, 35

= —2.12,345+2-34,125— 124,35 + 214, 35

= —2.12,345+2-34,125— 2124, 35.

(We denote by a subscript j =1, 2, 3, the terms that we combine together). Using the fact that

all the operators Circ, Symy 5, Alts commute we infer the formula

’

Circ Syms 4,5[d (R )2] = —4CircSymy s Q1

Qi(1,...,5) = 12,345—3,124,5—34,125.

On the other hand using proposition 4.4, we infer the formula

,L'S
SQ = —ESymg,gR,

8
4!23ym3,4,5(52/\52) = —§Sym37475A1t2]L1,3,2,

Ly 3.2(1,...,5) := 324,15+15,234.
We show now the identity
Circ Syms 4,5[2d (R)2+ 412 Symj 4 5(52 A S2)| = 0,
ie.

12 Circ Symuy,5 Q1 — 4 Circ Syms 4,5 Alta g 52 =0.
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Using the identity [Symg 4.5, Alte] =0, the equalities
Syms 45132 = Symys[324,15+423,15+ 425,13 + 14, 235 4 13, 245 + 14, 253]
= Symys[324,15+ 423,15+ 425, 13 + 14, 235 + 31,425 + 14, 253] ,
Circ Symy 5[324, 15+ 423, 154 425,13 + 14, 235 + 23,415 + 14, 253]
= Circ Symy 5214, 35+ 412,35 + 435,21 4 34,125 + 12,435 + 34, 152]
= CireSymy 5[214, 35+ 412,35 — 345, 21 + 34, 125 — 12, 345 + 34, 152] ,
Alto[214, 35 + 412, 35 — 345, 21 + 34, 125 — 12, 345 + 34, 152]
= 214,35+ 412,35 — 345,21 + 34,125 — 12, 345 + 34, 152
— 124,35 — 421,35 + 345, 12 — 34, 215 + 21, 345 — 34, 251
= —2.124,35+214,35— 12,345+ 234,125+ 221,345+ 34,125
= —3.124,35—-3-12,345+3-34,125
— 3.3,124,5—3-12,345+ 334, 125.
We infer
Circ Syms 4,5 AltoILy 30 = —3-CircSymy 5Q1,

and thus (5.1).

5.2 Vanishing of the integrability conditions in the case k=5

We want to show the identity

4 r—1
Circ Syms, . 6| 20d*(R )2+ > (r+ 1!y (id)*"(pSpA S, —pi1) | = 0.
2

r=3 p

We set for simplicity ab(cdef) := R(a, b, R'(c, d, e, f)) and a similar definition for abc(de f).
Using lemma 4.3 we infer the identities

Circ Sym3,...,6[d2 (R’)z} = CircSymy 5,6 Ta,3 — Alta(Qz,2+ Q2,3) ] »

T.5(1, ..., 6)

)

35(4126), + 435(126),
— (4351)26, — 4(351)26,

+ (4352)16, + 4(352)16,
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— 12(4356), — 412(356), ,

Qo.2(1,...,6) = 23(4516), — (234)516. — 4(235)16, — 451(236),
+ 24(3516), 4 24(5316), — (245)316, — (243)516_
— 5(243)16, — 3(245)16,, — 35(241)6,, — 53(241)6,
— 351(246), — 531(246), ,

Qo.3(1,...,6) = 24(3516),+ 324(516), — (3245)16, — 3(245)16,
— 5(3241)6,, — 35(241)6,, — 51(3246), — 351(246),
+ 23(4516), 4 423(516), — (4235)16, — 4(235)16,
— 51(4236), — 451(236), + 25(4316), + 425(316),
— (4253)16, —4(253)16, — 3(4251)6, — 43(251)6,
— 31(4256), — 431(256), ,

5

where we denote by a subscript j = 1, ..., 12, the terms that we combine together inside the
expression Circ Symy, ¢ [T2,3 — Alta(Q2,2 + Q2,3)]. (j =12 is combined with itself). Indeed com-
bining;:

for j=1,
Symy,s,6[35(4126) — 24(5316) + 14(5326) — 25(4316) + 15(4326) |
= Symy,s6[34(5126) — 2-24(5316) +2- 14(5326)] ,
and thus
Circ Symy,5,6[ 35(4126) — 24(5316) + 14(5326) — 25(4316) + 15(4326) |

= Circ Symy 5, ¢[ 34(5126) — 2- 34(5126) + 2 - 34(5216) |

= —3CircSymy 5,6[34(5126)],
for j =2,

435(126) + 2 451(236) — 2 - 452(136) — 425(316) + 415(326)

= 435(126) +2-451(236) — 2 - 452(136) — 452(136) + 451(236)

—453(126) + 3 - 451(236) — 3 - 452(136) ,
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and thus
Circ[435(126) + 2 - 451(236) — 2 - 452(136) — 425(316) + 415(326) |
= Circ[—453(126) + 3 - 453(126) — 3 - 453(216) ]
= 5Circ[453(126)]
for j=3,
Circ[ (4352)16 — (4351)26 + (3245)16 — (3145)26
+ (4235)16 — (4135)26 + (4253)16 — (4153)26 + 3(4251)6 — 3(4152)6 ]
= Circ[(4352)16 — (4351)26 + (2145)36 — (1245)36
+ (4235)16 — (4325)16 + (4253)16 + (4513)26 — (4251)36 + (4152)36 ]
= Circ[(4352)16 — (4351)26 — (2415)36 — (1245)36
+ (4235)16 + (4235)16 + (4253)16 + (4532)16 — (4352)16 + (4351)26 |
= Circ[2-(4235)16 + (4125)36 + (4253)16 + (4532)16 |
= Circ[2-(4235)16 + (4125)36 — (4325)16
= Circ[3(4235)16 + (4125)36]
= 4 Circ[(4125)36]
for j =4,
Circ[4(352)16 — 4(351)26 + 2 - 4(235)16 — 2 - 4(135)26
+ 4(253)16 — 4(153)26 + 43(251)6 — 43(152)6 |
= Circ[4(251)36 — 4(152)36 + 2 - 4(125)36 — 2 - 4(215)36
+ 4(152)36 — 4(251)36 — 4(251)36 + 4(152)36 |
= Circ[4-4(125)36 + 4(521)36 + 4(152)36 |
= Circ[4-4(125)36 — 4(215)36 |

= 5Circ[4(125)36] .
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Moreover for the remaining terms we use the equalities

Symu s 6[ 5(243)16 — 5(143)26 + 53(241)6 — 53(142)6 ]
= Symus,6[5(243)16 — 5(143)26 — 5(241)36 + 5(142)36]

= Sym4,5,6[4(253)16 —4(153)26 — 4(251)36 + 4(152)36} ,
and

Circ Symuy,5,6[ 5(243)16 — 5(143)26 + 53(241)6 — 53(142)6 |
= Circ Symy,5,6[4(152)36 — 4(251)36 — 4(251)36 + 4(152)36 |
= 2Circ Symy 5,6[4(152)36 4 4(521)36 |
— 2Circ Symy 5,6[4(215)36]

= 2Circ Symy,5,6[4(125)36] .
Thus for j =4 we have

Circ Symu s,6[ 4(352)16 — 4(351)26 + 2 - 4(235)16 — 2- 4(135)26 + 4(253)16 — 4(153)26
+ 43(251)6 — 43(152)6 + 5(243)16 — 5(143)26 + 53(241)6 — 53(142)6 ]

= 7CircSymy.s 6[4(125)36] .

For j=5,

Circ[—12(4356) — 2 23(4516) + 2 - 13(4526) + 31(4256) — 32(4156) |
= Circ[—12(4356) — 2 12(4536) + 2 - 21(4536) + 12(4356) — 21(4356) |
= Circ[—4-12(4536) + 12(4356) |
= 5Circ[12(4356)] .

For 7 =6,

Circ [ —412(356) + 351(246) 4 531(246) — 324(516) — 423(516) + 431(256) + 351(246) |

= Circ [—412(356) +152(346) + 512(346) — 214(536) — 412(536) + 412(356) + 152(346)] ,
and

Cire Symuys [—412(356) + 351(246) + 531(246) — 324(516) — 423(516) + 431(256) +
351(246) |

= Circ Symyse [—412(356) + 142(356) + 412(356) — 214(536) — 412(536) +
412(356) + 142(356) |
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= CircSymy 56 —412(356) 4 2- 142(356) + 3 - 412(356) + 214(356) |
= CircSymy 56 —412(356) + 142(356) — 421(356) + 3 - 412(356) ]

= CircSymuy 5,6 [ —412(356) + 142(356) + 4 - 412(356)] .

Moreover
Circ Symy, 5,6 [ —412(356) + 142(356) — 241(356) + 4 - 412(356) — 4 - 421(356) |
= Circ Symuy,s,6[ 7 412(356) + 142(356) + 214(356) |
= CircSymy,s [ 7-412(356) — 421(356) |
= 8CircSymy 5,6[412(356)] .
For =17,

Circ[ (234)516 — (134)526 + (243)516 — (143)526 |
= Circ[(124)536 — (214)536 + (142)536 — (241)536 |
= Circ[2-(124)536 — (412)536 — (241)536 |
= 3Circ[(124)536] .

For 7 =38,

Symy 5,6[ —2-24(3516) + 2 - 14(3526) + 51(3246) — 52(3146) + 51(4236) — 52(4136)]

= Symus,6[—2-24(3516) + 2 14(3526) + 41(3256) — 42(3156) + 41(5236) — 42(5136) |

Symy,s,6] 3 24(3156) — 3 - 14(3256) — 14(5236) + 24(5136) |,

and
Cire Symy 5,6[ —2 - 24(3516) + 2 - 14(3526) + 51(3246) — 52(3146) + 51(4236) — 52(4136) |
= CircSymy 5 6[3-34(1256) — 3 - 34(2156) — 34(5126) + 34(5216) ]
= CircSymy 5 6[3-34(1256) + 3 - 34(2516) — 2 - 34(5126) |
= —5CircSymy 5,6[34(5126)] .
For 7=9,

Circ[(245)316] = Circ[(345)126],
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and thus

Circ[(245)316 — (145)326] = 2 Circ[(345)126] .

For 7 =10,
2 Circ[3(245)16 — 3(145)26] = 2Circ[1(345)26 — 2(345)16]

= 2Circ[1(345)26 + 21(345)6]
= —2Circ[(345)216]
= 2Circ[(345)126] .

For j =11,

2-35(241)6 —2-35(142)6 = 2-35(241)6+2-35(412)6

= —2-35(124)6.

For j =12,

5(3241)6 — 5(3142)6 = 5(3241)6 + 5(3412)6
= —5(3124)6.
We infer the formula

Circ Sym37_,_,6[d2 (RI)2:| = Circ Sym4,5,6']I‘2,

Ty(1,...,6)

—3-34(5126), + 5 - 453(126) + 4 - (4125)36
+ 7-4(125)36 +5- 12(4356) + 8 - 412(356)

+ 3-(124)536 — 5-34(5126), +4- (345)126

2-35(124)6 — 5(3124)6.
Moreover
Circ Symy 5,6 T> = CircSymy s ’]~T2 ,
To(1,...,6) = —8-34(5126) +5-453(126) +4 - (4125)36
+ 7-5(124)36, +5-12(4356) + 8 - 412(356)

+ 3-(124)536, +4 - (345)126 — 2 - 35(124)6 .
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For j=1, we have
7-5(124)36 — 3+ (124)356 —2-35(124)6 = 7-5(124)36 — (124)356 + 2 - 5(124)36
= 9-5(124)36 — (124)356.
We conclude

CircSyrngw_,f;{d2 (RI)2:| = CircSymy, 56715,

Ty(1,...,6) = —8-34(5126) +5-453(126) + 4 - (4125)36
+ 9-4(125)36+5- 12(4356) + 8 - 412(356)
— (124)356 + 4 - (345)126.

On the other hand using proposition 4.4, we infer the identity

4 r—1
Symys, . Z (r+1)! Z zd)4_"(pSp/\ST,p+1)
r=3 p

—2
0;
= ?Z Syms. . ¢ Alta(4La32 + 5Loag + 5 Loas) ,

Losa(1,...,6) = (1425)36+ 1(425)36,

Loga(1,...,6) = (3425)16 4 61(3425),

Los3(1,...,6) = (324)516+ 5(324)16 + 561(324) .

We write
Syms ¢ Alta(4La32 + 5o+ 5Lo43) = SymyseAltoLs,

Lo(1,....,6) = 4-(1425)36+4-(1325)46 + 4 - (1423)56 + 4 - (1425)63
+ 4-1(425)36 44 -1(325)46 +4 - 1(423)56 + 4 - 1(425)63
+ 5-(3425)16 + 5 (4325)16 + 5 - (5423)16 + 5 - (6425)13
+ 5-61(3425) +5-61(4325) +5-61(5423) + 5 - 31(6425)
+ 5-(324)516 + 5 (423)516 + 5 - (524)316 + 5 - (624)513
4+ 5-5(324)16 4 5-5(423)16 +5-3(524)16 + 5- 5(624)13

+ 5-561(324) 45 -561(423) +5-361(524) + 5 - 531(624) .
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We notice that CircILy = Circ I~LQ, with

Lo(1,...,6) = 4-(1425)36+4- (1423)56 + 4 - (1425)63
+ 4-2(435)16 44 - 3(215)46 + 4 - 3(412)56 + 4 - 2(435)61
+ 5-(2415)36 45 - (4215)36 + 5 (5412)36 + 5 - (6435)21
+ 5-63(2415) +5-63(4215) + 5 - 63(5412) + 5 - 12(6435)
+ 5-(214)536+5- (412)536 +5 - (534)126 4 5 - (634)521
+ 5-5(214)36+5-5(412)36 +5 - 1(534)26 4 5 - 5(634)21

+ 5-563(214) +5-563(412) + 5-162(534) + 5 - 512(634) ,
and Sym475,5 ILQ = Sym4,5,6 Lg, with

Ly(1,..,6) = 4-(1425)36 +4- (1423)56 + 4 - (1425)63
+ 4-2(435)16 +4-3(214)56 + 4 - 3(412)56 + 4 - 2(435)61
+ 5-(2415)36 45 - (4215)36 + 5 - (4512)36 + 5 - (6435)21
+ 5-63(2415) +5-63(4215) + 5 63(4512) + 5 - 12(6435)
+ 5-(214)536 +5 - (412)536 + 5 - (435)126 + 5 - (435)621
+ 5-5(214)36 +5-5(412)36 +5- 1(435)26 + 5 - 5(435)21

+ 5-.563(214) +5-563(412) +5-162(435) + 5-612(435) .
We write now

(Altg Lo)(1,...,6) = 4-(1425)36, +4- (1423)56, + 4 - (1425)63,
— 4-(2415)36, — 4 - (2413)56, — 4 - (2415)63,

+ 4-2(435)16, +4-3(214)56, + 4 - 3(412)56,, + 4 - 2(435)61.
— 4-1(435)26, —4-3(124)56, — 4 - 3(421)56, — 4 - 1(435)62.
+ 5-(2415)36, 4 5- (4215)36, + 5 - (4512)36,+ 5 - (6435)21,

— 5-(1425)36, — 5- (4125)36, — 5 - (4521)36, — 5 - (6435)12,

+ 5-63(2415),,+5-63(4215),,+5-63(4512),, +5-12(6435),
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— 5-63(1425),,— 5-63(4125),, — 5- 63(4521),, — 5 - 21(6435),
+ 5-(214)536,, +5- (412)536,, +5- (435)126, + 5 - (435)621,
— 5-(124)536,, — 5- (421)536,, — 5- (435)216, — 5 - (435)612,
+ 5-5(214)36,,+5-5(412)36,, +5- 1(435)26, + 5 6(435)21,
— 5-5(124)36,, — 5-5(421)36,, — 5 2(435)16, — 5 - 6(435)12,

+ 5-563(214),,+5-563(412),, + 5 162(435). +5- 612(435).

5-563(124),, —5-563(421),, —5-261(435), — 5-621(435). .
We need to explain the details for the case j =7. In this case we sum

4-2(435)61 + 5 - (435)621 4 5 - 6(435)21,+5- 162(435)_ +5-612(435),
— 4-1(435)62 — 5 - (435)612 — 5 6(435)12, — 5 - 261(435) — 5-621(435),
= 4.2(435)61, +4- (435)621, + (435)621, + 5 - 612(435), + 15 - 612(435)
— 4-1(435)62, — 4- (435)612, — (435)612,

— —4-62(435)1,44-61(435)2, + (435)126, + 20 - 612(435)

24 - 612(435) + (435)126.
The result is (we keep the indices according to the sums on j=1,...,13.)

(Alts Lo)(1, ..., 6)

— (4125)36, + 4 - (4123)56, + 4 - (4125)63,

+ 11-(435)126, — 12-3(124)56, + 24 - 612(435), + (435)126,

— 15-(4125)36, + 15 12(6435), — 20 - 63(4125),, — 15 - (124)536 ,

15-5(124)36,, — 15-563(124) , .
We recombine now the terms of the previous sum under the form

(Alty Ly)(1,...,6) = —16-(4125)36, +4- (4123)56 +4 - (4125)63,
+ 12-(435)126 — 12 3(124)56, + 24 - 612(435)
+ 15-12(6435) — 20 - 63(4125), — 15 (124)536,

— 15-5(124)36, — 15 - 563(124) .

48



Indeed for j =1,

—16- (4125)36 + 4 - (4125)63 — 20 - 63(4125)

—12-(4125)36 — 4 - (4125)36 + 4 - (4125)63 — 20 - 63(4125)

—12-(4125)36 +4- 3(4125)6 + 4 - (4125)63 — 20 - 63(4125)

= —12-(4125)36 — 24-63(4125),
and for j =2,

—12-3(124)56 — 15 - (124)536 — 15 - 5(124)36

12-53(124)5 — 3- (124)536 — 15 - 5(124)36

—27-5(124)36 — 3- (124)536.

In conclusion

4 r—1
. 21 . ~
CircSyms, .. 6 23 (r+1)! ZQ (id) " (pSpA Sr—pt1) | = ?C1rcSym47576A2,
r= p=
with
As(1,...,6) = —12-(4125)36 + 24 36(4125) + 12 (435)126 + 24 - 612(435)

+ 15-12(6435) —27-5(124)36 — 3 - (124)536 — 15-563(124) .
We notice that Symy 5,6 Ao =Symy 5 6 Ao, with
As(1,...,6) = —12-(4125)36+ 24 -34(5126) + 12 (435)126 + 24 - 412(536)
+ 15-12(4536) —27-4(125)36 — 3 - (124)536 — 15 - 453(126) .

We deduce As= —3T5, which implies the required conclusion in the case k=2.

6 Appendix

We recall first the following very elementary lemmas. The arguments below can be found in

[Pali].

Lemma 6.1. Let M be a smooth manifold, let also V be a covariant derivative operator acting

on the smooth sections of Ty and consider the vector field over Ty,

QY:H;?%

n € Ty We denote by ®Y the corresponding 1-parameter subgroup of transformations of Tyr.
Then for any n € Iy the curve ¢t := 1, © @tv(n) 1s the V-geodesic with initial speed éo = n and

ér=2Y (n).
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Proof. The flow line 7, := ®Y (n) satisfies the identity

ne=Hy, ;. (6.2)
We deduce
¢ = d’ﬂt Ty Mt
= dm Ty H’X “ T
= MNt,
and ¢ :Hc-vt - ¢, which is the V-geodesic equation. g

Corollary 6.2. Let M be a smooth manifold, let also V be a covariant derivative operator
acting on the smooth sections of Ty and let U be an open neighborhood U of M inside Ty A
complex structure J over U satisfies the conditions

Jig=Jom (6.3)
|
JoHY -n=T,-n, (6.4)

for any n € U if and only if for any n € U, the complex curve vy :t+is+— s®Y (), defined in a
neighborhood of 0€ C, is J-holomorphic.

Proof. We observe first that the differential of the maps 1, is given by

o0 0 .
dio+iso 1/’77(‘1 e +b%) = ad(soIz,,)®Y,(n) + b8 () Y, (n) .

But
oY (n) = Vody(n)
= Hgtvo(n) ’ q)Z)(n) )

thanks to (6.1). Then using the property, HY, = d,(Ar,) - HY, of the linear connection V (see
the identity 8.5 in [Pali])we infer

0 0
dtotiso TPn(a%‘f'b%) = (GHS(@,YD(W) + 57;[)@?0(77)) ~®F(n). (6.5)

The complex curve v, is J-holomorphic if and only if

0 0 0 0
dtgtiso %(bmﬂl%) = Jdigtiso 1/’77(@5“’%),
thus, if and only if

v v
(*bHsmtiU(n) JFaTsoctiO(n)) ®(n) = J(aHsmtiO(n) +st()<I>tV0(n)) @3 (n) -

For sp # 0 this is equivalent to (6.4). For sg = 0 this is equivalent to (6.3). We deduce the
required conclusion. O
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The condition (6.3) implies that J is an M-totally real complex structure. We provide now the
proof of corollary 1.3.

Proof. If we write A=a +4iTB and a = HY — TT, then S:=T ' (HY — A) =T +iB. We set
S = Ik + ¢ Bg. From the proof of corollary 6.2 we know that in the case J is integrable over U,
the curve 1, is J-holomorphic if and only if hold (6.4). The later rewrites as

v
HY -n = —-J,T,-n.
Using the property
Jn\Kerdnﬂ' =—Qpy 37771 Tnila
(see the identity 1.7 in [Pali]), we infer that the previous identity is equivalent to
HY -n=a, B, 1. (6.6)

Taking d, 7 on both sides of (6.6) we deduce n = Bn_l - 1. Therefore (6.6) is equivalent to the
system

By =,
(6.7)
H,Y-n = ay-n .
Then the system (6.7) rewrites as
> Bi(n"th) =0,
k>1
> Tu(nFth) =0
k>1
and thus as Si(n**1) = 0 for all k> 1. We remind now that, according to the main theorem in

[Pali], the integrability of the structure J implies the condition Sy € C°°(M, S? T3 ®@,, CTis). We
infer S =0.

We notice that, with the notations of the statement of the main theorem in [Pali] the equation
Circ 8, =0 hold for all k>1. This combined with the identity [Circ, Symaz . xt2] =0, implies

Circ Symas, .. k42 Bk =0, (6.8)

for all k> 1. So if we apply the Circ operator to both sides of the definition of Sy in the state-
ment of the main theorem in [Pali], we infer Circ Sy = Circ o3 = 302. If we evaluate this equality
to 7% we infer Sa(n3) = oa(n3), which implies o2 = 0. We show now by induction that oy = 0 for
all k£ > 2. Indeed by the inductive assumption

i
Sk+1 = (] Symo, . k42 Ok + Okt1-

Applying the Circ operator to both sides of this identity and using the equation (6.8), we infer
Circ Sk11 = Circ og+1 = 3041, which evaluated at n*+2 gives Sy 1(n*2) = orr1(n*+2). We

deduce oj4+1=0. Using the identity

Syma, . k+1Syms, . k+1=(k—1)!Syma ki1, (6.9)

o1



we deduce from the statement of the main theorem in [Pali] and with the notations there
i
Sy = ———8S O —
k E+DTH yme . k+10k—1,

for k>2, with 6;:=2RY and

Op = —2i(idY)*2(VRY),

1
(idlv)k_T(pSp A1 S?"—p+1) )
2

k T
+ > (r+1)!
r=3 p

for all £ > 2. Moreover the equation Circ 85, =0, k > 3 rewrites as Circ Syms, . p42 0, =0. If we
set @z :=0)_1, for all k> 2 we obtain the required expansion.

On the other hand if the expansion in the statement of the lemma under consideration hold then
J is integrable thanks to the main theorem in [Pali] and Circ Sy =0 for all £ >2 (51 =0). Indeed
for k=2, 3 this equality follows from the identities Circ ©Y =0 and

[Circ, Symag, .. k+1] =0. (6.10)

For k > 4 we use the identities (6.10), (6.9) and the integrability equations satisfied by the

covariant derivative operator V. We deduce Si(n¥*!) = 0, for all k > 1, which is equivalent to
(6.6) and so to the fact that the curves 1, are J-holomorphic. O
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