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THE L2-NORM OF THE FORWARD STOCHASTIC INTEGRAL
W.R.T. FRACTIONAL BROWNIAN MOTION H > 1

2

ALBERTO OHASHI1 AND FRANCESCO RUSSO2

Abstract. In this article, we present the exact expression of the L2-norm of the
forward stochastic integral driven by the multi-dimensional fractional Brownian mo-
tion with parameter 1

2 < H < 1. The class of integrands only requires rather weak
integrability conditions compatible w.r.t. a random finite measure whose density is
expressed as a second-order polynomial of the underlying driving Gaussian noise.
A simple consequence of our results is the exact expression of the L2-norm for the
pathwise Young integral.

1. Introduction

Let B = (B(1), . . . , B(d)) be a d-dimensional Fractional Brownian motion (henceforth
abbreviated by FBM) with exponent 1

2
< H < 1

2
on a probability space (Ω,F ,P). That

is, B is a d-dimensional Gaussian process with covariance

E
[
B(i)

s B
(j)
t

]
=

1

2
{t2H + s2H − |t− s|2H}δij,

for 1 ≤ i, j ≤ d and 0 ≤ s, t < ∞. We set R(s, t) := 1
2
{t2H + s2H − |t − s|2H} for

(s, t) ∈ R2
+. In the sequel, increments of paths t 7→ ft will be denoted by fs,t := ft−fs.

For a given positive constant T , let g : [0, T ]× Rd → Rd be a Borel function, where
Rd is equipped with the usual inner product ⟨·, ·⟩. For a given ϵ > 0, let us denote

I−(ϵ, g(B), dB) :=
1

ϵ

∫ T

0

⟨g(s, Bs), Bs,s+ϵ⟩ds. (1.1)

In this paper, we study the existence of the forward stochastic integral in the sense of
stochastic calculus of regularization (see e.g. [20] and [23] and other references therein):∫ T

0

g(t, Bt)d
−Bt := lim

ϵ↓0
I−(ϵ, g, dB) (1.2)

in L2(P). More importantly, we present the exact expression of the L2(P)-norm of
(1.2) in terms of an explicitly second order-polynomial of the underlying FBM. In fact
the techniques we develop in this article are not limited to FBM and can be used
to treat other Gaussian noises admitting a covariance measure structure in the sense
of [11]. Those processes are finite quadratic variation processes in the sense of [21],
where relations between the quadratic variation and the covariance structure was first
investigated. For the sake of simplicity, in this paper, we will not discuss the technical
aspects of this point further.
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There are essentially three different approaches to construct stochastic integrals
w.r.t. FBM with 1

2
< H < 1: pathwise, Malliavin calculus and, more recently, sto-

chastic sewing lemma. Since B has γ-Hölder continuous paths for γ < H, then one can
make use of a pathwise approach to define a stochastic integral in the sense of Young
[25]. Indeed, if a stochastic processes {ut, t ≥ 0} whose trajectories are λ-Hölder con-

tinuous with λ > 1 −H, then the Riemann-Stieltjes integral
∫ T

0
usdBs exists for each

trajectory (see [25]). Another pathwise approach was proposed by M. Zähle in [26] who
introduced a generalized Stieltjes integral using the techniques of fractional calculus.
The Malliavin calculus approach has been extensively studied by many authors over
the last years: the divergence operator associated with the Gaussian space of FBM
provides an isometry between the Reproducing Kernel Hilbert space (henceforth ab-
breviated by RKHS) associated with FBM and the first chaos, and this is precisely the
so-called Paley-Wiener integral for the class of deterministic functions in the RKHS.
Recall that in the classical Brownian motion case H = 1

2
, the divergence operator

coincides with the classical Itô integral when the integrand is adapted and this moti-
vated many authors to develop a Malliavin calculus approach for a stochastic calculus
w.r.t. FBM driving noise. In this direction, we refer the reader to e.g [15], [7], [1], [11],
[4] and the monograph [3] for a very complete list of works in this topic.

One standard strategy for the obtention of L2(P)-bounds for stochastic forward inte-
grals of the type (1.2) and also the similar object computed in terms of Riemann sums
is the identification with the divergence operator plus a trace term associated with a
Gaussian driving noise B. The key point is the multiplication rule between smooth
random variables and the increments Bs,s+ϵ (see e.g. Prop. 1.3.3 in [17]),

YsBs,s+ϵ = Ys

∫ ∞

0

1[s,s+ϵ](r)δBr (1.3)

=

∫ ∞

0

Ys1[s,s+ϵ](r)δBr +
〈
DYs,1[s,s+ϵ]

〉
H, (1.4)

where D denotes the Malliavin derivative operator, δ is the divergence operator and
⟨·, ·⟩H is the inner product of the underlying RKHS H. We refer the reader to e.g. [17]
for the definitions of the basic objects D, δ and H above. The passage from (1.3) to
(1.4) requires very strong regularity conditions from the integrands which prevents this
framework of solving SDEs. The connection between the forward stochastic integral in
the sense of stochastic calculus via regularization [20], pathwise Young and divergence
operator was established in [2] and [22]. In this direction, see also [11], Chapter 5 in
[3] and [17] and the monograph [23].

More recently, Matsuda and Perkowski [14] have obtained some progress beyond the
standard Young pathwise interpretation by using the Mandelbrot-Van Ness represen-
tation [13] in terms of a two-sided Brownian motion. Based on an extension of the
stochastic sewing lemma [12], [14] has proved the existence of the limit



3

∫ T

0

g(Bs)dBs = lim
|Π|→0

∑
ti∈Π

g(Bti)Bti,ti+1
(1.5)

in Lp(P) for every p ≥ 1, as the mesh |Π| of an arbitrary partition Π of [0, T ] vanishes,
where g is bounded. The contributions [24] and [8] proved previously existence of (1.5)
when g is a bounded variation function.

This article aims to produce the exact L2(P)-norm of the forward integral (1.2) under
rather weak conditions of integrand processes of the form Y· = g(·, B·), where g is a
time-space Borel function satisfying only integrability conditions w.r.t. a random field
of the form

∂2R

∂t∂s
(s, t)Id×d +W(s, t), (1.6)

where W(s, t) is a second-order polynomial of the underlying Gaussian noise. For a
given Borel function g : [0, T ] × Rd → Rd, (ϵ, δ) ∈ (0, 1)2 and Y· = g(·, B·), we shall
write

〈
I−(ϵ, Y, dB), I−(δ, Y, dB)

〉
L2(P)

= E
∫
[0,T ]2

〈
Ys ⊗ Yt,Λ

−(ϵ, δ; s, t)
〉
dsdt (1.7)

where ⊗ denotes the tensor product in Rd and Λ−(ϵ, δ; ·) = (Λ−(ϵ, δ; ·)) with

Λ−,ij(ϵ, δ; s, t) :=
1

ϵδ
E
[
B

(i)
s,s+ϵB

(j)
t,t+δ

∣∣Bs, Bt

]
, (1.8)

for (s, t) ∈ [0, T ]2 and 1 ≤ i, j ≤ d. The main novel idea presented in this article is to
explore the regularity inherited from the projection operator Λ−(ϵ, δ; ·) which allows us
to calculate explicitly the L2(P)-norm of the forward stochastic integral under rather
weak integrability conditions w.r.t. the random field (1.6). The investigation of the
double limit (ϵ, δ) ↓ 0 (simultaneously to zero) of (1.7) and (1.8) provides the existence
of (1.2) and (1.6), respectively, and as a by-product it gives the exact L2(P)-norm of
the forward stochastic integral.

Theorem 2.2 presents the main result of this article: the explicit description of
the L2(P)-norm of (1.2) under rather weak regularity conditions on integrands of the
form Y· = g(·, B·). The fundamental object is the random field W described in (2.2)
and constructed in Theorem 2.1. The process W is a second-order polynomial of the

underlying FBM and it is a q-integrable random field for 1 ≤ q < min
{

1
2H−1

; 1
2−2H

}
.

Based on the q-integrability of W , our condition on Y· = g(·, B·) in Theorem 2.2

(s, t) 7→ Ys ⊗ Yt ∈ Lp(Ω× [0, T ]2;Rd×d) (1.9)

depends on a integrability parameter p ∈
(
max

{
1

2−2H
; 1
2H−1

}
,+∞

]
which is the con-

jugate exponent of q. Clearly Y is allowed to be unbounded, see in particular Example
2.1, but also not locally bounded, therefore discontinuous.
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By means of a standard completion argument, we stress that the exact L2(P)-norm
expression of the forward stochastic integral given in Theorem 2.2 allows us to extend
(1.2) to a larger class of integrands as elements of a natural Hilbert space of processes
equipped with the inner-product inherited from the right-hand side of (2.5). We refer
the reader to [18] for this procedure in the singular case 1

4
< H < 1

2
. In the present

regular case 1
2
< H < 1 of this article, the resulting Hilbert space will be a space

which contains not only integrable functions but also distributions in time and space.
We leave the complete analysis of this extension and the associated stochastic calculus
arising from Theorem 2.2 to a future project. A step in this direction was done in [9].

Finally, we mention that we have chosen to consider only state-dependent integrands,
though we believe an extension of Theorem 2.2 to more general integrands should be
possible.

Notation: In this article, 0 < T < ∞ is a positive finite terminal time,

[0, T ]2⋆ := {(s, t) ∈ [0, T ]2; s ̸= t, s > 0, t > 0},
∆T := {(s, t) ∈ [0, T ]2⋆; 0 < s < t ≤ T},

and the increment of a one-parameter function f is denoted by fs,t := ft − fs for
(s, t) ∈ R2

+ Throughout this article, we write (ϵ, δ) ↓ 0 to denote ϵ ↓ 0 and δ ↓ 0
simultaneously. We further write A ≲ B for two positive quantities to express an
estimate of the form A ≤ CB, where C is a generic constant which may differ from
line to line. To emphasize the dependence of C on some parameters a, b, . . ., we write
A ≲a,b B.

The sign function is denoted by sgn. We also write a ∧ b = min{a; b} and a ∨ b =
max{a; b} for any real numbers a, b. Moreover, for any two natural numbers (i, j), we
write δij = 1 when i = j and δij = 0, otherwise. The identity matrix of size d is
denoted by Id×d and ⊤ denotes the transpose of a matrix.

If a = (ai)di=1, b = (bj)dj=1 ∈ Rd, then the matrix (aibj)1≤i,j≤d is the tensor product
a⊗b. ⟨·, ·⟩ denotes the standard Frobenius inner product on the space of r×q-matrices
for r, q ≥ 1. Whenever clear from the context, | · | denotes a norm of a finite-dimension
vector space. For a given column vector a, a⊤ denotes the transpose of a. For a random
variable X, we denote ∥X∥pp := E|X|p for 1 ≤ p < ∞. Let Lp(Ω× [0, T ]2;Rn) be the Lp

space of Rn-valued two-parameters processes w.r.t to the measure dP×dsdt, n ≥ 1 and
1 ≤ p ≤ ∞. With a slight abuse of notation, we write ∥Z∥pp = E

∫
[0,T ]2

|Z(s, t)|pdsdt
whenever clear from the context.

If θ = (θi)
d
i=1 and ξ = (ξj)

d
j=1 are two column random vectors, then the joint covari-

ance matrix of (θ, ξ) is denoted by

Cov
(
θ, ξ
)
:= cov

(
θi, ξj

)
; 1 ≤ i ≤ k, 1 ≤ j ≤ ℓ,

where cov is the covariance operation. We will denote

φ(s, t) := R(s, t)− v(s),

for (s, t) ∈ ∆T , where v(s) := R(s, s).
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2. Main results

This section presents and discusses the main results of this paper. In the sequel, Θs,t

is the determinant of the covariance matrix of the Gaussian vector (B
(1)
s , B

(1)
t ). The

first main result of this paper is the following.

Theorem 2.1. If 1
2
< H < 1, then

Λ(s, t) := lim
(ϵ,δ)↓0

1

ϵδ
E
[
Bs,s+ϵ ⊗Bt,t+δ|Bs, Bt

]
(2.1)

= W(s, t) +
∂2R

∂t∂s
(s, t)Id×d; s ̸= t.

The limit in (2.1) is considered in Lq(Ω× [0, T ]2;Rd×d) for 1 ≤ q < min
{

1
2H−1

; 1
2−2H

}
,

where W = (W ij) is given by

W ij(s, t) := λ11(s, t)λ21(s, t)
(
B(i)

s B(j)
s − cov(B(i)

s ;B(j)
s )
)

(2.2)

+ λ11(s, t)λ22(s, t)
(
B(i)

s B
(j)
t − cov(B(i)

s ;B
(j)
t )
)

+ λ12(s, t)λ21(s, t)
(
B

(i)
t B(j)

s − cov(B
(i)
t ;B(j)

s )
)

+ λ12(s, t)λ22(s, t)
(
B

(i)
t B

(j)
t − cov(B

(i)
t ;B

(j)
t )
)
,

for 1 ≤ i, j ≤ d, where

λ11(s, t) :=
1

Θs,t

{1
2
v′(s)v(t)−R(s, t)

∂R

∂s
(s, t)

}
,

λ12(s, t) :=
1

Θs,t

{∂R
∂s

(s, t)v(s)−R(s, t)
1

2
v′(s)

}
,

λ21(s, t) :=
1

Θs,t

{∂R
∂t

(t, s)v(t)−R(s, t)
1

2
v′(t)

}
,

λ22(s, t) :=
1

Θs,t

{1
2
v′(t)v(s)−R(s, t)

∂R

∂t
(t, s)

}
,

for (s, t) ∈ [0, T ]2⋆.

The two-parameter processW on [0, T ]2⋆ might be interpreted as a zero-mean product
of (non-Markovian) Nelson-type derivatives [16] of the form

DAs,tBs ⊗DAs,tBt − E
[
DAs,tBs ⊗DAs,tBt

]
; (s, t) ∈ [0, T ]2⋆. (2.3)

Here As,t is the sigma-algebra generated by the pair (Bs, Bt) and DAs,t is the stochastic
derivative w.r.t. As,t in the sense of Darses and Nourdin [5] and Darses, Nourdin and
Peccati [6] defined by the almost sure limit

DAs,tBs := lim
ϵ↓0

1

ϵ
E
[
Bs,s+ϵ|Bs, Bt

]
,

for every (s, t) ∈ [0, T ]2⋆.
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Theorem 2.1 plays an important role in the obtention of exact L2(P)-norm of the
stochastic forward integrals as demonstrated by the following result. Let H be the
RKHS equipped with the inner product

⟨f, g⟩H :=

∫
[0,T ]2

⟨fs, gt⟩
∂2R

∂t∂s
(s, t)dsdt, (2.4)

for f, g : [0, T ] → Rd ∈ H. See e.g. [11] and [19] for further details on the space H.
In the sequel, in order to shorten notation, for Y· = g(·, B·), we denote

Y ⊗2(s, t) := Ys ⊗ Yt,

for (s, t) ∈ [0, T ]2.
Below, we recall that I−(ϵ, Y, dB) is the forward approximation given by (1.1).

Theorem 2.2. Let g : [0, T ] × Rd → Rd be a Borel function and Y· = g(·, B·).
Assume that Y ⊗2 ∈ Lp(Ω × [0, T ]2;Rd×d) for max

{
1

2−2H
; 1
2H−1

}
< p ≤ ∞. Then,

limϵ↓0 I
−(ϵ, Y, B) exists in L2(P) and

∥∥∥∫ T

0

Ytd
−Bt

∥∥∥2
2

= E∥Y ∥2H + E
∫
[0,T ]2

〈
Y ⊗2(s, t),W(s, t)

〉
dsdt (2.5)

= E
∫
[0,T ]2

〈
Y ⊗2(s, t),Λ(s, t)

〉
dsdt,

where Λ has been defined in (2.1).

Corollary 2.1. Let g : [0, T ] × Rd → Rd be a Borel function and Y· = g(·, B·).
Assume that Y ⊗2 ∈ Lp(Ω × [0, T ]2;Rd×d) for max

{
1

2−2H
; 1
2H−1

}
< p ≤ ∞ and let

1 ≤ q < min
{

1
2−2H

; 1
2H−1

}
be the conjugate exponent of p. Then,∥∥∥∫ v

u

Yrd
−Br

∥∥∥2
2
≲H,q,d ∥Y ⊗2∥p|v − u|2(H−1)+ 2

q , (2.6)

for every (u, v) ∈ [0, T ]2.

As we have mentioned earlier, Theorem 2.2 and Corollary 2.1 can be applied to a
large class of locally unbounded (therefore discontinuous) processes. Concerning the
case of the classical pathwise Young integral we have the following.

Example 2.1. Fix 1
2
< H < 1 and max

{
1

2−2H
; 1
2H−1

}
< p < ∞. Let g : [0, T ]×Rd →

Rd be a Borel function and Y· = g(·, B·) satisfies the following:

• t 7→ Yt is δ-Hölder continuous a.s. for δ +H > 1

• sup0≤s<t≤T
|Ys,t|
|t−s|δ ∈ L2p(P).

Then, the forward stochastic integral
∫ T

0
Ysd

−Bs is a pathwise Young integral (see e.g.
Proposition 3 in [22]).
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In this case the L2(P)-norm of the Young integral is given by the right-hand side of
(2.5). Indeed the classical Young’s regularity condition immediately implies

|Ys ⊗ Ys| ≲ sδtδ + tδ + sδ, (2.7)

for some δ > 0 such that δ +H > 1. Property (2.7) implies (1.9) for Y· = g(·, B·) and
therefore Y fulfills the assumption of Theorem 2.2.

At this point, we explain some differences w.r.t. the singular case treated in [18]. In
the singular case 1

4
< H < 1

2
, the convergence of the Stratonovich version Λ0(ϵ, δ; s, t) of

(1.8) takes place only pointwise for each (s, t) ∈ [0, T ]2⋆ a.s., while Theorem 2.1 shows
that we do have functional Lq convergence of Λ−(ϵ, δ; ·) to the process Λ if H > 1

2
.

Moreover, in contrast to the singular case, the random measure Λ in Theorem 2.1
is finite over the rectangle [0, T ]2. This allows us to get rid of additional regularity
conditions on the increment of the integrand processes reminiscent from the Young’s
pathwise approach. We stress this phenomenon is related to the presence (or lack of)
of the covariance measure structure studied in the articles [11] and [10] for the regular
and the singular case, respectively.

3. Preliminaries

In this section we present some basic objects related to (1.8). The projection operator
Λ−(ϵ, δ; ·) onto the sigma-algebra generated by Bs, Bt can be completely characterized
by Gaussian linear regression which we now describe in detail. Let us denote

B(i)
s,t :=

(
B

(i)
s

B
(i)
t

)
Bs,t =

 B(1)
s,t
...

B(d)
s,t

 ,

for (s, t) ∈ [0, T ]2 and 1 ≤ i ≤ d. Observe

Λ−(ϵ, δ; s, t) =
1

ϵδ
E
[
Bs,s+ϵ ⊗Bt,t+δ|Bs,t

]
for (s, t) ∈ [0, T ]2.

For each 1 ≤ i, j ≤ d, we observe
(
B⊤

s,t, B
(i)
s,s+ϵ, B

(j)
t,t+δ

)
is a 2d+2-dimensional Gaussian

vector. Therefore, the classical linear regression analysis yields the representation(
B

(i)
s,s+ϵ

B
(j)
t,t+δ

)
= E

[(
B

(i)
s,s+ϵ

B
(j)
t,t+δ

)∣∣∣Bs,t

]
+Ns,t(ϵ, δ), (3.1)

where Ns,t(ϵ, δ) is a (zero-mean) 2-dimensional Gaussian vector independent from the
sigma-algebra generated by Bs,t. Moreover, we have the following representation

E

[(
B

(i)
s,s+ϵ

B
(j)
t,t+δ

)∣∣∣Bs,t

]
= N ϵ,δ

s,t (i, j)Σ
−1
s,tBs,t, (3.2)

where
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N ϵ,δ
s,t (i, j) := Cov

(
(B

(i)
s,s+ϵ, B

(j)
t,t+δ)

⊤;Bs,t

)
,

Σs,t := Cov
(
Bs,t;Bs,t

)
.

We can represent N ϵ,δ
s,t (i, j) and Σ−1

s,t as follows: Σs,t is a 2d × 2d-square matrix parti-
tioned into a block diagonal form

Σs,t =


Σs,t(1, 1) 0 . . . 0

0 Σs,t(2, 2) . . . 0
...

...
. . .

...
0 0 . . . Σs,t(d, d)

 ,

where

Σs,t(i, i) := Cov
(
B(i)

s,t;B
(i)
s,t

)
,

for (s, t) ∈ [0, T ]2 and 1 ≤ i ≤ d. By the very definition, for (s, t) ∈ [0, T ]2⋆, we have

Σs,t(i, i) =

(
v(s) R(s, t)

R(s, t) v(t)

)
,

det(Σs,t(i, i)) = v(s)v(t)−R2(s, t),

Σ−1
s,t (i, i) =

1

Θs,t

(
v(t) −R(s, t)

−R(s, t) v(s)

)
.

Here, in order to keep notation simple, we denote

Θs,t := det(Σs,t(i, i)),

for (s, t) ∈ [0, T ]2⋆. By construction,

Σ−1
s,t =


Σ−1

s,t (1, 1) 0 . . . 0
0 Σ−1

s,t (2, 2) . . . 0
...

...
. . .

...
0 0 . . . Σ−1

s,t (d, d)

 .

By the independence between B(i) and B(j) for i ̸= j, we observe we can represent
N ϵ,δ

s,t (i, j) as

N ϵ,δ
s,t (i, j) =

(
αi
1(ϵ, s, t) . . . αi

i(ϵ, s, t) . . . αi
d(ϵ, s, t)

βj
1(δ, s, t) . . . . . . βj

j (δ, s, t) . . . βj
d(δ, s, t)

)
.

Here, the first row is represented by αi
ℓ(ϵ, s, t) := (0, 0) for every ℓ ̸= i and

αi
i(ϵ, s, t) :=

(
cov
(
B

(1)
s,s+ϵ;B

(1)
s

)
, cov

(
B

(1)
s,s+ϵ;B

(1)
t

))
.

The second row is represented by βj
m(δ, s, t) := (0, 0) for every m ̸= j and
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βj
j (δ, s, t) :=

(
cov
(
B

(1)
t,t+δ;B

(1)
s

)
, cov

(
B

(1)
t,t+δ;B

(1)
t

))
.

From (αi
i(s, t), β

j
j (s, t), we can construct the submatrix of N ϵ,δ

s,t (i, j), given by

N ϵ,δ
s,t :=

(
n11(ϵ, s) n12(ϵ, s, t)
n21(δ, s, t) n22(δ, s, t)

)
,

where

n11(ϵ, s) := R(s, s+ ϵ)−R(s, s), n12(ϵ, s, t) := R(s+ ϵ, t)−R(s, t),

and

n21(δ, s, t) := R(s, t+ δ)−R(s, t), n22(δ, s, t) := R(t+ δ, t)−R(t, t),

for (ϵ, δ) ∈ (0, 1)2 and (s, t) ∈ [0, T ]2.
Let us denote (

Z1;ij
s,t (ϵ)

Z2;ij
s,t (δ)

)
:= E

[(
B

(i)
s,s+ϵ

B
(j)
t,t+δ

)∣∣∣Bs,t

]
, (3.3)

for (s, t) ∈ [0, T ]2⋆. From (3.2), the coordinates of the conditional expectation (3.3) are
given by

Z1;ij
s,t (ϵ) = λ11(ϵ, s, t)B

(i)
s + λ12(ϵ, s, t)B

(i)
t (3.4)

and

Z2;ij
s,t (δ) = λ21(δ, s, t)B

(j)
s + λ22(δ, s, t)B

(j)
t , (3.5)

where we set

λ11(ϵ, s, t) :=
1

Θs,t

{
n11(ϵ, s)v(t)− n12(ϵ, s, t)R(s, t)

}
,

λ12(ϵ, s, t) :=
1

Θs,t

{
n12(ϵ, s, t)v(s)− n11(ϵ, s)R(s, t)

}
,

λ21(δ, s, t) :=
1

Θs,t

{
n21(δ, s, t)v(t)− n22(δ, s, t)R(s, t)

}
,

λ22(δ, s, t) :=
1

Θs,t

{
n22(δ, s, t)v(s)− n21(δ, s, t)R(s, t)

}
,

for (s, t) ∈ [0, T ]2⋆. We shall represent Λ−(ϵ, δ; ·) as follows.

Lemma 3.1. For any (ϵ, δ) ∈ (0, 1)2,

Λ−,ij(ϵ, δ; s, t) =
1

ϵδ

[
Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)− E[Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)]

]
+

1

ϵδ
E
[
B

(i)
s,s+ϵB

(j)
t,t+δ

]
,

for (s, t) ∈ [0, T ]2⋆ and 1 ≤ i, j ≤ d.
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Proof. The proof follows the same lines of the proof of Lemma 3.1 in [18] and hence
we omit the details. □

Remark 3.1. Since R vanishes on the axis R(x, 0) = R(0, y) = 0 for every x, y and
∂2R
∂t∂s

is continuous on R2
+ outside the diagonal, then

R(s, t) =

∫ t

0

∫ s

0

∂2R

∂t∂s
(a, b)dadb.

Therefore,

1

ϵδ
E[B(i)

s,s+ϵB
(j)
t,t+δ] =

1

ϵδ

∫ t+δ

t

∫ s+ϵ

s

∂2R

∂t∂s
(a, b)dadbδij →

∂2R

∂t∂s
(s, t)δij,

as (ϵ, δ) ↓ 0 for each (s, t) ∈ [0, T ]2⋆ and 1 ≤ i, j ≤ d.

Lemma 3.2. For each (s, t) ∈ [0, T ]2⋆, we have

Λ(s, t) := lim
(ϵ,δ)↓0

Λ−(ϵ, δ; s, t) = W(s, t) +
∂2R

∂t∂s
(s, t)Id×d, (3.6)

almost surely, where

W ij(s, t) := λ11(s, t)λ21(s, t)
(
B(i)

s B(j)
s − cov(B(i)

s ;B(j)
s )
)

(3.7)

+ λ11(s, t)λ22(s, t)
(
B(i)

s B
(j)
t − cov(B(i)

s ;B
(j)
t )
)

+ λ12(s, t)λ21(s, t)
(
B

(i)
t B(j)

s − cov(B
(i)
t ;B(j)

s )
)

+ λ12(s, t)λ22(s, t)
(
B

(i)
t B

(j)
t − cov(B

(i)
t ;B

(j)
t )
)
,

and

λ11(s, t) =
1

Θs,t

{1
2
v′(s)v(t)−R(s, t)

∂R

∂s
(s, t)

}
,

λ12(s, t) =
1

Θs,t

{∂R
∂s

(s, t)v(s)−R(s, t)
1

2
v′(s)

}
,

λ21(s, t) =
1

Θs,t

{∂R
∂t

(s, t)v(t)−R(s, t)
1

2
v′(t)

}
,

λ22(s, t) =
1

Θs,t

{1
2
v′(t)v(s)−R(s, t)

∂R

∂t
(s, t)

}
for (s, t) ∈ [0, T ]2⋆ and 1 ≤ i, j ≤ d.

Proof. Just apply Remark 3.1, Lemma 3.1, (3.4), (3.5) and use the pointwise differen-
tiability of the covariance kernel R. In this case,

λ11(s, t) = lim
ϵ↓0

1

ϵ
λ11(ϵ, s, t), λ12(s, t) = lim

ϵ↓0

1

ϵ
λ12(ϵ, s, t),



11

λ21(s, t) = lim
δ↓0

1

δ
λ21(δ, s, t), λ22(s, t) = lim

δ↓0

1

δ
λ22(δ, s, t),

for each (s, t) ∈ [0, T ]2⋆. □

In the sequel, let us denote

η11(s, t) := λ11(s, t) + λ12(s, t), η12(s, t) := λ12(s, t)

η21(s, t) := λ21(s, t) + λ22(s, t), η22(s, t) := λ22(s, t),

for (s, t) ∈ [0, T ]2⋆. By using the fact that λ11(s, t) = λ22(t, s) and λ12(s, t) = λ21(t, s)
for every (s, t) ∈ [0, T ]2⋆, we can also represent

W ij(s, t) =
(
η11(s, t)B

(i)
s + η12(s, t)B

(i)
s,t

)(
η21(s, t)B

(j)
s + η22(s, t)B

(j)
s,t

)
(3.8)

− E
[(

η11(s, t)B
(i)
s + η12(s, t)B

(i)
s,t

)(
η21(s, t)B

(j)
s + η22(s, t)B

(j)
s,t

)]
,

for 0 < s < t ≤ T and

W ij(s, t) =
(
η11(t, s)B

(j)
t + η12(t, s)B

(j)
t,s

)(
η21(t, s)B

(i)
t + η22(t, s)B

(i)
t,s

)
(3.9)

− E
[(

η11(t, s)B
(j)
t + η12(t, s)B

(j)
t,s

)(
η21(t, s)B

(i)
t + η22(t, s)B

(i)
t,s

)]
,

for 0 < t < s ≤ T . The appearance of the increments Bs,t and Bt,s and the more
regular functions η11 and η21 in representations (3.8) and (3.9) will be more convenient
in the proof of Theorem 2.1.

3.1. The projection operator over the 2-simplex. The above discussion motivates
us to view Λ−(ϵ, δ; ·) in terms of increments Bs,t rather than Bs, Bt as follows. In case
0 < s < t, we will express (1.8) as

Λ−(ϵ, δ; s, t) =
1

ϵδ
E
[
Bs,s+ϵ ⊗Bt,t+δ|Bs, Bs,t

]
. (3.10)

In case 0 < t < s, we will write

Λ−(ϵ, δ; s, t) =
1

ϵδ
E
[
Bs,s+ϵ ⊗Bt,t+δ|Bt, Bt,s

]
. (3.11)

For this reason, we collect some important objects of the projection operator over
∆T = {(s, t) ∈ [0, T ]2⋆; 0 < s < t ≤ T} which will play a key role in our analysis. In this
section, we restrict the discussion to the 2-simplex ∆T . The representation of (3.11)
over the other 2-simplex of [0, T ]2⋆ is totally analogous. Let us consider

Oϵ,δ
s,t :=

(
o11(ϵ, s) o12(ϵ, s, t)
o21(δ, s, t) o22(δ, s, t)

)
,

where the elements o11,o12,o21,o22 are given by

o11(ϵ, s) := cov
(
B

(1)
s,s+ϵ, B

(1)
s

)
= R(s, s+ ϵ)−R(s, s),
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o12(ϵ, s, t) := cov
(
B

(1)
s,s+ϵ;B

(1)
s,t

)
= R(s+ ϵ, t)−R(s, t)

− [R(s+ ϵ, s)−R(s, s)],

o21(δ, s, t) := cov
(
B

(1)
t,t+δ;B

(1)
s

)
= R(s, t+ δ)−R(s, t)

and

o22(δ, s, t) := cov
(
B

(1)
t,t+δ;B

(1)
s,t

)
= R(t+ δ, t)−R(t, t)

− [R(s, t+ δ)−R(s, t)],

for (ϵ, δ) ∈ (0, 1)2 and (s, t) ∈ ∆T . Gaussian linear regression yields the following
representation

Z1;ij
s,t (ϵ) = η11(ϵ, s, t)B

(i)
s + η12(ϵ, s, t)B

(i)
s,t (3.12)

and

Z2;ij
s,t (δ) = η21(δ, s, t)B

(j)
s + η22(δ, s, t)B

(j)
s,t , (3.13)

where we set

η11(ϵ, s, t) :=
1

Θs,t

{
o11(ϵ, s)|t− s|2H − o12(ϵ, s, t)φ(s, t)

}
,

η12(ϵ, s, t) :=
1

Θs,t

{
o12(ϵ, s, t)s

2H − o11(ϵ, s)φ(s, t)
}
,

η21(δ, s, t) :=
1

Θs,t

{
o21(δ, s, t)|t− s|2H − o22(δ, s, t)φ(s, t)

}
,

η22(δ, s, t) :=
1

Θs,t

{
o22(δ, s, t)s

2H − o21(δ, s, t)φ(s, t)
}
,

for (s, t) ∈ ∆T . By identification with (3.4) and (3.5) one easily gets η11(ϵ, s, t) =
λ11(ϵ, s, t)+λ12(ϵ, s, t), η21(δ, s, t) = λ21(δ, s, t)+λ22(δ, s, t), η12(ϵ, s, t) = λ12(ϵ, s, t) and
η22(δ, s, t) = λ22(δ, s, t), for (s, t) ∈ ∆T and (ϵ, δ) ∈ (0, 1)2.

In the sequel, it will be convenient to introduce the following functions:

ϑ1(x) := |1 + x|2H − 1− |x|2H ,

ϑ2(x) := |1 + x|2H − 1; x ∈ R.
One can easily check we can write

Oϵ,δ
s,t =

(
s2H

2
ϑ1

(
ϵ
s

)
− |t−s|2H

2
ϑ1

( −ϵ
t−s

)
t2H

2
ϑ2

(
δ
t

)
− |t−s|2H

2
ϑ2

(
δ

t−s

) |t−s|2H
2

ϑ1

(
δ

t−s

) )
,

for (s, t) ∈ ∆T . Then,
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Θs,tη11(ϵ, s, t) =
s2H

2
ϑ1

( ϵ
s

)
|t− s|2H +

|t− s|2H

2
φ(s, t)ϑ1

(
− ϵ

t− s

)
, (3.14)

Θs,tη12(ϵ, s, t) = −s2H

2
ϑ1

( ϵ
s

)
φ(s, t)− |t− s|2H

2
s2Hϑ1

(
− ϵ

t− s

)
, (3.15)

Θs,tη21(δ, s, t) =
{t2H

2
ϑ2

(δ
t

)
− |t− s|2H

2
ϑ2

( δ

t− s

)}
|t− s|2H

− φ(s, t)
|t− s|2H

2
ϑ1

( δ

t− s

)
, (3.16)

Θs,tη22(δ, s, t) = −
{t2H

2
ϑ2

(δ
t

)
− |t− s|2H

2
ϑ2

( δ

t− s

)}
φ(s, t)

+ s2H
|t− s|2H

2
ϑ1

( δ

t− s

)
, (3.17)

for (s, t) ∈ ∆T . Recall that
1
2
< H < 1 implies

φ(s, t) > 0; (s, t) ∈ ∆T .

Remark 3.2. Since,

ϑ2(x) = ϑ1(x) + |x|2H ,
we can write Oϵ,δ

s,t only in terms of ϑ1. Indeed, we notice that

t2H

2
ϑ2

(δ
t

)
− |t− s|2H

2
ϑ2

( δ

t− s

)
=

[
t2H

2
ϑ1

(δ
t

)
− |t− s|2H

2
ϑ1

( δ

t− s

)]
,

for (s, t) ∈ ∆T .

Next, we recall the following important Lemma 3.4 in [18].

Lemma 3.3. Fix H ∈ (0, 1). The following representation holds:

Θs,t = |t− s|2HA(s, t), (3.18)

where

A(s, t) :=
1

4

{
2s2H + 2t2H − |t− s|2H − (t2H − s2H)2

|t− s|2H
}
,

for (s, t) ∈ [0, T ]2⋆. Moreover,

s2H ∧ t2H

|A(s, t)|
≤ 22−2H

4− 22H
; (s, t) ∈ [0, T ]2⋆.
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Therefore,

1

Θ2
s,t

≲H
1

|t− s|4H(s4H ∧ t4H)
, (3.19)

for every (s, t) ∈ [0, T ]2⋆.

Lemma 3.4. If 1
2
< H < 1, then

|ϑ1(x)| ≤ 4H|x|,
for every x ∈ R.

Proof. At first, we consider the case −1 ≤ x ≤ 1. We observe ϑ1 is smooth except on
the origin. The first derivative is

ϑ′
1(x) = 2H

[
(1 + x)2H−1 − x2H−1

]
; 0 < x ≤ 1

and

ϑ′
1(x) = 2H

[
(1 + x)2H−1 + (−x)2H−1

]
;−1 ≤ x < 0.

Then, |ϑ′
1(x)| ≤ max{4H,H22H} for every −1 ≤ x ≤ 1 with x ̸= 0.

We observe ϑ1(x) > 0 for x > 1 and ϑ1(x) < 0 for x < −1. Next, we consider the
case x > 1. Applying mean value theorem along the interval (1, 1 + x−1), we have[(1 + x

x

)2H
− 1
]
=
[(

1 +
1

x

)2H
− 12H

]
≤ 2H

(
1 +

1

x

)2H−1 1

x
,

so that

ϑ1(x)

2Hx
=

1

2H

[(1 + x

x

)2H
x2H−1 − 1

x
− x2H−1

]
≤ 1

2H
x2H−1

[(1 + x

x

)2H
− 1
]

≤ (x+ 1)2H−1 1

x
=
(x+ 1

x

)2H−1

x2H−2.

Therefore, ∣∣∣ϑ1(x)

2Hx

∣∣∣ ≤ 22H−1,

for every x > 1. The analysis for x < −1 is similar. For sake of completeness, we give
the details. We have |ϑ1(x)| = (−x)2H + 1− (−1− x)2H for x < −1. Therefore,∣∣∣ϑ1(x)

2Hx

∣∣∣ = 1

2H

[
(−x)2H−1 +

1

(−x)
− (−1− x)2H

(−x)

]
;x < −1.

Consider the function

h(y) =
1

2H

[
y2H−1 +

1

y
− (y − 1)2H

y

]
; y > 1.
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Applying mean value theorem along the interval (1− y−1, 1), we have[
12H −

(
1− y−1

)2H]
≤ 2Hy−1,

so that

2Hh(y) =
[
12H −

(
1− y−1

)2H]
y2H−1 +

1

y

≤ 2Hy2H−2 +
1

y

≤ 2H + 1,

for every y > 1. Therefore, ∣∣∣ϑ1(x)

2Hx

∣∣∣ ≤ 1 +
1

2H
,

for every x < −1. Since 2H + 1 < 4H and H22H < 4H for every 1
2
< H < 1, we

conclude the proof.
□

4. Proof of Theorems 2.1 and 2.2

This section presents the proofs of Theorems 2.1 and 2.2. We split the matrix
Λ−(ϵ, δ; ·) according to Lemma 3.1 as

Λ−,ij(ϵ, δ; s, t) =
1

ϵδ

[
Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)− E[Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)]

]
(4.1)

+
1

ϵδ
E
[
B

(i)
s,s+ϵB

(j)
t,t+δ

]
,

for (s, t) ∈ [0, T ]2⋆ and 1 ≤ i, j ≤ d. In view of (3.8) and (3.9) (that is symmetry), it is
sufficient to prove

lim
(ϵ,δ)↓0

Λ−(ϵ, δ; ·) = W +
∂2R

∂t∂s
Id×d

in Lq(∆T×Ω;Rd×d) for 1 ≤ q < min
{

1
2H−1

; 1
2−2H

}
. The analysis over the other simplex

of [0, T ]2∗ is entirely analogous. We will divide the proof into two separate parts:

1

ϵδ
E
[
B

(i)
s,s+ϵB

(j)
t,t+δ

]
(deterministic component)

and
1

ϵδ

[
Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)− E[Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)]

]
(random component)

in (4.1).
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4.1. The analysis of the deterministic component. If (s, t) ∈ ∆T , then we can
express

1

ϵδ
E
[
B

(i)
s,s+ϵB

(j)
t,t+δ

]
=

δij
2ϵδ

{
|t− s− ϵ|2H + |t− s+ δ|2H − |t− s+ δ − ϵ|2H − |t− s|2H

}
= δij

|t− s|2H

2ϵδ
Φ
( δ

t− s
,

ϵ

t− s

)
, (4.2)

where

Φ(x, y) = |1 + x|2H −
∣∣1 + (x− y)

∣∣2H − 1 + |1− y|2H ; (x, y) ∈ R2.

Lemma 4.1.

sup
(x,y)∈Q

∣∣∣ 1
xy

Φ(x, y)
∣∣∣ < ∞,

where Q = {(x, y) ∈ R2
+; 0 < x ∨ y < 1 or 0 < x ∧ y < 1 ≤ x ∨ y}.

Proof. We set f(x, y) = |1 + x|2H −
∣∣1 + (x− y)

∣∣2H . By Taylor’s theorem, we observe
for each (x, y) ∈ R2

+ such that 0 < x ∧ y ≤ x ∨ y < 1, we have

Φ(x, y) = f(x, y)− f(0, y) =
∂f

∂x
(x̄, y)x

for some x̄ satisfying 0 < x̄ < x. Here,

∂f

∂x
(x, y) = 2H

[
(1 + x)2H−1 −

(
1 + (x− y)

)2H−1
]
,

for 0 < x ∧ y ≤ x ∨ y < 1. We observe a 7→
[
(1 + a)2H−1 −

(
1 + (a − y)

)2H−1
]
is a

positive decreasing function on [0, 1] for each 0 < y < 1. Then,

max
0≤a≤1

[
(1 + a)2H−1 − (1 + (a− y))2H−1

]
=
[
1− (1− y)2H−1

]
,

for each 0 < y < 1. Therefore, we can safely state

∣∣∣ 1
xy

Φ(x, y)
∣∣∣ ≤ 2H

[
1−

(
1− y

)2H−1

y

]
,

for 0 < x ∧ y ≤ x ∨ y < 1. By L’Hospital rule, we have

lim
y↓0

[
1−

(
1− y

)2H−1

y

]
= (2H − 1) lim

y↓0
(1− y)2H−2 = 2H − 1.

Now, we check

sup
0<x<1<y

∣∣∣ 1
xy

Φ(x, y)
∣∣∣ < ∞.

and
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sup
0<y<1<x

∣∣∣ 1
xy

Φ(x, y)
∣∣∣ < ∞.

We observe we can always write∣∣∣ 1
xy

Φ(x, y)
∣∣∣ = 1

xy
|Φ(x, y)− Φ(0, y)|

and ∣∣∣ 1
xy

Φ(x, y)
∣∣∣ = 1

xy
|Φ(x, y)− Φ(x, 0)|,

for x, y > 0. We observe there exists a constant C which only depends on H such that

∣∣∣∂Φ
∂y

(x, y)
∣∣∣ =

∣∣∣2H[(1 + x− y)2H−1 − (1− y)2H−1
]∣∣∣

≤ C2H|x|2H−1

≤ C2Hx,

for 0 ≤ y < 1 < x. Then, ∣∣∣ 1
xy

Φ(x, y)
∣∣∣ ≤ C2H,

for every 0 < y < 1 < x. Finally, we observe

∂Φ

∂x
(x, y) = 2H

[
(1 + x)2H−1 − (1 + x− y)2H−1

]
,

for 0 < x < 1 < y ≤ 1 + x and

∂Φ

∂x
(x, y) = 2H

[
(1 + x)2H−1 + (y − x− 1)2H−1

]
,

for 0 < x < 1 + x < y. Since 2H − 1 < 1, we observe there exists a constant C̄ which
only depends on H such that

∣∣∂Φ
∂x

(x, y)
∣∣ ≤ 2HC̄y,

for every 0 < x < 1 < y. This concludes the proof. □

Lemma 4.2. If 1 ≤ p < 1
2−2H

, then∫
∆1

T (ϵ,δ)

∣∣∣ 1
ϵδ
E[B(i)

s,s+ϵB
(j)
t,t+δ]

∣∣∣pdsdt ≲ (ϵ ∧ δ)2H+ 1
p
−2 → 0,

as (ϵ, δ) ↓ 0, for every 1 ≤ i, j ≤ d. Here,

∆1
T (ϵ, δ) = {(s, t) ∈ ∆T ; (t− (ϵ ∧ δ))+ < s ≤ t} ∪ {(s, t) ∈ ∆T ; s ≤ ϵ ∧ δ}.
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Proof. Fix i ̸= j. Jensen and Hölder’s inequality yield∫ T

0

∫ t

(t−(ϵ∧δ))+

∣∣∣ 1
ϵδ
E[B(i)

s,s+ϵB
(j)
t,t+δ]

∣∣∣pdsdt ≤ 1

(ϵδ)p
E|B(i)

s,s+ϵB
(j)
t,t+δ|

p

∫ T

0

∫ t

(t−(ϵ∧δ))+
dsdt

=
(ϵHδH

ϵδ

)p ∫ T

0

{t− (t− (ϵ ∧ δ))+}dt

≲
(ϵHδH

ϵδ

)p
(ϵ ∧ δ)

where

ϵHδH

ϵδ
(δ ∧ ϵ)

1
p ≲

{
δ2H+ 1

p
−2; if δ < ϵ

ϵ2H+ 1
p
−2; if δ ≥ ϵ.

In other words, ϵHδH

ϵδ
(δ ∧ ϵ)

1
p ≲ (ϵ ∧ δ)2H+ 1

p
−2 → 0 as (δ, ϵ) ↓ 0. Similarly,

E
∫ T

0

∫ ϵ∧δ

0

∣∣∣ 1
ϵδ
E[B(i)

s,s+ϵB
(j)
t,t+δ]

∣∣∣pdsdt ≤ 1

(ϵδ)p
E|B(i)

s,s+ϵB
(j)
t,t+δ|

p

∫ T

0

∫ ϵ∧δ

0

dsdt

≲
(ϵHδH

ϵδ

)p
(ϵ ∧ δ) → 0,

as (ϵ, δ) ↓ 0. □

Proposition 4.1. For each i, j = 1, . . . , d, we have∫
[0,T ]2

∣∣∣ 1
ϵδ
E
[
B

(j)
t,t+δB

(i)
s,s+ϵ

]
− ∂2R

∂s∂t
(s, t)δij

∣∣∣pdsdt → 0,

as (ϵ, δ) ↓ 0 for 1 ≤ p < 1
2−2H

.

Proof. Fix i = j. By symmetry, it is sufficient to prove∫
∆T

∣∣∣ 1
ϵδ
E
[
B

(j)
t,t+δB

(i)
s,s+ϵ

]
− ∂2R

∂s∂t
(s, t)

∣∣∣pdsdt → 0,

as (ϵ, δ) ↓ 0 for 1 ≤ p < 1
2−2H

. Fix (ϵ, δ) ∈ (0, 1)2. We decompose

∆T = {(s, t) ∈ ∆T ; 1 ≤ (ϵ ∧ δ)(t− s)−1 ≤ (ϵ ∨ δ)(t− s)−1}
∪ {(s, t) ∈ ∆T ; 0 < (ϵ ∧ δ)(t− s)−1 < 1 ≤ (ϵ ∨ δ)(t− s)−1}
∪ {(s, t) ∈ ∆T ; 0 < (ϵ ∧ δ)(t− s)−1 ≤ (ϵ ∨ δ)(t− s)−1 < 1}
=: A1(ϵ, δ) ∪ A2(ϵ, δ) ∪ A3(ϵ, δ).

By Lemma 4.2, if 1 ≤ p < 1
2−2H

, we have∫
A1(ϵ,δ)

∣∣∣ 1
ϵδ
E
[
B

(j)
t,t+δB

(i)
s,s+ϵ

]∣∣∣pdsdt → 0,

as ϵ, δ ↓ 0. By using (4.2) and Lemma 4.1, we observe
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∫
A2(ϵ,δ)∪A3(ϵ,δ)

∣∣∣ 1
ϵδ
E
[
B

(j)
t,t+δB

(i)
s,s+ϵ

]∣∣∣pdsdt ≲ ∫
∆T

|t− s|(2H−2)pdsdt,

for p ≥ 1 such that (2H− 2)p+1 > 0. We do have pointwise convergence (see Remark
3.1)

1

ϵδ
E
[
B

(j)
t,t+δB

(i)
s,s+ϵ

]
→ ∂2R

∂t∂s
(s, t),

as (ϵ, δ) ↓ 0, for each (s, t) ∈ ∆T and hence, we conclude the proof by uniform integra-
bility. □

4.2. The analysis of the random component. In the sequel, we denote
W−(ϵ, δ; s, t) = (W i,j(ϵ, δ; s, t)), where

W−,ij(ϵ, δ; s, t) :=
1

ϵδ

[
Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)− E[Z1;ij

s,t (ϵ)Z
2;ij
s,t (δ)]

]
,

for (s, t) ∈ [0, T ]2⋆ and 1 ≤ i, j ≤ d.
The aim of this section is devoted to the proof of the following result.

Proposition 4.2. For 1
2
< H < 1 and 1 ≤ q < min

{
1

2H−1
; 1
2−2H

}
, we have

E
∫
[0,T ]2

|W−(ϵ, δ; s, t)−W(s, t)|qdsdt → 0,

as (ϵ, δ) ↓ 0.

Before starting the proof of Proposition 4.2, it is convenient to say a few words about
the strategy. By Lemma 3.2, we know that

lim
(ϵ,δ)↓0

W−,ij(ϵ, δ; s, t) = W(s, t)

a.s. for each (s, t) ∈ [0, T ]2⋆. By using representations (3.12), (3.13), (3.14), (3.15),
(3.16) and (3.17), we have

W−,ij(ϵ, δ; s, t) =
1

ϵδ
η11(ϵ, s, t)η22(δ, s, t)

[
B(i)

s B
(j)
s,t − φ(s, t)δij

]
+

1

ϵδ
η12(ϵ, s, t)η21(δ, s, t)

[
B(j)

s B
(i)
s,t − φ(s, t)δij

]
+

1

ϵδ
η11(ϵ, s, t)η21(δ, s, t)

[
B(i)

s B(j)
s − s2Hδij

]
+

1

ϵδ
η12(ϵ, s, t)η22(δ, s, t)

[
B

(i)
s,tB

(j)
s,t − |t− s|2Hδij

]
for (s, t) ∈ ∆T . In Lemmas 4.4, 4.5 and 4.6, we will show there exist f1, f2, f3, f4 ∈
Lq(∆T ) for 1 ≤ q < min

{
1

2H−1
; 1
2−2H

}
such that∣∣∣ 1

ϵδ
η11(ϵ, s, t)η22(δ, s, t)

∣∣∣sH |t− s|H ≲H,T f1(s, t), (4.3)
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ϵδ
η12(ϵ, s, t)η21(δ, s, t)

∣∣∣sH |t− s|H ≲H,T f2(s, t), (4.4)∣∣∣ 1
ϵδ
η11(ϵ, s, t)η21(δ, s, t)

∣∣∣s2H ≲H,T f3(s, t), (4.5)∣∣∣ 1
ϵδ
η12(ϵ, s, t)η22(δ, s, t)

∣∣∣|t− s|2H ≲H,T f4(s, t), (4.6)

for every (s, t) ∈ ∆T and (ϵ, δ) ∈ (0, 1)2. Observe that φ(s, t) > 0 and

φ(s, t) ≲H min{st2H−1, |t− s|t2H−1, sH |t− s|H}, (4.7)

for (s, t) ∈ ∆T . Moreover,

sup
(s,t)∈∆T

∥B(i)
s B

(j)
s,t s

−H |t− s|−H∥pp + sup
(s,t)∈∆T

∥B(i)
s B(j)

s s−2H∥pp < ∞, (4.8)

sup
(s,t)∈∆T

∥B(i)
s,tB

(j)
s,t |t− s|−2H∥pp < ∞, (4.9)

for every p > 1 and 1 ≤ i, j ≤ d. The estimates (4.3), (4.4), (4.5), (4.6), (4.7), (4.8),
(4.9) combined with the symmetry described in (3.8) and (3.9) will allow us to conclude
the proof of Proposition 4.2. In order to shorten notation, we set

d(δ, s, t) :=
t2H

2
ϑ1

(δ
t

)
− |t− s|2H

2
ϑ1

( δ

t− s

)
for (s, t) ∈ ∆T .

Lemma 4.3.
|d(δ, s, t)| ≲H δs(t−1 + 1),

for 0 < s < t.

Proof. Mean value theorem and the fact that 2H − 1 > 0 imply(
t2H − (t− s)2H

)
≤ 2Ht2H−1s,

whenever 0 < s < t. Then, Lemma 3.4 and triangle inequality yield∣∣∣t2H
2

ϑ1

(δ
t

)
− |t− s|2H

2
ϑ1

( δ

t− s

)∣∣∣
≲
∣∣∣(t2H − (t− s)2H

)
ϑ1

(δ
t

)∣∣∣+ (t− s
)2H∣∣∣ϑ1

(δ
t

)
− ϑ1

( δ

t− s

)∣∣∣
≲ st2H−2δ +

(
t− s

)2H∣∣∣ϑ1

(δ
t

)
− ϑ1

( δ

t− s

)∣∣∣,
for 0 < s < t. The function ϑ1 is strictly increasing and hence by applying again Mean
value theorem and using the fact that 2H − 1 > 0, we get

∣∣∣ϑ1

(δ
t

)
− ϑ1

( δ

t− s

)∣∣∣ = ϑ1

( δ

t− s

)
− ϑ1

(δ
t

)
=

(
1 +

δ

t− s

)2H
−
(
1 +

δ

t

)2H
−
( δ

t− s

)2H
+
(δ
t

)2H
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<
(
1 +

δ

t− s

)2H
−
(
1 +

δ

t

)2H
≲

δs

t|t− s|

(
1 +

δ

t− s

)2H−1

≲
δs

t|t− s|
+

s

t|t− s|
δ2H

|t− s|2H−1
,

whenever 0 < s < t. Then,

|d(δ, s, t)| ≲H δst2H−2 + δ
s

t
|t− s|2H−1 + δ2H

s

t
≲H δst2H−2 + δ2Hst−1

≲H sδ(t−1 + 1),

for 0 < s < t, because 2− 2H < 1 and 2H > 1.
□

Lemma 4.4.∣∣∣1
ϵ
η12(ϵ, s, t)

1

δ
η22(δ, s, t)|t− s|2H

∣∣∣ ≲H,T t−1 + sH−1|t− s|H−1 + s1−2H(t2H−2 + 1)

+ |t− s|2H−2, (4.10)

for every (ϵ, δ) ∈ (0, 1)2 and (s, t) ∈ ∆T . Moreover, the right-hand side of (4.10) is

q-Lebesgue integrable over ∆T for every 1 ≤ q < min
{

1
2H−1

, 1
2−2H

}
.

Proof. By using Remark 3.2, we write

1

ϵ
η12(ϵ, s, t)

1

δ
η22(δ, s, t)|t− s|2H =

φ2(s, t)|t− s|2H

ϵδΘ2
s,t

s2H

2
ϑ1

( ϵ
s

)
d(δ, s, t)

− |t− s|2H

ϵδΘ2
s,t

s2H

2
ϑ1

( ϵ
s

)s2H
2

|t− s|2Hϑ1

( δ

t− s

)
φ(s, t)

+
|t− s|2H

ϵδΘ2
s,t

φ(s, t)d(δ, s, t)
|t− s|2H

2
s2Hϑ1

( −ϵ

t− s

)
− ϑ1

( −ϵ

t− s

)
ϑ1

( δ

t− s

)( |t− s|2Hs2H

2

)2
|t− s|2H

ϵδΘ2
s,t

=: I1(ϵ, δ, s, t) + I2(ϵ, δ, s, t) + I3(ϵ, δ, s, t) + I4(ϵ, δ, s, t).

By definition
Θs,t = |t− s|2HA(s, t),

where A is the function defined in Lemma 3.3. By Lemmas 3.4, 3.3 and (4.7), we
observe

|I4(ϵ, δ, s, t)| ≲ |t− s|2H−2 (4.11)

and
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|I2(ϵ, δ, s, t)| ≲ |t− s|−1s−1|φ(s, t)|
≲ sH−1|t− s|H−1, (4.12)

for (s, t) ∈ ∆T . Similarly, Lemmas 3.4, 3.3, 4.3 and (4.7) yield

|I1(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣φ2(s, t)|t− s|−2Hs−2H−1

≲ s(t−1 + 1)φ2(s, t)|t− s|−2Hs−2H−1

+ (t−1 + 1)φ2(s, t)|t− s|−2Hs−2H

≲ t−1 + 1,

and

|I3(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣φ(s, t)|t− s|−1s−2H

≲ s(t−1 + 1)φ(s, t)|t− s|−1s−2H

≲ s1−2H(t−1 + 1)t2H−1

≲ s1−2H(t2H−2 + 1),

for (s, t) ∈ ∆T . This shows the estimate (4.10). It is straightforward to check that
the right-hand side of (4.10) is q-Lebesgue integrable over ∆T for every 1 ≤ q <

min
{

1
2H−1

, 1
2−2H

}
. □

Lemma 4.5.∣∣1
ϵ
η11(ϵ, s, t)

1

δ
η21(δ, s, t)s

2H
∣∣ ≲H,T (t−1 + 1) + sH−1|t− s|H−1 + s1−2H(t2H−2 + 1)

+ |t− s|2H−2, (4.13)

for every (ϵ, δ) ∈ (0, 1)2 and (s, t) ∈ ∆T . Moreover, the right-hand side of (4.13) is

q-Lebesgue integrable over ∆T for 1 ≤ q < min
{

1
2−2H

; 1
2H−1

}
.

Proof. Recall (apply Remark 3.2),

1

ϵ
η11(ϵ, s, t)

1

δ
η21(δ, s, t)s

2H =

d(δ, s, t)|t− s|2H s2H

2
ϑ1

( ϵ
s

)
|t− s|2H s2H

ϵδΘ2
s,t

+d(δ, s, t)|t− s|2H |t− s|2H

2
φ(s, t)ϑ1

(
− ϵ

t− s

) s2H

ϵδΘ2
s,t

−|t− s|2H

2
ϑ1

( δ

t− s

)
φ(s, t)× s2H

2
ϑ1

( ϵ
s

)
|t− s|2H s2H

ϵδΘ2
s,t

−|t− s|2H

2
ϑ1

( δ

t− s

)
φ(s, t)× |t− s|2H

2
φ(s, t)ϑ1

(
− ϵ

t− s

) s2H

ϵδΘ2
s,t
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=: I1(ϵ, δ, s, t) + I2(ϵ, δ, s, t) + I3(ϵ, δ, s, t) + I4(ϵ, δ, s, t).

Lemmas 3.4 and 4.3 yield

|I1(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣s−1

≲ t−1 + 1,

and

|I2(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣(t− s)−1s−2Hφ(s, t)

≲ s1−2H(t−1 + 1)(t− s)−1φ(s, t)

≲ s1−2H(t−1 + 1)t2H−1

≲ s1−2H(t2H−2 + 1),

for (s, t) ∈ ∆T . From Lemmas 3.3, 3.4 and (4.7), we also have

|I3(ϵ, δ, s, t)| ≲ |t− s|4H
∣∣∣ϑ1

( δ

t− s

)
ϑ1

( ϵ
s

)∣∣∣φ(s, t)s4H 1

ϵδΘ2
s,t

≲
(t− s)4H−1φ(s, t)s4H−1

(t− s)4Hs4H

= s−1|t− s|−1φ(s, t)

≲ sH−1|t− s|H−1,

and

|I4(ϵ, δ, s, t)| ≲ |t− s|2H−2,

for (s, t) ∈ ∆T . This concludes the proof. □

Lemma 4.6.∣∣∣1
ϵ
η11(ϵ, s, t)

1

δ
η22(δ, s, t)s

H(t− s)H
∣∣∣ ≲H,T sH−1|t− s|H−1 + |t− s|2H−2 (4.14)

+ (t−1 + 1) + |t− s|H−1(1 + t−H),

and

∣∣∣1
ϵ
η12(ϵ, s, t)

1

δ
η21(δ, s, t)s

H(t− s)H
∣∣∣ ≲H,T sH−1|t− s|H−1 + |t− s|2H−2 (4.15)

+ (t−1 + 1) + |t− s|H−1(1 + t−H),

for every (ϵ, δ) ∈ (0, 1)2 and (s, t) ∈ ∆T . Moreover, the right-hand side of (4.14) and

(4.15) are q-Lebesgue integrable over ∆T for 1 ≤ q < min
{

1
2−2H

; 2
}
.
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Proof. By definition,

1

ϵ
η11(ϵ, s, t)

1

δ
η22(δ, s, t)× sH(t− s)H =

−φ(s, t)

Θ2
s,tϵδ

d(δ, s, t)
s2H

2
ϑ1

( ϵ
s

)
(t− s)2H × sH(t− s)H

+
φ(s, t)2

Θ2
s,tϵδ

d(δ, s, t)
(t− s)2H

2
ϑ1

( −ϵ

t− s

)
× sH(t− s)H

+
s2H(t− s)2H

2ϵδΘ2
s,t

ϑ1

( δ

t− s

)s2H
2

ϑ1

( ϵ
s

)
(t− s)2H × sH(t− s)H

+
s2H(t− s)2H

2ϵδΘ2
s,t

ϑ1

( δ

t− s

)(t− s)2H

2
ϑ1

( −ϵ

t− s

)
φ(s, t)× sH(t− s)H

=: I1(ϵ, δ, s, t) + I2(ϵ, δ, s, t) + I3(ϵ, δ, s, t) + I4(ϵ, δ, s, t).

Lemmas 3.4, 3.3 and (4.7) yield

|I3(ϵ, δ, s, t)| ≲ sH−1|t− s|H−1

and

|I4(ϵ, δ, s, t)| ≲ s−H |t− s|H−2φ(s, t)

≲ |t− s|2H−2,

for (s, t) ∈ ∆T . Lemmas 3.4, 3.3, 4.3 and (4.7) yield

|I1(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣φ(s, t)s−H−1|t− s|−H

≲ s−H |t− s|−Hφ(s, t)(t−1 + 1)

≲ (t−1 + 1),

and

|I2(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣φ2(s, t)s−3H |t− s|−H−1

≲ s1−3H |t− s|−H−1φ2(s, t)(t−1 + 1)

≲ s1−H |t− s|H−1(t−1 + 1)

≲ t−H |t− s|H−1 + |t− s|H−1,

for (s, t) ∈ ∆T .
Next, we evaluate

1

ϵ
η12(ϵ, s, t)

1

δ
η21(δ, s, t)× sH(t− s)H =

− 1

2Θ2
s,tϵδ

s2Hϑ1

( ϵ
s

)
φ(s, t)d(δ, s, t)|t− s|2H × sH(t− s)H
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+
1

2Θ2
s,tϵδ

s2Hϑ1

( ϵ
s

)
φ(s, t)

1

2
|t− s|2Hϑ1

( δ

t− s

)
φ(s, t)× sH(t− s)H

− 1

2Θ2
s,tϵδ

|t− s|2Hs2Hϑ1

( −ϵ

t− s

)
d(δ, s, t)|t− s|2H × sH(t− s)H

+
1

4Θ2
s,tϵδ

|t− s|2Hs2Hϑ1

( −ϵ

t− s

)
|t− s|2Hϑ1

( δ

t− s

)
φ(s, t)× sH(t− s)H

=: J1(ϵ, δ, s, t) + J2(ϵ, δ, s, t) + J3(ϵ, δ, s, t) + J4(ϵ, δ, s, t),

for (s, t) ∈ ∆T . Lemmas 3.3, 3.4 and (4.7) yield

|J2(ϵ, δ, s, t)| ≲ φ2(s, t)s−H−1|t− s|−H−1

≲ sH−1|t− s|H−1

and

|J4(ϵ, δ, s, t)| ≲ φ(s, t)s−H |t− s|H−2

≲ |t− s|2H−2,

for (s, t) ∈ ∆T . Lemmas 3.3, 3.4, 4.3 and (4.7) yield

|J1(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣φ(s, t)s−H−1|t− s|−H

≲ s−H |t− s|−Hφ(s, t)(t−1 + 1)

≲ t−1 + 1,

and

|J3(ϵ, δ, s, t)| ≲
∣∣∣d(δ, s, t)

δ

∣∣∣s−H |t− s|H−1

≲ s1−H |t− s|H−1(t−1 + 1)

≲ |t− s|H−1(1 + t−H),

for (s, t) ∈ ∆T . Now, observe that
1

2−2H
< 1

1−H
and hence the right-hand side of (4.14)

and (4.15) are q-Lebesgue integrable over ∆T for 1 ≤ q < min
{

1
2−2H

; 2
}
. □

Proof of Proposition 4.2: Observe 1
2H−1

< 2 < 1
2−2H

for 3
4

< H < 1 and
1

2−2H
≤ 2 ≤ 1

2H−1
for 1

2
< H ≤ 3

4
. Summing up Lemmas 3.2, 4.4, 4.5 and 4.6, we then

conclude that

lim
(ϵ,δ)↓0

E
∫
∆T

|W−(ϵ, δ; s, t)−W(s, t)|qdsdt = 0, (4.16)
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for 1 ≤ q < min
{

1
2H−1

; 1
2−2H

}
. By representing Λ−(ϵ, δ; s, t) as in (3.11) on the other

simplex ∆c
T = {(s, t) ∈ [0, T ]2⋆; 0 < t < s ≤ T} and using (3.9), we conclude the proof

of Proposition 4.2.

Proof of Theorem 2.1: Apply Propositions 4.1 and 4.2.

Proof of Theorem 2.2: Let us assume that Y ⊗2 ∈ Lp(Ω × [0, T ]2;Rd×d) for

max
{

1
2H−1

; 1
2−2H

}
< p ≤ ∞. Then, for the conjugate exponent q of p, we have

1 ≤ q < min
{

1
2H−1

; 1
2−2H

}
. We recall that Λ was defined in (2.1). By using (1.7) and

applying Cauchy-Schwarz, Hölder’s inequality and Theorem 2.1, we have∣∣∣∣∣〈I−(ϵ, Y, dB), I−(δ, Y, dB)
〉
L2(P)

− E
∫
[0,T ]2

〈
Ys ⊗ Yt,Λ(s, t)

〉
dsdt

∣∣∣∣∣
=

∣∣∣∣∣E
∫
[0,T ]2

〈
Ys ⊗ Yt,Λ

−(ϵ, δ; s, t)− Λ(s, t)
〉
dsdt

∣∣∣∣∣
≤ E

∫
[0,T ]2

∣∣∣〈Ys ⊗ Yt,Λ
−(ϵ, δ; s, t)− Λ(s, t)

〉∣∣∣dsdt
≤ E

∫
[0,T ]2

∣∣Ys ⊗ Yt

∣∣∣∣Λ−(ϵ, δ; s, t)− Λ(s, t)
∣∣dsdt

≤

(∫
[0,T ]2

E
∣∣Ys ⊗ Yt

∣∣pdsdt) 1
p
(∫

[0,T ]2
E
∣∣Λ−(ϵ, δ; s, t)− Λ(s, t)

∣∣qdsdt) 1
q

→ 0,

as (ϵ, δ) ↓ 0. This concludes the proof.

5. Proof of Corollary 2.1

This section is devoted to the proof of Corollary 2.1. At first, we need the following
Lp-estimate for Λ defined in (2.1).

Proposition 5.1. Fix q > 1, v ∈ (0, T ] and the FBM of dimension d. Then,

∥Λ(s, t)∥q ≲H,d,q |t− s|2H−2 + (s ∧ t)H−1|t− s|H−1,

for (s, t) ∈ [0, v]2 with s ̸= t and s ∧ t > 0.

Proof. Fix v ∈ (0, T ], q > 1. By definition,

|Λ(s, t)|q ≲d,q,H |t− s|q(2H−2) + |W(s, t)|q,
for s ̸= t and s ∧ t > 0. By the equivalence of the Lr(P)-norms on the second-Wiener
chaos, it is sufficient to estimate ∥W(s, t)∥2. By definition (2.2) (see (3.8) and (3.9)),
we can write



27

W ij(s, t) = η11(s, t)η21(s, t)
(
B(i)

s B(j)
s − s2Hδij

)
+ η11(s, t)η22(s, t)

(
B(i)

s B
(j)
s,t − φ(s, t)δij

)
+ η12(s, t)η21(s, t)

(
B(j)

s B
(i)
s,t − φ(s, t)δij

)
+ η12(s, t)η22(s, t)

(
B

(i)
s,tB

(j)
s,t − |t− s|2Hδij

)
,

for 1 ≤ i, j ≤ d for (s, t) ∈ ∆T . Here,

η11(s, t) =
{
s2H−1|t− s|2H − φ(s, t)|t− s|2H−1

} H

Θs,t

η21(s, t) =
{[

t2H−1 − |t− s|2H−1
]
|t− s|2H − φ(s, t)|t− s|2H−1

} H

Θs,t

η12(s, t) =
{
s2H |t− s|2H−1 − s2H−1φ(s, t)

} H

Θs,t

η22(s, t) =
{
s2H |t− s|2H−1 − φ(s, t)

[
t2H−1 − |t− s|2H−1

]} H

Θs,t

,

for 0 < s < t ≤ u ≤ T . By symmetry, Hölder’s inequality and using the Gaussian
property of B, it is sufficient to estimate

|η11(s, t)η21(s, t)|s2H + |η12(s, t)η22(s, t)||t− s|2H

+
∣∣η11(s, t)η22(s, t) + η12(s, t)η21(s, t)

∣∣sH |t− s|H

for 0 < s < t ≤ u ≤ T . Mean value theorem yields

t2H−1 − |t− s|2H−1 ≲H s|t− s|2H−2, (5.1)

for 0 < s < t ≤ u ≤ T . By using Lemma 3.3, we observe

|η12(s, t)η22(s, t)||t− s|2H ≲ |t− s|2H−2 + φ(s, t)|t2H−1 − |t− s|2H−1| × s−2H |t− s|−1

+ s−1|t− s|−1φ(s, t)

+ s−2H−1φ2(s, t)|t2H−1 − |t− s|2H−1||t− s|−2H ,

0 < s < t ≤ u ≤ T . By using (4.7), we observe

sup
0<s<t≤u

φ(s, t)

s2H−1|t− s|
< ∞. (5.2)

The estimates (5.1) and (5.2) yield

φ(s, t)|t2H−1 − |t− s|2H−1| × s−2H |t− s|−1 ≲ |t− s|2H−2 φ(s, t)

s2H−1|t− s|
≲H |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . By using (4.7), we observe



28 ALBERTO OHASHI1 AND FRANCESCO RUSSO2

φ(s, t)

s|t− s|
≲ t2H−2 (5.3)

= |t− s|2H−2t2H−2|t− s|2−2H

≲ |t− s|2H−2,

0 < s < t ≤ u ≤ T . By using (5.3), we observe

s−2H−1φ2(s, t)|t2H−1 − |t− s|2H−1||t− s|−2H ≤ s−2φ2(s, t)|t− s|−2|t− s|2−2H

≲ t2(2H−2)|t− s|2−2H

≤ t2H−2

≲ |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . Similarly, one can easily check

|η11(s, t)η21(s, t)s2H | ≲ |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . By using Lemma 3.3, (5.1) and (4.7), we observe

|η11(s, t)η22(s, t)sH |t− s|H | ≲ sH−1|t− s|H−1 + s−Hφ(s, t)|t− s|H−2

+ s−H−1|t− s|−Hφ(s, t)|t2H−1 − (t− s)2H−1|
+ s−3Hφ2(s, t)|t2H−1 − (t− s)2H−1||t− s|−H−1

≲ sH−1|t− s|H−1 + |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . Similarly,

|η12(s, t)η21(s, t)sH |t− s|H | ≲ sH−1|t− s|H−1 + |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . Summing up all the above estimates, we get

∥W(s, t)∥q ≲H,d,q s
H−1|t− s|H−1 + |t− s|2H−2,

for 0 < s < t ≤ u ≤ T . This concludes the proof. □

Let us consider an integrand Y· = g(·, B·) ∈ Lp(Ω × [0, T ]2;Rd×d) with exponent
max{(2H − 1)−1; (2 − 2H)−1} < p ≤ ∞ and let q be the conjugate exponent of
p satisfying 1 ≤ q < min{(2H − 1)−1; (2 − 2H)−1}. Since our setup is translation
invariant, we restrict ourselves to the case u = 0 for the proof of Corollary 2.1 without
any loss of generality. In this case, a direct application of Theorem 2.2, Cauchy-Schwarz
and Hölder’s inequalities yield

∥∥∥∫ v

0

Yrd
−Br

∥∥∥2
2
≤ ∥Y ⊗2∥p

(∫
[0,v]2

E|Λ(s, t)|qdsdt

) 1
q

(5.4)

where
Λ(s, t) = H(2H − 1)|t− s|2H−2Id×d +W(s, t);
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for (s, t) ∈ [0, v]2 with s ̸= t and s ∧ t > 0. Proposition 5.1 yields∫
[0,v]2

∥Λ(s, t)∥qqdsdt ≲H,q,d

∫
[0,v]2

|t− s|q(2H−2)dsdt+

∫
[0,v]2

sq(H−1)|t− s|q(H−1)dsdt

≲H,q,d vq(2H−2)+2 + v2q(H−1)+2 (5.5)

and hence by applying (5.5) into (5.4), we conclude the proof of Corollary 2.1.

Remark 5.1. From Proposition 5.1 and the fact that 1
1−H

> 1
2−2H

for 1
2
< H < 1,

we observe Λ ∈ Lq(Ω × [0, T ]2;Rd×d) for 1 ≤ q < 1
2−2H

. However, we are not able to

prove Lq-convergence of Λ−(ϵ, δ, ·) to Λ for every 1 ≤ q < 1
2−2H

in Theorem 2.1. As
mentioned in the Introduction, Theorem 2.2 allows us to construct a natural Hilbert
space of processes HR as the completion of processes of the form Y· = g(·, B·) w.r.t.
semi-inner product

(Y, Z) 7→ E
∫
[0,T ]2

⟨Ys ⊗ Zt,Λ(s, t)⟩dsdt

and one can naturally extend the forward integral to HR. In this case, it is possible to
prove that any Y· = g(·, B·) ∈ Lq(Ω× [0, T ]2;Rd×d) for 1 ≤ q < 1

2−2H
will be an element

of HR. In this paper, we do not make this extension and we leave a detailed analysis
to a future work.
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[12] Lê, K. A stochastic sewing lemma and applications. Electronic Journal of Prob-
ability 25, none (2020), 1 – 55.

[13] Mandelbrot, B. B., and Van Ness, J. W. Fractional Brownian motions,
fractional noises and applications. SIAM Rev. 10 (1968), 422–437.

[14] Matsuda, T., and Perkowski, N. An extension of the stochastic sewing
lemma and applications to fractional stochastic calculus. ArXiv preprint
arXiv:2206.01686 (2022).

[15] Mocioalca, O., and Viens, F. Skorohod integration and stochastic calculus
beyond the fractional Brownian scale. Journal of Functional analysis 222, 2
(2005), 385–434.

[16] Nelson, E. Dynamical theories of Brownian motion, vol. 106. Princeton uni-
versity press, 2020.

[17] Nualart, D. The Malliavin calculus and related topics, vol. 1995. Springer,
2006.

[18] Ohashi, A., Russo, F., and Viens, F. The isometry of symmetric-
Stratonovich integrals w.r.t. fractional Brownian motion H < 1

2 . Arxiv Preprint
arxiv:2309.09871 (2023).

[19] Pipiras, V., and Taqqu, M. S. Integration questions related to fractional
Brownian motion. Probability theory and related fields 118 (2000), 251–291.

[20] Russo, F., and Vallois, P. Forward, backward and symmetric stochastic
integration. Probability theory and related fields 97, 3 (1993), 403–421.

[21] Russo, F., and Vallois, P. Stochastic calculus with respect to continuous
finite quadratic variation processes. Stochastics: An International Journal of
Probability and Stochastic Processes 70, 1-2 (2000), 1–40.

[22] Russo, F., and Vallois, P. Elements of stochastic calculus via regularization.
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