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Perturbations in complex media, due to their own dynamical evolution or to external effects, are often seen as detri-
mental. Therefore, a common strategy, especially for telecommunication and imaging applications, is to limit the
sensitivity to those perturbations in order to avoid them. Here, we instead consider crashing straight into them in
order to maximize the interaction between light and the perturbations and thus produce the largest change in output
intensity. Our work hinges on the innovative use of tensor-based techniques, presently at the forefront of machine
learning explorations, to study intensity-based measurements where its quadratic relationship to the field prevents
the use of standard matrix methods. With this tensor-based framework, we are able to identify the optimal crash-
ing channel which maximizes the change in its output intensity distribution and the Fisher information encoded in
it about a given perturbation. We further demonstrate experimentally its superiority for robust and precise sensing
applications. Additionally, we derive the appropriate strategy to reach the precision limit for intensity-based measure-
ments leading to an increase in Fisher information by more than four orders of magnitude with respect to the mean
for random wavefronts when measured with the pixels of a camera.

W hen light propagates through complex media, such
as biological tissue, paint, clouds or evenmultimode
fibers (MMF), it is mixed into a high number of de-

grees of freedom leading to the observation of a seemingly
random speckle pattern at the output [1, 2]. While the process
leading to the generation of this intricate interference pattern
is complex, owing to the deterministic and linear nature of the
propagation of light in such media, the response of the sys-
tem between a set of input and output modes is fully repre-
sented by a single matrix H. This matrix usually corresponds
to the scattering matrix or part of it, such as the transmission
or reflection matrices. While its derivation from an analyti-
cal or numerical models is highly challenging and often im-
possible, experimentally, it can be measured via wavefront-
shaping techniques [3, 4]. This matrix gives us full knowl-
edge over the wave propagation, thus enabling many appli-
cations in imaging [2, 5–7] quantum information [8], among
many others [1, 2, 9]. However, the dynamics of the system or
external actions introduce perturbations into the known con-
figuration, which render our previous knowledge approximate
at best. For applications in telecommunications and imag-
ing, the detrimental effect of this perturbation can be bypassed
by finding a set of channels that are insensitive to it [10–15].
When the changes depend on a single parameter Z these chan-
nels can be identified as generalized principal modes which
are insensitive to first-order variations of Z [11–13, 15–18].

Nonetheless, in certain scenarios, the objective may shift
from mitigating the impacts of perturbations towards actively
amplifying them. This is the case, for example, when we want
to use the output light for sensing applications [18–24]. By en-
hancing the interaction between the propagating light and the
perturbation, the output field becomes more sensitive to the
perturbation and thus carries more information about it, usu-
ally quantified by the Fisher information J . This increase in
information allows for increasing the precision when estimat-
ing small changes in Z , according to the Cramér-Rao bound,
which states that the variance of the estimation f2

Z
will be

larger or equal to the reciprocal of the Fisher information, i.e.
f2
Z
≥ J−1 [25, 26]. When one uses an external reference

to access both the amplitude and phase of the output field,
the channel maximizing the Fisher information carries almost
all the information in its global phase [18]. This presents a
significant constraint, since phase measurements in optics are
highly susceptible to noise, and require a level of stability usu-
ally only available in laboratory conditions, making such an
approach less suitable for real-life implementations. In com-
parison, protocols based on intensity measurements are quite
robust and therefore broadly applicable [21–24]. In particular,
the spatial information concealed within the speckle pattern of
the light coming out of a complex medium has been exploited
to develop a wide range of specklegram sensing devices [21–
24]. However, the identification of the channel maximizing
the information carried by its output intensity distribution, and
the derivation of the strategy that allows reaching the precision
limit remain unsolved. This is in part due to the fact that the
relation between the input field and the output intensity dis-
tribution is not linear, but rather quadratic which prevents the
use of standard matrix methods.

To solve these problems, we exploit the versatility of higher-
order tensors to describe the quadratic relationship between
the input field and its output intensity distribution. We use
this tensor-based framework to study three practical configu-
rations for robust intensity-based sensing applications. First,
when we only have control over the input wavefront for a fixed
detection scheme at the distal end of the fiber. Second, when
controlling the projection of the outgoing field on the distal
end for a fixed arbitrary input. Third, when controlling both
the input wavefront and the output projections. In particular,
we experimentally study the case of an MMF which is per-
turbed by pressing down on it transversally with a motorized
actuator as exemplified in Fig. 1a. The parameter Z represents
the linear displacement of the actuator and H the transmis-
sion matrix (TM) between the input modes formed by the 144
modes of the fiber (see Methods for more details), and a set of
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Figure 1 | Sensitivity to perturbations. a, Change on the output intensity distribution induced by a local deformation on a MMF. b,
Fisher information in the pixel basis for random inputs (where the line denotes the mean value for one-thousand states and the shaded
region the range obtained), the fiber modes (where the dotted line marks the maximum value), the third-order input singular vectors
(ISVs) (where the dashed line marks the maximum value), and the optimal crashing channel (OCC). c, Intensity change over large
deformations for the same modes as in (b). For the random inputs only the mean is shown, and for the fiber modes the marked line
denotes the mean and the shaded region the range of values. d, Output intensity distribution for the OCC, the most sensitive third-order
ISV, the most sensitive fiber mode, as well as a random input for the reference deformation ΔZ = 0`< and a large deformation for
which ΔZ = 25`<.

output modes, such as the pixels of a camera. With this im-
plementation we are able to demonstrate an enhancement in
the Fisher information by more than four orders of magnitude
when using the optimal input-output configuration.

Results
Optimizing the input field
Intuitively, the channel maximizing the Fisher information
carried by its output intensity distribution, under the assump-
tion of Gaussian noise with a known standard deviation f,
is the one for which first-order variations in Z lead to the
largest change in its output intensity distribution. Therefore,
this channel can be seen as crashing straight into the pertur-
bation, and thus we refer to it as the optimal crashing chan-
nel (OCC). The assumption of Gaussian noise is quite general
encompassing all systems for which the noise fluctuations are
dominated by dark and readout noise.

Given the quadratic dependence of the intensity on the
field, one may think that there is no other choice than to
cast this problem as a standard nonlinear optimization prob-

lem [14, 27, 28]. Nevertheless, higher-order tensors, which
are multidimensional extensions of matrices, provide fresh
perspectives in tackling intricate and nonlinear challenges
[29–36]. In fact, as shown in the Methods, for a fixed set of
output modes (such as the pixels of a camera) it is possible to
rewrite the Fisher information as

J (Z) = 1
f2 〈W

(3) , a ⊗ e(in) ⊗ e(in) ∗〉2, (1)

which is the inner product between the third-order tensor
W
(3) , defined component-wise as W (3)

8 9:
= mZ (H∗8 9H8: )

where H8 9 are the components of the matrix H, and the rank-
one third-order tensor a⊗e(in) ⊗e(in) ∗ where a is a normalized
real vector quantifying the change in the output intensity of the
input field e(in) over the output modes and ⊗ denotes the outer
product (see Methods for more details). Maximizing J for a
fixed amount of total energy at the input is equivalent to find-
ing the best rank-one approximation of W (3) , that is, the set
of three vectors that best approximate it [33, 35].

For matrices, which are second-order tensors, finding the
best rank-one approximation is a simple task achieved by com-
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Figure 2 | Estimating a change in the perturbation. a-d
Measured Fisher information per output pixel. e-h Histograms
of estimated changes in the deformation for four different values
(ΔZ = −1, −0.5, 0.5, 1`<) marked with dashed gray lines and with
the mean width 2fZ marked in black. Both types of plots are
shown for a random input (a, e), the most sensitive fiber mode
(b, f), the optimal third-order ISV (c, g), and the OCC (d, h).

puting the singular-value decomposition (SVD) and taking the
outer product of the first pair of singular vectors. For higher-
order tensors, however, the answer is not so simple. Nonethe-
less, a step in the right direction can be taken by performing
the higher-order SVD (HOSVD) [31–33]. This generalization
of the matrix SVD allows decomposing a higher-order tensor
in terms of a sum of rank-one tensors composed of higher-
order singular vectors which form orthonormal bases for their
respective spaces.

To find the third-order input singular vectors (ISVs) of
W
(3) we first construct this tensor from two measurements

of H, using the pixels of a camera as output modes, around a
reference value Z = Z8 for the deformation, and then compute
its HOSVD. In Fig. 1b we compare the values of the Fisher
information obtained for the third-order ISV with those ob-
tained when using the fiber modes and one-thousand random
wavefronts as inputs. It can be seen that the Fisher information
for the first third-order ISVs is above all the values obtained
with the fiber modes and random wavefronts, and with the
maximum value being an order of magnitude larger the max-
imum value attained for a random wavefront. Therefore, the
HOSVD immediately provides us with a set of modes gener-
ally ordered from the one with the largest Fisher information
to the smallest, and with the first ones being highly sensitive
to the perturbation.

Optimal crashing channel. One of the main differences be-

tween the HOSVD and the SVD is that the first singular vec-
tors do not immediately provide us with the best rank-one ap-
proximation. Nonetheless, they form a reasonably good first
guess that can be used as a seed for a modified version of the
iterative alternating-least squares algorithm [33, 35] to deter-
mine the best rank-one approximation (see Methods for de-
tails). This allows us to identify the OCC which provides a
two order of magnitude boost in Fisher information with re-
spect to an average random wavefront, as shown in Fig. 1b.

It is also worth noting that, as seen in Fig. 1c, both the third-
order ISVs and the OCC maintain their high sensitivity over
a large range of deformations. However, by looking at the in-
tensity distributions in Fig. 1d, it can be seen that their behav-
ior is quite different. While the intensity distribution for the
most sensitive third-order ISV changes radically, for the OCC
it is mostly the total intensity that suffers the largest change
and not the overall distribution. This feature of the OCC is
a consequence of the non-unitarity of the matrix H for MMF
which can be potentially very useful for practical implemen-
tations. Indeed, such a change can be recorded by a single
detector, thus minimizing the cost of the system and allowing
high-speed operations. Another feature worth noting is that
the intensity distribution of the OCC is mostly concentrated
around a focal spot. This allows it to focus as much informa-
tion across a few pixels in order to increase the signal-to-noise
ratio (SNR). Despite the similarity, the OCC is not equivalent
to the channel obtained through phase conjugation to focus at
the same spot [4] and for which the Fisher information value
is much lower.

Estimating the perturbation. A direct application of the
OCC regards the estimation of changes in the perturbationΔZ .
Assuming ΔZ to be small, when compared to the deforma-
tion that decorrelates the output, we can safely assume a linear
model for which we only need to perform calibrationmeasure-
ments for the reference intensity distribution and its derivative
with respect to Z above the noise level. Figures 2a-d show the
Fisher information per output pixel obtained from these cali-
bration measurements for four different input fields, namely,
a random wavefront, the fiber mode with the highest Fisher
information, the third-order ISV with the highest Fisher infor-
mation and the OCC. Here, the drastic enhancement provided
by the OCC can be appreciated. For the actual estimation,
we use these same four fields but perform the measurements
at a lower input power and for the four smaller deformation
values ΔZ = −1,−0.5, 0.5, and 1`<. We measure 500 in-
tensity distributions for each field and each deformation, and
use each one of these measurements to estimate the deforma-
tion (see Methods for more details). The results are shown in
Figs. 2e-h. For the random input, it is practically impossible
to discriminate the four peaks corresponding to the four differ-
ent deformation values. For the fiber mode and the third-order
ISVs, we can clearly discern the deformations that are further
apart as the distributions are narrower. However, there is still
significant overlap between the ones that are closer together.
Finally, when we take a look at the results for the OCC, we can
appreciate four well-defined peaks with a standard deviation
that is more than an order of magnitude smaller than the one
obtained for the random input, in agreement with the Cramér-
Rao lower bound.
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Figure 3 | Reaching the precision limit. Effect of using the op-
timal output projection modes (OPMs) on the Fisher information
per photon for various input fields. It shows the Fisher information
obtained when using the optimal OPMs for each of the random
inputs used in Fig. 1, the fiber modes, and the fourth-order ISVs.
Also shown are the Fisher information values attained for the opti-
mal input-output combination, which defines the precision limit for
intensity-based measurements, and for the optimal channel when
a single OPM is being used at the output.

Optimizing the output projection modes
One consequence of the quadratic relationship between the in-
put field and themeasured output intensity is that the Fisher in-
formation is not invariant under changes of the output modes.
While the pixels of a camera might be the simplest output
modes to implement experimentally, they are generally not
the optimal choice since they are blind to the information that
could be hidden in the relative phase variations of the field
from one pixel to another, and they spread out the information
across manymodes, thus decreasing the SNR. To address both
of these issues we could foresee demultiplexing the output
field into a specifically designed set of spatial channels, which
is experimentally feasible using photonic lanterns or multi-
plane light converters [37–39]. This is the principle behind
techniques that allow increasing the information transfer for
telecommunication applications [40, 41] or beating Rayleigh’s
curse when imaging two closely-spaced sources [42–45].

Mathematically, this spatial demultiplexing is performed by
projecting the output field onto an orthogonal set of & output
projectionmodes (OPMs), where& can smaller than the num-
ber of output modes used to define H. If we assume that the
input field is fixed, then, as shown in the Methods, the Fisher
information can be rewritten as

J (Z) = 1
f2

&∑
@=1
〈p@ ,EZ · p@〉2, (2)

where p@ is the @th OPM, and EZ = mZ
(
e(out) ⊗ e(out) ∗

)
is a

rank-2 Hermitian matrix. Therefore, the Fisher information
can be maximized by choosing as OPMs the two eigenvectors
of EZ with nonzero eigenvalues. These two optimal OPMs
are given by a simple linear combination of the output field
e(out) and its derivative with respect to the parameter mZ e(out) .
This is similar to the approaches taken for estimating the dis-
tance between two particles where the output field is projected

a

Precision limit

b

4th-order ISV

c

Best single OPM

d

3rd-order ISV

0.0

0.5

1.0

Intensity

Figure 4 | Output fields near the precision limit. Output inten-
sity distribution for the mode achieving the precision limit (a), the
first fourth-order ISV (b), the first third-order ISV (c), and the best
mode when using a single OPM (d).

on a Gaussian field, which resembles the point spread func-
tion, and higher-order Hermite-Gauss modes, which provide
the derivatives [42–44].

Figure 3 shows the impact of projecting onto the optimal
OPMs on the Fisher information for the same random inputs
and fiber modes as those used in Fig. 1b. By using the opti-
mal OPMs, the mean Fisher information obtained when using
random wavefronts as inputs is an order of magnitude larger
than the maximum value obtained with the OCC in the pixel
basis, which clearly shows the benefits of choosing the OPMs
appropriately even when one cannot control the input wave-
front.

Optimal input-output combination: reaching the
precision limit
Let us now find the optimal channel when we are free to shape
the input field and choose the OPMs. This optimal input-
output combination is the channel that maximizes the Fisher
information when projected onto its optimal OPMs, and sets
the precision limit achievable with intensity measurements.
To find it, we rewrite the Fisher information in terms of just
two OPMs and the input field which leads to,

J (Z) = 1
f2

2∑
@=1
〈W (4) , p∗@ ⊗ p@ ⊗ e(in) ⊗ e(in) ∗〉2, (3)

where we defined the fourth-order tensor W (4) whose com-
ponents are given by , (4)

8 9:;
= mZ (H∗8:H 9;). Even though this

expression resembles the one in Eq. (1), it does not corre-
spond to a rank-two approximation of W (4) . Nonetheless,
we can still use tensor-based techniques to obtain an excel-
lent first guess by computing the HOSVD of W (4) . Figure 3
shows the resulting Fisher information for the corresponding
fourth-order ISVs when projected onto their respective opti-
mal OPMs. Once more, these higher-order ISVs provide us
with an ordered orthogonal basis of highly-sensitive modes,
with the first ones surpassing all the modes of the fibers and
random inputs.

To reach the precision limit, however, we need to perform
a nonlinear optimization using the first fourth-order ISV as
a seed (see Methods for details). The results shown in Fig. 3
demonstrate that the Fisher information achieved by this chan-
nel is well over two orders of magnitude above that obtained
for the OCC that uses the pixels as OPMs. Nevertheless, this
maximum value is very close to that provided by the first few
fourth-order ISVs. Another approach consists on taking the
first fourth-order ISV as a seed to find the best rank-one ap-
proximation of W (4) . While this does not allow us to reach
the precision limit, it provides us with the optimal mode when
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a single OPM is used to monitor the change of intensity at
the output, that is when there is a single term in Eq. (3). As
can be seen in Fig. 3, this almost allows us to reach the preci-
sion limit, for which the Fisher information value is only 4.8%
larger, while using a single OPM. For practical applications, it
means that one can approach the precision limit within a very
small margin using a single photodetector. In fact, the out-
put fields produced by the first fourth-order ISV and the best
rank-one approximation are highly similar to the one reaching
the precision limit, with which they have field correlations that
are above 78%. This similarity can also be appreciated in their
intensity profiles, shown in Fig. 4. More surprising, however,
is that the first third-order ISV obtained with the output pixel
basis is also highly similar to the one reaching the precision
limit (see Fig. 4). This is not intuitive since W

(3) does not
contain any information about the phase at the output, which
W
(4) does have.

Outlook
By introducing tensor-based methods to the study of com-
plex systems, we have provided a natural framework for study-
ing intensity-based measurements. Here, we used lower-rank
approximations of higher-order tensors to find the channels
that are most sensitive to a given perturbation i. e. that suf-
fer the largest change in output intensity when the perturba-
tion changes. Their high sensitivity allows them to be used
for highly robust and precise sensing applications which we
demonstrated experimentally by estimating small perturba-
tions in MMF. It was also shown that what is meant by most
sensitive is highly dependent on the choice of output modes
used to measure the intensity distribution. This dependence
was exploited to find the channel that allows extracting the
most information available at the output, and thus achieve the
precision limit of intensity-based measurements.

This new framework opens the door to further investiga-
tions, such as the identification of universal input or output
modes for blind parameter estimation, that is when the out-
put modes or the input field are not known or can change over
time. Additionally, the tensor-based relations established here
can also be used for the study of incoherent systems where a
TM cannot be derived. This last point could help gain further
insight into fluorescent imaging applications through scatter-
ing media. Likewise, it can be expected for the fields pre-
sented here to find other applications, such as for focusing
light inside scattering media but with properties that will be
quite different when using the generalized principal modes
[13].
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Crashing with disorder

Methods
Fisher information for intensity measurements.
Given a random process determined by a probability mass
function %(6 |Z) for the set of random variables 6 and with
parametric dependence on Z , the Fisher information for the
parameter Z is defined as

J (Z) =
[
mZ ln %(6 |Z)

]2
, (4)

where the overline denotes the expected values over all the
possible values of 6. Here, %(6 |Z) represents the inaccuracy
of the measured the intensity distribution over the # output
modes {y1, . . . , y# } due to the presence of noise. Thus, the
measured intensity distribution is given by 6 = I +h where
I = |e(out) |2 is the expected intensity distribution and h rep-
resents the noise which is assumed to be Gaussian with known
standard deviationf= for the nth output mode. The probability
mass function can then be written as

%(6 |Z) =
#∏
==1

1
f=
√

2c
4
− (j=−�= )

2

2f2
= , (5)

The intensity value of the nth output mode is defined as �= =
|4 (out)= |2 where 4 (out)= is the coefficient of the nth output mode
in the linear expansion e(out) =

∑
= 4
(out)
= y=. The Fisher infor-

mation then takes the following simple form

J (Z) =
#∑
==1

1
f2
=

[
mZ |4 (out)= |2

]2
. (6)

Fisher information as a rank-one approximation. Writ-
ing the output field in terms of the matrix H and the
input field, which is decomposed in terms of the input
modes {x1, . . . , x" }, e(in) =

∑
<=1 4

(in)
< x<, and normalized,

| |e(in) | | = 1, we get that

J (Z) = 1
f2

#∑
==1

[
"∑
<,<′

mZ (H=<H∗=<′)4
(in)
< 4

(in)
<′
∗

]2

(7a)

=
J 1/2 (Z)
f

#∑
==1

"∑
<,<′

,∗=<<′0=4
(in)
< 4

(in)
<′
∗, (7b)

=
J 1/2 (Z)
f

〈
W
(3) , a ⊗ e(in) ⊗ e(in) ∗

〉
, (7c)

where the real vector a is defined component-wise as

0= =
1

fJ 1/2 (Z)

"∑
<,<′

,=<<′4
(in)
< 4

(in)
<′
∗, (8)

with ‖a‖ = J 1/2 (Z) so that it is normalized. This real vector
a is proportional to the rate of change of the intensity distri-
bution over the output modes with respect to the parameter Z
for the input field e(in) . Its value is fixed as the one that max-
imizes J for a fixed e(in) . For simplicity, we have taken the
noise over the output modes to be the same, f = f= for all
=, but, if needed, these output mode-dependent noise varia-
tions can be incorporated in the definition of W (3) . Finally,
by squaring both sides of Eq. 7c, the Fisher information can
be rewritten as

J (Z) = 1
f2

〈
W
(3) , a ⊗ e(in) ⊗ e(in) ∗

〉2
. (9)

Maximizing J subject to the constraints ‖a‖ = | |e(in) | | = 1 is
equivalent to the minimization problem

min
u,v,w

W (3) − u ⊗ v ⊗ w
, subject to v

‖v‖ =
w∗

‖w‖ , (10)

where u, v and w are vectors, thus showing that finding the
OCC is equivalent to finding the best rank-one approximation
ofW (3) [30]. The OCC e(in)OCC can then be identified from the
solution as

e(in)OCC = v/‖v‖. (11)

Changing the OPM. To project the output field onto a set
of & orthonormal OPM, we simply apply the corresponding
projection operator P to the output field. The projection oper-
ator satisfies P† · P = 1& where 1& is the identity matrix of
dimension&. Note that P is generally not unitary since& can
be less than the total number of output modes in the system.
The projected output field can then be written as

e(out)
%

= P† · e(out) =
&∑
@=1

4
(out)
%,@

p@ , (12)

where p@ is the @th column of P, i.e. the @th OPM, and the
intensity distribution over the new OPM is given by � (%)@ =

|4 (out)
%,@
|2. Rewriting the Fisher information in terms of an out-

put modes basis that contains all the information about the
output field we have that,

J (Z) = 1
f2

&∑
@=1

[
mZ |4 (out)%,@

|2
]2
, (13a)

=
1
f2

&∑
@=1

[∑
=,=′

%∗=@mZ (4
(out)
= 4

(out)
=′

∗)%=′@

]2

, (13b)

=
1
f2

&∑
@=1
〈p@ ,EZ · p@〉2 (13c)

where

EZ = mZ
(
e(out) ⊗ e(out) ∗

)
. (14)

It is easy to see that the EZ operator is Hermitian and of rank
two. Therefore, it only has two non-zero eigenvalues, which
means that all the information available in e(out) can be ob-
tained by projecting into two modes. Note that this result ap-
plies even to changes happening at the source and not only
those encoded in the matrix H.

Fisher information for optimal input-output combinations.
Now, if we want to find the optimal input-output combina-
tion in order to reach the precision limit for intensity-based
measurements, then we need to write the Fisher information
in terms of the input field. Moreover, as we just showed, we
only need to consider projection the output into two OPM.
Therefore, setting e(out) = H · e(in) and& = 2 in Eq. (13b), we
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get

J (Z) = 1
f2

&∑
@=1

[∑
=,=′

∑
<<′

mZ (H=<H∗=′<′)%∗=@%=′@4
(in)
< 4

(in)
<′
∗

]2

,

(15a)

=
1
f2

&∑
@=1
〈W (4) , p∗@ ⊗ p@ ⊗ e(in) ⊗ e(in) ∗〉2, (15b)

where we defined the fourth-order tensor W (4) whose com-
ponents are given by

,
(4)
8 9:;

= mZ (H∗8:H 9;). (16)

Experimental setup
The optical setup is represented in Extended Data Fig. 1.
The light source consists of a continuous linearly polarized
laser beam at 1550 nm (TeraXion NLL) injected into a 10:90
polarization-maintaining fiber coupler (PNH1550R2F1)
in order to separate it into the shaped signal field and the
reference field. The 90% arm is collimated and expanded to
illuminate a digital micromirror device (DMD) (Vialux V-
650L) which is used to modulate the signal field in amplitude
and phase using Lee holograms [46]. The light is converted
into left circular polarization using a quarter-wave plate. The
shaped signal field is then imaged with a 4f system onto the
input facet of a 25cm-long step-index fiber with a 50 `< core
and 0.22 numerical aperture, which is held approximately
straight. The output facet is imaged via another 4f system
onto an InGaAs camera (Xenics Cheetah 640-CL 400 Hz)
after passing through a quarter-wave plate, followed by a
beam displacer to select the left-circularly polarized compo-
nent. The other 10% arm is used to produce a tilted reference
that is made to interfere with the signal field in order to be
able to retrieve the output field via off-axis holography [47].
An Arduino-controlled shutter allows blocking the reference
field to perform intensity measurements of the signal field.
The fiber can be deformed, roughly in the middle, by pressing
on it using a 50 nm precision dc servo motor actuator
(Thorlabs Z812). All the values reported for the deformation
correspond to the linear displacement of the actuator and not
the deformation of the fiber core, which is much smaller since
most of the deformation is absorbed by the coating of the fiber.

TM measurements
First, we measure the TM of the MMF in the pixel basis,
by sending 7200 square layouts consisting of 37 × 37 square
macropixels whose value is either zero or a random phase
of amplitude one. Each macropixel is formed by grouping
16 × 16 pixels of the DMD, where the desired phase and am-
plitude value is encoded via Lee holograms [46] and selecting
the first order of diffraction at the Fourier plane. The corre-
sponding output fields are recovered from the interferograms
between the reference and signal fields, and subsequently pro-
jected onto a square pattern of 44×44 macropixels formed by
grouping 4×4 pixels of the camera. Regrouping all input and
output fields into the columns of matrices X and Y, respec-
tively, we reconstruct the TM via H = Y · X−1 where X−1

denotes the pseudoinverse of X.

Then, we compute the SVD of the TM in the pixel basis
and use it to identify the fiber modes as the singular vectors
with singular values in the almost constant plateau (see Ex-
tended Data Fig. 2). For the fiber we used there were 144
fiber modes as opposed to the 129 predicted through numer-
ical simulations. This indicates that some cladding modes
are sufficiently close to the cutoff that they propagate with-
out undergoing significant absorption for the short length we
are using. All subsequent TM measurements are performed
by sending 1440 random inputs obtained by randomly super-
imposing all 144 fiber modes. This allows us to drastically
reduce the size of the TM and the higher-order tensors with-
out losing significant information. The output fiber modes are
simply the outputs generated by sending the fiber modes as
inputs. These outputs are orthogonal since they correspond
to the first 144 output singular vectors of the TM measured in
the pixel basis.

Optimizing the Fisher information
When the output modes are fixed, the OCC for which the
Fisher information achieves a maximum can be identified
from the best rank-one approximation ofW (3) . Asmentioned
in the main text, for matrices which are second-order tensors
finding the best rank-one approximation is quite simple since
one only need to compute the SVD. For tensors, it is not so
simple, and thus we take a few steps to get there.

Higher-order singular value decomposition. A first step
into the right direction can be taken by computing the HOSVD
which is defined in what follows. A tensor T ∈ C�1 ×· · ·×C�!
of order ! can be decomposed as a sum of rank-one tensors
using a higher-order version of the SVD,

T =

�1∑
81=1
· · ·

�!∑
8!=1

B81 · · ·8!u(1)
81
⊗ · · · ⊗ u(!)

8!
(17)

where the higher-order singular vectors u( 9)
8

form an orthonor-
mal basis of C� 9 , (8 9: are the entries of the core tensor S,
and ⊗ denotes the outer product. The core tensor satisfies the
properties of

1. all orthogonality: 〈S8==U,S8==V〉 = 0 for U ≠ V

2. ordering:
S8==1

 ≥ S8==2
 ≥ . . .,

where 〈· · · , · · · 〉 denotes the inner product induced by the
Frobenius norm, namely

〈T (1) ,T (2)〉 =
�1∑
81=1
· · ·

�!∑
8!=1

)
(1) ∗
81 · · ·8!)

(2)
81 · · ·8! , (18)

andS8==U denotes the tensor obtained by setting the =th index
equal to U. For matrices, these properties reduce to the diag-
onality condition of the matrix made of singular values and
their ordering.

Another important property of the HOSVD is that it pre-
serves the partial symmetries of the original tensor, for ex-
ample if )81 · · ·8 9 · · ·8: · · ·8! = )∗81 · · ·8: · · ·8 9 · · ·8! then u( 9)

8
= u(:)

8
∗ and

(81 · · ·8 9 · · ·8: · · ·8! = (∗
81 · · ·8: · · ·8 9 · · ·8! . The biggest advantage of the

HOSVD against other types of tensor decompositions is that
it can be easily computed via the SVD of its matrix unfoldings
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(see Refs. 31, 33 for more details). However, when truncating
the HOSVD to a single term we do not get the best rank one
approximation, but we do get an excellent first guess.

Symmetrized alternating least-squares algorithm. Find-
ing the best rank-one approximation is a particular case of
more general types of lower-rank tensor approximations based
around the polyadic and Tucker decompositions [32, 34].
There are several algorithms that have been developed to find
them and that could, in principle, be applied to solve the opti-
mization problem in Eq. (10). However, most of them do not
take into account the symmetries of the original tensor, and
when one tries to impose them they often fail to converge.

Here, we were able to adapt the widely used alternating-
least squares (ALS) algorithm in order to keep the symmetries
of the original tensor. Let us consider the case of a third-order
tensor T with partial Hermitian symmetry in the last two in-
dices, )8 9: = )∗

8: 9
, where we seek the vectors a and b that

solve

min
a,b
‖T − a ⊗ b ⊗ b∗‖. (19)

Initially, we do not force the symmetry and allow the
last vector to be different, say c and start by minimizing
‖T − a ⊗ b ⊗ c‖. We proceed as a standard ALS routine by
fixing b and c, and solving the minimization problem

min
a
‖T − a ⊗ b ⊗ c‖, (20)

which is a standard least-squares problem with a fixed solu-
tion. Then, we do the same for b and c. Before performing
another loop, we symmetrize the lower rank tensor by setting

b←
√
‖b‖‖c‖

2

(
b
‖b‖ +

c∗

‖c‖

)
(21)

c←b∗ (22)

This simple adaptation gives enough freedom so the algorithm
converges and provides a solution with the desired symmetry.
A similar approach is taken to compute the rank-one approxi-
mation of W (4) .

The ALS algorithm requires us to provide it with a starting
point, that is a first guess for the best rank-one approximation.
Here, we use as a seed the rank-one tensor obtained by trun-
cating the HOSVD to a single term. This choice allows us to
systematically converge to the optimal solution whereas when
using a random guess there is a high probability to fall into a
local minimum.

Finding the optimal input-output combination. The first
step in finding the optimal input-output combination is to
compute the fourth-order tensor W (4) . Given the number of
pixels used as output modes to measure H, the size of this
tensor would be too large to be useful for computations. How-
ever, since the number of input modes is much lower, one can
see that using all the 1444 output pixels might be an overkill.
Therefore, we first compute the SVD for the two TMs that we
used to compute W (3) and use their output singular vectors
to form an orthonormal set of output modes. This new set of
output modes has double the number of input modes used, but
it allows us to capture all the information encoded in the pixel
basis but at a much smaller size. Then, we project the TMs

onto this set of output modes and use this projected TMs to
compute W (4) .

As mentioned in the main text, when trying to find the
optimal input-output combination that allows reaching the
precision limit, the Fisher information given by Eq. (3) no
longer takes the form of a lower-rank tensor decomposition.
Nonetheless, it is possible to rewrite it as a nonlinear optimiza-
tion where only the expansion coefficients of the input field in
terms of the input modes are used as optimization parameters.
This is done by first computing the output field using the TM,
then getting the optimal OPMs and using those to compute
the Fisher information. This optimization was implemented
using the neural network framework PyTorch. Here again, we
need to provide a first guess, and, as for the ALS algorithm,
we chose to use the first term of the HOSVD of W (4) .

Experimental estimation of the deformation
Noise characterization. Before performing the experimental
estimation of small deformations, we need to verify the ve-
racity of the assumption of Gaussian noise made in this work
for our setup. For this, we performed a set of characteriza-
tion measurements for two values of the input power and the
four fields used to perform the estimation. The first one was
performed at the highest input power possible without satu-
rating any pixels of the camera and taking care to send the
same amount of energy for each input field. The second one
was performed using only 20% of the total power used for the
first one. For each set, we sent 500 copies of the four fields
and used the measured output intensity distributions to com-
pute the mean and standard deviation value of the intensity
over the output pixels as shown in Extended Data Fig. 3. At
higher power we can clearly see some intensity-dependent be-
havior in the standard deviation which is used to characterize
the noise, particularly for the OCC for which the focal spot
is clearly visible. At lower power, however, this dependence
on the intensity for the noise is almost completely gone with
the f= values being fairly uniform. These results confirm that
our assumption of Gaussian noise are valid particularly at the
powers used to perform the estimation.

Estimating the deformation. Given that the perturbations
under consideration are small, it is sensible to assume a linear
model for the measured intensity distribution 6 over the out-
put modes after a change Δb in the perturbation. Explicitly,
we have that

6 ≈ I(Z8) + IZ (Z8)ΔZ +h(f), (23)

where I(Z8) represents the output intensity distribution over
the output modes prior to changing the deformation, IZ (Z8) is
the derivative of I with respect to Z and evaluated at Z8 , and
h(f) is a vector of normally distributed independent random
variables with zero mean and standard deviation f. For this
linear model the minimum variance unbiased estimator [25]
is given by

ΔZ (est) (6) =
IZ (Z8) · [6 − I(Z8)]IZ (Z8)2 . (24)

In this model, both the reference intensity distribution I and
the derivative mZ I are assumed to be known. To calibrate the
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derivative, we first set the input power as high as possible with-
out saturating any pixels for any of the fields used for the esti-
mation. Then, we perform 500 independent measurements for
each field and for two deformations centered around the refer-
ence value Z8 . Then, the derivative of the intensity distribution
of each field is estimated by taking the difference between the
mean for each deformation and dividing by the total defor-
mation performed between the two points. As can be seen
in Extended Data Fig. 4, the distribution of the mean change
in intensity obtained from these calibration measurements is
quite smooth, even though the effect of noise is noticeable for
each individual realization, and with its main values above the
noise level shown in Extended Data Fig. 3 for all the fields.
Also shown in Extended Data Fig. 4 are the distribution of the
mean change in intensity and a single realization at the input
power used for the estimation of the smallest change. Here,
we can see that each individual change is quite susceptible to
noise and that its effect is even noticeable for the mean distri-
bution, particularly for the worst performing field given by the
randomwavefront. For the reference intensity distribution, we
can use the same input power used for the estimations since the
mean intensity distribution is well above the noise level for all
fields (see Extended Data Fig. 3). Moreover, using the same
input power for the reference as for the estimation allows the
nonuniform background to be automatically removed.

Data availability
Examples of the data can be found in the dedicated GitHub
repository [48]. All other datasets used in this work are avail-
able from the authors upon reasonable request.

Code availability
All the code used to produce the results and figures presented
in this work can be found in the dedicated GitHub repository
[48].
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Crashing with disorder

Extended Data Figure 1 | Optical setup. DMD, digital micromirror device; Li, lenses; QWP, quarter-wave plates; M, mirror; D,
diaphragm; BD, beam displacer; BS, beam splitter. The shutter is used to block the reference beam in order to perform intensity
measurements.
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Extended Data Figure 2 | Identifying the fiber modes. Singular values of the TM measured in the pixel basis. The fiber modes are
identified as the singular vectors for which the singular values light in the plateau. The cutoff value is marked by the vertical red line.
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Random input
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Extended Data Figure 3 | Noise characterization. a-d,i-l, Mean intensity distributions and e-h,m-p, standard deviations for the four
fields used for the parameter estimation at high-intensity values (a-h) and when only 20% of the light is sent (i-p).
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Extended Data Figure 4 | Change in intensity. a-d,i-l, Mean and e-h,m-p, single change in intensity distributions for the four fields
used to calibrate the derivative and acquired at high-intensity values (a-h), and those used to estimate the smallest deformation when
using only 20% of the light sent for the calibration (i-p).
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