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Analog of Linear Landau Damping in
a coupled Vlasov-Euler system for thick sprays

C. Buet! B. Desprésfand V. Fournet?

Abstract

We study a linearized thick sprays model. We recast the system as a linear
Schrodinger equation and we prove that the corresponding operator only has abso-
lutely continuous spectrum. This proves that the system displays an analog of the
Landau damping and one observes a decay of the acoustic energy. We construct
the dispersion relation of the problem and we compute the physical root with the
smallest imaginary part. We construct a numerical scheme, and the numerical
results confirm the theoretical findings.

1 Introduction

Collisionless motion of an electrostatic plasma is well-described by the Vlasov-
Poisson system

Of+v - Vo f +E-V,f=0

1 (1.1)
E=VA™ ([g fdv).

It is known since the seminal work of Landau [25] that such model can exhibit
a decay of the electric field for large times. This property of plasma, known
today as Landau damping, has received a lot of interest since then and there exists
an extensive literature on the linear Landau damping and more recently on the
nonlinear Landau damping. See for example [11,28,33] and the reference therein.
See also [3,20,21] for similar effect in other systems.

In this work, we present new results of linear damping properties of solutions of
a multiphase model describing suspensions of particles in a underlying gas. Such
complex flow is usually refered to as a spray [14]. A typical system which describes
this kind of spray writes

Ohf+v-Vuf+V, - (Tf)=0
O¢(@p) + V- (apu) =0 (1.2)
di(apu) + V- (cou @ u) + aVap(0) = Dy [gs(v —u)f do.

In (1.2), the first equation is a Vlasov-type equation and it describes the evolution
of the particles through a distribution function f = f(¢,z,v) > 0 in the phase

*CEA, DAM, DIF, F-91297, Arpajon, France and Université Paris-Saclay, CEA DAM DIF, Labo-
ratoire en Informatique Haute Performance pour le Calcul et la simulation, F-91297 Arpajon, France,
christophe.buet@cea.fr

fLaboratoire Jacques Louis Lions, Sorbonne Université, 4 place Jussieu, 75005 Paris, France, de-
spres@ann.jussieu.fr

tLaboratoire Jacques Louis Lions, Sorbonne Université, 4 place Jussieu, 75005 Paris, France and
CEA, DAM, DIF, F-91297, Arpajon, France, fournet@ljll.math.upmc.fr



space T3 x R3 for times ¢ > 0. The second and third equations of (1.2) are the
barotropic compressible Euler equations and they describe the evolution of the
density o0 = o(t,z) > 0 and the velocity u = u(t,z) € R3 of the fluid, for times
t >0 and = € T3. The system (1.2) describes the so-called thick sprays regime,
in which the total volume occupied by the particles is not negligible compared to
the one of the fluid. This has the consequence that the fluid and the particles are
coupled through the following quantities. The first quantity is the volume fraction
of the fluid o = a(t, x). It is linked to the f by the formula

4
alt,r)=1- gﬂrg /R3 ft, x,v)dv.

Here, we assume that «(¢,x) € [0,1]. This is in strong contrast with the thin

sprays regime where this quantity is assumed to be very closed to 1 and is therefore

absent from the equations [2]. The radius of the particles r, > 0 is a constant in
this work. The force field acting on the particles I := I'(¢, @, v) is given by

D

L(t,@,v) = =Vap(o) — -

3

v—u).
s ( )
It is composed of two terms. The term —V,p(p) is a specific feature of thick sprays
(it is absent in the thin sprays regime). The term D, (v—u) is a drag force exerted
on the particles by the fluid. The retroaction of the drag force on the fluid appears
in the third equation of (1.2) through the term D, [5s(v—wu)f dv and is sometimes
refered to as the Brinkman force. The drag coefficient D, > 0 is usually given
in semi-empirical manners. This model can be used to describe various physical
phenomena at different length scales, such as aerosols for medical use [6, 7], the
combustion in engines [1], aerosols in the atmosphere [27], and also in astrophysics
for the modelling of gas giants and exoplanets [18]. See also [4,5,15-17,29, 34].

In parallel with the system (1.1) where collisions are neglected, we neglect the
drag force in (1.2). Thus, D, = 0 and the model problem that we will use in most
of this work writes

Of+v-Viof —Vaup(o) Vuf =0
¢ (o) + V- (aou) =0 (1.3)
O(aou) + Vy - (apu @ u) + aVyp(e) = 0.

A description of our main results is the following.

e The first result investigates damping properties of small perturbations of
homogenous profiles at the linear level. It is described in the Theorem 1
below. We linearize the system (1.3) around a reference solution and we
analyze the decay of the perturbation in L? norm. We adapt ideas from
plasma physics [9,12,13] and exploit the scattering structure of the linearized
system, rewriting it as a linear Schrédinger equation of the form

d

—U={HU.

dt
The analysis is based on a careful analysis of the spectrum of the unbounded
operator H. The main difficulty is that the system at stakes is more complex
than the Vlasov-Poisson system, making the computations more tedious.

e The second result is the computation of the rate of decay of the perturbation
of the linearized equations for analytic initial data. Mimicking computations
done by Landau [25] for the Vlasov-Poisson system, we obtain the dispersion
relation of the linearized system. This function is written as the sum of the
dispersion relation of the Vlasov-Poisson equation and an additional term



which is specific to the model (1.3). The computation of the dispersion
relation is done in the Proposition 4 below. Then, we formally derive an
expansion for the perturbation of the density.

e Finally we show numerical simulation illustrating the damping investigated
in this paper. We present schemes for the linearized and the nonlinear equa-
tions. The schemes are derived from classical methods. It shows that the
damping predicted by the linear equations is observed in the linear and the
nonlinear simulations. We also present preliminary formal and numerical
results for the case with nonzero friction D, > 0.

Overview of the paper This work is organized as follows. In section 2.2,
we prove Theorem 1. In section 2.3, we show formal computation leading to the
dispersion relation. In section 3, we show numerical results illustrating Theorem
1, and we show that the computation done in section 2.3 are verified numerically.
Finally in section 4, we discuss remaining open questions about this work.

2 Linear Damping

In this section, our aim is to analyze the damping properties of the system (1.3) in
the linear regime. We follow a classical approach where we linearize the equations
around gaussian equilibrium. In contrast with plasma physics, the physical valid-
ity of such equilibrium is questionable for thick sprays, and should be justified.
Another possibility is to use a more general class of equilibrium as in [8]. In this
work we limit ourselves to gaussian equilibrium since it simplifies the equations
and already brings valuable insight on the mathematical structure of the system.

2.1 The linear thick sprays model

We counsider the following homogeneous solution of (1.3)

Q(tvw) = 0o > 0;

u(t7m) :O7
_ 0 . ng . —|vl?/2
f(t,az,v)_f (’U) = ﬁe [v]®/ ,

where the density ng = fRS f9dw is related to the volume fraction o by

4
1— gwrgno =ap € (0,1). (2.1)
Following [8], we perform the linearization
Q(tv :B) = 00+ €01 (t7 :l?) + 0(62)
u(t,x) = cuy(t, z) + O(e?)
flt,z,v) = fO(v) +ey/fO(v) filt, z,v) + O(e?).

Dropping the quadratic terms and the subscripts, one obtains the following linear
thick sprays equations with 7(t,z) = —o1(t,z)/02 and ¢y = \/p'(00)
4 3
p0o0:T = Vg - u + gwrpvw . v/ fOf dv
RS

QpooOru = aog%cgvaﬂ'
Of +v-V,f— ggcg fO9(w)v -V =0.



2.2 Spectral theory for linear thick sprays
The main result of this section is the following.

Theorem 1. Let fO = fO(v) satisfies (2.1), and initial condition (Tini, Wini, fini) €
L2(T?) x (L2(T*))® x L*(T? x R®) such that

// fini(m, ’l)) dvdx = 0, / Tini(.’ll) dx = 0, / uini(w) dx = 0.
T3xR3 T3 T3

Then as t — +oo the solution (7(t,-),u(t,-), f(t,-,-)) of the linearized thick sprays
equations (2.2) with initial data (Tini, Wini, fini) verifies

(@)l 2 +lw(®)ll 2= 0,

and f(t,-,-) converges weakly to 0 in L*(T3 x R?).

Remark. As the quadratic energy [rs, gs|f|*dzdv + [gs|7*+|ul*da is con-
served, Theorem 1 implies that all the acoustic energy is transferred to the parti-
cles. It will be visible in Figure 4 where fast oscillations show up in the velocity
variable. It is known in the plasma community as filamentation.

The proof of Theorem 1 is done using tools from spectral theory [24,26]. For the
sake of simplicity of the notations, we place ourselves in 1D, but the proof is valid
in dimension d € N*. After setting all constants to 1, the system (2.2) rewrites

3ﬂ=8zu+8x/ v\/ﬁfdv

R

O = 0T (2.3)
Of +v0.f —/ fO(v)vd,7 = 0.

We start from initial data (7ini, Uini, fini) satisfying

// fimi(x,v) dvda = 0, / Tini (z) dz = 0, / Uini(x) dz = 0.
TxR T T

One can show that solutions of (2.3) conserve the quadratic energy

d 2 A2l _
i <//r><Rf| dvdx+/r| |“+|ul dm) 0. (2.4)

Functional setting We define the following functional spaces

L%(T):{ueLQ(T), /ru(x)dx:0},

and

LT xR) = {f € L*(T x R), //FXRf(ac,v)dxdsz},

and
6(Z) = {u e *(Z), wug=0},

and the unbounded operator H : L3(T) x L3(T) x L(T xR) — L3(T) x LE(T) x
L3(T x R), by

0 0z Oy g/ fOv) - dv
Oz 0 0
v/ fO(v)d, 0

1H =

9

—00,



with domain
DIH] = {(1,u, f) € L3(T)xL3(T)xL3(TxR), such that 9,7 € L*(T),d,u € L*(T),vd,f € L*(TxR)}.

The system (2.3) rewrites as a linear Schrodinger equation

d
&U =4HU, U= (7r,u,/f).

To study the operator H, we introduce the Fourier transform F : L3(T) — (3(Z)
defined by

F(f)(Ek) = fr ::/ e f(x)da, VkeZ.

T

In this context, the Fourier inverse F~! : £3(Z) — L3(T) is well-defined and F is
a unitary operator. Denote (3 L% = F(L3(T x R)). We work in the Hilbert space

X = (2(Z) x (3(Z) x (312,
equipped with the hermitian product
(D)o w. g = Yo now+ 3 wwr+ Y [ Ao de
keZ keZ kez’ R

We introduce k the operator defined by (k1) = k1 forall k € Z. Let H: X —
X the operator defined by

0 1 [guy/fo(v) - dv
iH = ik 1 0 0 ,
v/ fOv)- 0 —v

with domain
D[H] = {(r,u, f) € X, such that kr € ¢*(Z), ku € (*(Z), kvf € (L2} .

By construction, H and #H are unitarily equivalent. The system (2.3) rewrites in

the Fourier space, as

d
—U =+HU.
e iH

Proposition 2. The operators H and H are self adjoint.

Proof. Let us write H = Ho + K, with

0 0 0 Jgov/fOv) - dv
0 0

0 1
Ho=k|1 0 0|, K=k
0 0

0
—v vy/fO(v)- 0 0

i

with domain
D[Ho] = D[H],

D[K]:{(T,u,f)eX, k/Rv\/fO(v)fdveﬁ(Z), kv\/fO(U)TGE%Lg}.

Let us show that (Ho, D[Ho]) is self-adjoint. A simple computation show that Hg
is symmetric, (HoU,V)x = (U, HoV)x for all U, V € D[Hg]. It remains to show
that D[H§] C D[Ho). Let (o, w, g) € D[H{]. By definition of the adjoint, for every
(1,u, f) € D[Ho], there exists (s,w,h) € X such that

<H(Tvua f)v (vaag)> - <(7_aua f)7 (vav h)>

ot



In particular, for
wl[[_mn]]
(T, u, f) =k Jl[[—n,n]] 5
_’Ug]-[[fn,n]]x[fm,m]

one has

<HO(T,U7 f)’ (vavg»

Z k2 Jwg|* + Z k(o) ?+ Z / k202 |gi|* do

k=—n k=—n k=—n

<(T’ua f)7 (va’ h)>X

||T,’U,7 f||x||S,CU, hHX

n n n m 1/2
[Z B+ 3 Bl 30 [ R ) dv] ...
k=—n -m

k=—n k=—n

IN

So

n n n m 1/2
SR wel? + Y Ko+ ) / E20? g (v)[? dv] < |ls,w, hl|x,
—m

k=—n k=—n k=—n
and, taking the limit m,n — oo, it yields
kw € (*(Z),
ko € (*(Z),
~kvg € (212

This show that Hg is self adjoint. Moreover, the operator K is clearly symmetric,
and D[H,] C D[K]. Furthermore

2

I )l = S [ 2wl o+ 38

/R o/ FO@) fi(v) dv

kez R kEZ
< [Py Rnfin Y Fut [ 2o dY [ Rl
R kEZ kEZ R kez /R

< nOHHO(Tvu7 f)H?X

So the operator K is Ho-bounded. Thanks to the hypothesis (2.1), ng < 1 and
the Kato-Rellich theorem applies. One concludes that H is self adjoint on D[H] =
DJ[H,]. Since H is unitary equivalent to #, the operator (H, D[H]) is self adjoint.

O

Since the operators H and H are self-adjoint, their spectrums can be decom-
posed in terms of theory of measure [24,26]. It yields the following decomposition

X =X*o X g XPP,

where X?¢ (resp. X®¢, resp. XPP) corresponds to the absolutely continuous (resp.
singular continuous, resp. pure point) part of the spectrum. The pure point
subspace XPP is spanned by the eigenvectors

XPP = Span{y € X, Hp = Ap for some A € R}.

On the other hand, the subspace X?° is characterized [22,23,30] by the existence
of a dense subset A C X2 such that

peA= H(H—)\—is)lngX:O<\}g>. (2.5)



This characterisation is known as the Christensen criterion. Before moving on, we
recall the so-called Plemelj formula,

1 1
lim — =PV (> —imdy, inD.
e—=0x 4+ 1€ x

Theorem 3. The operator H only has absolutely continuous spectrum.

Proof. Since H is unitary equivalent to H, if H only has absolutely continuous
spectrum, then the same statement holds for H. We verify the criterion (2.5) by
means of a series of elementary calculations.

Let A be the set of triplet of function (7, u, f) such that 7, u € £3(Z) with finite
support and f € ¢4L? with finite support in k, and bounded in v. The set A is
dense in X. Let us compute (H — (A +ie)) " (7, u, f) by solving for (o, w, g) € X
the equation (H — (A +ie)(o, w, g) = (7,u, f) which writes, for all k # 0, v € R

kwy 4+ k [g v/ fO(0)gr(v) dv — (X +ie)op = 7
kor — (A + ie)wy, = ug
—vkgr(v) + kvy/ fO(v)or — (A +ie)gr(v) = fr(v).

Taking the third equation, one has

fo) fr(v)
= - . 2-
960 = e T okt T X ie 4 ok (26)
The second equation gives
1
= ko — ug)- 2.
wi = 3 (kok — k) (2.7)

Then, the first equation gives

k2 k
=0k TN Uk+k/ v/ fO(v)gr(v) dv — (A +ig)oy, = 7.
+ 1€ R

A+ie
Using (2.6) and (2.7)
2 2 2 0 1 /F9(
k, O'k“rk‘ak/ UJ.C(U) dv—oy = i T+ Uf Jilo
(A +ig)? Atie U Jr A +ie+ vk (/\+ZE) )\—Ha >\+zs A-i—zs—i—vk
Finally

O —

[_ k2 2 V2 fO(v)
(A+ie)? Aie JR AFietok

. ( o b Wfk ) ao >
dv

)\+zs (A +ig)? )\—i—ze A+ i + vk

(A +ie)2 — k2 — k2(A + d€) [ 1o Ntie | Ovrae)

L i) Rug k(A + de) [ DR g, 23

(A +ig)? — k2 — k(A +1ig) [x /\v+{a+7;)k dv

To satisfy the criterion (2.5), it is enough, from the formula (2.6)-(2.7), to bound
o and w in £*°. One obtains using Plemelj formula

()T + g+ R+ i) fp DA gy

Ok =
(A +ie)? — k2 — k(A +ie) [g )\U+{;J(r1;)k dv

AT+ kg + kA {P.VfR VIO Gy 1A/ TN (V) ]

e=30 X2 = k2 = BA [PV [ SEC du + imaz o))

Atvk

_ (A +ie)® Tk k /v\/fO v) fi(v
dw )\—Ha

A+ e + vk

)



So ¢ is uniformly bounded in € in ¢°°(Z). In the same way, from (2.7)

0 (
oo L [ FOF i R O+ ie) fi WL qv e
At ie (A +ie)2 — k2 — k(A +ie) [ e dv
ke + 5 g - )\Ti(;ii)-{)];:(v) dv k2 iz g,
(A +ie)? — k2 — k(A + i) fg 1ot do (A +ie)2 — k2 — k(A + i) [ solol) Atic
ki + K [ - ,\Ti(:liz(v) dv Uk |y k>
- _(/\+Z'g)2 — k2 — k(X +ie) v2f0) g4, A tie * (A +ie)2 — k2 — k(X + ie) vf0) 4,
R A\ tietvk R A\ fietvk
ki + k2 [ I g, uk (A +i)2 — k(A + ie) [y 1ol do
- . . v2 fO (v - : . R 02 fO (v
(A +ie)? — k2 — k(A +ie) Jg >\+{6—&(-v)k dv At | (A tie)2 — k2 — k(A +ie) [y )\+{s-&(-v)k dv
ke + K2 fg - Aﬁji(;)r{)];c(v) dv (A +ie) =k [ ,\Uj{;ﬁ;)k dv
= - . v2 fO(v - Uk . . 2 fO (v
(A +ig)? — k? — k(A +ie) [g >\+{E£v)k dv (A +ie)? — k2 — k(A +1e) [R )\Hfsiv)k dv

ke + k2 fR U\/F(”)fk(v) dv + uy, |:()\+Z€) _ kfR v £0(v) d’U:|

Aiet+vk Atiet+vk
. . 2 f0
(A +ie)? — k2 — k(A +ie) [ ,\U+z'fs$;)k dv

Then one concludes using again Plemelj formula that

Bri + PV fry YD dy e imd/TOO fu(N) + i |A = PV [ S dv — imka? fO(0)]
w - 7o .
¥ e N = k2~ kP.V [ S0 4y — irkA2 fO(N)

In the end, one obtains that w is uniformly bounded in € in ¢*°(Z). We then turn
to an estimate of g in ¢2L2. The triangle inequality yields

Iz < || e
212 S |\~~~ EEErEE— .
KLy A+ ie + vk a1 A+ i + vk e
One has
2 2
kv\/fOc _Z/ kv/ fOoy
A+ ie + vk o A+ ie + vk
éﬁL% kEZUGR
2 40
= Z k’zai/Ldv
2 2
keZv(0} s A+ vk)2+¢
k20'2
2 40 k
<Ol Y e
keZ\{0}
< ([0 £O] e |ko||§27
€
and
f ? / £ (0) 2
- d
HA+is+vk 2 O+ vk)2+e2 "

GLY kez\{0}, IR

< 2 /(A+uk)2+e2d”

kEZ\{0}, R

C ., _ 2
< c Hk 1flk#0’|£§L3° :



Finally, it yields for £ small enough,

Wiruf) €A -+ i) ru Hllxs 2L

With C; . r) a constant that depends only on 7,u, f,A\. One concludes that H
only has absolutely continuous spectrum. O

We can then conclude this section and prove Theorem 1.

Proof of Theorem 1. Since the operator H has absolutely continuous spectrum
and does not have pure point and singular spectrum, it is a standard consequence of
scattering theory [24,26] that the solution (7(t),u(t), f(t)) = e~ (ini, tini, fini)
converges weakly to 0. Furthermore it is easy to see that

Vk, Tk(t) — 0, uk(t) — 0.
Using the conservation of energy, one has

S (P ®R) < 3 (m<t>|2+|uk<t>|2+ / |fk<t,v>|2dv)

kEZ kEZ

=y (Tk(0)|2+|uk(0)|2+ /R|fk(0,v)|2dv),

kEZ

Let € > 0, then there exists NV > 0 such that

> (In@PHu P+ [ IA00Pw) <
|K|>N R

Then one writes

Yo (mOPHur @) = > (me@OP+un@®)®) + Y (Im)P+Hu(®))

keZ |k|<N |k|>N
< Y (Im@®P+Hue @) + .
|K|<N

Taking t — +o0,

: 2 2 <
tilinwl;(m(m +Hur(t)?) <e, Ve >0.

One concludes by Plancherel identity. O

2.3 Dispersion relation

In this section, we perform a more quantitative analysis than in the previous
section by assuming that the initial data are analytic functions. For simplicity
of the notations we take ny = 1. The conclusion (2.12) is that the damping
is a combination of a decreasing exponential part and an oscillatory part. This
behaviour is qualitatively the same to the linear Landau damping in plasma physics
for the Vlasov-Poisson system, even if the physical nature of the force that acts
on the particles is different.

For a function 7 € L (R ; L?(T)), we define the Laplace-Fourier transform
as

+oo
Tr(w) :2/0 [rei‘”te*ikxT(t,x) dzdt, S(w) > 0.



Proposition 4. Let (1,u, f) solutions of the linearized system (2.3), and Ty be
the Fourier-Laplace transform of 7. Then one has, for S(w) > 0

~ . N(wk)
Ti(w) = D(w, k)’
with
) v/ o0 v
N{w, k) =~ (Tk(O) - guk(o) +/R\/T_)f£(0’)du> :
and

2

k w e v/?
Dw,k)y=1— — + 1+7/7dv.
( ) w2 /271']{7 RU*% ]

The function D is the dispersion relation of the linear system.

Remark. It is interesting to compare D to the dispersion relation of the linear
Vlasov-Poisson system

2
w e v/
w

2
dv| .
V2mk RYV— % U‘|

1+

1
Dvp(w,k‘) =1+ ﬁ

We remark that

k2 k2
D(w,k)=1- =+ E*(Dyp(w, k) —1) =1—k* — =+ E*Dyp(w, k).

Proof. We consider the system (2.3) written for Fourier modes k # 0.
6‘t7k(t) = ikuk(t) + Zk/ \V fofk(t, U)’U dv
R

atuk(t) = ika(t>
Or fio(t,v) + ikv fr(t,v) — ikv/fOrg(t) = 0.

The solutions of (2.9) are bounded, so the following Fourier-Laplace transforms
are well-defined

(2.9)

+oo
Fo(w) = / dtr () dt,  S(w) >0,
0
+oo
i (w) = / (8 dt,  S(w) >0,
0
- too
fk(w,v):/ e“fr(t,v)dt, S(w) >0, veR.
0

Multiplying the Vlasov equation by ¢! and integrating in ¢, (2.9) writes

—iwTk(w) = ikt (w) + ik va\/fO(v)fk(w, v) dv + 73,(0)
—iwﬁk(w) = zk?—k(w) + uk(O)

(—iw 4 ikv) fr (w, v) — ikvy/fOTe (W) = fr(0,v).

10



Then one has
—iwTy(w) =ikug (w +Zk/ 07/ FO(0) fr(w, v) dv + 74(0)
=ik (_zkm( )+uk )—Hk/ v/ fO(v) f(w,v) dv + 74(0)
R

1w

=— ik—ﬁ(w) + Zk/ v/ fO(0) fr(w,v) dv + 74 (0) — %uk(O)
Z—Z*Tk —i—zk/ v/ fO(v <fk O.0) Fikvy SO ﬁk(w)) dv + 73,(0) — %uk(o)

—iw + kv

K% e / ikv? fO(v) dv -+ 7,(0) — )+ k/ v/ fO() fr(0,v)

' Ti(w) + kT (w) R —lw + ikv C —iw+ikv

Then one has

Tr(w) = (lﬁ? - i/RUQfO(;})dv) 7~'k(w)+£ (Tk( - fu / U\/f(;i_ff ©.v) ) ;

2 —w
w v 2

which rewrites

() = AD/((Z;} :)) (2.10)
with A
; 0
N(w,k) == <f(0»k) — =~ a(0,k) + /R de>
and

o1 * 2f°(>v
Dlw, k) =1 + = /R dv.

v—5

Furthermore, since

/v e_vw/2 dvz/ v(vff)i*UQ/Q dv—&—g/ ve_vz2 dv:g/ ve‘”Z:Q do
R ,U_E R U_E k R 'U—E k R ,U_E

and

k

2
w /e”/2d
[ ——dv]|.
\V2mk R’U_%

One obtains that D writes

k2

O

For all k # 0, the function D(-, k) is analytic on the half-space $(w) > 0. One
can define an analytic continuation of D on C*. Let Z be a function defined on

C by
2 C 2
2(¢) = e ( % /0 et dt).
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Then Z is analytic on C and V(¢) > 0,

1 e

T Vrlrv—¢

2
Therefore, one can do an analytic continuation of ¢ — fR 27 dv on C. Then,
the function D(w, k) can also be continued analytically on C* by the formula

Viw w2 2 /f%k 2
1+ =—e2¢2 [§— — e dt )] .
V2 k NZN

The function N can also be continued analytically in the same manner, and then
Tr(w) is continued analytically on C*. At this point, we follow what is classically
done in the plasma physics community [31,33] for the Vlasov-Poisson system and
we assume that D only has finitely many zeros (which seems reasonable to prove)
and that they are all simple (a proof of this fact seems much more difficult). So
that the Laplace inversion theorem applies and one has

Z(¢) dv.

k2

1 +oo+iy ot

Tr(t) = —/ e "' (w) dw.
20T ) ootiy

One can use the residue Theorem to compute this integral. One obtains the

following expansion

Ti(t) = > Res(Tp, wy)e ", (2.11)

where the w; are the roots of D, which is a finite set, and Res(7%,w;) is the residue
of 7, at w;. We then obtain that the dominant term of this expansion decay
exponentially. The expression of D when the constant are not normalized to 1
(one must redo the computation of the section 2.3 with the system (2.2)) is

k2 dmrrdooc? w? 2 NG
Dlw k) = 1— X L TG | | V@ o i——/ Fettar)].
w? 30(0 \/Ek ﬁ 0

The w; are the solutions of D(w, k) = 0 for a given k. As all the terms in the
sum (2.11) decay exponentially fast, only the term corresponding to the w; with
the largest imaginary part will remain for large time , and the others will quickly
become negligible. Denote w, = R(w;), w; = S(w;), and Res(7,w;) = re’?, one
notices that there is alway a root of the form w, + iw; associated to re’? and one
of the form —w, +iw; associated to re~*?. Therefore, by considering only the two
roots with the largest w;, one has

(1) & reiPem (Wrtiwt 4 pemivg(mwrtiwi)t — opewit cog(w, t — ). (2.12)

To compute the two roots with the largest imaginary part of D, we use a standard
numerical method such as a Newton’s scheme from the python library scipy. For
example with %m"g = 0.3, oo = 1 and k£ = 0.5, one obtains that the two roots with
the largest imaginary part are

w ~ £0.4969 — 0.1295:.

3 Numerical illustrations

In this section, we illustrate the results of Theorem 1 in dimension 1+ 1. We show
results on the linear and nonlinear equations. We consider a uniform discretisation
of the phase space T x R, with steps Az, Av. In all the numerical results, we
chose 7, so that %m"g =0.3.
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3.1 Numerical methods

We describe here the numerical schemes used in the next section for the purpose of
illustration. We present two schemes. The first one is for the nonlinear problem,
which is the most interesting one in view of possible physical applications. The
second one is for the linearized problem because it is a direct illustration of the
theoretical results.

3.1.1 Nonlinear equations

We start with the nonlinear equations

Oif + 00z f — 0rpOy f =0

Ot (o) + Oz (cou) =0

O (avou) + 9, (cou?) + adpp = 0
p(o) =0",7 =14

(3.1)

We use a semi-Lagrangian method for the Vlasov equation and a Lax-Wendroff
scheme for the fluid part. Multiplying the Vlasov equation in (3.1) by v and
integrating in v, then summing with the momentum equation of the fluid, one
sees that the fluid part of the equation can be written in a conservative form

O () + 0z (aou) =0

4 4
O (agu + gﬂ"l“g/ v dv) + Oy (aou?) + Opp + 0, (37r7“2/ vif dv> =0
R R
8tf + anf - 8mpavf =0.

It writes
U+ 9, F(U,f)=0
with
U — U ap

S \Uy) ozgqu%ﬂ'rngfvdv

and
Uy —my, [g fodv

Qou 2 * Jr

F Ua = = — A3 v dv)? 2l .
(U, f) <agu2+p+§7rr2fRf02dv> <(U2 3 ;{JlfRf dv) +giJrfRfvqu)

The jacobian matrix of F with respect to U is

0 1
AU, f) = VUF(U, f) = | a4 [ fodv)® | U7 2Ua—4mrd [ fodo) |-
U12 + o U4

(3.2)

Its eigenvalues are
P'(0)
o

/\i:u:I:

This allows us to use a classical hyperbolic numerical scheme to discretize the
fluid part, and to immediately obtain a scheme preserving the mass and the total
momentum.

The numerical method to discretize the system (3.1) is described as follow:
Given (U™, f™) at a given time ¢".

e Compute f* by solving the free transport 0;f + vd,f = 0 with a semi-
lagrangian scheme during a timestep At with initial condition f™.

13



e Compute f"*! by solving 0;f — 0,p0,f = 0 with a semi-lagrangian scheme
during a timestep At with initial condition f*.

e Compute U*! by solving 9;U + 9,F (U, f) with a Lax-Wendroff scheme
during a timestep At with initial condition (U™, f*+1).

The semi-lagrangian method [10,32] is a classical method to discretize transport
equations, so we do not describe it here, only the Lax-Wendroff scheme used here
is somehow non standard and we describe it hereafter.

Given initial data (U™, f**1), the quantity U"*! is computed by the Lax-
Wendroff scheme [19]:

§ At .
UM = U = e (U S = F(U L f7)

At2 n n+1 ur n+1 n n pen+1 n
er( G+12(F(UL, f55) = F(UGF 7)) = Ajy o (F(UF, f7) = F(UG

where A? b1/2 18 the jacobian (3.2) evaluated at some average state:

ur, +Ur f"+1 +
n +1
Aj+1/2 =A ( : :

2 2

Following classical results, the scheme is stable under the CFL condition:
At 1

AL T2
Notice that A is in 1/« so small value of « could lead very small time step At.
3.1.2 Linear equations

We start with the linearized equations

4
Q00T = apOu + gm“gax /R vy/ fOf dv

a0000iu = g0, T
Of +v0uf — 0gcg/ fO(v)vdyT = 0.

(3.3)

One notices that the variable v only acts as a parameter. A discretization in v
yields

4
0000 T = ipdpu + gm“ﬁ@m D oV O (vr) £ (¢, k) Av
k

000U = 03t o,T
O f(t,x,vk) + viOp f(t, 2, vk) — 082/ fO(vr)vk0,7 =0, VEk € [0, N]

It can be recast as a linear system of conservations laws
oW + A0, W =0,

with
Qo00T
QpooU
W = f(',',’UO)

f('a Yy UN)
and A a constant matrix. We use a Lax-Wendroff scheme under the form [19]

At At?
n+1 _ n n
W =W — = A (Wi = Wi + 513

v A2 (WP —2W2 + W2 ).

14
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3.2 Numerical results

In this section we consider the nonlinear system (3.1) with initial data

Q(t = va) =1,
u(t=0,2) =0,
f(t=0,2,0) = A= (1 + e cos(kw)y/FO(w))e /2,

and the linear system (3.3),

T(t=0,z) =0,
u(t=0,z) =0,
fE=0,z,v) = \/% cos(kz)e=""/2.

The coefficient are e = 0.001 and k& = 0.5. The domain of computation [0, 47| x
[—10,10] with periodic boundary condition. Using (2.12), an approximation of
T(t, ) writes

7(t, ) ~ 4re“ ! sin(kx) cos(w,t — ¢).

As it is done in plasma physics [31,33], this allows in our case to write the following
family of reference solutions

Teet (t, ) = 4re™ 0129 6in (0.52) cos(0.4969t — ),

where r € R is the amplitude and ¢ € R is the phase.

The numerical results obtained with the schemes described in section 3.1 are
visible in Figure 1 for the nonlinear case and in Figure 2 for the linear case for
r = —6.5 and ¢ = 4. One notices that the numerical solutions computed by both
schemes are of the form predicted by the linear theory. Moreover the expected rate
of decay is observed with great accuracy, both in the linear and nonlinear caseq.
This indicates that the linear damping effect survives the nonlinear effect of the
nonlinear system. In Figure 3 and 4, one can see the strong oscillations in the
v-variable. This is a typical effect seen in plasma physics and it is sometime called
filamentation. It is also an illustration of the weak convergence of the perturbation
of the distribution function to 0.
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time

Figure 1: Decay of the acoustic energy computed with the nonlinear equations. In
blue, the numerical solution and in orange the solution predicted by the linear theory.
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Damping

10° 4
10—2 u
10—4 u
107° 1 — Juyllea(t)
0 10 20 30 40 50 60
10° n
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1074
10—6 u
— [Talle2(t)
0 10 20 30 40 50 60
time

Figure 2: Decay of the acoustic energy computed with the linear equations. In blue,
the numerical solution and in orange the solution predicted by the linear theory.
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Figure 3: Filamention or weak convergence of the distribution function in the linear
equations for different times. In descending order, t =0, t = 15, t = 30, t = 45.
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Figure 4: Filamention or weak convergence of f — f° in the nonlinear equatio
different times. In descending order, t =0, t = 15, t = 30, t = 45.

4 The case with friction
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The introduction of a nonzero friction D, > 0 is important in view of physical

applications [8]. It introduces an explicit dissipation mechanism in the equations.
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Since there is no such mechanism in the Vlasov-Poisson equations, the way to
generalise the mathematical analysis is not obvious. In what follows, we present
preliminary results on the problem for small friction.

Following [8], the linearization of the system (1.2) with friction d, = 4 5 >0

P

yields

Ot =0yu+ 0, [ VOt fudu
Oy = 0,7 + dy [q v/ fOetgdv —dou [ fOdv

Oif + 00, f — /O, = d\/ fOe¥tvu — d, f + d, 0, (vf).

Applying the Fourier-Laplace transform, one gets

—iwT(w) = ikt (w) + ik / v/ fOfu(w — id,) dv + 74(0)
R
—iwiig (w) = kT (W) + d*/ oV FO fi(w — id,) dv — d, iy (w / £0 dv 4 ug (0)
. R
(—iw 4 ikv) fo(w, v) = ikoy/ fOT (w — idy) + dy i (w — idy) \F—i- A 00y fr(w, v) + f1(0,v).

If one assumes that the coefficient d, is small, another linearization procedure
based on a Taylor expansion with respect to d, yields

;k(w - Zd*) = Tk(w) - id*awTk(w) + O(dz)7

with similar formula for w; and fk Injecting those expansions and dropping the
quadratic terms in dy, it yields

—iwTg(w) = ikt (w +zk:/ v\/>fk ) dv + dy k‘/ vfa fk )+ 7%(0)

—iwug(w) = kT (w /v\/>fk dv — d, g (w )/ fYdv + ug(0)
(—iw + ikv) fio(w, v) —zkv\/>7'k — doo\/FO0, T (W) + dyTig (w)vy/fO + devdy fu(w,v) + f1(0, ).

One obtains

ikv/ o7, (w + fx(0,v)

Tl V) == o
b [V + 00, fu(w. ) — 0/ 0 )]
and
) = — L7 (W) + Lur(0) — = [o v/ FOfi(w)

1— zd* fRfO dv

— kT (w) + tugk(0) — id, va\ka
—zd Jr fOdv

Then ﬁ(w, v) writes (dropping quadratic terms in dy)

ikvy/ fO7% (w + fx(0,v)

kv — iw kv — lw

fr(w,v) =

d* ’U\/fio - )
thv — iw w — id, fR fO dv [—ka(w) + Zuk(O)]

+ diiw {U&,fk(w, v) — U\/JToﬁw?k(w)} .

ikv
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For uy, one has

— kT (W) + 1ug(0) + dok [y ot dvTi(w) — idy [ WO g

ak(W) — ikv—iw
w —id, [ fOdv

For 73, one has

— kT (W) + 1ug(0) + dok [y ot dvTi(w) — idy [ VIS O00) g,

—iwTg(w) = : o ot
w —id, [ fOdv
2 £0 /¥
+¢k/7,“f,dm( /” PI00) 4
R kv —iw rR kv —iw
dyik v2 f0 _
dv [k ]
+ w — idy fR fodv /R tkv — iw v [=hT(w) + i (0)]
02 2 £0
—|—id*/<:/ \F(? fk w,v) —id*k/ %dv&fk(w)
R 1kv — iw 1kv — w
N S ) f1(0,v)
+de*87w r kv —iw dv +d. ka Rzkvfzwdv
-I-Tk(O).

Rewriting this equation, one gets a differential equation of the form
dy A(w)0yTr + B(w, di)Ti + Cw,dy) =0

where A, B, C are functions of w. If d, = 0, one recovers equation (2.10). One
would need to study this equation to see how the friction interacts with the damp-
ing mechanism. This is left for further research.

We nevertheless show numerical illustration for small value of d,. The results
have been obtained with the nonlinear equations. We observe that for sufficiently
small value of d,, the behaviour of the numerical solution is similar to the previous
results, see Figure 5. But, with larger value of d,, we observe initially a damping
phenomenon, which is replaced by the purely oscillatory phenomenon, see Figure
6. For even larger value of d,, we observe an oscillatory phenomenon, see Figure
7. The interpretation of those results with respect to the Lyapunov functional
constructed in [8] remains to be done.

::((Ffpfrvf

1 — Il

0 10 20 30 40
time

Figure 5: Decay of the acoustic energy with friction for the nonlinear equations for
D, = 1073. In blue, the numerical solution and in orange, the solution in the case
with no friction
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6 1‘0 Zb ;‘0 4b 5‘0 6‘0
Figure 6: Decay of the acoustic energy with friction for the nonlinear equations for
D, = 1072, In blue, the numerical solution and in orange, the solution in the case
with no friction

— lmalle=(t)

T T T T T T T

0 10 20 30 40 50 60

Figure 7: Decay of the acoustic energy with friction for the nonlinear equations for
D, = 107!, In blue, the numerical solution and in orange, the solution in the case
with no friction
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