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TREND TO EQUILIBRIUM AND DIFFUSION LIMIT FOR THE INERTIAL
KURAMOTO-SAKAGUCHI EQUATION

FRANCIS FILBET AND MYEONGJU KANG

ABSTRACT. In this paper, we study the inertial Kuramoto-Sakaguchi equation for interacting
oscillatory systems. On the one hand, we prove the convergence toward corresponding phase-
homogeneous stationary states in weighted Lebesgue norm sense when the coupling strength is
small enough. In [10], it is proved that when the noise intensity is sufficiently large, equilibrium of
the inertial Kuramoto-Sakaguchi equation is asymptotically stable. For generic initial data, every
solutions converges to equilibrium in weighted Sobolev norm sense. We improve this previous result
by showing the convergence for a larger class of functions and by providing a simpler proof. On
the other hand, we investigate the diffusion limit when all oscillators are identical. In [19], au-
thors studied the same problem using an energy estimate, renormlized solutions and a compactness
method, through which error estimates could not be discussed. Here we provide error estimates for
the diffusion limit with respect to the mass m < 1 using a simple proof by imposing slightly more
regularity on the solution.
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1. INTRODUCTION AND MAIN RESULTS

Synchronous behavior of a large but loosely organized group of agents is ubiquitously found
in various social and biological phenomena, for example, flashing of fireflies, beating of cardiac
cells, and hand clapping in opera, etc [I, 6], 15 26] 28], B1], B0]. Recently, collective dynamics of an
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interacting oscillatory system has received more attention due to its diverse applications in research
areas of control theory, physics, neuroscience [I].

Systematic studies on synchronization were invoked by the pioneer works of A. Winfree [31],
B0] and Y. Kuramoto [23] 24) 22]. More precisely, these models consider a collection of N € N
oscillators, represented by their phase-frequency pair (6%, w*) € T xR and by their natural frequency
v'. In the presence of inertia and stochastic noise effect, the dynamics of stochastic Kuramoto

oscillators is governed by the following set of globally coupled ODEs [II 22 27]:
dgi = widt,

(1.1) N
mdw! = (—w;' + v+ =Y sin (935 —9@)) dt + V20 dB;,
N

k=1
where nonnegative coefficients m, x, and o represent mass, coupling strength, and noise intensity,
respectively, and B!’s are independent one-dimensional Brownian motions. We refer to [8, [TT], [,
[17, 18] for the emergent behavior of the Kuramoto model (LLI]) including zero inertia case (m = 0)
or noiseless case (o = 0).

The continuum approximation assumes that populations at the thermodynamic limit N — +oo
are described by a continuous distribution f = f(¢,0,w,v) at time ¢t € R, phase 6 € T, frequency
w € R, and natural frequency v € R. Under this assumption, the time evolution is governed by the
following Vlasov-Fokker-Planck-type equation [T}, [17]:

Ouf + wdof + Au(fTIfN) = —5 021,

(1.2) TIfI(t, z) = —% + % + % sin(0. — 0) f(t, z) dz.,
TxR?

kf(t:()) :finz()’

where z = (6,w,v) € T x R Observe that since the v variable only appears as a parameter we
have the following invariant

F(t, ) dwdd = / Fin(2) dwdd = g(v).

TxR TxR

In order to highlight important parameters, we introduce rescaled coupling strength and noise
intensity k and o as

l
I/ 3=

and define the macroscopic quantity as

p(t,0) = /R2 f(t,z)dwdr.

Hence we simplify 7[f] as
It 2) = == + — + R (sinxp(t))(9).

m
and system (L2 can be written as

O f +woyf + /A{(Sin*p) Ouf = ﬁpp[f],
(1.3)
f(t:()) = finzoy
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with
1 -
(1.4) Lrplf] == E&,(J&,f + (w—u)f) .

For the existence and uniqueness theory on ([.2]), we refer to [10, [19], in which global nonnegative
weak solutions are constructed in weighted Sobolev spaces.

The goal of this paper is twofold. On the one hand, we study the long time behavior of the
solution to (L2), when the coupling strength & > 0 is small compared to the noise intensity o > 0.
In that case, the global equilibrium is characterized by a space homogeneous distribution and we
prove that the solution of (2] converges exponentially fast to this equilibrium with an explicit
rate of convergence. On the other hand, we consider the case of identical oscillators and investigate
the limit when mass € := m goes to zero. Hence, we prove that the local density p® converges to the
solution of the drift-diffusion equation. Our methods provides directly error estimates with respect
to €.

In the next subsections, we describe more precisely our main results and the state of the art.

1.1. Long time asymptotics. First, note that nonnegative phase-homogeneous state foq = foq(w, V)
becomes stationary solution of (L3))-(L4) if and only if

Lrp[feq) =0 and 27 i Rqu(w’V) dw = g(v).

Thus we denote by Noo (V) = poo g(v) With poo = || finllr1/(27) and
1 (w— V)2>

exp [ ————— |,
2ro P ( 20

foo(w,v) := Neo(v) M(w,v)

becomes phase-homogeneous stationary solution to (L3)-(T4).

Recently, the asymptotic stability of fo, has been studied in [I0], where it has been shown that
the solution f of ([3)-(L4]) converges to fs exponentially fast for sufficiently large & > 0. More
precisely, suppose there exists h such that f = foo + /fo h and

/R Hh(t,u)H%IS(TxR) dv < o0, Vit>0,
for s > 1, hence for o > 0 satisfying

max | —5, K, MK < o,
m

M(w,v) =

hence one can check that

there exists Cy > 0 such that

/R It ). dv < e Ot /R 15(0,0) 120 do.

Here our aim is twofold. On the one hand, we give an explicit condition on the intensity of
collision ¢ and the coupling strength k to get the convergence to the homogeneous stationary state
foo. This condition requires that k is sufficiently small compared to o. On the other hand, we
provide a simpler proof of convergence than the one presented in [I0]. We apply the hypocoercivity
method with a micro-macro decomposition, developed in [29, 20} [14], to get quantitative estimates
on the convergence to equilibrium. The advantage of this approach is that it is simply based on
a natural weighted L? estimate. The key tool of our method is a modified energy functional £[f],
whose square root is a norm equivalent to the weighted L? norm, such that

de(f]

“ar < -C&[f],
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for an explicitly computable positive constant C. It is worth to mention that this functional
framework is well adapted to the development of structure preserving numerical schemes [5l 4] and
will be the purpose of a forthcoming work [16]. Furthermore, this technique has also been applied
for the asymptotic stabilty of related models [12], 13} 25].

Before we present our first main result, we introduce macroscopic quantities N, J, and P defined

N(t,0,v) = /Rf(t, z)dw (density),
(1.5) J(t,0,v) = /Rf(t, z) (w—v)dw (first moment),
P(t,0,v) := /Rf(t, z) (w—v)*dw (second moment),

which will be used throughout this paper. One can multiply the equation (L3))-(T4) by (1,w — v)
and integrating in w € R to get following system of balance laws:

N + 0y (J+vN) =0,
(1.6) o J

OJ + Og(P+vJ) — K(sinkp) N = -

Next, we introduce a weighted Lebesgue space by considering a weight function 7 : R + R such
that (v) > 0, for all v € R,
(1.7) /R% =1 and /R|g(1/)|27(1/) dv < oo.
Then we set
Yw,v) = W) M Hw,v),
and define the weighted L?Y(’]I' x R?) norm as

1/2
iy = ([ P atewaz)
TxR2

and the corresponding weighted L% norm for the macroscopic quantity R: T x R+~ R as

1/2
Rl = ([ RO 5w avas)
X

Under these setting, we have exponential relaxation of the solution of (L3])-(L4) toward a phase-
homogeneous stationary state.

Theorem 1.1. Consider an initial data fi, > 0 such that

// FnlPy(@,0) dz < +oo.
TxR2

Then there exists a constant Cs > 0, only depending on |Nso| 1 and ||Noollz2, such that if the
vy
coupling strength & > 0 and the noise intensity o > 0 satisfy

(1.8) s max (w/ﬁ, 7, m%) <3,
m

hence the solution f to (L3)-(L4) converges to a phase-homogeneous stationary state fs exponen-
tially fast

1F() ~ focllzz < BIF(O) — fuollpz Ot Wt 0,
where C' > 0 only depends on Cs and max (\/E/m, K, mE)
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The proof of this result is provided in Section[2l The key idea is to get advantage of the dissipation
corresponding to the Fokker-Planck operator for the weighted L? norm. Then the main difficulty
consists in proving the convergence of the macroscopic quantity

N(t,0,v) = /ftz

toward the equilibrium N.,. We adapt the hypocoercivity method developed in [29 4] to the
present model (L3)-([T4). Instead of estimating directly the quantities of interest, we introduce
modified energy functionals in order to recover dissipation and thus a convergence rate on N. Our
approach is related to the one developed in [14] and [7, 2], B 2] for the Vlasov-Poisson-Fokker-
Planck system. Even if the natural energy corresponding to the system (L3])-(L4]) does not provide
an estimate, the key point here is to exploit the regularity of the nonlocal term sin *p.

Let us now make some comments how our results compares with the one presented in [10].

Remark 1.1. In [I0], it is required that k > 0 and o > 0 satisfy

(1.9) C’max( 12, K, m2/-£2> < g,

m
for some sufficiently large C > 0. Note that as k > 0 goes to zero, left hand side of (Tl does
not converges to zero, whereas left hand side of (L8] converges to zero. Moreover, as k > 0 goes
to infinity, left hand side of (L) diverges to infinity with growth rate O(m?*k?), whereas left hand
side of (L8) diverges to infinity with growth rate O(mEk).

1.2. Diffusion limit for identical oscillators. We now present our second main result on the
diffusion limit of (L3)-(L4]) for identical oscillators, i.e., g(v) = dp(v). We consider the following
rescaling ¢ — et and ¢ = m in (L3)-(L4]), which yields :

e f + wOpf® + K (sinxp®) 0, f° = Lpp[f°],

(1.10)
fft=0) = fi,=0,
with
(1.11) Lrp[f] = éaw (58wa + wa>

and p° is given by
“(t,0) = /fa(t,H,w)dw, V(t,0) € R* x T
R
We remind (6] that p® and the first moment J¢ are given by
1
8t,OE + E@gJE =0

Ja
e J® + 0pP° — K (sinxp®) p° = -

hence differentiating the last equation with respect to 8 and combining it with the the former, it
yields that

(1.12) 8t (p6 — E@@J ) 8@ <8@P‘E (Sln *p ) > = 0.
In the limit ¢ — 0, it is expected that (f¢).>o converges to p M, that is,

PE:/f€w2dw — op, ase— 0.
R
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Therefore, we formally get that the limit p is solution to the following drift-diffusion equation
{ Oip — 7 gp + Fp ((sinxp) p) = 0,

p(O) = Pin-

Since the v variable now cancels, we consider the weighted L? space where the weight is now given
by invert of the centred Gaussian distribution M

M(w) = \/%a exp <_%>

Thus, we prove the following result.

Theorem 1.2. Suppose that the initial data (f5)e>0 n (LI0)-(CI), satisfy the following assump-
tions

(1.14) Ifallze, , + 196 fallz | < +oo,

(1.13)

uniformly with respect to € and the initial datum pi, in (LI3) verifies

l[pinllz2 < +oo.
Moreover, we suppose that

[ fiallzy = llpinllzr = Mo.

Let f¢ be the solution to (LIQ)-(LII) and p be the solution to (LI3). Then the following statements
hold true uniformly with respect to €
175(t) = PO Mgz = Ifis = P MLz
and

(L15) 1o O = pO - < C (ke = pallig—s + = (Ifillzz |+ Nufillzz ) €

where C' is a positive constant only depending on o, k and M.

et/ 4 og (Hae {;HLle + iil”Lirl) "

1

Remark 1.2. In [19], the authors also investigated the same problem using a compactness method
and an energy estimate, they proved that

p° —p, inL'((0,7)xT), whene — 0,

considering the notion of renormalized solution. Our method is simpler than the former but requires
more regularity. Moreover, it allows us to prove error estimates with respect to € thanks to the
propagation of reqularity 68 uniformly in with respect to €.

Recently, A. Blaustein provided error estimates for the diffusive limit of the Vlasov-Poisson-Fokker-
Planck system by proving propagation of regularity in weighted LP spaces [3].

The rest of the paper is organized as follows. On the one hand, in the next section (Section (),
we establish some basic properties of (L3)-(L4]), hence we study the propagation of the modified
energy functional £[f] and prove Theorem [[LT] on the exponential relaxation of f toward the phase
homogeneous stationary state foo. On the other hand, in Section Bl we consider the particular case
when all oscillators are identical and study the diffusion limt to prove our second result (Theorem
[L2) on error estimates in the diffusion limit for identical oscillators. Finally, Section M is devoted
to a brief summary and possible future works.

2. LONG TIME BEHAVIOR FOR SMALL COUPLING STRENGTH

In this section, we present a priori estimates which aim at describing the long time behavior of
(C3)-(T4)) when collisions dominate. Then, we focus on macroscopic quantities and provide a free
energy estimate, which is the starting point of our analysis.
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2.1. Basic properties. In this section, we study some basic properties of the inertial equation
([C3)-(T4) showing the propagation of the weighted L?Y norm and estimate some macroscopic quan-
tities for latter use. First we remind the estimate provided in [10] 19].

Proposition 2.1. Let f = f(t,0,w,v) be a classical solution to ([L3)-(L4) with a nonnegative
initial data fi, € LY(T x R?). Then, for all time t > 0, we have that f(t) is also nonnegative and

RIS R O

f(t,z)dwdd = fin(z)dwdd = g(v).
TxR TxR

We aim to study the propagation of the weighted Lg/ norm and first prove the following prelim-
inary result.

Lemma 2.1. Let f = f(t,0,w,v) be a classical solution to (L3)-([L4). Then for all time t > 0, we
have

1F(t) = foollZz < ZIFIE) + IN(E) = NosllZz.

where Z[f](t) corresponds to the dissipation of the Fokker-Planck operator and is defined as
o, (O
YA M

FW)M(w,v)dz > 0.
If = foolZe = IIf = NMZ2 + (N = Noo) M7z,
Y ol ol

= |If = NMIfZz + [IN = Noo 72

(2.) 70 = [

Proof. 1t follows

We use the Gaussian-Poincaré inequality with respect to probability measure Mdw to obtain

I -nmity = [ (1= N MPM s ) ) dvas,
LGl

1F(t) = Foollzz < ZIAE) + [IN(£) = Noo72-

IN

M(w,v) dw) ~(v)dvdb,

hence we have

O

From this latter lemma, we can prove the key estimate on the dissipation of the weighted L2
norm.

Proposition 2.2. Let f = f(t,0,w,v) be a classical solution to (L3)-L4). Then for all time
t >0, we have
1d

SO = Felt < =2 = F (31Nl + v Nl )| 2010

3

K >
+ 5 (1Nl + VA INoc 22 ) IN ) = Nl
where the dissipation Z[f](t) is defined in ([2.1]).
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Proof. We use conservation of mass (see Proposition 2.1]) to have

1d

337 LM iePrdz = [ a7 = g,

TxR2

From the definition of the weight v = M~!7, it follows

2dt”f fooHLz = /TXRQ.A];( wyf — K (sin*xp)duf + Lrp[f]) 7dz

2
= _/TxR? Oy <;),/{/(> ~ydz — E/TXRZ %(sin*p)@wffydz
[ Lieelrras

L . 7Y Jo
- m/m2<s1n o) £, (M> vdz+/TX]R2M£Fp[f]7dZ-

We substitute

into Lrp to observe

f 5 f o.M )\
/Wﬂﬁw[fhdz - E/WM&J <3wf— n f> 5dz

We combine the latter results to obtain

2 _ % - FON g - &
sl = Al =7 [ i) £, (49 702 - L2710,
It is left to estimate the first term of the right hand side. Using that

sin*p = sin* (p — pso) ,

and since foo = Ny M, we have

. I\ - B -
/wa(sm*p)faw <m> ydz = /TXR251H p\/_\/_ﬁ <./\/l> ydz

[ e (£)
" /TxRZ (sinx (p = poc)) Nmmmaw (%) ydz.

L tmenran (35) 7o

< 7 (Isin sl = foollzz + Isine(p = poc)la=l| N2 ) VZIFI().

Then we get
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It follows from Young’s convolution inequality that
{ [sinxpllp < [lpllzr = Ifllzr = [[Noollzr,

[sinx (p = peo) [ < V7 llp = pool| L2
On the other hand, using (7)) and

1
p=re = [Ny = [ S5 (V=N

(/RUV - Noo)zvdvf/z :

0= poollzz < IV = Neol| 2 -

Therefore, it yields the following estimate

[ s (£)

< & (INeollir1f ~ Follig + VA INosllzz IV = Nolzz ) VITFCE).
Now using Lemma [Z.1] we get that
1) = follzz < VIO + ING) — Ncllgz

VT IN () ~ Nuollzz < % (Z0A106) + IN (D)~ NoclZ2 ).

and gathering the latter results, it gives the desired inequality

IN

we get that

o

sl — fell < = [ = 3 (308l + VA INlLg) | 2L

+
[NCR =

(IVsellzr + VA [Nl 22 ) IV (E) = NoollZ -

Next, we remind the macroscopic quantities N, J, and P defined in (L)), which satisfy

N + 99 (J +vN) = 0,
J

OpJ + 0p (P+vJ) — K(sinxp) N = -

This will be used later to define a modified energy functional £[f] to prove convergence to equilib-
rium. Before to do that, we prove the following estimates on the macroscopic moments.

Lemma 2.2 (Moments estimates). Let J and P be the moments given by (L3). Then it holds for
all time t > 0 that

@Iz < FZIA),

1P(t) =G N(®)I72 < 35 ZL/1(t).
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Proof. For the first estimate, we observe that J reads as follows

J = /(w—l/)./\/ll/zf./\/l_l/2dw
R

= /(W—V)M1/2 (f = N M)YM™2 duw.
Hence, using that :
/(w—u)2de =0
and applying the Cauchy-Schwarz ineql]fality, we obtain
Iz < FIFE) = NHMIL, Vi=0.
As in the proof of Lemma 2] from the Gaussian Poincaré inequality we have
1717 < FZ(fIt), Vt=0.

Finally, we also have

P —-0oN = /(w—u)zfdw—/(w—u)zNde,
R R

= /(w —V)PMP2(f = NMYM ' dw.
R
We proceed as before using that
/(w— v)I!Mdw = 352,
R

hence we get for any t > 0,
~ 2
[P(t) — oN(t)[|7z
2

IN

357 || f(t) — N(t) M| 72
352 Z[f](t).

A

O

Now, we study the asymptotic stability of foo when & > K. The goal is first to modify || f — foo| 2

to define a monotonically decreasing energy functional £[f] which is equivalent to || f — foo| rz- Then

we show exponential decaying directly on the new functional £[f] to prove Theorem [[11

2.2. Toward the modified energy £[f]. We aim to modify the functional || f — fooH%% in order to

construct a monotonically decreasing energy functional £[f] . The first step is to characterize the
lack of coercivity on the estimate provided in Proposition Indeed, thanks to the Fokker-Planck
operator, we get a dissipation with respect to quantity Z(¢). Hence, the goal is now to modify the
functional [|f(t) — fOOH%% to get a dissipation with respect to quantity ||N(t) — NOOHi%. To this

aim, we begin with a preliminary result by considering the following elliptic equation for a given

function S € L*(T x R) such that

(2.2) /T S(0,)d0 = 0.

We consider

v = S,
(2.3)

/vd@zO

T

and provide some intermediate results on the solutions v to (2.3)).
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Lemma 2.3. Consider any S € L%{(']I' x R) which meets condition [2.2]) and v the corresponding
solution to [23). Then, v satisfies the following estimate

(2.4) 10 vl[rz < CpllS]Lz
and
(2.5) 13 vlle = 152

where Cp is the Poincaré- Wirtinger constant in
<
[ollrz < Cp[0gvllr2 -

Moreover, considering now v the solution to (Z3)) with source term S = N, — N, where N is given
by (LI). Then it holds for all time t > 0 that

1
(2.6) Di0pv + vOgv = J — —/Jde.
27T T

Proof. The first estimate (2.4)) is obtained by testing the elliptic equation (2.3]) against v and after
an integration by part

I90ulZz < 1S11ze Nl 2
from which the Wirtinger-Poincaré inequality yields

106 vl2 < Cr 1Sl -

The second estimates (28] directly follows from the equation on v (2.3 and using that S € L2.
Now let us consider that N is given by ([3) and S = N, — N. We differentiate in time the
elliptic equation (2Z3]) and use the equation (LG) on N to get

30w = 0y (J +vN) .
Using again (2.3)) and since N, does not depend on 6, it follows that
Op (8t89’[) + 1/89221) = Opd,

hence, there exists C(t,v) such that

0:0pv + 1/8921) =J + C(tv).
Integrating the latter equation in # € T and using periodic boundary condition, we obtain that

Cltv) = —% /TJ(t, 0.1) do,
and the result follows. O

Now, we are ready to modify the functional ||f(¢) — fOOH%% and define a new functional £[f] as

1
ElfIE) = 5 1) ~ fuollfy + a A1),
where « is a small parameter to be determined later and A is given by
A(t) = / J(t) Dv(t) 5 dvdo .
TxR

Here, v is the solution to (23] with source term S = Ny, — N.
The last step consist in showing that this modified functional £[f] is equivalent to || f () — foo %2
2

as long as o > 0 is sufficiently small.
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Lemma 2.4. Suppose that o > 0 satisfies

(2.7) aVECp <

| =

Then we have
1 3
1) = FocllZz < ELA1E) < JIFE) = FoollZa
Proof. We use the Cauchy-Schwarz inequality and Lemma to have
@Al < all Tl 190l z < aCyllTllsz IN(E) — Noollgz.
and from the proof of Lemma we obtain

@Al < aVECpllf(t) = N(t) Mllz [IN() — Neoll 2

a
< SVFCr (IF() ~ Nt M3 + N () — Nucl )
a
= SVaCr|f(t) - fxlis
Hence when o > 0 satisfies ([7), we get the expected estimate. 0

2.3. Proof of Theorem [I.Il The goal is now to show that when « is sufficiently small, energy
functional £[f] is dissipated, which will give the asymptotic behavior of || f(t) — fool| rz- We have

%(t) = T(t) + Io(t),

with

Il (t) == 8t=](t) 69’[)(75) ’7 dvdf s
TxR

To(t) = / J(t) Dpdyv(t) 7 dwdd .
TxR
We first compute the term Z; using (L6]) which gives

L = — Op (P + vJ) Opv7ydvdl
TxR

—1-75/ (sinxp) N Opv 7y dvdf — 1 / J Opv 7y dvdf .
TxR m JTxR

On the one hand, integrating by part and using the equation ([2.3]) on v, the first term on the right
hand side can be written as

Oy (P + vJ) Opvydvdd = Op (P — 0N + (N — Ny) + vJ) Ogvydrdl
TxR TxR

_ _/ (P —5N) (N — N) 3dvdf
TxR

+G||N = Nool[32 —/ vJ vy drdd,
v TxR
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where the desired dissipation in ||[N — NooH%g now appears. On the other hand, the second term is

estimated as in the proof of Proposition IZZI,WWhich yields
K / (sinxp) N Qpuydvdf = &K / (sinxp) (N — Noo) Opv 7 drv db
TxR TxR
+ K / (sin*(p — poo)) Noo Ogvydr dé
TxR

< Cp (IINoollz + V7 1Nl 2 ) IN = Nool2 -

Therefore, gathering the latter computations and applying Lemmas and 23] we estimate the
term 77 as

T < = [5-Cp (INsllir + VA INwllz2 )] IV = Nl

+V& [% + \/ﬁ] IN — Noollr2 VZ[f](t) +/1r vJOvydrd.

xR

Now we use the term Zs to remove the last term on the right hand side of the latter equation.
Indeed, using the equation (26]) in Lemma 23] we have

1
I, = / J <J——/J(9’)d9’ - uagu> ydvde,
TxR 2 Jr
< 2|J|3: — / v JO5vydrdd,
7 TxR
< 257I[f] - / v JOFvydrdd,
TxR
Gathering the latter results, we obtain
dA - - ~ 9
L) < 25T() — [7 = CrR (INollr + VA Nl z2) | IN() = Nool
~ | C =
+V5 [Ep + \/30} IN(t) — Nooll 2 VVZ[f](2) .
Applying the Young inequality to the last term with n > 0 such that
2
[0 vE)
m

or equivalently,

it yields that

dA
¥ (t) <

1 2
2+§<CP +\/§>

mvo

o Z[f1(t)

o -
- 3~ o (INallr + VR 1Nl | 100 = Nl
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Finally, from the definition of £[f] and applying Proposition with the latter inequality, we get
that for any a > 0,

el o [% - 2 (3l + v Nl )| 20100

5~ o (INalls + VA Nl )| INC) = Noc

+5 (HN I+ VA INlz2) IN() = Nl

+a Zif(t).

2+1<m\/_ >

We choose o > 0 such that the last term in the previous inequality becomes sufficiently small to
be absorbed by the first term, that is, taking o > 0 such that

2+1<m\/_ >] 5

l\’)

for instance

2.8 = min 5 =
() G = min 2Cp72(5m25+0123) )
we have
W < - [7 - F (1Nl s vF V)| 200
—a [Z- o (INull + VE Nl | 1) - Nl
+2 (Nl + VA INllz2 ) INE) — Nl
< [ E (3l A Il A0

(1l + VANl | 180 Nl

|
oI

o
_a J—
2

Finally, when ¢ > 0 is sufficiently large, that is,

o

= (Nl + VA INwllz2) < 7

=

(2.9) _
R (31Nl + v [Nl z2) < 5

then the right hand side of the latter estimate corresponds to a dissipation of both Z[f](¢) and
|IN(t) — NOOH%g . With [238)), diffusive regime (23] can be reformulated as follows: there exists a
Y
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constant Cy, > 0, only depending on || Nyl||z1 and ||NOOHL%, such that k > 0 and o > 0 satisfy

[k - ~
C’wmax< —,m,ml{) < 0.
m

Hence by applying Lemma 2.4] we have

dé[f]
T(t) < =CE&[f],

where C' > 0 only depends on Cy, and max <\/%/m, R, m%) Again since £[f] and ||f — fooHL%

are equivalent (Lemma 2]), we get the expected results using the Gronwall’s inequality, which
completes our proof.

3. DIFFUSION LIMIT WHEN g = §j

We now suppose that all oscillators are identical, that is, take g = dg. It allows to remove the v
variable in the previous system, which now becomes (LI0)-(LII]). Thus, we consider the diffusion
limit to prove Theorem by propagating some regularity in 6.

3.1. Basic estimates. First, we aim to study the propagation of the weighted L?\/lfl norm for f¢
and 0y f¢ uniformly with respect to €. We prove the following preliminary result.

Proposition 3.1. Let f¢ = f°(t,0,w) be a classical solution to (LI0)-(TII) such that the initial
data satisfy (LI4l). Then, we have
e 2 ("{ MO) € 2 N L e
(3.1) SO, | < 101~ 550,
Moreover, for all time t >0

(3.2) 1Oz + 100 Oz, < (100fallz , + 31Falez ) e,
where C = (kMy)? /5.
Proof. We first proceed as in Proposition BJ], but combine the terms in a different way to get

uniform estimates with respect to . We consider the centred Gaussian distribution M and multiply
(CI0) by fe./\/l_1 then we integrate with respect to z := (f,w) € T x R, it yields

slro: = 5 [ oy roa (5 ax - S,

1 9

where the dissipation Z[f¢](t) is defined in (2.1]).

It is left to estimate the first term of the right hand side as
[ emeny o (D) az < Demes i U + 5 TS
€ JTxR v M - 2 Ui L L 2¢e2 ’

where 1 > 0 is a free parameter to be defined later. Using the Young’s convolution inequality and
the conservation of mass, we have

[ sinxp*(t)llzoe < [l @)l = [[f* @)l = Mo
and choosing n = 7, it gives the first estimate (3.1

o, < E e, - Ll

1 1 2¢ 2
Finally from the Gronwall’s inequality, we get that

(3.3) 1750l < fiallez €@t
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with C(] = (/A% M0)2/(2 5)
Then we set h® = 9y f¢ and differentiate (LI0)-(TII) with respect to 6, it yields the following
equation
£ Oth® 4+ wOph® + K (sin*p®) O,h° = Lpp[h®] — K (cos*p®) O, f*,
which has the same structure as the equation on f¢ with the additional source term —x (cos *p°) 9, f¢.
Hence, proceeding as previously, we now obtain

Do, < EOE (e, iroR. ) - e,

2 dt Lyt = 5 Ly L) 262

Then, using (33)), we get the second estimate

(3.4) IOz, < (I0efallz, , + VEIfalz ) .

Gathering the latter estimates (33]) and ([B.4]), we obtain (B.2]). O

3.2. Proof of Theorem From Proposition Bl we may now prove our second main result.
On the one hand, we evaluate a kind of relative entropy in the weighted L? space,

1d
e __ 5 2 _ e
5 dtHf FMIE: = 3 dtHf 2 = 5Pl
_ a € (”MO) e 1 B 5
S ot N P N

Hence, after integrating by part and applying the Young inequality on the last term on the right
hand side of the latter inequality, we apply Lemma 2.2 which yields

€ 5 2 < _i € ("{MO)
sl e Mt s - T

Moreover, observing that

IIfEHLz R 7S

1000 N2 < 106"l 2
M

1
using again the Gaussian-Poincaré inequality with respect to probability measure M dw to have

15 = o M, | < T077)
and the H' estimate (3:2)) of Proposition Bl we obtain

e __ € 2 _i e _ € 2

C 2
+ max (Go0) (10ufilliz, ., + 305lks,)" @,
hence from the Gronwall’s lemma, we get the first estimate of Theorem

_5 2
(35) IfF=p Mle < =Ml o0
M M

—1

M, 2
+ V2e max (’“ 0 \f) (Nowfallez  +31fall, ) et

On the other hand to prove the convergence of p° to its limit p given by (LI3]), we define A(t) as
1
(3:6) Alt) = 510 (0) 2.

where v is now solution to (Z3]) with source term

S =p—p +ecopJ®.
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First let us observe that v is well defined since the compatibility condition ([22]) on S is well
satisfied. Before proving the second estimate of Theorem [[2] let us show that A(t) gives a H~!
estimate on p® — p. Indeed, the following Lemma ensures that A(t) is controlled by the squares of
the weighted L?\/lfl norm of dy f¢ and the H~! norm of p* — p.

Lemma 3.1. We consider A(t) defined by [B.0). It holds uniformly with respect to e
At) < llp(t) = pO)lf-1 + 5 Cpe? Haefs(t)lliir1 ,
and
L. 2 = € (41112
7 10°@) = p(Dllg— — o Cp 10 f~ (D)7 < Alt).
4 2 M—1

Proof. Defining w® and u® as the respective solutions to (23] with source term S = — 9yJ¢ and
p — p°, it holds
v© = ut — ews.
We apply operator 0y to the latter relation, take the L? norm, and apply the triangular inequality,
it yields
V2A < 0pu| 2 + & [|0pwf]l e

and

|0pus]l 2 — € [|Bpwsl 2 < V2A.
We estimate ||0pw®| ;2 by applying ([24) in Lemma with source term S = — JypJ° and using
that

106% |2 < V51|00 12
which yields
V2A < |p° = pllg- + €C'P\/§||89f€HL§W1 ;

and

I6° ~ -1 — CpVE SNz, < VEA.
We obtain the result taking the square of the latter inequalities and applying Young’s inequality. [J

Now let us evaluate A(t) observing that
dA
7 (1) = (00v"(t), Opv™(t)) = (e (p°(t) — €0pJ™(t) — p(1)), v°(2)).

Therefore, relying on equations (2.2)) and (LI3]), we deduce
dA
dt

Ei(t) = —(P(t) —a (p°(t) — €0pJ°(1), p°(t) — €BpJ"(t) — p(1))

Ex(t) = K (sinxp®(t) p°(t) — sinxp(t) p(t), Dpv°(t)) -
First observing that

(3.7) (t) = =G p°(t) —0pJ°(t) — ()72 + E1(t) + Ea(t),

where

1/2
1P =Gl < ([ lltM@as) 1= Ml = VB I - Ml
R M M

we have for any 77 > 0

252

352
&®S7FHF®—f@MﬁﬂJ+ u%f@ﬁr+%wwww%fw—mm@-

m
Then we evaluate the term &y as follows

52(?5) = 521(t) + 522(t) ,
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where
En(t) = K (sinxp (p° — p) (1), Opv°(t)) ,

En(t) = K (sinx(p" — p) (t) p°(t), Opv° (1)) -
Again applying the Young’s inequality, we have for any 791 > 0,

Ex(t) % [ pinll 21 <Hp€(t) = p(t) — €0 (D)l 2 + 6\\59J€(t)\\L2> 180" (#)| 2

IN

(4 &€ € 2 EM :
L (le°(t) = p(t) — 0@z + 21100 D)F2) + %

whereas the second term Eao(t) is evaluated as

=< At)

&9 (t)

IN

Rl oall i 900" (8) 1 <|rsin*<p€ o= 0T (Bl + susin*amt)umo) ,

IN

K Mo ||0gv® ()| oo (Hsin>|<(p6 —p —e0pJ%) (t)|lpee + E\/7_TH09J€(t)HLz) )
Hence, using that H'(T) ¢ L>(T), we have
106" |Le < Cs1[|0p0° | < Cs2llp™ — p — €06 |2,

where Cg ;, for j = 1, 2 are two positive constants. Therefore, applying the Young’s convolution
inequality,

sinx (o — p = 0pJ%) 1= = ||sin#0Fv% | = ||cos #0p¥lle < v/ 0002
It yields that for any n9s > 0,
7 (F My Cs2)°

S 2A) + 0 ()

En(t) < Lo (1) — plt) — 20Dz +

Gathering the latter estimates on £ and Es9, it gives

+ - - 7 (% My Cs,0)? .
&) < TR0 () — p(t) — <O (W3 + (%+%) 2 00" ()]
7w C2
b2 (R M) <i + ﬁ) At).
121 122

Choosing 71 = 121 = 122 = 7 /3 on the estimates of & and &, we get that there exists a constant
C > 0, only depending on k, ¢ and My, such that

() + &) < 20 — olt) — 0 W)

+C (AW + 00T 72 + 115 = o M2 ).
Substituting this latter estimate in (7)) and using the estimates in (33]) and
10672 < V& 100 fo2 -

with (32]), we deduce that there exists a constant C' > 0, only depending on k, & and My, such
that,

A
dt

_F 2
() < C (A + I~ saMIBe e+ 2 (Jaofil2s  + Il ) ).
M M M
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Integrating this differential inequality, it yields that there exists a constant C' > 0, only depending
on K, o and My such that,

2 2 2\ Ct
At < (AO) + 0 (IFill7s | 100l ) &) "
Applying Lemma [B.I] we get the second estimate (LIH) of Theorem

C
I67 = plls < (k= plas + < (Iallz, , + 100l ) €

4. CONCLUSION

In this paper, we first studied the stability of a phase-homogeneous stationary state to the inertial
Kuramoto-Sakaguchi equation. We showed that when the noise intensity is sufficiently and rela-
tively larger than the coupling strength, the solutions of the inertial Kuramoto-Sakaguchi equation
([L3)-(T4) converge to the corresponding phase-homogeneous stationary state exponentially fast in
weighted Lg/ norm sense. To achieve this, we employed an energy functional which is equivalent to
the weighted L?Y norm and proved the exponential decaying of it. Note that there is no smallness
assumption on the initial data. Furthermore, it is notable that we improved the existing results
in [10]. Indeed, we proved the convergence for a larger class of functions. In addition, for the
case of sufficiently small or large coupling strength, that is when coupling strength is near zero
or infinity, we provided smaller lower bound for noise intensity. Finally when all oscillators are
identical, we investigate a particular regime corresponding to the long time behavior and the mass
m of the single oscillator converges to zero. This corresponds to the diffusive limit of the inertial
Kuramoto-Sakaguchi equation for which we prove error estimate with respect to m.

It is worth to mention that the present contribution proposes a simple proof of two results
already given in [I0] and [19]. The advantage of our approach is to present a continuous framework
which will be useful for the design and analysis of a fully discrete finite volume scheme for the
inertial Kuramoto-Sakaguchi equation ([L3])-(I4]) written as an hyperbolic system using Hermite
polynomials in velocity [5l [4]. This approach should allow to preserve the stationary solution and
the weighted L? relative energy.
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