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Nefton Pali Bruno Salvy
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Abstract

This article deals with an explicit canonical construction of a maximal totally real em-
bedding for real analytic manifolds equipped with a covariant derivative operator acting on
the real analytic sections of its tangent bundle or of its complexified tangent bundle. The
existence of maximal totally real embeddings for real analytic manifolds is known from pre-
vious celebrated works by Bruhat-Whitney [Br-Wh] and Grauert [Gra]. Their construction is
based on the use of analytic continuation of local frames and local coordinates that are far
from being canonical or explicit. As a consequence, the form of the corresponding complex
structure has been a mystery since the very beginning. A quite simple recursive expression
for such complex structures has been provided in the first author’s work ”On maximal totally
real embeddings” [Pali2]. In our series of articles we focus on the case of torsion free connec-
tions. In the present article we give a fiberwise Taylor expansion of the canonical complex
structure which is expressed in terms of symmetrization of curvature monomials and a rather
simple and explicit expression of the coefficients of the expansion. We explain also a rather
simple geometric characterization of such canonical complex structures. Our main result and
argument can be useful for the study of open questions in the theory of the embeddings in
consideration such as their moduli space.
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1 Introduction and statement of the main result

1.1 Previous works and motivation

We first recall notation and definitions from previous work [Pali2].
Over a smooth manifold M , the vector bundle TTM |M ≃ TM ⊕ TM is a complex one with the

canonical complex structure Jcan : (u, v) 7−→ (−v, u) acting on the fibers. Any almost complex
structure which is a continuous extension of Jcan in a neighborhood of M inside TM makes M an
(almost complex) maximally totally real sub-manifold of TM . Let π : TM −→M be the canonical
projection. We denote by

T ∈ C∞(TM , π
∗T ∗

M ⊗R TTM
)

the canonical section which, at the point η ∈ TM , takes the value Tη : TM,p −→ TTM,p,η, which is
the canonical isomorphism map.

Definition 1 Let M be a smooth manifold. An M -totally real almost complex structure over
an open neighborhood U ⊆ TM of the image of the zero section 0M is a couple (α,B) with α ∈
C∞(U, π∗T ∗

M ⊗R TTM
) and B ∈ C∞(U, π∗ GL(TM )) such that dπ · α = Iπ∗TM

over U and such
that α0p = dp0M , B0p = ITM,p

, for all p ∈ M . With A := α + iTB, the almost complex structure

JA associated to (α,B) is the one which satisfies T 0,1
TM ,JA,η = Aη(CTM,π(η)) ⊂ CTTM ,η for all

η ∈ U ⊆ TM .

Every almost complex smooth extension of the canonical complex structure Jcan of TTM |M over
a neighborhood ofM inside TM can be expressed, over a sufficiently small neighborhood U ⊆ TM of
M , as the almost complex structure associated to a uniqueM -totally real almost complex structure
over U .

Over a real analytic manifold X, Bruhat-Whitney [Br-Wh] and Grauert [Gra] have shown the
existence of an M -totally real complex structure J , over an open neighborhood U ⊆ TM of the
image of the zero section. The construction in these works uses local analytic continuation of local
frames constructed by means of local coordinates defined over the base manifold.

The authors [Br-Wh, Gra] show that the construction is independent of the choice of the local
frame. Their local construction is not intrinsic.

The nature of their local construction shows that it is not possible to to obtain an explicit
expression of the complex structure. As a consequence it is not possible to determine by using the
local expression in the articles [Br-Wh, Gra] if a general ”canonical” global section defined over
a neighborhood of the base manifold inside the tangent bundle is holomorphic or not. The term
”canonical” global section means here an intrinsic section on a neighborhood of the base manifold
inside the tangent bundle obtained in an explicit way from the choice of a linear connection operator
on the base manifold.

The main motivation of the present article is to provide a rather simple and explicit global
expression of the complex structure J from [Br-Wh, Gra]. This is important for applications to
analytic micro local analysis over manifolds. It allows indeed an explicit global construction of the
complex extension of a given global Fourier integral operator defined on a real analytic manifold.
Applications in the theory of polarized complex deformations with real analytic regularity are part
of a work in progress.

It has been 64 years since the existence of complex structures on Grauert Tubes was proven
for the first time by Bruhat-Whitney [Br-Wh]. Still, up to now, the explicit form of the Taylor
expansion has remained quite mysterious to the community of experts in the field. This is finally
clarified in the main theorem 1 below. Indeed, in the main theorem 1, the expression of the
complex structure is given in terms of fiberwise Taylor expansion constructed by means of global
intrinsic sections (symmetrization of compositions of covariant derivatives of the curvature) over
the base manifold. If we compare our Taylor expansion with a standard one on functions we can
observe that the sections Sk correspond to the polynomials of total degree k in the standard Taylor
expansion. The total degree k in our article is measured by the pseudo-norm ∥D∥ of D (see the
definition of pseudo-norm in notation 1 below) in the statement of the main theorem 1.
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Polynomials are given by coefficients and monomials of multi degree D. In our article the
monomials correspond to symmetrization of compositions of covariant derivatives of the curvature.
The compositions of covariant derivatives of the curvature (denoted by RD in the statement of the
main theorem) are encoded by the following quite simple and elementary object.

We take a sequence of sequential increasing numbers from 2 to d := ∥D∥ + 1 and we start
by opening parenthesis which are collocated at a ”distance” dj + 1 until we reach the central
parentheses which is of the form (...k, 1, k+1). Then we start closing parenthesis one by one under
the form

(...(...k, 1, k + 1), k + 2)k + 3)...d).

The expression of the coefficients CD (see the expressions 1, 2) in the statement of the main
theorem 1 is rather simple if compared with standard formulas in formal calculus. We can not
expect to have a trivial and elementary expression for the coefficients of the Taylor expansion of
a sophisticated object such as an integrable complex structure. The meaning of the expression 2
for the coefficient C(H) is the following. We take a sum of arbitrary ”partitions” λ of the sub-
compositions H of D, we compute the pseudo-norm of each ”piece” included between the ”middle”
s of any part of the partition and the end of that part. Call x that pseudo norm, compute the
function 1/(x(x+ 1)) and take the product over all indices.

The expression in the main theorem 1 allows also to perform useful explicit global intrinsic
operator computations in the sense of [Pali1]. In more explicit terms, given a global intrinsic
section over the Grauert tube, an explicit formula for the complex structure such as the one in in
the main theorem 1, allows to determine if the section is holomorphic or not. This is due to the
fact that the same linear connection operator is used to define, via a global explicit expression,
both the section and the complex structure.

A first step towards an explicit global expression was done in work of the first author [Pali2],
where a recursive formula for the coefficients of the fiber-wise Taylor expansion at the origin was
provided. We recall this result in Corollary 1 below. We start with a few definitions from [Pali2].

Definition 2 We denote by Circ the circular operator

(Circ θ)(v1, v2, v3, •) = θ(v1, v2, v3, •) + θ(v2, v3, v1, •) + θ(v3, v1, v2, •),

acting on the first three entries of any q-tensor θ, with q ⩾ 3. We also define the permutation
operation θ2(v1, v2, •) := θ(v2, v1, •).

For any complex covariant derivative operator ∇ acting on the smooth sections of CTM we
denote by H∇ the associated horizontal map (see lemmas 14, 16 and definition 5 in subsection 9.1
of the appendix of the article [Pali2] for precise definitions and properties of the horizontal map
H∇ ). We define the operator

d∇1 : C∞(M,T ∗,⊗k
M ⊗R CTM ) −→ C∞(M,Λ2T ∗

M ⊗R T
∗,⊗(k−1)
M ⊗R CTM ),

with k ⩾ 1 as follows

d∇1 A(ξ1, ξ2, µ) := ∇ξ1A(ξ2, µ)−∇ξ2A(ξ1, µ),

with ξ1, ξ2 ∈ TM and with µ ∈ T
⊕(k−1)
M .

For any two sections A ∈ C∞(M,T
∗,⊗(k+1)
M ⊗R CTM ) and B ∈ C∞(M,T

∗,⊗(l+1)
M ⊗R CTM ) we

define the exterior product

A ∧1 B ∈ C∞(M,Λ2T ∗
M ⊗R T

∗,⊗(k+l−1)
M ⊗R CTM )

as

(A ∧1 B)(ξ1, ξ2, η, µ) := A(ξ1, B(ξ2, η), µ)−A(ξ2, B(ξ1, η), µ),

with ξ1, ξ2 ∈ TM , η ∈ T⊕l
M and µ ∈ T

⊕(k−1)
M . We denote by Symr1,...,rs the symmetrizing operator

(without normalizing coefficient!) acting on the entries r1, . . . , rs of a multi-linear form. We use
the convention that a sum and a product running over an empty set are equal respectively to 0
and 1.
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For any complex covariant derivative operator ∇ acting on the smooth sections of TM , we
denote by (η, t) 7−→ Φ∇

t (η) ∈ TM , the geodesic flow of ∇ starting at any point η ∈ TM .
We observe that the argument given in the proof of Corollary 1 in [Pali2] applies without

modifications in the case of a general torsion free covariant derivative operator acting on the
smooth sections of the tangent bundle. For the convenience of the reader, the argument in this
more general setting is given in Section 6 below. We therefore have the following statement.

Corollary 1 LetM be a smooth manifold equipped with a torsion free covariant derivative operator
∇ acting on the smooth sections of the tangent bundle TM , let U ⊆ TM be an open neighborhood of
the image of the zero section with connected fibers, let J ≡ JA be an M -totally real almost complex
structure over U , real analytic along the fibers of U and consider the fiber-wise Taylor expansion
at the origin

T−1
η

(
H∇ −A

)
η
· ξ = iξ +

∑
k⩾1

Sk(ξ, η
k),

with η ∈ TM in a sufficiently small neighborhood of the image of the zero section, with ξ ∈ TM,π(η)

arbitrary with Sk ∈ C∞ (
M,T ∗

M ⊗R S
kT ∗

M ⊗R CTM
)
and with ηk := η×k ∈ T⊕k

M,π(η).

Then the statements (a) and (b) below are equivalent.
(a) The almost complex structure J is integrable over U and for any η ∈ U , the smooth map

ψη : t+ is 7−→ sΦ∇
t (η), defined in a neighborhood of 0 ∈ C, is J-holomorphic.

(b) The components Sk satisfy S1 = 0,

Sk =
i

(k + 1)!k!
Sym2,...,k+1 Θ

∇
k , k ≥ 2,

with Θ∇
2 := 2R∇ and

Θ∇
k := −2i(id∇1 )k−3(∇R∇)2 +

k∑
r=4

r!

r−2∑
p=2

(id∇1 )k−r(pSp ∧1 Sr−p),

for all k ⩾ 3 and the equations Circ Sym3,...,k+1 Θ
∇
k = 0 are satisfied for all k ⩾ 4.

In particular, the famous Grauert tube [Gra] of a compact real analytic Riemannian manifold
has a complex structure which, paired with the Levi-Civita connection, satisfies the statement (a)
above. Therefore the vanishing of the tensors Ik := Circ Sym3,...,k+1 Θ

∇
k , for all k ⩾ 4, is certainly

true in the compact real analytic case considered in [Br-Wh, Gra]. We feel however that a proof
independent of their celebrated work provides a more general statement useful for the applications
aimed to the global complex extension of a global integral Fourier operator defined via a torsion
free covariant derivative operator acting on the smooth sections of the complexified tangent bundle.
Indeed, in many analysis applications, these operators are very often defined by this type of more
general connections.

The first author has shown [Pali2] that the equation Ik = 0 is satisfied for k = 4 even in
the more general case of a covariant derivative operator acting on the smooth sections of the
complexified tangent bundle. In this more general case it is not possible to have a statement
similar to Corollary 1, simply because there are no geodesics in M associated to the complex
covariant derivative operator.

In this article we build a general formalism that allows us to give a more compact proof of the
vanishing of the tensor Ik in the case k = 4, and which allows us to provide also a proof in the case
k = 5. Using computer algebra (see sections 2 and 5 in [Pal-Sal]) we can show the vanishing of Ik
for k = 4, ...7. In section 5 in [Pal-Sal] we use the explicit expression in theorems 1, 2 below and
we observe that in the case k = 7, the computer perform the computation in approximately one
second, but we expect that the case k = 8 would take a computation of approximately two weeks.
We feel confident at this point to formulate the following conjecture.
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Conjecture 1 LetM be a smooth manifold and let ∇ be a torsion free complex covariant derivative
operator acting on the smooth sections of the bundle CTM . Then the sequence of tensors Sk ∈
C∞ (

M,T ∗
M ⊗R S

kT ∗
M ⊗R CTM

)
, k ⩾ 2, defined by the inductive rule

Sk :=
i

(k + 1)!k!
Sym2,...,k+1 Θ

∇
k ,

with Θ∇
2 := 2R∇ and with

Θ∇
k := −2i(id∇1 )k−3(∇R∇)2 +

k∑
r=4

r!

r−2∑
p=2

(id∇1 )k−r(pSp ∧1 Sr−p),

for all k ⩾ 3, satisfies the identities

Ik := Circ Sym3,...,k+1 Θ
∇
k = 0,

for all k ⩾ 4.

A general mathematical proof for the vanishing of all the integrability conditions Ik is part of
a long and difficult work in progress.

1.2 Statement of the main result

We provide now more notations useful for the statement of our main Theorem.

Notation 1 We denote by D ⊨0 p any element D ≡ (d1, . . . , dN ) ∈ ZN
⩾0 with N ∈ Z>0 arbitrary

such that |D| :=
∑N

j=1 dj = p. We set lD := N . We denote also D! := d1! · · · dN !,

|D|j :=

j∑
s=1

ds,

∥D∥j := |D|j + j,

for any 1 ⩽ j ⩽ N , and we set ∥D∥ := ∥D∥N + N . For any l = 1, . . . , N , we define D−
l :=

(d1, . . . , dl), D
+
l := (dl+1, . . . , dN ) and

D′
l,h := (D−

h )
+
l = (dl+1, . . . , dh),

for any l, h ∈ Z⩾0 with l ⩽ h ⩽ N . In all this article, for notation simplicity, we use the
identification (v1, . . . , vp) ≡ (1, . . . , p), for a given element (v1, . . . , vp) ∈ T⊕p

M .
For any integer a ⩾ 0, let R(a) := ∇aR∇. We denote by R(a)(1, . . . , a + 1, •, a + 2) the

endomorphism

v 7−→ R(a)(1, . . . , a+ 1, v, a+ 2).

Given a family of endomorphisms (Tj)
p
j=1 we denote by

p∏
j=1

Tj := T1 ◦ · · · ◦ Tp.

We also define the curvature monomial of multi-degree D as

RD(1, . . . , ∥D∥+ 1) :=

 lD∏
j=1

R(dj) (∥D∥j−1 + 2, . . . , ∥D∥j + 1, •, ∥D∥ − j + 2)

 · 1,
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i.e. the curvature multinomial RD writes as

RD(1, . . . , ∥D∥+ 1)

= R(d1)
(
2, . . . , d1 + 2, R(d2)

(
d1 + 3, . . . , d1 + d2 + 3,

R(d3)
(
d1 + d2 + 4, . . . , d1 + d2 + d3 + 4, R(d4)

(
. . .

. . . , R(dlD
)
(
∥D∥lD−1 + 2, . . . , ∥D∥lD + 1, 1, ∥D∥lD + 2

)
, ∥D∥lD + 3

)
, . . .

. . .
)
, ∥D∥+ 1

)
.

We notice that the data of a curvature monomial RD is encoded in a multi-parenthesis as follows

RD(1, . . . , ∥D∥+ 1)

≡ (2, . . . , d1 + 2, ( d1 + 3, . . . , d1 + d2 + 3, (d1 + d2 + 4, . . . , d1 + d2 + d3 + 4, ( . . .

. . . , (∥D∥lD−1 + 2, . . . , ∥D∥lD + 1, 1, ∥D∥lD + 2) , ∥D∥lD + 3) , . . . ), ∥D∥+ 1) ,

since the distance of the opening parenthesis determine the degrees dj.
We denote by λ ⊨ l any λ ∈ Zp

⩾1 such that |λ| = l and we define for any D ∈ Zl
⩾0 the coefficient

CD :=
∑

0⩽H⩽A

(−1)|H|C(H)

H!(D −H)!
, with lH = l, (1)

C(H) :=
∑
λ⊨lH

(−1)lλ∥H−
λ1
∥

lλ∏
j=1

|λ|j−1∏
s=|λ|j−1

1

∥H ′
s,|λ|j∥(∥H

′
s,|λ|j∥+ 1)

. (2)

With these notations we can state our main Theorem.

Theorem 1 (Main Theorem: Explicit maximal totally real embeddings)
With the same notation and hypothesis as in Corollary 1, statement (b) can be replaced by:
(b) The components Sk satisfy S1 = 0,

Sk =
1

ik+1k!

∑
∥D∥=k

CD Sym2,...,k+1R
D, with D ⩾ 0,

for all k ⩾ 2 and the equations Circ Sym3,...,k+1 Θ
∇
k = 0, with

Θ∇
k := −2i(id∇1 )k−3(∇R∇)2 +

k∑
r=4

r!

r−2∑
p=2

(id∇1 )k−r(pSp ∧1 Sr−p),

are satisfied for all k ⩾ 6.

The main Theorem 1 is a direct consequence of corollary 1, combined with the following general
result (as well as the vanishing for k = 4, 5 that we provide below).

Theorem 2 Let M be a smooth manifold and let ∇ be a torsion free complex covariant derivative
operator acting on the smooth sections of the complexified tangent bundle CTM . Then for all k ⩾ 2,
a section Sk ∈ C∞ (

M,T ∗
M ⊗R S

kT ∗
M ⊗R CTM

)
satisfies

Sk =
i

(k + 1)!k!
Sym2,...,k+1 Θ

∇
k ,

with Θ∇
2 := 2R∇ and with

Θ∇
k := −2i(id∇1 )k−3(∇R∇)2 +

k∑
r=4

r!

r−2∑
p=2

(id∇1 )k−r(pSp ∧1 Sr−p),
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for all k ⩾ 3, if and only if

Sk =
1

ik+1k!

∑
∥D∥=k

CD Sym2,...,k+1R
D, with D ⩾ 0,

for all k ⩾ 2.

A corollary of the solution of the conjecture 1, of the main Theorem in [Pali2] and of theorem
2 will be the following striking result which allow canonical construction of maximal totally real
embeddings.

Corollary 2 (Canonical maximal totally real embeddings).
Let M be a real analytic manifold and let ∇ be a torsion free complex covariant derivative

operator acting on the real analytic sections of the complexified tangent bundle CTM . Then there
exists an open neighborhood U ⊆ TM of the zero section with connected fibers and a fiberwise
real-analytic section S of π∗ End (TM ) over U with fiberwise Taylor expansion at the origin

Sη · ξ =
∑
k⩾2

Sk

(
ξ, ηk

)
,

for any η ∈ U and any ξ ∈ TM,π(η), with Sk ∈ C∞ (
M,T ∗

M ⊗R S
kT ∗

M ⊗R CTM
)
for all k ⩾ 2, (we

denote by ηk := η×k ∈ T⊕k
M,π(η) ) given by the explicit formula

Sk =
1

ik+1k!

∑
∥D∥=k

CD Sym2,...,k+1R
D, with D ⩾ 0,

for all k ⩾ 2, such that JA with

A := −iT ITM
+H∇ − TS,

is an M -totally real complex structure over U which is real-analytic over U .

We notice that the notation H∇ in the above definition of the section A is slightly abusive. We
mean there by H∇ the restriction to TM of the horizontal map over CTM associated to the complex
covariant derivative operator ∇. We must observe here the obvious inclusion TCTM |TM

⊂ CTTM
.

Definition 3 The M -totally real complex structure J in the statement of Corollary 2 is called the
canonical M -totally real complex structure associated to ∇ over U .

We introduce now an important vector field which allows to characterize the canonical M -totally
real complex structure.

Definition 4 Let M be a smooth manifold equipped with a covariant derivative operator ∇ act-
ing on the smooth sections of CTM . We define the canonical vector field ξ∇ ∈ C∞(TM ,CTTM

)
associated to ∇ by

η 7−→ ξ∇η := H∇
η · η − iTη · η ≡ [(H∇ − iT )ITM

]η.

(We think here the identity operator ITM
as a section in C∞(TM , π

∗TM )). With the above notation
we have the following characterization.

Corollary 3 Let M be a real analytic manifold equipped with a torsion free covariant derivative
operator ∇ acting on the real analytic sections of the complexified tangent bundle CTM , let U ⊆ TM
be an open neighborhood of the image of the zero section with connected fibers and let J ≡ JA be an
M -totally real almost complex structure over U which is real analytic along the fibers of U . Then
the almost complex structure J is integrable over U and the vector field ξ∇ is of type (1, 0) for J
over U , if and only if J is the canonical M -totally real complex structure associated to ∇ over U .
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We recall that in the general setting of a torsion free complex covariant derivative operator ∇
acting on the sections of the complexified tangent bundle CTM there are no geodesics associated
to ∇. (Cauchy’s existence theorem does not apply).

We wish also to point out that in mathematics and in theoretical physics there are many
important natural complex differential operators that are defined via complex connections as above.

We learned from Professor Jöel Merker that the results and techniques developed in this article
and in [Pali2] can be applied to the articles by Foo-Merker-Ta [Fo-Mer-Ta1, Fo-Mer-Ta2], Merker-
Nurowski [Mer-Nur1, Mer-Nur2], Hill-Merker-Nie-Nurowski [Hill-Mer-Nie-Nur1, Hill-Mer-Nie-Nur2],
Merker [Mer] as well as Merker-Sabzevari [Mer-Sab], in order to obtain even more explicit results.

In the auxiliary preprint [Pal-Sal], we provide a Maple program verifying the main equivalence
in the proof of theorem 2 for the first values of k. The result for k ⩽ 20 is automatically verified
in 6 minutes.

Acknowledgments. We thank Professor Jöel Merker for his careful mathematical proof reading
of the main arguments in the proof of Theorem 2 as well as for providing an alternative Maple
verification independent of the one in our auxiliary preprint [Pal-Sal].

We thank also Professor François Guenard for providing an alternative verification of the main
equivalence in the proof of Theorem 2 for the first values of k in the Mathematica system.

2 Proof of theorem 2

In all the article, with the exception of the appendix, we assume ∇ be a torsion free complex
covariant derivative operator acting on the smooth sections of the complexified tangent bundle
CTM .

2.1 Expliciting the powers of the 1-differential. Part I

Notation 2 For any A ∈ T ∗,⊗p
M ⊗EndC(CTM ) and for any θ ∈ T ∗,⊗q

M ⊗CTM , the product operations

of tensors A · θ,A¬θ ∈ T
∗,⊗(p+q)
M ⊗ CTM are defined by

(A · θ)(u1, . . . , up, v1, . . . , vq) := A(u1, . . . , up) · θ(v1, . . . , vq),

(A¬θ)(u1, . . . , up, v1, . . . , vq) :=

q∑
j=1

θ(v1, . . . , A(u1, . . . , up) · vj , . . . , vq).

We denote R∇. θ := R∇ · θ −R∇¬θ.

We denote by Alt2, the alternating operator (without normalizing coefficient!) acting on the
first two entries of any tensor. We recall the following well known fact (see [Pali2]).

Lemma 1 For any complex covariant derivative operator ∇ acting on the smooth sections of

the complexified tangent bundle CTM and for any tensor θ ∈ C∞
(
M,T ∗,⊗k

M ⊗R CTM
)
, holds the

commutation identity
Alt2 ∇2θ = R∇.θ. (3)

We recall that the notation a, . . . , b for integers a < b denotes the increasing by one sequence
from the left to the right hand side. We ignore this notation when a > b. We observe now two
other elementary lemmas.

Lemma 2 For any p-tensor θ,

(d∇1 )kθ(1, . . . , k + p) =
∑

σ∈S∗
k+1

εσ∇kθ(σ1, . . . , σk+1, k + 2, . . . , k + p),

where S∗
k+1 is the set of permutations σ of the set {1, . . . , k+1} such that if 1 ⩽ j < k < l ⩽ k+1

then σj < σk or σj < σl.

8



Proof Note that if σ ∈ S∗
k+1, then necessarily σ1 ∈ {1, 2}. Let ϕ+ : N>0 → N>0 be defined by

ϕ+(i) = i + 1 for all i and let ϕ− : N>0 → N>0 be defined by ϕ−(i) = i + 1 for all i ≥ 2 and
ϕ−(1) = 1. For each σ ∈ S∗

k+1 one obtains two permutations in S∗
k+2 as

π+(σ) = (1, ϕ+(σ1), . . . , ϕ+(σk+1)), π−(σ) = (2, ϕ−(σ1), . . . , ϕ−(σk+1)),

with ϵ(π±) = ±ϵ(σ). Conversely, all elements of S∗
k+2 can be constructed this way , see [Sim-Sch].

For k = 1, Lemma 2 follows from the definition of d1. Then by induction it holds for all values
of k. Indeed we assume true the formula in the statement of the lemma for k and we show that it
hold true for k + 1. For this purpose we consider the equality

(d∇1 )k+1θ(1, . . . , k + p+ 1) = ∇((d∇1 )kθ)(1, . . . , k + p+ 1)−∇((d∇1 )kθ)(2, 1, 3, . . . , k + p+ 1). (4)

Notice now the identity

(d∇1 )kθ(1, 3, . . . , k + p+ 1) =
∑

σ∈S∗
k+1

εσ∇kθ(ϕ−(σ1), . . . , ϕ
−(σk+1), k + 3, . . . , k + p+ 1).

We deduce

(d∇1 )k+1θ(1, . . . , k + p+ 1)

=
∑

σ∈S∗
k+1

εσ∇k+1θ(π+
1 (σ), . . . , π

+
k+2(σ), k + 3, . . . , k + p+ 1)

−
∑

σ∈S∗
k+1

εσ∇k+1θ(π−
1 (σ), . . . , π

−
k+2(σ), k + 3, . . . , k + p+ 1),

which implies the required conclusion. 2

We can also write in operator terminology

(d∇1 )k =
∑

σ∈S∗
k+1

εσσ¬∇k.

The previous formulas write in the following more explicit way

Lemma 3 For any p-tensor θ,

(d∇1 )kθ(1, . . . , k + p) =
∑

L∈P∗[k+1]

εσL∇kθ(σL
1 , . . . , σ

L
k+1, k + 2, . . . , k + p), (5)

where P∗[k + 1] is the set of parts L of [k + 1] := {1, . . . , k + 1} of even cardinality ℵL, and if in
the case ν := ℵL/2 > 0, we use the identification L ≡ (l1, . . . , l2ν), then σL ∈ Sk+1 denotes the
permutation

σL := (1, . . . , l̂1, . . . , l2, l1, l2 + 1, . . . , l̂3, . . . , l4, l3, l4 + 1, . . .

. . . , l̂2r−3, . . . , l2r−2, l2r−3, l2r−2 + 1, . . . , l̂2r−1, . . . , l2r, l2r−1, l2r + 1, . . . ,

. . . , l̂2ν−3, . . . , l2ν−2, l2ν−3, l2ν−2 + 1, . . . , l̂2ν−1, . . . , l2ν , l2ν−1, l2ν + 1, . . . , k + 1),

In the case ν = 0, we set σ∅ := Id.

All elements of S∗
k+1 can be described in this way. (The elementary proof is left to the reader).

We notice the equality

εσL = (−1)
∑ν

r=1(l2r−l2r−1) = (−1)|L|.

We give a proof of Lemma 3 independent of the statement of Lemma 2.
Proof For k = 1, Lemma 3 follows from the definition of d∇1 . We show by induction that it
holds for all values of k. Indeed we assume true the formula (5) for a certain k. We define the
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set P∗(A), for any subset A = {a0} + {a1, . . . , a2} ⊂ Z>0, 0 < a0 ⩽ a1 < a2, by replacing
[k + 1] with A in the definition of P∗[k + 1]. For any L ∈ P∗(A), we define also by σL ∈ SA :=
{the set of permutations of A} as we did for [k + 1]. With these notations we have the expressions

(d∇1 )kθ(2, . . . , k + p+ 1)

=
∑

L∈P∗([k+1]+1)

εσL∇kθ(σL
1 , . . . , σ

L
k+1, k + 3, . . . , k + p+ 1),

(d∇1 )kθ(1, 3, . . . , k + p+ 1)

=
∑

L∈P∗([k+2]−{2})

εσL∇kθ(σL
1 , . . . , σ

L
k+1, k + 3, . . . , k + p+ 1).

Using the equality (4), we deduce

(d∇1 )k+1θ(1, . . . , k + p+ 1)

=
∑

L∈P∗([k+1]+1)

εσL∇k+1θ(1, σL
1 , . . . , σ

L
k+1, k + 3, . . . , k + p+ 1)

−
∑

L∈P∗([k+2]−{2})

εσL∇k+1θ(2, σL
1 , . . . , σ

L
k+1, k + 3, . . . , k + p+ 1).

For any element L ∈ P∗[k+2], we distinguish two cases. In the case l1 > 1 we have the expression
σL = (1, σL′

), with L′ ∈ P∗([k + 1] + 1) given by L′ := L. In this case we have also the obvious
identity εσL = εσL′ . In the case l1 = 1 we have σL = (2, σL′′

), with L′′ ∈ P∗([k + 2]− {2}) given
by L′′ := L in the sub-case l2 > 2 and by L′′ := (l3, . . . , l2ν), in the sub-case l2 = 2. (We notice
that L′′ = ∅, if ν = 1). In both sub cases εσL = −εσL′′ , which implies the required conclusion of
the induction. 2

We show now the following fundamental Proposition.

Proposition 1 Let ∇ be a torsion free complex covariant derivative operator acting on the smooth
sections of CTM with curvature operator R∇(·, ·)· ≡ R∇(·, ·, ·). Then for all integers k ⩾ 1,

Sym2,...,k+4

[
(d∇1 )k(∇R∇)2

]
= Sym2,...,k+4 Φk, (6)

Sym3,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k Sym3,...,k+4(Tk −Alt2Qk), (7)

with

Φk(1, . . . , k + 4) := −(−1)k∇k+1R∇(2, . . . , k + 3, 1, k + 4),

Tk(1, . . . , k + 4) := ∇k+1R∇(3, . . . , k + 3, 1, 2, k + 4),

Qk(1, . . . , k + 4) :=

k+1∑
j=2

∇j−2
(
R∇.∇k+1−jR∇)

(3, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4).

Proof We notice first that the symmetrization of a tensor with two alternating entries vanishes.
Applying this fact to the covariant derivatives of R∇ in the expression (5) with θ := (∇R∇)2, we
infer the identities

Sym2,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k Sym2,...,k+4 φk,

Sym3,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k Sym3,...,k+4 Alt2 φk,

with

φk(1, . . . , k + 4) := ∇k(∇R∇)2(2, . . . , k + 1, 1, k + 2, k + 3, k + 4),

which we can rewrite as

φk(1, . . . , k + 4) = ∇k+1R∇(2, . . . , k + 2, 1, k + 3, k + 4)

= −∇k+1R∇(2, . . . , k + 3, 1, k + 4),
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thanks to the alternating property of R∇. We deduce in particular the identity (6). Using the
identity (3) we infer

φk(1, . . . , k + 4) = −∇k+1R∇(3, 2, 4, . . . , k + 3, 1, k + 4)

−
(
R∇.∇k−1R∇)

(2, . . . , k + 3, 1, k + 4).

We now show by finite induction on p, the identity

φk(1, . . . , k + 4) = −∇k+1R∇(3, . . . , p+ 1, 2, p+ 2, . . . , k + 3, 1, k + 4)

−
p∑

j=2

∇j−2
(
R∇.∇k+1−jR∇)

(3, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4),

for any integer p, with 2 ⩽ p ⩽ k + 1. We assume them true for p < k + 1. Applying the
covariant derivative ∇p−1

3,...,p+1 to the identity (3), with θ := ∇k+2−pR∇, we infer the conclusion of
the induction. If we set p := k + 1 in the previous identities we obtain

Alt2 φk(1, . . . , k + 4) = −∇k+1R∇(3, . . . , k + 2, 2, k + 3, 1, k + 4)

− ∇k+1R∇(3, . . . , k + 2, 1, 2, k + 3, k + 4)

− Alt2Qk(1, . . . , k + 4),

thanks to the alternating property of R∇. Then the identity (7) follows from the differential
Bianchi identity. 2

2.2 Equivalent definitions of the tensor Sk

We start by noticing a few elementary equivalent definitions of the tensors Sk introduced in the
statement of corollary 1. We assume more in general here that ∇ acts on the smooth sections of
CTM . For notational simplicity we use the identification ∇kS ≡ S(k) for any tensor S. We notice
that the tensor Φk in the statement of proposition 1, is well defined for all k ⩾ −1. Using the
identity (6) we infer the following equivalent definition for Sk.

Lemma 4 The tensors Sk defined in the statement of corollary 1 satisfy for all k ⩾ 2,

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θk,

θk := 2ikΦk−3 + k!

k−2∑
p=2

(pSp ∧ Sk−p) +

k−2∑
r=3

(r + 1)!

r−1∑
p=2

ρk,r,p,

ρk,r,p(1, . . . , k + 1) := (−i)k−1−r(pSp ∧ Sr−p+1)
(k−1−r)(2, . . . , k − r, 1, k − r + 1, . . . , k + 1).

Remark 1 Notice that

θ4 = 2Φ1 + 4!2S2 ∧ S2,

and

Sym2,3,4,5(S2 ∧ S2) = Sym2,3,4,5 µ4,

µ4(1, . . . , 5) := −S2(2, S2(1, 3, 4), 5).

This implies

Sym2,3,4,5(S2 ∧ S2) =
1

18
Sym2,3,4,5 µ̃4,

µ̃4(1, . . . , 5) = R(2, R(1, 3, 4), 5).
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Remark 2 Notice that

θ5 = 2iΦ2 + 5!2S2 ∧ S3 + 5!3S3 ∧ S2 + 4!ρ5,3,2,

ρ5,3,2(1, . . . , 6) = −2i(S2 ∧ S2)
′(2, 1, 3, 4, 5, 6),

and

Sym2,3,4,5,6 θ5 = Sym2,3,4,5,6(2iΦ2 + µ5),

µ5(1, . . . , 6) := −5!2S2(2, S3(1, 3, 4, 5), 6)− 5!3S3(2, S2(1, 3, 4), 5, 6)

+ 2i4!S′
2(2, 3, S2(1, 4, 5), 6) + 2i4!S2(3, S

′
2(2, 1, 4, 5), 6).

Sym2,3,4,5,6 µ5 = Sym2,3,4,5,6 µ̃5

µ̃5(1, . . . , 6) := −6iR(2, R′(3, 1, 4, 5), 6)− 6iR′(2, 3, R(1, 4, 5), 6).

Remark 3 We observe the equality

(Sp ∧1 Sr−p+1)(1, k − r + 1, . . . , k + 1)

:= Sp(1, Sr−p+1(k − r + 1, . . . , k − p+ 2), k − p+ 3, . . . , k + 1)

− Sp(k − r + 1, Sr−p+1(1, k − r + 2, . . . , k − p+ 2), k − p+ 3, . . . , k + 1).

Now, the fact that the tensors θk have at least one couple of alternating entries combined with
the fact that the total symmetrization of such tensors vanishes implies the following equivalent
definition of Sk.

Lemma 5 The tensors Sk defined in the statement of corollary 1 satisfy for all k ⩾ 2,

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θ̃k,

θ̃k := 2ikΦk−3 + µk

µk := −
k−1∑
r=3

(r + 1)!(−i)k−1−r
r−1∑
p=2

p
∑

I⊆{2,...,k−r}

ρIk,r,p,

with

ρIk,r,p(1, . . . , k + 1)

:= S(|I|)
p (I, k − r + 1, S

(|∁I|)
r−p+1(∁I, 1, k − r + 2, . . . , k − p+ 2), k − p+ 3, . . . , k + 1).

(Notice that in the case r = k − 1 the set I is empty). Using the elementary properties of the
symmetrization operators we infer the following equivalent definition of Sk.

Lemma 6 The tensors Sk defined in the statement of corollary 1 satisfy for all k ⩾ 2,

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θk,

θk := 2ikΦk−3 + µk,

µk :=

k−1∑
r=3

r−1∑
p=2

(r + 1)!(−i)k−1−r

(r − p+ 2)!(p+ 1)!

∑
I⊆{2,...,k−r}

k+1∑
j=k−p+2

ρIk,r,p,j ,

with

ρIk,r,p,j(1, . . . , k + 1)

:= θ(|I|)
p (I, k − r + 1, k − p+ 3, . . . , j,θ

(|∁I|)
r−p+1(∁I, 1, k − r + 2, . . . , k − p+ 2), j + 1, . . . , k + 1).
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For any A ≡ (a1, . . . , aN ) ∈ ZN
⩾0, we define the multinomial(

|A|
A

)
:=

|A|!
A!

.

Proposition 2 For any integer k ⩾ 2,

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θ̃k,

with

θ̃k =
∑

D⊨0k−2lD

CDR
D,

where the coefficients CD are given by CD := 2(−i)k for lD = 1 and by the recursive formula

CD = −
∑

1 ⩽ h ⩽ lD − 1
0 ⩽ A ⩽ D
lA = lD

(−i)|D−A|
(
|D −A|
D −A

) ∥A∥!CA−
h
CA+

h

(∥A−
h ∥+ 1)!(∥A+

h ∥+ 1)!
, (8)

for lD ⩾ 2.

Proof We assume by induction on k ⩾ 3 that

Sp =
i

(p+ 1)!p!
Sym2,...,p+1 θ̃p,

for any p = 2, . . . ., k − 1, with θ̃p under the form

θ̃p =
∑

A⊨0p−2lA

CAR
A,

for some coefficients CA, with obviously θ̃2 = 2R and CA = 2(−i)p in the case lA = 1, thanks to the

equivalent definition of Sp given in lemma (6). We show that θ̃k writes under the form claimed in
the statement of the proposition 2 with the coefficients CD given by the recursive formula (8). For
this purpose we notice first that the straightforward argument showing the equivalent definition
(6) of Sk implies for all k ⩾ 3 the identity

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θ̂k,

with

θ̂k := 2ikΦk−3 + µ̂k,

µ̂k :=

k−1∑
r=3

r−1∑
p=2

(r + 1)!(−i)k−1−r

(r − p+ 2)!(p+ 1)!

∑
I⊆{2,...,k−r}

k+1∑
j=k−p+2

ρ̂Ik,r,p,j ,

and with

ρ̂Ik,r,p,j(1, . . . , k + 1)

:= θ̃
(|I|)
p (I, k − r + 1, k − p+ 3, . . . , j, θ̃

(|∁I|)
r−p+1(∁I, 1, k − r + 2, . . . , k − p+ 2), j + 1, . . . , k + 1).

For any integer a ⩾ 1, we denote by [a] := {1, . . . , a} and we set [0] := ∅. For any integer b ⩾ 1,
we denote by Map(a, b) the set of maps f : [a] −→ [b].
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We observe now that for any A ⊨0 p− 2lA and any integer q ⩾ 0, the Leibniz identity implies

(RA)(q)(1, . . . , q + p+ 1) =
∑

f∈Map(q,lA)

 lA∏
j=1

RA,q
f,j

 · (q + 1),

with

RA,q
f,j := R(aj+|f−1(j)|) (f−1(j), ∥A∥j−1 + q + 2, . . . , ∥A∥j + q + 1, •, p− j + q + 2

)
.

We write now

θ̃
(|I|)
p =

∑
A⊨0p−2lA

CA(R
A)(|I|),

and we notice that the shape of (RA)(|I|) shows that ρ̂Ik,r,p,k−h+1, with h := lA, are the only terms
with non vanishing symmetrization of the variables 2, . . . , k + 1. Indeed we consider the factor

R(ah+|f−1(h)|)(f−1(h), p− h+ 1− ah, . . . , p− h+ 1, 1, p− h+ 2), (9)

with f ∈ Map(I, h) in the expression of (RA)(|I|)(I, 1, . . . , p + 1) and we perform the change of
variables

1
↓

k − r + 1

2
↓

k − p+ 3

. . .

. . .

j − k + p− 1
↓
j

j − k + p
↓

θ̃
(|∁I|)
r−p+1(∁I, 1, k − r + 2, . . . , k − p+ 2)

j − k + p
↓

j + 1

. . .

. . .

p+ 1
↓

k + 1

in the factor (9) with j ∈ {k− p+2, . . . , k+1}. (We recall that we ignore the standard increasing
notation a, . . . , b when a > b.) The only case when the symmetrization of the variables 2, . . . , k+1
does not annihilate the factor (9), is when the index j ∈ {k−p+2, . . . , k+1} satisfies the equality

j − k + p = p− h+ 1,

i.e. only when j = k − h+ 1. This shows the required statement about ρ̂Ik,r,p,k−h+1.
We infer that for all k ⩾ 3 the equality hold

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θ̌k,

with

θ̌k := 2ikΦk−3 + µ̌k,

with

µ̌k :=
∑

3 ⩽ r ⩽ k − 1
2 ⩽ p ⩽ r − 1

(r + 1)!(−i)k−1−r

(r − p+ 2)!(p+ 1)!

∑
A ⊨0 p − 2lA
B ⊨0 r − p + 1 − 2lB
I ⊆ {2, . . . , k − r}

CACB ρ̌
I,A,B
k,r,p ,

with

ρ̌I,A,B
k,r,p (1, . . . , k + 1)

:= (RA)(|I|)(I, kr + 1, kp + 3, . . . , klA + 1, (RB)(|∁I|)(∁I, 1, kr + 2, . . . , kp + 2), klA + 2, . . . , k + 1),

and with ks := k − s. Using the expression

RA(x, y, . . . , p+ y − 1) =

 lA∏
j=1

R(aj) (∥A∥j−1 + y, . . . , ∥A∥j + y − 1, •, p− j + y)

 · x,
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for any integers x, y > 0 and using the change of variables

kp + 3
↓

kp + 3

. . .

. . .

klA + 1
↓

klA + 1

klA + 2
↓

RB(1, kr + 2, . . . , kp + 2)

klA + 3
↓

klA + 2

. . .

. . .

k + 2
↓

k + 1

we infer the equality

RA(kr + 1, kp + 3, . . . , klA + 1, RB(1, kr + 2, . . . , kp + 2), klA + 2, . . . , k + 1)

=

lA−1∏
j=1

R(aj) (∥A∥j−1 + kp + 3, . . . , ∥A∥j + kp + 2, •, kj + 2)

 ·

· R(alA
)
(
klA + 2− alA , . . . , klA + 1, RB (1, kr + 2, . . . , kp + 2) , kr + 1, klA + 2

)
.

Indeed notice that |A|+ lA = p− lA = klA +2−(kp+2) and p−j+(kp+3)−1 = kj+2. Expanding
RB (1, kr + 2, . . . , kp + 2) we obtain

RA(kr + 1, kp + 3, . . . , klA + 1, RB(1, kr + 2, . . . , kp + 2), klA + 2, . . . , k + 1)

=

lA−1∏
j=1

R(aj) (∥A∥j−1 + kp + 3, . . . , ∥A∥j + kp + 2, •, kj + 2)

 ·

· R(alA
) (klA + 2− alA , . . . , klA + 1, •, kr + 1, klA + 2) ·

·

[
lB∏
t=1

R(bt) (∥B∥t−1 + kr + 2, . . . , ∥B∥t + kr + 1, •, kp − t+ 3)

]
· 1,

since ∥B∥ − t+ kr + 2 = kp − t+ 3.
For any integer a ⩾ 1, we denote by [a]1 := {2, . . . , a+1} and we set [0]1 := ∅. For any integer

b ⩾ 1, we denote by Map([a]1, b) the set of maps f : [a]1 −→ [b]. Using the Leibniz formula and
the alternating property of R we infer the identity

µ̌k =
∑

3 ⩽ r ⩽ k − 1
2 ⩽ p ⩽ r − 1

(r + 1)!(−i)k−1−r

(r − p+ 2)!(p+ 1)!

∑
A ⊨0 p − 2lA
B ⊨0 r − p + 1 − 2lB
f ∈ Map([kr − 1]1, lA + lB)

CACB ρ̌
f,A,B
k,r,p , (10)

with

− ρ̌f,A,B
k,r,p (1, . . . , k + 1)

:=

lA−1∏
j=1

R(aj+|f−1(j)|)(f−1(j), ∥A∥j−1 + kp + 3, . . . , ∥A∥j + kp + 2, •, kj + 2)

 ·

· R(alA
+|f−1(lA)|) (f−1(lA), klA + 2− alA , . . . , klA + 1, kr + 1, •, klA + 2

)
·

·

[
lB∏
t=1

R(bt+|f−1(lA+t)|) (f−1(lA + t), ∥B∥t−1 + kr + 2, . . . , ∥B∥t + kr + 1, •, kp − t+ 3
)]

· 1.

We observe the equality
−Sym2,...,k+1 ρ̌

f,A,B
k,r,p = Sym2,...,k+1R

D, (11)

with lD := lA + lB and with D ⊨0 k − 2lD given by

dj :=

 aj + |f−1(j)|, j = 1, . . . , lA,

bj−lA + |f−1(j)| , j = lA + 1, . . . , lD.
(12)

We deduce that θ̃k writes under the form claimed in the statement of the proposition 2.

15



We denote by abuse of notations D − A − B ⩾ 0 when dj − aj ⩾ 0 for all j = 0, . . . , lA and
when dj − bj−lA ⩾ 0 for all j = lA + 1, . . . , lD.

Given A,B,D as before we denote by MapDA,B([k−r−1]1, lD) the sub-set of Map([k−r−1]1, lD)
given by the elements f which satisfy condition (12). We denote also by

MD
A,B,k,r := |MapDA,B([k − r − 1]1, lD)|.

Using (10) and (11), we infer the recursive formula

CD =
∑

3 ⩽ r ⩽ k − 1
2 ⩽ p ⩽ r − 1

(r + 1)!(−i)k+1−r

(r − p+ 2)!(p+ 1)!

∑
A ⊨0 p − 2lA
B ⊨0 r − p + 1 − 2lB
lA + lB = lD
D − A − B ⩾ 0

CACBM
D
A,B,k,r,

We remind that in the case lD = 1 hold the formula CD = 2(−i)k for all k ⩾ 2.

Remark 4 Let A ⊨0 a with lA = q and consider the sub-set MapA(a, q) of Map(a, q) given by the
elements f such that |f−1(j)| = aj , for all j = 1, . . . , q. Then

|MapA(a, q)| =

(
a

A

)
.

The fact that in our set-up |D| − |A| − |B| = k− r− 1, allows to apply the previous remark to
the set MapDA,B([k − r − 1]1, lD). We infer the formula

MD
A,B,k,r = (k − r − 1)!

lA∏
j=1

1

(dj − aj)!

lD∏
j=lA+1

1

(dj − bj−lA)!
.

We conclude the explicit recursive formula

CD =
∑

3 ⩽ r ⩽ k − 1
2 ⩽ p ⩽ r − 1
A ⊨0 p − 2lA
B ⊨0 r − p + 1 − 2lB
lA + lB = lD
D − A − B ⩾ 0

(−i)k+1−r(k − r − 1)!(r + 1)!CACB

(r − p+ 2)!(p+ 1)!
∏lA

j=1(dj − aj)!
∏lD

j=lA+1(dj − bj−lA)!
,

which rewrites as (8). This concludes the proof of proposition 2. 2

Example 1 In this example we set for simplicity R′ := R(1) and R′′ := R(2). For k = 6 we have
the expression

θ̃6(1, . . . , 7) = −2Φ3(1, . . . , 7)

+ C2,0R
′′(2, 3, 4, R(5, 1, 6), 7) + C0,2R(2, R

′′(3, 4, 5, 1, 6), 7)

+ C1,1R
′(2, 3, R′(4, 5, 1, 6), 7) + C0,0,0R(2, R(3, R(4, 1, 5), 6), 7),

C2,0 = 10,

C0,2 = 10,

C1,1 = 17,

C0,0,0 = −32

3
.

3 Expliciting the recursive formula for CD

Lemma 7 For any integer k ⩾ 3 and any D ⊨0 k − 2lD with lD ⩾ 1,

CD = −i
∑

p ∈ SuppD

CD−1p − k!

lD−1∑
h=1

CD−
h
CD+

h

(∥D−
h ∥+ 1)!(∥D+

h ∥+ 1)!
.
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Proof In the case lD = 1 we have Ck−2 = −iCk−3, for k ⩾ 3 by definition. This coincides with
what provides the formula in the lemma under consideration. We consider now the case lD ⩾ 2
and we use the identifications D ≡ (d1, . . . , dlD ), A ≡ (a1, . . . , alD ). Using the recursive formula
(8) we write

−i
∑

p ∈ SuppD

CD−1p

= −
∑

p ∈ SuppD
0 ⩽ A ⩽ D − 1p
lA = lD

(−i)|D|−|A| dp − ap
|D| − |A|

(
|D| − |A|
D −A

)
FA,

with

FA := ∥A∥!
lD−1∑
h=1

CA−
h
CA+

h

(∥A−
h ∥+ 1)!(∥A+

h ∥+ 1)!
.

Let I ≡ (1, . . . , 1) ∈ ZlD and let SD := |SuppD|. We denote by ID ∈ ZlD the vector such that
Supp ID = SuppD and 0 ⩽ ID ⩽ I. Then

−i
∑

p ∈ SuppD

CD−1p

= −
∑

0 ⩽ A ⩽ D − ID
lA = lD

(−i)|D|−|A|

 ∑
1 ⩽ p ⩽ lD
p ∈ SuppD

dp − ap
|D| − |A|


(
|D| − |A|
D −A

)
FA

−
∑

p ∈ SuppD
D − ID ⩽ A ⩽ D − 1p
lA = lD
|D| − SD < |A|

(−i)|D|−|A|

|D| − |A|

(
|D| − |A|
D −A

)
FA.

We notice indeed that the conditions D − ID ⩽ A ⩽ D − 1p , |D| − SD < |A|, when they are not
empty, imply ap = dp − 1. We infer

−i
∑

p ∈ SuppD

CD−1p

= −
∑

0 ⩽ A ⩽ D − ID
lA = lD

(−i)|D|−|A|
(
|D| − |A|
D −A

)
FA

−
∑

D − ID ⩽ A ⩽ D
lA = lD
|D| − SD < |A| < |D|

|{p : ap = dp − 1}| (−i)
|D|−|A|

|D| − |A|

(
|D| − |A|
D −A

)
FA

= −
∑

0 ⩽ A ⩽ D
lA = lD
|A| < |D|

(−i)|D|−|A|
(
|D| − |A|
D −A

)
FA,

since |{p : ap = dp − 1}| = |D| − |A|. Then the conclusion follows from the formula (8). 2

Definition 5 Given t ∈ RZ>0 , s ∈ R and A ∈ Zp
⩾0, B ∈ Zq

⩾0, with p, q ∈ Z>0 we define the
concatenation product

(tAsp) ∗ (tBsq) := ta1
1 · · · tap

p tb1p+1 · · · t
bq
p+qs

p+q,

and we extend it by linearity.
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Definition 6 Given t ∈ RZ>0 , s ∈ R, A ∈ Zp
⩾0 and j ∈ Z>0 we define the contraction product

tj¬(tAsp) := tA+1jsp,

where A + 1j := A + 1p,j, if j ⩽ p, with 1p,j the vector of length p with vanishing components
except the j-th one which has value 1 and where A+ 1j := A, if j > p. We extend the contraction
product by linearity.

Lemma 8 Let t ∈ RZ>0 , s ∈ R, and x ∈ R. Then the function

u(x, t, s) :=
∑
D⩾0

CDt
DslD

x∥D∥+1

(∥D∥+ 1)!
,

is the unique solution of the Riccati-type ODE

∂xu+
u ∗ u
x2

+ i

∑
j⩾1

tj

¬u+ sx2 = 0,

with the initial condition u(0, ·, ·) ≡ 0.

Proof We write first

∂xu(x, t, s) =
∑
D⩾0

CDt
DslD

x∥D∥

∥D∥!

=
∑

D ⩾ 0
|D| + 2lD ⩾ 3

CDt
DslD

x∥D∥

∥D∥!
+ C2,0s

x2

2

=
∑

D ⩾ 0
|D| + 2lD ⩾ 3

CDt
DslD

x∥D∥

∥D∥!
− sx2.

On the other hand

(u ∗ u)(x, t, s) =

∑
A⩾0

CAt
AslA

x∥A∥+1

(∥A∥+ 1)!

 ∗

∑
B⩾0

CBt
BslB

x∥B∥+1

(∥B∥+ 1)!


= x2

∑
A,B⩾0

CACB(t
AslA) ∗ (tBslB ) x∥A∥+∥B∥

(∥A∥+ 1)!(∥B∥+ 1)!

= x2
∑
D⩾0

tDslD
lD−1∑
h=1

CD−
h
CD+

h
x∥D∥

(∥D−
h ∥+ 1)!(∥D+

h ∥+ 1)!

= x2
∑

D ⩾ 0
|D| + 2lD ⩾ 3

tDslD
lD−1∑
h=1

CD−
h
CD+

h
x∥D∥

(∥D−
h ∥+ 1)!(∥D+

h ∥+ 1)!
,
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and ∑
j⩾1

tj

¬u

 (x, t, s) =
∑
j⩾1

(tj¬u)(x, t, s)

=
∑
j⩾1

∑
D⩾0

CDt
D+1jslD

x∥D∥+1

(∥D∥+ 1)!

=
∑
D⩾0

lD∑
j=1

CDt
D+1jslD

x∥D∥+1

(∥D∥+ 1)!

=
∑
D⩾0

tDslD
x∥D∥

∥D∥!

 ∑
p ∈ SuppD

CD−1p


=

∑
D ⩾ 0

|D| + 2lD ⩾ 3

tDslD
x∥D∥

∥D∥!

 ∑
p ∈ SuppD

CD−1p

 .

Then lemma (7) implies that the function u satisfies the singular Riccati’s ODE. The uniqueness
statement follows from the following corollary. 2

Corollary 4 Let t ∈ RZ>0 , s ∈ R, and x ∈ R then the function

u(x, t, s) =
∑
l⩾1

ul(x, t1, . . . , tl)s
l,

ul(x, t1, . . . , tl) :=
∑

D ⩾ 0
lD = l

CDt
D x∥D∥+1

(∥D∥+ 1)!
,

satisfies the recursive system of linear ODE’s
∂xu1(x, t1) + it1u1(x, t1) + x2 = 0,

∂xul(x, t1, . . . , tl) + iul(x, t1, . . . , tl)
∑l

j=1 tj +
1
x2

∑l−1
p=1 up(x, t1, . . . , tp)ul−p(x, tp+1, . . . , tl) = 0,

∀l ⩾ 2.
(13)

with initial conditions ul(0, t1, . . . , tl) = 0, for all l ⩾ 1 and all (t1, . . . , tl) ∈ Rl.

Proof According to the proof of lemma 8 we can write

(u ∗ u)(x, t, s)

= x2
∑

A,B⩾0

CACB(t
AslA) ∗ (tBslB ) x∥A∥+∥B∥

(∥A∥+ 1)!(∥B∥+ 1)!

= x2
∑
l⩾2

sl
l−1∑
p=1

∑
A ⩾ 0
lA = p

∑
B ⩾ 0
lB = l − p

CACBt
a1
1 · · · tap

p tb1p+1 · · · t
bl−p

l x∥A∥+∥B∥

(∥A∥+ 1)!(∥B∥+ 1)!

=
∑
l⩾2

sl
l−1∑
p=1

 ∑
A ⩾ 0
lA = p

CAt
a1
1 · · · tap

p x∥A∥+1

(∥A∥+ 1)!


 ∑

B ⩾ 0
lB = l − p

CBt
b1
p+1 · · · t

bl−p

l x∥B∥+1

(∥B∥+ 1)!


=

∑
l⩾2

sl
l−1∑
p=1

up(x, t1, . . . , tp)ul−p(x, tp+1, . . . , tl).
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On the other hand still according to the proof of lemma 8 we can write∑
j⩾1

tj

¬u

 (x, t, s) =
∑
D⩾0

lD∑
j=1

CDt
D+1jslD

x∥D∥+1

(∥D∥+ 1)!

=
∑
l⩾1

sl
∑

D ⩾ 0
lD = l

l∑
j=1

CDt
Dtj

x∥D∥+1

(∥D∥+ 1)!

=
∑
l⩾1

sl

 l∑
j=1

tj

ul(x, t1, . . . , tl).

The required conclusion follows from the Riccati-type equation in the statement of lemma 8. 2

In general we introduce the concatenation product for functions of the type

u(x, t, s) =
∑
l⩾1

ul(x, t1, . . . , tl)s
l,

v(x, t, s) =
∑
l⩾1

vl(x, t1, . . . , tl)s
l,

as

(u ∗ v)(x, t, s) =
∑
l⩾2

sl
l−1∑
p=1

up(x, t1, . . . , tp)vl−p(x, tp+1, . . . , tl).

The concatenation product is associative.

Lemma 9 The solution u of the system (13) is equivalent to the solution

v(x, t, s) =
∑
l⩾1

vl(x, t1, . . . , tl)s
l,

of the Riccati-type ODE

∂xv −
i

x2
v ∗ v + ix2eixt1s = 0, (14)

via the identification

ul(x, t1, . . . , tl) = −ie−ix
∑l

j=1 tjvl(x, t1, . . . , tl).

Proof We write

∂xul(x, t1, . . . , tl) = −ie−ix
∑l

j=1 tj∂xvl(x, t1, . . . , tl)

− e−ix
∑l

j=1 tjvl(x, t1, . . . , tl)

l∑
j=1

tj ,

iul(x, t1, . . . , tl)

l∑
j=1

tj = e−ix
∑l

j=1 tjvl(x, t1, . . . , tl)

l∑
j=1

tj ,

and

l−1∑
p=1

up(x, t1, . . . , tp)ul−p(x, tp+1, . . . , tl)

= −e−ix
∑l

j=1 tj

l−1∑
p=1

vp(x, t1, . . . , tp)vl−p(x, tp+1, . . . , tl).

20



We infer that the system (13) rewrites as
∂xv1(x, t1) + ix2eixt1 = 0,

∂xvl(x, t1, . . . , tl)− i
x2

∑l−1
p=1 vp(x, t1, . . . , tp)vl−p(x, tp+1, . . . , tl) = 0,

∀l ⩾ 2,

(15)

which is equivalent to the equation (14). 2

3.1 General facts about Riccati-type equations

In this subsection we denote for notational simplicity ẏ(x, t, s) ≡ ∂xy(x, t, s).

Lemma 10 A solution

y(x, t, s) =
∑
l⩾1

y(x, t1, . . . , tl)s
l,

of the Ricati-type equation

ẏ = a2(x)y ∗ y + a1(x)y + a0(x, t, s),

with a2 non zero and once differentiable and with

a0(x, t, s) =
∑
l⩾1

a0,l(x, t1, . . . , tl)s
l,

is equivalent to a solution

u(x, t, s) =
∑
l⩾1

u(x, t1, . . . , tl)s
l,

of the linear second order ODE

ü−R(x)u̇+H ∗ u = 0,

R := a1 +
ȧ2
a2
,

H := a2a0,

via the identification u̇+ a2y ∗ u = 0, with u1(x, t1) ≡ f(t1), for some non vanishing function and

yl(x, t1, . . . , tl) =
∑
λ⊨l

(−1)lλ
u̇λ1+1(x, t1, . . . , tλ1+1)

a2(x)f(tλ1+1)

lλ∏
j=2

uλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

f(t|λ|j+1)
, (16)

for all l ⩾ 1, with |λ|j :=
∑j

p=1 λp.

Proof The function v := a2y satisfies Riccati-type equation

v̇ = v ∗ v +R(x)v +H(x, t, s).

Indeed

v̇ = ȧ2y + a2ẏ

=
ȧ2
a2
v + a2 [a0 + a1y + a2y ∗ y]

= a0a2 +

(
a1 +

ȧ2
a2

)
v + v ∗ v.
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We now show that if u̇+ v ∗u = 0 then the function u satisfies the second order linear ODE in the
statement. Indeed

ü = −v̇ ∗ u− v ∗ u̇
= −v̇ ∗ u+ v ∗ (v ∗ u)
= (−v̇ + v ∗ v) ∗ u
= −[R(x)v +H] ∗ u
= R(x)u̇−H ∗ u.

We notice now that the identification u̇+ v ∗ u = 0 implies u̇1 ≡ 0, i.e. u1(x, t1) ≡ f(t1) and

yl(x, t1, . . . , tl) = − u̇l+1(x, t1, . . . , tl+1)

a2(x)f(tl+1)
−

l−1∑
p=1

yp(x, t1, . . . , tp)
ul+1−p(x, tp+1, . . . , tl+1)

f(tl+1)
, (17)

for all l ⩾ 1, which implies the explicit formula (16). Indeed if we set

A(x, t, s) :=
∑
l⩾1

Al(x, t1, . . . , tl)s
l,

B(x, t, s) :=
∑
l⩾1

Bl(x, t1, . . . , tl)s
l,

Al(x, t1, . . . , tl) :=
ul+1(x, t1, . . . , tl+1)

f(tl+1)
,

Bl(x, t1, . . . , tl) :=
u̇l+1(x, t1, . . . , tl+1)

a2(x)f(tl+1)
,

(notice that the definitions are well posed) then the relation (17) writes as y = −B − y ∗A. Thus

y = −B ∗
∑
k⩾0

(−1)kA∗,k,

where we denote by A∗,k the k-th power with respect to the concatenation product ∗. (By con-
vention A∗,0 := 1.) In other terms

yl(x, t1, . . . , tl) =
∑
λ⊨l

(−1)lλBλ1
(x, t1, . . . , tλ1

)

lλ∏
j=2

Aλj
(x, t|λ|j−1+1, . . . , t|λ|j ),

which is precisely formula (16). 2

Notice that y1 is given directly by the solution of the ODE ẏ1(x, t1) = a1(x)y(x, t1)+a0,1(x, t1).
In this paper we will always consider the case u(0, t, s) = t1s. In the Riccati-type equation (14)

we have a2(x) = ix−2, a1 = 0, a0(x, t, s) = −ix2eixt1s. Therefore the corresponding second order
linear ODE writes as

Ü +
2

x
U̇ + (eixt1s) ∗ U = 0. (18)

with U(0, t, s) = t1s and U̇(0, t, s) = 0. Then according to formula (16) we infer the expression

vl(x, t1, . . . , tl) = −ix2
∑
λ⊨l

(−1)lλ
U̇λ1+1(x, t1, . . . , tλ1+1)

tλ1+1

lλ∏
j=2

Uλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

t|λ|j+1
, (19)

for all l ⩾ 1, for the solution v of the equation (14).
In order to compute the solution U we need an other elementary lemma.

Lemma 11 In the set up of the previous lemma, any ODE

ü+ a1(x)u̇+ a0 ∗ u = f(x, t, s),
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is equivalent to the ODE

ẅ − 1

4
(2ȧ1 + a21 − 4a0) ∗ w = e

1
2

∫
a1f,

via the identification

u = e−
1
2

∫
a1w.

Proof We write u = A(x)w and we observe the elementary equalities u̇ = Ȧw +Aẇ,

ü = Äw + 2Ȧẇ +Aẅ.

Then the ODE on u in the statement is equivalent to the ODE

Aẅ + 2Ȧẇ + Äw + a1Aẇ + a1Ȧw +Aa0 ∗ w = f,

i.e.

Aẅ + (2Ȧ+ a1A)ẇ + (Ä+ a1Ȧ+Aa0) ∗ w = f.

We seek for A solution of the ODE 2Ȧ + a1A = 0, i.e. A = e−
1
2

∫
a1 . We infer in particular the

identity

Ä+
1

2
ȧ1A+

1

2
a1Ȧ = 0.

Using this we write

Ä+ a1Ȧ+Aa0 = −1

2
ȧ1A+

1

2
a1Ȧ+Aa0

= −A
4
(2ȧ1 + a21 − 4a0),

which implies the required conclusion. 2

We infer that if we set U = x−1w, then the equation (18) is equivalent to the equation

ẅ + (eixt1s) ∗ w = 0, (20)

with the initial conditions w(0, t, s) ≡ 0 and ẇ(0, t, s) = u(0, t, s) = t1s. (The later condition
follows deriving the equality w = xU). Then formula (19) implies the expression

vl(x, t1, . . . , tl) = −ix
∑
λ⊨l

(−1)lλ
ẇλ1+1(x, t1, . . . , tλ1+1)

tλ1+1

lλ∏
j=2

wλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

xt|λ|j+1

+ ix
∑
λ⊨l

(−1)lλ
lλ∏
j=1

wλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

xt|λ|j+1
,

for all l ⩾ 1, for the solution v of the equation (14).

3.2 Expression for the solution of the equation (20)

We notice first the equalities w(0, t, s) = ẅ(0, t, s) = 0, ẇ1(0, t1) = t1, ẅ1 ≡ 0. We set

wp,l(t1, . . . , tl) :=
1

p!
w

(p)
l (0, t1, . . . , tl).

Differentiating the equation (20) with respect to the variable x and evaluating at x = 0 we infer
for all l ⩾ 2

wk+2,l(t1, . . . , tl) = − 1

(k + 2)(k + 1)

k−1∑
r=0

ir

r!
tr1wk−r,l−1(t2, . . . , tl),
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which we rewrite as

wp,l(t1, . . . , tl) = − 1

p(p− 1)

p−3∑
r=0

ir

r!
tr1wp−r−2,l−1(t2, . . . , tl)

=
1

p(p− 1)

p−1∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,l−1(t2, . . . , tl).

We deduce

wp,2(t1, t2) = ip−1 p− 2

p!
tp−3
1 t2,

for all p ⩾ 3 and zero otherwise. We deduce also

wp,3(t1, t2, t3) =
1

p(p− 1)

p−1∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,2(t2, t3)

=
1

p(p− 1)

p−3∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,2(t2, t3),

since wp−r,2 = 0 for p− r ⩾ 3. Thus

wp,3(t1, t2, t3) =
ip−1

p(p− 1)

p−3∑
r=2

(p− r − 2)
tr−2
1 tp−r−3

2

(r − 2)!(p− r)!
t3.

We compute now

wp,4(t1, . . . , t4) =
1

p(p− 1)

p−1∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,3(t2, . . . , t4)

=
1

p(p− 1)

p−5∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,3(t2, . . . , t4),

since wp−r,3 = 0 for p− r ⩾ 5. Thus

wp,4(t1, . . . , t4) =
ip−1

p(p− 1)

p−5∑
r1=2

p−r1−3∑
r2=2

(p− r1 − r2 − 2)tr1−2
1 tr2−2

2 tp−r1−r2−3
3

(p− r1)(p− r1 − 1)(r1 − 2)!(r2 − 2)!(p− r1 − r2)!
t4.

We compute now

wp,5(t1, . . . , t5) =
1

p(p− 1)

p−1∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,4(t2, . . . , t5)

=
1

p(p− 1)

p−7∑
r=2

ir

(r − 2)!
tr−2
1 wp−r,4(t2, . . . , t5),

since wp−r,4 = 0 for p− r ⩾ 7. Thus

wp,5(t1, . . . , t5)

=
ip−1

p(p− 1)

p−7∑
r1=2

p−r1−5∑
r2=2

p−r1−r2−3∑
r3=2

p− r1 − r2 − r3 − 2

(p− r1)(p− r1 − 1)(p− r1 − r2)(p− r1 − r2 − 1)
×

× tr1−2
1 tr2−2

2 tr3−2
3 tp−r1−r2−r3−3

4

(r1 − 2)!(r2 − 2)!(r3 − 2)!(p− r1 − r2 − r3)!
t5.
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We deduce the general formula

wp,l(t1, . . . , tl) =
ip−1

p(p− 1)

p−|r|j−1−2(l−j)+1∑
rj = 2

1 ⩽ j ⩽ l − 2

(p− |r|l−2 − 2)×

×

l−3∏
j=1

1

(p− |r|j) (p− |r|j − 1)

l−2∏
j=1

t
rj−2
j

(rj − 2)!

 t
p−|r|l−2−3
l−1

(p− |r|l−2)!
tl,

for all l ⩾ 3. Performing the change of variables r′j = rj − 2 we infer

wp,l(t1, . . . , tl) =
ip−1

p(p− 1)

p−|r|j−1−2l+1∑
rj = 0

1 ⩽ j ⩽ l − 2

(p− |r|l−2 − 2l + 2)×

×

l−3∏
j=1

1

(p− |r|j − 2j) (p− |r|j − 2j − 1)

l−2∏
j=1

t
rj
j

rj !

 t
p−|r|l−2−2l+1
l−1

(p− |r|l−2 − 2l + 4)!
tl.

If we set rl−1 := p− |r|l−2 − 2l + 1, then we can rewrite the previous sum as

wp,l(t1, . . . , tl) =
ip−1

p(p− 1)

∑
r⊨l−1

0 p−2l+1

(rl−1 + 1)×

×

l−3∏
j=1

1

(p− |r|j − 2j) (p− |r|j − 2j − 1)

l−2∏
j=1

t
rj
j

rj !

 t
rl−1

l−1

(rl−1 + 3)!
tl

=
ip−1

p(p− 1)

∑
r⊨l−1

0 p−2l+1

l−2∏
j=1

1

(p− |r|j − 2j) (p− |r|j − 2j − 1)

l−1∏
j=1

t
rj
j

rj !

 tl,
where r ⊨l−1

0 p− 2l + 1 denotes the compositions of length l − 1 and |r| = p− 2l + 1.
We notice that the previous formula hold also for l = 2. In conclusion

w1(x, t1) = xt1,

wl(x, t1, . . . , tl) =
∑

p⩾2l−1

wp,l(t1, . . . , tl)x
p,

for all l ⩾ 2.

3.3 The explicit expression of the coefficients CD

By the result of the previous subsection, we infer the expression

wλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

t|λ|j+1
=

∑
p⩾2λj+1

wp,λj+1(t|λ|j−1+1, . . . , t|λ|j+1)

t|λ|j+1
xp,

with

wp,λj+1(t|λ|j−1+1, . . . , t|λ|j+1)

t|λ|j+1

=
ip−1

p(p− 1)

∑
r⊨

λj
0 p−2λj−1

λj−1∏
s=1

1

(p− |r|s − 2s) (p− |r|s − 2s− 1)

 λj∏
s=1

trs|λ|j−1+s

rs!

 .
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Thus

wλj+1(x, t|λ|j−1+1, . . . , t|λ|j+1)

t|λ|j+1

=
∑

p⩾2λj+1

ip−1xp

p(p− 1)

∑
r⊨

λj
0 p−2λj−1

λj−1∏
s=1

1

(p− |r|s − 2s) (p− |r|s − 2s− 1)

 λj∏
s=1

trs|λ|j−1+s

rs!

 ,
and

ẇλ1+1(x, t1, . . . , tλ1+1)

tλ1+1

=
1

x

∑
p⩾2λ1+1

ip−1xp

(p− 1)

∑
r⊨λ1

0 p−2λ1−1

[
λ1−1∏
s=1

1

(p− |r|s − 2s) (p− |r|s − 2s− 1)

][
λ1∏
s=1

trss
rs!

]
.

We infer in conclusion

vl(x, t1, . . . , tl)

= −i
∑
λ⊨l

(−1)lλ

xlλ−1

∑
pj ⩾ 2λj + 1

rj ⊨
λj
0 pj − 2λj − 1

j = 1, . . . lλ

(p1 − 1)

lλ∏
j=1

ipj−1xpj

pj(pj − 1)
×

×

 lλ∏
j=1

λj−1∏
sj=1

1

(pj − |rj |sj − 2sj)
(
pj − |rj |sj − 2sj − 1

)
 lλ∏

j=1

λj∏
sj=1

t
rj,sj
|λ|j−1+sj

rj,sj !

 ,
for all l ⩾ 1. Thus

vl(x, t1, . . . , tl)

= (−1)l+1i
∑

H∈Zl
⩾0

∑
λ⊨l

(−1)lλ(|H|λ1
+ 2λ1)i

|H|x|H|+2l+1 ×

×

 lλ∏
j=1

|λ|j−1∏
s=|λ|j−1

1[∑|λ|j
r=s+1 hr + 2(|λ|j − s) + 1

] [∑|λ|j
r=s+1 hr + 2(|λ|j − s)

]
 tH

H!
,

for all l ⩾ 1, which we rewrite as

vl(x, t1, . . . , tl)

= (−1)l+1i
∑

H∈Zl
⩾0

i|H|x|H|+2l+1 t
H

H!

∑
λ⊨l

(−1)lλ(|H|λ1 + 2λ1)×

×

 lλ∏
j=1

|λ|j−1∏
s=|λ|j−1

1[∑|λ|j
r=s+1 hr + 2(|λ|j − s) + 1

] [∑|λ|j
r=s+1 hr + 2(|λ|j − s)

]
 .

We now recall that thanks to lemma 9 the solution u of the Riccati-type equation in lemma 8 is
given by

ul(x, t1, . . . , tl) = −ie−ix
∑l

j=1 tjvl(x, t1, . . . , tl).

Then using the expansion

e−ix
∑l

j=1 tj =
∑

H∈Zl
⩾0

(−i)|H|x|H| t
H

H!
,
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we deduce the formula

ul(x, t1, . . . , tl)

= (−1)l+1
∑

D∈Zl
⩾0

(−i)|D|x|D|+2l+1tD
∑

0⩽H⩽D

(−1)|H|

H!(D −H)!

∑
λ⊨l

(−1)lλ(|H|λ1
+ 2λ1)×

×

 lλ∏
j=1

|λ|j−1∏
s=|λ|j−1

1[∑|λ|j
r=s+1 hr + 2(|λ|j − s) + 1

] [∑|λ|j
r=s+1 hr + 2(|λ|j − s)

]
 ,

for all l ⩾ 1. We conclude the explicit expression

CD = (−1)l+1(−i)|D|(|D|+ 2l + 1)!
∑

0⩽H⩽D

(−1)|H|

H!(D −H)!

∑
λ⊨l

(−1)lλ(|H|λ1 + 2λ1)×

×

 lλ∏
j=1

|λ|j−1∏
s=|λ|j−1

1[∑|λ|j
r=s+1 hr + 2(|λ|j − s) + 1

] [∑|λ|j
r=s+1 hr + 2(|λ|j − s)

]
 ,

for all D ∈ Zl
⩾0. We write now CD = −(−i)∥D∥(∥D∥ + 1)!CD. We obtain the expression of the

coefficients CD in the statement of theorem 2.

4 Expliciting the integrability equations

In this section we provide some basic tools for a general expression of the integrability equations

Circ Sym3,...,k+1 Θ
∇
k = 0,

for k ⩾ 4. We notice in particular that the equation Circ Sym3,4,5 Θ
∇
4 = 0 writes as

Circ Sym3,4,5

[
3d∇1 (∇R∇)2 − 2R̃∇ ∧1 R̃

∇
]
= 0,

with R̃∇ := Sym2,3R
∇. Its vanishing has been proved in [Pali2] by using a direct computation.

4.1 Expliciting the powers of the 1-differential. Part II

From now on let ρk,j :=
(
R.R(k+1−j)

)(j−2)
and notice that

ρk,j ∈ C∞
(
M,T

∗,⊗(j−2)
M ⊗R Λ

2T ∗
M ⊗R T

∗,⊗(k+1−j)
M ⊗R Λ

2T ∗
M ⊗R T

∗
M ⊗R CTM

)
,

satisfies the circular identity with respect to its last three entries and in the case j ⩽ k the tensor
ρk,j · v satisfies the circular identity with respect to its last three entries for any vector v ∈ TM .
We remind the identity

R(k+1)(2, . . . , k + 3, 1, k + 4) = R(k+1)(3, . . . , k + 2, 2, k + 3, 1, k + 4)

+

k+1∑
j=2

ρk,j(3, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4),

obtained in the proof of the identity (7) in proposition 1. We rewrite it in the more general form

R(c−b+1)(1, b, . . . , c, 2, d) = R(c−b+1)(b, . . . , c− 1, 1, c, 2, d)

+

c−2∑
h=b−1

ρc−b,h−b+3(b, . . . , h, 1, h+ 1, . . . , c, 2, d),
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for any 3 ⩽ b < c. Differentiating we obtain the general commutation formula

R(c−a+1)(a, . . . , b− 1, 1, b, . . . , c, 2, d) = R(c−a+1)(a, . . . , c− 1, 1, c, 2, d)

+

c−2∑
h=b−1

ρc−a,h−a+3(a, . . . , h, 1, h+ 1, . . . , c, 2, d), (21)

for all 3 ⩽ a ⩽ b < c < d. We now show two key elementary lemmas.

Lemma 12 In the set up of proposition 1, for all integers k ⩾ 1,

Circ Sym3,...,k+4 Tk = Circ Sym4,...,k+4 T̂k,

with

T̂k(1, . . . , k + 4) :=

k+1∑
j=2

(j − 1)ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4).

Proof We notice first that for any tensor θ ≡ θ(1, . . . , k + 4), the tensor

θ̃(1, . . . , k + 4) :=

k+4∑
j=3

θ(1, 2, 4, . . . , j, 3, j + 1, . . . , k + 4),

satisfies the identity

Sym3,...,k+4 θ = Sym4,...,k+4 θ̃.

Applying the previous definition to our tensor Tk we obtain the expression

T̃k(1, . . . , k + 4) =

k+3∑
j=3

R(k+1)(4, . . . , j, 3, j + 1, . . . , k + 3, 1, 2, k + 4)

+ R(k+1)(4, . . . , k + 4, 1, 2, 3).

Using the commutation identity (21) we infer

R(k+1)(4, . . . , j, 3, j + 1, . . . , k + 3, 1, 2, k + 4)

= R(k+1)(4, . . . , k + 3, 3, 1, 2, k + 4) +

k+2∑
h=j

ρk,h−3(4, . . . , h, 3, h+ 1, . . . , k + 3, 1, 2, k + 4).

We infer the equality

T̃k(1, . . . , k + 4)

= (k + 1)R(k+1)(4, . . . , k + 3, 3, 1, 2, k + 4) + (−1)kR(k+1)(4, . . . , k + 4, 1, 2, 3)

+

k+2∑
j=3

k+2∑
h=j

ρk,h−3(4, . . . , h, 3, h+ 1, . . . , k + 3, 1, 2, k + 4).

Using the elementary equality

b∑
s=a

b∑
h=s

Ch =

b∑
h=a

(h− a+ 1)Ch,

we obtain the identity

T̃k(1, . . . , k + 4)

= (k + 1)R(k+1)(4, . . . , k + 3, 3, 1, 2, k + 4) + (−1)kR(k+1)(4, . . . , k + 4, 1, 2, 3)

+

k+2∑
h=3

(h− 2)ρk,h−3(4, . . . , h, 3, h+ 1, . . . , k + 3, 1, 2, k + 4).
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Using the algebraic and differential Bianchi identities and performing the change of variable h =
j + 1, we infer the required conclusion. 2

Lemma 13 In the set up of proposition 1, for all integers k ⩾ 1,

Circ Sym3,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k

k+1∑
j=2

Circ Sym4,...,k+4(Ťk,j −Alt2 Q̌k,j),

with

Ťk,j(1, . . . , k + 4) := (j − 2)ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4),

Q̌k,j(1, . . . , k + 4) :=

j∑
s=3

ρk,j(4, . . . , s, 3, s+ 1, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4)

+

k+3∑
s=j+1

ρk,j(4, . . . , j + 1, 2, j + 2, . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4).

Proof In the computation that will follow we will denote by ρk,j(. . .)p with p = 0, 1, the terms
that summed-up together annihilate the operator Circ Sym4,...,k+4. For all 2 ⩽ j ⩽ k+1, we define

T̂k,j(1, . . . , k + 4) := (j − 1)ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4),

Q̂k,j(1, . . . , k + 4) :=

j∑
s=3

ρk,j(4, . . . , s, 3, s+ 1, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4)

+

k+3∑
s=j+1

ρk,j(4, . . . , j + 1, 2, j + 2, . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4)

+ ρk,j(4, . . . , j + 1, 2, j + 2, . . . , k + 4, 1, 3)2 ,

V̂k,j(1, . . . , k + 4) := −
j∑

s=3

ρk,j(4, . . . , s, 3, s+ 1, . . . , j, 1, j + 1, . . . , k + 3, 2, k + 4)

−
k+3∑

s=j+1

ρk,j(4, . . . , j + 1, 1, j + 2, . . . , s, 3, s+ 1, . . . , k + 3, 2, k + 4)

− ρk,j(4, . . . , j + 1, 1, j + 2, . . . , k + 4, 2, 3)1 ,

and we notice the equalities

Sym3,...,k+4 Alt2Qk =

k+1∑
j=2

Sym4,...,k+4(Q̂k,j + V̂k,j),

Then proposition 1 and lemma 12 imply

Circ Sym3,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k

k+1∑
j=2

Circ Sym4,...,k+4(T̂k,j − Q̂k,j − V̂k,j). (22)

We write

T̂k,j(1, . . . , k + 4) = (j − 2)ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4)

− ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 4, 1, 2)

− ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 2, k + 4, 1)

= (j − 2)ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4)

− ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 4, 1, 2)
1

+ ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 4, 2, 1)
2
.
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We infer the identity

Circ Sym4,...,k+4(T̂k,j − Q̂k,j − V̂k,j)

= Circ Sym4,...,k+4(Ťk,j −Alt2 Q̌k,j),

which combined with the identity (22) implies the required statement. 2

Lemma 14 In the set up of proposition 1, for all integers k ⩾ 1,

Circ Sym3,...,k+4

[
(d∇1 )k(∇R∇)2

]
= (−1)k

k+1∑
j=2

Circ Sym4,...,k+4 [(j − 2)Tk,j −Alt2 Qk,j ] ,

with

Tk,j(1, . . . , k + 4)

:=
∑

I⊆{4,...,j+1}

R(|I|)(I, 3, j + 2, R(k+1−j+|∁I|)(∁I, j + 3, . . . , k + 3, 1, 2, k + 4))

−
∑

I ⊆ {4, . . . , j + 1}
j + 3 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 3, . . . , R(|∁I|)(∁I, 3, j + 2, h), . . . , k + 3, 1, 2, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, R(|∁I|)(∁I, 3, j + 2, 1), 2, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, 1, R(|∁I|)(∁I, 3, j + 2, 2), k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, 1, 2, R(|∁I|)(∁I, 3, j + 2, k + 4)),
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and with

Qk,j(1, . . . , k + 4)

:=
∑

3 ⩽ s ⩽ j
I ⊆ {4, . . . , s, 3, s + 1, . . . , j}

R(|I|)(I, 2, j + 1, R(k+1−j+|∁I|)(∁I, j + 2, . . . , k + 3, 1, k + 4))

−
∑

3 ⩽ s ⩽ j
I ⊆ {4, . . . , s, 3, s + 1, . . . , j}

j + 2 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 2, . . . , R(|∁I|)(∁I, 2, j + 1, h), . . . , k + 3, 1, k + 4)

−
∑

3 ⩽ s ⩽ j
I ⊆ {4, . . . , s, 3, s + 1, . . . , j}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, R(|∁I|)(∁I, 2, j + 1, 1), k + 4)

−
∑

3 ⩽ s ⩽ j
I ⊆ {4, . . . , s, 3, s + 1, . . . , j}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, 1, R(|∁I|)(∁I, 2, j + 1, k + 4))

+
∑

I⊆{4,...,j+1}

R(|I|)(I, 2, 3, R(k+1−j+|∁I|)(∁I, j + 2, . . . , k + 3, 1, k + 4))

−
∑

I ⊆ {4, . . . , j + 1}
j + 2 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 2, . . . , R(|∁I|)(∁I, 2, 3, h), . . . , k + 3, 1, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, 1, R(|∁I|)(∁I, 2, 3, k + 4))

+
∑

j + 2 ⩽ s ⩽ k + 3
I ⊆ {4, . . . , j + 1}

R(|I|)(I, 2, j + 2, R(k+1−j+|∁I|)(∁I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4))

−
∑

j + 3 ⩽ s ⩽ k + 3
I ⊆ {4, . . . , j + 1}

j + 3 ⩽ h ⩽ s

R(k+1−j+|I|)(I, j + 3, . . . , R(|∁I|)(∁I, 2, j + 2, h), . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4)

−
∑

j + 2 ⩽ s ⩽ k + 3
I ⊆ {4, . . . , j + 1}

R(k+1−j+|I|)(I, j + 3, . . . , s, R(|∁I|)(∁I, 2, j + 2, 3), s+ 1, . . . , k + 3, 1, k + 4)

−
∑

j + 2 ⩽ s ⩽ k + 2
I ⊆ {4, . . . , j + 1}
s + 1 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , R(|∁I|)(∁I, 2, j + 2, h), . . . , k + 3, 1, k + 4)

−
∑

j + 2 ⩽ s ⩽ k + 3
I ⊆ {4, . . . , j + 1}

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, R(|∁I|)(∁I, 2, j + 2, 1), k + 4)

−
∑

j + 2 ⩽ s ⩽ k + 3
I ⊆ {4, . . . , j + 1}

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, 1, R(|∁I|)(∁I, 2, j + 2, k + 4)),

where the symbol I ⊆ {4, . . . , s, 3, s+1, . . . , j} means a subset of the elements 4, . . . , s, 3, s+1, . . . , j
written in this order and ∁I ⊆ {4, . . . , s, 3, s + 1, . . . , j} denotes its complementary set respecting
the same order.

Proof We recall first the definition

(R.R(p))(1, . . . , p+ 5) = R(1, 2, R(p)(3, . . . , p+ 5))

−
p+5∑
h=3

R(p)(3, . . . , R(1, 2, h), . . . , p+ 5),
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which writes in the case

(R.R(k+1−j))(j − 1, . . . , k + 4) = R(j − 1, j, R(k+1−j)(j + 1, . . . , k + 4))

−
k+4∑

h=j+1

R(k+1−j)(j + 1, . . . , R(j − 1, j, h), . . . , k + 4).

We infer the expression

ρk,j(1, . . . , k + 4)

=
∑

I⊆{1,...,j−2}

R(|I|)(I, j − 1, j, R(k+1−j+|∁I|)(∁I, j + 1, . . . , k + 4))

−
∑

I⊆{1,...,j−2}

k+4∑
h=j+1

R(k+1−j+|I|)(I, j + 1, . . . , R(|∁I|)(∁I, j − 1, j, h), . . . , k + 4).

Performing the change of variables

1
↓
4

. . .

. . .

j − 2
↓

j + 1

j − 1
↓
3

j
↓

j + 2

. . .

. . .

k + 1
↓

k + 3

k + 2
↓
1

k + 3
↓
2

k + 4
↓

k + 4
,

we infer the expression

ρk,j(4, . . . , j + 1, 3, j + 2, . . . , k + 3, 1, 2, k + 4)

=
∑

I⊆{4,...,j+1}

R(|I|)(I, 3, j + 2, R(k+1−j+|∁I|)(∁I, j + 3, . . . , k + 3, 1, 2, k + 4))

−
∑

I⊆{4,...,j+1}

k+3∑
h=j+3

R(k+1−j+|I|)(I, j + 3, . . . , R(|∁I|)(∁I, 3, j + 2, h), . . . , k + 3, 1, 2, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, R(|∁I|)(∁I, 3, j + 2, 1), 2, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, 1, R(|∁I|)(∁I, 3, j + 2, 2), k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , k + 3, 1, 2, R(|∁I|)(∁I, 3, j + 2, k + 4)).

Performing now the change of variables

1
↓
4

. . .

. . .

s− 3
↓
s

s− 2
↓
3

s− 1
↓

s+ 1

. . .

. . .

j − 2
↓
j

j − 1
↓
2

j
↓

j + 1

. . .

. . .

k + 2
↓

k + 3

k + 3
↓
1

k + 4
↓

k + 4
,

we infer the expression

ρk,j(4, . . . , s, 3, s+ 1, . . . , j, 2, j + 1, . . . , k + 3, 1, k + 4)

=
∑

I⊆{4,...,s,3,s+1,...,j}

R(|I|)(I, 2, j + 1, R(k+1−j+|∁I|)(∁I, j + 2, . . . , k + 3, 1, k + 4))

−
∑

I⊆{4,...,s,3,s+1,...,j}

k+3∑
h=j+2

R(k+1−j+|I|)(I, j + 2, . . . , R(|∁I|)(∁I, 2, j + 1, h), . . . , k + 3, 1, k + 4)

−
∑

I⊆{4,...,s,3,s+1,...,j}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, R(|∁I|)(∁I, 2, j + 1, 1), k + 4)

−
∑

I⊆{4,...,s,3,s+1,...,j}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, 1, R(|∁I|)(∁I, 2, j + 1, k + 4)).
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We perform finally the change of variables

1
↓
4

. . .

. . .

j − 2
↓

j + 1

j − 1
↓
2

j
↓

j + 2

. . .

. . .

s− 2
↓
s

s− 1
↓
3

s
↓

s+ 1

. . .

. . .

k + 2
↓

k + 3

k + 3
↓
1

k + 4
↓

k + 4
.

We distinguish two cases. In the first case, when s = j + 1, we have

ρk,j(4, . . . , j + 1, 2, 3, j + 2, . . . , k + 3, 1, k + 4)

=
∑

I⊆{4,...,j+1}

R(|I|)(I, 2, 3, R(k+1−j+|∁I|)(∁I, j + 2, . . . , k + 3, 1, k + 4))

−
∑

I ⊆ {4, . . . , j + 1}
j + 2 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 2, . . . , R(|∁I|)(∁I, 2, 3, h), . . . , k + 3, 1, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, R(|∁I|)(∁I, 2, 3, 1), k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 2, . . . , k + 3, 1, R(|∁I|)(∁I, 2, 3, k + 4)),

and in the second case, when j + 2 ⩽ s ⩽ k + 3, we have

ρk,j(4, . . . , j + 1, 2, j + 2, . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4)

=
∑

I⊆{4,...,j+1}

R(|I|)(I, 2, j + 2, R(k+1−j+|∁I|)(∁I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4))

−
∑

I ⊆ {4, . . . , j + 1}
j + 3 ⩽ h ⩽ s

R(k+1−j+|I|)(I, j + 3, . . . , R(|∁I|)(∁I, 2, j + 2, h), . . . , s, 3, s+ 1, . . . , k + 3, 1, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , s, R(|∁I|)(∁I, 2, j + 2, 3), s+ 1, . . . , k + 3, 1, k + 4)

−
∑

I ⊆ {4, . . . , j + 1}
s + 1 ⩽ h ⩽ k + 3

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , R(|∁I|)(∁I, 2, j + 2, h), . . . , k + 3, 1, k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, R(|∁I|)(∁I, 2, j + 2, 1), k + 4)

−
∑

I⊆{4,...,j+1}

R(k+1−j+|I|)(I, j + 3, . . . , s, 3, s+ 1, . . . , k + 3, 1, R(|∁I|)(∁I, 2, j + 2, k + 4)).

Then the conclusion follows from lemma 13. 2

4.2 Expliciting the 1-exterior product of the lower order term of Sk

Given a subset S ⊂ Z⩾1 and I ⊂ S we denote below by abuse of notation ∁I ⊂ S the complementary
set of I inside S. We show now the following key result.

Proposition 3 For all h ⩾ 2, let

Ŝh :=
2ih+1

(h+ 1)!h!
Sym2,...,h+1 Φh−3.

Then for all k ⩾ 1,

Sym3,...,k+4

[
k+2∑
r=3

(r + 1)!

r−1∑
p=2

(id∇1 )k+2−r(pŜp ∧1 Ŝr−p+1)

]
= Sym3,...,k+4 L(k),
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with

L(k) :=

k+2∑
r=3

r−1∑
p=2

4(−i)k+1(r + 1)!Lk,r,p

(r − p+ 2)!(p+ 1)!
,

and with

Lk,r,p(1, . . . , k + 4)

:=
∑

I⊆{1,3,...,k−r+3}

R(p+|I|−2)(I, kp + 2, . . . , k + 3, R(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 2, kp + 1), kr, k + 4)

−
∑

I⊆{2,...,k−r+3}

R(p+|I|−2)(I, kp + 2, . . . , k + 3, R(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 1, kp + 1), kr, k + 4).

with kp := k − p+ 4, in the case k + 2− r ⩾ 1 and with

Lk,k+2,p(1, . . . , k + 4)

:=

k+3∑
j=kp+1

R(p−2)(kp + 2, . . . , j, R(k−p+1)(3, . . . , kp, 2, kp + 1), j + 1, . . . , k + 3, 1, k + 4)

+ R(p−2)(kp + 2, . . . , k + 4, 1, R(k−p+1)(3, . . . , kp, 2, kp + 1))

−
k+3∑

j=kp+1

R(p−2)(kp + 2, . . . , j, R(k−p+1)(3, . . . , kp, 1, kp + 1), j + 1, . . . , k + 3, 2, k + 4)

− R(p−2)(kp + 2, . . . , k + 4, 2, R(k−p+1)(3, . . . , kp, 1, kp + 1)).

Proof We notice that in the case k + 2− r ⩾ 1,

Sym3,...,k+4

[
(id∇1 )k+2−r(pŜp ∧1 Ŝr−p+1)

]
= (−i)k+2−r Sym3,...,k+4(φk,r,p − ψk,r,p),

with

φk,r,p(1, . . . , k + 4) := ∇k+2−r(pŜp ∧1 Ŝr−p+1)(2, . . . , k + 3− r, 1, k + 4− r, . . . , k + 4),

ψk,r,p(1, . . . , k + 4) := ∇k+2−r(pŜp ∧1 Ŝr−p+1)(1, 3, . . . , k + 3− r, 2, k + 4− r, . . . , k + 4).

We notice now that

Sym3,...,k+4 φk,r,p = Sym3,...,k+4 φ̃k,r,p,

Sym3,...,k+4 ψk,r,p = Sym3,...,k+4 ψ̃k,r,p,

with

φ̃k,r,p(1, . . . , k + 4) := ∇k+2−rλr,p(2, . . . , k + 3− r, 1, k + 4− r, . . . , k + 4),

ψ̃k,r,p(1, . . . , k + 4) := ∇k+2−rλr,p(1, 3, . . . , k + 3− r, 2, k + 4− r, . . . , k + 4),

with

λr,p(1, k + 4− r, . . . , k + 4)

:= −pŜp(k + 4− r, Ŝr−p+1(1, k + 5− r, . . . , k + 5− p), k + 6− p, . . . , k + 4).

Therefore

(φ̃k,r,p − ψ̃k,r,p)(1, . . . , k + 4)

= p
∑

I⊆{1,3,...,k−r+3}

Ŝ(|I|)
p (I, kr, Ŝ

(|∁I|)
r−p+1(∁I, 2, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4)

− p
∑

I⊆{2,...,k−r+3}

Ŝ(|I|)
p (I, kr, Ŝ

(|∁I|)
r−p+1(∁I, 1, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4).
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We notice now that for any tensor Φ ≡ Φ(1, . . . , p+ 1), the tensor

Φ̃(1, . . . , p+ 1) :=

p+1∑
j=2

Φ(1, 3, . . . , j, 2, j + 1, . . . , p+ 1),

satisfies the identity

Sym2,...,p+1 Φ = Sym3,...,p+1 Φ̃.

Thus

(Sym2,...,p+1 Φ)
(h) = Symh+3,...,h+p+1 Φ̃

(h).

We infer

(φ̃k,r,p − ψ̃k,r,p)(1, . . . , k + 4)

=
4ir+3

(p+ 1)!(p− 1)!(r − p+ 2)!(r − p+ 1)!

∑
I⊆{1,3,...,k−r+3}

(Sym|I|+3,...,|I|+p+1 Φ̃
(|I|)
p−3 )(I, kr, (Sym|∁I|+2,...,|∁I|+r−p+2 Φ

(|∁I|)
r−p−2)(∁I, 2, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4)

− 4ir+3

(p+ 1)!(p− 1)!(r − p+ 2)!(r − p+ 1)!

∑
I⊆{2,...,k−r+3}

(Sym|I|+3,...,|I|+p+1 Φ̃
(|I|)
p−3 )(I, kr, (Sym|∁I|+2,...,|∁I|+r−p+2 Φ

(|∁I|)
r−p−2)(∁I, 1, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4).

and thus

(−i)k+2−r Sym3,...,k+4(φ̃k,r,p − ψ̃k,r,p) =
4(−1)k−rik+1

(r − p+ 2)!(p+ 1)!
Sym3,...,k+4 L̃k,r,p,

with

L̃k,r,p(1, . . . , k + 4)

:=
∑

I⊆{1,3,...,k−r+3}

Φ̃
(|I|)
p−3 (I, kr,Φ

(|∁I|)
r−p−2(∁I, 2, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4)

−
∑

I⊆{2,...,k−r+3}

Φ̃
(|I|)
p−3 (I, kr,Φ

(|∁I|)
r−p−2(∁I, 1, kr + 1, . . . , kp + 1), kp + 2, . . . , k + 4)

= (−1)r−p−1
∑

I⊆{1,3,...,k−r+3}

Φ̃
(|I|)
p−3 (I, kr, R

(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 2, kp + 1), kp + 2, . . . , k + 4)

− (−1)r−p−1
∑

I⊆{2,...,k−r+3}

Φ̃
(|I|)
p−3 (I, kr, R

(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 1, kp + 1), kp + 2, . . . , k + 4).

Using the expression

Φ̃p−3(1, . . . , p+ 1) = (−1)p
p∑

j=2

R(p)(3, . . . , j, 2, j + 1, . . . , p, 1, p+ 1)

+ (−1)pR(p)(3, . . . , p+ 1, 1, 2), (23)

we deduce the formula

(−i)k+2−r Sym3,...,k+4(φ̃k,r,p − ψ̃k,r,p) =
4(−i)k+1

(r − p+ 2)!(p+ 1)!
Sym3,...,k+4 L̂k,r,p,
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with

L̂k,r,p(1, . . . , k + 4)

:=
∑

I⊆{1,3,...,k−r+3}

k+3∑
j=kp+1

R(p+|I|−2)(I, kp + 2, . . . , j, R(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 2, kp + 1), j + 1, . . . , k + 3, kr, k + 4)

+
∑

I⊆{1,3,...,k−r+3}

R(p+|I|−2)(I, kp + 2, . . . , k + 4, kr, R
(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 2, kp + 1))

−
∑

I⊆{2,...,k−r+3}

k+3∑
j=kp+1

R(p+|I|−2)(I, kp + 2, . . . , j, R(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 1, kp + 1), j + 1, . . . , k + 3, kr, k + 4)

−
∑

I⊆{2,...,k−r+3}

R(p+|I|−2)(I, kp + 2, . . . , k + 4, kr, R
(r−p+|∁I|−1)(∁I, kr + 1, . . . , kp, 1, kp + 1)).

The fact that in the case under consideration k + 2− r ⩾ 1, i.e kr ⩾ 3, implies

Sym3,...,k+4

[
(id∇1 )k+2−r(pŜp ∧1 Ŝr−p+1)

]
=

4(−i)k+1

(r − p+ 2)!(p+ 1)!
Sym3,...,k+4 Lk,r,p.

We consider now the case r = k + 2. We consider the expansion

(pŜp ∧1 Ŝk−p+3)(1, . . . , k + 4)

= pŜp(1, Ŝk−p+3(2, . . . , kp + 1), kp + 2, . . . , k + 4)

− pŜp(2, Ŝk−p+3(1, 3, . . . , kp + 1), kp + 2, . . . , k + 4)

=
4ik+5

(p+ 1)!(p− 1)!(k − p+ 4)!(k − p+ 3)!
×

× (Sym3,...,p+1 Φ̃p−3)(1, (Sym2,...,kp
Φk−p)(2, . . . , kp + 1), kp + 2, . . . , k + 4)

− 4ik+5

(p+ 1)!(p− 1)!(k − p+ 4)!(k − p+ 3)!
×

× (Sym3,...,p+1 Φ̃p−3)(2, (Sym2,...,kp
Φk−p)(1, 3, . . . , kp + 1), kp + 2, . . . , k + 4).

We infer

Sym3,...,k+4(pŜp ∧1 Ŝr−p+1) =
4ik+5

(p+ 1)!(k − p+ 4)!
Sym3,...,k+4 L̃k,k+2,p,

with

L̃k,k+2,p(1, . . . , k + 4)

= Φ̃p−3(1,Φk−p(2, . . . , kp + 1), kp + 2, . . . , k + 4)

− Φ̃p−3(2,Φk−p(1, 3, . . . , kp + 1), kp + 2, . . . , k + 4)

= (−1)k−p+1Φ̃p−3(1, R
(k−p+1)(3, . . . , kp, 2, kp + 1), kp + 2, . . . , k + 4)

− (−1)k−p+1Φ̃p−3(2, R
(k−p+1)(3, . . . , kp, 1, kp + 1), kp + 2, . . . , k + 4).

Using (23), we obtain

Sym3,...,k+4(pŜp ∧1 Ŝr−p+1) =
4(−i)k+1

(p+ 1)!(k − p+ 4)!
Sym3,...,k+4 Lk,k+2,p,

which shows the required formula. 2
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5 Vanishing of the integrability conditions in the cases k =
4, 5

We recall the notation R′ := R(1). In this section we show the identity

Circ Sym3,...,k+4

[
2i(id)k(R

′
)2 −

k+2∑
r=3

(r + 1)!

r−1∑
p=2

(id)k+2−r(pŜp ∧ Ŝr−p+1)

]
= 0,

for all integers k = 1, 2. We notice that Ŝp = Sp for p = 2, 3. This corresponds to the cases k = 4, 5
in the main integrability conditions Circ Sym3,...,k+1 Θ

∇
k = 0.

5.1 Alternative proof of the vanishing of the integrability conditions in
the case k = 4

We set for simplicity ab, cde := R(a, b, R(c, d, e)) and a similar definition for abc, de or a, bcd, e.
We observe first that lemma 14 implies the identity

Circ Sym3,4,5[d(R
′
)2] = Circ Sym4,5 Alt2 Q1,2

Q1,2(1, . . . , 5) = 23, 415− 234, 15− 41, 235

+ 24, 315− 243, 15− 3, 241, 5− 31, 245.

We notice that CircQ1,2 = Circ Q̃1,2, with

Q̃1,2(1, . . . , 5) = 12, 435
1
− 124, 35

2
− 43, 125

3

+ 34, 125
3
− 142, 35

2
− 3, 241, 5

2
− 12, 345

1

= −2 · 12, 345 + 2 · 34, 125− 124, 35− 142, 35− 421, 35

= −2 · 12, 345 + 2 · 34, 125− 124, 35 + 214, 35

= −2 · 12, 345 + 2 · 34, 125− 2 · 124, 35.

(We denote by a subscript j = 1, 2, 3, the terms that we combine together). Using the fact that all
the operators Circ,Sym4,5,Alt2 commute we infer the formula

Circ Sym3,4,5[d(R
′
)2] = −4Circ Sym4,5 Q1

Q1(1, . . . , 5) = 12, 345− 3, 124, 5− 34, 125.

On the other hand using proposition 3, we infer the formula

S2 := − i
3

6
Sym2,3R,

4!2 Sym3,4,5(S2 ∧ S2) = −8

3
Sym3,4,5 Alt2 L1,3,2,

L1,3,2(1, . . . , 5) := 324, 15 + 15, 234.

We show now the identity

Circ Sym3,4,5

[
2d(R

′
)2 + 4!2 Sym3,4,5(S2 ∧ S2)

]
= 0,

i.e.
12Circ Sym4,5 Q1 − 4Circ Sym3,4,5 Alt2 L1,3,2 = 0. (24)
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Using the identity [Sym3,4,5,Alt2] = 0, the equalities

Sym3,4,5 L1,3,2 = Sym4,5 [324, 15 + 423, 15 + 425, 13 + 14, 235 + 13, 245 + 14, 253]

= Sym4,5 [324, 15 + 423, 15 + 425, 13 + 14, 235 + 31, 425 + 14, 253] ,

Circ Sym4,5 [324, 15 + 423, 15 + 425, 13 + 14, 235 + 23, 415 + 14, 253]

= Circ Sym4,5 [214, 35 + 412, 35 + 435, 21 + 34, 125 + 12, 435 + 34, 152]

= Circ Sym4,5 [214, 35 + 412, 35− 345, 21 + 34, 125− 12, 345 + 34, 152] ,

Alt2 [214, 35 + 412, 35− 345, 21 + 34, 125− 12, 345 + 34, 152]

= 214, 35 + 412, 35− 345, 21 + 34, 125− 12, 345 + 34, 152

− 124, 35− 421, 35 + 345, 12− 34, 215 + 21, 345− 34, 251

= −2 · 124, 35 + 214, 35− 12, 345 + 2 · 34, 125 + 2 · 21, 345 + 34, 125

= −3 · 124, 35− 3 · 12, 345 + 3 · 34, 125
= 3 · 3, 124, 5− 3 · 12, 345 + 3 · 34, 125.

We infer

Circ Sym3,4,5 Alt2 L1,3,2 = −3 · Circ Sym4,5 Q1,

and thus (24).

5.2 Vanishing of the integrability conditions in the case k = 5

We want to show the identity

Circ Sym3,...,6

[
2id2(R

′
)2 +

4∑
r=3

(r + 1)!

r−1∑
p=2

(id)4−r(pSp ∧ Sr−p+1)

]
= 0.

We set for simplicity ab(cdef) := R(a, b, R′(c, d, e, f)) and a similar definition for abc(def). Using
lemma 14 we infer the identities

Circ Sym3,...,6

[
d2(R′)2

]
= Circ Sym4,5,6 [T2,3 −Alt2(Q2,2 +Q2,3)] ,

T2,3(1, . . . , 6) = 35(4126)
1
+ 435(126)

2

− (4351)26
3
− 4(351)26

4

+ (4352)16
3
+ 4(352)16

4

− 12(4356)
5
− 412(356)

6
,

Q2,2(1, . . . , 6) = 23(4516)
5
− (234)516

7
− 4(235)16

4
− 451(236)

2

+ 24(3516)
8
+ 24(5316)

1
− (245)316

9
− (243)516

7

− 5(243)16
4
− 3(245)16

10
− 35(241)6

11
− 53(241)6

4

− 351(246)
6
− 531(246)

6
,

Q2,3(1, . . . , 6) = 24(3516)
8
+ 324(516)

6
− (3245)16

3
− 3(245)16

10

− 5(3241)6
12

− 35(241)6
11

− 51(3246)
8
− 351(246)

6

+ 23(4516)
5
+ 423(516)

6
− (4235)16

3
− 4(235)16

4

− 51(4236)
8
− 451(236)

2
+ 25(4316)

1
+ 425(316)

2

− (4253)16
3
− 4(253)16

4
− 3(4251)6

3
− 43(251)6

4

− 31(4256)
5
− 431(256)

6
,

where we denote by a subscript j = 1, . . . , 12, the terms that we combine together inside the
expression Circ Sym4,...,6[T2,3 − Alt2(Q2,2 + Q2,3)]. (j = 12 is combined with itself). Indeed
combining:

for j = 1,

Sym4,5,6 [35(4126)− 24(5316) + 14(5326)− 25(4316) + 15(4326)]

= Sym4,5,6 [34(5126)− 2 · 24(5316) + 2 · 14(5326)] ,
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and thus

Circ Sym4,5,6 [35(4126)− 24(5316) + 14(5326)− 25(4316) + 15(4326)]

= Circ Sym4,5,6 [34(5126)− 2 · 34(5126) + 2 · 34(5216)]
= −3Circ Sym4,5,6 [34(5126)] ,

for j = 2,

435(126) + 2 · 451(236)− 2 · 452(136)− 425(316) + 415(326)

= 435(126) + 2 · 451(236)− 2 · 452(136)− 452(136) + 451(236)

= −453(126) + 3 · 451(236)− 3 · 452(136),

and thus

Circ [435(126) + 2 · 451(236)− 2 · 452(136)− 425(316) + 415(326)]

= Circ [−453(126) + 3 · 453(126)− 3 · 453(216)]
= 5Circ [453(126)] ,

for j = 3,

Circ [(4352)16− (4351)26 + (3245)16− (3145)26

+ (4235)16− (4135)26 + (4253)16− (4153)26 + 3(4251)6− 3(4152)6]

= Circ [(4352)16− (4351)26 + (2145)36− (1245)36

+ (4235)16− (4325)16 + (4253)16 + (4513)26− (4251)36 + (4152)36]

= Circ [(4352)16− (4351)26− (2415)36− (1245)36

+ (4235)16 + (4235)16 + (4253)16 + (4532)16− (4352)16 + (4351)26]

= Circ [2 · (4235)16 + (4125)36 + (4253)16 + (4532)16]

= Circ [2 · (4235)16 + (4125)36− (4325)16]

= Circ [3(4235)16 + (4125)36]

= 4Circ [(4125)36] ,

for j = 4,

Circ [4(352)16− 4(351)26 + 2 · 4(235)16− 2 · 4(135)26
+ 4(253)16− 4(153)26 + 43(251)6− 43(152)6]

= Circ [4(251)36− 4(152)36 + 2 · 4(125)36− 2 · 4(215)36
+ 4(152)36− 4(251)36− 4(251)36 + 4(152)36]

= Circ [4 · 4(125)36 + 4(521)36 + 4(152)36]

= Circ [4 · 4(125)36− 4(215)36]

= 5Circ [4(125)36] .

Moreover for the remaining terms we use the equalities

Sym4,5,6 [5(243)16− 5(143)26 + 53(241)6− 53(142)6]

= Sym4,5,6 [5(243)16− 5(143)26− 5(241)36 + 5(142)36]

= Sym4,5,6 [4(253)16− 4(153)26− 4(251)36 + 4(152)36] ,

and

Circ Sym4,5,6 [5(243)16− 5(143)26 + 53(241)6− 53(142)6]

= Circ Sym4,5,6 [4(152)36− 4(251)36− 4(251)36 + 4(152)36]

= 2Circ Sym4,5,6 [4(152)36 + 4(521)36]

− 2Circ Sym4,5,6 [4(215)36]

= 2Circ Sym4,5,6 [4(125)36] .
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Thus for j = 4 we have

Circ Sym4,5,6 [4(352)16− 4(351)26 + 2 · 4(235)16− 2 · 4(135)26 + 4(253)16− 4(153)26

+ 43(251)6− 43(152)6 + 5(243)16− 5(143)26 + 53(241)6− 53(142)6]

= 7Circ Sym4,5,6 [4(125)36] .

For j = 5,

Circ [−12(4356)− 2 · 23(4516) + 2 · 13(4526) + 31(4256)− 32(4156)]

= Circ [−12(4356)− 2 · 12(4536) + 2 · 21(4536) + 12(4356)− 21(4356)]

= Circ [−4 · 12(4536) + 12(4356)]

= 5Circ [12(4356)] .

For j = 6,

Circ [−412(356) + 351(246) + 531(246)− 324(516)− 423(516) + 431(256) + 351(246)]

= Circ [−412(356) + 152(346) + 512(346)− 214(536)− 412(536) + 412(356) + 152(346)] ,

and

Circ Sym4,5,6 [−412(356) + 351(246) + 531(246)− 324(516)− 423(516) + 431(256) + 351(246)]

= Circ Sym4,5,6 [−412(356) + 142(356) + 412(356)− 214(536)− 412(536) + 412(356) + 142(356)]

= Circ Sym4,5,6 [−412(356) + 2 · 142(356) + 3 · 412(356) + 214(356)]

= Circ Sym4,5,6 [−412(356) + 142(356)− 421(356) + 3 · 412(356)]
= Circ Sym4,5,6 [−412(356) + 142(356) + 4 · 412(356)] .

Moreover

Circ Sym4,5,6 [−412(356) + 142(356)− 241(356) + 4 · 412(356)− 4 · 421(356)]
= Circ Sym4,5,6 [7 · 412(356) + 142(356) + 214(356)]

= Circ Sym4,5,6 [7 · 412(356)− 421(356)]

= 8Circ Sym4,5,6 [412(356)] .

For j = 7,

Circ [(234)516− (134)526 + (243)516− (143)526]

= Circ [(124)536− (214)536 + (142)536− (241)536]

= Circ [2 · (124)536− (412)536− (241)536]

= 3Circ [(124)536] .

For j = 8,

Sym4,5,6 [−2 · 24(3516) + 2 · 14(3526) + 51(3246)− 52(3146) + 51(4236)− 52(4136)]

= Sym4,5,6 [−2 · 24(3516) + 2 · 14(3526) + 41(3256)− 42(3156) + 41(5236)− 42(5136)]

= Sym4,5,6 [3 · 24(3156)− 3 · 14(3256)− 14(5236) + 24(5136)] ,

and

Circ Sym4,5,6 [−2 · 24(3516) + 2 · 14(3526) + 51(3246)− 52(3146) + 51(4236)− 52(4136)]

= Circ Sym4,5,6 [3 · 34(1256)− 3 · 34(2156)− 34(5126) + 34(5216)]

= Circ Sym4,5,6 [3 · 34(1256) + 3 · 34(2516)− 2 · 34(5126)]
= −5Circ Sym4,5,6 [34(5126)] .

For j = 9,

Circ [(245)316] = Circ [(345)126] ,
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and thus

Circ [(245)316− (145)326] = 2Circ [(345)126] .

For j = 10,

2Circ [3(245)16− 3(145)26] = 2Circ [1(345)26− 2(345)16]

= 2Circ [1(345)26 + 21(345)6]

= −2Circ [(345)216]

= 2Circ [(345)126] .

For j = 11,

2 · 35(241)6− 2 · 35(142)6 = 2 · 35(241)6 + 2 · 35(412)6
= −2 · 35(124)6.

For j = 12,

5(3241)6− 5(3142)6 = 5(3241)6 + 5(3412)6

= −5(3124)6.

We infer the formula

Circ Sym3,...,6

[
d2(R′)2

]
= Circ Sym4,5,6 T2,

T2(1, . . . , 6) = −3 · 34(5126)
1
+ 5 · 453(126) + 4 · (4125)36

+ 7 · 4(125)36 + 5 · 12(4356) + 8 · 412(356)
+ 3 · (124)536− 5 · 34(5126)

1
+ 4 · (345)126

− 2 · 35(124)6− 5(3124)6.

Moreover

Circ Sym4,5,6 T2 = Circ Sym4,5,6 T̃2,

T̃2(1, . . . , 6) = −8 · 34(5126) + 5 · 453(126) + 4 · (4125)36
+ 7 · 5(124)36

1
+ 5 · 12(4356) + 8 · 412(356)

+ 3 · (124)536
1
+ 4 · (345)126− 2 · 35(124)6

1
.

For j = 1, we have

7 · 5(124)36− 3 · (124)356− 2 · 35(124)6 = 7 · 5(124)36− (124)356 + 2 · 5(124)36
= 9 · 5(124)36− (124)356.

We conclude

Circ Sym3,...,6

[
d2(R′)2

]
= Circ Sym4,5,6 T 2,

T 2(1, . . . , 6) = −8 · 34(5126) + 5 · 453(126) + 4 · (4125)36
+ 9 · 4(125)36 + 5 · 12(4356) + 8 · 412(356)
− (124)356 + 4 · (345)126.

On the other hand using proposition 3, we infer the identity

Sym3,...,6

[
4∑

r=3

(r + 1)!

r−1∑
p=2

(id)4−r(pSp ∧ Sr−p+1)

]

=
2i

3
Sym3,...,6 Alt2 (4L232 + 5L242 + 5L243) ,

L232(1, . . . , 6) = (1425)36 + 1(425)36,

L242(1, . . . , 6) = (3425)16 + 61(3425),

L243(1, . . . , 6) = (324)516 + 5(324)16 + 561(324).
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We write

Sym3,...,6 Alt2 (4L232 + 5L242 + 5L243) = Sym4,5,6 Alt2 L2,

L2(1, . . . , 6) = 4 · (1425)36 + 4 · (1325)46 + 4 · (1423)56 + 4 · (1425)63
+ 4 · 1(425)36 + 4 · 1(325)46 + 4 · 1(423)56 + 4 · 1(425)63
+ 5 · (3425)16 + 5 · (4325)16 + 5 · (5423)16 + 5 · (6425)13
+ 5 · 61(3425) + 5 · 61(4325) + 5 · 61(5423) + 5 · 31(6425)
+ 5 · (324)516 + 5 · (423)516 + 5 · (524)316 + 5 · (624)513
+ 5 · 5(324)16 + 5 · 5(423)16 + 5 · 3(524)16 + 5 · 5(624)13
+ 5 · 561(324) + 5 · 561(423) + 5 · 361(524) + 5 · 531(624).

We notice that CircL2 = Circ L̃2, with

L̃2(1, . . . , 6) = 4 · (1425)36 + 4 · (1423)56 + 4 · (1425)63
+ 4 · 2(435)16 + 4 · 3(215)46 + 4 · 3(412)56 + 4 · 2(435)61
+ 5 · (2415)36 + 5 · (4215)36 + 5 · (5412)36 + 5 · (6435)21
+ 5 · 63(2415) + 5 · 63(4215) + 5 · 63(5412) + 5 · 12(6435)
+ 5 · (214)536 + 5 · (412)536 + 5 · (534)126 + 5 · (634)521
+ 5 · 5(214)36 + 5 · 5(412)36 + 5 · 1(534)26 + 5 · 5(634)21
+ 5 · 563(214) + 5 · 563(412) + 5 · 162(534) + 5 · 512(634),

and Sym4,5,6 L̃2 = Sym4,5,6 L2, with

L2(1, . . . , 6) = 4 · (1425)36 + 4 · (1423)56 + 4 · (1425)63
+ 4 · 2(435)16 + 4 · 3(214)56 + 4 · 3(412)56 + 4 · 2(435)61
+ 5 · (2415)36 + 5 · (4215)36 + 5 · (4512)36 + 5 · (6435)21
+ 5 · 63(2415) + 5 · 63(4215) + 5 · 63(4512) + 5 · 12(6435)
+ 5 · (214)536 + 5 · (412)536 + 5 · (435)126 + 5 · (435)621
+ 5 · 5(214)36 + 5 · 5(412)36 + 5 · 1(435)26 + 5 · 5(435)21
+ 5 · 563(214) + 5 · 563(412) + 5 · 162(435) + 5 · 612(435).

We write now

(Alt2 L2)(1, . . . , 6) = 4 · (1425)361 + 4 · (1423)563 + 4 · (1425)634

− 4 · (2415)361 − 4 · (2413)563 − 4 · (2415)634

+ 4 · 2(435)165 + 4 · 3(214)566 + 4 · 3(412)566 + 4 · 2(435)617

− 4 · 1(435)265 − 4 · 3(124)566 − 4 · 3(421)566 − 4 · 1(435)627

+ 5 · (2415)361 + 5 · (4215)368 + 5 · (4512)368 + 5 · (6435)219

− 5 · (1425)361 − 5 · (4125)368 − 5 · (4521)368 − 5 · (6435)129

+ 5 · 63(2415)
10

+ 5 · 63(4215)
10

+ 5 · 63(4512)
10

+ 5 · 12(6435)
9

− 5 · 63(1425)
10

− 5 · 63(4125)
10

− 5 · 63(4521)
10

− 5 · 21(6435)
9

+ 5 · (214)536
11

+ 5 · (412)536
11

+ 5 · (435)126
5
+ 5 · (435)621

7

− 5 · (124)536
11

− 5 · (421)536
11

− 5 · (435)216
5
− 5 · (435)612

7

+ 5 · 5(214)36
12

+ 5 · 5(412)36
12

+ 5 · 1(435)26
5
+ 5 · 6(435)21

7

− 5 · 5(124)36
12

− 5 · 5(421)36
12

− 5 · 2(435)16
5
− 5 · 6(435)12

7

+ 5 · 563(214)
13

+ 5 · 563(412)
13

+ 5 · 162(435)
7
+ 5 · 612(435)

7

− 5 · 563(124)
13

− 5 · 563(421)
13

− 5 · 261(435)
7
− 5 · 621(435)

7
.
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We need to explain the details for the case j = 7. In this case we sum

4 · 2(435)61 + 5 · (435)621 + 5 · 6(435)210 + 5 · 162(435)a + 5 · 612(435)a
− 4 · 1(435)62− 5 · (435)612− 5 · 6(435)120 − 5 · 261(435)a − 5 · 621(435)a
= 4 · 2(435)611 + 4 · (435)6211 + (435)6213 + 5 · 612(435)0 + 15 · 612(435)a
− 4 · 1(435)622 − 4 · (435)6122 − (435)6123

= −4 · 62(435)11 + 4 · 61(435)22 + (435)1263 + 20 · 612(435)
= 24 · 612(435) + (435)126.

The result is (we keep the indices according to the sums on j = 1, . . . , 13.)

(Alt2 L2)(1, . . . , 6) = −(4125)36
1
+ 4 · (4123)56

3
+ 4 · (4125)63

4

+ 11 · (435)126
5
− 12 · 3(124)56

6
+ 24 · 612(435)

7
+ (435)126

7

− 15 · (4125)36
8
+ 15 · 12(6435)

9
− 20 · 63(4125)

10
− 15 · (124)536

11

− 15 · 5(124)36
12

− 15 · 563(124)
13
.

We recombine now the terms of the previous sum under the form

(Alt2 L2)(1, . . . , 6) = −16 · (4125)361 + 4 · (4123)56 + 4 · (4125)631

+ 12 · (435)126− 12 · 3(124)562 + 24 · 612(435)
+ 15 · 12(6435)− 20 · 63(4125)1 − 15 · (124)5362

− 15 · 5(124)362 − 15 · 563(124).

Indeed for j = 1,

−16 · (4125)36 + 4 · (4125)63− 20 · 63(4125)
= −12 · (4125)36− 4 · (4125)36 + 4 · (4125)63− 20 · 63(4125)
= −12 · (4125)36 + 4 · 3(4125)6 + 4 · (4125)63− 20 · 63(4125)
= −12 · (4125)36− 24 · 63(4125),

and for j = 2,

−12 · 3(124)56− 15 · (124)536− 15 · 5(124)36
= 12 · 53(124)5− 3 · (124)536− 15 · 5(124)36
= −27 · 5(124)36− 3 · (124)536.

In conclusion

Circ Sym3,...,6

[
4∑

r=3

(r + 1)!

r−1∑
p=2

(id)4−r(pSp ∧ Sr−p+1)

]
=

2i

3
Circ Sym4,5,6 Λ̃2,

with

Λ̃2(1, . . . , 6) = −12 · (4125)36 + 24 · 36(4125) + 12 · (435)126 + 24 · 612(435)
+ 15 · 12(6435)− 27 · 5(124)36− 3 · (124)536− 15 · 563(124).

We notice that Sym4,5,6 Λ̃2 = Sym4,5,6 Λ2, with

Λ2(1, . . . , 6) = −12 · (4125)36 + 24 · 34(5126) + 12 · (435)126 + 24 · 412(536)
+ 15 · 12(4536)− 27 · 4(125)36− 3 · (124)536− 15 · 453(126).

We deduce Λ3 = −3T 2, which implies the required conclusion in the case k = 2.
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6 Proof of Corollaries 1, 2 and 3

We recall first the following very elementary lemmas. The arguments below can be found in [Pali2].

Lemma 15 Let M be a smooth manifold, let also ∇ be a covariant derivative operator acting on
the smooth sections of TM and consider the vector field over TM

ζ∇η := H∇
η · η, (25)

η ∈ TM . We denote by Φ∇
t the corresponding 1-parameter subgroup of transformations of TM .

Then for any η ∈ TM the curve ct := πTM
◦ Φ∇

t (η) is the ∇-geodesic with initial speed ċ0 = η and
ċt = Φ∇

t (η).

Proof The flow line ηt := Φ∇
t (η) satisfies the identity

η̇t = H∇
ηt

· ηt. (26)

We deduce

ċt = dηtπTM
· η̇t

= dηtπTM
·H∇

ηt
· ηt

= ηt,

and c̈t = H∇
ċt

· ċt, which is the ∇-geodesic equation. 2

Corollary 5 Let M be a smooth manifold, let also ∇ be a covariant derivative operator acting
on the smooth sections of TM and let U be an open neighborhood U of M inside TM . A complex
structure J over U satisfies the conditions

J|M = Jcan, (27)

JηH
∇
η · η = Tη · η, (28)

for any η ∈ U if and only if for any η ∈ U , the smooth map ψη : t + is 7−→ sΦ∇
t (η), defined in a

neighborhood of 0 ∈ C, is J-holomorphic.

Proof We observe first that the differential of the maps ψη is given by

dt0+is0ψη

(
a
∂

∂t
+ b

∂

∂s

)
= ad(s0ITM

)Φ̇∇
t0(η) + bTs0Φ∇

t0
(η)Φ

∇
t0(η).

But

Φ̇∇
t0(η) = ζ∇ ◦ Φ∇

t0(η)

= H∇
Φ∇

t0
(η) · Φ

∇
t0(η),

thanks to (25). Then using the property, H∇
λη = dη(λITM

) · H∇
η , of the linear connection ∇ (see

the identity 8.5 in [Pali2]), we infer

dt0+is0ψη

(
a
∂

∂t
+ b

∂

∂s

)
=

(
aH∇

s0Φ∇
t0

(η) + bTs0Φ∇
t0

(η)

)
· Φ∇

t0(η). (29)

The smooth map ψη is J-holomorphic if and only if

dt0+is0ψη

(
−b ∂

∂t
+ a

∂

∂s

)
= Jdt0+is0ψη

(
a
∂

∂t
+ b

∂

∂s

)
,

thus, if and only if(
−bH∇

s0Φ∇
t0

(η) + aTs0Φ∇
t0

(η)

)
· Φ∇

t0(η) = J
(
aH∇

s0Φ∇
t0

(η) + bTs0Φ∇
t0

(η)

)
· Φ∇

t0(η).
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For s0 ̸= 0 this is equivalent to (28). For s0 = 0 this is equivalent to (27). We deduce the required
conclusion. 2

The condition (27) implies that J is an M -totally real complex structure. We provide now the
proof of corollary 1.
Proof If we write A = α+ iTB and α = H∇ − TΓ, then S := T−1

(
H∇ −A

)
= Γ + iB. We set

Sk = Γk + iBk. From the proof of corollary 5 we know that in the case J is integrable over U , the
smooth map ψη is J-holomorphic if and only if hold (28). The later rewrites as

H∇
η · η = −JηTη · η.

Using the property
Jη|Ker dηπ = −αηB

−1
η T−1

η ,

(see the identity 1.7 in [Pali2]), we infer that the previous identity is equivalent to

H∇
η · η = αηB

−1
η · η. (30)

Taking dηπ on both sides of (30) we deduce η = B−1
η ·η. Therefore (30) is equivalent to the system

Bη · η = η ,

H∇
η · η = αη · η .

(31)

Then the system (31) rewrites as 
∑

k⩾1Bk(η
k+1) = 0 ,∑

k⩾1 Γk(η
k+1) = 0 .

and thus as Sk(η
k+1) = 0 for all k ⩾ 1. We remind now that, according to the main theorem

in [Pali2], the integrability of the structure J implies the condition S1 ∈ C∞ (
M,S2T ∗

M ⊗R CTM
)
.

We infer S1 = 0.
We notice that, with the notations of the statement of the main theorem in [Pali2] the equation

Circβk = 0 hold for all k ⩾ 1. This combined with the identity [Circ,Sym2,...,k+2] = 0, implies

Circ Sym2,...,k+2 βk = 0, (32)

for all k ⩾ 1. So if we apply the Circ operator to both sides of the definition of S2 in the statement
of the main theorem in [Pali2], we infer CircS2 = Circσ2 = 3σ2. If we evaluate this equality to
η3 we infer S2(η

3) = σ2(η
3), which implies σ2 = 0. We show now by induction that σk = 0 for all

k ⩾ 2. Indeed by the inductive assumption

Sk+1 =
i

(k + 2)!
Sym2,...,k+2 βk + σk+1.

Applying the Circ operator to both sides of this identity and using the equation (32), we infer
CircSk+1 = Circσk+1 = 3σk+1, which evaluated at ηk+2 gives Sk+1(η

k+2) = σk+1(η
k+2). We

deduce σk+1 = 0. Using the identity

Sym2,...,k+1 Sym3,...,k+1 = (k − 1)! Sym2,...,k+1, (33)

we deduce from the statement of the main theorem in [Pali2] and with the notations there

Sk =
i

(k + 1)!k!
Sym2,...,k+1 θk−1,

for k ⩾ 2, with θ1 := 2R∇ and

θk := −2i(id∇1 )k−2(∇R∇)2 +

k+1∑
r=4

r!

r−2∑
p=2

(id∇1 )k+1−r(pSp ∧1 Sr−p),
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for all k ⩾ 2. Moreover the equation Circβk = 0, k ⩾ 3 rewrites as Circ Sym3,...,k+2 θk = 0. If we

set Θ∇
k := θk−1, for all k ⩾ 2 we obtain the required expansion.

On the other hand if the expansion in the statement of the lemma under consideration hold
then J is integrable thanks to the main theorem in [Pali2] and CircSk = 0 for all k ⩾ 2 (S1 = 0).
Indeed for k = 2, 3 this equality follows from the identities CircΘ∇

k = 0 and

[Circ,Sym2,...,k+1] = 0. (34)

For k ⩾ 4 we use the identities (34), (33) and the integrability equations satisfied by the covariant
derivative operator ∇. We deduce Sk(η

k+1) = 0, for all k ⩾ 1, which is equivalent to (30) and so
to the fact that the curves ψη are J-holomorphic. 2

We provide now the proof of Corollary 2.
Proof We use first the notations in the main Theorem of [Pali2]. Then we have

A = H∇ − TS,

H∇S1
= H∇ − TS1,

Replacing in the statement of the main Theorem in [Pali2], the torsion free covariant derivative
operator ∇S1 with the arbitrary torsion free complex covariant derivative ∇ in the statements
of Corollary 2 and Conjecture 1, replacing the sum

∑
k⩾2 Sk with S and setting σk ≡ 0, for all

k ⩾ 2, we deduce the expression of Sk in the statement of Conjecture 1. (We use here the identity
(33)). Then the integrability equations in the statement of the main theorem [Pali2] reduce to the
identities Ik = 0, for all k ⩾ 4 in the statement of Conjecture 1. On the other hand by Theorem
2, an M -totally real structure has a fiberwise Taylor expansion with Sk under the form in the
statement of Conjecture 1 if and only if Sk is the one in the statement of Corollary 2.

We show now the convergence of the Taylor expansion in the statement of Corollary 2. We fix
a Riemannian metric g overM . Then the analytic assumption on the covariant derivative operator
∇ implies that for any relatively compact open set W ⊂ X there exist a constant KW > 0 such
that

∥R(h)∥g ⩽ h!Kh
W .

Then using the explicit expression of Sk in the statement of Corollary 2 we obtain the inequality

∥Sk(η
k+1)∥g ⩽ Pk(KW )∥η∥k+1

g ,

Pk(x) :=
1

(k + 1)!

∑
∥D∥=k

|CD|D!x|D|.

We recall here the identity CD = −(−i)∥D∥(∥D∥ + 1)!CD, observed at the very end of section 3.
We have the estimates (the technical details will appear elsewhere)

|Pk(x)| ⩽ ⌊k/2⌋Cmax(Pk)|x|k−2,

where the maximal coefficient Cmax(Pk) of the polynomial Pk, satisfies the asymptotic expansion

Cmax(Pk) =
2

k3
+

6(2γ − 3) + 12 ln(k)

k4
+ o

(
1

k4

)
,

where γ is Euler’s constant. We infer the convergence of the fiberwise Taylor expansion over a
sufficiently small neighborhood of the image of the zero section inside TW . 2

It is straightforward to see that the condition (28) is equivalent to say that the vector ξ∇η is of
type (1, 0) for J . System (31) shows that (28) is equivalent to the identity(

H∇ −A
)
η
· η = iTη · η.
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which rewrites also as ξ∇η = Aη · η. Using the identity (29) we can see that the vector field ξ∇ is
related to the J-holomorphic curves ψη by the equation

∂
J
ψη

∂z
=

i

z − z̄
ξ∇ ◦ ψη,

with
∂

J
ψη

∂z
:=

[
dzψη ·

∂

∂z

]1,0
J

= dzψη ·
∂

∂z
,

since ψη is J-holomorphic.
In general we have the following result.

Lemma 16 Let M be a smooth manifold equipped with a covariant derivative operator ∇ acting
on the smooth sections of the complexified tangent bundle CTM and let J ≡ JA be an M -totally
real almost complex structure over an open neighborhood U ⊆ TM of the image of the zero section.
Then the vector field ξ∇ is of type (1, 0) for J over U if and only if ξ∇η = Aη · η, for all points
η ∈ U .

Proof The “if” direction is obvious. We show the “only if” direction. We assume thus ξ ≡ ξ∇ is
of type (1, 0) for J over U . This is equivalent to the equality ξ = ξ1,0

J
over U , which writes as

ξ = −iJξ. (35)

We decompose
H∇ = H − iTK,

with H ∈ C∞(TM , π
∗T ∗

M ⊗R TTM
) and K ∈ C∞(TM , π

∗ End(TM )) such that dπ ·H = Iπ∗TM
. Here

as usual we denote (TK · v)η = TηK(v, η). Then (35) writes as[
H − iT (K + ITM

)
]
η
· η = −

[
iJH + JT (K + ITM

)
]
η
· η.

In its turn this identity is equivalent to

Hη · η = −
[
JT (K + ITM

)
]
η
· η,

which thanks to the identity 1.7 in [Pal], is equivalent to

Hη · η =
[
αB−1(K + ITM

)
]
η
· η, (36)

where A = α+ iTB. By taking dηπ on both sides of (36) we deduce the identity

η =
[
B−1(ITM

+K)
]
η
· η.

We deduce that (36) is equivalent to the system (B −K)η · η = η,

Hη · η = αη · η ,

which in its turn is equivalent to the identity(
H∇ −A

)
η
· η = iTη · η, (37)

for all points η ∈ U . We deduce the required conclusion. 2

We can show now Corollary 3.
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Proof For any M -totally real almost complex structure over U , real analytic along the fibers of
U , we consider the fiber-wise Taylor expansion at the origin

T−1
η

(
H∇ −A

)
η
· ξ = iξ +

∑
k⩾1

Sk(ξ, η
k),

with η ∈ TM in a sufficiently small neighborhood of the zero section, with ξ ∈ TM,π(η) arbitrary
with

Sk ∈ C∞ (
M,T ∗

M ⊗R S
kT ∗

M ⊗R CTM
)
,

and with ηk := η×k ∈ T⊕k
M,π(η). Then the identity (37) hold over U if and only if Sk(η

k+1) = 0,

for all k ⩾ 1 and all η in an arbitrarily small neighborhood of the image of the zero section of TM
inside U . (This is because A is real analytic along the fibers of U). Thus by lemma 16, the vector
field ξ∇ is of type (1, 0) for J over U if and only if the above vanishing conditions are satisfied.

By the argument in the proof of Corollary 1 (see also the proofs of Corollary 1 in [Pali]) we see
that J is integrable over U and the above vanishing conditions are satisfied if and only if J has a
fiberwise Taylor expansion with Sk under the form in the statement of Conjecture 1. By Theorem
2 this hold true if and only if J is the canonical M -totally real complex structure associated to ∇
over U . 2
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