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The minimal monomial lifting of cluster algebras I:
branching problems

Luca Francone
francone at math.univ-lyonl.fr

Abstract

Let Y be a complex scheme with cluster structure, T be a complex torus and X be a suitable
partial compactification of T' x Y. We produce, through a technique called minimal monomial
lifting, a canonically graded upper cluster algebra A inside Ox (%), which is, in a precise sense,
the best candidate to give a cluster structure on X compatible with the one on Y. We develop
some geometric criteria to prove the equality between A and Ox (%), which doesn’t always hold
and has some remarkable consequences. As a special case, through this construction, we recover
in a purely geometric and combinatorial method some cluster algebras already appearing in
the literature.

IfGisa complex reductive subgroup of the complex, semisimple, simply connected algebraic
group GG, we set up a geometric framework to study the branching problem in representation
theory, for this pair of groups, through the minimal monomial lifting. We study in detail
the case of a Levi subgroup and the tensor product case, for which we have the best possible
outcome. Finally, we identify a cluster structure on the base affine space associated to G and
discuss some consequences of these results.
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1 Introduction

This is the first step in a project which aims to study branching problems in representation theory,
through the use of cluster algebras. The aims for this project are multiple, among them we have:

1. Provide a possibly uniform framework to study these problems.
2. Reveal hidden features of this classical question through the lens of cluster theory.

3. Try to build polyhedral models for multiplicities using cluster algebra theory.

The branching problem

Let G be a complex, connected, reductive algebraic subgroup of the connected reductive group G.
The branching problem in representation theory asks to understand how, irreducible representations
of G, decompose under the natural G-action.
Fix maximal tori 7 C T and Borel subgroups B 2 T and BDOTof Gand G respectively. Let
X (T) denote the group of characters of T and let X (7)™ denote the set of dominant characters. For
A€ X(T)*, V()\) denotes the irreducible representatlon of highest weight . Slmllarly, we use the
notation X(7'), X(T)*, V(/\) relatively to G. For any A € X (T)", there is a natural G-equivariant
isomorphism:

B Hm(VA),VANToVR) — V)

feuv —  f(v).



Hence the multiplicity of V(X) in V(\) is c§ = dim Hom(V(X)7 V(A)€. A result one would like to
achieve, in solving the branching problem is the following.

Objective: for the pair (G, CA?), construct a positive combinatorial model for the multiplicities.

Exemple of such models are given by the Littlewood-Ricardson rule, Gelfand-Tseltlin’s patterns,
Littelmann’s paths [Lit95] or Sundaram’s dominos [Sun90].

Though, for some specific pairs (G, @) such a model exists, no general technique for constructing
those models, uniformly for some families of pairs, is known. To the author best knowledge, the only
remarkable exceptions, for which a positive model for multiplicities can be constructed in families,
are the following.

1. Weight spaces: G is a maximal torus of G.
2. The Levi case: G is a Levi subgroup of G.

3. The tensor product case: G is diagonally embedded in G = G x CAT', for which the branching
problem amounts to decompose the tensor product of irreducible representations of G.

Note that the first family is a subfamily of the second one. A breakthrough has been realised
by Berenstein and Zelevisnky [BZ01], who constructed, under the assumption that G is semisimple
and simply connected, (many) polyhedral models for multiplicities, for any branching problem
belonging to the previous list. Their proof is actually quite involved and uses deep results and
objects, such as: the canonical basis and the Lusztig’s parametrisations [Lus10], its relation to total
positivity and double Bruhat cells [Lus94| [FZ99| and tropicalisation. We refer to [Zel02] for a
beautiful survey on the proof. One key ingredient to link all these objects, are the detereminantal
identientities [FZ99][Theorem 1.16,1.17], which also stand at the very base of all the known cluster
algebra structures on the ring of varieties related to G, such as double Bruhat cells [BFZ05] and
T-stable subgroups of the unipotent radical of B [GLS11], [GY21]. From this perspective, it’s
no surprise that cluster algebras have been defined by Fomin and Zelevinsky [FZ02]| to study the
combinatorial properties of the dual canonical basis.

A more evident link between cluster algebras and branching problems has been recently realised
by Gross, Hacking, Keel, Kontsevich [GHKK18][Corollary 0.20, 0.21]: they constructed (many)
polyhedral models for the weight space decomposition and for the tensor product decomposition of
SL,,, using cluster algebras, and recovered some well known models. Fei obtained the same results
[Fei21][Theorem 8.1, 9.2] for any simple, simply laced and simply connected algebraic group.

Why cluster algebras?

Starting from a combinatorial data called seed, usually denoted by ¢, and an iterative procedure
called mutation, one can define the cluster algebra A(t) and the upper cluster algebra A(t). In
general one has A(t) C A(t). The cluster algebra is more combinatorial in nature, while the up-
per cluster algebra is more geometric. In particular, though A(t) may not be noetherian [GHK15],
[Spel3], it may be interpreted as the ring of global sections of a locally of finite type smooth scheme.
Thanks to a huge effort due to many authors, there’s nowadays a quite well developed structural
theory of cluster algebras.



To explain some features of this theory, we recall that part of the defining data of a seed ¢ is
the vertex set I, which has a partition I = I,y U I into un-frozen (or mutable) and frozen vertices.
Each seed also posses a distinguished set of variables © = (x;);cr, indexed by the vertex set, which
are elements of the cluster algebra A(¢). Defining the degree of the cluster variables, under some
constraints arising from the mutation process, defines a global graduation on both A(t) and A(t)
to which we refer as a cluster graduation. There’s a well developed theory for constructing special
bases, called good bases, of A(t) [Dupll], [QIN17], [GHKK18|, [Qin22]. If we allow some frozen
variables not to be invertible in A(t), some results are still conjectural. Nevertheless, under some
technical assumption on the seed t good bases exist and have many parametrisations by rational
points into polyhedral cones.

We say that a scheme X has cluster structure if Ox (X) = A(#) for a certain seed t. Our strategy
to study branching problems through cluster algebras is the following.

The strategy
Step 1: Define a T x T-scheme X = X(G, @) such that for any ()\,X) € X(T) x X(f)
vV

NG i (AA) € X(T)+ x X(T)*
otherwise

Hom(V ())

Here Ox(X) x5 denotes the homogeneous component, of weight ()\,X), for the T x T action.

Step 2: Identify a cluster structure on Ox(X%).

Step 3: Interpret the X (7T) x X(f) graduation on Ox(X) as a cluster graduation.

Step 4: Prove the existence of good bases, for the upper cluster algebra Ox(X), and derive poly-

hedral models for multiplicities.

Step 1 is rather easy and exploits the algebraic Peter-Weyl theorem. To achieve Step 2 and Step
3, we want to use a new construction called minimal monomial lifting and the results of [GLS11],
[GY21]. For step 4, we want to use the results of [Qin22] and some ideas of [GHKK18].

In the present paper, we want to describe the minimal monomial lifting technique, perform step
1 and explain how one could perform step 2 for a given pair (G,G). Moreover, we perform step 2
and half of step 3 for the three families of branching problems described above.

For some of these families, the second half of step 3 and step 4 are achieved. This is part of an
ongoing work.

Outline of the paper and main results

Section 2 contains the preliminaries on cluster algebras. We formalise two notions already existing
in the literature: the difference between highly-frozen and semi-frozen vertices and define the cluster
valuation associated to a frozen vertex. The cluster variable associated to a highly-frozen vertex is
not invertible, while the one associated to a semi-frozen one is. Then, we recall the notion of graded
seed and degree configuration, which is the combinatorial datum defining a cluster graduation.



In Section 3, we introduce the fundamental notion of lifting configuration. Let t be a seed, with
vertex set I, and D be a finite set. By little abuse, a lifting configuration v, on ¢, is a matrix
v € ZP*1 Given a lifting configuration v, on t, we introduce a seed called monomial lifting of t
associated to v, which is denoted by |t. The set D is a subset of the semi-frozen vertex set of 1t.
For every vertex d € D, the associated cluster variable is denoted by |z4. We introduce the notion
of mutation of lifting configurations and we prove the following properties.

Theorem 1.0.1. Let v € ZP*! be a lifting configuration on t.
1. Lifting a seed commutes with mutation.

2. For every seed t' mutation equivalent to t, through the mutation process, we can associate a
well defined lifting configuration v’ on t'.

3. A1) = A1,
4. If t is of mazimal rank, A(1t) = A(t)[1z5"]4.

Moreover, if the seed t is graded by a degree configuration o, we produce a degree configuration
10, on 1t, called the lifting of the degree configuration o. Since every seed t is trivially graded,
the cluster algebra A(]t) is canonically Z”-graded by the lifting of the trivial degree configuration
on t, which is denoted by 10. By Theorem 1.0.1, if Y is a scheme with cluster structure, under
mild assumptions on Y, any lifting configuration on any seed of the cluster structure of Y allows to
produce a cluster structure of (C*)P x Y. Section 3.1 is devoted to understand geometrically the
canonical ZP-graduation on A(]t) and the kind of graduations we could hope to understand, using
the minimal monomial lifting technique.

About the minimal monomial lifting. In Section 4 we give the definition of schemes X
suitable for lifting. Such a scheme contains an open subset of the form 7' x Y and functions on this
open subset can be "homogenised" to global regular functions on X. If Oy (Y) = A(t), then, we can
identify geometrically a special lifting configuration v, on ¢, called the minimal lifting configuration.
The seed 1tP, obtained from ¢ by changing the nature of the vertices of D from semi-frozen to
highly-frozen, is called minimal monomial lifting of t, with respect to X. The seed 1t” is the best
possible candidate, to give X a cluster structure compatible with the one on Y, in the sense of
Theorem 4.0.10.

Theorem 1.0.2. We have that
A(1tP) € 0x(X)  and  A(1t7)11, 1w, = A(1t) = Ox(T X Y).

Moreover, if a seed t is compatible with t in the sense of Theorem 4.0.10, and A(t) = Ox(X), then
t=1tP.

In the last part of Section 4, we develop some elementary geometric criteria to study whether
A(1tP) equals Ox(X), since the inclusion between these two algebras may be strict. Ultimately,
the difference between A(]t"”) and Ox(X), depends on the behaviour of 1t” along the divisors of
X in the complement of 7' x Y. We deduce some consequences of such an equality, that suggest
that it is reasonable to construct a cluster structure on a suitable for lifting scheme X, through the
minimal monomial lifting, if the T-action on 7' x Y extends to X. This is a necessary condition, for



the equality between A(1¢t") and Ox(X) to hold, if X is affine. Moreover, under the existence of
such an action, the algebra A(]t”), which is canonically graded via the lifting of the trivial degree
configuration 10, is a graded subalgebra of Ox(X), which is X (T')-graded by the T-action.

Section 5 is devoted to some preliminaries on algebraic groups. We study in detail some technical
properties of generalised minors, that are crucial for the proof of Theorem 1.0.4. The reader can
skip this part at first. In Section 6 we consider an example of minimal monomial lifting where the
inclusion A(1t?) C Ox(X) is strict. We report this toy example since we consider it instructive.

In Section 7, we define the branching scheme X(G, é), for the pair GC G, where G is semisimple
and G is reductive. The scheme %(G,@) realizes step 1 of our strategy and we prove that it is
suitable for lifting. As a consequence of the results of Section 3.1, we derive the following geometric
realization of the multiplicities spaces of the branching from G to G.

Proposition 1.0.3. For any ()\,X) e X(T)* x X(f)“‘, we have an isomorphism

Hom(V (\), V(X))a — C[U]>U\,X—p(>\)

where

(C[U]Efxip()\) ={feCU)? : fh'uh)=A-NM)f(u) for heT,uecU, and
’ Va(1® f) > —(A,aY) for ac D).

Actually, the previous proposition can be interpreted as a generalisation of [Zel99|[Proposition
1.4], which is the starting point for the interest in perfect bases. Perfect bases, which include the
classical limit of the dual canonical basis, have been arguably one of the most used items to study
tensor product decomposition. See [Kam22] for a beautiful survey on perfect bases. Finally, we
prove the main result of the paper.

Theorem 1.0.4. In the following two cases:
1. G is simple, simply connected and G is a Levi subgroup of G.
2. G is semisimple, simply connected and diagonally embedded in G = G x G.

Then, if X = X(G, é), there exists a seed t constructed in [GY21], and an isomorphism ZP ~ X (T),
such that A(1tP) = Ox(X) as graded algebras.

The construction of cluster structures for branching to a Levi subgroup is, to my best knowledge,
new. For the tensor product decomposition it is mostly new, except for the following few exceptions.
In [GHKK18], the authors construct a cluster structure on a variation of the branching scheme for
tensor product decomposition of SL,,(C). In [Fei21], the author constructs a cluster structure on
the branching scheme for tensor product decomposition assuming that the group is simple, simply
laced and simply connected. In Section 8.2 we prove that Fei’s structures are obtained through
minimal monomial lifting. It’s probable that Fei’s structures agree with the ones of the present
text, but I'm not capable of doing this comparison in detail. Finally, Example 8.2.14 and Theorem
1.0.4 partially answer to [Fei2l|[Conjecture 8.2] in the Ga-case.

In Theorem 1.0.4, A(1tP) is ZP-graded via the lifting of the trivial degree configuration on t,

~

while Ox(X) is X (T)-graded by restriction of the X (T') x X (T)-graduation. That is, if A € X(T),



Ox(X)re = @XGX(T) O%(%)A,X' Roughly speaking, the canonical cluster graduation on A(]t")

detects, for a single irreducible representation of G, into how many G-irreducible representations it
decomposes. Still, it doesn’t distinguish different G-modules. Incorporating this information into a
cluster graduation becomes a purely combinatorial problem, that could be achieved lifting a certain
conjectural degree configuration on the seeds constructed in [GY21]. See Question 5.3.4. As a final
remark, we are also interested in Questions 7.4.1 .

Acknowledgements. 1 would like to thank Bernard Leclerc for the invitation to Caen and the
fruitful discussions and insights on cluster algebras, and Nicolas Ressayre, for introducing me to
the branching problem, for the support and the many discussions that made this work possible.

2 Preliminaries on cluster algebras

2.1 Cluster algebras

We give a definition of cluster algebras and upper cluster algebras of geometric type in the spirit of
[GLS13]. The only differences with the standard setting are encoded in the notions of semi-frozen
(invertible) and highly-frozen (not invertible) variables. The type of frozen variables affects the
definition of the coefficient ring of the cluster algebra. This choice provides a natural framework for
studying functions over some partial compactifications of cluster varieties. Note that our cluster
algebras are very special cases of the ones defined in [BMS19] and of generalized cluster algebras

[GSV18].
Definition 2.1.1 (seed). Let K be a field extension of C. A seed t of K is a collection

(I'u,fa Isf7 Ihf7 Bv $)
consisting of:

— Three disjoint finite sets I, Isr, Inr. An element of I := I, ;UL Uy (vesp. Iy := IprUlgy)
is called vertex (resp. frozen vertex). A vertex is respectively called unfrozen (or mutable),
semi-frozen, highly frozen if it belongs to I,f, Isf, Ins.

— The extended exchange matriz B € Z'*1us which is an integer matrix, such that it’s principal
part B° := Bj1, . x1,, 18 skew-symmetrizable, meaning that there exists d; € N, for i € Iy,
such that for any i,j € qu, dibi,j = —djbj7i.

— An extended cluster x € (K*)!, consisting of a transcendence basis of K over C, whose elements
are called cluster variables. A variable is said to be unfrozen (or mutable) (resp. semi-frozen,
resp. highly-frozen, resp. frozen) if its corresponding vertex is unfrozen (resp. semi-frozen,
resp. highly frozen, resp. frozen).

If a seed is denoted by t, we implicitly assume that its defining data are denoted as in the
previous definition. If the seed is called ¢* (resp. t,), where e is any superscript (resp. sub-
script), then we add a e superscript (resp. subscript) to all the notation. For example, we write
t = (I{Lf, I;f, I,{Lf, B',2')or t; = (Iiuf, ..., ;). If needed, we add the dependence on ¢ writing B(t),
z(t) and so on.



Graphical notation for seeds: given a seed t, the only data required to identify the isomor-
phism class of the associated cluster and upper cluster algebra is the vertex set and the extended
exchange matrix. This is encoded graphically in a valued quiver @ (or Q(¢) is the dependence on ¢
is needed) as follows.

- The vertex set of @ is I. For i € I, the corresponding vertex of @ is pictured by a symbol O
(resp. O, resp. M) if it is unfrozen (resp. semi-frozen, resp. highly frozen) and labelled by i.

Given two vertices ¢ and j of (), we use the convention that b; ; = 0 if ¢,; are both frozen and
that b; ; = —b;,; if exactly one between ¢ and j is frozen. Note that, in the last case, exactly one
between b; ; and b;; is defined as a coefficient of the generalised exchange matrix, accordingly to
which vertex is unfrozen. Then

- There is an arrow between ¢ and j, pointing towards j, if and only if b; ; > 0. In this case, it
is labelled by: "b; j, —b;;". Moreover, if b; ; = —b; ;, for low values of b; ;, we may write b; ;
distinct arrows from i to j instead of a labelled arrow.

Example 2.1.2. Let t = ({1,2},{3},{4}, B, z) be a seed whose generalised exchange matrix is

0 3
-1 0
B = 0 -2
0 1

where the rows and columns of B are labelled in the obvious way. The following two pictures are
both a graphical representation of the seed ¢

a3 a3
~
2,2

s

Ve

Ol —31— (2 Ol —31— (2

K
1,1
N

m4 m4

General notation: If b € R then
bt := max{b,0} b :=max{—b,0} sothat b=0b"—b".

If J, K are finite sets and M € R/*K_ then M* € RIX® is the matrix obtained applying
component-wise to M the corresponding operation. If k € K, the k-th column of M is My =
My € RY. Similarly, if M € R’*K and J; C J, K; C K, then My, «x, = M, xk, and
Mer, = MjxK, -

If S is any set and we consider S-valued matrices of size J x K, that is elements of S7*¥ then we
use analogue notations for restrictions.

Let H be an abelian group and h € H”. If m € Z7 and M € Z7*¥ | then

hm = ijhj Whlle hM = (thk)k?EK € (H)K



If H = K*, then A" is a monomial in the h;. Note that, if I is a third finite set and N € VA

then

where the product Z7*K x ZK*I 5 77>%I corresponds to composition of morphisms in the canon-
ical identification between Z”*¥X and Homgz(ZX,Z”). Finally, the elements of the canonical basis
of Z¥ are denoted by ey, for k € K.

Given a seed ¢ and a mutable vertex k € Iy, we have an operation called seed mutation at k,
denoted by p, that produces a new seed ux(t) = ¢/, of K, defined as follows.
— The vertex sets are the same of ¢, that is I;f = qu,I;f = I, and I,’Zf = Ipy.
— The extended exchange matrix B’ satisfies:
Yo — —biJ' if i=k or ]Zk
- + 1+ - 3- :
©J bij + b kb — bigby; otherwise.
— The extended cluster 2’ is defined by
Z'; = B+k7€k _kfek . . (2)
T " +x if i=k.
The identity

N _
Ty = alek g gD (3)

is called exchange relation. We will often refer to the two monomials on the right hand side of the
exchange relation as M, ,j and M, , in the obvious way.

Since the mutation is an involution, that is py o uk(t) = ¢, we can can define an equivalence relation
~ on the set of seeds of K with the same set of vertices: we say that t ~ ¢’ if there exists a sequence
of mutations that transforms ¢ in ¢’. That is, if there exists i1,...,4 € I, such that

i 0+ 0, (8) = 1.
We call A the set of seeds of K equivalent to t.

From now on, we fix an equivalence class of seeds A of K. Since any seed in A has the same set
of frozen variables, say z; for i € Iy, we can define the coefficient ring

Cf[A] == Clziicr, , [27 ier,, - (4)

Definition 2.1.3 (cluster algebra). The cluster algebra A(A) is the Cf[A]-algebra generated by
all the cluster variables of all the seeds in A.

If t € A, we define the ring of Laurent Polynomials

L(t) = Ci[A][e7 ier,, (5)

Note that the unfrozen and semi-frozen variable of ¢ are invertible in £(t), while the highly frozen
are not.



Definition 2.1.4 (upper cluster algebra). The upper cluster algebra A(A) is

A(A) =) £(1).

teA

Both A(A) and A(A) are domains, moreover A(A) is normal since it is defined as the intersection
of normal rings. Still, both the cluster algebra and the upper cluster algebra are not noetherian in
general. Note that, the choice of the ambient field K (as the choice of the variables z) is immaterial
for the isomorphism class of the cluster algebra and the upper cluster algebra. It becomes important
when we try to identify cluster algebra structures on a given ring. So, when we only deal with
(upper) cluster algebras, we often omit to specify the ambient field K. The following theorem can
be found in [GHKK18|[Corollary 0.4] or in [LS15] for skew-symmetric seeds.

Theorem 2.1.5 (Positivity of the Laurent phenomenon). For any t,t' € A and i € I,
+
; € Nzjljer, [oy Trer.,
In particular A(A) C A(A).

The weaker statement that x] € Z[x;]jer, [x,fl]keluf, usually called Laurent phenomenon, is
much more elementary and also sufficient for most applications. It can be found in[FZ03, Proposi-
tion 11.2]. (See also [FZ02, Theorem 3.1]).

Clearly, if t € A, we also use the notation A(t) (resp. A(t)) to denote A(A) (resp. A(A)).

Definition 2.1.6. Let t € A. For ¢ € Iy, let t; := p;(t) and to := t. The upper bound U(t) at ¢ is

uiy = [ L)

1€l ;U{0}

If the matrix B is of maximal rank, we say that ¢ is of mazimal rank. Note that the rank of the
generalised exchange matrix is invariant under mutation by [BFZ05, Lemma 3.2]. The following
theorem is a very special case of [GSV18, Theorem 3.11]. The case with no highly frozen vertices
had already been proved in [BFZ05, Corollary 1.7].

Theorem 2.1.7. If t is of maximal rank, A(A) =U(t).

We say that no mutable vertex of ¢ is completely disconnected if, for any k € I,,¢, there exists
i € I such that b; ;, # 0. It’s easy to see that this property is invariant under mutation, hence if
A is an equivalence class of seeds, we say that no mutable vertex of A is completely disconnected
if the same property holds for one, hence for any, of its seeds. Note that completely disconnected
mutable vertices are the ones that produce trivial exchange relations.

Theorem 2.1.8 ([GLS13|). Suppose that no mutable vertex of A is completely disconnected. Let
t,t' € Aandi,j € I,y UlInyg, then

1. The variable x; is irreducible in A(A).

2. The ideals (i) and (z);) are equal if and only if v; = x';.

3. The invertible elements of A(A), up to scalar, are the monomials in the semi-frozen variables.

10



The above theorem is proved in [GLS13, Theorem 1.3, Corollary 2.3] for the ordinary cluster
algebra under the assumption that the seed ¢ is connected (see [GLS13, Section 1.2]). The exact same
proof also works for the upper cluster algebra and the upper bound under the weaker assumption
that no mutable vertex is completely disconnected.

2.2 Disjoint union of seeds

This section is only needed for an application in Section 6.

We introduce a notation. If M € R(/1U/2)x(KixK2) thep

My Mo
M= (e 6
(Mz,l M2,2> (6)

means that M, <k, = Mgy, for a,b € {1,2}.

Definition 2.2.1. Let ¢t and t' be two seeds. The disjoint union of t and ¢’ is the seed t|t’ =
(Juf, Jsf, th, C, Z) of (C(.%‘i, UU;f)ieI,i'eI’ defined by

- The set of vertices

Juf = qu |_|I;f Jsf = Isf |_|I;f th = Ihf |_|I,/lf.

B 0
(2 8).

zr=x zp=2a.

- The generalised exchange matrix

- The cluster z, which is defined by

We identify C(x;, x}, )icr,irerr with the fraction field of £(¢) ® £(¢') in the natural way. It’s clear
that L(t]t") = L(¢) @ L(¥'). The following property is immediate to verify:

Lemma 2.2.2. Let t,t' as above, i € L5, V' € Iq’”c, then
pitlt') = w1 and  py () = t|p(t).
Lemma 2.2.3. Ift and t' are of maximal rank, then A(t|t') = A(t) ® A(t').

Proof. Clearly t|t' is of maximal rank. The lemma follows easily from repeated application of
Theorem 2.1.7, the previous lemma and the fact that the tensor product commutes with finite
intersections. U

11



2.3 Cluster valuations induced by frozen variables

We introduce the notion of cluster valuation at a frozen vertex. This is something which implicitly
appears in the existing literature, but for which we didn’t find an appropriate reference, or at least
not at the level of detail we need.

If t € A, we denote by C[t] (resp. C(t)) the polynomial ring (resp. the field of fractions) in the
cluster variables z;. By the Laurent phenomenon (Theorem 2.1.5) we have that C[t] C A(A) and
the fraction field of A(A) is C(t), which from now on will be denoted by C(A).

Any cluster variable x; generates a prime ideal in CJt], so we can consider the induced discrete
valuation

Vi C(A) — Z U {o0}.
For an element p € C[t] C C(A), the exponent of z; in the factorisation of p into irreducible factors,
in the ring C[t], is V! (p).
Lemma 2.3.1. Ifi € Iy and t ~ ', then V! = Vf/. In particular, we refer to any such valuation

as the cluster valuation at the frozen vertex i and denote it by CV;.
Proof. It’s sufficient to prove the case of t = py(t), where k € I,,5. Let
CIIN\ kY] = Clz;ljen 1y = Cl2jljen 1)
and C(I \ {k}) the fraction field of C[I'\ {k}]. Since the fraction field of C(I \ {k})[zi'] is equal to
C(A), it’s also sufficient to prove that V(f) = V' (f) for any f € C(I\ {k})[z"].

It’s easy to see that, if Vil\{k} :C(I\{k}) — Z U {0} is the valuation induced by the prime ideal
(x;) of C[I'\ {k}], and if

N
[= Z Inxp (7)
n=—N
with f, € C(I\ {k}), then
VE(f) = min{V B (£) - -N <n < N (8)
To prove (8), it’s sufficient to notice that if f,, # 0, then
V() = v f = i 22 )

with pp, ¢, € C[I\ {k}] not divisible by z;. Then, we can compute V!(f) plugging the right hand
side of (9) into (7) and we easily obtain(8).
Using the exchange relation (3), we compute that

N
F= 3 oM+ M) ()" € CI\ (kD) [(a7)*"]
n=—N
But M,j -+ M, is not divisible by z;, hence
VI (f) = VIV (£ (M + M)™).

The statement follows using (8) and the similar formula relative to the seed ¢'.
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At the level of cluster varieties, the previous lemma says that the gluing maps between cluster
tori preserve the valuation defined by the frozen variables. We can strengthening Theorem 2.1.8 in
the case of highly frozen variables as follows.

Corollary 2.3.2. Ifi € Iy, then x; generates a prime ideal of A(A). Moreover, A(A)(,) is a
discrete valuation ring whose induced valuation on C(A) equals the cluster valuation CV;.

Proof. Fix t € A. Take a,b € A(A) such that ab € (z;). Since z; generates a prime ideal in L(t),
we can assume that = € L(¢). Note that L(t) is a localisation of C[t], hence the restriction of
the valuation V! on L(t) agrees with the valuation defined by the prime ideal of L£(t) generated
by z;. In particular, Vf(x%) > 0. By the definition of A(A), it’s clear that for any ¢ € A,
o ¢ Lr) C L(t),,. Lemma 2.3.1 implies that V! (<) > 0, hence + € L(). It follows that

T T 2 Zi/ —
w% € A(A) and the first part of the statement follows. For the second statement, notice that we
have inclusions

C[t] € A(A) C L(t).

In particular, by the definition of L(t), localizing the above inclusions at Hje Loyul,; T gives a
sequence of isomorphisms. Thus C[t](,,) = A(A) () = L(t)(21)- O

Remark 2.3.3. One can easily prove that the cluster valuation is a tropical valuation on A(A) in
the sense of [BFZ05, Definition 7.1], in particular, it agrees with one of the valuation constructed
in [BFZ05, Lemma 7.3].

2.4 Highly-freezing and semi-freezing

We introduce two operations on seeds, that change the nature of some frozen vertices from highly-
frozen to semi-frozen, or the other way around. The notation is designed to be coherent with the
fact that, passing from ¢ to tp corresponds to a localisation at the level of upper cluster algebras,
while passing from ¢ to ¢¥ is the inverse operation, as described in Lemma 2.4.2.

Definition 2.4.1. Let ¢ be a seed.
- If F C Iy, we define the seed tp = (IF,ufylF,sfaIF,hf,BFa-TF) by
IF,ufZqu IF’SfZISfl_lF Ip’hf:Ihf\F Br=B zgp=u=x.

We say that tp is obtained from t by semi-freezing the vertices in F. If A = A(t), then we
denote Ap = A(tp).

~ If F C Iy, we define the seed ¢! = (Iff,]£7]}ff’BF7mF) by
Iff: uf Ist:Isf\F I}f‘f:IhleF BF:B .TF::L',

We say that ¢’ is obtained from t by higly-freezing the vertices in F. If A = A(t), then we
denote AT = A(tF).

Lemma 2.4.2. Lett be a seed, A = A(t), F C Iy, G C L5, k (resp. j) a mutable (resp. frozen)
vertex of t.

13



1. (tp)F =t

2. (t%g =t.

3. C(A) = C(Af) = C(AY).

ViT =y =ir,

pr(tr) = pe(tr  and  pip(tY) = pe(t)C.
Ap={th : ' € A} and A% ={{t)Y:¢ cA}.

NS &

If z := [L;c p(23), the natural inclusion A(A) € A(Ap) induces an equality
A(A), = A(AR).

8. A(AY) = (Mieq CViH (Z50 U {o0})) NA(A).

Proof. The first five statements are obvious. Statement 6 follows from 5 and the fact that semi-
freezing or highly-freezing a seed doesn’t change the set of mutable vertices. Then it’s clear that
L(t%) C L(t) C L(tr). Using 6, we get that

A(A%) € A(A) € A(AR).

Moreover, z is invertible in A(Af), hence we have an inclusion A(A), C A(Ar). If f € A(Ar),
by Lemma 2.3.1 and the definition of upper cluster algebra, we get that

(IT="")r e A,

ieF
This proves 7. Statement 8 also follows immediately from Lemma 2.3.1 and the definition of upper
cluster algebra.

O

2.5 Graded seeds

Cluster algebras and upper cluster algebras can be graded almost as if they where polynomial rings.
In particular, defining the degree of the cluster variables of an initial seed and using the mutation
process induces, under some hypothesis, global graduations. This is formalised by the notion of
graded seed. We refer to [Gral5| for more details.

Let ¢t be a seed.

Definition 2.5.1. Let H be an abelian group and o € H!. We say that o is an H-degree configu-
ration on t if

B =B, (10)

A seed with an H-degree configuration is called H-graded seed.

14



We drop the dependence on H, in the notation, if the group is clear from the context or mean-
ingless. If we denote a graded seed by ¢ (resp. t®, resp. to for a certain symbol e), we implicitly
assume that its degree configuration is o (resp. o°®, resp. o,) and that the grading group is H.

From now on, ¢ is an H-graded seed. We have a notion of mutation of degree configuration:
if k € I,y and t' = pg(t), then ¢’ = pi(o) is the H-degree configuration, on t’, defined by the
following formula:

: if Ak
a;_{"+ ifi# (11)

oBex —g if i=k.

We say that ¢’ is the mutation at k of the degree configuration . Any sequence of mutations
defines a degree configuration on the resulting seed, which actually only depends on the seed and
not on the sequence of mutations. Hence, any t’ € A(t) is in a canonical way a graded seed.

Note that the algebra £(t) is canonically H-graded by setting deg(x;) = ;. The set of Laurent
monomials is an homogeneous base of L(t).

Proposition 2.5.2. Let t* € A(t). Then A(t) and A(t) are graded subalgebras of L(t*). The
graduation defined on A(t) and A(t), by this inclusion, is independent on t*. In particular, A(t)
and A(t) are canonically graded. Moreover, cluster variables are homogeneous.

Remark 2.5.3. Since any cluster variable is homogeneous, the construction above is compatible
with the operation of highly freezing or semi-freezing a set of vertices.

Note that all the basis constructed in [Qin22] consist of homogeneous elements. Finally, if ¢ is a
not necessarily graded seed, and we identify B as an element of Homgz(Z"s,Z!), then we have an
universal coker(B)-graduation @ on ¢ defined by &; = €;, where g; is the class of e; in coker(B). In
particular we see that, roughly speaking, having many frozen vertices is good for constructing fine
graduation on A(t) and A(t).

3 Monomial liftings

From now on, D denotes a finite set. We define the notion of D-lifting configuration on a seed t.
For any such configuration, we construct a seed 1t, to which we refer as a monomial lifting of t.
The name is explained by the fact that, under mild assumptions, if Y is a variety carrying a cluster
structure, then any monomial lifting of ¢ gives to (C*)” x Y a cluster structure, compatible with
the one on Y. Conversely, any cluster structure on (C*)? x Y, which is compatible with the one on
Y in the sense of Proposition 3.0.9, is defined by a monomial lifting. We start with some definitions.

From now on, t is a seed of the field K and A = A(t). We assume that 7N D = .

Definition 3.0.1. A D-pointed field extension of K is a field extension L/K, with a D-uple
(zq)aep € (L*)P of K-algebraically independent elements, such that L = K(x4)4ep-

If we denote a D-pointed field extension of K by L., we implicitly assume that it’s defining D-uple
of elements is denoted by (z4)q. Whenever a seed ¢ of K and a D-pointed field extension L of K are
given, we denote by

T = (zj)jerup € (LF)™P. (12)
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Definition 3.0.2. A D-seed extension of t is a seed t*, of a field extension L /K, such that
Ly =1, Ly CI5 Ing C Iy and I \I;=D.
- B}kxluf = B.

If moreover L is D-pointed and for any d € D we have z}; = x4, then we say that ¢t* is a D-pointed
seed extension of ¢.

In the next definition, we repeatedly use the notation introduced in (6).

Definition 3.0.3 (monomial lifting). A D-lifting configuration on t is a pair (L, ) consisting of a
D-pointed extension L of K and a lifting matriz v € ZP>*!. The monomial lifting of t, defined by
(L,v), is the seed 1t = (11uy, 1ss, 1us, 1B, 1) defined by:

— The set of vertices 11, f = Iy, sy =1IssUD, 1Iny=Ing.
— The matrix
5= () ez 1
The coefficients of 1B are denoted by 1b; ; for ¢ € 11,5 € 11yy.

— The variables are

lz = 7" where 7= (Iyd Iod> € ZUHP)*(Iub), (14)

In this case we say that v lifts ¢ to |t and write: |t +— t.
Any monomial lifting 1t is a D-pointed extension of ¢. Note that, according to our notation,
Zp = (zq)a € (LH)P.
Formula (14) implies that for any i € T
~Ve,i

le; = ;T

Hence, we can think about v as a collection of monomials, indexed by I, in the variables Zp. The
cluster variables |x;, for ¢ € I, are the product of z; and the corresponding monomial.

Example 3.0.4. Let ¢ be a seed of the field K, which graphically is described by the following
quiver
Ol +— (O2«+— 13 .

That is: I,f = {1,2}, Iy = 0, Iy = {3} and
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Let D = {d}, here d is considered as a symbol, . = K(z4) where x4 is a variable and v = (1, 2, 3).
Then, a simple matrix multiplication implies that |¢ corresponds graphically to the quiver

d 0 -1

1 0

/W and 1B = 0 1
Ol +—(0O2+—I -2 =2

Moreover, from the definition, we have that
_ _ 2 _ 3 _
lz1 = 2za o2 = 22wy o3 =232 |24 = 24.

Monomial liftings can be performed in steps. In fact, suppose that D = D; L1 Dy and L is a
D-field extension of K. Then the field Ly = K(z4, )4,ep, is a D1-pointed extension of K and L is a
Ds-pointed extension of IL;. The following lemma is obvious from the definitions.

Lemma 3.0.5. Let (L,v) be a D-lifting data on t. If D = Dy U Dy, and v; = vp, o, for j = 1,2,
then the following diagram is commutative.

[ ]
(sz VX
oY ¢
We introduce the following notion of mutation of lifting configuration.

Definition 3.0.6 (mutation of lifting configuration). Let (L, v) be a D-lifting configuration on ¢,
k€ I,; and t' := py(t). Consider the D-lifting matrix v’ on t' defined by

’ _{Vo,i if i#k

1% .
o max{vB}, , vB,} —ve) if i=k

(15)
where the max in (15) is taken component-wise. We say that v/ = ui(v) is the mutation at k of
the lifting matrix v and that the lifting configuration (L, ") = ux(LL, v), on ¢/, is the mutation at k
of the lifting configuration (L, v).

Remark 3.0.7. For any a,b € R we have that max{a,b} = (a — b)™ + b. Using this formula and
the fact that b = b" — b~, we get two alternative forms of formula (15), namely:

Vel = (vBe )t + VB — Ve (16)

and
Vel = (—vBe )t + I/Bj:k — Ve - (17)

If the D-pointed field L is clear, we identify a lifting configuration with its lifting matrix. From
now on, we fix I and suppose that any lifting configuration has IL as defining field. The following
lemma is crucial.

Lemma 3.0.8. Lifting seeds commutes with mutation. That is, for any lifting configuration v
ont and any k € Iy, if we denote by t' = pi(t) and v’ = pi(v), then the following diagram is
commutative
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1ty

1k

/
t—p

Proof. Call t* = ug(1t). We have to prove that t* =]t’. It’s clear that the two seeds have the same
vertices sets. To avoid possible confusion, we stress that 1B* denotes (1B)* and that ]bfj are the

coefficients of 1B*.

First we prove that «* =J2’. Clearly, if d € D, then z; =lz/, = x4. If i € I and i # k, then we
have z =lz; =1z} because of (15) and (2). Finally, we can compute that:

+ _ _ _
Bo,k_ek‘%DV'Bik+(_V'B',k)+_V', .Yk—EkEDV'B.,k-&-(—y-B.)k) —Ve,k (18)

B
k+x

The first equality is the mutation rule (2), the second is obtained from the definition of 1z (14)
and the third follows from the following expressions:

~ Id 0 Bt Bt

v-1B* = <y Id) <(—VB)+) - <uB+ + (—VB)+)

g _ (a0 B~ \ B~

1B = 1a)\=vp)-) = \uB- 4 (—vB)-
Recall that {BT— 1B~ =1B, in particular

v 1Bt -0 1B” = ([Vd 10d> (jB) - (]3> ' 20

From (19) and (20) we deduce that the exponents of Zp in the two monomials of expression
(18) are the same. Hence, using (2), we deduce from (18) that

(19)

. v-BT +(—v-B +_y
xz — x;CZ‘D ok ( o k) -,k.

Comparing this formula to the expression of |z}, we see that it’s sufficient to prove that
VBj:k + (—VBe k)T —ver = V;k.

But this is Formula (17).

Next, we consider the exchange matrices, that is we prove that B* =1B’. It’s clear from (1) and
(13) that for any j € I and i € Iy, b5, = b}, =1 ;. For d € D, then

*
5

bax = — 1bdk = VieBe k-
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and
/ ’ ’ ’
1bd,k = _Vd,.B.JC = Vd,oB°7k'

The equality b}, =1b},, follows from the fact that by, = 0 and the definition of v/ (15). Next, if
i € Iy, t # k, using (1) and (13) we get that
by = 1bai+ 107 b = 10 bic
= 1bd,i + (7Vd,oBo,k)+b_]:7i - (7Vd,oBo,k)7b/;i~

Similarly we have that

/ / !/
1 di — Vd7oBo,i
/ / /
=— Vg bk, + E —va,;b;;
ik
+ - + ot -
= — vaubs + max{vas B vae B ki — Y vag(bii+ b0, — by b))

JEIN{k}
= — Vd’.B.,i + max{udy.Bik R Vd,oB;k}bk,i — Vda‘Bj,kbz,i + Vda"B:,kbl;,i

= Wbd,i + <_Vd7oBo,k:)+bk:,i + Vd,oBikbk,i - Vd,.B:kb;r’i + Vd7oB:’kb];i (21)

The first equality follows from formula (13), the second, third and fourth are obtained from formulas
(1), (15) and some elementary manipulations. The last equality is a consequence of formulas
(13) and (17). Finally, using that by, = b, — b, in Formula (21), we obtain immediately that

16 =05 ;- O
The following characterisation of monomial liftings turns out to be useful.

Proposition 3.0.9. Let ¢ be a seed of L. Suppose that there exist v € ZP*T, and \ € ZP*1«s such
that

1. t is a D-pointed field extension of t with D C INSf.

~Ve,i

2. For anyi€ I, Ei:mixD

/\Ao,k

3. For any k € Ly, p(Tr) = (1) T,

Then t <— t and for any k € Lup, Meo = 1 (V) e k-

Proof. Denote by 1t the monomial lifting of ¢ determined by (L, r). We have to prove that t =1t.
The first assumption implies that ¢ and 1t have the same vertices set. Moreover, assumption 1 and 2
imply that # =]z. By assumption 1, Bre = B =|B7,. So we just have to prove that Bp = —vB.

Fix k € I,5. Call ' = py(t) and ¢* = py(t). By assumption 3 and (3), we have that

x / ~ Vo,k+Aa,k
TpTp = TpTEIpD
B:ngua,k'i‘)\o,k B:’kfv\DV.,k“’)\o,k.

= z +x
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Always using (3), we can compute that

~ _Bf B
Ty = T *F 42
A~+ o~y —

— ’x\VBoJc + ’x\an,k

+ + Bt

xB-,ki”B.,k""BD

ok

Xk 4 xB:,k"x\”B:,kJ'_Bka

We deduce that _ _
VB + Bh = ver+ Xk =VB., + B
In particular
éka = szk — ngk = VB;k — VBj:k = —vB, .

Finally, the statement about A can be easily deduced from the two above identities and (17).
O

We introduce some notation. For any finite sets J and K, then Z7*¥ and (Z7)X are canonically
identified by the map that assigns to a matrix the collection of its columns. From now on, we make
no difference between these two objects. Let M € Z7*K = (Z7)K. Note that if I is a third finite
set and N € ZX*I then MN = M. We write M N when we think about M as a matrix and M"Y
when we think about M as the collection of its columns.

If H, K are groups and h € H” |k € K7, then the notation h x k stands for the element of (H x K)’
defined by (h x k); = (h;, k;).

From now on, fix a lifting matrix v € ZP*!. In particular (L,v) is a fixed D-lifting configura-
tion on t.
If the seed t is a graded seed, then the degree configuration of ¢ can be lifted along with ¢.

Definition 3.0.10 (lifting of degree configuration). Let 10 := (v, Id) € (ZP)!YP. If 0 € H! is a
degree configuration on t, then we define

1o =10 x (0,0) € (ZP x H)"P. (22)
In this case we say that v lifts o to o and write: Jo +— o.
Lemma 3.0.11. For any degree configuration o on t, |o is a degree configuration on t.

15 )13. Moreover (o, O)WB =08 =0 and

1B B
107 = (v,1d) (VB) =0.

Proof. Note that 10“3 =10"" x (0,0

O

Remark 3.0.12. Note that 1¢ has a canonical Z”-degree configuration given by 10 = (v,Id),
which is the lifting of the trivial degree configuration on t. The data of this degree configuration is
equivalent to the one of v. As a warning, the degree configuration 10 depends both on ¢ and on v.
To avoid ambiguity, we use the convention that 10 is always considered as a degree configuration on
a seed which is denoted by 1t and whose corresponding lifting matrix v is clear from the context.
If a seed is called t* (resp. to), for a certain symbol e, and a lifting 1t® (resp. 1ts) of t* (resp. to) is
defined, then we use the notation 10°® (resp. 10,).
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Lemma 3.0.13. Lifting a degree configuration commutes with mutation. In particular, for any
degree configuration o ont and any k € Iz, if o' = pp(o), then we have a commutative diagram

Proof. Let t' = pug(t). From the mutation rule (11) it’s clear that ux(lo) = px(10) x (¢’,0). Hence
it’s sufficient to prove that u;(10) =10". Call 0* = uk(10). For ¢ € I'\ {k} and d € D, the identities

0f =v;=v; =10, and 0} =eq =10}

3
follows at once from (11) and (15). From the same formulas we compute that

+
1Bo,k

OZ = WO — l/.,k
= VBj_,k: + (—Z/B.,k)—i_ — Ve k-

Then the identity 0} =10, follows from (17). O

Corollary 3.0.14. For any ki,...k, € I,y and ji,...Js € Ly such that pp, o--- o uk (t) =
i, © -+ 0 s (1), then iy, 0+ i () = 13, © -+ 0 13, (v). In particular, any ' € A(t) has a
canonical lifting configuration v' defined by the composition of (15) along any sequence of mutations
from t to t'. Moreover, the map sending t' to 1t is a bijection between A(t) and A(t).

Proof. One can recover v from 10. We know that sy, o --- o0 ug, (10) = p;, o --- o uj, (10), then
Lemma 3.0.13 implies that p, o -0 ug, (v) = pj, o -0 uj, (v). Alternatively, the same result can
be obtained in the same way as a direct consequence of Lemma 3.0.8. By Lemma 3.0.8, the map
A(t) — A(]t) sending t' to 1t’ is well defined. It is surjective since ¢ and 1¢ have the same set of

’
v

mutable vertices. Moreover, it’s clear from Definition 3.0.3 that if 1¢ +— t/, then 1¢' completely
determines v/ and ¢'. In particular, the map is injective. O

Note that, with little abuse of notation, we can consider the x4 as abstract independent variables
over K. Any ¢’ € A gives an isomorphism

Kz, — Cli'yeoK
{xd®1 if i=deD (23)

12 v
(za)i@al if iel

K3

where v/ is the lifting matrix on ¢’ determined by v. Because of Lemma 3.0.8, the above isomorphism
doesn’t depend on ¢ but only on the chosen initial lifting matrix v on ¢. So, whenever v is clear,
we identify the above two rings by the previous isomorphism. In particular, we can think about
1t as a seed of the fraction field of (C[:C;ltl]d ® K. With this identification, it’s immediate that
L(t) =Clzty @ L(t).

Theorem 3.0.15. We have equality



Moreover, if t is of maximal rank, then
A1) = At) ey -

Proof. By Corollary 3.0.14, for any t* € A(]t), there exists a unique t' € A(t), with a well defined
lifting configuration v/, such that t* =1¢. The equality involving A(]t) is then obvious from the
definition of ]2’ and the fact that, for any d € D, then xfl € A(1¢t) since D C 1Ig.

In the following, we think about |t as a seed of the fraction field of (C[xfl]d QK. If ¢t is of
maximal rank, so is 1¢. Then using Theorem 2.1.7 and the convention that po(t) = ¢, we deduce
that (intersections run over I,y U {0}):

A= [uxf;l]d ® z(uk@))}

= Claf'y® [ﬂﬁ(ﬂk(t>:|

I +1
= A@t)lzg la
where central equality follows because (C[xdﬂ]d ® — commutes with finite intersections. O

We expect the answer to the following question to be negative in general.

Question 3.0.16. Does the equality between A(1t) and X(t)[azjﬂ]d hold without the assumption
that t is of maximal rank?

Remark 3.0.17. In the special case of ¢y, (the seed obtained from ¢ by adding principal coeffi-
cients), the second statement of the previous theorem is a consequence of [GHKK18, Proposition
8.27]. We stress the fact that, the variables (4)q being algebraically independent over K, A(t)[z']4
and A(t)[zF'], are Laurent polynomial rings over A(t) and A(t) respectively.

Corollary 3.0.18. The deletion map s : A(1t) — A(t), that is the morphism defined by s(1z;) = x;
fori eI and s(lxq) = 1 for d € D, is surjective. The kernel is the ideal generated by lxq — 1, for
deD.

Proof. This is obvious from Theorem 3.0.15. O

Lemma 3.0.19. Let ¢t be a D-seed extension of t such that D C ﬁf. If Bt : 21 — Z1wr s
surjective, there exist a lifting matriz v € ZP*! such that 1B = B.

Proof. Since B! is surjective, we can find v such that §D7. = —vB. O

To the author best knowledge, the next statement is new.

Corollary 3.0.20. Let ¢ be a D-seed extension of t such that D C Tsf. If Bt : 21 — Z1ws s
surjective, then the deletion map s : A(t) — A(t) is surjective and its kernel is the ideal generated
by x4 — 1, for d € D.

Proof. Note that the isomorphism class of an upper cluster algebra only depends on the B-matrix
and on the vertices sets of one of its seeds, and so does the desired property of s. The statement
follows from the previous lemma and Corollary 3.0.18. O
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If £ is a seed extension of ¢, the deletion map s : A(t) — A(t) is not always surjective,. An
example is given in [MM15][Section 7.1, Corollary 7.1.2]. The deletion map is always surjective at
the level of cluster algebras.

Remark 3.0.21. Let t be a seed and set D := {i’ : i € I'}. We identify Z? with Z! in the obvious
way. If we consider v = Id € Z*!, then

Consider the degree transformation ¢ defined in [Qin22, Definition 3.3.1]. By [Qin22, Remark
3.34], for any k € Iy,

€k — 1/)t,uk(tﬂ/)uk(t),t(ek) =1Bpxk-
In particular, the monomial lifting for this special v encodes the non-trivial monodromy of the maps
¢ after one mutation. See [Qin22, Remark 3.3.4] for more details. It turns out that, under some
hypothesis, the lifting matrix v has an interpretation in terms of the Cox ring of a certain partial
compactification of the cluster manifold. This is part of an ongoing work.

The results of this section should also work, with the same proofs, for cluster and upper cluster
algebras defined over Z instead then over C.

Remark 3.0.22. If v, i € ZP*! are distinct lifting matrices and 1t,, +— t, 1t " are the respective
monomial liftings, clearly 1¢, and {t, are distinct. Nevertheless, they are quasi-equivalent in the
sense of [Fral6| by [Fral6, Corollary 4.5].

3.1 Pole filtration and lifting graduation

It turns out that the graduation induced by 10 on A(]tP) has a nice geometric interpretation. To
explain this fact, we switch for a moment to a more general setting. This allows us to apply the
same ideas in the context of schemes which are suitable for lifting, which are introduced in Section
4.

In this section, D is a finite set and T is a torus of rank |D|. We denote by X (T") the character
group of T

Definition 3.1.1. Let A be a C-algebra. An almost polynomial ring over A is a quadruple
(R,V, X, ¢") where

1. R is a normal (non necessarily noetherian) C-algebra which is a domain.
2. V is a collection of discrete valuations V4 : R — Z>o U {oo}, indexed by d € D.

3. X C RP is a collection of elements such that Vg, (Xa,) = 64,.4, and

R= () Va " (Z20U{oo}) () Rpy x.
deD

4. ¢* : Ry x, — C[T] ® A is an isomorphism such that ¢*(Xy) = 24 ® 1, where the collection
(x4)q is a basis of X (T).
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When V, X and ¢* are clear, we just write that R is an almost polynomial ring over A. If an
almost polynomial ring is called R, we implicitly assume that the rest of the data is denoted by
V, X, ¢" and that R is almost polynomial over A. Moreover, R[] x, is canonically identified with
C[T] ® A via ¢*. In particular, we write Xy = 24 ® 1.

Example 3.1.2. Let ¢ be a seed of maximal rank, v a D-lifting matrix and 1¢ < t. Then we have
an almost polynomial ring over A(t):

(A(1t?),CV, 12, ¢").

Recall that |24 = 24 and A(] tD>Hd 2, = A(1t) because of Lemma 2.4.2. Moreover, the map

¢* : A(1t) — ClzF']4® A(t) defined by formula (23) is an isomorphism because of Theorem 3.0.15.
The third axiom of Definition 3.1.1 holds by statement 8 of Lemma 2.4.2. The other axioms are
trivial to check.

We refer to this as the standard quasi polynomial structure of A(|tP). Of course, Spec((C[xfl])d
is a torus with (z4)q as base of characters.

Form now on, we fix an almost polynomial ring R over A. Let s : R— A be the morphism
induced by the map C[T] ® A — A sending p ® a to p(1)a. Note that, if R = A({t"), considered
with its standard quasi-polynomial structure, then s is the deletion map of Corollary 3.0.18. We
consider Z” ordered by A < p if the inequality holds component-wise.

Definition 3.1.3 (Pole filtration). The pole filtration on the algebra A is the (ZP, <) filtration
defined by
Ay:={ae A :V¥de D, V,(1®a)>—-\d)}.

If H is an abelian group and A = P, . Ap is a graduation, we set Ay, = Ay N Ay. We say that
the pole filtration is H-graded, if for any A € Z¢, Ay = @, Ax .

It’s easy to verify that, if ¢ < A, then A, C Ay, moreover for any A, u we have Ay - A, C Ax;,
and finally Ax + A, € Apax{r,uy- We express this last inclusion saying that the pole filtration is a
tropical filtration.

We introduce a notation. Let G and H be abelian groups and B = @ By beaGx H-
(g9,h)EGXH
graded C-algebra. The G-graduation induced by the G x H one, on B, is defined as follows:

B = @ By. where, forge G Bye.= @ By p.
geG heH

Similarly, we have an induced H-graduation, for which we use an analogue notation.

Definition 3.1.4 (lifting graduation). A ZP-graduation R = @, ;n Ry is called lifting graduation,
of the pole filtration, if the following conditions hold

1. Foranyd € D, X4 € R,,.
2. The isomorphism ¢* identifies 1 ® A with the 0-degree component of Ry x,, -

3. For any A € ZP, the restriction of s to Ry is an isomorphism with Ay.
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If the pole filtration is H-graded, we say that a Z” x H graduation R = EBML Ry p, is an H-graded
lifting graduation if

1. R=&, Ry, is a lifting graduation.
2. For any (\, h) € ZP x H, the restriction of s to Ry j is an isomorphism with Ay j.

It often happens, in representation theory, that we study the components of the pole filtra-
tion on some algebra, because they are the shadows of the homogeneous components of the lifting
graduation, which is the real object of interest. For example, some classical expressions for the
generalised Littlewood-Richardson coefficients, such as [Zel02, Proposition 1.4], can be interpreted
in this setting. We explain this in section 7.1.

The following lemma is obvious but useful.
Lemma 3.1.5. A ZP x H graduation R = EBA),Z Ryp is an H-graded lifting graduation if and only
if

1. R=@, Ry is a lifting graduation.

2. The map s is H-equivariant.

Recall that if T is a torus and R is a C- algebra, there is a bijection between left actions
of T on Spec(R) and (multiplicative) graduations R = EBAeX (7 Ba- Explicitly, if o : T x

Spec(R) —» Spec(R) is an action, then R,\ is the set of 7 € R such that o *(r) = A®r. We adopt
the convention that, for any C-scheme Z, TxZi is canonically acted on by T by multiplication on
the T component. In particular, when Z = Spec(A) for a C-algebra A, then (C[T) ® Ay =10 A.
When T has a fixed base of characters w C X(T)”, then we identify Z” with X (T') through the
map n — w".

In our context, the torus 7" has a fixed base of characters determined by R: (24)q-

Proposition 3.1.6. Let R = @,c;p Rz be a graduation and consider the associated T action
on Spec(R). The graduation on R is a lifting graduation if and only if the morphism ¢ : T X
Spec(A) — Spec(R), induced by ¢*, is T-equivariant. In particular, if the lifting graduation exists,
1t 1S unique.

Proof. We identify R with a subring of C[T] ® A, using ¢*. Suppose that R = @,.,p R is a
lifting graduation. We need to prove that Ry C 2* ® A. Let r € Ry, by condition 3 in Defini-
tion 3.1.4, s(r) € Ax. Recall that Xg = x4 ® 1. Since R = (\,cp Va(Z>o U {oo}) () Ry x, and
Vi, (Xa,) = 64, a5, we have that 2* @ s(r) € R. Moreover, since X4 € R., and 1 ® s(r) is of degree
zero, then 72 ® s(r) € Ry. But the restriction of s to R is injective. Hence r = 2* ® s(r).

Conversely, suppose that ¢ is equivariant. Since X4 = x4 ® 1, we clearly have that X4 € R.,.
Similarly, condition 2 of Definition 3.1.4 is trivial to check. We want to verify condition 3. Take r €
R, then r € z*®A, in particular r = 2*®s(r). Again, since R = (e p Va H(Z>0U{o0o}) N R x,
and Vg, (X4,) = 04,45, We deduce that s(r) € Ax. Moreover, if s(r) = 0, then clearly » = 0. This
proves that the restriction of s to Ry is injective with image in Ay. For the surjectivity, notice that
if a € Ay, then 2* ® a € Ry and s(2* ® a) = a.

For the unicity part, it’s sufficient to prove that if a torus action as in the statement of the
proposition exists, then it is unique. But this is clear since R is a domain, hence Spec(Rpy x,,) is
schematically dense in Spec(R).
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The following corollary is a useful reformulation of the above proposition.

Corollary 3.1.7. A graduation R = @,.,p Ry is the lifting graduation if and only if, for any
r € Ry, then ¢*(r) = 2* @ s(r).

Proposition 3.1.8. If the lifting graduation R = @, .0 R\ exists, thenker(s) = (Xq—1 : d € D).

Proof. Let J = (X4 —1 : d € D). A standard calculation allows see that if A > 0, then X* — 1 is
in J.

We claim that, for any r € R such that s(r) # 0 and for any sufficiently large v, r — 2 ® s(r)
is in J. Let’s see that the claim allows to conclude. Indeed, take y € ker(s) and any r) € Ry such
that s(ry) # 0. In particular, 7y = 2* ® s(ry). Then for any v we can write

y=W+r)—r=w+r—2"@s(r))+rz" ' ®l-191).

Observe that s(y + ry) = s(ry) # 0. In particular, if v is sufficiently large, the claim implies that
(y+ry—a’®s(ry)) isin J, but if v > A, we also have that 7\ (2" ®1-1®1) = r\(X?"*—1) isin J.

Let’s prove the claim. Write » = " r,, where r, € R, and the sums runs over a finite set
M, such that r, # 0 if 4 € M. By the definition of lifting graduation we have that, for any
d e D, Vy(l®s(ry)) > —p(d). Then, if v > max{p : p € M}, we have that for any p € M,
¥ @ s(ry) € Ry, hence ¥ ® s(r) € R,. Then, for any such v,

r—2’@s(r) =Y (@ ®@sr)1el-a" " el) =Y rl- X"

Since for any p in the above sum v — p > 0, this proves the claim. O

Proposition 3.1.9. In the notation of Example 3.1.2, the ZP graduation on A(1t?) induced by 10
is the lifting graduation. Ift is a graded seed, then the pole filtration 1s H-graded and the graduation
induced by 1o, on A(1tP), is the H-graded lifting graduation.

Proof. For the first statement, we want to apply Corollary 3.1.7. Recall that 10 defines a graduation
on L(1t?), for which the cluster monomials form a basis of homogeneous elements. Moreover,
A(1tP) is a graded subring of £(1t”). In particular, it’s sufficient to prove that for any i €11,
¢*(1z:) = 2p'"" @ s(12;). But this is obvious from the definitions.
For the second statement, notice that the same argument as before proves that s : A(1t7) — A(t)
is H-equivariant. Using the first statement of the proposition, we have that for any A € ZP,
s+ A(1tP)x.e — A(t)x is an isomorphism. It follows at once that the pole filtration is H-graded.
Then the second statement follows from Lemma 3.1.5.

O

Corollary 3.1.10. The deletion map s : A(|tP) — A(t) is surjective with kernel the ideal generated
by lxqg — 1, for d € D.

Proof. Apply Propositions 3.1.9 and 3.1.8. O

To the author it’s not clear if Corollary 3.1.10 can be deduced from Corollary 3.0.18.
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Corollary 3.1.11. Suppose that D = Dy U Dy. Denote by v1 = vp, o, 1t <t and ]~t & t. Then

— ~D J—
A(1t ) is the quotient of A(1tP) by the ideal (1xq — 1 : d € Dy).
v ~D;
Proof. By Lemma 3.0.5, we have that if vo = vp, o, then [t M 1t . The statement follows
from Corollary 3.1.10. O

4 The minimal monomial lifting

We use the following notation. If Z is a C-scheme and f € Oz(Z), we denote with V(f) the zero
locus of f in Z, which is a closed subspace of the topological space underlying Z. We write Z()
for the set of codimension one points of Z. If Z is normal and integral, for p € Z(1), we denote
with V, : C(Z) : — Z U {oo} the valuation induced, on the fraction field of Z, by the discrete
valuation ring Oz ,. If D C Z is closed, irreducible and of codimension one, it has a unique generic
point p. Then we set Vp =V, and we say that V, is the valuation associated to D. We say that
f.g € Oz(Z) are coprime on Z if V(f)NV(g)N Z® = . Finally, we say that an open subset
0 C Z is big if Q) = Zz(1),

From now on, D is a finite set and T is torus of rank |D].

Definition 4.0.1. A suitable for D-lifting scheme is a triple (X, ¢, X) such that:
1. X is a noetherian, normal, integral C-scheme.

2. X C Ox(X)P is a collection of global sections such that, for each d € D, V(X,) is irreducible
and if Vg is the associated valuation, then Vg, (X4,) = 4, ds-

3. ¢0:TxY —X\UgV(Xy) is an open embedding such that the image is big and ¢*(Xy) =
(rq ® 1), where the collection of x4 is a base of X (7). Here Y is an irreducible C-scheme.

When the data of ¢ and X is clear, we just say that X is suitable for D-lifting. If a scheme
suitable for D-lifting is called X, we implicitly assume that the rest of the data defining it is denoted
by ¢, Y and X and that Vy; is the valuation associated to V(X ).

We use the following convention. If X is suitable for D-lifting, then we identify 7" x Y with
an open subset of X using ¢. Hence, we write C(X) = C(T x Y) and we identify C(Y") with
1® C(Y) C C(X). Then, C(X) is canonically a D- field extension of C(Y): its D-uple is X.
We stress that, with these identifications, if t is a seed of C(Y') such that A(t) = Oy (Y), then
T C (C(X)*)I"P is defined by

~ 1@z if i€l
€T; =

Xy if i=deD
We can construct affine schemes which are suitable for lifting as follows

Example 4.0.2. Let R be a finite type C-algebra which is a normal domain. Consider a collection
of elements X C RP such that the ideals (Xq4) are prime and pairwise different. Suppose that there
is an isomorphism ¢ : Ry, x, — C[T] ® A such that (X4) = 74 ® 1, where the x4 form a base of
X(T). Here A is a C-algebra. Then (Spec(R),¢*, X) is suitable for D-lifting.

We now state the main theorem of this section.
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Theorem 4.0.3. Let X be a suitable for D-lifting scheme and t be a mazimal rank seed of C(Y)
such that A(t) = Oy (Y). Suppose that, for any non-equal i,j € L,¢, ; and x; are coprime on'Y
and that, for any k € Iy, xx and x}, = pi(xy) are coprime on'Y .

Consider (C(X),v): the D-lifting configuration on t defined by

Vg = —Va(l ® ;)
Then
1. A(lt) = 0x(T x Y).
2. A(1t?) € Ox(X).

Definition 4.0.4. In the setting of Theorem 4.0.3, v and 1t? are called respectively the minimal
lifting matriz and the minimal monomial lifting of t, associated to X.

The proof is based on the well known algebraic Hartogs’ lemma

Lemma 4.0.5 (Hartogs’). Let Z be a locally noetherian normal integral scheme, then Oz(Z) =
NpezOzyp, where the intersection takes place in C(Z).

Note that Oz, consists of the rational functions with non-negative valuation on p.

For the proof, we need the following, which is usually called starfish lemma. Notice that the
proof is exactly the same of the affine case [FP16, Proposition 3.6].

Lemma 4.0.6 (starfish lemma). Let Z be a locally noetherian normal integral scheme over C and
t be a seed of C(Z) such that

1. Foranyi €I, z; € Oz(Z) and if i € I, x; € Oz(2)*.
2. For any k € Iz, x}, := ux(zx) € Oz(2).

3. For any non equal i,j € Iy, x; and x; are coprime on Z and for any i € Iy, x; and x} are
coprime on Z.

Then A(t) C Oz(Z).

Proof. Let f € A(t) and p € Z(), since f € L(t) and for any i € I,; x; € Oz(Z)*, if there is no
k € I,; such that xx(p) = 0, then f € Oz,. If it’s not the case, take k € I, such that zx(p) = 0.
Then, for any j € I,¢ \ {k}, zj(p) # 0 and z} (p) # 0. But f € L(px(t)), hence we deduce that
f € Oz,. We conclude using Lemma 4.0.5. Actually, this proves the stronger statement that the
upper bound U(t) is included in Oz(Z). O

Proof of Theorem 4.0.5. First, if e € T(C) is the identity, identifying ¥ with {e} x Y gives an
immersion (neither closed nor open) ¢ : ¥ — X. Since ¢ is a monomorphism and X is quasi-
separated, being noetherian, it follows that Y is quasi-separated. Moreover, X is locally noetherian
and ¢ is an immersion, hence ¢ is quasi-compact. In particular, Y is quasi-compact since X is. Then,
we can cover Y with finitely many affine open subsets Y;. Since Y is quasi-separated, we can cover
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each intersection Y; NY; with finitely many affine open subsets Y; ;. Consider the natural exact
sequence

00— Oy(Y) — [JOv(Yi)) — [] Ov (¥ij)
[ 1,5,k

Note that the two products in the exact sequence are finite. Since C[T]® (—) is exact, commutes
with finite products and the Y;,Y; ; ; are affine, tensoring with C[T'] yields the exact sequence

0—— (C[T] X Oy(Y) e Hz OTXy(T X Y;) e H OTXy(T X Yii,j,k)

id.k

But since the T'x Y; cover T'x Y, and the T'xY; ; , cover (T'x Y;)N(T xY;), we deduce from the
above exact sequence that C[T] ® Oy (Y) ~ Orxy (T x Y). Finally, we deduce the first statement
from Theorem 3.0.15 and the fact that ¢ is an open embedding.

For the second statement, we want to apply the starfish lemma. Let p € (1), Since X is suitable
for lifting, p € (T x V)M or p = V(X,) for a certain d € D. In the last case, d is unique. Note
that for any m € Z”, then

V(@™ 0 if pe(TxY)®
xr =
P ma if D= V(Xy).

Then we easily compute that, for any i € I,

: 1
V() = {Vp(l @) i pe(x 1) (24
0 it p=V(Xy).

It follows from the Hartogs’ lemma that 1z, € Ox(X). Moreover, if ¢ €] I,y = Is5 then
1z, € Ox(X)* and clearly 1zq = Xq € Ox(X). Now fix i,j € Iy :]Ig} with ¢ # j, we want to
prove that ]z; and |z; are coprime on X. By the previous calculation, it’s sufficient to prove that
they’re coprime on T' x Y, which is equivalent to the comprimality of 1 ® x; and 1 ® x; because, for
any d € D, Xg € Ox(T xY)*. Take a point p € T x Y such that 1 ® z;(p) =0 =1 ® z,(p). Take
an affine open subset U =~ SpecA, of Y, such that p € T' x U. Note that A is a normal domain.
Then we can identify p with a prime of C[T] ® A which contains 1 ® ; and 1 ® ;. If we look at
the natural map A — C[T] ® A that sends a to 1 ® a, we have that p° is a prime ideal of A that
contains x; and x; ((—)¢ denotes the contraction of ideals). Since x; and z; are coprime on Y, there
exists a non-zero prime g of A such that ¢ is strictly contained in p©. Since C is algebraically closed
and C[T] is a finitely generated C-algebra which is a domain, then for any C-algebra B which is a
domain, C[T] ® B is again a domain. In particular, tensoring with C[T] sends prime ideals of A
to prime ideals of C[T] ® A and it preserves strict inclusion because of exactness. It follows that
0C ClTI®q < C[T]®p® C p. Hence p has height at least 2, so 1 ® x; and 1 ® x; are comprime on
Y.

Finally, observe that for any k € Iy, z} := px(1xg) is regular on T x Y because of Lemma
3.0.8. Moreover, from the exchange relation (3) and the fact that, for any d € D, V4(1ax) = 0, it
follows that Vg(x}) > 0. Hence z} € Ox(X) by Hartogs’ Lemma 4.0.5. Finally, call ¢ = p(t) and

V' = uy(v). Since 2} = (1 ® x,)z ** by Lemma 3.0.8, the previous argument also proves that x7}
and |z, are coprime on X. Then, A(t?) C Ox(X) follows from Lemma 4.0.6. O
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Corollary 4.0.7 (Of the proof). If X is suitable for D-lifting, then (Ox(X),V, X, $*) is an almost
polynomial ring over Oy (Y).

The following lemma allows to produce a nice class of suitable for D-lifting schemes.

Lemma 4.0.8. Let (X,¢,X) be a triple that satisfies the first two conditions of Definition 4.0.1
and such that ¢ : T XY — X\ UgV (Xy) is an open embedding with big image. If moreover Y is

an irreducible C-scheme such that Oy (Y)* = C*, and there exist a point y € Y such that, for any
de D ¢*(Xa)(e,y) =1, then (X, ¢, X) is suitable for D-lifting.

Proof. We just need to prove that, for any d € D, ¢*(X4) = 24 ® 1 and the collection of z,4 is a
base of X (7).

The argument at the beginning of the proof of Theorem 4.0.3 implies that Ox(T x Y) =
C[T] ® Oy (Y). Since Oy (Y) is a domain and Oy (Y)* = C*, it follows that

Ox(TxY)* ={A@c: A€ X(T),ceC}.

But ¢*(X4) € Ox(T x Y)* by Hartogs’ lemma, moreover ¢*(Xg4)(e,y) = 1. Hence there exist
xq € X(T) such that ¢*(X,) = 24 ® 1. Let A € X(T)P be a base of X(T) and Div € ZP*P be
defined by

Diva, 4, = Va, (Mg, ®1).

Since ) is a base of X(T'), there exists A € ZP*P such that A = (24)4. Hence Div - A = Id. This
implies that (z4)q is a base of X(T).
O

From now on we suppose to be in the setting of Theorem 4.0.3. In particular, X, ¢ are fixed, v,
1tP denote respectively the minimal lifting matrix and the minimal monomial lifting of ¢ associated
to X.

The hypothesis of coprimality of Theorem 4.0.3 often holds. For example:

Lemma 4.0.9. IfY is affine and Oy (Y) is factorial then, for any i,j € L,y with i # j, x; and x;
are coprime on Y. Moreover, for any k € I,¢, xi and x}, := px(xx) are coprime on'Y.

Proof. No mutable vertex of ¢ is completely disconnected because ¢ is of maximal rank. Then, by
Theorem 2.1.8, any non semi-frozen cluster variable z is irreducible in Oy (Y'), hence (z) is prime.
In particular, two cluster variables z and z’ are coprime if and only if (z) # (2’). The lemma follows
from the second part of Theorem 2.1.8. O

To the author’s best knowledge, no general coprimality criteria for cluster variables in an upper
cluster algebra is known. In [CKQ22], the authors develop some usefull criteria to study factoriality
in upper cluster algebras of maximal rank.

The minimal monomial lifting is the only possible candidate to give a cluster structure on Ox(X)
compatible with the one on Oy (Y) in the following sense.

Theorem 4.0.10. Let t be a seed of C(X), p € ZP*! and X\ € ZP*1us such that:

1. t is a D-pointed field field extension of t.
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~He,i

2. Foranyi€el, Ei:mixD

~ /\Ao k
3. For any k € Ly, p(Tr) = (1) 75
If A(t) = Ox (%), then p = v and t =1tP.

Proof. For any d € D, Xq & Ox(X)*. Tt follows that D C fhf. We claim that, for any d € D and
i € I, V4(z;) = 0. This implies that u = v because

Va(@i) = Valx: ® 1) + pas = —Vai + Hd,i-

If i € Iy, since Iy C fsf, then T; € Ox(X)*. Then the claim follows from the Hartogs’ lemma.
Similarly, if ¢ € I, hence @ ¢ fsf, then Z; is irreducible in Ox(X). Then the claim follows from
Hartogs’ lemma and the second hypothesis in Definition 4.0.1. For the final statement, it’s sufficient
to apply Proposition 3.0.9 to tp. O

Corollary 4.0.11. Let k € L,¢, t' = px(t) and v/ = pp(v). If A(JtP) = Ox(X), then v and px((1
t"\P) are respectively the minimal lifting matriz and the minimal monomial lifting of t' associated
to X.

Proof. Because of statement 5 of Lemma 2.4.2 and Lemma 3.0.8, we can apply the previous theorem
with ¢ = p(1t?) (considered as an extension of ¢'), p =1/ and Ae; = p1;(V')e; O

We expect the answer to the following question to be negative, in general, without the assump-
tion that A(1tP) = Ox(X).

Question 4.0.12. If k € L, is ux(v) the minimal lifting matriz of uy(t) associated to X7

It’s interesting to notice that, reinterpreting the results of [Eei?l] in this light, as it is done in

Section 8.2, one can construct an example where A(t) = A(t), A(1tP) = Ox(X) but A(1t?) # A(1
tP). See |Fei21|[Example 8.3].

4.1 Equality conditions

In this section we suppose to be in the setting of Theorem 4.0.3. In particular, X, ¢ are fixed, v and
1tP denote the minimal lifting matrix and the minimal monomial lifting of ¢, associated to X. It’s
easy to see that we don’t always have equality between A({t”) and Ox(X). Because of Theorem
4.0.3, the lack of equality should be caused by some bad behaviour along the divisors V(Xg).

Example 4.1.1. We make an affine example in the spirit of Example 4.0.2. Consider R =
Cly, z, X, I’;z] where y,z and X are abstract independent variables. Notice that R is a poly-

nomial ring in the variables y, X, 2 and we have an isomorphism Rx ~ Cly, 2] ® C[X*!]. The
ring C[y, 2] is the upper cluster algebra of the seed ¢ which has only highly-frozen vertices and has
1y, z as cluster variables. Here D consists of one element associated to the prime ideal generated by
X. Applying the minimal monomial lifting we get A(1t”) = C[y, z, X] which is not equal to R. In
this very simple example we clearly see the problem: the cluster valuation of y 4+ z along the new
frozen vertex is zero. If we had equality between A({t”) and R, it should be one.

Lemma 4.1.2. For any f € Ox(X) and d € D, we have Vy(f) > CVy(f). Here CVq is the cluster
valuation defined in 2.3.1.
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Proof. 1t’s clear from (24) that, for any i € I and d € D, Vy(]z;) = CV4(1;). Since f € A(]t) by

Theorem 4.0.3, then we can write f = % where P is a polynomial in the cluster variables of |z,

which is not divisible by any unfrozen or semi-frozen variable of ¢, and
M = H T
i€l p Ul UUD

is a Laurent monomial. Note that, for any d € D, we have CV4(P) = 0. Moreover, since P € Ox (%)
because of Theorem 4.0.3 and the Laurent phenomenon, then V;(P) > 0. Then

CVd(f) = CVd(P) — CVd(M) = —mg = —Vd(M) < Vd(P) — Vd(M) = Vd(f)

Proposition 4.1.3. Suppose that t* € A(lt). The following are equivalent
1. A(1tP) = 0x(X).
2. For any d € D, Ox(X) C L((t*){?).
3. For any d € D, CV(0% (X)) C NU {o0}.
4. For any d € D, CVyq > V4 over Ox(X).
5. For anyd € D, CVy = Vg over Ox(X).

Proof. Condition 1 implies 2 and 2 implies 3 are obvious. For 3 implies 4, suppose there exists
f € Ox(X) and d € D such that ng = Vyq(f) > CV4(f). Then % € Ox(X) and CV,(f) < 0, which
is a contradiction. Then 4 implies 5 because of Lemma 4.1.2. Figally, 5 implies that CV; = V,; holds
over the fraction field of O (X), that we denote by F. By Theorem 4.0.3, F is also the fraction field of
A(1t). Then Hartogs’ lemma and Theorem 4.0.3 imply that Ox(X) = (e p Va * (Z=oU{oo}) N A(]
t). Hence, using part 8 of Lemma 2.4.2, we deduce that 5 implies 1. O

Corollary 4.1.4 (of the proof). Conditions 2 to 5 of Proposition 4.1.3 are equivalent at d fized,
for any d € D.

Proposition 4.1.5. Let D' C D, then Ox(X) € A(tP") if and only if D' C {d : Vg = CV4}.

Proof. Note that Ox(X) C A(t?") if and only if for any t* € A(1t) and d € D', Ox(X) C L((¢*){9}).
Then the statement follows from Corollary 4.1.4. O

Observe that Oy (Y) has two pole filtrations: one coming from Ox(X) and the other one coming
from the standard almost polynomial structure of A({¢”). The one coming from Ox(X) may not
admit a lifting graduation.

Corollary 4.1.6. If A(1tP) = Ox(X), then the two pole filtrations on Oy (Y') coincide. In particular
there exists an action of T on Spec(Ox(X)) such that the map T x Spec(Oy (Y)) — Spec(Ox (%))
iduced by ¢* is equivariant.

Proof. Because of Proposition 4.1.3, V = CV. Hence the two pole filtrations on Oy (Y") coincide.
The rest of the corollary is a direct consequence of Propositions 3.1.9 and 3.1.6. O
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Thus, when X is affine, the existence of a torus action on X extending the one on 7' x Y is
a necessary condition for having equality between A(]t”) and Ox(X). In general, we have the
following lemma.

Lemma 4.1.7. Suppose that there is an action of T on X which extends the one on T X Y. Then
A(1tP), with the graduation induced by 10, is a graded subalgebra of Ox(X) which is ZP -graded by
the action of T'.

Proof. Consider the induced T-action on Spec(Ox(X)). By Theorem 4.0.3 we have an open embed-
ding T x Spec(Oy (Y)) — Spec(Ox (X)) induced by ¢*, which is clearly T-equivariant. By Lemma
3.1.6, the graduation on Ox(X) is a lifting graduation. We denote by deg(f) the degree of an
homogeneous element f € Ox(X). From the definition of lifting graduation we have that, for d € D,
deg(zq4) = deg(X4) = eq. Moreover, for i € I,

deg(lz;) = deg(l ® x;) + deg(X"*) = Ve ;.

Hence, for any ¢ €]/, the degree of ]z; as an element of Ox (X) is the same as its degree as an element
of A(1t"). In particular, the two graduations coincide on £(1t). The lemma follows because both
A(1tP) and Ox(X) are graded subalgebras of L({t). O

Definition 4.1.8. A suitable for D-lifting scheme is said to be homogeneously suitable for D-lifting
if the T-action of T on T' X Y extends to an action on X.

Corollary 4.1.6 and Lemma 4.1.7 suggest that homogeneous suitable for D-lifting schemes, should
provide a good environment where the minimal monomial lifting technique could give important
informations.

Finally, we improve Proposition 4.1.3 in the affine case. That is (X, ¢, X) is constructed as in
Example 4.0.2 from a given (R,, X). Let t* € A(]t) and recall that C[t*] denotes the polynomial
ring in the cluster variables of the seed ¢*. By Theorem 4.0.3, we have inclusions C[t*] C R C L(t*),
which corresponds to maps

Spec(L(t*)) “= % 5 Spec(C[t*])
where 1+ is an open embedding whose image is a principal open subset.
Proposition 4.1.9. The following are equivalent

1. A(1tP) = R.

2. For any d € D there exists a map 1% : Spec(L((t*){%) — X extending 14-. In this case 1l is

an open embedding.

3. If pq (resp. q) is the point of X (resp. Spec(C[t*]) corresponding to the ideal generated by
X4, then m(pa) = q;. That is m- does not contract the diwvisor {pq}.

Proof. Condition 1 implies 2 is a reformulation of the same implication in Proposition 4.1.3. The fact
that, if 1% exists, then it is an open embedding, is because if R C £((t*)1%}), then the localisation
of R at all the unfrozen and semi-frozen variables of (t*)1% is £((t*){?}) since C[t*] C R. If 2
holds, then Spec(L£((t*){?})) can be identified with an open subscheme of X containing py. Since
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T« 0 . corresponds to the natural inclusion C[t*] C £((+*){%}), it clearly sends pg to ¢j. Finally,
if condition 3 holds, then we have an inclusion Ospec(C[t*]),q; C Oxp,- But these two rings are
discrete valuation domains with the same fraction field, hence they have to be equal. In particular
CV4 = V4 on C(X), hence condition 3 implies 1 by Proposition 4.1.3. O
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5 Preliminaries on algebraic groups

5.1 Some classical facts and notation

In this section we introduce the notation and recall some classical facts about algebraic groups, we
mostly follow [FZ99]. From now on, unless explicitly stated, G is a complex, semisimple, simply
connected algebraic group of rank r and B, B~ are opposite Borel subgroups with unipotent radi-
cals U and U~ respectively. Let T'= B N B~, which is a maximal torus of G, and W = Ng(T)/T
be the Weyl group. Denote by g, b, u, b—, u~ and h the Lie algebras of G,B,U,B~, U~ and T
respectively. We denote by X (T') and X (7)Y the set of characters and cocharacters of T respec-
tively. We write (—, —) for the natural pairing beteen X (7') and X (T')¥. Let ® C X (T') be the root
system of G and A C ® be the set of simple roots determined by B. We denote by ®* the positive
roots and ®~ = —®™T the negative ones, so that the root space g, C u for « € ®*. For 8 € ®,
BY € X(T)V is the corresponding coroot. We denote by A = (aq,g)a.pea the Cartan matriz, which
is defined by aq,3 = (8,a"). The character group X (T') is free on the set of fundamental weights
Wq, indexed by the simple roots a € A. For 3 € ®, we denote by sg € W the associated reflection.
The set {s, : @ € A} is a set of simple reflection of W as a Coxeter group.

Given a representation V of G and p € X (T'), we denote the associated weight space by
V,={veV :t-v=p(t)forteT}.

Recall that V = @#GX(T) V.. We consider V* as a representation of G as follows: if ¢ € V7,

g € G and v € V, then (gp)(v) = p(g ). Let X(T)" be the set of dominant characters of T
For A € X(T)™", the associated irreducible representation of G is denoted by V(). If A € X(T),
we denote by \* = —wgA. This defines a linear automorphism of X (T) that stabilises X (T)T. In
particular, V(A)* = V/(\*).

The following discussion holds for a general connected reductive group G. Consider the action
of G x G on G defined by (g1, 92)-9 = g1992*. This gives to C[G] the structure of a G x G module.
We have an isomorphism of G x G representations:

b viyrevey — ca
AEX (T)+ (25)
(ea®@ua)a = (g >\ algun)).

Consider the action of U~ (resp. U) on G by left (resp. right) multiplication. Then,
ClG)Y =ClU-\G] C[G)Y =C|G/U].

The two rings above inherit from G a natural structure of G-module. For any A € X(T)*, we
fix elements ¢, € (V(A)*)Y = V(A)*, and vi € V(A)Y = V(X)) such that ¢, (vi) = 1. Then,
we have isomorphisms of G-modules:

b vy — clav b vy — ceY
AEX(T)+ AEX(T)+ (26)
(@) = (g 22\ vy (972)) (Ua)a — (g— X\ algv))).
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Moreover, since T normalises U and U~, T acts on U~ \ G (resp. G/U) by left (resp. right)
multiplication. It’s easy to notice that the homogeneous components of the X (7T) graduations
induced by these actions, on the two rings, coincide with the decomposition given above into G-
modules. In particular, for A € X (7)),

(CIG]” A=V (CIG))a =V (N, (27)

were of course we set V() = V(A)* = 0 if A is not a dominant character. To avoid confusion, we
recall that, accordingly to the notation introduced in Section 3.1

(CIG)Y ) ={f €CI[GIY : f(tg) = A(t)f(g) for anyt € T, g € G}
(CIGY)r ={f € C[G]Y : f(gt) = A(t)f(g) for any t € T, g € G}.
5.2 Generalised minors

For any 8 € ®T, we chose an sly-triple (X3, Hg, X_3) such that Xy € g, Hg € b, and
[XB’X—B] = Hg. Fort € C and 8 € P, let

25(t) = exp(tXs). (28)
For a € A, denote by ¢, : SLs — G the morphism determined by the sly-triple associated to
«, so that
1 ¢\ t 0\ 1 0\
Pa (0 1> - l’a(t) Po (0 t_1> =« (t) Po <t 1> - .’E,a(t).
We define

Sai=¢ (? 01) : (29)

A sequence i = (i, ...,1;), of elements of A, is called reduced expression for w € W ifs;, ...s; =w
and [ is minimal. In this case, [ = ¢(w) where ¢ is the length function of the Coxeter group W. We
denote by R(w) the set of reduced expressions of w, and by wy the longest element of W. Recall
that, by a result of Matsumoto and Tits, any two reduced expressions of the same element can be
obtained from each other by applying a sequence of braid moves. The support of w, denoted by
supp(w), is the set of simple reflections appearing in a fixed (equivalently in any) reduced expression
of w. Since the family {3, : @ € A} verify the braid relations, if i = (i, ...,4;) € R(w), the element

W =3 ...5

doesn’t depend on i. We will make an extensive use of the following fundamental commutation
relations. If « € A and t € C*, then

Za ()30 = 2ot 1V (t)xa(—t71)

S r_o(t) = o a(—t=Y)a (Daa(t)). (30)

We consider the Bruhat decomposition

G= |_| B~ wB

wew
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and denote by Gy = B~ B the open cell. Recall that the product induces an isomorphism of vari-
eties between U~ x T'x B and B~ B. In particular, an element = € G can be written uniquely as
x = [z]_[z]o[z]4 where [z]_ € U™, [z]o € T and [z]; € U. Moreover, G\ Go = J,cp B~ 5.8 and

the set of B~s,B consists of pairwise distinct divisors of G.

For any a € A, we define the generalised minor AT as the element of C[G] corresponding to
. @uL  via (25). Namely
AZTe(9) = Pz, (9v5,)- (31)

The generalised minor A is the only regular function on G, such that for any x € Go, AZ¢ (v) =
@a([z]o). Then, if v,w € W, we define the generalised minor A7s by A¥s = (v,w)-AF¢. Explicitly,
if g € G, then

ATh(g) = AZe (v gw). (32)
Note that our notation is slightly different from the classical one where AT is denoted by
Ay, we, - We denote by <pg the right weak order on W: v <g w if and only if ¢(w) = ¢(v) +
£(v~'w). We recall a bunch of well known properties of the generalised minors that are either trivial
or can be found in [FZ99| ([FZ99|[Propositions 2.2,2.4, Section 2.7]) and that are largely used in

this text.
Lemma 5.2.1 (Basic properties of minors). Let o € A, v,w, v, w’ € W and h,h' € T, then
1. Ifvwg = V'we and ww, = w'w,, then ATs, = Asz,.

2. A% is oU v -invariant on the left and wUw ™! invariant on the right.

3. Avw,;j,(hgh') = vwa(h)wwa(h’)Avm,;j)(g).

4. The zero locus of AZg is B~ s.B.

5. A7, vanishes on U if and only if it vanishes on U N vUv~ P NwU w1
6. If v <r w, then ATs, doesn’t vanish on U.

7. AZ% doesnt vanish on U.

Fomin and Zelevinsky proved the following fundamental identity [FZ99, Theorem 1.17|, which
stands at the very base of the known cluster algebra structures related to G.

Theorem 5.2.2. For any o € A and v,w € W, such that £(vs,) = £(v)+1 and l(ws,) = l(w)+1,
then
ATOATe o = AT AT+ [ AT e

VW VS o, WSy VS, W=V, WSq
seA\{a}

The following lemma seems well known but we add a proof because of a lack of a precise
reference.

Lemma 5.2.3. For any o € A and v,w € W, the generalised minor ATs, is irreducible in C[G].

Moreover, the ideals generated by AZg are pairwise different.

The proof relies on the following well known fact, which can be found in [PV94] (Theorem 3.7
and proof of Theorem 3.1) and which is frequently used in this text.
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Lemma 5.2.4. Let R be a factorial C-algebra of finite type and H be a connected algebraic group
acting on R. If X(H) = {e} then

o R s factorial.
o An element f € RY is irreducible, in R™, if and only if it is irreducible in R.
o If f € R its factorisations into irreducibles in RY and in R coincide.

Proof of Lemma 5.2.8. From the definitions, for proving that A¥e is irreducible, it’s sufficient to

v,w
prove that A% is irreducible. Since G is semi-simple and simply connected, then C[G] is factorial.

Consider the U~ x U-action on G defined by (u=,u)-g = u~gu~!. Since U~ x U is connected

and has no non-trivial character, Lemma 5.2.4 applies. Let C[T;3]gea be a polynomial ring in the
independent variables Tjz. From (25), we easily deduce that the map

ClTslpg — C[G]Y *V
Tﬁ — AZ?

is an isomorphism. Since Ty, is irreducible in C[Ts]s, we deduce from Lemma 5.2.4 that ATg is

irreducible in C[G]. The last part of the statement follows from the fact that V(AFTg) = B~ s, B
and these divisors are pairwise distinct.

5.3 Cluster structure on U(w)
Let w € W, we set ®(w) = &+ Nw~1®~ the set of inversions of w. Let
U(w) :=Unw U w.

This is the T-stable subgroup of U whose Lie algebra is the direct sum of the root spaces corre-
sponding to ®(w). We recall the cluster algebra structure constructed by Goodearl and Yakimov
on C[U(w)], in [GY21, Theorem 7.3], which coincides with the one found by Geiss, Leclerc and
Schroer, in [GLS11], in the simply laced case, for G simple. Actually, in [GY21] the construction is
done in the quantum setting. The specialisation to the classical setting is made possible by [DM21,
Theorem 1.6]. Note that [GY21] and [GLS11] adopt different conventions for the meaning of N (w).
In what follows, we slightly modify the notation of Goodearl and Yakimov, our notation is almost
identical to the one used by Geiss, Leclerc and Schréer.

Fix i= (if,...,41) € R(w). We denote
w;i = Siy ... Sipy W<k = Sy .- Siy = (w;i)_l (33)
For k € {1,...,l} we use the notation
Et=min{{k<j<l:ij=i, b U{l+1}} Kk =max{{l1<j<k:ij=ix}U{0}}. (34)
Moreover, for a simple root « such that s, € supp(w), we denote
™ =min{l <k<l:ip=0a} o™ =max{1<k<I:i,=al. (35)
Recall that A = (aq,8)a,gea is the Cartan matrix of ®. For an integer N € N, we use the notation
[N]=A{1,...,N}.
We consider the seed ¢t = t;, of C(U(w)), defined as follows:
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- The vertex set is I = [I]. Moreover, I,y = () and Iy = {a™** : s, € supp(w)}.

- For j € I,k € 1,5, the coeflicient b; 1 of the generalised exchange matrix B is defined by

1 if =k
~1 if j=k*
bk =19 @i, i j<k<jt <kt (36)
—a;,q, if k<j<kt<jt
0 otherwise

- For k € I, the cluster variable x;, € C[U(w)] is the restriction at U(w) of a principal minor,
in particular:

T = (Awik

-1
ew_y

U (w) (37)

We refer to the generalised minor in (37) as the minor defining .

Example 5.3.1. Let G =SL3, A = {1,2} and i = (1,2,1) € R(wp). Here U = U(wy) and

1 a b
U(C){ 01 ¢ :a,b,cE(C}.
0 0 1

The seed t = t; is graphically represented by the following quiver

2

N

M (1

and its cluster variables are
r1=a To=ac—b x3=0.

Note that p(x1) = c.
The following is well known but we add a proof for completeness.
Lemma 5.3.2. The seed t is of mazimal rank.

Proof. This is the argument of [BFZ05, Proposition 2.6]. Consider the minor of B whose rows are
indexed by I:f =1\ {a™" : s, € supp(w)} and columns indexed by I,,;. The map I;[f — I,y
sending i to i~ is a bijection. Order the rows of the minor according to the natural order, induced
by N, and the columns accordingly to the above bijection, that is: i~ < j~ if and only if ¢ < j. Then,
it’s immediate to check that the minor considered is upper triangular with —1’s on the diagonal. [

Theorem 5.3.3. We have equalities A(t) = A(t) = C[U (w)].
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It’s known that, for G simple and simply laced and for any i € R(w), the seed t; is injective
reachable. See for instance [Qin22] and [GLS11]. Moreover, it’s known and not difficult to verify
that, in the simply laced case, the cluster structure described above doesn’t depend on the reduced
expression. In particular if i,i" € R(w), then ¢; ~ t;. To the author’s best knowledge, no similar
result is known in the non simply-laced case (see [BFZ05, Remark 2.14]).

Finally, we ask a question of combinatorial nature whose importance is explained at the end of
Section 7.4.

Question 5.3.4. Let w € W, i € R(w) and t = t;. Moreover, let o € X (T)“) be the collection of
weights defined by oj, = w;;wik — w;,,. Is 0 a X(T)-degree configuration on t?
We will prove in a different work that the answer to the previous question is positive if G is

simply connected and w = wy is the longest element of W.

Example 5.3.5. Let G = SLy. We use the notation of [Bou68|. Let i = (2,3,1,2) € R(z) where z
is the permutation (1, 3)(2,4). We can compute that

t; 3 oi €4 — €2
o] ——— M4 €3 — €9 €3+ €4 —€1 — €2
m2 €3 —¢€1

The answer to Question 5.3.4 is positive in this case since the only mutable vertex is 1 and ;4 =
0i,2 + 0i,3-

5.4 Technical properties of minors I: on vanishing and twist

This section and the next one are quite technical. The reader can skip them for a first reading,
even though the results obtained are crucial for proving Theorems 8.1.1, 8.2.1.

In this section we fix o, 3 € A and v,w € W.

Lemma 5.4.1. The generalised minor A<, vanishes on U if and only if s, is not in the support
of w.

Proof. If s, is not in the support of w, then A7+, = AF=_ because of Lemma 5.2.1. The zero locus
of this last function is s, B~s,B, which clearly contains U.

Next, suppose that AP«  vanishes on U. This means that U C s,B~s,Bw™'. Note that

Sa,W

saB~s,Bw ™" is a closed, irreducible subvariety of G of codimension 1, and it is 5,8~ s,-stable by
left multiplication. Since also s, B~s,U = soB~s,B is closed, irredcuible and of codimension 1 in
G, we have that the previous inclusion is equivalent to sa B~ 548 = 54 B~ s Bw™". Then

$qB 808 = 5, B sqBw ' <= s,woBwseB = sqwoBwys,Bw ™!
< BwseB = BwysqBw ™! (38)
<= Bsaw,B/B =wBs,wyB/B.
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The last equality is between two closed, irreducible T-stable, subvarieties of G/B. Recall that
the T-fixed points of G/B are canonically identified with W, and that

(BuB/B)T ={z e W : z <0},

where < denotes the Bruhat order on W. Note also that by the sub-word property of Coxeter
groups, s, € supp(w) if and only if s, < w. Moreover, s, € supp(w) <= s, € supp(w~!). Finally,
recall that right multiplication by wq reverses the Bruhat order. In particular, by looking at T-
fixed points, we have that the last equality in (38) implies the first of the following equalities

{v:v<sqwpt ={wv : v<swpt<= {v:vwy>sa}={wv:vwy> s}
<— {ovwp :v > 54} = {wowy 1 v > 84}

By contradiction, if s, € supp(w), then w™! > s,, hence wy belongs to the RHS of the last
equality, looking at the LHS we deduce that e > s,, which is a contradiction.
O

The following is a well known result about the representation theory of SLs. See for example
[FZ99, Lemma 2.8]. Recall that, if § € ® and n is a positive integer, then the divided power Xé")

denotes %, which is an element of the envelopping algebra of g.

Lemma 5.4.2. Let V be a representation of sl, and v— € V (resp. vt € V) a lowest (resp.
highest) weight vector of weight —m (resp. m) for m € N. Then

X,g")v_ _ {0 if n>m M+ {0 if n>m

s;tvT if n=m. - ST if n=m.

Next, we do some calculations that will be crucial in the following.

Lemma 5.4.3. Lett € C, g € G and N = (—ww,, 3"). Then

AT (9) if wlfedt
SN " Qn-nlg) if wlBE DT

for some Q; € C[G], such that Qo = ATs,,, and Qn = AT,

AT (gr(t) = {

Proof. If w=!5 € ®7, the statement follows from Lemma 5.2.1. Otherwise, we have that

AT (grs(t)) = >t (9X S wol).
neN

Note that, if w8 € &, then Ev;a is a lowest weight vector for slg of weight (ww,, "), hence
Lemma 5.4.2 applies. In particular, for n > N the corresponding factor of the above sum is
zero. For n € {0,..., N} we set Qn_n(g9) = Uy, (gXé")@v;a). Clearly, Qn = A%2. Moreover,

v,w*

XéN)Enga =353 'wuf_. But since w™'3 € ®, then w = 5g53w. The lemma follows. O

We have a variation of the previous lemma relative to the action of elements of U~ .
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Lemma 5.4.4. Lett € C, g € G and N = (ww,, 8Y). Then

@ _ JATs(9) if wlged-
Av,w(gx—ﬁ(t)) - {Zﬁl_o than(g) ’Lf ﬂ)ilﬁ c (I)Jr

for some Q; € C[G], such that Qo = AT2 . and Qn = AT=

v,SgwWw v,w

Proof. Literally the same proof of Lemma 5.4.3. Just notice that if w='8 € ®*, then wul is a
highest weight vector for sl of weight (ww,, 8Y). O

Lemma 5.4.5. Let t € C, g € G and N = (vw,, V). Then
- A%e (g if v iBe®™
ATy (wa(t)g) = § S roe,
anot Py _n(g) if v Be®
for some P; € C[G], such that Py = AT, , and Py = A5,

Proof. One can prove the statement by direct calculation, otherwise we can reduce to Lemma 5.4.3.
Following [FZ99], let (—)* be the involutive anti-authomorphism of the group G defined by

() =2 (t) x_,(t) =x_,(t) h'=h"'! for yEA, heT.
By [FZ99, Proposition 2.7], we have that for any v € A and g € G

AT () = Awibgowo (9") (39)

In particular, form Lemma 5.4.3 we deduce that

AT 0w (9") = AT5(g) if wov 1B € dF

A’Uwvi)(xﬁ(t)g) = AS&O,UwO (ng.ﬁ(t)) = {ZM thM (gL) 1f 'lU[)’U_lﬂ c q)_
n=0 -n

where M = (—vwow?, 8Y). Since w) = —wow, we have that M = N. Then we set P,(g) = Qn(g")-
Using again [FZ99][Proposition 2.7], we deduce the desired expression for Py and Py from the
expression of Qg and Qn given in Lemma 5.4.3. Finally, notice that

wov 1B eDT = v 1B D

O

Remark 5.4.6. Note that, if (vw,, ") = 0, then sgvw, = vw, — (Vwa, 8Y)8 = vw,. Hence Py
and Py agree in this case because of Lemma 5.2.1, so there’s no ambiguity. For Qg and Qy we
have the same phenomenon. The convention about the enumeration of the coefficients P is due to
the fact that we want it to be compatible with the expansion of tNAFg (z3(t™')g), and similarly
for the coefficients Q.

The next statement is a special case of the previous lemma.
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Lemma 5.4.7. Lett € C and g € G. We have that

- AT (9) if a#p
AP u;( ( )g) {Awa (g) + tA;'iloiw(g) Zf o = 6

Proof. Obvious from Lemma 5.4.5. U

Remark 5.4.8 (A remark on products). We fix a quite obvious convention relative to products.
Suppose that two complex, semisimple, simply connected groups G; and G2 are given. Moreover,
suppose that, for 1 = 1,2 and «; € A;, we have already fixed a Torus and a Borel T;, B; C G; and
an slo-triple (X, Ha,, X—a,). Then we automatically make the following choices in G = G X Ga:
the torus T' = T} x Ty, the Borel B = By X By and, for a € A = A U Ay, the sl triple associated
to a, in g = g1 @ go, is the one in g;/5 accordingly if o € Ay/,. In particular, with this choice,
if @ = a1 € Ay, then 55 = (54,,¢), while if @ = ap € Ay, then 5, = (e,35,,). Hence, for any
w = (w1, ws) € W =W x Wy, we have that

w = (W, Wz).
The fundamental weights of 77 x T are of the form (w,,,0) and (0, w,,) and we have

Al 0 — AT, @1 and AT = 1@ Avd,. (40)

(v1,02),(w1,w2) — (v1,02),(w1,wa)

5.5 Technical properties of minors II: on algebraic independence

We study algebraic independence of the restriction of some generalised minors to some T-stable
subgroup of U.

Fix z € W and i € R(z). Let | = ¢(z) and t = ¢;. Recall that, for 1 < j <[, z; € C(U(z))
denotes the j-th cluster variable of the seed t.

Left twist: the case of U(z)

We fix a@ € A such that s, € supp(z). In this subsection, for 8 € A and v,w € W, we denote by
Dy 4, the restriction of Ag 4 to U(2).

Lemma 5.5.1. The following equality holds

a™ in _

sa,z H Su,Z<J

<qmin

Wi .

Wi j

i =D

for some non-negative integers c;. Moreover, for j < o™", we have that DS : een
< <J

Proof. Note that z;;mm = 2'sq where 2’ = 8;,...5(; ., ), or 2 = eif a™? = 1. We apply
Theorem 5.2.2 with w = 2’ and v = e.
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Note that s, ¢ supp(z’), hence z'w, = w, and so A7 = AFe by Lemma 5.2.1. Moreover,

DZ¢ = 1. Similarly, from Lemma 5.4.1 we deduce that Dwﬂ = Dwa = 0. So, Theorem 5.2.2
specialises to the following identity:

D ) RO
™ Bea\{a}

But for 8 # «, (D F,)~%« = (D7”_,)~ % because of Lemma 5.2.1. Moreover, if s5 ¢ supp(2’),

e,z SasZ

(D7? )9« =1, while if sg € supp(2’) and kg = max{j € {1,...,a™" —1} : i; = 8}, by Lemma

SayZ
5.2.1 we have that
W — w —
(DT2,) o = (D72 _, )0,
@1 %<kg

In particular, for j < o™, setting

—ago if j=kg forsome fS#a.
cj =
! 0 otherwise

we have proved the first part of the statement. The last part is obvious from Lemma 5.2.1 and the
definition of a™in, O

Lemma 5.5.2. For any k <, the following equality of subfields of C(U(w)) holds:

C(zgmin Dswij L J <k j#£a™) =Clzgmn, x5 1 j < k,j# ™).

(xvzgj

In particular, the functions {Dimjz,1 0§ <1,§ # o™} are algebraically independent.
Sarig;

Proof. Recall that z; = D B We prove the equality by induction on k. For £ = 0 there is
nothing to prove. Suppose that the equality has been proved for k and call

F = C(zqmin Djmj 1§ <k,j#a™) =Clzgmn, xj 1 j < k,j# ™).

SenZg

If £+ 1 = o™, there is nothing to prove. Similarly, if i1 # «, then by Lemma 5.2.1

DT, = DTk
-1
SasZpi1 €2 jt1

so the equality is trivial. Next, suppose that iz = « and k + 1 # o™®. Applying Theorem 5.2.2
with v = e and w = z;,i, we get an equality that can be read as

kovrs Wi
DT = gD 4, 41
f vty =D e (41)

We analyse the three terms ¢, f, g
Note that

p= H (Djﬁ—l)_aﬂ’a-

BeA\{a}
For 8 € A\{a},if sg & supp(z<k) then Dwﬁ,1 = 1. Otherwise, let kg = max{1 <j <k : i; = 8}.
€2
Then,
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s _ p@s
De,z;;C - De,z;}cﬁ - xkﬁ € Fk
Hence ¢ € Fy.
Next, we look at g. Let ¢t = (k+1)~, which is not zero since k+1 # ™. Lemma 5.2.1 implies
that:
g=D " =D .
SarZgy, SanZey
Since s, € supp(zztl), then g # 0 by Lemma 5.4.1 and statement 5 of Lemma 5.2.1. Moreover, if
t # o™, we clearly have g € Fy,, while if t = o™ we deduce that g € F;, from Lemma 5.5.1.
Finally, we consider f. Notice that
_ A%kt @i o
f - De,2§k71 - e,zt;: = Tt
In particular, if ¢ = o™, then f = Zymin € Fj. In the other case, it’s obvious that f € Fy.
Moreover, f is clearly non-zero since it is a cluster variable of ¢.

Since f, g, € Fi and f, g are non-zero, the equality of fields for k+ 1 follows by induction from
(41).

For the algebraic independence, notice that the functions {x; : j <[} are the cluster variables
of ¢, which are algebraically independent. The statement follows from the well definiteness of the
transcendence degree. O

Left twist: the case of U(2)\,
For a T-stable subgroup H of U and a € A, we set
H\, = HNs,Usq.

We fix @« € AN ®(z). In particular, s, € supp(z). In this subsection, for 8 € A and v,w € W, we
denote by Dy, the restriction of A7 to U(2)\a-

Lemma 5.5.3. The following equality holds
D( R = H (Dsa;]z;;) I

. X X . wi wi
for some non-negative integers c;. Moreover, for j < o™, we have that Ds ’2,1 = De le.
arfg; <

Proof. This is an obvious consequence of Lemma 5.5.1. O

Lemma 5.5.4. The functions {D?jz,1 0§ <1,j # o™} are algebraically independent.
iy

Proof. Lemma 5.4.5 implies that A, is invariant by left multiplication of U(s,). Since the
product induces an isomorphism U(sq) X U(2)\q =~ U(z) by [Hum90][Proposition 28.1], we deduce
the statement from Lemma 5.5.2. O
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Right twist

We fix @« € AN P(z). We set
a(—) =min{k : z<pa € 7} (42)

Lemma 5.5.5. We have that

1. {k : z2<pa € @} ={a(—),...,1}.
-1 -1
2 SaZ<a(-) T *<(a(-)-1)
3. (—z;;(_)wia(ﬂ,aw =1
4. The expression i’ obtained from i by deleting the term iy _y is a reduced expression for zsq.

Proof. 1. By the definition of a(—), we clearly have that z<ya € &+ for k < a(—). Moreover,
since i is a reduced expression, from the definition of z<j it follows that ®(z<x) C ®(2<p+1).
Hence, for k > a(—) we have that z<yo € ™.

2. Since 2<(q(—)-na € @ and s;, _ 2<(a(—)-1ya € 7, We have that
2<(a(-) -1 = fa(-), (43)

where we assume that z<(q(—)—1) = e if a(—) = 1. Then the identity follows from the fact

that, for any w € W and 8 € ®, we have that wsgw ™! = s,5.

3. Using (43), we can compute that
*wia(,p (Zﬁa(—)a)v>

T Wia(-y» Sic.x(—)ia(f))w
_wiu(,p(_za(—)) >

(~2Za(0) Ty @' =

o~~~

4. Using the second statement (and paying attention if a(—) =1 or a(—) = 1), we have that

Sip e S’ia(—)+1sia(—)—1 e Sip = Sqp e Sia(—)+18’ia(—)8ia(—)—1 o081 8a = RSa-

Hence, i’ is an expression for zs,. Since £(zs,) = ¢(z) — 1, we deduce that i’ is reduced.
O

w3

Here, for 8 € A and v,w € W, we denote by D1, the restriction of Aq 4, to U(z). For k € [I],
we define fi, € C[U(z)] as

T (2<p)a € OF
fr =19 et -
5 . _
eamzz] if (z<p)a€e®

Lemma 5.5.6. In the above setting, fo(—) = fa(—)-- We use the convention that fo = 1.
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Proof. Let k = a(—). By statement 2 of Lemma 5.5.5 we have that

-1 -1
sazgkwik_ = ng_lwik
=  Si "'si(k71)wik
= Siye-- Sik* Wiy,
= A<k Wi
where z<j- = e if k= = 0. The lemma follows form Lemma 5.2.1. O

Lemma 5.5.7. If —za € A, then {fr : k # a(—)} are algebraically independent.

Proof. If za = —f, with 8 € A, it means that zs, = sgz <1 2z, where <p denotes the left weak
order on W. In particular, ®(zs,) C ®(z), which implies that U(zs,) C U(2). For k € {1,...,1—1}
let 2}, € C[U(2s4)] be the k-th cluster variable of the seed ty, where i’ is the reduced expression
in Lemma 5.5.5. Clearly, for k < a(—), fi restricts to x},, while using the second statement of
Lemma 5.5.5 one deduces (analogously to the proof of the fourth statement of Lemma 5.5.5) that,
for k > a(—), fi restricts to x},_,. Since the cluster variables )} are algebraically independent in
C[U(zs4)], the lemma follows. O

6 Application to G

Let G be a semi-simple, simply connected, complex algebraic group. We show here a simple appli-
cation of the minimal monomial lifting to G. This example is designed to make equality between
C[G] and the upper cluster algebra constructed via the minimal monomial lifting to fail (see Remark
6.0.5). At the same time, this example behaves so well that we believe that it could shed a light on
why equality in the second statement of Theorem 4.0.3 doesn’t always hold. We use the notation
of section 5.

Let (—)T : G— G be the transpose, which is the involutive antisomorphism considered in
[FZ99, Section 2.1]|. In particular, it is the only antisomorphism of algebraic groups defined by
tot)T =2_o(t) BT =h foranyae A, teC, heT.

This restricts to an antisomorphism between U~ and U. If i € R(wy), let ¢; be the seed of C[U ]
obtained by "transposing" the seed #; of C[U]. Clearly, A(t;) = A(t; ) = C[U~]. Moreover, by
[FZ99, Proposition 2.7], the cluster variables of ¢, are all obtained by restricting functions of the
form A%< with s, € supp(w), to U~.

Fix i',i € R(wp) and call
ti:(luf,lsf,lhf,B,l‘) tl_/ :(Iu_fals_falh_va_7x_) ti_/|ti:(JufaJSfathaC7Z)7

where t;,[t; is the disjoint union of ¢;, and ¢;, as defined in Section 2.2. By Lemma 2.2.3, we have
that A(t; |t;) = C[U~ x U], which is a factorial C-algebra of finite type.
Let D=A,Y =U" xU and

6:TxU xU — G
(h,u=,u) +—— u hu.

Moreover, for a € D, we set X, = AT,
;
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Lemma 6.0.1. The triple (G, ¢, X) is suitable for D-lifting.

Proof. Since G is semi-simple and simply connected, C[G] is a factorial domain, hence normal.
Moreover, G is of finite type. Condition 1 of Definition 4.0.1 then clearly holds. Condition 2 holds
because of Lemma 5.2.3. Moreover, ¢ is an open embedding with image Gy = B~ B and, for any
a €D, ¢*(X,) = ws ®1 by Lemma 5.2.1. Hence condition 3 of Definition 4.0.1 holds. O

Proposition 6.0.2. For any i',i € R(wg) we have
A(1(tv|t:)) = C[Go] and  A(1(tv|t:)") € C[G].
Proof. Because of Lemma 6.0.1 and Lemma 4.0.9 we can apply Theorem 4.0.3. O

It’s easy to compute the lifting configuration v and the corresponding cluster |z in this example.
Let x : J —> A be the map such that, for k € I (resp. k € I7), x(k) = « if and only if the minor
defining 3 (See (37)) is of the form AT (resp. ATs).

Lemma 6.0.3. For any j € J and o € D, we have vy j = 04, (;)- Moreover, the variable 1z; is
the generalized minor defining z;.

Proof. Suppose that j € I and let A¢ 4 be the minor defining x;j. In particular, x(j) = 5. Using
Lemma 5.2.1 and the definition of z;, we have that, for z = (h,u",u) € T x Y

AL (6(2)) = wa(M) AT (1) = A2 (6(2))(1 ® 2;(¢()).
In particular, identifying 1 ® z; as a rational function on G via ¢, we have that Al = X5(1® z5).

But AZ, is irreducible in C[G] because of Lemma 5.2.3. Hence, V(1 ® z;) = =04,y (j)- The lemma
follows. If ¢ € I~ the proof is similar. U

From the previous lemma, we deduce that for j € I, |z; is a generalised minor of the form AFg,
while for j € 17, 1z; is a generalised minor of the form Afs.
Proposition 6.0.4. Suppose that i and i start with the same simple root, that is iy, = a = 1ij.
Then, the upper cluster algebra A(1(t; [t:)P) is not equal to C[G].
Proof. Form the definition of the seeds t;, ;- and the previous lemma, we have that AFe and

AF=, are cluster variables of the initial seed {(; [t;). But then, by Theorem 5.2.2, we have that

_ AT H Tlpear oy (Ac) e

Fa 44
SasSa Agg ( )
which proves that AZ=_ is an element of C[G] \ A(1(t; [t;)”). In fact, on the RHS of (44) we

have an element of £(1(¢; [ti)) which is not in £(1(¢; |t:)P). Alternatively, on the LHS of (44) we
have an irreducible element of C[G], in particular V, (A=, ) > 0 (it’s easy to see that it’s actually
zero). But by looking at the RHS, we see that CV, (AT, ) = —1. The statement follows from
Proposition 4.1.3.

O

Remark 6.0.5. Note that, for any i,i’ € R(wy), the seed 1(¢; |t;) is not one of the seeds constructed
in [BFZ05] for the open double Bruhat cell. Note that there is no T-action on G that makes the
map ¢ equivariant. Hence, the equality between A(1(t;[4)?P) and C[G] is never reached, for any
pair i,i’ € R(wp), because of Corollary 4.1.6. Finally, a similar construction can be done for the
spherical homogeneous space G/ G if and only if the pair G C G is of minimal rank. This will be
developed in the future.
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7 Monomial lifting for branching problems

In this section we explain how to apply the minimal monomial lifting technique to study some
branching problems.

7.1 The branching scheme

Let G be a semisimple, simply connected complex algebraic group and let CA? be a connected,
reductive subgroup of GG. Fix maximal tori and Borel subgroups T', B of G and T B of @ such that
TNG=T and BNG = B. Consider the U~ x U x G action on G x G defined by

(u™,4,5) - (9,9) = (u"gs ', 5gu ).

By (25), we clearly have that

Cl@ x Q)Y U0« V() @ V())F ~ @ Hom(V(R), V(A)C, (45)

where the sums run over (A, )\) € X(T)" x X(T)*. Recall that, if A\ € X(T ) \ X(T)* (resp
X e X(T)\ X(T)*), then we set V(X) =0 (resp. V(X) = 0). Consider the T x T action on G x G
defined by

(h,h) - (9,9) = (hg,Gh).

The induced action on C[G x G] stabilises C[G x G]V "~ xUxG which is then X(T) x X (T)-graded. It’s
easy to verify that the homogeneous components of this graduation correspond to the decomposition
given in (45). In particular, for any (A, ) € X(T) x X(T), we have

PPN ~ ~

ClG x é}gmc’ =V eV

Note that, if A and A are dominant, then (V/(\) ® V(X)*)é is the multiplicity space of the represen-
tation V/(A\) in V(X), seen as a representation of G.

Consider now the action of U~ x U on G given by (u=,%)-g = (u"gu~'). The action of T' x T on
G given by (h,h) - g = hgh induces a X (T) x X (T)-graduation on C[G]Y *V.

Lemma 7.1.1. . The product G x G — G induces a T x f—equivam'ant isomorphism between
Cl[G x G)Y XUXE gnd C[G]Y V.

Proof. The inverse is the map G — G % G sending g to (g,e). The proof is straightforward. O

From now on, we identify the two algebras appearing in the previous lemma, and define the
branching algebra Br(G, Q) to be

Br(G,G) = C[G x G)V *UxC = ¢[Gg]V ™ *U. (46)
endowed with its X (T) x X (f)-graduation.
Lemma 7.1.2. The branching algebra Br(G, @) is factorial and of finite type. An element f €
Br(G, G) is irreducible if and only if it is irreducible as an element of C[G].
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Proof. The group U~ x U is connected, has no non-trivial character and C[G] is factorial since G is
semisimple and simply connected. Then, the factoriality of Br(G, @) and the last statement follow
from Lemma 5.2.4. Moreover, it is well known that C[G x G|V *U = C[G]V” & C[G]Y is of finite
type. Since G is reductive, then Br(G, @) is of finite type by a well known theorem of Hilbert. [

Then, we define the branching scheme X(G, CA}’) as the normal, noetherian, integral, affine T x T-
scheme R R
X(G, Q) := Spec(Br(G, G)). (47)

When G and G are fixed, we drop the dependence on G, G and just write X for X(G, @) and Br
for Br(G, G).

7.2 Monomial lifting for the branching scheme

In the setting of the previous section, we want to prove that X = X(G, @) is homogeneously suitable
for lifting. We fix
D=A (48)

and for any a € D, we set

~ ~

=A% e C[G]Y ¥V =Br(G,G). (49)
Let

Q=% _ x. =%\ [J V(X
aeD
be the principal open subscheme of X defined by the non-vanishing the X.

Moreover, let ¥ := Spec((C[U] ) where U acts on U by right multiplication. The T action on

U defined by h-u = h~luh defines a structure of T-scheme on Y. Similarly, the action of T' x T on
T x U defined by R o

(h,h) - (t,u) = (hth, h~ uh) (50)

factors through a T' x T action on T x Y. By definition, the induced T action on T X Y is the left
multiplication of T' on the T-component.

Lemma 7.2.1. The product map T x U — G induces an open embedding 5 TxY — X, with
image ) and that satisfies

1. For any a € D, ¢*(X,) = wa ® 1.
2. The map % is T' X f—equivariant.

Proof. By [FZ99, Cororllary 2.5], the non vanishing locus in G of all the generalised minors AZ¢

is Goy. In particular, Q = Spec((C[Go]U7Xﬁ). Recall that the product induces an isomorphism
U~ xT x U =~ Gy. Then, the proof consists of some immediate verifications. Note that the inverse
of ¢ : T x Y — Q is induced by the map Go — T x U sending = to ([x]o, [%]+)- O

Proposition 7.2.2. The triple (%, (E,X) 1s homogeneously-suitable for D-lifting.
Proof. Tt is a direct consequence of Lemmas 7.1.2, 5.2.3 and 7.2.1. O

The following question naturally arises.

Question 7.2.3. For which pairs (G,G) the algebra (C[U]ﬁ has a cluster structure?
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7.3 Lifting graduation for the Branching algebra

Before describing some pairs (G, é) for which we can answer Question 7.2.3, we take a closer look
at the information given by the lifting graduation on Br.

Note that, by Lemma 3.1.6, the X (T ) graduation on Br is a lifting graduation on the pole
filtration on C[U]V. Recall that T acts on Y by "conjugation".

Lemma 7.3.1. The pole filtration on C[U)V is X (T)-graded.

Proof. 1dentify C(X) and C(T x Y) using ¢. Recall that ZP is canonically identified with X (T)) via
the Z-linear map defined by e, — w@,. Fix A € ZP, then

feCY]y< X1 f) e C[x], (51)

where C[Y]y is the A-component of the lifting graduation. The map C(Y) —s C(X) defined by
fr—1 ® fis T—equlvarlant Since, for any o € D, X, is T semi-invariant, we deduce from (51)
that C[Y], is T-stable. O

The X(T) x X(T ) graduation on Br is NOT a X (T ) graded lifting graduation. Indeed, the map
Y — X defined by y — é((e, 7)) is not T-equivariant (see Lemma 3.1.5). We can fix the situation
by twisting the T x T-action on X.

Let X* be the scheme X endowed with the twisted 7' x T-action * defined by
(h,h)*z = (hh~ '] -z

where - denotes the standard T x T-action on X. We denote by Br* = Ox«(X*), considered with

its X(T) x X (f)—graduation induced by the x-action. As C-algebras, Br* = Br. Note that a subset
of X is stable for the - action if and only if it is stable for the * action.

Corollary 7.3.2. The triple (%*,(E, X) is homogeneously suitable for D-lifting. Moreover, the
X(T) x X(T)-graduation on Br* is a X (T)-graded lifting graduation.

Proof. The first part of the statement is obv1ous from Proposition 7.2.2. Moreover, using (50), w
easily deduce that, for any h,t € T, heT andy Yy e Y then

(ha h) * (t7g) = (ht’hg)

where -y denotes the conjugation action. In particular, the map ¢ : Y — X* defined by y —
gb(( ,U)) is T- equivariant. We conclude by applying Lemma 3.1.5. O

Let ¢ : Y —> X* be as in the proof of the previous corollary.
Proposition 7.3.3. For any (\,\) € X(T)" x X(T)*, ¢* induces an isomorphism

Hom(V(A),V(:\\))A_)(C[ ];A p(A)

where

o~

C[U]Efifp(x) ={fecCu) : f(ﬁfluﬁ) =A=XNR)f(u) for heT,uclU, and
’ Va(1® f) > —(A,aY) for a e D}.
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Proof. It’s a simple computation that Br, 5 = Br;‘\ SUNINE Then the proposition follows from

Corollary 7.3.2 and Definition 3.1.4. O

Remark 7.3.4. The above proposition gives a geometric realisation of the multiplicity spaces for
the branching problem of G in G. For the tensor product case, hence when G = G x G and G
is diagonally embedded in G, by identifying U/U = (U x U)/U with U via the map (i, ) —>
U1z~ !, we can easily deduce Proposition 1.4 of [Zel02]|. Actually, [Zel99]|Proposition 1.4] is the
starting point for the interest in perfect bases, which have classically been one of the most used
items to study tensor product decomposition. See [Kam22]| for a beautiful survey on perfect bases.
We wonder if Proposition 7.3.3 can lead to the development of a similar theory for other branching
problems.

7.4 On question 7.2.3

We discuss some cases in which the answer to Question 7.2.3 is positive because we can naturally
identify Y with U(z) for a certain z € W. In general, Question 7.2.3 being quite vague, the author
feels the following question more interesting.

Question 7.4.1. For which pairs (G, @) there exist a z € W such that the product U(z) x U—U
s an isomorphism?

In the following, we exhibit two families for which we can answer positively to Question 7.4.1.
In general, the answer to the previous question is positive in many other interesting cases, as we
will see in some forthcoming works.

7.4.1 Levi subgroups

Let I C A be a subset, strictly contained in A, and ®; = ® NZI. This is a root system with I as
simple set of roots and Weyl group W; = (s, : « < InCw. C0n51der G= Gy the Levi subgmup
of G, which is a reductive group with root system P = ;. Let T=T=GNT and let B=BNG.
Note that W = W;. Let wp,; be the longest element of W and z = wOJ = wowp,7- Note that
U= U(wo,r). Then we define

Y=U(z) = U(w(\)/,j).

As a special case, when I = (), then G=T.

7.4.2 Products

Let G and H be semisimple, simply connected, complex algebraic groups such that G C H. Let
Th, By (resp T, B) be a maximal torus and a Borel subgroup of H (resp. G) such that Ty C By
(resp T C B) and denote by Uy (resp U ) the unipotent radical of By resp B. Assume furthermore
that TC Ty and B C Bpgy.

Let G=H x G and consider G embedded in G diagonally. Then, T'= Ty X T B =By x B
and U = Uy x U (recall our convention on products 5.4.8).

Let z = (wo,m,e) € W = Wg X W, where wo g is the longest element of Wy. Then we set

Y =U(z) =Upgy x {e}.
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Note that, as a special case of this situation, we have the case of G diagonally embedded into Gn
which is the product of n copies of G. The corresponding branching problem consists in decomposing
the tensor product of n irreducible representations of G, under the diagonal action.

Remark 7.4.2. Note that the reduced expressions of z € W are in obvious bijection with the
reduced expressions of wg g € Wy. The reduced expression i € R(z) gives a seed t; € C[U(z)]
while, thinking about the same reduced expression as an expression for wp g, we obtain a seed
ti € C[Ug]. It’s trivial to verify, using the last identity in Remark 5.4.8, that ¢; = ¢} under the
obvious identifiction between U(z) and Up. So, we make no difference between these two seeds.

From now on we suppose that the pair G C G belongs to one of the two cases discussed above.

Lemma 7.4.3. The natural inclusion Y = U(z) — U induces a f-equivam‘ant isomorphism be-
tween Y and Y = Spec(C[U]Y).

Proof. We claim that in the two cases, the product gives a f—equivariant isomorphism Y x U—U.
In fact: for the product case, the above map is given explicitly by

UH X U — UH X fj
(up,u) +—  (upt,u)

which is obviously an isomorphism. For the Levi case, the claim follows from [Hum?75][Proposition
28.1]. O

Let ¢ : T x Y — X be the map obtained from 5, by identifying Y and Y as in Lemma 7.4.3.
Corollary 7.4.4. The triple (X, ¢, X) is homogeneously suitable for D-lifting.
Proof. 1t is obvious from Corollary 7.3.2 and Lemma 7.4.3. O

Theorem 7.4.5. For any i € R(z), we have
A(lt:) = BrHaEDXa and Z(th) C Br.

Moreover A(ItP), with the canonical graduation induced by 10, is a graded subalgebra of Br.

Proof. Because of Corollary 7.4.4 and Lemma 4.0.9 we can apply Theorem 4.0.3. The part on the
graduation is a consequence of Lemma 4.1.7. O

From now on, fix i € R(2) as above. Let t = t; and v € ZP*! be the minimal lifting matrix of
the seed ¢ associated to X. Note that, for any k € I, v, 1 is canonically an element of X (T').

Lemma 7.4.6. For any k € I, lxy is a X(T') X(f)—homogeneous element of Br of degree

(V.,k s (Ve i) + P(Z;iwik - wz‘k))~

Proof. Because of (50) and Lemma 5.2.1, we easily deduce that 1Qzy is a X (T') xX(f)—homogeneous
rational function of weight (0, p(2Z,w@;, — @, )). Moreover, for any a € D, X,, is homogeneous of
degree (wy , p(wy)). The lemma follows from the definition of |xy. O
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Note that the previous lemma gives some explicit components of the branching from G to G.

We want to stress that the graduation induced by 10, only accounts for the X (T)-part of the
graduation on Br. It’s natural to ask if the whole X (T) x X (T)-graduation on Br can be understood
using cluster theory. In particular, because of Proposition 3.1.9 and Corollary 7.3.2, if the X (T )
grading on C[U(z)] corresponding to the conjugation action of T, is induced by a X (T ) degree
configuration ¢ on ¢, then A(1tP) has a X(T) x X(T)-graduation induced by |0 and A(|tP) is a
X(T) x X(T)-graded subalgebra of Br*. Note that, if such a degree configuration exists, then for
any k < {(z), o has to be the weight of xp with respect to the conjugation action of T on U(2).
By Lemma 5.2.1, then

O = p('z;liwlk - w'lk) (52)

This explains the importance of Question 5.3.4.

If the answer to Question 5.3.4 turns out to be negative in general, it’s natural to ask the
following.

Question 7.4.7. Let G and G be as in Section 7.1. Moreover let z € W, i € R(z), t = t; and
7 = plo) € X(T)"®, where o € X(T)"?) is defined by (52). When is& a X (T)-degree configuration
ont?

Note that, a positive answer to Question 5.3.4 or 7.4.7 would allow, using Lemma 7.4.6 and the
mutation formula for degree configurations, to obtain an algorithmic way to identify a (a priory
infinite) class of non-zero components for the branching from G to G.

8 Study of equality

In this section we study whether there is equality, between A(1tP) and Br, in Theorem 7.4.5. By
Proposition 4.1.3, for any o € D, we need to compare the valuations V,, and the cluster valuations
CV,. To compute the valuations V,, the strategy is to produce suitable open charts intersecting
the corresponding divisor. Actually, this procedure is performed in G where we have "more charts"
than in X. This is made possible by Lemma 8.0.1.

Recall that C(X) is naturally identified with a subfield of C(G). If a rational function f € C(G)
belongs to C(X), then f is invariant for left multiplication by U~ and for right multiplication by U.

Lemma 8.0.1. For any f € C(X) and o € D, Vo (f) = Vg—5(f)

Proof. 1t’s sufficient to prove the case of f € C[X]. Then V,(f), is the multiplicity of X,, in
the decomposition of f into irreducible factors in C[X]. By Lemma 5.2.4, this is the same as the

multiplicity of X, in the decomposition of f into irreducible factors in C[G]. The lemma follows
by Lemma 5.2.1, since V(X,) = B~ s,B. O

8.1 The Levi case

The notation of this section is as in Subsection 7.4.1. We want to prove the following theorem.
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Theorem 8.1.1. Suppose that G is simple and G = Gy is the Levi subgroup corresponding to
I C A. For any i € R(2), there’s equality in Theorem 7.4.5. That is A(1tP) = Br(G, Gy).

Note that the branching problem form a semisimple group to a Levi subgroup, can always be
reduced to the study of a finite number of branchings from a simple group, to a Levi subgroup.

Corollary 8.1.2. If G is simply laced and i,i’ € R(z), then 1tP ~t5.

Proof. Since G is simply laced, #; ~ tir. Then tP ~{t2 by Theorem 8.1.1, Corollary 4.0.11 and
Lemma 3.0.8. U

From now on, G and G are as in the hypothesis of Theorem 8.1.1 and i € R(z) is fixed. Recall
that z = wg ;. We denote ¢ = t; and Br = Br(G,G). Here D = A and we have a cartesian square

U—xTxYxULG

R &

TxYy —% . x

where the leftmost vertical map is defined by (v, h,y, @) — (h,y), ¥ by (u™, h,y,u) — u~hyu
and 7 is the natural projection. Note that the image of ¥ is Gy.

Recall that, for a T-stable subgroup H of U and a € A, H\, = H N s,Us4.
Lemma 8.1.3. For a € D, let 1o, be the map defined by

1. Ifael
o U XTXxCxY xU, — G
x=(u",hty0) s o(2) = uhE, e o (t)yi.

2. Ifagl R
la U XxTxCxYogxU — G
r=(u",ht,y,0) > 1o(x)=u"h5,x_,(t)yu.

Then, Lo is an open embedding whose image intersects B~ s, B. Moreover, 1o(x) € B~ s, B if and
only if t = 0, otherwivse 1o(x) € Gy.

Proof. It’s clear that, for any a € A, the map

o : U xTxU — G (54)
(u=,h,u) +—— u hus,!
is an open embedding whose image intersects B~s,B. Moreover, the map

(CXU\Q — U
(t,u) — zo(—t)u

is an isomorphism and conjugation by 5, induces an automorphism of U\,. To conclude that ¢,
is an open embedding, note first that the product induces an isomorphism between Y x U\, (resp.
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Yia X [7) and U\,, if a € I (resp o ¢ I), because of [Hum90, Proposition 28.1]. Finally, we use that
for any t € C,

ra(~1)55" = 55 2 a(0),

which is an easy identity that can be checked in SLy. It’s clear from the definition of ¢, that
to(x) € B7s,B if the t-coordinate of = is zero. If t # 0, 1o(z) € Gy from the second identity in
(30). O

By the previous lemma, the divisor B~s,B, in the chart given by ¢4, corresponds to {t = 0}.
Then we make a very important computation.

Lemma 8.1.4. Let A € X(T), a € D and f € C(X)x.. For a generic x as in the notation of
Lemma 8.1.8, such that t # 0, we have

Fleal@)) = AR)END f(aa(t1)y).

Moreover, if B € D, then ,
Xp(ta(@)) = wp(h)t{=e .

Remark 8.1.5. With little abuse, for A € X(T'), we denote by C(X), . the set of T-equivariant
rational functions of weight A.

Proof. It x = (u™, h,t,y,u), using the second formula in (30) and the fact that fis U~ x U-invariant,

we have that

flra(x)) = f(h5 'z _a(t)y)
M) f (2o~ )a¥ (B)za (1))
= ABEND f o (t7)y).

The statement on Xg = Afﬁ follows immediately from Lemma 5.2.1.

O

We use the convention that, whenever a € D is fixed, for any v,w € W and 8 € A, we denote

- Ao if I
vaj,:{( ,ﬁ)w has (55)

R )Iy\a lf (6% ¢ I.
Proposition 8.1.6. Let k € I and o € D. Then vy = dq,,,. Moreover for x as in Lemma 8.1.3

wik

12k (ta(2)) = @i, (h) (Pro(y) + tPea(y))  where pro=D " _,.

SasZcy,
0 Zf « 7é ik
Pra1 = Wiy,

D ', otherwise.
ezy,

Moreover:

Remark 8.1.7. Note that p; ¢ and pr,; depend on «. So, when we use such a notation, we assume
that it refers to an o which is sufficiently clear from the context.
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Proof. First, we compute v.

Suppose that « € I and that z is such that ¢ # 0. Since 1 ® z3 € C(X)g,e, from Lemma 8.1.4
we deduce that x5 (1o (7)) = 1 ® zx (2o (t1)y). Recall that, in this case, y € Y = U(z). Note that
conjugation by z, (¢t 1) stabilises Y. In fact, if § € ®(z) = @7\ @} and §+a € @, then §+a € ®(z).
Hence

L@ ap(za(t™y) =1@zp(za(t " yza(—t"zalt™))
=1® mk(xa(t_l)yxa(_t_l))

where the last equality follows from the fact that, if & € I, then z4(t~1) € U. Note that (see (53))

gf)((e, xa(tl)ya:a(tl))> =m(za(t yza(—t™h)).
In particular, from the definition of 1 ® x; we deduce the first of the following equalities

1 ® op (20t Hyza(—t~1)) :cké%(t_l)yxa(—t_l))
Ae,;k;i ((za(t™Hyza(-t1)
= AT ((za(t™h)y).

-1
<k

The second equality is the definition of x; and the last one follows from Lemma 5.4.3 and the fact
that z<xa € @1, In fact, from the definition of z<j, we have that z<, < z, where <, denotes the
left weak order. Hence, ®(2<j) C ®(2) and o ¢ ®(z). Now we apply Lemma 5.4.7.
If i, # «, we deduce that
A:ik—l ((za(til)y) = Ajilil (y) = A?:ik;z—l (y)
<k <k <
The last equality follows from Lemma 5.2.1, since s,w;, = w;,. In particular, we deduce that
Voz,k = 0
If i, = «, we have that
ATE (ot y) = AT (y) +E7TAT™ L (y).

ez, ez y, SasZcy,

By Lemma 5.4.1, we have that Aji’“z_l doesn’t vanish on U, in fact, s;, = s, € supp(zZ;). Then,
<y —

_, doesn’t vanish on
SarZl

wik

by Lemma 5.2.1, A

UNsyUsg ﬁz;iU‘sz CUNz U z=Y.

We deduce that v, = 1.

We assume now that o & I. In this case, z4(t7!) € Y, so for y € Y{, we have that xa(tfl)y ey.
In particular, by a very similar but simpler argument then the previous one, we have that

1@ 2(k)(ta(z) = 1@ 2p(za(t™Hy) = Awik_l(za(tfl)y).

ez
Then, literally the same proof of the previous case, up to replacing Y with Y{,, implies that
Va,k = (sa,ik'

From the explicit expression of v, it follows that 1z = X;, (1 ® ). Then, the last part of the
statement follows from the previous calculations and Lemma 8.1.4. O
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Corollary 8.1.8. For any k € [I], p(2=}@i,) € X(T)* and the G-representation Vip(zZiwi,)) is
a subrepresentation of V(w;, ). - -

Proof. By Lemma 7.4.6 and Proposition 8.1.6, ]z}, is homogeneous of degree (w;, , p(z;,iwik)). O
Lemma 8.1.9. For any I C A, supp(z) = A.
Remark 8.1.10. This is the only lemma in which we use that G is simple.

Proof. Let a € A and ®f = {3" ;.10 € ®* : n, > 0}. If by contradiction s, ¢ supp(2), then

2®F C &, In fact, for any 6 € @, the a-coefficients of § and 24 (in the base A) are the same.
Since G is simple, we can consider v € ®* the longest root of ®. Since v € <I>§ for any g € A,

we deduce that v ¢ ®(z). But then v € ®(wy,;). This is a contradiction since v & ®;. O

By the previous lemma, for any o € A, a™" is well defined.

Lemma 8.1.11. In the notation of Proposition 8.1.6

min _q

(0%
. — Cj
pamn\’o = p],o
J=1

for some non-negative integers c;.

Again, the exponents ¢; depend on «a (as the functions p; ), so we use such a notation when it
refers to an « which is sufficiently clear from the context.

Proof. Accordingly to if @ € I or not, this is a reformulation of Lemma 5.5.1 or of Lemma 5.5.3
respectively. O

Lemma 8.1.12. The functions py o, for k # o™ and k € [l], are algebraically independent.
Proof. Again this is a reformulation of Lemma 5.5.2 or Lemma 5.5.4. O
We are ready to prove Theorem 8.1.1.

Proof of Theorem 8.1.1. By contradiction suppose that A(]t?) is strictly contained in Br. By
Proposition 4.1.3, there exists an o« € D and f € Br such that CV,(f) < 0. Since Br is X(T)-
graded, we can suppose f homogeneous. Recall that A({t?) is a graded subalgebra of Br, which in
turn is a graded subalgebra of A(]t). In particular, up to multiplying for a monomial in the Xg,
B € D, and in the unfrozen variables of 1z, we can suppose that there exist A € X(T') and f € Bry o
such that

P n
f:m—a where P = %\%a 12" Az [P (56)

Hence, P is a polynomial in the variables of the cluster |z, which is not divisible by |z, here
divisibility is intended in the polynomial ring. Up to changing f, we can assume that if n, > 0,
then a,, = 0, so that the sum defining P runs over NV\Ma}, We use the convention that, if 3 € D,
then ig = B so that i; makes sense for any j €]I. The fact that f is homogeneous of degree A
imposes (using Proposition 8.1.6) that, for any n such that a,, # 0
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Z njwi; = A+ Wa. (57)
JeU\{a}
Next, let z as in Lemma 8.1.3. Using Proposition 8.1.6 and Lemma 8.1.4 (recall that 1zg = Xp)

we deduce that .
Fla(@) =AM frly)

k>0
for certain fp € C[Y] (resp. C[Y\,]) if a € I (resp. a & I). Moreover, for # € A, we set pg o = 1 so
that, for 8 # «,
lzs(ta(@)) = wp(h) = ws(h)pg.o-
Using the last expression, the fact that n, = 0 if a,, # 0 and Proposition 8.1.6, we get that

fo= > awlo where plo= [ »j
neNT\{a} je\{a}

But since f € Br, ¢} (f) is regular, hence fo = 0.

Consider the linear map 7 : Z!\Me} — ZU\e™) defined in the following way. For g € D\ {a},
T(eg) =0, for j € I'\ {a™"} 7(e;) = e; and 7(eqmin) = > j<qmin Cj€5, Where the coefficients c; are
the ones of Lemma 8.1.11. Since pgo = 1 for § € D and because of Lemma 8.1.11, we have that
for any n € NI\{e}

p:l,o = p:(on) .

In particular

fo= Z bmpey where b, = Z Q.

meNI\{amin} neNﬂ\{a} %(n):m

By Lemma 8.1.12, the functions p;o with j € [I] \ {&™™} are algebraically independent. Since

fo = 0, then for any m € N\Me™3} b — 0. We claim that, for any m € N/\Me™} | there exists
at most one n € N'\{e} such that a, # 0 and 7(n) = m. This implies at ones that, for any
n e NIMe} g =0, which is a contradiction.

To prove the claim, just notice that any n such that a,, # 0 satisfies the weight condition (57). In
particular, consider the linear map m : ZV\} — X(T') x ZI\Me™} defined by 7(e;) = (wy,, 7(e;)).
Remember that, for § € A, ig = 3. If n is such that a,, # 0 and 7(n) = m, then 7(n) = (A+wq, m).
But the map 7 is injective. To prove this, consider 7 as a matrix with columns indexed by 17\ {a}
and rows indexed by I\ {a™"}. Recall that X (7)) is identified with Z by means of the fundamental
weights. Enumerate the roots of A\ {a} from 1 to » — 1. Then order the columns of the matrix
representing 7 accordingly to the order

fr<:<froa<l<---<lI
and the rows according to the order
i< <Bra<l<-ii<a™M_l<ca<a™il<...<lLl

Then, the matrix representing 7 is upper triangular with ones on the diagonal. In particular 7 is
invertible. O

59



8.2 The product case: tensor product

To simplify the notation, in this section we switch the role of G and G. In particular, G is a subgroup
of G. We assume that G is semisimple, simply connected and we consider G' as a subgroup of
G = G X G by the diagonal embedding. This is the simplest case of Subsection 7.4.2: when H = G.
In this section we want to prove the following

Theorem 8.2.1. For any i € R(wy), there’s equality in Theorem 7.4.5. That is:
A(1tP) = Br(G x G, G).
Corollary 8.2.2. If G is simply laced and i,i' € R(wp), then tP ~1t5.

Proof. Since G is simply laced, then t; ~ t;;. Then 1tP ~{t2 by Theorem 8.2.1, Corollary 4.0.11
and Lemma 3.0.8. O

__ Here we chose a maximal torus 7' contained in a Borel B, of G, and we consider T=TxT and
B = B x B. Because of Remark 7.4.2, we make no difference between z = (wo, €) and wy. Moreover,
we identify fj(z) and U = U(wyp) in the obvious way. Recall that, for any i € R(wy) = R(z), the
seed t; gives a cluster structure to Y = U. From now on, we fix i = (i,...,41) € R(wp) and
set t = t;. Here, D = D; U D, is the disjoint union of two copies of A, namely: the left copy is
D; ={a; : a € A} and the right copy is D, = {a, : « € A}. For a € A (see Remark 5.4.8)

Xy =AT2 @1 X, =10 ATs. (58)

We denote Br = Br(G x G,G). Note that X,, € Br(x, 0),o, and Xa, € Br,x,),w,. The map

, T

TxTxU — GxG
(hl, hr, u) — (hlu, hr)

induces the T' x T-equivariant open embedding ¢ : T'X T x Y — X := X(G x G,G). We have
a cartesian square

U*xU*xTxTxeULGxG

| I g

TxTxU —— % . X
where the leftmost vertical map is defined by (u; , u,, ki, Ay, ug, ) — (hy, b, ), T is the natural
projection and ¢ is defined by (v, ,u, , hy, hp,wy, ur) — (u; hjwguy , u, heu,). By Lemma 8.0.1,
for any a € A, computing the valuation V,, (resp. V,, ) of a rational function on X is the same as
computing its valuation along the divisor B=s,B x G (resp. G X B~s,B ).

Lemma 8.2.3. For a € A, let

o TXTxC*xY — GxG
x=(h,heyt,y) — () = (hiaV (2ot Yy, hy)

and
Ja:ITxXTxC'xY — GxG

T = (hl,hr,t7y) — ja(x) - (hlyxa(til)v hrav(t))'
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Then, for any f € C(%),
Vo, (f) = V=03 (1o (f))  and Vo, (f) = Vi=oy (G (f))-

Proof. First, note that the maps obtained by composing ¢, and j, with the natural projection
G x G — X are dominant. In fact, at ¢ € C* fixed, both maps are obtained from ¢ by an appro-
priate "multiplication twist" by V() and z,(t~!), so they’'re dominant at ¢ fixed. Hence (¥ and
j» make sense. Since f is generically defined on X, we make the assumption, throughout the proof,
that the points on which we evaluate f are sufficiently generic so that the evaluation makes sense.

We start from the "left side", so we prove the statement about ¢. First, we prove that the map
¢ defined by

U XU XTXxTXCxCxUyuxU, — GxG
= (u s uy hy, heytoryu, i) da(z) = (v Sy oo ()ull, uy hpae (1))

is an open embedding whose image intersects B~ s, B X G. Note that, for x as in the definition of
¢o, we have that ¢, (z) € B~s,B x G if and only if ¢ = 0 and, by (30), ¢o(x) € Gp X Go otherwise.
The map

Go U XU xTxTxUxU — GxG
(w sy hyy by g, up) (ufhluﬁ;l, u, heuy)

is clearly an open embedding. Moreover, the map

(CXU\Q — U
(t,u) +— zo(t)u

is an isomorphism and conjugation by 3, is an automorphism of U\,. Furthermore, the map

U\a X U\a — U\a X U\a
u, U — U, U

is an isomorphism. In particular, looking in the definition of %a, we see that we can write uniquely

(w3t uy) = (2o (—1)3, il , 7o (r)u). Using that

To ()5 =52 (1)

we deduce that ¢, is an open embedding. Now, let x as in the definition of ¢, such that ¢ # 0.
Then, by the invariance properties of f and (30), we have that

f(da(@)) = f(isg w—a(t)u, heza(r) = f(a (za(t™ )y, hyaa(r)).
In particular, it’s clear that if

lo :TXTxC*'xCxU, — GXG
(hi,hoytyryu)  — (ha () xa(tHu, heao(r))

then
Vo, (f) = Vi=0y 00 (f) = Vir=oy 0o (f)-
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But
C x U\a — Y

(ryu) —  uxze(—r) (60)

is an isomorphism and, since f is invariant by the right action of diagonal multiplication by U, we
have that

fa(2)) = f(hlav(t)xa(t_l)uxa(—r), he).
In particular, under the identification induced by (60), we have that
ta(f) = (/)
We conclude thanks to the following very simple statement.

Lemma 8.2.4. Let v : Z— W be an isomorphism of normal, complex, algebraic varieties and
¢:C* x Z—C* x W be defined by (t,z) — (t,%(2)). Then, for any f € C(C* x W),

Vie—oy (f) = Vig=0y ™ (f).

Next, we pass to the "right side", that is to j,. The argument is very similar, we sketch through
it. First, one proves that the map

Yo : U XU XTXxTXxCXxY xU, — GXG
= (u; ,uy by hesty,u) 0 Palz) = (u) iy, up hewa(t)Sau)

is an open embedding. Moreover, ¥, (2) € G X B™s,B if t = 0 and ¥, (x) € Gy x Gy otherwise.
But then, for ¢t # 0 we compute that

f(Wa(2)) = f(hy, hrav(t)xa(_t_1>)~

In particular, considering

Jo :TXTxC*xY — GxG
(hi, hestyy)  +— (ly, hea (H)za(—t1))
we clearly have that
Vo, (f) = V=) ¥ () = Vis—opja (f)-
But then, by invariance of f, we see that j;*(f) =J42(f). O

Then, we make this important but very easy calculation.
Lemma 8.2.5. Let (\,p) € X(T) x X(T) = X(T' xT), f € C(X)(x,u),0 and  generic as in the
notation of Lemma 8.2.83. Then, for any a € A,
Fa(@) = M) p(h )t (2ot )y,e))  and
A (b )t #20 f((yaa(t), €)).

~
—~
Sl
Q
—
8
S~—
S~—
I

Moreover, for any g € A

X5, (ta(@)) = wp(h)t!=o*) - Xp, (1a(@)) = wp(hy) v
Xpi (Jo(@)) = wp(l) X5, (jo (@) = g (hy) =)
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Remark 8.2.6. By little abuse, C(X)(x,,.),o denotes the set of 7'x T semi-invariant rational functions
of weight (A, u).

Proof. The proof is trivial. O

Recall that, an element u € ZP, is identified with the character

Z (/’[’alel?/’Larwa) € X(T X T)'
acA

For any a € A and v,w € W, we denote by D75 the restriction of AFs toY = U. Here, we
describe explicitly the cluster variables ]z and how they behave in the charts given by ¢, and j,.

Lemma 8.2.7. For any k € [I] and o € A

Vo, k = 0ipa  0nd  Vq, ) = max{0, <—z;iwik,av)}.

Moreover,

124 (ta(@)) = veu((his he)) (Pro(y) + thre(y))  where pro =D *

sa,z;i

and

D:J;’il if (z<k)a € ®F
ki) = vl )| 3 Pakn)] where ano=3 0

€,SaZ_ )

Vo, k

Proof. Note that 1 ® zp € C(X)(0,0),.- In particular, by Lemma 8.2.5 we have that
1® p(ta(z)) = 1@ zx((@alt™)y, ).
But (see diagram (59))
o((eeale)) = ((altme)).
Then, by the definition of 1 ® z, we have that
1® wp(ta(2)) = 1@ 2k ((za(t™)y, €) = zr(za(t™)y).

Now we apply Lemma 5.4.7.
If iy, # a, then

Wiy,

zr(za(t™)y) =D (y) = D" _i (y) = pro(y)- (61)

ez g SasZly

Wiy,

The central equality follows from Lemma 5.2.1. In particular, by Lemma 8.2.3, we deduce that
Vo, k = 0.
If i), = «, then
k(o (t™1)Y) = pra(y) +t " Pro(y) (62)

where py, ¢ is as described in the statement and py ; can be deduced from Lemma 5.4.7. By Lemma
5.4.1, pi,0 doesn’t vanish on Y. Hence, form Lemma 8.2.3, we deduce that v, 1 = 0, .-
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We switch to j,. The argument is very similar. We set Ny () = max{0, (—2Z;;,,a")}. First,
observe that if (z<;)a € ®T, then Ni(a) =0 and

1® 24(ja (@) = DI, (y) (63)

by Lemmas 8.2.5 and 5.4.3. If (z2<;)a € ®~, then Ni(a) = (—2Z.w;,,a"). Again, Lemmas 8.2.5
and 5.4.3 imply that -

Ny ()

1 ®$k(]a(x)) = Z tinQ(Nk(a)—n)(y)' (64)

n=0
Then, we set gi,m = Qm- By Lemma 5.4.3, qx o agrees with the expression given in the statement.

Since the minors of the form AZ{Z don’t vanish on Y = U, we have that g ¢ # 0. Then, we deuce
from expressions (64), (63) and Lemma 8.2.3 that v,, = Ni(a). Now, since

]l‘k = XV”"'(]. X {Ek),

the desired expression for ¢ (1xy) and j%(]xy) is obtained from (61), (62), (63), (64) and Lemma
8.2.5.
O

Before going on, we characterise the X (7)3-weight of the cluster variables of the seeds {t57, for
the various i’ € R(wp). Recall the following theorem.

Theorem 8.2.8 (|[PRV67]). For any A\, u,v € X(T)", if there exist v € W such that
woA + vy = vv (65)
then, for any k € N,
dim <Hom(V(k>\) ® V(kp) V(ku))G) = 1.

We say that the triple of dominant weights (A, u, ) satisfies the PRV condition, for v € W if
condition (65) holds. If A = >"nyw, € X(T), we denote AT =Y nlw, and A\~ =Y n; w,.
Proposition 8.2.9. For any k € [l], 1z, is X (T)3-homogeneous of weight

(wika (Zgliwlk)77 (Zgliwlk)Jr)
This triple of dominant weights satisfies the PRV condition for woz<y.

Proof. By Lemma 8.2.7, v, j, = (w;,, (z;,iwlk)’) Moreover, Lemma 7.4.6 implies that (recall that
we modified our notation for this section) 1z is X (T')3-homogeneous of weight

(wik’ (Zgéwik)ia @iy, + (Zgliwlk)7 + Z;iwlk - wik)'
Recalling that, for any b € R, b = bt — b~, we immediately have that the triple of weights
above coincides with the one of the statement. The same formula allows to verify, easily, the PRV

condition.
O
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Proposition 8.2.10. Let w € W and a € A.

1. There exist i’ € R(wo) and a cluster variable |74 of 1t7, which is X(T)3-homogeneous of
weight (we, (W)™, (wwa) ™).

2. If G is simply laced and T is a cluster variable of a seed t ~|t5), for a certain i" € R(wy),

such that T is X (T)3-homogeneous of weight (wa, (Wwa) ™, (Wwe)T), then T =124 -

Proof. For statement one, let j = (j1,...,7Jm) € R(w) (pay attention to the unusual enumeration).
Let k = alm@} and v = Hﬁzl 5j,. Since ww, = vVwa, it’s sufficient to prove the statement for
v. If k =0, hence v = e, then |z, . =]z,, works. Note that Jz,, = X,, is by definition a cluster
variable of 1t for any i’. If k > 0, take i’ € R(wp) such that i/, = j, for n < k. By Proposition
8.2.9, setting 1z, =]z 1 works.

For statement two, by Corollary 8.2.2 we have that tNZ]ti[,’ . By Theorem 8.2.8 and Proposition
8.2.9, dimBr (5, (ww.)-,(ww.)+) = 1. Hence, there exist ¢ € C* such that |z,,., = cz. The
statement follows from Theorem 2.1.8. O

Note that, for any o € A, ™" and a(—) = min{k : (z<)a € &~} are defined.
Lemma 8.2.11. For any o € A we have

Ozmm—l a(—)—l
) — Cj d — dj
Pgmin o = H Pjo ana  qo(-),0 = H d;0
Jj=1 J=1

for some non-negative integers c; and d;.

Proof. For the functions p, this is a reformulation of Lemma 5.5.1. For the functions ¢ it is a
reformulation of Lemma 5.5.6. U

Lemma 8.2.12. The functions pyo for k # o™ (resp. g.o for r # a(=)) are algebraically
independent.

Proof. This is a reformulation of Lemma 5.5.2 for the p and of Lemma 5.5.7 for the g. O
We are ready to prove Theorem 8.2.1.

Proof of Theorem 8.2.1. By contradiction, suppose that A(]t”) is strictly contained in Br. By
Proposition 4.1.3, there exists a d € D and f € Br such that CVy(f) < 0. We can suppose that f
is homogeneous for the T x T-action. In particular, up to multiplying for a monomial in the Xj,
s € D, and in the unfrozen variables of |z, we can suppose that there exist (A, u) € X(T) x X(T)
and f € Br(y )6 such that

P .
f:de where P:n;wan 1&™ :zg JP. (66)

Hence, P is a polynomial in the variables of the cluster 1z, which is not divisible by |x4. Here,
divisibility is intended in the polynomial ring. Up to changing f, we can assume that, if ng > 0,
then a, = 0, so that the sum defining P runs over N¥\M4} We use the convention that, if o € A,
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then ve o, = (wy,0) and ve o, = (0,w,). The fact that f is homogeneous of degree (A, u) imposes
that, for any n such that a, # 0,

D nve; =\ p) + va. (67)
jelr
For s € D, we set p; 0 = 1 = g5,0. We distinguish two cases.

Suppose first that d = «; for a certain o € A. Let x as in Lemma 8.2.3. Using Proposition 8.2.7
and Lemma 8.2.5 we deduce that

F(ta(@)) = (0 0) (e, ) (tl me)

k>0

for certain fi, € C[Y]. Using Lemma 8.2.5, the fact that n,, = 0 if a,, # 0 and Proposition 8.2.7,
we get that
fo= Z anp?,o where p:L;O = H p?’]()
neNU\{e} JeI\{a}

But since f € Br, Vy—gy15,(f) > 0, in particular fy = 0.

Consider the linear map 7 : ZV\{et} — 7\e™" defined in the following way. For s € D\ {a;},
Ti(es) =0, for j € I\ {a™®} 7(ej) = e; and T(eqmn) = > j<qmin Cjej, Where the coefficients c; are
the ones of Lemma 8.2.11. Since p; ¢ = 1 for s € D and because of Lemma 8.2.11 we have that, for
any n € NU\{a}

n _  7(n)
po,O - po70 .
In particular,
fo= E bmpely where b, = g ap,.
meNI\{amin} neNU\{ag} 1 w(n)=m

Since, by Lemma 8.2.12, the functions p; o with j € [I] \ {a™"} are algebraically independent and
fo = 0, then for any m e N'\Me™"} b — 0. We claim that for any m € N'\Me™} there exists
at most one n € NV\Me} such that a, # 0 and 7(n) = m. This implies at ones that, for any
n e NIMed g — 0, which is a contradiction.

To prove the claim, just notice that any n such that a, # 0 satisfies the weight condition
(67). In particular, consider the linear map 7 : ZV\et — X(T x T) x Z'Me™"} defined by
m(e;) = (Ve j,7(e;)). Remember that, for s € D, v, s has been previously defined. If n is such that
an, # 0 and 7(n) = m, then 7(n) = (A + @aq, 1), m). But the map = is injective. To prove this,
we can consider 7 as a matrix with columns indexed by 17\ {o;} and rows indexed by 11 \ {a™"}.
Recall that X (T x T) is identified with Z” by means of the fundamental weights. Enumerate the
roots of A from 1 to k, such that a = B;. Then, order the columns of the matrix representing m
accordingly to the order

B < <PBr1g<Bir< - <Prr<l<---<l
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and the rows according to the order
Bii< < By <Py < <Brr<l<-<ad™Mol<qg<a™™yl< <l

Then, the matrix representing 7 is upper triangular with ones on the diagonal (note that v,, qmin = 1
by Lemma 8.2.7). In particular, 7 is invertible.

Next suppose that d = «;., for a certain o € A. We can compute j*(f), similarly as before, and
by the same argument we deduce that the function fy € C[Y] defined by

fo= Y, andsy where o= [ 4%

neNI\{ar} jeimn{an}

is zero.

We introduce the linear map 7 : ZV\art —5 7\e(=) defined in the following way. For s €
D\ {a,}, 7(es) = 0, for j € I\ {a(—)}, 7(e;) = ¢; and T(eq—)) = D_,_omn dj€;, where the
coefficients d; are the ones of Lemma 8.2.11. Since ¢s0 = 1 for s € D and because of Lemma 8.2.11,
we have that for any n € N¥\{er}

o =ary”.
In particular,
fo= Z bmq’:?0 where b, = Z Q-
meN\{a(-)} neN\er} : 7 (n)=m

Since, by Lemma 8.2.12, the functions g; ¢ with j € [I] \ {a(—)} are algebraically independent and
fo = 0, then for any m € NIMa(=)} b= 0. We claim that, for any m € N'M(5)} | there exists
at most one n € NV\Mer}t such that a, # 0 and 7(n) = m. This implies at ones that for any
n e NIMer} g =0, which is a contradiction.

As before, consider the linear map 7 : Z"\Mert — X(T x T) x Z"™Me()} defined by 7(e;) =
(Ve,j,7(e;)). If n is such that a,, # 0 and 7(n) = m, then 7(n) = (A, p + @wa), m). But the map
7 is injective. To prove this, consider 7 as a matrix with columns indexed by 17 \ {a,.} and rows
indexed by 17 \ {a(—)}. Enumerate the roots of A from 1 to k such that a = 8. Then, order the
columns of the matrix representing 7 accordingly to the order

Bra <ot <Bra <Prp <o < Pro1y <1< <
and the rows according to the order
By < - <Bpi<Pip<-<Proir<l<-<al-)-l<a<a(—)+1<---<l

Then, the matrix representing 7 is upper triangular with ones on the diagonal. Here we used that
Va,,a(—) = 1 by Lemma 8.2.7 and the third statement in Lemma 5.5.5. In particular, 7 is invertible.
O
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Example 8.2.13. Let G = SLy, then A = {1, 2,3} with standard notation. Consider the reduced
expression of wo: 1= (1,2,3,1,2,1) and let t = ¢;. Then

0o -1 1
1 0 -1
-1 1 0
B = 0 1 0
0 -1 1
0 0 -1

where the rows and columns of B are ordered in the obvious way. Graphically, the valued quiver

of t is the following:
O1

O3 ———— (2

IG/ \l5/ \I4

Here D = {1;,2;,3;,1,,2;,3.}. Reading the previous list from left to right allows to identify the
minimal lifting matrix v with a six by six matrix. Using Lemma 8.2.7, we have that

1010 01
01 0010
V:OO()lOO
1101 00
0 01 010
0 000 01

A direct computation of —vB allows to the deduce that, the seed t, corresponds to the following
valued quiver

Wi, i,

o1

/INL/
NN

2, m
s, O3 02 W3,
H6 m5 m4

which is the ice hive quiver defined in [Feil7].

Example 8.2.14. Let G = G5. Label the two simple roots as prescribed by the following picture.

Gy (%{)
1 2
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Let i=(1,2,1,2,1,2) € R(wp) and ¢t = ;. Then

where the rows and columns of B are ordered in the obvious way. Graphically, the valued quiver
of ¢ is the following:
m— O3+— (01
1,3 3,1 1,3 3,1

W6 «— O4+— (O2

Here D = {1;,2;,1,,2,}. Reading the previous list from left to right allows to identify the minimal
monomial lifting matrix v with a four by six matrix. A direct computation using Lemma 8.2.7,
implies that

010101
|t o110
00000 1
112110

A direct computation of —vB allows to the deduce that, the seed ¢, corresponds to the following
valued quiver

m2,
m5 O3 @] W2,
NN T

1,3 31

1,3 3,1
NN
O4

WG 02 m

ml,

which, in the notation of [Fei21], up to some arrows between frozen vertices, is the iART-quiver AQQ
corresponding to Gs.

We end this section comparing our construction to [Fei2l]|, which has been of great inspiration
for this work. Indeed, in [Fei21], the author constructs cluster structures on X(G x G, G) assuming
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G to be simple and simply laced. The proof highly relies on the theory of quiver with potentials
[DWZ08] [DWZ10]. We believe our construction to be simpler, especially because it only relies on
the geometric properties of the branching scheme and on the minimal monomial lifting, which is
a versatile technique. As an evidence of this fact, in the present text we drop the hypothesis that
G is simple and simply laced. Moreover, in the following we prove that Fei’s cluster structures
are obtained through minimal monomial lifting. It should also be true the the cluster structures
constructed here agree with Fei’s ones, we return on this aspect later. Finally, in [Fei21], the proof
that the branching scheme has cluster structure is simultaneously achieved with the existence of
a good basis for the corresponding upper cluster algebra. Nevertheless, the two statements can’t
be proved independently. Even if the construction of a good basis for the upper cluster algebra
is a remarkable achievement, we believe that the present approach, in which the construction of
cluster structures on branching schemes are independent on the existence of good bases is more in
the spirit of studying branching problems through cluster theory. In a forthcoming work, we will
see how to construct good bases for some of the upper cluster algebras constructed in the present
text, only relying on cluster theory.

Suppose from now on that G is simple. In [Fei21], the author constructs a seed
t = (I, 15 = 0,15, B2, S?)
of C(X), which is X (T)3-graded by a degree configuration o2, such that [Fei21][Theorem 8.1]
Theorem 8.2.15. If G is simply laced
1. A(t) = C[X].
2. The graduation induced by o2, on A(t), coincides with the natural graduation on C[X].

3. The generic cluster character Cyyz, associated to a certain potential W2 on the seed t, gives
a good (in the sense of Qin [Qin22]) basis for A(t).

Suppose from now on that G is simply laced and fix an orientation of the Dynkin diagram of
G. This choice allows to construct a maximal rank seed ¢, of C(U), such that A(t) = C[U] (see
[Fei21][Section 6.3]). Then, let 7: T'x T x U — G x G be the map defined by (hy, hy, u) — (hy, hruw)
and ¢ : TXT xU — X be the map obtained by composing ¢ with the natural projection Gx G — X.
As for Corollary 7.4.4, one can easily prove that the triple (%, ¢, X) is homogeneously suitable for
D-lifting. We write X,, for the scheme X, endowed with the suitable for D-lifting scheme structure
described above, and 1t, for the minimal monomial lifting of ¢, with respect to X,.

Proposition 8.2.16. We have that fz}t?.

Proof. We want to apply Theorem 4.0.10. First, 5123 = X because of [Fei21][Corollary 8.8, Corollary
7.9]. By [Fei21][Proposition 3.6], we have that qu = Iy, Ihf = Iy UD and BIX[ — B. Hence, t
is a D-pointed seed extension of t. Moreover, condition 2 and 3 of Theorem 4.0. 10 hold because of
[Fei21][Lemma 7.8, Corollary 7.11] and the discussion at the beginning of [Fei21|[Section 6.3]. Since
A(t) = C[%,] by Theorem 8.2.15, we have that ¢ =]t” by Theorem 4.0.10. O

It should be true that the seed ¢ equals ¢;, for a certain i € R(wg) adapted, in the sense of
[GLS07][Section 1.3], to the chosen orientation of the Dynkin diagram, but this is not clear to the
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author, in general. Nevertheless, it is easy to verify this statement on small examples.

Finally, if G' is not simply laced, the inclusion A(t) C C[X] still holds and the first part of
[Fei21][Conjecture 8.2] states that this inclusion is actually an equality. Proceeding as in the proof
of Proposition 8.2.16, if one could identify i € R(wg) such that ¢ = ¢; and prove that B? =|B;, then
Theorem 8.2.1 would imply the first part of [Fei21l]|[Conjecture 8.2]. For example, in the G2 case,
since everything is explicit by Example 8.2.14 and [Fei21|[Appendix A], we have that the conjecture
holds for Gs.

Remark 8.2.17. As a final remark, note that the cluster algebra A(t) is categorified and the
work of Fei produces a categorification for |, which is compatible with the on on A(t). Moreover,
[Fei21][Corollary 7.8] gives an homological interpretation of the minimal lifting matrix v, of the
seed t, with respect to X,, in terms of this categorification. A more explicit understanding of the
relation between the minimal lifting matrix in term of this categorification seems to the author the
fundamental tool needed to prove [Fei2l]|[Conjecture 8.2] via Theorem 8.2.1. Actually, comparing
the minimal monomial lifting to the extension construction of [Fei23|[Section 2.3], could provide a
possible lead to accomplish this task.

8.3 The base affine space, or branching to a maximal Torus

We use the previous result to construct a cluster structure on X := Spec(C[G]Y ). Note that
X = X(G,T) and T is a Levi subgroup of G, so the results of this section, for G simple, can can
be deduced form the ones of Section 8.1.1. One can also observe that, the results of Section 8.1.1
hold in the case of Gy =T, even if G is not necessarily simple, because the same proofs work. See
Remark 8.1.10. In this section, we reinterpret this cluster structure on X, as a quotient of the one
on X(G x G, G). We slightly modify the notation of Subsection 7.4.1.

Let D; ={a; : a € A} and )N(al = AZ¢. We have a cartesian square

Gy — G

_
|
TiULae

where 5 : T'x U— X is the T-equivariant open embedding induced by the product T'x U — G
and the leftmost vertical map is defined by x — ([z]o, [#]+). Then (X, ¢, X) is homogeneously
suitable for Dj-lifting by Corollary 7.4.4.

Note also that we have a commutative diagram

XxT ——— X(GxG,G)
($,¢dﬁ ﬁ (68)
TxUXxT ——TxTxU

where the map T'x U xT — T x T x U is defined by (h;, u, h,.) — (hy, by, u) and ¢ is the open
embedding induced by the inclusion G x T'C G x G.

Let i € R(wp). We denote by t; (resp ;) the associated seed of C(U) when C(U) is considered
as a subfield of C(X¥(G x G,G)) (resp. C(X)). We call I; the vertex set of both ¢; and #;. Let
7y € ZPT and 1y € Z(P1UDr)XI the minimal lifting matrix corresponding to t; and #; respectively.
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Lemma 8.3.1. We have that (vi)p, e = Vi

Proof. Note that, for any oo € A, 1*(Xy,) = )Z'a[ ® 1. The statement follows at ones from the fact
that ¢ is an open embedding and the diagram (68) is commutative. O

Theorem 8.3.2. We have equality JTl(ﬁviDl) = 0x(%).

Proof. It’s easy to verify that Br(G x G,G)/(Xa, —1 : a € A) ~ C[G]Y . Geometrically, the
isomorphism corresponds to the closed embedding X — X(G x G, G) defined by p — «(p,e). By

Theorem 8.2.1, C[G]Y™ is the quotient of A(1tP'"P") by the ideal (154, — 1 : o, € D,). We
conclude using Corollary 3.1.11 and Lemma 8.3.1. O

Corollary 8.3.3. If G is simply laced, the mutation equivalence class of 1t; doesn’t depend on i.
Proof. It’s a direct consequence of Corollary 8.2.2. O

For o € A and w € W, we denote by DT the restriction of AT to U.

Lemma 8.3.4. Fork € [I], 1T, = ALk

e,(wo)<k’

Here (wp)<y is computed with respect to i.

Proof. By Lemmas 8.3.1 and 8.2.7 we have that 17; ;, = X(ik)z(l ® Ti). Hence

1@k ((hyw) = @i (D (w) = ATk ((t ).

e,(wo) <k e,(wo) <k
Since T' x U is open in X, which is irreducible, this proves the lemma. O
Lemma 8.3.5. Let w € W and o € A.

1. There ezist i’ € R(wo) such that ATz is a cluster variable of

/\Dl
e,w ti’ .

2. If G is simply laced, then AZ= is a cluster variable ofj(ﬁ'iDl), for any i.

e,w

Proof. For the first statement, using Lemma 8.3.4, the proof is literally the same of Proposition
8.2.10 . The second statement is an obvious consequence of the first one and of Corollary 8.3.3. [
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