N

N

WEIGHTED HOLOMORPHIC DIRICHLET SERIES
AND COMPOSITION OPERATORS WITH
POLYNOMIAL SYMBOLS

Camille Mau, Emmanuel Fricain

» To cite this version:

Camille Mau, Emmanuel Fricain. WEIGHTED HOLOMORPHIC DIRICHLET SERIES AND COM-
POSITION OPERATORS WITH POLYNOMIAL SYMBOLS. Mathematica Scandinavica, 2022, 128
(1), pp.109-146. hal-04264206

HAL Id: hal-04264206
https://hal.science/hal-04264206v1
Submitted on 30 Oct 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04264206v1
https://hal.archives-ouvertes.fr

WEIGHTED HOLOMORPHIC DIRICHLET SERIES AND
COMPOSITION OPERATORS WITH POLYNOMIAL
SYMBOLS

EMMANUEL FRICAIN! and CAMILLE MAU?

Abstract

In this paper, we introduce a general class of weighted spaces of holomorphic Dirichlet
series (with real frequencies) analytic in some half-plane and study composition operators
on these spaces. In the particular case when the symbol inducing the composition operator
is an affine function, we give criteria for boundedness and compactness. We also study the
cyclicity property and as a byproduct give a characterization so that the direct sum of the
identity plus a weighted forward shift operator on ¢2 is cyclic.
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1. Introduction

1.1. Dirichlet series

Let A = (Ay)n>1 be a strictly increasing sequence of non-negative real num-
bers tending to co. A Dirichlet series of type A (Dirichlet series in short) is a
series of the form

ianef)‘"z, (1.1)
n=1

where z is a complex variable, and the coefficients of the series are given by a
sequence (ap)n>1 of complex numbers.

If A, =n, n > 1, then (1.1) are power series in { = e~ *. When \,, = logn,
n > 1, we get the so-called classical Dirichlet series, which have many applic-
ations in analytic number theory (see, e.g., [1]). Classical Dirichlet series also
relate to several problems in functional analysis (see, e.g., [15] and references
therein). We refer the reader to the monograph [14] or [26] for more detailed
information on Dirichlet series.

The properties of convergence of Dirichlet series depend on two specific
quantities that we introduce now. Fix A = (Ay)n>1 a strictly increasing se-
quence of non-negative real numbers tending to oo, and define

logn

L = limsup (1.2)

n—oo n

Now to each Dirichlet series f of type A given by (1.1) we may associate the
following quantity

log |an
Dy = limsup 0g |a ‘

n—o0 n

(1.3)

Note that the quantity Dy is specific to each Dirichlet series of type A with
coefficients (ay,)n>1. Nevertheless, most of the time there is no confusion and
we omit the reference to the associated Dirichlet series and write generally D.



It is known that if a Dirichlet series converges at some w € C, it converges
for all z with R(z) > R(w), and more precisely, for every fixed non-negative
real number M, it converges uniformly in the region {(z) > R(w), |z —
w] < M(R(z) — R(w))}, see [26, page 5]. Let us denote by o, the abscissa of
convergence of a Dirichlet series, which is defined as

(oo}
0. = inf {r eR: E ane_A"z converges on (CT} ,
n=1

where C, := {z : R(z) > r}. We also need the following extension of the
definition of C, for r = dco. By convention Co, = @) and C_,, = C.

The abscissa ¢, of uniform convergence and o, of absolute convergence
are defined in a similar way. So a Dirichlet series converges (resp. uniformly,
absolutely) in the right half-plane C,, (resp. C,,, C,,) to a holomorphic
function.

In the case L < oo the three abscissae are related by the Valiron formula
(see, e.g., [28])

D<o.<o0,<0,<D+ L. (1.4)
In particular, the Dirichlet series (1.1) represents an entire function if and
only if D = —c0.

1.2. Composition operators

Let X be a functional Banach space and suppose that all f € X have a
common domain G C C. Let ¢ be an analytic self-map on G. Then ¢ induces
the composition operator C, on X defined by

C<p(f):f0<p, VfeX.

The first natural and non trivial question is to know if C;, maps X into
itself, and if this is the case, what can be said about standard spectral proper-
ties of Cy, as an operator on X. There is a rich literature on this topic when X
is the Hardy space, the Bergman space or the Dirichlet space (see for instance
[4, 25]). The situation of spaces of classical Dirichlet series received also much
attention after the founding papers of Gordon-Hedenmalm [12] and Bayart [3]
(see for instance [2, 22, 23]). The case of general Dirichlet series is less studied.
Nevertheless, when X is some weighted space of entire Dirichlet series of type
A satisfying a certain property, properties of composition operators acting on
X are quite well understood (see [9, 18, 19]). In [8], using Liouville’s theorem,
it is proved that if C,, defines a bounded composition operator on a weighted
Hilbert space of entire Dirichlet series, then ¢ must be an affine function.

The aim of this paper is to focus on the situation when our space of Dirichlet
series is formed by functions which are holomorphic in some half-plane but
not necessarily the whole plane. In this context, we could not apply Liouville’s
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theorem. Nevertheless, we will still focus on the case when ¢ is a polynomial
(and then necessarily ¢ must be affine), since, for general symbols, we could
not really hope that C, maps a space of Dirichlet series into itself because
the restrictions on the sequence A generating the space will be too severe.

When ¢(z) = az + b, we will characterize boundedness (see Section 3)
and compactness (see Section 4) of C, on a weighted Dirichlet space H(3,A)
(see next section for the definition). Then we will also study the dynamics
properties (cyclicity and supercyclicity) in Section 5 of Cy, on H(8,A). In
Section 6 we give some results about complex symmetry. In the final section
we end with a note of how our results relate for weighted Hilbert spaces of
entire Dirichlet series.

2. Weighted spaces of holomorphic Dirichlet series

Fix A = (An)n>1 a strictly increasing sequence of non-negative real numbers
tending to oo and satisfying L < oo. To perform the main object of our
investigation, we need the following result from [19].

LEMMA 2.1. L < oo if and only if Z e~ ™ < 0o for all r > L. Further-

n=1

o0
more, g e~ = o0 for any r < L.
n=1

Let 8 = (Bn)n>1 be a sequence of positive real numbers. The sequence

space
2 = {(an)n>1 CC: Y anl?B} < oo}
n=1
is a Hilbert space with inner product defined for a = (an)n>1,0 = (bn)n>1 € E%
by

<a7 b> = Z angnﬁz (21)
n=1
We put
1
8, = liminf 2890 (2.2)
n—oo

n
The following result serves as an important motivation of our investigation.

o0
PROPOSITION 2.2. Suppose B, # —oo. If f(z) = Z ane % is a Dirich-
n=1

let series of type A whose coefficients (an)n>1 € E%, then o, < é — By. In
particular, f is holomorphic in (Cg—ﬁ*'



ut

PROOF. Suppose that 8, # co. Fix a compact subset K of (C%—B*' Then,
there exists 7 > £ — 3* such that for every z € K, we have R(z) > 5. Thus

o0 o0
Z sup |ane_)‘"'z < Z lan|e= 2",
n=1 z€K n=1

Apply the Cauchy-Schwarz inequality to get

o0 o0 2/\'L77 1/2
Zsup |ane™%| < <Z |an|2ﬂi> (Z ) :
n=1%€K n=1 =1
L
2

By definition of S,

Since77> — By, wecan take 0 < e < :=n—
there existb N such that for all n > N,

1 < g~ 2n (5*,%)'
B2~
Applying Lemma 2.1 with » = L + d, we obtain
Z —22nn < Z —22n (Bs—5) ,—2\nn < Z n(LH+8) o
n>N /8 n>N n>N
which proves that

E sup ’an AnZ

n— 1 2€K

Thus, f converges uniformly on K. Since this is valid for every compact K in
Cé—ﬁ*’ we deduce that f is analytic on (C%_ﬂ*.

The case when 8, = oo follows along the same lines with some tiny adjust-
ments left to the reader. This completes the proof.

Proposition 2.2 leads us to the following definition of weighted spaces of
holomorphic Dirichlet series in C L g:

H(B, A) { Zan S (an)n>1 665}

This is a Hilbert space with inner product inherited from (2.1). More precisely,
the inner product on H(5, A) is defined as

- i 0B, (23)

for every f(z Zan "% g(z Zb e ** € H(B,A). Note that the
=1
inner product (2. 3) is well defined because of the uniqueness property on
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oo
coefficients for Dirichlet series of type A, namely if Zane_%z = 0, then
n=1

an =0 for all n > 1, see [26, page 8].

REMARK 2.3. The assumption S, > —oo in Proposition 2.2 is important,
otherwise C Log, = (). Tt is also essential because we can prove that if 3, =

—oo then for every zp € C there exists a Dirichlet series of type A, f(z) =
oo
Z ane” % with (an)n>1 € 6%, which does not converge at zg. Indeed, there
g;ilsts (np)p>1 T oo large enough, such that

B2 < e PR forallp > 1.

Take (an)n>1 as follows

An — —
an = { P, m=n, (p=1.2,..0),

0, otherwise.
Then,
Z lan|282 < Z Fez,\npé}t(zo)e—nnp%(zo) - Z 2 < 00.
n=1 p=1 p=1

However, at zy we have

E ane*)\nzo — E Zernp20pTAnp 20 — 2 :7 — .
n=1 p=1 p p=1 p

Note that for the case 8, = 0o, we have entire Dirichlet series which have
been studied quite well (see, e.g., [8] and related references). Therefore, in
the sequel we assume that the condition 3, # +oo always holds.

In the rest of the paper, we adopt the following notation. Forn > 1, z € C,

qn(2) = %e*/\"‘z‘ (2.4)

PROPOSITION 2.4. The sequence (gn)n>1 forms an orthonormal basis of
H(B,A).

PRrROOF. It is immediate from (2.3).

Note that the proof of Proposition 2.2 shows that for every point w €
C L g the evaluation functional d,, is continuous on H(S3,A). Furthermore,
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using Proposition 2.4, we can compute the kernel k,, at point w € C L g, by

Fu(2) =D (kuw, @n)@n(2) = @n(w)gn(2)

I e
> .
n=1 ﬂ”

Thus we obtain the following result.

PROPOSITION 2.5. The spaces H(B,A) are all reproducing kernel Hilbert
spaces with reproducing kernel

= 1 - z+w,
K(z,w):kw(z)zzﬁe An(240) zweCyp_g . (2.5)
n=1""
In particular, we deduce the norm of the kernel
0 1 B "
kul> =D e %) weCy_g. (2.6)
n=1""

3. Bounded composition operators induced by a polynomial

Since H(S, A) is a functional Hilbert space (in which evaluations are continu-
ous), it follows easily from the closed graph theorem that the space H (8, A)
is 4nvariant under a composition operator Cy, i.e. C, (3’-[(67 A)) CH(B,N), if
and only if C, is bounded on H (5, A).

The study of boundedness is based on the following two simple lemmas.
The first lemma is similar to one that appears in [19] for the case of entire
Dirichlet series.

o0

LEMMA 3.1. Let f(z) = Z ane~"* be a Dirichlet series with L < 0o and
n=1

D # . If a,, 1is the first non-zero coefficient, then

lim  e** f(2) = apm.
§R(zl)I£l>oo € f<2) “

PRrOOF. Let f(z) = Z ane~*"* be a Dirichlet series where a,, # 0. Then

we have
e f(z) = Z ane”An=Am)z, (3.1)
n>m
Notice that A, — A, > 0 for all n > m, so that the right-hand side of (3.1) is
a Dirichlet series of type (A, — A )n>m- We claim that the associated abscissa
of uniform convergence o), satisfies o], # co.
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We show that the associated L' and D’ to the Dirichlet series above satisfy

An .
L' = L and D' = D. Indeed, since lim ——— =1, it follows that
n—o0 Ay — Am
1 1 An
V=t 0 imanp (S 2 ) < p <o

and similarly D’ = D.

Since L < oo and D # oo, it follows from (1.4) that o], # oo, so that
em? f(z) is uniformly convergent in some half-plane. Therefore we may inter-
change limit and sum to obtain

lim e**f(z)= lim ane” An=Am)z
R(z)—o0 R(z)—o0 o
= Z lim (ane_()‘n—Am)Z) = Q.
n>m§R(z)—>oo

This proves the lemma.

When we study the composition operator C, on a functional Hilbert space
of analytic functions on a domain 2, the first natural condition to require is
that the symbol ¢ is an analytic self-map of 2. The second lemma character-
izes the polynomials which are self-map of Cy.

LEMMA 3.2. Let 0 € R and let ¢ be a polynomial. Then ¢ is a self-map of
the half-plane Cy if and only if p(z) = az+b and
(i) either a € RT and R(b) > (1 —a)b
(ii) ora =0 and R(b) > 6.

PROOF. Let us first prove that a polynomial of degree d > 2 is never a
self-map of Cy. Indeed, if p(2) = agz?+..., with d > 2 and aq = pe’, p € Ry

and t € [0,27). Assume first that ¢t € (0,27) and consider z2(R) = Re' @ ,
R > 0. Since

T w—t 7

44
and 0 < T < I, we get cos(™5%) > 0 and then the point z(R) belongs to Cg
for R large enough. On the other hand, p(2(R)) ~gr_ o0 aqgz(R)% and

agz(R)? = pRe%e™ ! = —pRY — —o0, as R — oo.
Hence, for R large enough, ¢(z(R)) cannot belong to Cy.
Now if ¢ = 0, that is ag = p > 0, then choose tg, 1, a such that

T oty <a<t, <min(~ 2T
—_— min —_—,
9q S0 ash 224 )"
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and consider z(R) = Re'®. As before, when R is large enough, z(R) belongs
to Cy (because cos(a) > 0), and ¢(2(R)) ~p_seo pR%!*. Observe now that
2 < da < 3%, whence cos(da) < 0, and for R large enough, ¢(2(R)) cannot
belong to Cy.

We now may suppose that ¢(z) = az + b, with a,b € C. Suppose az + b is
a self-map on Cy. If a = 0, then it clear that R(b) > 6, because b € Cy. So we
get (ii).

In case a # 0, we show that a € RT. Assume to the contrary that a ¢ RT,
which means that a = |ale?®t, with §; # 0 mod (27). For every z = z + iy,
x,y € R, we have R(az) = x|a| cos(61) — y|a| sin(61).

Case 1: If 6; = 7 mod (27), then R(az) = —z|al, and so letting R(z) =
x — oo, we get that R(az + b) — —oo, which contradicts that az + b is a
self-map of Cy.

Case 2: If 6; # m mod (2), then sin(6;) # 0. Thus if we fix z > 6 and
let $(2) =y — oo (if sin(61) > 0) or F(z) =y — —oo (if sin(61) < 0), we get
that R(az + b) — —oo, which also contradicts the assumption.

Thus we have a € RT. Then for any € > 0, a point z € Cy with R(2) = 0+¢
satisfies R(az + b) = ab + ae + R(b) > 0. This means R(b) > (1 — a)f — ae.
Letting € — 0, we obtain (i).

Conversely, if (ii) holds, i.e. @ = 0 and R(b) > 6, then we are obviously
done. If (i) holds, i.e. a € RT and R(b) > (1 — a)f, then for any z € Cy, we
have R(az 4+ b) = aR(z) + R(b) > ab + R(b) > ab + (1 — a)f = 0, which shows
that az + b € Cy. Thus az + b is a self-map of Cy. This proves the lemma.

3.1. Necessary conditions for boundedness of Cy,: a polynomial symbol

In this subsection, we obtain an important necessary condition which a poly-
nomial symbol ¢ inducing a bounded composition operator C, must satisfy.
See [8, 19] for analogous results in the entire case. First, note that in the
case when [, # o0, all f € H(B,A) converge on the proper right half-plane
C L_p, and in particular, satisfy Dy # oo (by Valiron’s formulae). Hence
Lemma 3.1 can be applied to elements of H(3, A).

THEOREM 3.3. Let 5, # +oo and ¢ be a self-map polynomial of (Cgfﬁ*.
Suppose that the operator Cy, is bounded on H(B,A). Then the following as-
sertions hold:

(1) If \y > 0, then ¢(z) =az+b, a>1, beC.
(2) If Ay = 0, then either p(z) = b, b € C (that is a = 0), or p(z) =
az+b, a>1, beC.

Moreover, in addition, a satisfies the condition

Am, = aAg, forallk €N, (3.2)
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where my, is the index of the first non-zero term of C’Mer(e_)‘kz) = e~ Mk(az+b)
in the Dirichlet series representation (1.1), and b satisfies either of the fol-
lowing conditions:

R(b) > g _ 8. a=0, (3.3)

R(b) > (1 — a)(£ “8). az1 (3.4)
PROOF. By Lemma 3.2, ¢ is an affine function ¢(z) = az + b, with either
a € Ry and R(b) > (1 —a)(% —ﬂ*), or a =0 and R(b) > £ — 5.
- Case 1: A1y > 0. For each k € N, note that
C@(e_AkZ) _ e—/\ktp(z) — e—a)\kze—b)\k’ (35)
and since C,(e=**%) € H(B, A), we can represent it as

Cole™™5) = D o™,

n>my

where, by assumption, my is the smallest integer such that bSZf,Z # 0, and
), € (3. By Lemma (3.1), we have

plim € Cple™%) = 4.

Thus, according to (3.5), we get

li (Amy—aXe)z — p(k) A £
ER(ZI)IEOO € my © 7&
That necessarily implies A\, — a = 0, which gives (3.2). In particular, for

m
k=1, we have a = —=

> 1, because my; > 1.
1
- Case 2: A\; = 0. In this case, replacing k£ € N by £ > 2 in the proof for
Case 1 above, we still have a = %, for all £ > 2. In particular, for k = 2,

k
we have

a =

Ams 0, if mg =1 (because Ay = 0),

A2 >1, if mg >2 (because Ay, > A2).

Finally, in that case, we have m; = 1 and thus A,,;, = 0 = aA;. This completes
the proof.

REMARK 3.4. If a > 1, it follows immediately from (3.2) that the map
k — my, is strictly increasing.

From now on, an affine symbol ¢ stated in Theorem 3.3 is supposed to be
given.
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3.2. Two trivial cases of the affine symbols (a =0,1)
In the following, we denote by || - ||op the operator norm.

ProrosITION 3.5. Let 5, # +oo and b € (Cgfﬁ*. Then Cy is a bounded

composition operator on H(B, A) if and only if \y = 0. Moreover, in that case,
we have ||Cyllop = B1|ks]|-

PROOF. Suppose that Cj is a bounded on H(5,A). By Theorem 3.3, A;
must necessarily be zero.

Conversely, suppose that A; = 0. It implies that the function f1¢1(z) =
e ™M* = 1 belongs to H(B,A). (Recall that the functions g, are given by
(2.4).) Now, note that for all f € H(5,A), we have

(Cof)(z) = f(b) = (f, k) Brar(2),
Hence Cy = f1q1 ® ky is a rank one operator. In particular, it is bounded and
[Cbllop = Billarllllks]l- But [|g1|| = 1, which implies that [|[Cb[lop = B1l|ksl|, as
claimed.

PROPOSITION 3.6. Let B. # doo. Then C,1p is a bounded composition
operator on H(B,A) if and only if R(b) > 0. Moreover, in that case, we have
IC=4llop = e %),

PROOF. Suppose C, 4 is bounded. Then by (3.4), we get immediately that
R(b) > 0. Conversely, suppose that R(b) > 0. Note that for every k € N,
C.ivqr = e bqp. Thus C.,, is a diagonal operator with a sequence of ei-
genvalues equal to (e=***);~;. Using now that R(b) > 0, we see that this
sequence is decreasing in modulus, and so it is well-known (and easy to see)
that C,4p is bounded and ||C,4p|lop = e MRO) a5 claimed.

3.3. Characterization for boundedness of Cy.4p (a #0,1)
Throughout this subsection, we always assume that an affine symbol ¢(z) =
az +b, with a > 1 and b € C, is given.

We need some supplementary notation.

DEFINITION 3.7. For a given sequence of real frequencies A = (\,)n>1,
define the set

RA)={rel,c0):VneN, Im=my, >n, rh, =An}.

If there exists a nontrivial ¢(z) = az+b that induces a bounded composition
operator C,, on H(8, A), then a belongs to R(A).

REMARK 3.8. Notice that we always have 1 € R(A). Furthermore, since
(An)n>1 is a strictly increasing sequence, for a given r € R(A), to each n there
corresponds a unique m,, > n, such that r\, = A, .
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We put Rq1(A) = R(A) \ {1}. Depending on the given sequence (A,)n>1,
it may happen that R(A) = {1}, i.e. R1(A) = 0, as well as Ry(A) # 0. The
following examples are taken from [18].

EXAMPLE 3.9. Let A, = n!l. Then R(A) is the singleton {1}.

ExXAMPLE 3.10. (1) For A,, = logn (the classical Dirichlet series) or A\, = n,
every £ € N belongs to R(A).

(2) Consider a geometric sequence (\,) with the ratio ¢ > 1, given by
A1 > 0and A\, = A\1¢"", n > 1. In this case any value ¢’ (¢ € N) belongs to
R(A).

Now let a € R1(A) be given. In principle, for each n € N, the index m,, > n

for which \,,, = a\,, dependsona,i.e. m, = mi (note that by Theorem 3.3,
if Ay =0, then m; = 1). To simplify the expositions, in what follows, we skip
the superscript (a) whenever there is no confusion in context.

For n € N and z € C, we also define the quantity

(@, 2) = ra(A, B0, ) im e,

B

Now we are able to state and prove the following boundedness criterion for
the case a > 1.

ProPOSITION 3.11. Let B # +o0o, a > 1 and b € C. Then Cy,4p is a
bounded composition operator on H(B,A) if and only if the following condi-
tions are satisfied

(1) a € Ri(A),
L
> (1 — = _
2) ®E) > (1-a)(5 = 5.),
(3) the sequence (rn(a,ﬂ?(b))> . is bounded.
Moreover, in this case, -

||Caz+b||op =Ssupry (aa §R(b))
neN

PROOF. Necessity. Suppose Cy.+p is a bounded operator on H (5, A). Then
conditions (1) and (2) follow from Theorem 3.3. It remains to show (3).

There is some constant M > 0 such that ||Cy.spf|| < M| f]| for all f €
H(B,A). In particular, for probe functions ¢,(z) = ie_’\"z, by (1) we have

Cazsvn = e~ bq,,, , and thus

ICaztpnl| = €27 65& < Mllgn|l = M, for all n €N,

n

which gives (3).
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Sufficiency. Conversely, suppose all three conditions (1) — (3) are satisfied.
Note that (2) guarantees, by Lemma 3.2, that z — az + b is a self-map of
Cr_g,. Also, (3) shows that there exists M > 0 such that 0 < r,(a, R(b)) <

M, for all n. Let f(z) = Zane*/\"’z € H(B,A). Hence, by (1),

k=1
||Ca2+bf||2 = Z |ane—>\”b|2ﬂgﬁbn = Z |an|257217“n(a, 8%(1'7))2
n=1 n=1

IN

M?Y " ag 8 = M| f|1%,
n=1

which shows that C,,4; is bounded on H(53, A).
Moreover, from proofs of both necessity and sufficiency it follows that
ICuz+bllop = sup ry(a, ®(b)). This completes the proof.
neN

Combining Propositions 3.5, 3.6 and 3.11, we obtain a characterization of
boundedness for Cy.4+p on H(B, A).

THEOREM 3.12. Let B, # too and ¢(z) = az+b (a,b € C). Consider the
following statements.
(1) @(z) =b for some b € C with R(b) > g — D
(2) ¢(z) = az + b, where
a € R(A),
R() > (1-a)(5 — 5.).
the sequence (7“”(a,§]“€(b)))n>1 is bounded.

The following are true for a composition operator C, acting on the space
H(B,A).
(i) If M =0, then Cy, is bounded if and only if either (1) or (2) holds.
(ii) If M1 > 0, then Cy, is bounded if and only if (2) holds.

4. Essential norm, compactness, Schatten class and compact differ-
ences

4.1. FEssential norm and compactness

Compactness of a bounded composition operator on a Hilbert space H(3,A)
can be investigated in different ways. The first makes use of a compactness
criterion which states that a bounded linear operator T on H (8, A) is compact
if and only if for any sequence (f,,) from H(8, A) which is weakly convergent
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to 0, the sequence (T'f,,) converges strongly to 0 in H(S, A). The other way is
via the essential norm of 7" defined by

IT|le = inf{||T — K||op : K is a compact operator on H(3,A)}.

Clearly, T is compact if and only if ||T'||. = 0.
For a bounded composition operator C,.1p, in case a = 0, by Proposition
3.5, we have the following simple result.

PRrROPOSITION 4.1. Let B, # doo. For any b € C%—B*’ a composition
operator Cy is always compact on the space H(B,A).

PROOF. As noted in Proposition 3.5, C, has rank one and hence it is
compact.

PROPOSITION 4.2. Let 8, # £oo and let C,4y, be a bounded composition
operator on H(B,A). Then

1 ifRDB) =0
||Cz+b||e = .
0 if R(O) >0.
In particular, C,4p is a compact operator on H(B,A) if and only if R(b) > 0.

PRrROOF. Proposition 3.6 shows that #(b) > 0. Furthermore, as already
noticed, C,1p is a diagonal operator with a sequence of eigenvalues equal to
(e*b))>1. But then it is well-known (see for instance [13, Problem 171]) that
1Cexblle = nhﬁngo e~ AnR(®) wwhich gives the desired conclusion.

Proposition 4.2 can also be obtained from the following results for a > 1.
THEOREM 4.3. Let B, # +o0o0, a > 1 and Cy.4p be a bounded composi-

tion operator on the space H(B,A). Then ||Caztslle = imsupr,(a, R(b)). In

n—oo
particular, Cq,yp is compact if and only if lim r,(a, R(b)) = 0.
n—oo

PrOOF. We follow the standard technique (see, e.g., [6]).
Note that by Theorem 3.12, the sequence <rn(a, ?R(b))) . is bounded.

e Upper bound. We use compact (finite rank) operators on H(B, A) defined
by

o) N
Ky: f(2) = Zane*)‘"z — Z ane % (N € N).
n=1 n=1

As the C, .1y Kn are also compact, we have

||Caz+bHe S J%/'nzfl ||Caz+b - CaerbKN”op-



Observe that for an arbitrary f(z) = Z ane~ % € H(B, A) we have
n=1

> 2
|(Cazt = CassoKMFIE = || D2 ane o=t

n=N+1
2 20 R(b) 52 —AnRD) P 2 02
= X laPeOR < sup (e MMO5E)T N (0P
n=N+1 n2N+1 N+l

IN

If1? sup ru(a, R(D)).
n>N+1

Thus
ICaziblle < sup rn(a,R(b)), for every N > 1.
>N+1

n

Letting N — oo, we get
[Caz+blle < limsupry(a, R(D)).
n—oo
e Lower bound. Let K be an arbitrary compact operator on #H (3, A). Con-

sider the sequence of probe functions (g )n>1, whose norms are all 1. Since it
converges weakly to 0 (because it is an orthonormal basis), lim || Kg¢,| = 0.
n— oo

Hence
||CaZ+b - KHOp > H(Caerb - K)inl > HCaerban - ||an|| (n > 1)7
from which it follows that
1Caztb — KHOp > limsup (||Cazvbqnll — [[Kqnl]) = limsup ||Caz15Gn|]
n—oo n—00

= limsup (e_/\”%(b)ﬁm"> = limsup r, (a, R(b)).

n— oo /BTL n— oo

Taking the infimum over all compact operators K on H(3,A), we obtain

[Cazto — Kl[e = lim sup ry(a, R(b)).
n—oo
This completes the proof.

4.2. Schatten class

Recall that a bounded linear operator T on H(S,A) is called a Hilbert—
Schmidt operator if it has finite Hilbert—Schmidt norm ||T'||us, which means
that for some orthonormal basis (e,)n>1 of H(8, A), we have

1/2
1T ||as == (Z ||T6nH2) < +o0.
neN
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It is well known that ||T'||is does not depend on the choice of the orthonormal
basis and that if T" is Hilbert—Schmidt, then it is compact.

Furthermore, for 0 < p < oo, the Schatten p-class consists of all bounded
linear operators T on H(B,A) for which (T*T)P/* is a Hilbert-Schmidt op-
erator (here T* is the adjoint operator of T'). The set of Schatten p-class
operators forms an ideal in the algebra of all bounded linear operators on
H(B,A). If T is diagonal with respect to an orthonormal basis (e, ),>1, that
is, T'e,, = ay e, for all n > 1, then it is well known that T" belongs to the Schat-

ten p-class if and only if Z |an|P < co. Some developments on operators in
Schatten classes can be fonu_nld in [21].

We study a Schatten class membership of C,. . For a bounded operator
Caz+b on ,H(B,A), since Caz+an = %e_kanmn’ therefore ||Caz+an|| =
e AnR(0). % = r,(a, R(b)), and we get an immediate result about its Hilbert—
Schmidt property.

PROPOSITION 4.4. Let B, # +oo. A bounded composition operator Cg,1p
on H(B,A) is a Hilbert—-Schmidt operator if and only if

Z (@, R(b))? < oo.

Concerning the Schatten p-class membership, for two trivial cases a = 0
and a = 1, some results can be obtained easily.

PROPOSITION 4.5. Let 0 < p < co. A bounded composition operator Cp on
H(B,A) belongs to the Schatten p-class.

PROOF. Since C} is of rank one, in particular it is of finite rank and so has
finitely many non-zero singular values. Done.

Also for the case a = 1, as noted in Proposition 3.6, C,; is a diagonal oper-
ator with a sequence of eigenvalues (e_/\"b)nzl corresponding to eigenvectors
(gn)n>1, and thus we have the following result.

PROPOSITION 4.6. Let 0 < p < 0o and By # +oo. A bounded composition
operator C,1p on H(B,A) belongs to the Schatten p-class if and only if
Z e~ PAR(®) oo

n=1

In particular, C,4p belongs to the Schatten p-class if pR(b) > L, and does not
belong if pR(b) < L, where L is defined in (1.2).
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Note that the second statement of the proposition above follows from
Lemma 2.1.

To go further and get a similar result for a > 1, we need to compute the ad-

o0
joint of Cy,tp, which can be done easily. Indeed, for any g(z) = Z ane M e
n=1

H(B,A), we write (C,,,9)(2) = Z dpe~?"* and have
n=1

dnﬁn = <C;z+bga qn> = <g7 Caz+bqn> = <Zak6_>\kz7 Caz+an>- (41)
k=1

The terms (e~***, Cy.1q,) are computed in two cases:
- Case 1: a = 0. By Proposition 3.5, Ay = 0 and hence

eixng 2
— Az _ 617 k =1
e ,C qn pry 671,
< bin) {0, k>

- Case 2: @ > 1. By Theorem 3.3, we have

ei>‘"E 2
_ e , Mp ==k
<€ )\kzacaz+bqn> = B i "
0, my # k.

Substituting back these equations into (4.1) yields the following result.

PROPOSITION 4.7. Let B, # £00, and let Cy,1p be a bounded composition

operator on H(B,A). If f(z) = Zanef}‘"z € H(B,A), then
n=1

oo efAnE
a1p? Z 5 e Mn?, a=20
(C;z+bf)(z) = =t " D

- . (4.2)
D, e, > 1
n=1 6

n

PROPOSITION 4.8. Let a > 1. The eigenvalues of C; . ,Coz1p are precisely
re(a, R(b))?, k € N.

ProOOF. We appeal to Proposition 4.7 which provides an explicit formula
for the adjoint. Let gr = Brqr for all k¥ € N. We have (Cu,ipgr)(2) =
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e~ Mbe=Amiz Tt follows that

. Y- S _ o5
(C z+bCaz+bgk)(Z) —e Akb%e )xkbe Akz e 2Ak%(b)ﬂgk(z)

@ B? Bi
= ri(a, R(b))? g (2).

Now, recall that (gx)r>1 forms an orthogonal basis of (8, A). It follows
that the only eigenvalues are precisely those corresponding to these vectors,
i.e. precisely r(a, R(b))2, k € N, as claimed.

As ri(a,R(b)) > 0 for every k, we have the following corollary.

COROLLARY 4.9. The eigenvalues of |Cq.4p| are precisely the values i, (a, R(b)),
ke N.

As a consequence by direct substitution, we thus have the following the-
orem.

THEOREM 4.10. Let 0 <p < oo and a > 1. Then, Cy,1p is a pth Schatten
class operator if and only if

Zrk(a,%(b))p < 0.
k=1

REMARK 4.11. Note that the series

(o) ﬂp
hp(z) =Y ﬁ”;;» e PR,
k=1 "k

is a Dirichlet series of type (pA,), which can be considered as a “complex
o0

version” of the series Zrk(a7x)p when we replace x € R by z € C. By [14,
k=1
Chapter II, Theorem 8] the computation of o, is
n B3P
g > 2
: k=1 B
0. = limsup = .
n— 00 p/\n
Thus, if R(b) is larger than this value then h,(R(b)) converges and Co,4p is
Schatten p-class. If $(b) is smaller, then C,, 4 is not Schatten p-class.
REMARK 4.12. Note also that it is possible that the membership to the p-th

Schatten class of Cy. 44 does not rely on p at all. Pick a > 1 and A = (a*)>1.

k—1
i 1
In this case, L = 0. Then pick § = H e® , for which 8, = — and
i=1 k>1 @ —a
Caz+b is a well-defined bounded composition operator on H(B,A). The real
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o0
function hy,( Zep“ e~PatT = Z e~pat(z=1) converges for all x > 1 and

k=1
diverges everywhere else regardless of the value of p. It follows that Cy. 4y is

a Schatten p-class operator if and only if R(b) > 1.

4.3. Compact differences

In this section we determine when a difference of two bounded composition
operators C,, — C,, is a compact operator. Recall that the set of compact
operators form a vector space. Hence by Proposition 4.1 and Theorem 4.3, it
suffices to consider only the case when ¢; and @9 are non-constant and the
associated sequences (r,,) do not have limit 0.

LEMMA 4.13. Let 8. # £00, a,a’ > 1. Let Cyryp and Cyrpypy be bounded
composition operators on H(B,A). Assume that

limsupr,(a, R()) >0 and limsupr,(a’,RO)) > 0.
n—oo

n—oo

If Corap — Corpay is compact, then a = a’.

ProOF. Consider the sequence of probe functions (¢x)r>1. By Proposi-
tion 2.4, g — 0. Since Cyoip — Corzqp i compact, therefore [[(Cyprip —
Cuotv)qk|| — 0. Assume to the contrary that a # o'. Now, since for each

k we have m,(:) #* m,(ca/), therefore we have

2
1 _ - (a)z 1 _ / - (a/)z
||(Oaz+b _ Ca’z+b’)Qk||2 — Hﬁke A"‘be my _ Ee Arb e ™k

16’2’\’“% b)ﬂQ (G)Jr 1 72,\,@%(13’)52

Bk Bk
=ri(a, R())? + ri(a', R(V))?,
which gives the desired contradiction.
PROPOSITION 4.14. Let 5, # 00, a > 1. Suppose that Cy,1p and Cypyp

are bounded composition operators on H(S,A). Then

6mk _)\kb

B

PROOF. As before we define the finite-rank (and compact) partial sum
operator Ky (see the proof of Theorem 4.3). Then (Curip — Cozipr) K is
compact and

||Caz+b - Caz+b’ ||e S ||(Caz+b - Caerb’)(I - KN)||0p7
where I is the identity operator on H (S, A).

’
ICaztb — Cozivrlle = hm sup —e MU
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Let f(z) = Z ane % € H(B,A). We then have
n=1

1(Cazgp — Cazyr )T — Kn)()|I? =

o0 oo
S ape et o 30 gt oAt

n=N+1 n=N+1
o0
_ Z a2 ‘e—)\nb_e—Anb’ 2 2
= " =
n=N+1
2
/
< sup Cm= e—Anb_e—Anb‘ 2
Sup £l
It therefore follows that || (Caz46—Clazir )(I—Kn)| < sup ﬁﬂ e b _ gmAnb'|
n>N+1 n
Taking limits as N — oo gives ||Cortp—Clazip||e < limsup Bﬂ e Anb _ g=Anb'|
n— o0 n

On the other hand, consider the probe functions gi. Let K be a compact
operator on H(S3,A). As before, we have ||gx|| = 1 for all k and ||Kg| — 0.
We have

||(Caz+b — Cazyvr) — KH > lim sup (H(Caz+b - Oaerb’)QkH - HKQkH)

k—o0

> limsup |[(Caz4b — Cazyvr )|

k—o0
= lim sup B
k—o0 k

“Mb

e €

—)\kb”

Taking infimum over all compact operators K gives

- B, | —
||Caz+b — Caz—',—b/ ||‘3 > lim sup BL Anb

!
e e”‘"b

b
n—oo n

as needed. This completes the proof.

THEOREM 4.15. Let B, # Fo0, and let Cy,, and C,, be bounded compos-
ition operators on H(B,A). Then the difference C,, — C,, is compact if and
only if

(1) both Cy, and C,, are compact

or

(2)a>1, p1(2) =az+b and pa(z) = az + b, where
(i) we have

limsupry,(a,R(b)) >0 and limsupr,(a, R(b")) >0,

n—00 n—oo

(i) and lim Buns | =xeb _ =2t — g,
k—o0 ﬂk

2
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Proor. Assume first that C,, — Cy, is compact but one of the operators
Cy, and C, is not compact. Since the set of compact operators is a vector
space, it implies that indeed both operators C,, and C,, are not compact.
Now, according to Theorem 4.3, it means that condition (i) is satisfied (with
the second inequality in o’ instead of a). Then, we can apply Lemma 4.13 to
get that a = o/, i.e. p1(2) = az + b and pa2(2) = az + '. Condition (ii) now
follows immediately from Proposition 4.14.

Conversely, if both operators C,, and C,, are compact, then their differ-
ence is compact. Suppose now that ¢1(z) = az+b and p2(2z) = az+b, and (i)
and (ii) are satisfied. Proposition 4.14 implies that ||Cy,, — C,,|le = 0, which
gives that C,, — C, is compact. This completes the proof.

COROLLARY 4.16. Let . # +o00, and let Cyye; and Cyoyei (c,¢ € R) be
bounded composition operators on H(B,A). The operator C,ic; — Coyei is
compact if and only if klim cos(Ag(c =) =1.

—00

PROOF. We see that my = k and so B, = Bk, k € N. Moreover, since
R(ci) = R(c'i) = 0, we have ry,(a, R(ci)) = rn(a’,R(c'i)) = 1. Then, according
to Proposition 4.2 and Theorem 4.15, we see that C,.; — C.4; is compact
if and only if

lim [~ — e_kkc,i| =0.
k—o0

An easy computation shows that
|e—)\kci _ e—Akc/i|2 =2 —2cos(\p(c— C/)),
which gives the result.

Corollary 4.16 is an analogue of [19, Theorem 4.12] corresponding to the
case when [, = co.

5. Closed range and cyclicity

In this section, we assume that Cy,4p is a bounded composition operator on
H(B,A), which means that a and b satisfy conditions of Theorem 3.12.

5.1. Closed range

We denote by R(C,) the range of Cy, i.e. C,(H(3,A)). In this section we
determine when R(C,) is closed. Note that when ¢(z) = b (and A\ = 0),
then R(C,) is a one dimensional space (generated by the constant function
1 = e~"1%) and so it is closed.

PROPOSITION 5.1. Let . # +o0, a > 1. Then, R(Cy.4s) is closed if and
only if inlf\] rn(a, R(b)) > 0.
ne
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PROOF. First note that it follows from the open mapping theorem and
uniqueness principle for analytic functions that, since ¢ is a non-constant
analytic function, then C,, is injective. Now, suppose B := inIf\T rn(a, R(b)) > 0.

ne

Let f(2) = Z ane %, Then,
n=1

9 Z |an|2572nn6_2/\n%(b) Z |an|2ﬂirn(a, %(b)f
”CaZ-l-be _ n=1 _ n=1 > BQ.

1112 N 24 N 24 -
n=1 n=1

Thus C,.1p is bounded from below and R(Cj.+4) is hence closed.
On the other hand, suppose B := ing rn(a,R(b)) = 0. Let (ng) be a sub-
ne

sequence of N such that r,, (a, R(b)) — 0. For each probe function g,,, we
then have
192 —2X.R(b)
C 2 5z P, ©
I az+bqg’“H = O k =7p, (a,R(b))* — 0.
llgn, || 1
It follows that C,.4p cannot be bounded from below, and so R(C.+p) is not

closed. This completes the proof.

Proposition 5.1 is an analogue of [7, Theorem 6].

REMARK 5.2. In the non-constant case, a compact Cg,1p cannot have
closed range, and vice-versa if Cy, 1 has closed range, it is not compact.

5.2. Cyclicity
Let X be a Banach space and T : X — X be a bounded operator. We define
the orbit of a vector x € X (w.r.t. T') as the set

Orb(T,z) = {T"x : n € N}.
Furthermore, we recall that T is said to be
e cyclic if there exists € X such that
Span(Orb(T, z)) = X,
e supercyclic if there exists x € X such that
{py :y € Orb(T,z),p € C} = X.

Note that for a given operator on an Hilbert space H, if T' is supercyclic,
then it is of course cyclic. We will discuss in this section the cyclicity and
supercyclicity of the operators Cy, on H(5,A). As we will see, C, is never
supercyclic but cyclicity will depend on the arithmetic properties of (A,)n>1-
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It is trivial that if Ay = 0, then of course the operators Cj, and C, are not
cyclic. Indeed, in both cases the orbit of f (for every f € H(S,A)) contains
only one function and so the orbit cannot generate a dense subspace.

We now split our study in two cases, depending whether a =1 or a > 1.

- The case a = 1.

To study this case, we need the following two general results. The first one
is quite classical and can be found for instance in [13, Chap. 18] for the finite
dimensional case and in [24, Lemma 1] for the general case. The proof of the
second one can be found in [17] and uses the spectral mapping theorem.

LEMMA 5.3. Let D be a diagonal operator on an Hilbert space H, given by
De,, = spen, n > 1, where (en)n>1 is an orthonormal basis of H. Then D is
cyclic if and only if sy, # Sm, n # m.

LEMMA 5.4. Let T be a normal operator on a Hilbert space H of dimension
greater than 1. Then T is not supercyclic.

PROPOSITION 5.5. Let B, # £o0, b # 0. Then,
(1) C.qp is cyclic if and only if (A, — Am)b € C\ 20Z whenever n # m,
and
(2) C.4b is not supercyclic.

1
PROOF. (1) Recall that the set of probe functions ¢x(z) = ﬁ—e_)"“z form
k
a basis for H(3, A). Note also that for all k£ € N,

(Cotpar)(2) = e 0qy(2).
That means that C. 4, is a diagonal operator with eigenvalue corresponding
to e~ %, Thus (1) follows immediately from Lemma 5.3.
(2) Since C,4y is diagonal, it is in particular normal. So (2) follows from
Lemma 5.4. This completes the proof.

- The case a > 1.

The situation in this case is more interesting and the behavior of the iterates
of Cy,4p will depend on the following notion.

Given a € R(A), A = (Ay)n>1, we define an initial point with respect to
a to be a term A such that no n < k exists such that a’)\,, = A\, for some
s € N. This is equivalent to say that, for s € Ny,

a’, =\, =—=s=0and n==%.
Note that A; is always an initial point and if A\; = 0, then Ay is an initial
point. Therefore, three cases may happen:

(1) (An)n>1 has precisely one initial point with respect to a. In that case,
it must be the case that \,, = Aja™ ! for every n, and \; # 0.
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(2) (An)n>1 has one zero and one non-zero initial point. In that case,
A =0and A\, = Xa" "2, n>2.
(3) (An)n>1 has at least two non-zero initial points.
PROPOSITION 5.6. Let 8, # £00, a > 1, and suppose (Ap)n>1 has precisely
one initial point with respect to a. Then, Cqy,1p is cyclic but not supercyclic.

PROOF. Since (A,)n>1 has precisely one initial point, it must be the case
that A, = A\ja"~! for every n, and \; # 0. Let f(z) = e~*1%. By induction,
we easily check that

(Catzypf)(2) = exp(= (A1 + da + - Ag)b)e™ 42,

In particular, Orb(Cj.1s, f) contains the vectors of the basis (gx)r>1 of H(5, A).
Therefore Cy, 44 is cyclic.

To show Cy.4p is not supercyclic, we show that for every f € H(5,A)
we can find a g such that dist(g, {uy : y € Orb(Cyzqs, f), 1 € C}) is bounded
below by some non-zero constant. There are two cases.

e Case 1: f(z) = aje~"1% for some 0 # a; € C. In this case, consider
the function g(z) = e~*1% 4+ ¢=*2%, It is then easy to see that

linf = gl* = |par — 11267 + 83 > 53,
1nCazvf — glI* = BT + |nare ™" — 1253 > 51,
G — gl > BT+ 83, Wk >2.
Therefore dist(g, {py : y € Orb(Cozib, f), 0 € C}) > min {B1, B2}
e Case 2: f(2) # ale(:‘lz for any a; € C.
Write f(z) = Zane_)‘"’z. Choose k # 0,—ay and pick g(z) =
n=1

ke~ M% Note that for all £k > 1 we have that the coefficient of e~*1#
in the representation of C¥_ | f is 0, it follows then that for each k > 1,
we have [[uCE_, f — gl|? > [6[282 > 0.

It remains to consider k& = 0. Observe that g does not belong
to Span(f) which is one-dimensional, therefore dist(span(f),g) > 0.
Thus dist(g, {uy : y € Orb(Cy, f),n € C}) > 0.

This completes the proof.

PROPOSITION 5.7. Let (3, # 00, a > 1, and suppose (Ap)n>1 has at least
two non-zero initial points with respect to a. Then, Cq,4p is not cyclic.

Proor. Let A\, Ay denote two non-zero initial points. Suppose for the sake
oo
of contradiction that Cy 1 is cyclic. Let f(z) = Z ane % be a cyclic vector
n=1

for Cytp.
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We claim that ap, a; # 0. Assume to the contrary that one of them is zero,
say WLOG a, = 0. Recall that Orb(Costs, f) = {f, Cassof. C2 0 fs-- .}
Note that

1—adF

T ) exp (—ak)\nz) .

(Cheal)) = 3 anexw (07
n=1

Since ), is a non-zero initial point, a¥),, # A, for all k,n > 1. It follows that

the coefficient of A, in any function in Orb(Cg.4s, f) is always 0. Hence for

any f; € Span(Orb(Cq.4p, f)), one has

If1 = apl* > 1.

Therefore Span(Orb(C,.1p, f)) cannot be dense in H(3, A), a contradiction,
completing the proof of the claim.

Hence ap,aq # 0. Since ak )\, # Ap; Ag for all k,n > 1, the only func-
tion in Orb(Cl,1p, f) With non-zero coefficients for e=*»* and e~*¢* terms in
Span(Orb(Cyz1s, f)) is f itself.

Consider now the function g(z) = a,e™*** + 2a,e~** € H(B,A). Let F €
Span(Orb(Cyz4s, f)) and fix a representation of F' in elements of Orb(Clz4p, f)-
Let w the coefficient of f in this representation. Then we have

IF = glI* > |w = 1]%|ay|* 87 + lw — 2[*|aq |55
Let & = |ap|?B2 and 1) = |ag|?B7. Write w = w' + 1. Then,
IF = gll* > glw'|* + nlw’ 12

&n
> R(w)? + n(R(w') —1)2 > =,
(W nrw) - 12 = A
where we used the fact that the expression 22 +n(z — 1)? has minimum 5%7
as x ranges over R. It follows that Span(Orb(Cyg.1s, f)) cannot be dense in
H(B,A). Contradiction.

It remains to study the case when (\,)n,>1 has precisely one zero and
one non-zero initial point with respect to a. In other words, Ay = 0 and
An = A2a™ "2, n > 2. In that case, we will give a characterization of cyclicity
in terms of (r,(a,b)),. Let us begin with the following result which can be
easily checked.

PROPOSITION 5.8. Let B, # oo, a > 1, and suppose (\,) has precisely
one zero and one non-zero initial point with respect to a. Then the matriz M
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of Cyyp with respect to the orthonormal basis (qx) is

1 0 0

0 0 0
M=10 raa,b) 0

0 0 r3(a,b)

Since cyclicity is invariant under unitary transformation, we will work for
convenience with a transcription of our problem in the space of sequences £2.
Recall that

oo
= {a = (a)rzo < lall3 = lanl? < OO} ~
k=0

Now, it is clear that our problem is a particular case of the following more
general problem.

QUESTION 5.9. Let a = (cv,) be a bounded sequence of complex numbers
and suppose that T : £2 — ¢? is the linear map whose matrix, with respect to

the canonical orthonormal basis {eg, €1, €2, ... }, is given by
1 0 O
0 0 O
0 a1 0
0 0 a9

Is T cyclic?

Note that since (a,) is supposed to be bounded, it is easy to see that T'
defines a bounded operator on ¢2.

In order to answer to Question 5.9, we need the following general result on
cyclicity.

LEMMA 5.10. Let T : X — X be a bounded linear map on a Banach space
X. Assume that there exists A € C such that

dimker(T* — X)) > 2.

Then T is not cyclic.



27

PROOF. Let x1,2z2 be two independent vectors in X* (the dual space of
X) such that T*(x}) = Az}, i = 1,2. Define the linear map
0: X — C?
v ({z1,0), (25, 0)).

Observe that © is onto. Indeed, assume that Im(©) C C2. In particular, there
is (A, ) € C?\ {(0,0)} such that (A, z) L Im(©). That means that, for every

v € X, we have A\(z},v) + (x5, v) = 0. In other words, we get A\x} + fizh = 0,
but, since ] and z5 are independent, we deduce that A = p = 0, which is
absurd. Hence O is onto.

Assume now that T is cyclic and let x € X be a cyclic vector for T'. Consider

the following subset of C? defined by
A ={((21,p(T)x), (x3,p(T)x)) : p is a polynomial} .

Since z is a cyclic vector and © is onto, the set A should be dense in C2. Indeed,
let (A, u) € C2. Using that © is onto, we get u € X such that A = (x},u) and
w = {x5,u). Using now that z is a cyclic vector, given € > 0, we can find a
polynomial p such that ||p(T)z — u||x < e. Hence

(21, p(T)z) = Al = [(21, p(T)z — w)| < [|l27[]e
and similarly
(23, p(T)x) — pl = [{z3, p(T)z — w)| < [|z3]le.

These two inequalities imply that (A, ) is in the closure of A, and thus A is
dense in C2. It remains to prove that this is absurd. First observe that

A={({p(T")z7,2),(p(T")z3,2)) : p is a polynomial}
= {p(\)((z7, z), (x3,x)) : p is a polynomial}
= {p(\)O(z) : p is a polynomial} .
If (x},z) = 0 or (a3, x) = 0, then either A C {0} x C or A C C x {0}, and of

course A cannot be dense in C2. Now assume that (z%,z) # 0 and (x3, z) # 0,
and take

_ @3
2(a1,2)

Since A is dense in C2, the point (1, z) belongs to the closure of A. In particu-

lar, there exists a sequence of polynomials (p,, ), such that p,(\)O(z) — (1, 2),

as n — o0o. That means that

(AN (2], 2) = 1, asn — oo, (5.1)

and
Pr( M) (25, 2) — 2z, asn — oo. (5.2)
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In particular, zp, (\)(zF, ) — pn(A){(z3, ) — 0, as n — oco. But observe that

e 2) = ) =) (52— (a5.00)

= B

which implies that p,(A\) — 0, as n — oo. That contradicts (5.1). Hence A
cannot be dense, proving that indeed T is not cyclic.

We are now ready to prove the following.

THEOREM 5.11. Let T' be defined as in Question 5.9, and let w; 1= a1 ... oy,
j > 1. Then T is cyclic if and only if
> e
|w;]?

j=1

o0
PRrROOF. First assume that Z < oo and let us prove that T is not
j=1

jwj |2

cyclic. Let a = (ag,ar,az,...) € 2. Observe that T*a = a if and only if

1 0 0 0 0 ... an ap
0 0 agz O 0O ... ay a1
00 0 a 0 .. as | ~ faa |’

which is equivalent to

Ejaj+1 = aj, ] > 1.
Thus a € ker(T* — I) if and only if ap,a; € C and a; = %al, j>2.In
particular, we get that dim(ker(T* — I)) = 2. Lemma 5.10 implies now that
T is not cyclic.

Conversely, assume that Z = oo and let us prove that f = (1,1,0,0,...
j=1
is cyclic for T'. Argue by absurdity and assume that f is not cyclic for 7. Then
there exists a non zero element b = (bg, by, ba,...) € £2 such that b L T*f, for
every k > 0. We get the following system
bo+0:=0
bo + a1by =0

bo + a1a2b3 =0

|w; |2
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This is equivalent to
bop+b1 =0
bo +ijj+1 =0, ] > 1.

Clearly if by = 0, then b; = 0 for all j, hence b = 0, which is a contradiction.
If by # 0, then by = —bp and b1 = —%bo. But since by hypothesis we have

oo

1
Z e = 00, we deduce that b = (bj);>0 does not belong to ¢2, which is a
wj =

j=1 "7
contradiction. We are done.

We immediately deduce from Theorem 5.11 a solution of the remaining
case for cyclicity of Cy,4p.

COROLLARY 5.12. Let B, # +00, a > 1, and suppose (\,) has precisely
j+1
one zero and one non-zero initial point with respect to a. Let w; = H ri(a,b),
k=2
j > 2. Then Cq.yyp is cyclic if and only if

oo

1
2 w2

=2

This characterization leads to a condition which is much easier to check.

COROLLARY 5.13. Let B« # 00, a > 1, and suppose (\,) has precisely
one zero and one mon-zero initial point with respect to a.
(1) If R(b) > (a — 1)B4, then Cyuyyp is cyclic.
(ii) If R(d) = (a — 1)Bx, then both cyclic and non-cyclic behaviors can be
exhibited.

Before we begin the proof, we remark that the above corollary completes
the characterization of cyclicity for this case. It is easy to check that for such
a (Ay), we have L = 0. Since C,,4p is necessarily bounded, by Theorem 3.12
we must have R(b) > (1 —a) (5 — B.) = (a — 1)B,.

PROOF OF COROLLARY 5.13. A direct computation shows that

L j+1 L 3 j+1
;] I 17x(a.b) 5 P R(B) D Ak
k=2 k=2

j+2

_ P exp <)\2§R(b)2j — 1) .

" Bjte
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(i) Assume first that R(b) > (a—1)8.. Since 5, = lim inf Log B

n—oo
n
exists € > 0 and a strictly increasing sequence of natural numbers (n,), such

that, for all p,

is finite, there

log 3., SM)\”’_
P a—1 P

In other words,
R(b) —
logﬁnp < Manp_Q)\}
a—1

Set j, = n, — 2 and observe that

Jp — —c .
a 1 Ay R(b) Eajp>

|wj, |7 > Baexp <>\2§R(b) P P

e

= ,82 exp <>\2 1 (5 + 0(1))) .
In particular, |o.)jp|_1 — 00 as p — 00, so that (w;)~1 & ¢2. By Corollary 5.12,
we deduce that C,.p is cyclic.

(i) First take 3, = exp (*2“”’2) and R(b) = 1. We shall verify such a

a—1

choice of Cy,p is valid for H(B, A). The sequence (ry(a,R(b))) is bounded,
by Theorem 3.12. Indeed, for n > 2,

a —

B » e by anfl by an72
rn(a, R()) =e )‘"%(b)% = exp <—)\ga 24 (j— T j_l ) = =1.

Furthermore,

)\2&”72 1
. = liminf - ,
p 00 (a—1DAa™2 a-—1

so that %(b) = (a — 1)8. = 1. By Theorem 3.12, this choice is valid. Finally,
6 aj -1 )\2

A = — .
[ EXp | A2 a_1 B2 exp a—1

Hence, (Jw;|™!); € ¢ and then Cj, .4y is cyclic.

jws| = =

On the other hand, if we take 3, = n?exp (Affi_nf) and R(b) = 1, we can

verify in the same manner that r,(a,1) — 1 as n — oo, and have again
2logn + Apa" 2 1

- — liminf _ 7
b 00 (a — 1)Aga™2 a—1

and

| |71 52 ()\ al — 1> ﬂQ eXPp <_a/\721)
Wi — — exp = - .

J ﬁj+2 2 a—1 (] + 2)2

Thus (Jw;|™!); € €2 and then Cy4p is not cyclic. This completes the proof.
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We end this section with a result which completes Proposition 5.5 on super-
cyclicity. As the proof methodology is similar to arguments in Proposition 5.6,
we omit the full details and provide a sketch.

PROPOSITION 5.14. Let . = +o00, a > 1, and suppose (\,) has precisely
one zero and one non-zero initial point with respect to a. Then, Cq,yp is not
supercyclic.

PrROOF (OUTLINE). The idea is for every f € H(B,A), we can find a func-
tion g and a constant B > 0 such that dist(g, {uy : y € Orb(Cy,yp, f),n € C}) >
B. The proof is split into four cases.

- Case 1: f(z) = a1 (a1 € C). The result is obvious as Orb(Cy,1s, f) has
only one element, so {uy : y € Orb(Cu,ip, f), 4 € C} has dimension 1.

- Case 2: f(z) = aze 2% a3 # 0. Pick g(z) = b > 0. Since all h €
Orb(Claz+p, f) have zero constant part, it can be verified that taking B = |b|5;
works.

- Case 3: f(2) = a1 +aze 2% (ay,as # 0). Pick g(2) = a1 + (ag +1)e™ 2%
Since Ao is a non-zero initial point, following the proof of Proposition 5.6
(Case 2) yields ||uC¥, ,f — gl|*> > |az + 1|23 for all k > 1. Furthermore the

¥4
computation for k = 0 gives

lief = glI* = | = 1%|a1 87 + |(u — Daz + 1233,
which is minimized in a similar manner as in Proposition 5.7.

- Case 4: 3k > 3 such that aj, # 0. Pick x # 0, —az and g(z) = ke 2.
This is again similar to Proposition 5.7. We are done.

6. Complex symmetry

In this section we investigate the complex symmetry property of C,. In this
section we adopt the convention that

en(z) = ﬂnQn(z) = ei)mz' (61)

6.1. Composition conjugations
DEFINITION 6.1. Let H be a C-Hilbert space. A map C : H — H satisfying
the conditions of
(1) isometry: ||Cz|| = ||z||,Vx € H,
(2) involutivity: CC = I, the identity map, and
(3) anti-linearity: C(A\z + py) = A\Cx + uCy,Vr,y € H,V\, u € C,
is called a conjugation on H.

DEFINITION 6.2. Let § : Cpo_p, — Cp/a_p, be an analytic function.
Define

Jef(z) = f(£(2), V[ eH(B,A).
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If J; satisfies the definition of a conjugation, then it is called a composition
conjugation.

We will investigate composition conjugations induced by polynomial func-
tions &.
THEOREM 6.3. Assume that £ is a polynomial. The following statements
are equivalent.
(1) Je is a conjugation on H(B,A).
(2) &(z) =z+ci,ceR.

PROOF. (1) = (2): first let us note that since J¢ is a conjugation on
H(B, A), then £ induces a bounded composition operator on H (3, A). Indeed,

let f(z) = Z ane % € H(B,A). Then the function

n=1
oo
f(2) = @pe v
n=1

also belongs to H (8, A), and so Jng H(B,A). Note now that

oo

Jef(2) = J(€(2)) = Y ane ™) = (Cef)(2).

n=1

Therefore, we get Cef € H(B,A) as required. In particular, according to
Theorem 3.12, ¢ should be of the form £(z) = az + b, where a = 0 and
R(b) > L —B.ora>1and R(b) > (1 —a)(L - 5.).

First, we will show that a # 0. Argue by absurdity and assume that a = 0.

Then &(z) = b and (J¢f)(z) = f(b). Apply that equation to the vector of the

orthonormal basis gx(z) = ﬁ—lke”\kz, which gives

(Jea)(z) = ﬂi

Since J¢ is an isometry, we get

Bi xme) — 4
Br

)

that is

_ log(Bk)  log(Br)
Y M
Taking the limit when k — oo, we get R(b) = —f.. In particular, 8, # +o0
and the condition R(b) > £ — B, gives the contradiction. Hence a # 0.

—R(b) k> 2.
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Let us show now that a = 1 and b € iR. Remind that e,(z) = e~ % €
H(B,A). Since J is conjugation on H(8, A), we have e,, = Jgen, which gives

e = Je(en) (€(2)))

=Je(e™ M)
_MEER)

By analyticity, we get that for every n > 1, there exists k,, € Z such that

“M&(€(2)) = —Anz + 2inky,.
In particular, since Ay > Ay > 0, we deduce that

f(@) =z — Qi:l@ =z +1icy,
2

where ¢; = —271";\—2 € R. Recall now that £(z) = az + b. An easy computation

shows that £(£(z)) = a®z + ab + b. Hence, we see that a®> = 1, that a = 1
(because a > 0) and b+ b = icy, that is 2R(b) = ic;. This implies that
R(b) = c¢; = 0. Finally, we get that £(z) = z + iS(b) = 2z + ic, with ¢ € R.

(2) = (1): assume that £(z) = z + ic, ¢ € R. Since R(&(2)) = R(z),
it is clear that & maps (C%_ﬁ* into itself. Then J¢ is well defined. Now, if

= Z ane % € H(B,A), then

n=1
D) = 30 = S
Since ‘ﬁe_ = |a,|, we see that Je f € H(B,A). Moreover,

1T f1* = ZBQIGnI2 = 171

Hence, J¢ is an isometry from 7—[([3, A) into itself. It is of course antilinear. It
remains to check that J¢ is involutive. But, note that

(Jgen)(z) — e—Anf(z) — e—ic/\ne—knz _ e_ic’\"en(z),
and so
Jg(en) Je(e7 e, ) = ' Je(ey,) = e'PreT e, = ¢,
By linearity and continuity of JZ, and density of \/(e, : n > 1) in H(5, A),

we get that Jg = I. This proves that J¢ is a conjugation on H(3,A) and
completes the proof.
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6.2. Complex symmetry

Having proven the form of composition conjugations J¢ on H(3,A), we can
now consider the complex symmetry property of bounded composition oper-
ators on M (8, A) with respect to conjugations J.

DEFINITION 6.4. Let T be a continuous linear operator mapping a Hilbert
space H to itself. Given that C is a conjugation, we say that 7" is C-symmetric,
or complex symmetric with respect to C, if

CTC =T".
If such a C exists, we say that T' is complex symmetric.

Recall that Proposition 4.7 provides explicitly the adjoint functions Cj;_ ;.
The following two results follow easily (cf. [9]).

PROPOSITION 6.5. The following are true.
(1) Clpp = Cz+5'
(2) Ifa > 1, then ker C;_ ., is non-trivial.

PRrROOF. (1) follows directly from Proposition 4.7 (note that since a = 1
we have m,, = n). Let us now prove (2). If \; # 0, then \,,,, = aX\; > A1, and
so my > 1. It follows from (4.2) that since j — my; is strictly increasing, we
have C, ,e1 = 0, that is e; € ker Cj;_ ;. If Ay = 0, then m; =1 and arguing
as before, we show that ey € ker C_ ;. This completes the proof.

As already mentioned, composition operators associated to non-constant
analytic symbols are injective. Thus we immediately get the following.

COROLLARY 6.6. Suppose B, # *oo. Let a > 1 and suppose Cy,41p is a
bounded composition operator on H(B,A). Then, no symbol ¢ exists such that
Cy.., = Cy (here, ¥ need not be a polynomial).

a

PROOF. First note that since a > 1, then there cannot exists a constant
symbol ¢ such that C_,, = Cy. Then it remains to apply Proposition 6.5
(2) to get the result. Done.

PROPOSITION 6.7. Let £(z) = z + ci,c € R. Let b € C and suppose that
R(b) > 0. Then C.4p is Je-symmetric.

PROOF. Remind that e,(z) = e % n > 1. Sincea =1, m, =n, n > 1,
and so, on one hand, we have

(Cz+b<]§€n)(z) _ Cz+b (ef)mcief)\nz) _ 67)\n(b+ci)6f)\nz'
On the other hand, by (4.2), we have
(JeCunen) () = J (€ be 2z} = Anleid e,



Thus C,44J¢ and J¢C7 ) coincide on an orthogonal basis, whence C, 4 Je =
JeC7 Ly Hence C, 4y is Je-symmetric. This completes the proof.

The above shows that all bounded composition operators with symbol C, 1
is complex symmetric. To determine the complex symmetry property of Cy.1p
when a > 1, we recall the following result.

LEMMA 6.8 ([10]). Let T be a complex symmetric operator. Then, dim ker T*
dimker T'.

Now we may prove the following result.

PROPOSITION 6.9. Let 8. # +00 and a > 1. Then, Cy,4p s not complex
symmetric on H(B,A).

PRrROOF. It follows immediately from Lemma 6.8 and Proposition 6.5 and
the fact that Cy, 44 is one to one.

Finally we consider the constant case.
LEMMA 6.10 ([11]). Any rank one operator is complex symmetric.
We deduce immediately the following.

COROLLARY 6.11. Let Ay = 0 and B« # F+oo. Then, Cy is complex sym-
metric on H(5,A).

We can summarize all the previous results to obtain the following charac-
terization of complex symmetric composition operators.

THEOREM 6.12. Let B, # £oo and C, be a bounded composition operator
on H(B,A). Then:

(1) If o(z) = 2z + b, then C, is complex symmetric. More precisely, C,,
is Je-symmetric for all composition conjugations Je where (z) = z +
c,c€eR.

(2) If o(z) = az + b where a € Ri(\y,), then Cy is never complex sym-
metric.

(3) If Ay =0, then Cy is complex symmetric.

7. On similar results when 8, = oo

In [8], a characterization for boundedness of C, on H(8,A) in the case of
B« = 0o was proven. Specifically, the authors prove the following analogue to
Theorem 3.12:

THEOREM 7.1 ([8]). Let B = oo. Let ¢ be an entire function. The following
are true.
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(1) If \y > 0, then C, is a bounded composition operator on H(S3,A) if
and only if p(z) = z+ b, R(b) > 0.

(2) If My =0, then C, is a bounded composition operator on H(B,A) if
and only if p(z) = z+ b, R(b) > 0, or if ¢ is constant.

The authors also estimate ||Cy||op and compute ||C,1plop- They conjectured
that results on certain properties of bounded composition operators on spaces
{H(E, Bs)}, a proper subset of the set of spaces A := {H(B,A) : B, = oo},
hold for bounded composition operators on all spaces in A.

We remark that up to minor modifications in the proof, the following results
in our paper hold for all spaces in A. In the following list, the condition
B« = oo is assumed. We will use the following observation:

(1, R(b)) = e 2RO, (7.1)

e Operator norms: Propositions 3.5 and 3.11. In the latter case the op-

erator norm simplifies via (7.1) to ||Coypllop = e M R®) (cf. [20]).

e Essential norms and compactness: Proposition 4.1 and Theorem 4.3
(cf. [19, 20]).

e Schatten class and adjoint: Propositions 4.6 (cf. [27]) and 4.7.

e Compact differences: Theorem 4.15 and Corollary 4.16. In the former,
condition (2)(i) simplifies to R(b) = R(H') = 0 (c.f. [19]).

e Closed range: Section 5.1 preamble (on C3) and Proposition 5.1. The
latter simplifies via (7.1) to the statement that R(C,4p) is closed if
and only if R(b) = 0.

e Cyclicity: Section 5.2 preamble (on C}) and Proposition 5.5.

e Conjugations: Theorem 6.3 (cf. [9]). It is worth noting that due to
Theorem 7.1, we can weaken the assumption on ¢ to simply assuming
¢ is entire.

e Complex symmetry: Theorem 6.12, leaving out statement (2) (cf. [9]).
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